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Abstract

Aggregate production planning (APP) helps medium-term production, manpower, inven-
tory, and subcontracting decisions match expected demand. Deterministic planning models
are generally ineffective in manufacturing due to demand and operational variability. Fuzzy
linear programming (FLP) has been frequently used to describe imprecision using member-
ship functions and satisfaction levels. Despite its versatility, accurate approaches for solving
multi-objective FLP-based APP models become computationally expensive as issue size and
complexity increase. Thus, metaheuristic algorithms are widely used, although many still
have premature convergence, parameter sensitivity, and restricted scalability. This study
investigates the Narwhal Optimization Algorithm (NO) as a population-based metaheuris-
tic framework. It proposes two hybrid variants to improve convergence reliability and
constraint-handling capability: NO combined with the Super Modified Simplex Method
(SMS) for local refinement and NO integrated with a Runge–Kutta-based optimizer (RK) for
search stability. These hybrid techniques are tested for solution quality, convergence behav-
ior, and robustness using eight response-surface benchmark functions and four constrained
optimization problems. A real-parameter fuzzy APP problem with three goods and a
six-month planning horizon uses the best variations. The Elevator Kinematic Optimization
(EKO) algorithm, chosen for its compliance with the same mathematical framework and
consistent parameter values, is used to compare the offered solutions fairly and controlled.
Fuzzy programming uses a max–min satisfaction framework with linear membership
functions from positive and negative ideal solutions. Computational experiments assess
solution quality, stability, and efficiency for nominal and ±10% demand disturbances. The
hybrid NO variants better resist premature convergence, stabilize solutions, and satisfy
users more than the original NO and benchmark approaches. For small and medium-sized
organizations in dynamic situations, hybrid narwhal-based optimization appears to be a
reliable and scalable decision-support solution for APP problems under uncertainty.

Keywords: Narwhal Optimization Algorithm; hybrid metaheuristics; Runge–Kutta operator;
Super Modified Simplex refinement; fuzzy programming; aggregate production planning
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1. Introduction
Aggregate production planning (APP) is a critical decision layer in logistics operations

and supply chain management. It establishes feasible levels of production, workforce,
inventory, overtime, and subcontracting over a medium-term horizon, thereby connecting
long-term strategic intent with short-term execution. In practice, APPs are frequently
designed to span approximately 6 months to more than 1 year, allowing for the preservation
of market responsiveness while capturing capacity and workforce dynamics. Firms can
enhance service performance, stabilize resource utilization, and reduce avoidable costs
when APP is executed effectively. Conversely, when executed poorly, the consequences are
typically evident in the form of excessive overtime, inventory swings, backlog, avoidable
subcontracting, and weakened competitiveness. These challenges are particularly severe for
small and medium-sized enterprises (SMEs), which typically operate with tighter capacity
reserves and less tolerance for inefficiency. Consequently, the quality of planning is a critical
factor in determining resilience and profitability.

APP is intrinsically challenging due to the uncertainty, imprecision, and time-varying
nature of actual decision environments, despite its significance. Demand forecasts are rarely
precise; supply availability may vacillate; workforce attendance and productivity may fluc-
tuate; and unit costs may vary in response to energy prices and material volatility. The
resulting plans may be brittle when implemented, due to the assumption of precise parame-
ters and concise constraints in classical deterministic linear programming formulations. The
fuzzy set theory has been widely adopted to represent uncertainty and vagueness through
membership functions rather than single-point inputs, thereby addressing the mismatch
between model assumptions and operational reality. The incorporation of aspiration levels
and tolerances into APP models, commonly referred to as fuzzy linear programming (FLP),
is enabled by integrating fuzzy theory with linear programming. This approach provides a
more realistic representation of managerial preferences and permissible deviations when
information is incomplete or ambiguous.

Nevertheless, FLP-based APPs impose their own computational burden. Typically,
the solution to a multi-objective fuzzy APP is achieved by converting objectives into mem-
bership functions and selecting a plan that maximizes the minimal satisfaction across
objectives (a max–min decision principle). Although this method is conceptually appealing
and practically interpretable, the cost of solving large and complex FLP instances using
exact methods such as Simplex or Branch-and-Bound can be high, particularly when the
decision space is large or when repeated re-optimizations are required for scenario analysis.
This constraint has resulted in a growing dependence on metaheuristic optimization algo-
rithms by researchers. These algorithms are intended to provide near-optimal solutions for
complex and high-dimensional problems in a reasonable amount of time. However, the
robustness and repeatability of numerous metaheuristics commonly employed in practical
planning applications can be compromised by premature convergence, loss of diversity,
and stagnation in local optima. These metaheuristics include genetic algorithms, particle
swarm optimization, and harmony search.

This paper focuses on the Narwhal Optimization Algorithm (NO), a population-based
metaheuristic inspired by the foraging and social interaction behaviors of narwhals, to
address these challenges. The rationale for incorporating NO into APP is its intended
equilibrium between exploration and exploitation, which is particularly important when
the feasible region is influenced by numerous operational constraints and the objectives
compete. Nevertheless, although NO has exhibited promising search behavior in general
optimization contexts, its application to APP problems under uncertainty has not been
thoroughly examined. Additionally, its baseline search dynamics may still be subject to
the well-known risks of local entrapment and slow fine-tuning near high-quality solutions.
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This reveals a clear research gap: a narwhal-based solution approach is required that is
both exploratory enough to prevent local minima and more exploitative and accurate once
promising regions are identified. This is particularly important in fuzzy multi-objective
structures, where constraint satisfaction and trade-offs must be carefully managed.

To resolve this discrepancy, we propose and evaluate hybrid narwhal-based optimiz-
ers that integrate mathematically grounded search operators and complementary local
optimization into the NO framework. The initial hybrid method combines NO with a
Super Modified Simplex (SMS) method, which improves the traditional simplex search by
employing a refined update strategy based on polynomial interpolation to more effectively
leverage local curvature information around candidate solutions. The second hybrid com-
bines a Runge–Kutta-based optimizer operator with NO, utilizing the slope-based search
logic of the Runge–Kutta numerical method to enhance movement decisions and prevent
premature convergence. The Runge–Kutta optimizer family is inspired by the notion that
slope variation, which is computed through Runge–Kutta updates, can function as an
effective search mechanism for global optimization. This mechanism is further enhanced by
the inclusion of mechanisms that prevent local optima and enhance convergence speed. It
is anticipated that integrating such an operator into NO will enhance convergence accuracy
and stability without compromising the population-based search advantages that render
NO appealing for complex planning models.

A fuzzy programming approach to a multi-objective APP model developed over a
six-month planning horizon serves as the methodological foundation of this study. The APP
model takes into account operational decisions, including workforce levels, hiring and re-
dundancies, production quantities, inventory, overtime, subcontracting, and backlog/stock-
out variables, within the framework of constraints that enforce demand-inventory balance
and capacity/workforce feasibility. In the fuzzy formulation, a linear membership function
is used to represent each objective, which maps objective values to satisfaction grades.
This function is calibrated using positive-ideal and negative-ideal solutions, as well as
tolerance intervals. The overall decision is made by optimizing the minimum satisfaction
level across objectives, resulting in a single compromise plan that reflects conservative
preference aggregation in uncertain environments. The computational implementation is
conducted in Visual C#2018 and employs the same fuzzy membership quantification logic
for the algorithmic comparisons.

Despite significant progress in fuzzy aggregate production planning (APP), existing
decision-support models still face several performance limitations. Many approaches rely
on classical optimization or standalone metaheuristics, which often struggle with scalability
when handling large and complex problem structures. In addition, these methods are prone
to premature convergence and may fail to maintain an effective balance between explo-
ration and exploitation, leading to suboptimal solutions under uncertain environments.
Furthermore, some models lack robustness and consistency across multiple runs, limiting
their practical applicability in real-world decision-making contexts. To address these limi-
tations, this study proposes a hybrid Narwhal Optimization Algorithm (NO) framework
that integrates complementary mechanisms to enhance performance. Specifically, random
search is incorporated to improve diversification, the Super Modified Simplex Method
(SMS) is used for local refinement and solution accuracy, and Runge–Kutta-based operators
are applied to enhance convergence stability. These hybrid strategies collectively enable the
proposed model to achieve improved solution quality, robustness, and reliability compared
to existing approaches for solving fuzzy APP problems.

The experimental design of the paper is designed to distinguish between algorithmic
validity and application performance. Initially, we assess the search quality, stability across
replications, and constraint-handling capability of the original NO and its hybrid variants
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on eight response-surface test functions and four constrained test problems in controlled
environments. This phase is employed to determine the most effective two narwhal-based
strategies, with a focus on methods that exhibit low variability across trials and competitive
objective values. Secondly, the most effective methods are implemented in the fuzzy APP
case study with real-world parameters, including nominal demand and ±10% demand
perturbations, characterized as normally distributed deviations around the nominal mean.
This scenario design reflects the operational reality that SMEs encounter, in which a moder-
ate forecast error can significantly alter subcontracting, overtime, and inventory decisions.
It also enables us to compare the extent to which algorithmic robustness is translated into
planning robustness.

This paper makes both theoretical and practical contributions. It theoretically expands
the literature on hybrid metaheuristics for uncertain production planning by creating and
evaluating narwhal-based hybrids that integrate population intelligence with structured
local search (SMS) and mathematically grounded Runge–Kutta search operators. Practically,
it provides a decision-support approach for fuzzy APP that is implementable and can be
integrated into SME planning processes. This approach allows managers to achieve stable
compromise plans in the face of demand uncertainty, while simultaneously controlling
production and subcontracting-related costs through satisfaction-based fuzzy optimization.
The study also provides a transparent pathway for practitioners to justify method choice
beyond single-case tuning by explicitly coupling benchmark-based algorithm selection to a
real fuzzy APP deployment.

The remainder of this paper is organized as follows. Section 2 reviews the relevant lit-
erature. Section 3 presents the fuzzy multi-objective APP model and its transformation into
a fuzzy programming framework based on membership functions and the max–min satis-
faction formulation. Section 4 describes the original NO and details the proposed hybrid
mechanisms, including the Runge–Kutta operator integration and the SMS-based local re-
finement strategy. Section 5 explains the experimental design, covering the benchmark test
functions, constrained engineering problems, parameter settings, and performance evalua-
tion criteria, and reports and discusses the computational results for both the benchmarking
study and the fuzzy APP case under nominal demand and ±10% demand perturbations.
Finally, Section 6 concludes the paper and outlines directions for future research on hybrid
narwhal-based optimization for complex fuzzy planning problems.

2. Literature Review
Aggregate production planning (APP) has long been recognized as a central tactical

decision layer that translates strategic capacity decisions into implementable medium-term
plans, typically balancing workforce, inventory, overtime, and subcontracting to meet
demand efficiently. Because APP sits at the interface of forecasting, capacity, and cost trade-
offs, uncertainty in demand, cost parameters, and execution quality often undermines the
usefulness of purely deterministic linear programming solutions. A comprehensive synthe-
sis of this evolution is provided by Jamalnia et al. [1], who document how modern APP re-
search has shifted from crisp deterministic formulations toward uncertainty-aware models
and hybrid solution strategies, highlighting that real industrial APP problems increasingly
require both realistic uncertainty representation and scalable optimization methods.

Within an uncertainty-aware APP, fuzzy modeling has become a prominent approach
because it captures imprecision through satisfaction levels rather than strict deterministic
targets (Liu and Yang [2]). In automotive planning, Djordjevic and Petrovic [3] demonstrate
how fuzzy linear programming supports APP decisions under ambiguous parameters,
enabling more flexible plans than traditional formulations. More recent work has extended
fuzzy APP into hybrid multi-objective forms and broader supply chain contexts. For
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example, Ghanbarzadeh-Shams et al. [4] integrate fuzzy multi-objective planning with
reverse logistics, reflecting the growing need to coordinate production decisions with
returns and sustainability considerations. Complementary to fuzzy uncertainty, stochastic
programming remains a strong alternative when distributions can be specified. Gómez-
Rocha and Hernández-Gress [5] propose a stochastic APP model for multiple products and
strengthen tractability via valid inequalities, indicating that mathematical tightening can
improve solvability but does not eliminate computational complexity as the model scales.
In parallel, robust and scenario-based planning frameworks have emerged to hedge against
uncertainty without requiring full probabilistic specification. Jang and Chung [6] address
implementation error through a robust optimization perspective supported by bi-level
particle swarm optimization, while Choopani Asgarabad et al. [7] develop a scenario-based
green APP model for multi-site systems with workforce transferring, reflecting practical
realities in distributed manufacturing. In a similar sustainability direction, Tirkolaee
et al. [8] and Qasim et al. [9] embed environmental and health-related considerations
into a multi-objective APP, demonstrating that APP is increasingly evaluated not only by
cost but also by robust, sustainable performance criteria. Beyond classical manufacturing
objectives, the scope of APP has also broadened toward energy planning. Leseure [10]
reframes APP ideas into aggregate energy industrial consumption planning, emphasizing
that the “aggregate planning” concept is transferable to resource planning under modern
energy constraints.

Although uncertainty-aware and sustainability-aware formulations have advanced
substantially, solution methodology remains a key challenge. For multi-objective APP,
evolutionary algorithms and local-search hybrids are frequently adopted to navigate large,
nonconvex, or multi-criteria decision spaces. Liu and Yang [11] propose a local search-
based genetic algorithm for multi-product APP, and Liu and Yang [2] further extend the
setting to include early and late delivery decisions, reinforcing the need for specialized
search mechanisms to manage complex trade-offs. In decision-support settings, some
studies avoid heavy optimization by employing multi-criteria methods for plan selection.
Yu et al. [12] apply an extended TOPSIS approach to APP, showing that ranking-based
approaches can be useful when alternative plans are available or can be generated efficiently.
Software and implementation aspects are also gaining attention; Miranda-Meza et al. [13]
develop an icon-based methodology for APP software prototyping, highlighting the need
for practical tools that translate models into usable decision platforms. At the interface of
forecasting and planning, Anindita and Yotenka [14] investigate integrated forecasting and
aggregate planning with policy controls such as overtime and subcontracting, underscoring
how uncertainty handling and operational levers must be considered jointly.

In recent decades, metaheuristic optimization algorithms have become powerful tools
for handling nonlinear, multimodal, and large-scale optimization problems (Pamplona
et al. [15] and Ivanovski et al. [16]). The Narwhal Optimizer (NO) is a novel nature-inspired
algorithm. Using narwhal hunting and echolocation characteristics as inspiration, Masadeh
et al. [17] developed the Narwhal Optimization Algorithm, which outperformed PSO, GA,
GWO, and WOA on 30 benchmark functions. Genetic Algorithms (GA) are refined for
complex applications in evolutionary-based approaches. Tian and He [18] suggested an
improved quantum GA with adaptive dynamic rotation to overcome premature conver-
gence in spatial optimization, obtaining faster convergence than the conventional GA. An
improved GA using adaptive decoding and disjunctive graphs for robot cell scheduling by
Teng et al. [19] significantly reduced the makespan. Also, Genetic Programming (GP) has
improved interpretability and performance. Meng et al. [20] suggested a distance-based
GP classifier to increase performance on imbalanced datasets, while de Vries et al. [21]
introduced memory-based symbolic rules for control tasks.
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Differential Evolution (DE) and related methods currently emphasize hybridization.
Pourmahmoud et al. [22] scaled community detection problems utilizing DE, Mountain
Gazelle Optimizer, and deep learning. Fang et al. [23] enhanced the Electromagnetism-
like Mechanism algorithm for distant sensing screening in physics-inspired optimization,
demonstrating robustness and global search efficiency. Khoudry [24] optimized distributed
generator location with the Equilibrium Optimizer, reducing power loss. To prevent stagna-
tion in high-dimensional issues, Chauhan [25] improved the Gravitational Search Algorithm
with restart mechanisms. Early deterministic physics-based techniques, such as Central
Force Optimization, Formato [26] presented gravitational analogies for multidimensional
search. Later, Luangpaiboon, Aungkulanon, and Montemanni [27] introduced a decision-
support tool based on the Elevator Kinematic Optimization (EKO) algorithm, integrating
evolutionary computation with Taguchi experimental design to optimize multi-response
manufacturing processes. Their results showed that the proposed method could generate
more effective parameter settings and better optimization performance than traditional
Taguchi approaches, highlighting the effectiveness of hybrid metaheuristic techniques in
intelligent manufacturing systems.

Biologically inspired swarm-based approaches are influential. Tree Social Relations
Optimization (TSR) by Mahmoud et al. [28] emphasizes hierarchical collective behavior
for continuous and discrete issues. Misaghi and Yaghoobi [29] enhanced both the con-
vergence speed and solution quality of Invasive Weed Optimization (IWO) using chaos
theory. Many reference Mirjalili and Lewis‘s Whale Optimization Algorithm (WOA) [30],
inspired by bubble-net hunting. Harris Hawks Optimization (HHO) by Heidari et al. [31]
outperformed engineering benchmarks globally. Swarm-based frameworks, including Ant
Colony Optimization (Li et al., [32]), Particle Swarm Optimization (Jhariya, [33]), and Arti-
ficial Bee Colony versions (Dong and Zhang, [34]), have consistently hybridized to increase
convergence and scalability. Luangpaiboon et al. [35] proposed the Steepest Ant Sense
Algorithm, a hybrid optimization approach combining an ant colony search mechanism
with a steepest ascent method to optimize process parameters in industrial applications.
The method demonstrated improved production precision and reduced product failure
rates in processes such as stealth laser dicing and grease filling systems, outperforming
conventional response surface methods.

Also popular were human-behavior-inspired algorithms. Mousavirad et al. [36] im-
proved Human Mental Search (HMS) with global-best guiding and clustering techniques,
and Mousavirad et al. [37] strengthened its theoretical foundation with a Markov-based con-
vergence analysis. Intelligent Water Drops (Shah-Hosseini, [38]) used water-flow-inspired
combinatorial search. Cellular and immunological methods have expanded the area.
The classical global optimization approach, Simulated Annealing, works well (Delahaye
et al., [39]). Deep reinforcement learning and Artificial Immune System algorithms optimize
supply chains (Achamrah et al., [40]). Bacterial Foraging Optimization (Das et al., [41]; Chen
et al., [42]) developed organism-based chemotaxis-inspired search techniques. Determin-
istic immune-based optimization options were available in the Dendritic Cell Algorithm
(Greensmith and Aickelin, [43]). Finally, Endosymbiotic Evolutionary Optimization (Kim
et al., [44]) improved variety and adaptability through symbiotic coevolution.

At the same time, evidence across optimization studies suggests that many metaheuris-
tic approaches still suffer from well-known limitations in industrial-scale problems: high
computational cost due to repeated fitness evaluation, sensitivity to parameter settings and
initialization, premature convergence, and inconsistent performance across runs. Debnath
et al. [45] explicitly compare particle swarm optimization and simulated annealing for
APP optimization, illustrating that algorithm choice materially affects solution quality and
computational efficiency, and that no single classical method dominates across settings.
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This observation aligns with broader optimization research outside APP. For example, Zhao
et al. [46] show that adaptive hybrid mutation strategies can improve PSO performance in
constrained optimization, suggesting that hybridization is often necessary to maintain both
diversity and convergence strength. This methodological trend motivates the design of new
hybrid metaheuristics that combine complementary operators to strengthen exploration,
exploitation, and stability.

In this context, the Narwhal Optimizer offers a biologically inspired balance between
exploration and exploitation, and it has been shown to solve complex optimization prob-
lems effectively (Masadeh et al., [17]). However, as with many recent nature-inspired
optimizers, performance can be further improved by incorporating principled local re-
finement and trajectory-based search operators. The Super Modified Simplex Method
(SMS) provides one such local-refinement mechanism; it is designed to improve search
precision using a modified simplex strategy and has been applied successfully in optimiza-
tion settings where response surfaces and process parameters must be tuned efficiently
(Morgan et al., [47]; Kamoun et al., [48]). Separately, Runge–Kutta-inspired optimization
has gained attention as a structured mechanism for generating stable and effective search
steps, and recent surveys emphasize its broad applicability and the value of its variants
for improving convergence behavior (Khurma, [49]). These developments suggest that
combining NO with SMS and Runge–Kutta operators can plausibly address common weak-
nesses of metaheuristics—particularly premature convergence and inconsistent run-to-run
behavior—while preserving NO’s global search capability.

Despite the rich literature on fuzzy APP formulations and the extensive use of meta-
heuristics, a clear gap remains at the intersection of three needs: (i) a fuzzy programming
framework that yields interpretable satisfaction-based compromise solutions under de-
mand uncertainty; (ii) a modern metaheuristic backbone capable of exploring large feasible
regions effectively; and (iii) hybrid mechanisms that systematically enhance local refine-
ment and convergence stability to ensure that results are repeatable enough for decision-
support integration. Recent matheuristic work also indicates that practical uncertainty
can be both fuzzy and stochastic simultaneously. Hoang and Nguyen [50] propose fuzzy
Gaussian matheuristics for APP under fuzzy stochastic demand, reinforcing that uncer-
tainty structures are becoming more realistic and, therefore, computational demands are
increasing. However, there remains limited evidence on how hybrid operators such as SMS
local refinement and Runge–Kutta trajectory steps can be embedded into a single coherent
metaheuristic framework and validated systematically—first on benchmark functions, then
on constrained models, and finally on a real fuzzy APP case—before being used as a reliable
engine for subsequent fuzzy multi-criteria decision analysis.

Motivated by these gaps, the present research positions itself at the convergence of
fuzzy programming for APP and hybrid metaheuristic optimization. Building on the
fuzzy satisfaction framework (Djordjevic and Petrovic, [3]; Jamalnia et al., [1]) and the
recognized need for scalable solvers in multi-objective and uncertainty-aware APP (Liu
and Yang, [2]; Jang and Chung, [6]; Choopani Asgarabad et al., [7]), this paper develops
and evaluates NO variants that incorporate (i) controlled random search for diversification,
(ii) SMS-based local refinement for precision, and (iii) Runge–Kutta operator integration
for stable step construction. The literature, therefore, leads directly to the research focus of
this paper: designing a hybrid narwhal-based optimization framework that can reliably
solve fuzzy APP under nominal and perturbed demand scenarios, producing consistent
satisfaction-maximizing solutions suitable for downstream decision-support use, including
the planned extension toward fuzzy APP-based evaluation and selection (Table 1).
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Table 1. Summary of the Reviewed Literature on Uncertainty-Aware Aggregate Production Planning,
Fuzzy Programming, and Hybrid Metaheuristic Optimization Methods.

Study (Authors, Year) Context/Problem Method/Model Key
Contribution/Finding Critical Issues/Limitations

Leseure (2024) [10] Aggregate planning
beyond manufacturing Conceptual extension Extends APP to

energy/resource planning

Lacks quantitative validation
and a practical implementation
framework

Miranda-Meza et al.
(2024) [13]

APP software
implementation

Prototype
methodology

Emphasizes usability for
planners

Limited validation in large-scale
or real-world applications

Gómez-Rocha and
Hernández-Gress
(2022) [5]

Multi-product APP under
uncertainty

Stochastic
programming Improves tractability High computational complexity

and scenario dependency

Zhao et al. (2022) [46] Constrained optimization
(mining plan) Hybrid PSO Improves constraint

handling

Sensitive to parameter settings
and prone to premature
convergence

Yu et al. (2022) [12] APP decision selection Extended TOPSIS Supports ranking of
alternatives

Does not perform optimization
and relies on subjective
weighting

Liu and Yang (2022) [2] APP with delivery timing Multi-objective model Handles delivery
trade-offs

Increased model complexity and
solution interpretation difficulty

Debnath et al.
(2025) [45]

APP optimization
comparison PSO vs. SA Compares algorithm

performance

No guarantee of global
optimality and parameter
sensitivity

Qasim et al. (2025) [9] Sustainable machining
APP

Sustainable APP
model

Integrates environmental
and health costs

Increased model complexity and
computational burden

Anindita and Yotenka
(2024) [14] Forecasting + APP policies Comparative policy

study
Links forecasting with
APP decisions

Limited robustness under
uncertainty and shallow
optimization depth

Choopani Asgarabad
et al. (2025) [7] Multi-site green APP Scenario-based

multi-objective model

Incorporates workforce
transfer and green
objectives

Scenario dependency and
scalability limitations

Tirkolaee et al. (2023) [8] Sustainable-robust APP Multi-objective
optimization

Integrates robustness into
APP

Trade-off complexity and
parameter calibration difficulty

Jamalnia et al. (2019) [1] APP under uncertainty
(survey) Literature review

Consolidates
uncertainty-aware APP
research

Lacks empirical validation and
implementation guidance

Jang and Chung
(2020) [6]

APP with implementation
error Robust + bi-level PSO Considers execution

uncertainty
High computational complexity
and parameter sensitivity

Djordjevic and Petrovic
(2019) [3] Automotive APP Fuzzy linear

programming
Captures uncertainty
realistically

Subjective membership
functions and limited
generalizability

Ghanbarzadeh-Shams
et al. (2022) [4]

Production + reverse
logistics

Hybrid fuzzy
multi-objective model

Integrates reverse logistics
under uncertainty

Increased model complexity and
interpretability issues

Liu and Yang (2021) [11] Multi-product APP Local-search GA Enhances solution quality Risk of local optima and
parameter sensitivity

Hoang and Nguyen
(2025) [50]

APP with fuzzy stochastic
demand Mata heuristics Combines fuzzy and

stochastic uncertainty
High computational burden and
modeling complexity

Masadeh et al.
(2022) [17] General optimization Narwhal Optimizer Proposes a novel

metaheuristic
Limited theoretical analysis and
benchmarking

Khurma (2025) [49] Optimization
methodology survey RKO survey Reviews of RK-based

methods
Limited practical validation in
real-world problems

Morgan et al. (1990) [47] Continuous optimization Super-Modified
Simplex

Improves local search
accuracy

Limited scalability and
susceptibility to local optima

Kamoun et al.
(2009) [48]

Process parameter
optimization

Simplex-based
methods

Effective for industrial
tuning Limited global search capability

Pérez-Salazar et al.
(2019) [51] Supply chain planning Agent-based DSS Supports dynamic

decision-making
High computational complexity
and system design complexity

Krishnan et al.
(2022) [52] APP in Industry 4.0 Planning–scheduling

integration
Highlights system
complexity

Limited integration with
quantitative optimization
models
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3. Fuzzy Programming Formulation for the Multi-Objective Aggregate
Production Planning Model

In real-world production environments, aggregate production planning (APP) de-
cisions are rarely made under conditions of complete certainty. Demand forecasts are
inherently imperfect, cost parameters may fluctuate, workforce availability can vary, and
operational constraints may shift due to unexpected disruptions. Traditional deterministic
models assume that all coefficients and right-hand-side parameters are precisely known, an
assumption that often leads to planning solutions that are theoretically optimal but practi-
cally fragile. When implemented in uncertain environments, such crisp models may result
in infeasible production schedules, excessive inventory, unstable workforce adjustments, or
unnecessary subcontracting costs.

To better represent the imprecision and vagueness inherent in managerial decision-
making, fuzzy set theory provides a powerful modeling framework. Instead of treating
objective targets and constraints as rigid quantities, fuzzy programming allows them to
be expressed in terms of aspiration levels and tolerance ranges. This approach reflects the
realistic notion that decision makers are often satisfied with solutions that are “essentially”
greater than or equal to a target, rather than strictly meeting exact numerical thresholds. By
incorporating membership functions, fuzzy programming transforms multiple-objective
decision-making problems into satisfaction-based models, in which each objective is evalu-
ated by its degree of achievement.

In the context of APP, the presence of multiple conflicting objectives—such as minimiz-
ing total production cost while also minimizing inventory carrying cost—naturally leads
to a multi-objective linear programming (MOLP) formulation. Embedding this MOLP
structure within a fuzzy framework enables the model to capture trade-offs among objec-
tives while accounting for uncertainty in cost and operational parameters. The solution is
then determined using a max–min aggregation principle, which maximizes the minimum
satisfaction level across all objectives, yielding a balanced and robust compromise plan.

Fuzzy programming is widely recognized as an effective approach for multiple-
objective decision-making (MODM) problems because it allows the decision maker to
represent imprecision in goals and to search for a balanced compromise solution rather
than a single deterministic optimum. In a fuzzy environment, each objective is associated
with a membership function, usually denoted by µ(·), which maps the achieved value of
the objective to a satisfaction degree on the interval [0, 1]. A satisfaction degree close to 1
indicates that the objective is achieved at a desirable level, whereas values close to 0 indi-
cate poor attainment. For MODM problems, linear membership functions are frequently
adopted because they are interpretable and computationally convenient. In particular,
non-increasing linear membership functions are commonly used to represent objectives
of the type “≤” and non-decreasing linear membership functions are used for objectives
of the type “≥”. In fuzzy mathematical programming, decision-making is naturally de-
fined through the intersection of the membership functions corresponding to all objectives,
reflecting the idea that a feasible decision should satisfy every objective to an acceptable
degree. Consequently, an optimal fuzzy decision is typically defined as the alternative that
maximizes the minimum satisfaction level among all objectives, yielding a conservative
but robust compromise solution consistent with the max–min principle.

Consider a general multiple-objective linear programming (MOLP) model with K
objectives. Let x ∈ Rn be the decision vector, ck ∈ Rn the coefficient vector of objective k,
and A ∈ Rmxn the constraint matrix with b ∈ Rm as the resource vector. The deterministic
formulation can be written as follows:

Maximize Zk = cT
k x, k = 1, 2, . . . , K (1)
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This is subjected to the following:

Ax ≤ b, x ≥ 0

In real applications, the parameters and aspiration levels embedded in these objectives
are seldom known precisely, which motivates the fuzzy extension described next. In a
fuzzy setting, objective aspiration levels are treated as imprecise. A common representation
is to fuzzify the objective requirement using the linguistic concept “essentially greater than

or equal to,” denoted by
∼
≥. The fuzzy MOLP can be expressed as follows:

cT
k x
∼
≥ Z (2)

Ax ≤ b, x ≥ 0

To operationalize this model, a linear membership function is assigned to each ob-
jective. Let ZPIS

k denote the positive-ideal solution (PIS), i.e., the best attainable value
for objective k when it is optimized individually, and let ZNIS

k denote the negative-ideal
solution (NIS), i.e., the worst feasible value observed for objective k over the feasible region.
Using these two anchor points, the tolerance width for objective k is defined as follows:

pk =| ZPIS
k − ZNIS

k |, k = 1, 2, . . . , K (3)

The satisfaction level for the k-th objective is then modeled by a monotonic member-
ship function that increases from 0 to 1 across the tolerance interval. A commonly used
linear form can be written as follows:

µk(x) =


0, cT

k x ≤ ZPIS
k ,

ZPIS
k −cT

k x
pk

, ZPIS
k < cT

k x < ZNIS
k

1, cT
k x ≥ ZNIS

k

(4)

In this representation, the tolerance parameter pk controls the admissible violation
of the objective aspiration, and it is defined objectively through the PIS–NIS gap rather
than arbitrarily. The membership functions µk(x) provide a normalized and comparable
measure of how well each objective is achieved.

Under the min-operator aggregation, the fuzzy decision set is defined as the intersec-
tion of all fuzzy objective sets. The decision maker seeks the solution that maximizes the
minimum satisfaction across objectives, which can be expressed as follows:

max
x≥0
|min

k

(
1−

ZPIS
k − cT

k x
pk

)
(5)

This model can be converted into an equivalent max–min formulation by introducing
an auxiliary variable λ ∈ [0, 1], representing the overall satisfaction (aspiration) level:

Max λ (6)

This is subjected to the following:

µk(x) ≥ λ, k = 1, 2, . . . , K,
Ax ≤ b, x ≥ 0,
0 ≤ λ ≤ 1

The resulting formulation is computationally attractive because it transforms the fuzzy
multi-objective problem into a single optimization problem that maximizes λ, thereby
producing a compromise solution that is fair across objectives. In the subsequent sections
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of this paper, the proposed metaheuristic algorithms are developed within this fuzzy
programming framework and then applied to the APP case study.

Aggregate production planning (APP) is a critical component of supply chain man-
agement because it links long-term strategic objectives with medium-term operational
decisions. Over a planning horizon typically ranging from six months to one and a half
years, APP determines appropriate levels of production, workforce, inventory, and sub-
contracting to meet market demand efficiently without unnecessarily consuming scarce
resources. The managerial value of APP is particularly evident in SMEs, where limited
flexibility in labor and capacity makes the system more sensitive to inefficiencies and
disruptions. In practical settings, however, APP is difficult to implement because demand
is hard to forecast precisely, input prices fluctuate, workforce availability may change unex-
pectedly, and supply chains may face disruptions. These realities introduce uncertainties
that traditional deterministic planning models cannot adequately represent, motivating
fuzzy and metaheuristic approaches.

In this study, the APP problem is formulated as a two-objective linear programming
model. The first objective minimizes total production-related costs, while the second
minimizes total subcontracting costs. The model is subject to operational constraints that
enforce demand–inventory balance, workforce and inventory bounds, production capacity,
overtime limits, and non-negativity of decision variables.

Min Z1 =
N

∑
i=1

T

∑
t=1

(vitPit) +
T

∑
t=1

(rtWt + htHt + ftFt) (7)

Min Z2 =
T
∑

t=1

N
∑

i=1
CsCit

This is subjected to the following:

Ii,t−1 + Pit + Cit = Dit + Si,t−1 + Iit − Sit

I.Max
it ≥ Iit ≥ I.Min

it

Wt −Wt−1 + Ht − Lt = 0

WMIN ≤Wt ≤WMAX

Pit = (W h ∗Wt + Otit) ∗ Pri

Pit, Iit, Wt, Ht, Lt ≥ 0

Oti ≤ Otmax

Wit, Oit, Ht, Lt, Iit, Sit, Pit and Cit ≥ 0

The model also includes a standard material-flow balance relationship linking inven-
tory, production, subcontracting, demand, and backlog/stockout quantities; capacity and
workforce constraints restrict feasible production; and bounds ensure inventory and work-
force remain within allowable limits. The primary decision variables include workforce size,
hiring and layoffs, regular-time production, overtime, ending inventory, backlog/stockout,
and subcontracting levels for each period.

Tables 2 and 3 summarize the essential elements of the aggregate production planning
(APP) case study used in this research. Table 2 defines the decision variables that the
model must determine over the planning horizon, covering key operational choices such
as workforce size, hiring and layoffs, production quantity, end-of-period inventory, subcon-
tracting, overtime, and backlog/stockout levels. These variables form the structural basis
for constructing the objective functions and operational constraints consistently. Table 3
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then provides the initial parameter values and cost coefficients representing the firm’s oper-
ating environment, including material and labor costs, overtime cost, inventory holding
cost, subcontracting cost, and workforce adjustment costs, together with system settings
such as production rate, maximum overtime, working days per month, and initial/ending
inventory and workforce conditions, which collectively serve as the baseline inputs for all
computational experiments.

Table 2. Decision Variables and Their Nomenclature in the APP Model.

Decision Variable Description

Wit Workforce size in month t (number of workers)

Ht Number of workers hired at the beginning of month t

Lt Number of workers laid off at the beginning of month t

Pit Quantity produced in month t (kg or units)

Iit Inventory level at the end of month t (kg or units)

Sit Stockout/backlog quantity at the end of month t (kg or units)

Cit Quantity subcontracted in month t (kg or units)

Otit Overtime hours worked in month t (hours)

Table 3. Initial Parameter Values for the APP Case Study.

Parameter Description Value

Mc Material cost of Product A, B, and C per pcs 200, 250, and 55 Baht

Pr Production rate of Product A, B, and C per 8 h 100, 50, and 200 pcs

Otmax Maximum overtime per worker per month 144 h

Ic Inventory holding cost of Product A, B, and C per month per pcs 100, 150, and 100 Baht

Sc Stockout/backlog cost of Product A, B, and C per kg per month 150 Baht

Hc Hiring and training costs per worker 500 Baht

Lc Layoff cost per worker 1500 Baht

Rc Regular labor cost per worker per month 26,000 Baht

Oc Overtime cost per hour 60 Baht

Cs Subcontracting cost of Product A, B, and C per pcs 200, 400, and 70 Baht

I0 Initial inventory level 0 pcs

IT Required ending inventory level 0 pcs

S0 Initial backlog 0 pcs

W0 Initial workforce size 9 workers

Dwork Working days per month 20, 24 days

4. Narwhal Optimization Algorithm and Proposed Hybrid Mechanisms
Classical mathematical programming approaches, particularly deterministic linear

programming, are limited in addressing uncertainty because they require precise inputs
that are rarely available in real-world production environments. To cope with demand
variability, cost fluctuations, and operational disruptions, researchers have increasingly
relied on advanced optimization methodologies, especially metaheuristic algorithms and
artificial intelligence, to obtain robust and computationally feasible solutions. In parallel,
Fuzzy Theory has been widely adopted to represent imprecision and vagueness through
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membership functions rather than crisp values, and its integration with linear programming
has produced Fuzzy Linear Programming (FLP), which offers greater realism by allowing
uncertainty in objectives and constraints.

However, solving large-scale FLP instances using exact techniques such as Simplex
or Branch-and-Bound can be computationally intensive and therefore impractical for in-
dustrial applications that require repeated scenario evaluation. This has encouraged the
use of metaheuristics, which can deliver near-optimal solutions in an acceptable time by
balancing exploration and exploitation. Nevertheless, conventional metaheuristics such
as Genetic Algorithms, Particle Swarm Optimization, and Harmony Search often suffer
from premature convergence, stagnation in local optima, and loss of population diversity,
which reduces robustness and consistency when constraints are complex and the search
landscape is highly multimodal.

Metaheuristic optimization methods typically combine stochastic perturbations with
systematic improvement to search vast decision spaces effectively and to avoid entrapment
in local optima. Motivated by different natural or physical inspirations, they can be broadly
classified into evolution-based, physics-based, ecological/biological, swarm-intelligence,
and cellular/physiological families (Figure 1). This interdisciplinary breadth explains
their strong adoption across NP-hard, nonlinear, and multimodal problems in operations
research and engineering. In this study, we focus on a biologically inspired optimizer
derived from narwhal hunting behavior, as its natural metaphor supports an adaptive
transition from global exploration to local exploitation. This is well aligned with fuzzy
multi-objective APP, where the feasible set is constrained, and the satisfaction landscape
can be nonconvex after membership-function transformations.

Evolution-Based

Physics-Based

Ecological/Biological

Swarm Intelligence

Cellular/Physiological

Meta heuristic algorithms

Genetic Algorithm (GA)
Genetic Programming (GP)
Evolutionary Strategy (ES)
Evolutionary Programming (EP)
Differential Evolution (DE)

Electromagnetism Mechanism (EM)
 Equilibrium Optimizer (EO). 

Gravitational Search Algorithm 
(GSA), 

Central Force Optimization (CFO)

Tree Social Relations Optimization 
(TSR)

Invasive Weed Optimization (IWO)
Whale Optimization Algorithm 

(WOA)
Fly fire Algorithm (FA)

Harris Hawks Optimization (HHO)

Ant Colony Optimization (ACO)
Particle Swarm Optimization (PSO)

Bee Algorithm (BA)
Human Mental Search (HMS)

Intelligent Water Drops Algorithm 
(IWDA)

Simulated annealing (SA)
Artificial Immune System (AIS)
Bacterial Foraging Optimization 

(BFO)
Dendritic Cell Algorithm (DCA)

Endosymbiotic Evolutionary 
Optimization (EEO)  

Figure 1. Illustration of a structured taxonomy of metaheuristic algorithms, categorized into five
major families: evolution-based, physics-based, ecological/biological, swarm intelligence, and cellu-
lar/physiological approaches.

4.1. Original Narwhal Optimization Algorithm (NO)

The Narwhal Optimization Algorithm (NO) is inspired by the hunting strategies of
narwhals (Monodon monoceros), including echolocation-driven detection and tracking of
prey, cooperative pursuit, and prey immobilization through tusk striking (Figure 2). In the
computational analogy, each narwhal is a search agent whose position corresponds to a
candidate solution in the decision space. The population is initialized randomly within
problem bounds. The initial position of the i-th agent (N0

i ) is generated by the following:
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N0
i = LB + (UB− LB) U(0, 1), i = 1, 2, . . . , N (8)

where LB and UB are the lower and upper bounds and U(0, 1) is a uniform random
variable. The initial best solution is identified as follows:

N∗ = arg min f
(

N0
i

)
(9)

where f (·) is the objective/fitness function.

Figure 2. The echolocation mechanism used by narwhals to detect and pursue prey.

The exploration phase of NO models involves echolocation-based searching and track-
ing. Biologically, narwhals emit clicks and interpret echoes to infer distance and direction,
narrowing the search region as prey becomes localized. In the algorithm, exploration is
regulated using a proximity measure, (h

(
Nt

i , N∗
)
), between the agent’s current position Nt

i
and the best known solution N∗. This is defined through a cosine-similarity-based distance
as follows:

h
(

Nt
i , N∗

)
= 1−

Nt
i N∗∥∥Nt

i

∥∥∥N∗∥
(10)

A decaying “sound wave strength” term models the signal attenuation and injects the
controlled stochasticity:

Wave strength
(

Nt
i , t
)
= A|sin(khi −ωt)|e−δt (11)

where A = 1, k = 2π, ω = 2π, and δ is a decay constant. Exploration updates are
as follows:

Nt+1
i = Nt

i + Aexploration
(

N∗ − Nt
i
)
+ WaveStrength

(
Nt

i , t
)

U(0, 1) (12)

with the following exploration coefficient:

Aexploration = 2ar1 − a
r1 = rand()

(13)

where a controls how exploration decays across iterations. As the search progresses,
NO transitions to exploitation to represent prey capture. This transition is guided by a
prey-energy concept that decays over time:

Energyprey(t + 1) = Energyprey(t) e−λt (14)
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with λ controlling decay speed and energy bound below by zero. When energy becomes
low (or when improvement slows), the algorithm emphasizes exploitation and moves
agents toward the best solution, supported by an attraction mechanism analogous to
suction/capture dynamics. In the implementation, exploitation is as follows:

Nt+1
i = Nt

i + Aexploitation
(

N∗ − Nt
i
)
+

+CexploitationsuctionForce((Nt
i , N∗)wavestrength(Nt

i , t)U(0, 1)
(15)

Aexploration = ar1 − a
Cexploration = 2r2

SuctionStrength
(

Nt
i , t
)
= 1−

Energyprey(t)

1+∥N∗−Nt
i ∥

SuctionForce
(

Nt
i , t
)
= SuctionStrength + PreyEnergy

r2 = rand()

where Cexploitation depends on random coefficients, and the suction force increases as prey
energy decreases and as the agent approaches the best region. Finally, NO employs an
iteration-dependent exploration factor as follows:

a(t) = 2− 2t
MaxIteration

(16)

and a dynamic exploration ratio that shifts the balance between exploration and exploitation
based on fitness improvement and prey energy is also employed (Figure 3). This mechanism
is particularly suitable for fuzzy APP, where max–min satisfaction surfaces can contain
ridges and plateaus that require adaptive search pressure to maintain both diversity and
convergence efficiency.

Figure 3. Narwhal hunting behavior, showing tusk striking to stun prey (top) and echolocation for
target detection (bottom).

4.2. Hybrid NO with Random Search Diversification (NORNG)

Although NO includes stochastic perturbations through its wave-strength term,
population-based metaheuristics can still suffer from diversity loss and premature con-
vergence, particularly on multimodal or constrained problems where feasible basins are
narrow. To mitigate this risk, we introduce a random search diversification operator that
periodically perturbs a subset of agents to explore new regions of the search space. This
hybrid, denoted NORNG, is designed primarily to strengthen exploration without sig-
nificantly increasing algorithmic complexity. In NORNG, after the standard NO update
(exploration or exploitation depending on the current phase), a random-search perturbation
is applied to selected agents with probability prs. A simple and effective form is a bounded
random walk around the current position:
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Nt+1
i ← Nt+1

i + ϵ (UB− LB)⊙ (2U(0, 1)− 1) (17)

where ϵ > 0 controls perturbation magnitude, ⊙ denotes elementwise multiplication,
and the perturbation is clipped to [LB, UB]. In constrained problems, feasibility can be
maintained using a repair operator (e.g., projection to bounds and/or constraint handling,
already adopted in the overall framework). The logic of this operator is that when im-
provement slows, injecting controlled randomness can relocate agents away from local
basins, replenish population diversity, and increase the probability of identifying alternative
feasible regions with higher satisfaction levels.

Within fuzzy APP, the satisfaction landscape induced by membership functions may
contain wide, near-flat regions where small movements yield minimal change in fitness.
The random search operator counteracts this by providing occasional larger jumps, enabling
the population to discover new trade-off structures between objectives and to avoid being
locked into suboptimal compromise solutions early in the run.

4.3. Hybrid NO with Super Modified Simplex Local Refinement (NOSMS)

While diversification helps avoid premature convergence, complex constrained prob-
lems often require strong local refinement once promising areas are found. To strengthen
exploitation without sacrificing global search, we hybridize NO with the Super Modified
Simplex (SMS) method. SMS extends simplex-based direct search by incorporating second-
order polynomial interpolation, thereby using limited curvature information inferred from
function values to replace poor solutions more intelligently than reflection-only schemes.

In SMS, three key points are considered: the worst point L, its symmetric reflection
R, and an intermediate point P. Their responses are denoted VL, VP, and VR. A quadratic
approximation is constructed along the line defined by these points, and an interpolation
coefficient βopt is computed to estimate the point that most improves the response. Follow-
ing your formulation, βopt can be expressed in closed form (notation aligned with your
response terms) as follows:

βopt =
RR − 4RP + 3Rw

2RR − 4RP + 2Rw
(18)

and the improved candidate is generated by the following:

Z = βopt P +
(
1− βopt

)
L (19)

In the proposed NOSMS hybrid, SMS is embedded as a periodic or conditional local
search operator applied to selected solutions (e.g., elite agents or those near the current
best). NO drives exploration and identifies promising regions, while SMS accelerates
convergence and improves solution precision by exploiting local curvature patterns. This
integration directly targets slow final-stage convergence and oscillations near optima, which
are common in population metaheuristics when constraints compress the feasible region.

4.4. Hybrid NO with Runge–Kutta Operator Integration (NORKP)

The third hybrid integrates NO with a Runge–Kutta-inspired optimizer operator, mo-
tivated by the idea that numerical integration schemes can provide stable, directed search
steps through aggregated slope-like evaluations. The Runge–Kutta optimizer operator
used here has two main components: a Runge–Kutta-driven search mechanism SM and
an enhancement module that adaptively improves candidate solutions. At each iteration, a
new candidate xnew1 is generated by combining current solutions, random agents, and the
Runge–Kutta step:

xnew1 =

{
(xb + u·AF·e·xb) + AF·SM + ω·rand·(xd − xb) i f rand < 0.5
(xd + u·AF·e·xd) + AF·SM + ω·rand·(xa1 − xa2) otherwise

(20)
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where u ∈ {1,−1}, e ∼ U(0, 2), and ω is a small random scaling. The directed term SM is
defined through an RK4-like aggregation:

SM = 1
6 (xRuK)∆x

xRoK = k1 + 2k2 + 2k3 + k4

k1 = 1
2∆x (rand.xws − vxbs)

v = round(1 + rand)(1− rand)
k2 = 1

2∆x (rand·(xws + r1k1·∆x)− (vxbs + r2k1∆x))

k3 = 1
2∆x

(
rand.

(
xws + r1

(
1
2 k2

)
∆x
)
−
(

v·xbs + r2

(
1
2 k2

)
∆x
))

k4 = 1
2∆x (r(xws + r1k3∆x)− (vxbs + r2k3∆x))

(21)

with intermediate terms k1, . . . , k4 constructed using the best and worst solutions (xbs, xws)
and stochastic coefficients, while the step ∆x is adaptively computed based on population
statistics and iteration progress. The adaptive factor AF scales the step magnitude and
decays with iterations as follows:

AF = 2(0.5− rand)× µ

µ = 10 exp
(
−12.rand.

(
It

MaxIt

)) (22)

In NORKP, the Runge–Kutta operator is applied as a refinement mechanism to can-
didate solutions generated by NO, especially in exploitation-dominant stages or when
improvement stalls. NO supplies population-level exploration and adaptive switching,
whereas the Runge–Kutta operator provides a mathematically structured step that sta-
bilizes trajectories and helps escape shallow local basins. This is particularly useful for
fuzzy APP, where max–min satisfaction surfaces can create plateaus and ridges that make
purely random perturbations inefficient. By incorporating the best/worst solutions and
population mean information, the operator also tends to reduce variance across replications
and improve repeatability, which is important for decision-support deployment.

Metaheuristic (MH) algorithms, including the NO, are widely used to obtain near-
optimal solutions for large-scale, complex optimization problems that are difficult to solve
using exact mathematical programming. Nevertheless, several limitations are repeatedly
observed in practical applications. First, in large-scale optimization, repeated fitness
evaluations often become a major computational bottleneck, particularly when objective
functions are complex or simulation-based. Second, because MH algorithms operate
without centralized control and rely on stochastic search dynamics, they are prone to
premature convergence and entrapment in local optima. This highlights the need for
adaptive mechanisms that sustain a proper balance between exploration and exploitation
throughout the search. Third, their computational demand typically grows with problem
dimensionality and the number of iterations required to reach acceptable solutions. Finally,
the absence of a standardized structural framework across many established algorithms
complicates systematic comparison and benchmarking of newly developed methods.

To address these limitations, hybridization of metaheuristics with complementary
optimization techniques has gained increasing attention. Hybrid approaches integrate
diverse search operators to improve convergence speed, strengthen robustness against local
minima, and enhance scalability across problem domains. They also provide flexibility for
tailoring exploration and exploitation behaviors to the characteristics of a specific prob-
lem, which is especially valuable in dynamic and uncertain environments, such as fuzzy
aggregate production planning. In this study, the Narwhal Optimization Algorithm (NO)
is adopted as the global search backbone because its echolocation-inspired exploration and
prey-energy-based exploitation provide a natural adaptive transition mechanism, further
supported by wave-strength modulation and iteration-dependent balancing. Building on
this structure, three hybrid strategies are introduced to overcome the limitations of both
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exact FLP solvers and conventional metaheuristics in fuzzy APP. The NORNG hybrid
strengthens diversification through controlled random perturbations, improving popula-
tion diversity and coverage of the feasible region and reducing premature convergence
risk. The NOSMS hybrid enhances local exploitation by incorporating interpolation-based
Super Modified Simplex refinement, accelerating final-stage convergence, and improving
precision under complex constraints. The NORKP hybrid improves convergence stabil-
ity and search effectiveness by integrating Runge–Kutta-inspired aggregated steps with
adaptive scaling, yielding smoother trajectories and more repeatable performance. The
overall workflow of the Narwhal Optimizer with hybrid improvements—integrating ex-
ploration, exploitation, and the three adaptive hybrid mechanisms (NORNG, NOSMS, and
NORKP)—is summarized in Figure 4.

Start

 Initialize the Narwhals populations 
Ni, (i = 1, 2, 3, . . . , N) 

Setting algorithm parameters : 
replication, iteration, A, K, ω 

Caluculate N* and Generate random 
number  r1

r1< Exploration_ratio Exploration process Exploitation process

Better than worst 
solution?

Calculate fitness value

Checking stopping criteria? Stop

Update and sorting solutions

Super modified simplex method 

Runge Kutta Optimizer

Random new narwhal

Update solution with hybrid method

No

No

Yes

Yes

 

Figure 4. Flowchart of the proposed hybrid Narwhal Optimization framework, illustrating the
initialization phase, adaptive exploration–exploitation transition, fitness evaluation and selection
mechanism, and integration of hybrid enhancement strategies.

Figure 4 illustrates the overall workflow of the proposed hybrid Narwhal Optimiza-
tion Algorithm (NO) framework. The process begins with the initialization of a population
of candidate solutions (narwhals), followed by the evaluation of their fitness values based
on the objective function. During the exploration phase, the Random Narwhal Generation
(NORNG) mechanism is employed to introduce controlled stochastic perturbations, enhanc-
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ing population diversity and preventing premature convergence. As the search progresses,
the algorithm transitions to the exploitation phase, where the Super Modified Simplex
Method (NOSMS) is activated to perform local refinement around promising solutions,
improving search precision and accelerating convergence toward local optima. In parallel,
the Runge–Kutta-based Optimizer (NORKP) is integrated to guide solution updates using a
structured step-size mechanism inspired by numerical integration, which enhances conver-
gence stability and ensures smoother search trajectories. These components are adaptively
coordinated within each iteration to balance exploration and exploitation effectively. The
algorithm iterates through evaluation, updating, and refinement steps until a termination
criterion, such as the maximum number of iterations, is satisfied, after which the best
solution is reported.

5. Results and Discussion
This section presents and analyzes the computational results of the proposed Narwhal-

based optimization algorithms. The evaluation is conducted in two stages. First, the
original Narwhal Optimization Algorithm (NO) and its hybrid variants—NO with Random
Search (NORNG), NO with Super Modified Simplex (NOSMS), and NO with Runge–
Kutta Procedure (NORKP)—are tested on standard benchmark functions and constrained
engineering design problems to assess convergence behavior, robustness, and solution
stability. Second, the two best-performing hybrid approaches are applied to the fuzzy
aggregate production planning (APP) case study under three demand scenarios (nominal,
−10%, and +10%) and two workforce policies (20 and 24 working days per month). The
results are evaluated in terms of solution quality, satisfaction level (λ), and cost performance.

5.1. Performance on Benchmark Functions

The original Narwhal Optimization (NO) and its three enhanced variants—NORNG
(random search hybrid), NOSMS (Super Modified Simplex hybrid), and NORKP (Runge–
Kutta hybrid)—were tested on eight standard benchmark functions to assess the robustness
and convergence performance of the proposed hybrid algorithms. Under identical parame-
ter conditions (A = 1, K = 2π, Ω = 2π), all methods were executed with 10,000 iterations
and 10 independent replications. The average objective value, minimum, maximum, and
standard deviation were employed to evaluate performance.

The parameter settings in this study were determined using a systematic statistical
approach rather than arbitrary selection. Specifically, a two-level factorial experimental
design was employed to investigate the effects of key algorithmic parameters, including
A, K, and Ω, on the performance of the proposed methods. These parameters were varied
at predefined low and high levels, and their impacts on solution quality were evaluated
through multiple experimental runs. Subsequently, Analysis of Variance (ANOVA) was
conducted to identify statistically significant factors and their interactions, allowing the
selection of an appropriate parameter configuration that ensures robust performance
across different problem types. As this procedure follows a standard, routine approach
to parameter tuning for metaheuristic algorithms, the detailed experimental design and
intermediate results are not reported for brevity. In addition, the number of iterations and
replications was determined according to common practices in the literature to ensure
statistical reliability and reproducibility.

NORKP demonstrated the most stable convergence for the Branin function, achieving
the highest average value (5.4008) with the smallest standard deviation (0.0018). Conversely,
the original NO exhibited a higher degree of variability (stdev = 0.1450), which implies
that it was susceptible to initialization. In comparison to NO, NORNG and NOSMS also
demonstrated substantial reductions in variance, supporting the notion that hybridization
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enhances stability. Performance disparities were considerably more pronounced in the
Camelback function. Although NOSMS achieved the highest average value (17.5407), its
standard deviation was relatively large (1.0432). The NORKP team demonstrated a more
effective balance between exploration and exploitation by achieving a competitive average
(17.5274) with slightly reduced dispersion. The original NO exhibited moderate variability,
whereas NORNG did not substantially enhance stability in this multimodal landscape.

In terms of average performance, NOSMS and NORKP outperformed NO and
NORNG for the Goldstein–Price function. NOSMS achieved a standard deviation of
0.0695, which is exceptionally low. This emphasizes the efficacy of local refinement based
on interpolation within constrained search regions. All algorithms converged to identical
optimal values with zero variance for the Parabolic and Rosenbrock functions, suggesting
that these unimodal problems are relatively straightforward and do not necessitate sophis-
ticated hybrid mechanisms. The Rastrigin function, renowned for its high multimodality,
demonstrated the clear advantages of hybrid methods. NORKP demonstrated perfect con-
sistency across replications, achieving the greatest average (100.0000) with zero standard
deviation. In comparison to NO, which exhibited a higher degree of dispersion, NORNG
and NOSMS also enhanced stability.

The advantages of hybridization were notably apparent in the case of the Shekel func-
tion, a complex, multimodal problem. NORKP significantly reduced the standard deviation
to 0.0001, whereas the original NO exhibited considerable variability (stdev = 1.3439). The
robustness of hybrid mechanisms in irregular landscapes was confirmed by the equiva-
lent improvement in consistency of NOSMS and NORNG. Lastly, the Styblinski function
yielded virtually identical averages for all algorithms. However, NORKP again recorded
the smallest standard deviation (0.0003), following NOSMS. This consistent decrease in
variance suggests that the convergence reliability has been enhanced (Figure 5).

Figure 5. The comparative performance of the original NO and its hybrid variants across eight bench-
mark functions based on the mean and standard deviation over 10 replications (10,000 iterations).

In general, the benchmark results indicate that hybridization significantly improves
performance stability. The Runge–Kutta hybrid (NORKP) consistently obtains the most
stable convergence and the smallest variance across multimodal and constrained functions,
whereas the original NO only provides competitive results. Additionally, the SMS hybrid
(NOSMS) exhibits robust exploitation capabilities, particularly in structured landscapes.
The random search hybrid (NORNG) enhances diversity; however, it fails to consistently
surpass the other two hybrids. The selection of NOSMS and NORKP for subsequent
application to the fuzzy aggregate production planning model is justified by these findings.
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5.2. Performance on Constrained Engineering Design Problems

To further verify the effectiveness of the proposed Narwhal-based hybrid algorithms
before applying them to the subsequent fuzzy AHP study, the original Narwhal Opti-
mization (NO) and three enhanced variants—NORNG (random search hybrid), NOSMS
(Super Modified Simplex hybrid), and NORKP (Runge–Kutta hybrid)—were evaluated
on four well-established constrained engineering design problems. These test problems
are widely used in the metaheuristic literature because they contain nonlinear objective
functions, complex inequality constraints, and bounded decision variables, thereby provid-
ing a rigorous environment for assessing feasibility management, convergence behavior,
and robustness. The selected problems include the three-bar truss design, speed reducer
design, pressure vessel design, and tension/compression spring design. The results are
reported using the average, minimum, maximum, and standard deviation of the objective
value across replications.

The first test case, the three-bar truss design problem, aims to minimize the structural
weight f (x) =

(
2
√

2x1 + x2

)
l subject to three nonlinear stress constraints and variable

bounds 0 ≤ xi ≤ 1. This problem is challenging because feasible regions are narrow and
strongly shaped by nonlinear constraint interactions. The results indicate that the original
NO achieved the lowest average objective value (264.9192), while NORKP produced a
slightly higher average (265.5125). However, in terms of robustness, NO also exhibited
the lowest standard deviation (0.6634), whereas NORNG and NOSMS showed noticeably
larger dispersion (1.5821 and 1.2144, respectively), implying greater sensitivity to stochas-
tic perturbations when constraints compress the feasible region. NORKP demonstrated
intermediate stability (0.8591), suggesting that while the Runge–Kutta operator improves
stability in many settings, its additional movement structure may not always yield the
lowest-weight solutions for highly constrained low-dimensional problems where the feasi-
ble optimum lies near tight boundaries. Nonetheless, all hybrids produced competitive
averages within a narrow range, and their minimum values confirm their ability to locate
high-quality feasible solutions.

The second test case, the speed reducer design problem, is a higher-dimensional
constrained optimization problem with seven design variables and eleven inequality con-
straints. The objective function is nonlinear and includes multiple coupled design terms,
while constraints enforce geometric feasibility and mechanical performance limits. This
problem is commonly used to evaluate algorithm scalability because of its dimensionality
and complex constraint surface. The results show a clear advantage for NORKP in mean
performance, achieving the lowest average objective value (3030.021) compared with NO
(3033.793), NORNG (3032.47), and NOSMS (3032.53). In addition, NORKP achieved the low-
est minimum value (3018.425), indicating a stronger capability to locate very high-quality
designs. Standard deviations across all methods were similar (approximately 4.4–5.5), sug-
gesting that this problem remains computationally demanding and that variance reduction
is harder to achieve because small parameter changes can trigger constraint violations and
force the search back into feasible regions. Nonetheless, the improved mean and best-case
performance of NORKP suggest that the Runge–Kutta operator contributes positively in
higher-dimensional constraint-dominated environments, likely by producing more directed
movements and maintaining progress toward promising areas.

The third test case, the pressure vessel design problem, seeks to minimize vessel
weight while satisfying thickness, volume, and length constraints. This problem has
been widely studied because it contains nonlinear constraints and a feasible region that
is sensitive to small variations in the design variables. In this case, NORKP produced the
best overall performance. It achieved the lowest average objective value (7204.277) and,
most importantly, the smallest standard deviation (0.3368), which is substantially lower
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than NO (1.2427), NORNG (1.2915), and NOSMS (0.8017). This result strongly indicates
that NORKP provides superior convergence stability and repeatability for problems with
smooth objective surfaces and tight, nonlinear interacting constraints. The maximum
objective value for NORKP (7204.95) is also considerably lower than the maxima of the
other methods, confirming that the algorithm consistently converges to a narrow range
of high-quality solutions rather than producing occasional poor runs. This finding is
particularly valuable for real-world decision-support systems, where planners need reliable
outputs and not only occasional best-case solutions.

The fourth test case, the tension/compression spring design problem, aims to mini-
mize spring weight while satisfying constraints on deflection, shear stress, frequency, and
diameter. Unlike the speed-reducer and pressure-vessel problems, this problem typically
exhibits a well-behaved feasible region once constraint handling is effective. In the results,
all methods achieved nearly identical performance, with averages around 0.0109–0.0110
and extremely small standard deviation (0.0001) across all algorithms. The minimum values
are also very close. This indicates that the problem is comparatively easier for the tested
algorithms under the given parameter settings and that all four methods can reliably reach
near-optimal feasible solutions. Consequently, this case primarily serves to verify that the
proposed hybrids do not degrade performance on simpler constrained tasks (Table 4).

Table 4. Comparative Results of NO, NORNG, NOSMS, and NORKP on Four Constrained Engineer-
ing Design Problems.

Three-Bar Truss Design Problem

Index NO NORNG NOSMS NORKP
Average 264.9192 265.6356 265.5885 265.5125

Min 263.9822 264.1576 264.2843 264.6018
Max 266.32 268.907 267.8207 267.1056

Stdev 0.6634 1.5821 1.2144 0.8591

Speed reducer design problem

Index NO NORNG NOSMS NORKP
Average 3033.793 3032.47 3032.53 3030.021

Min 3024.881 3021.375 3021.61 3018.425
Max 3037.613 3037.482 3037.194 3037.048

Stdev 4.368 5.395 5.337 5.472

Pressure vessel design problem

Index NO NORNG NOSMS NORKP
Average 7205.0429 7204.8886 7204.7741 7204.277

Min 7203.8838 7203.8766 7203.8184 7203.8648
Max 7207.4897 7207.5558 7206.7607 7204.95

Stdev 1.2427 1.2915 0.8017 0.3368

Tension/compression spring design problem

Index NO NORNG NOSMS NORKP
Average 0.0109 0.0109 0.0109 0.011

Min 0.0108 0.0108 0.0108 0.0109
Max 0.0111 0.0111 0.0112 0.0111

Stdev 0.0001 0.0001 0.0001 0.0001

Overall, the constrained engineering tests provide important insights prior to applying
the algorithms to fuzzy AHP. First, the results confirm that all proposed hybrids are feasible
and competitive across diverse constrained landscapes, demonstrating reliable constraint
handling and good optimization capability. Second, the comparative trends suggest that the
benefit of hybridization depends on problem characteristics. The random diversification
mechanism in NORNG can improve exploration, but in some constrained problems, it
increases run-to-run variability, as seen in the three-bar truss case. The SMS refinement
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in NOSMS strengthens exploitation and can reduce variability relative to NORNG, but it
does not always produce the best mean performance on higher-dimensional designs. In
contrast, NORKP shows the most consistent advantage in complex and higher-dimensional
constrained problems, achieving the best mean and best-case solutions in the speed reducer
problem and delivering the strongest stability and the lowest average in the pressure vessel
problem. These results support the selection of NORKP (and NOSMS, depending on
the downstream objective) as the most promising method for subsequent studies where
stability, repeatability, and robustness are required.

From the perspective of the planned fuzzy AHP application, this performance assess-
ment is essential because fuzzy AHP-based decision systems require repeated evaluation of
alternative solutions and stable optimization behavior under uncertainty. Algorithms that
occasionally achieve excellent solutions but show high variance are less desirable in such
contexts because they may lead to inconsistent rankings or unstable decision outcomes. The
low variability demonstrated by NORKP in the pressure vessel problem, combined with its
strong mean performance on the speed reducer problem, indicates that it is well-suited for
supporting fuzzy decision frameworks where reliability is a primary requirement. Con-
sequently, the constrained engineering results provide empirical justification for carrying
forward the best-performing hybrid narwhal-based algorithms into the fuzzy AHP phase
of the research.

5.3. Results for the Fuzzy Aggregate Production Planning Model

This subsection reports the computational results of the fuzzy programming approach
applied to the aggregate production planning (APP) model to determine the most reliable
optimization method prior to subsequent deployment in a fuzzy AHP framework. A
simulation program implementing the fuzzy APP model was developed in Visual C#2018,
following the computational procedures described earlier. The fuzzy aspiration levels of
both objectives were quantified using linear and continuous membership functions, defined
analytically using the Positive-Ideal Solution (PIS) and the Negative-Ideal Solution (NIS).
The tolerance interval, pk, for each objective was computed as the PIS–NIS range, where PIS
and NIS were obtained by optimizing each objective separately for each demand scenario.
In addition, following the harmony-search-based practice adopted in the preliminary
calibration stage, the interval pk was consistent with the spread of responses observed in
the solution memory used for estimating baseline objective ranges. All algorithms used
identical parameter settings, A = 1, K = 2π, and Ω = 2π, with 20,000 iterations and
10 replications.

Demand uncertainty was modeled using three scenarios: nominal demand, a 10%
decrease in demand, and a 10% increase in demand, with deviations assumed to be in-
dependent and normally distributed around the nominal mean. The fuzzy APP solution
simultaneously minimizes total production cost and subcontracting cost/units over a
six-month planning horizon by maximizing the overall satisfaction level λ under the
max–min aggregation. Two operating policies were considered to reflect capacity flexi-
bility: 20 working days per month and 24 working days per month. In this stage, the
best-performing narwhal hybrids identified from benchmark screening—NOSMS and
NORKP—were evaluated to choose a stable optimizer before applying the method to fuzzy
AHP decision analysis.

5.3.1. Initial PIS, NIS, and Tolerance Intervals for Membership Functions

Table 5 summarizes the PIS and NIS values used to define membership functions
for each demand scenario. Under nominal demand, the production-cost PIS and NIS
were 2.0 and 2.4 million, producing a tolerance width, pk = 400,000. Subcontracting cost
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ranged from 0.50 to 0.85 million (pk = 350,000). Under a 10% demand decrease, the
production-cost range remained the same, while the subcontracting-cost PIS and NIS
shifted downward to 0.30 and 0.65 million, keeping the tolerance width unchanged. Under
a 10% demand increase, both objectives shifted upward, and the tolerance widths changed:
production-cost tolerance narrowed to 300,000, while subcontracting tolerance widened
to 500,000. These scenario-dependent ranges are important because they directly affect
the slope of membership functions and therefore the achievable satisfaction level λ. These
scenario-dependent ranges directly influence the slope of the membership functions and,
consequently, the achievable satisfaction level λ, highlighting the sensitivity of fuzzy
decision-making to demand variability.

Table 5. PIS, NIS, and tolerance intervals (pk) used to construct linear membership functions.

Scenario PIS
(Prod. Cost)

NIS
(Prod. Cost)

pk
(Prod. Cost)

PIS
(Subcontract)

NIS
(Subcontract)

pk
(Subcontract)

Nominal 2,000,000 2,400,000 400,000 500,000 850,000 350,000

Demand −10% 2,000,000 2,400,000 400,000 300,000 650,000 350,000

Demand +10% 2,300,000 2,600,000 300,000 600,000 1,100,000 500,000

To provide a robust performance benchmark, the Elevator Kinematic Optimization
(EKO) algorithm is incorporated for comparison [27]. EKO is a metaheuristic inspired by
elevator motion control, where solution updates follow directional movements combined
with random external commands to balance exploration and exploitation. This mechanism
enables effective escape from local optima and stable convergence in complex search
spaces. EKO has demonstrated competitive performance in fuzzy aggregate production
planning and multi-objective optimization problems, and is therefore used as a baseline
for evaluating the proposed NO hybrid variants. Building on these membership function
settings, Sections 5.3.2 and 5.3.3 present the computational results under two operational
scenarios—20 and 24 working days per month, respectively—to examine the impact of
production capacity on solution quality, robustness, and satisfaction levels across different
demand conditions.

5.3.2. Experimental Results Under 20 Working Days per Month

Table 6 reports the best satisfaction levels and corresponding objective values for EKO,
NOSMS, and NORKP under the 20-day working policy. Under nominal demand, NORKP
achieved the highest satisfaction level (λ = 0.64), outperforming both NOSMS (λ = 0.48) and
EKO (λ = 0.45), while also producing lower total production cost and subcontracting cost.
This indicates that NORKP provides a better compromise solution between the objectives
rather than improving one objective at the expense of the other. Under a 10% decrease in
demand, all methods show improved satisfaction levels due to reduced system pressure
and lower reliance on subcontracting. The satisfaction values become closer (λ = 0.57 for
EKO and NOSMS, and λ = 0.58 for NORKP). In this case, NORKP achieves slightly lower
production costs, while NOSMS yields the lowest subcontracting cost, indicating a minor
trade-off between the two objectives. With a 10% increase in demand, satisfaction levels
decrease across all methods (λ ≈ 0.45–0.49), reflecting tighter capacity constraints. NORKP
again achieves the highest λ value (0.49), followed by NOSMS (0.47) and EKO (0.45).
Although NOSMS produces slightly lower production costs, NORKP maintains a more
balanced trade-off by achieving lower subcontracting costs and higher overall satisfaction.
This suggests that NORKP is more robust in handling increased demand conditions and
better preserves solution quality when both objectives become more difficult to satisfy
simultaneously (Figure 6).
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Table 6. Fuzzy APP results under 20 working days per month.

Scenario Algorithm Max λ Total Production Cost Total Subcontracting Cost

Nominal EKO 0.45 2,309,882 693,727

Nominal NOSMS 0.48 2,327,298 682,893

Nominal NORKP 0.64 2,269,798 625,393

Demand −10% EKO 0.57 2,172,635 558,221

Demand −10% NOSMS 0.57 2,170,052 527,387

Demand −10% NORKP 0.58 2,166,685 552,771

Demand +10% EKO 0.45 2,491,390 873,495

Demand +10% NOSMS 0.47 2,481,391 863,495

Demand +10% NORKP 0.49 2,498,808 852,662

 

Figure 6. Comparison of the maximum satisfaction level λ obtained by EKO, NOSMS, and NORKP
for the fuzzy APP model under three demand scenarios (Nominal, −10%, +10%) with 20 working
days per month over the six-month planning horizon.

5.3.3. Experimental Results Under 24 Working Days per Month

Table 7 reports the results for EKO, NOSMS, and NORKP under the 24 working-day
policy. A clear pattern emerges: increasing the number of working days significantly
improves the achievable satisfaction levels across all demand scenarios, indicating that
enhanced capacity flexibility facilitates the simultaneous satisfaction of both objectives.
Under nominal demand, all methods achieve high satisfaction levels, with NORKP remain-
ing superior (λ = 0.95), compared with EKO (λ = 0.88) and NOSMS (λ = 0.87). In addition,
NORKP achieves the lowest subcontracting cost, indicating a more efficient balance be-
tween in-house production and outsourcing decisions. Under a 10% demand decrease, all
methods again perform strongly (λ = 0.85–0.90). NORKP attains the highest satisfaction
level (λ = 0.90) and the lowest production cost, while NOSMS achieves the lowest subcon-
tracting cost. EKO shows lower satisfaction, though it remains competitive across both cost
components (Figure 7). With a 10% increase in demand, satisfaction levels remain high
(λ ≈ 0.88–0.90), and the ranking changes slightly. NOSMS achieves the highest λ (0.90)
and the lowest subcontracting cost, followed by NORKP (λ = 0.89) and EKO (λ = 0.88).
Although NORKP maintains a comparable production cost, it incurs higher subcontracting

https://doi.org/10.3390/a19040295

https://doi.org/10.3390/a19040295


Algorithms 2026, 19, 295 26 of 33

costs under this scenario. This suggests that, when capacity is expanded, the SMS-based
local refinement becomes particularly effective in managing subcontracting decisions under
high demand, whereas NORKP generally provides a stronger overall balance across other
scenarios (Table 7).

Table 7. Fuzzy APP results under 24 working days per month.

Scenario Algorithm Max λ Total Production Cost Total Subcontracting Cost

Nominal EKO 0.88 2,180,015 541,060

Nominal NOSMS 0.87 2,184,015 545,560

Nominal NORKP 0.95 2,183,665 516,060

Demand −10% EKO 0.85 2,058,518 391,304

Demand −10% NOSMS 0.89 2,044,169 378,304

Demand −10% NORKP 0.90 2,038,869 431,304

Demand +10% EKO 0.88 2,335,761 675,066

Demand +10% NOSMS 0.90 2,331,412 662,066

Demand +10% NORKP 0.89 2,334,462 694,266

 

Figure 7. Comparison of the maximum satisfaction level λ obtained by EKO, NOSMS, and NORKP
for the fuzzy APP model under three demand scenarios (Nominal, −10%, +10%) with 24 working
days per month over the six-month planning horizon.

Across both workforce policies and all demand scenarios, the results demonstrate
that NORKP generally yields higher satisfaction levels, particularly in the nominal case
where balanced trade-offs are critical, and the feasible compromise region is most relevant.
The increase from λ = 0.64 to λ = 0.95 for NORKP when shifting from 20 to 24 working
days also quantifies the operational value of capacity flexibility and confirms that the
fuzzy membership structure responds logically to changes in feasible operating conditions.
Meanwhile, NOSMS remains competitive and, under certain scenarios (especially when
demand increases over 24 working days), it can marginally outperform NORKP in λ

and reduce subcontracting costs, indicating that simplex-based local refinement can be
advantageous when the search landscape contains a well-defined local basin near a high-
quality compromise solution.
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In order to provide a progressive and defensible basis for selecting an optimizer
before integrating it into a fuzzy AHP decision framework, the performance evaluation of
the Narwhal Optimization Algorithm (NO) and its variants was intentionally structured
in three layers: response-surface benchmark functions, constrained engineering design
models, and the fuzzy planning application Staged validation is necessary because fuzzy
AHP applications utilize repeated optimization runs to obtain stable alternative scores,
and instability at the optimization layer might lead inconsistent rankings and inaccurate
managerial conclusions.

The response-surface benchmark study shows that hybrid mechanisms reduce run-to-
run variability, especially for multimodal functions. Despite having competitive average
objective values, the original NO had more dispersion in tough environments, such as
Shekel, Branin, and Goldstein–Price. In contrast, hybrid variants had fewer standard devia-
tions, indicating better convergence across replications. NORKP had the strongest stability
signal, with near-zero variance on Rastrigin and extremely minimal fluctuation on Shekel
while maintaining competitive average performance. This shows that the Runge–Kutta
operator stabilizes the search trajectory and lowers initialization sensitivity, a limitation
of population-based algorithms in rocky fitness landscapes. NOSMS performed well, es-
pecially on structured functions where local refinement is beneficial. After identifying
attractive places, SMS improves exploitation with lower dispersion than NO and com-
petitive mean performance. NORNG improved diversity more than NO, but its gains
were less consistent because random perturbations might aid escape from particular basins
or create noise that undermines convergence stability, depending on the landscape. The
response-surface results show that hybridization is desirable and often necessary for re-
producible results, with NORKP and NOSMS being the most dependable downstream
decision-support options.

Constrained engineering design issues evaluate feasibility more strictly due to nonlin-
ear inequality constraints and small acceptable regions. These settings make the exploration–
constraint handling interplay crucial. The three-bar truss issue, which is low-dimensional
but severely limited, shows that hybridization does not always improve mean objective
values. The original NO had the best average weight, but hybrids—especially NORNG—
had more dispersion. In constrained low-dimensional problems, the feasible optimum can
be near a tight boundary, and exploratory perturbations may move candidates outside
the feasible region, triggering repairs or penalties that degrade average performance. The
same result does not apply to higher-dimensional constrained issues. NORKP had the best
average and minimum objective values in the speed-reducer design challenge, demon-
strating its ability to navigate huge, limited search areas. Importantly, this shows that the
Runge–Kutta operator becomes increasingly favorable as dimensionality and constraint
coupling rise, where stochastic movements are less effective.

NORKP had the best average objective value and the lowest standard deviation in
the pressure vessel design problem, demonstrating robustness. This shows that NORKP
delivers more consistent viable solutions and avoids unstable oscillations in sensitive
feasible regions. All techniques generated essentially the same answers in the spring
design problem, indicating that the problem is trivial and the algorithms do not differ,
provided the constraint handling is good. These constrained-model findings reinforce a
key practical point: NORNG maintains diversity but can introduce instability in tightly
constrained settings; NOSMS improves local exploitation and refines feasible solutions; and
NORKP offers the best balance for complex constrained problems that require feasibility
and stable convergence.

Fuzzy programming addresses the aggregate production planning (APP) problem by
maximizing the minimum satisfaction level (λ), which requires a balanced compromise
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among multiple conflicting objectives rather than optimizing a single target. In this context,
algorithm stability is important because λ can be sensitive to small changes in objective
values, especially when membership function tolerances vary. The results indicate that
NORKP generally achieves higher λ values than both NOSMS and EKO, particularly under
nominal demand conditions where trade-offs between production and subcontracting are
most critical. EKO consistently produces lower satisfaction levels, suggesting limited capability
to balance objectives compared to hybrid approaches. Furthermore, increasing the number
of working days from 20 to 24 improves λ across all methods, demonstrating that enhanced
capacity flexibility reduces system pressure and dependence on subcontracting. This behavior
aligns with managerial expectations in production planning under uncertainty. Notably,
NORKP performs best under limited-capacity conditions, indicating that its structured search
mechanism is effective when the feasible region is constrained with more significant trade-offs.
In contrast, NOSMS becomes more competitive under expanded-capacity conditions, where
local refinement is sufficient to achieve high-quality solutions. Overall, the results confirm
that both hybrid approaches outperform EKO and are effective in generating well-balanced
compromise solutions for fuzzy multi-objective APP problems.

These findings have apparent significance for fuzzy AHP in NO variant deployment.
Optimization outputs can create alternative performance scores, calibrate criteria values un-
der ambiguity, or run recurrent scenario comparisons in fuzzy AHP-based decision models.
The optimizer must always have consistent convergence and low stochastic initialization
sensitivity, or rankings may change across runs without any significant difference in the al-
ternatives. The response-surface and constrained-model evidence suggest that the original
NO has a strong exploratory backbone but may vary in difficult settings. NORNG increases
diversification but may weaken ranking stability in confined feasible sets by increasing dis-
persion. NOSMS improves exploitation and local refinement, making it a good secondary
optimizer for validation, sensitivity analysis, or well-shaped basin searches. NORKP is
the best primary solver for the fuzzy AHP stage, where repeatability and robustness are
crucial. It improves stability across multimodal functions, performs well in complex con-
strained designs, and achieves high satisfaction in fuzzy APP under uncertainty. NORKP is
recommended as the main optimization engine in the fuzzy AHP extension, with NOSMS
as a backup to verify ranks under alternate local-search dynamics (Figure 8).

The comparative results presented in Table 4 and the overall performance illustrated
in Figure 8 provide clear evidence of the effectiveness of the proposed hybrid NO variants.
As shown in Table 4, the hybrid approaches, particularly NOSMS and NORKP, consistently
achieve improved average objective values compared to the standard NO, indicating
enhanced solution quality. In addition, the lower standard deviation values observed for
the hybrid methods demonstrate greater stability and robustness across multiple runs.
This improvement can be attributed to the integration of local refinement and structured
search mechanisms, which effectively balance exploration and exploitation. Figure 8 further
supports these findings by illustrating overall performance trends, in which the hybrid
variants exhibit superior convergence and maintain consistent performance across different
test problems. In particular, the NORKP variant shows a more stable and reliable search
trajectory, while NOSMS demonstrates strong local optimization capability. Overall, the
results confirm that the proposed hybridization strategies significantly enhance both the
accuracy and consistency of the NO framework compared to the original algorithm.

As shown in Figure 9, the Pareto solutions obtained from 15 replications of NORKP
exhibit a clear inverse relationship between the two objectives: reducing production cost
generally leads to higher subcontracting cost, and vice versa. This confirms the conflict
between the objectives and highlights the need for compromise solutions. The distribution
of solutions across the objective space demonstrates that the proposed method can generate
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diverse non-dominated solutions, offering decision-makers flexibility. To quantitatively
evaluate the Pareto frontier, spacing and diversity metrics were employed to assess the
uniformity and spread of the non-dominated solutions, while convergence was evaluated
based on the distance to the reference Pareto front. The obtained spacing and diversity
values indicate that the proposed method produces reasonably well-distributed Pareto
solutions with acceptable uniformity and spread. Although the distribution is not per-
fectly uniform, the results demonstrate good coverage of the objective space and provide
meaningful trade-off solutions for decision-making. Overall, these results indicate that the
proposed method produces well-distributed solutions with good coverage of the Pareto
frontier, confirming its effectiveness in maintaining both diversity and convergence in
solving the fuzzy APP problem.

Figure 8. Overall performance summary using average rank (lower is better) across the validation
stages: response-surface functions, constrained engineering models, and fuzzy APP cases.

 

Figure 9. Pareto frontier of total production cost and total subcontracting cost obtained from 15 repli-
cations using the NORKP approach.
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6. Conclusions
A hybrid metaheuristic framework was created in this study to address an ambiguous

multi-objective aggregate production planning (APP) problem in the presence of uncer-
tainty. The APP model was developed within a fuzzy programming framework, which
represented objective functions using linear membership functions and aggregated them
using the max–min satisfaction principle, recognizing the constraints of deterministic linear
programming in ambiguous environments. This transformation allowed simultaneous
minimization of total production cost and inventory-related cost, while accounting for
aspiration levels and tolerances derived from positive-ideal and negative-ideal solutions.

The core search engine, the Narwhal Optimization Algorithm (NO), was chosen to
improve computational efficiency and robustness. This engine was further enhanced
by implementing three hybrid mechanisms: random search diversification (NORNG),
Super Modified Simplex local refinement (NOSMS), and Runge–Kutta-based trajectory
enhancement (NORKP). Hybridization considerably enhances convergence stability and
mitigates the risk of premature stagnation, as evidenced by benchmark experiments on
constrained engineering problems and the response surface. In comparison to the original
NO, the hybrid algorithms demonstrated more consistent cost performance and higher
overall satisfaction levels (λ) when implemented in the real-world flexible APP case study
with nominal and ±10% demand scenarios. In particular, the SMS-based hybrid enhanced
local exploitation in constrained regions, while the Runge–Kutta-based hybrid enhanced
the regularity and repeatability of convergence across replications.

The proposed framework offers a practical decision-support instrument for SMEs that
are operating under demand uncertainty from a managerial perspective. The approach
allows planners to generate balanced, robust production plans without relying on rigid,
deterministic assumptions by combining adaptive hybrid metaheuristics with fuzzy mod-
eling. The computational implementation demonstrates that the method is suitable for
scenario-based planning and sensitivity analysis, as it can yield near-optimal compromise
solutions within an acceptable timeframe.

Although these contributions have been made, there are still numerous opportunities
for future research. The current model is initially limited to two objectives. Its applicability
could be improved by extending the framework to a multi-objective environment that in-
cludes service-level, workforce stability, carbon emissions, or sustainability metrics. Second,
linear fuzzy membership functions were employed to depict uncertainty. Future research
may explore stochastic–fuzzy hybrid formulations or interval type-2 fuzzy sets to capture
more complex uncertainty structures. Third, to enhance algorithmic efficiency, adaptive
parameter optimization or self-adaptive hybridization strategies could be investigated.
Lastly, integrating enterprise resource planning (ERP) systems with large-scale industrial
case studies would enhance practical validation and enable real-time decision support. In
conclusion, this research demonstrates that integrating hybrid narwhal-based metaheuris-
tics with fuzzy programming provides a solution paradigm that is both flexible and robust
for complex production planning problems in ambiguous, dynamic environments.

The proposed hybrid Narwhal Optimization Algorithm (NO) framework shows strong
potential beyond the current fuzzy aggregate production planning problem. Its population-
based and operator-driven structure makes it well-suited for solving nonlinear and non-
convex optimization problems. The integration of Runge–Kutta mechanisms enhances
convergence stability, while SMS-based local refinement improves solution accuracy in
complex search spaces. The framework can be extended to multi-objective problems with
more than two objectives and adapted to multilevel decision-making contexts. In addition,
it supports various uncertainty modeling approaches, including stochastic and hybrid
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fuzzy–stochastic representations. Overall, the proposed method provides a robust and
scalable optimization tool applicable to a wide range of complex real-world problems.

Despite the promising performance of the proposed hybrid NO framework, several
limitations should be noted. The integration of multiple mechanisms may increase com-
putational cost, and the algorithm may still exhibit some sensitivity to parameter settings.
In addition, the current study focuses on bi-objective fuzzy APP and selected benchmark
problems, which may limit direct generalization to more complex real-world scenarios.
Future research will focus on developing adaptive parameter strategies, improving com-
putational efficiency, extending the approach to multi-objective, multilevel, and hybrid
uncertainty problems, and integrating with advanced decision-support methods, such as
fuzzy AHP.
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