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Abstract

Experimental evidence indicates that significant exchange coupling may exist between magnetic
nanoparticles (MNPs) in dense MNP aggregates such as nanoflower clusters. Here, we examine
the role of inter-particle exchange interactions in determining the magnetic properties of MNP
clusters, in particular their athermal hysteresis in a low-frequency alternating field. We consider
mechanically fixed close-packed clusters where each particle is modeled as a single macrospin
coupled to the others by both dipolar interactions and nearest-neighbor exchange. Upon
simulating the quasi-static hysteresis curves, we compute the loop area, remanent moment and
coercive field, and we classify each curve by its shape. Computing curve types across parameter
space reveals how their shape is determined by the interplay between exchange coupling,
dipolar interactions, and uniaxial anisotropy. Strong exchange coupling produces fully saturated
loops with coherent moment rotation. Moderate exchange and anisotropy result in magnetically
soft clusters with high susceptibility. Finally, for complex clusters, weak to moderate exchange
and strong anisotropy may produce highly irregular curves with several abrupt changes in
magnetization. Our analysis demonstrates that exchange coupling between MNPs significantly

increases the cluster energy product, thereby contributing to explain the exceptional heating

power of nanoflowers.

Keywords: magnetic nanopaticles, hysteresis heating, dipolar interactions,

exchange interactions, magnetic susceptibility

1. Introduction

Magnetic nanoparticles (MNPs) have generated great interest
for a wide range of applications [1-5]. Among them is their
magnetic heating for therapeutic [6, 7] and catalytic [8, 9]
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purposes. Several experimental studies [7, 10-15] revealed
an enhanced magnetization and heat production capacity of
certain nanoparticle clusters referred to as ‘nanoflowers’.
However, the origin of this phenomenon is yet to be properly
understood.

It is well-established that below a material-dependent crit-
ical size, atomic exchange interactions ensure that individual
MNPs are essentially uniformly magnetized [16], i.e. single-
domain. In nanoflowers, several MNP cores are connected
into a single rigid body, with more or less direct surface con-
tact and varying crystalline ordering depending on synthesis
details [17]. It has been proposed [11, 18] and experimentally
corroborated [17, 19, 20], that exchange interactions between

© 2025 The Author(s). Published by IOP Publishing Ltd
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Figure 1. A sketch of the CUB;3 cluster, i.e. 12 spheres arranged
around a central sphere in a cubic close packed lattice [28]. (a) The
Archimedean solid known as a cuboctahedron, with gray for the
hexagonal base plane as well as the top and bottom triangles. The
principal directions are shown. (b) The dipolar ground state with
magnetic moments placed at the center and vertices. The vertex
moments form 3 flux-closed vortices whose directions of rotation
are indicated by the circular, teal arrows.

spins at contact surfaces induce a ferromagnetic exchange
coupling between adjacent cores, which may explain the
unusual magnetic properties of nanoflowers.

In this study, we extend previous work on the the-
ory of magnetostatically coupled MNP clusters [21-27] to
include exchange coupling between the single-domain mag-
netic moments of adjacent particles, which serves as a model
of nanoflowers. Note that while nanoflowers are also referred
to as multi-core particles, we reserve the terms ‘particle’ and
‘MNP’ for the single-domain constituents.

Like in [21, 22], we focus on clusters of identical particles
placed in simple geometric configurations, such as MNPs
centered on the vertices of a polyhedron, since the high degree
of symmetry facilitates the interpretation of the simulated data.
Specifically, we consider the simplest possible cluster, the
dimer, and the more complex cuboctahedron, as shown in
figure 1; both the hollow 12-particle cuboctahedron and the
13-particle version of it with the addition of a central mag-
netic moment, with all calculations restricted to zero temperat-
ure. For parameter values, we consider magnetite (Fe;04) and

maghemite (y-Fe,O3) MNPs, as these are the most prevalent
in biomedical applications due to their relatively low toxicity
and high magnetization.

We present a complete analytical solution of dimer ground
states and athermal hysteresis, i.e. the response to a slowly
varying field, both as a function of the uniaxial anisotropy and
effective exchange constant at zero Kelvin. For the cubocta-
hedron, we do the same by numerical simulations for realistic
parameter ranges. The simulated hysteresis curves are labeled
by their type (curvature and loop number) and placed into
phase diagrams.

2. Model

We consider a collection of identical spherical magnetic nan-
oparticles (MNPs) bound together in a close-packed cluster
and subject to a slowly oscillating, uniform applied field B.
We assume both the overall cluster and the individual particles
are mechanically fixed, so only the magnetization can change
with time. Furthermore, we assume the exchange interaction
between the constituent atoms is strong enough that each MNP
is uniformly magnetized [16], hence described by a macrospin
1 =MyVm where M, is magnetization, V is single-particle
volume and m is a unit vector parallel to the magnetization.

The magnetostatic interaction between uniformly magnet-
ized spheres is that of ideal dipoles [29], which gives the
energy contribution

2 1
Eqip = %Zﬁ[mi - my
ij

with r; =r; —1; the center-to-center displacement vector
from MNP i to MNP j, r;; = |r;;| the distance and F; = r;;/r;
the normalized displacement.

When two MNPs are in contact, there will be an exchange
interaction between the atomic spins at the contact surface
favoring magnetization alignment of the whole MNP pair.
This produces a kind of macro exchange coupling between
the single-domain moments, which we describe by a nearest-
neighbor (NN) Heisenberg model. Thus the exchange energy
takes the form

JCXC

Eexe = — )

> m;-m;, )

i jENN,

where Jex. is an effective exchange constant with dimensions
of energy, NN; is the set of NNs to particle i and there is a
factor 1/2 to avoid double counting.

We also include Zeeman energy from the applied field and
uniaxial anisotropy [30, 31], so the system energy is

E = Eexc + Ezee + Emi + Edip7 3

where

Ezee ==Y 1 *Bupp, )
i
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and, introducing the anisotropy constant K and the unit vector
u for the direction of the anisotropy axis,

Eni=—KVY_ (m;-u;)’. (5)

We note that a characteristic dipole coupling energy is

_ oy’
47 D3’

0 (6)
where D is both particle diameter and smallest interparticle
center-to-center distance. We define the dimensionless aniso-
tropy and exchange constants

2KV Jexe
2V and g = 7
E, an of = N

ani —

and use Ej as an energy unit for the remainder of this article.

We note that with particles of variable size, the distance and
degree of surface contact between neighboring MNPs, as well
as the number of touching MNPs, will vary within a cluster,
such that J effectively is different for each MNP. However,
an in-depth discussion of non-uniform exchange in clusters is
outside the scope of this paper.

3. Dimer analysis

To develop the phenomenology of exchange coupled MNP
clusters, we first consider a dimer, i.e. two touching particles.
In this case, the dimensionless energy functional is (cf
equations (1)—(7))
- E
E= Eo = (1 —Jeff)ml (115
—3(my - f12) (my - F2)
1
— 5 Kani [(ml )’ (my e wp)’
- Eapp : (ml + m2) ®
where we defined the dimensionless applied field

= 1 E
Bapp = FOBapp, By = ;0 9
We observe that the formal effect of exchange is to modify
the first term of the dipole-dipole energy. Normally this term
favors antiferromagnetic configurations but for Jeg > 1 it turns
ferromagnetic.

To illustrate the competing effects, we consider a system
with both anisotropy axes along the z-axis (u; = u, =), the
displacement vector along the x-axis (fj; = X) and an applied
field oscillating slowly along the x-axis (ﬁapp =X).

3.1 Zero-field ground state

We know a priori that both magnetic moments of the dimer
will remain in the xz-plane since every term in (8) is either
isotropic, or favours alignment along the x- or z-axis. Thus, we
can represent the full configurational space with the two angles

01,2 of m; , with respect to vertical. The energy landscape in
zero-field is then

= 1
E(Byp =0) = _EKani (cos® 6 + cos? 6;)

+ (1 — Jegr) cos (8; — 6,) — 3sin b sinb,.
(10)

Since (10) is symmetric under 0, , — —0; > we can restrict
both angles to the interval [0, 7] without loss of generality.

Minimizing (10), we find two types of ground states
without exchange as illustrated in figure 2(a): one with anti-
parallel moments along the anisotropy axes, and one with par-
allel moments along the interparticle axis; the second being the
dipolar ground state. Figure 2(a) also illustrates how exchange,
if sufficiently strong, can work together with anisotropy to cre-
ate a third option: ferromagnetic alignment along the aniso-
tropy axes.

Interestingly, there is a triple point at Ky = 3,Jegr = 1
where all configurations with either 6, =6, or 6, =7 — 6,
have equal energy, including the three ground state types,
in which case the dimer behaves like a perfectly isotropic
magnet.

3.2. Dimer hysteresis

For zero-temperature, quasi-static hysteresis, the system will
always move to the lowest energy configuration that is access-
ible without crossing any energy barriers. Thus, one must con-
sider not only extremal points, but the full path through con-
figuration space at a given applied field.

In the present case, where By, || 112 and By, L 1y 2, sym-
metry dictates that on the minimum energy path, m; and m;
will have the same angle with respect to B,p,. This limits the
analysis to two pathways: co-rotating (6, = 6, = 7 — 0) and
counter-rotating (0; = 7 + 6,6, = 5 — 0). Since the energy is
the same whether m; rotates clockwise or counterclockwise,
we can restrict 6 to the interval [0,7]. Inserting in (10) and
adding the Zeeman term, we get

E = (1 —Ju)cos (0 — ph) —3cos* 0

— Kani $in*  — 2B,y cos b, (11)
where p = +1 for co-rotation and p = —1 for counter-rotation.
We see that counter-rotation is lower in energy, hence will
occur, whenever Jogr < 1, while co-rotation occurs for Jeg > 1.
When J.¢ = 1, the two are energetically equal.

Solving %E = 0 shows that the extremal points are pre-
cisely 6 = 0,7 and a critical angle obeying

Bupp

Kani -3- (1 - Jeff> (1 _p>

12)

coS O =

when (12) has a real-valued solution.

Now consider a strong enough negative field that 6 = 7 and
let it increase slowly. The dimer will then transition from § = 7
t0 Ori¢ as soon as E(Oi ) = E(), as there can be no energy
barriers in between. This amounts to a second order equation in
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Figure 2. (a) Phase diagram for the zero-field ground state of the dimer, featuring 3 distinct regions depending on the magnitudes of the
anisotropy and exchange energy relative to dipolar: dipolar ground state and parallel- or antiparallel along the anisotropy axis. (b)—(e)
Energy landscapes for selected parameter pairs corresponding to the turquoise points in the phase diagram. Energy is color-coded and
degenerate ground states are indicated in red with sketches of the moment configurations adjacent. The triple point (e) of the phase diagram
reveals a quasi-isotropic state where moments are free to rotate coherently at any angle, provided they stay either parallel or antiparallel.
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Figure 3. (a) Quasi-static hysteresis loops for the exchange-coupled dimer, where K;ni = O (green curve) and K,y = 6 (purple curve).

Jett = 1.5 for both loops, so the co-rotating pathway is taken. The two loops correspond to the energy paths shown in (b) and (c),
respectively. The corresponding 6 definition is shown in (a) and example configurations in (c) above and below the corresponding
tickmarks. (b)—(c) Energy vs. 6 and field amplitude, cf color bar for Bap,. The critical angles 6, for each By, value are indicated by purple
crosses. In (b) the crosses are energy maxima, and the equilibrium configurations which produce the green curve in (a) are indicated by
green circles. The green arrows mark the two sudden moment reversals. In (c) the 0., values are local minima, hence they are also the

equilibrium angles which produce the purple curve in (a).

Bypp for both pathways, with the lower value being the critical
transition field:

_ 3 — Kani J
Bcrit _ { ani eff
ff

1
13)
1*Kani+2-]effa Je L.

When Bt < 0, then E(0) > E(7) so 0 must be a global
minimum, hence when increasing B,y further, the configur-
ation follows 6, and the magnetization M ~ cos 6 varies lin-
early in By, until saturation. This is exemplified in figure 3(c),
which shows a global minimum at 6 for all B,p, values as
indicated by the purple crosses. Figure 3(a) shows the corres-
ponding magnetization vs. Byp, (purple curve) which is indeed
linear until saturation. The loop area is zero, and we can cal-
culate a finite dimer susceptibility from

M wdcos@ _

_ cC ) 4d<3)s9’
dHyp  BoV dBypp

dB.pp

X:

and (12), i.e.

24

. 14
Sy gy y g S

X =

Ecrit <0 Kani

To get the susceptibility of a sample of dimers, with no
inter-dimer interactions, multiply x by the volume fraction of
dimers [32].

If instead B > 0, then E(0) is the global minimum, so
the moments suddenly flip from § = 7 to 0 when B, = Besit,
and likewise from 6 =0 to = when lowering the field back
0 Bapp = —Beit. This amounts to a rectangular hysteresis
curve with B as the coercive field. An example is shown
in figure 3(b) where, following the green circles from the red
curve (Bypp = 4 By) to the blue curve (Byp, = —4 Bp) and back
again, the equilibrium angle (green circle) is O or 7 through-
out with two sudden flips (green arrows) which produces the
rectangular (green) hysteresis curve in figure 3(a). The area of
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Figure 4. (a) Area of the dimer hysteresis loop per particle as
function of the anisotropy and exchange parameters. White means
zero hysteresis. Above (below) the red dashed line where Jegr = 1,
the moments reverse by the co-rotating (counter-rotating) pathway
as illustrated. (b)—(c) Example hysteresis curves with parameters
indicated in (a) (all combinations of Ky, = 0,6 and Jegr = 0, 1.5).

the dimer hysteresis loop is then simply

Aloop =2 (Z,U,) X 2Bcric = 8BcritEo- (15)

From (12)—(15) we see that exchange increases the sus-
ceptibility and hysteresis area up to x = 24/(Kan —3) and
Aloop/Eo = 8(3 — Kani) for Jor > 1. Increasing J. above 1 has
no effect because the exchange energy is constant for the co-
rotating pathway. Our results on dimer hysteresis are summar-
ized in figure 4. Comparing to figure 2, it is evident that the
hysteresis curve opens precisely when the dipolar energy min-
imum is the ground state. Also, the largest loop area occurs for
strong dipolar coupling E, and exchange J.s, but decreases
with anisotropy. This is because for both pathways dipolar
interactions increase the energy difference between moments
aligned with the field and the intermediate, perpendicular state
(6 = %), while the anisotropy decreases the energy of the 6 =
7 state, thus lowering the energy barrier.

4. Cuboctahedron analysis

4.1. Model cluster

As a model system we consider the cuboctahedron cluster,
i.e. we place one MNP at each of the twelve vertices in a cuboc-
tahedron (see figure 1). We consider this structure both with a
central particle, (CuBy3) and without (CuBy;). The CuB;; can
also be viewed as a subset of a cubic close packed lattice [28].

The advantages of the cuboctahedron are that it is well defined
and unlike the dimer it has complex multi-particle interactions
in 3-dimensions, yet the 12 vertex particles are symmetric with
the same number of NN which greatly simplifies the data inter-
pretation. Also, close-packing is to be expected in real MNP
clusters due to van der Waals attraction [33].

Whether or not the CuB;3 occurs naturally is unclear; nev-
ertheless, the CuBys should resemble real clusters enough to
generalize trends and qualitative observations. A comparison
with the hollow CuBy; serves to illuminate the effect of adding
the central particle. While most nanoflowers have a magnetic
core, they can be synthetized with a non-magnetic center (see
NF4 in [17]), and hollow MNPs are both possible and have a
number of advantages [34], e.g. in drug transport [35].

Including uniaxial anisotropy adds the choice of anisotropy
axis direction for each particle, u;, which in reality is likely
to depend on the cluster formation process. One option is to
have u; oriented along the ground state configuration of the
magnetic moments. This is the global energy minimum, and
hence it may be likely to occur for clusters formed by slow
self-assembly in zero-field. Another option is a random dis-
tribution of anisotropy axes, which may represent scenarios
where the assembly process is quenched rapidly from high
temperature. Alternatively, one may consider all anisotropy
axes aligned with one of the high-symmetry directions labeled
in figure 1, which seems reasonable for clusters grown via ori-
ented attachment [36-38] and thermal annealing. To limit the
scope of this study we only simulate the latter case with all
anisotropy axes along (001).

Analogously to the dimer, we determine area, reman-
ence and coercive field as functions of K,,; and Jes, but
for the CuBy, and CuBjsz we obtain all results by numerical
simulations.

4.2. Computational framework

The goal is to simulate the quasi-static hysteresis curve
Mot (Bapp) Where pu, = > p; is the net cluster moment. By
quasi-static, we mean that p, is allowed to relax after each
update of the applied field, so the system moves adiabatic-
ally between equilibrium moment configurations. This corres-
ponds to the hysteresis in a slowly oscillating magnetic field
at zero temperature.

The stationary solutions are precisely those where p; is par-
allel to the effective field on particle i, which is defined by

1 0E ; )
Bl = ——— :Bapp‘*'B?p"‘B?m + B (16)
o om;
where
Bl = LS FBef)f-m] a7
1751
is the dipole field on particle i from every other MNP,
. 2K
B" = ﬁo (m; -w)w;, (18)
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is the anisotropy field of particle i and

. Jetr
B?xL == E mj.

H JENN;

19)

is the effective exchange field from all NNs on particle i

At each applied field step, we employ the Molecular
Dynamics method in [21] to relax m; into the equilibrium state,
computing the full instantaneous value of Bfﬁ iteratively until
convergence. The moment configuration of the previous step
is used as initial state. The first step of each curve is initial-
ized with random starting orientations of the moments at the
maximum applied field.

Given an expression for B, one could simulate the full
time evolution of the system using the LLG equation [39],
as is done in micromagnetics [40-42]. However, while the
time scales and transient dynamics of the present method are
unphysical, it yields the same stationary solutions and adia-
batic dynamics as the LLG, at a lower computational cost.

4.3. Realistic parameter values

As example MNPs we consider maghemite spheres with dia-
meter D = 10 nm, so the magnetization is My = 380 kKAm™!
and the particle moment is y = 0.20 Anm?, which means
the dipolar reference energy is (cf (6)) Ey = 3.96 x 10721 ],
or in thermal units Ey/kg = 287 K where kg is Boltzmann’s
constant.

We are not aware of any studies on the strength of
exchange coupling between maghemite particles. However,
Mossbauer measurements of antiferromagnetic iron oxide
hematite (a-Fe,03) nanoparticles indicate exchange coupling
on the order of 600K, [43—-45], corresponding to Jeg ~ 2 if
the same coupling is established between 10 nm maghemite
particles. The hematite particles were of size D =20 nm and
D = 8 nm. These studies used antiferromagnetic nanoparticles
with negligible dipolar interactions to isolate the effect of mac-
rospin exchange.

Contrary to exchange interactions, anisotropy constants
are well documented for maghemite nanoparticles. For 10 nm
diameter spheres, the value is close to the bulk magneto-
crystalline anisotropy of 20kJm ™2, although the anisotropy
increases greatly for smaller particles due to surface effects
[46]. The corresponding anisotropy energy is (cf (5)) Euy =
1.0x 107207 or equivalently E,,;/kg = 760K, which trans-
lates to Kyp; = 2.65.

In conclusion, dipolar energy is typically lower than aniso-
tropy and exchange, but all fall within an order of magnitude
for 10 nm diameter maghemite particles.

4.4. Ground state

Simulating the CuB; at Jegt, Kani = 0 we find that in the dipolar
ground state, the moments form three co-rotating, flux-closed
vortices in the plane perpendicular to (001), yielding a high
toroidal moment [47] and zero net magnetization. For the
CuBy3 the central moment points along (001) which induces
a slight out-of-plane tilt in the outer moments as indicated

in figure 1(b). The net moment is pnee = 1.0021, essentially
just that of the central particle. The orientations of the MNP
moments are determined by the dipolar interactions, which
create an effective cluster anisotropy. This configurational
dipolar anisotropy is present even when the particle anisotropy
Kani =0.

It is to be expected that for an increasing value of J, the
ground state will be uniform in the sense that all macrospins
are aligned. Indeed, [48] have given the critical crossover from
the flux-closed state to the uniform state to be Jo¢r =~ 1 for an
infinite array of randomly placed dipoles. Using the disappear-
ance of the toroidal moment [47] as a marker, we find that the
transition occurs at Jeg =~ 2 for CuB;, and Jog = 1.3 for CuBys.
The reason for the lower number in CuBys is that exchange
interactions are strengthened by the many NN that the central
moment has. For both Cusy, and CuB;s, the uniform ground
state is in the (001) directions.

4.5. Hysteresis without anisotropy

For hysteresis simulations there is the question of the applied
field direction. If the cluster as a whole can rotate mechan-
ically, it can find a preferred orientation relative to the field
dynamically. On the other hand, if stuck to a surface or other-
wise immobilized, there is a fixed orientation of the cluster rel-
ative to the applied field direction. Since all magnetic response
to linear order, such as the susceptibility tensor, can be recon-
structed from the response along three linearly independent
axes, we limit our analysis to applying a field along the prin-
cipal directions (001),(110) and (111).

We simulated hysteresis curves as described in section 4.2.
The loop areas are shown in figure 5 as a function of Jg for
both the CuBy, and the CuB3 with the applied field along each
of the principal directions in figure 1(a).

Figure 5(a) shows that exchange interactions generally
increase the loop area. The areas are largest when a central
moment is present, and there is a significant increase in loop
area for CuB;3 when the field is in the (001) direction, i.e. the
easy direction of net magnetization determined by the cluster
anisotropy described above. However, there seems to be an
optimal value around Jeg /= 1.25 no matter the field direction,
after which the loop area declines steadily.

In figure 5(b), we show a range of curves for the CuBs
in the (001) direction. For the dipolar-only curve (Jeir = 0),
the net moment, stemming almost exclusively from the central
moment, is low. However, the moments are hard to align due
to dipolar interactions favoring flux-closure, which leads to a
larger coercive field and loop area compared to the first few
curves with Jeg > 0. In fact, for J.ir = 0.33 the hysteresis loop
closes entirely. At (Jegr = 0.67), after the dip in area described
above, the remanent moment is greatly increased at the cost
of a slightly smaller coercive field. Increasing J.s more leads
to a further enhancement of the remanent moment towards
a fully aligned state at zero field. After zero-field satura-
tion is achieved around Jeg ~ 1.5, stronger exchange gradu-
ally reduces the hysteresis area. This makes sense because
the cluster anisotropy becomes relatively less important with
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Figure 6. Examples of all the hysteresis curve types we observed.
The corresponding parameter values are indicated in the bottom
I‘ight by CUB12 or CUB13 (Jeff, Kmi).

strong exchange, until the limit of J.;r — co where the cluster
behaves like a single, uniformly magnetized particle.

We note that the dimer studied above has the largest hys-
teresis area for high J.s when the moments rotate coherently.
The difference is that a uniformly magnetized dimer has sig-
nificant shape anisotropy, while the cuboctahedron is nearly
isotropic. Another difference is that, since the cuboctahedron
simulations have field and anisotropy axes parallel, the uni-
axial anisotropy acts as an energy barrier, thereby increasing
loop area. Conversely, the dimer has perpendicular anisotropy,
which reduces the energy of the intermediate state.

4.6. Hysteresis with anisotropy

The different hysteresis curve types we observe along (001)
are shown in figure 6, while a phase diagram of curve type
V8. Jeir, Kani 1 shown in figure 7 for CuBy, and Cusy3, together
with the distribution of hysteresis loop areas.

For the CuBj, a soft curve with zero hysteresis is seen
when dipolar coupling dominates (low Ky, Jefr), While the
combination of high exchange and anisotropy leads to rect-
angular loops. More exotic is the butterfly curves occurring

for low exchange and high anisotropy (figure 6(c)). Double-
loop curves with zero-remanence are known from disc-shaped
MNPs [49], though those tend to be rectangular while the but-
terfly curve (figure 6(c)) has a variable, finite slope and more
complex loops. In both cases, there are three qualitatively dif-
ferent equilibrium states depending on the applied field (vortex
and uniformly magnetized up/down), hence two energy barri-
ers and two loops.

For the CuB; there is a smaller region of soft loops for low
Kini, Jer (figure 6(a)). At moderate exchange and anisotropy,
the central moment opens up the curve, leading to the sloped-
and mixed curves (figures 6(d) and (e)). Instead of the but-
terfly curve when anisotropy dominates, we find the stepped
curve (figure 6(b)), which has two symmetric pairs of loops
for positive/negative field and one central loop. The reason for
the greater subloop number of Cusy; (figure 6(b)) compared to
CuBj; (figure 6(c)) is that the CuBy3 attains 6 states due to the
central moment: up/down uniform, vortex with up/down cent-
ral moment and two in between, perhaps with central moment
opposite the rest. This amounts to 5 energy barriers, hence 5
subloops. We find that depending on the exact K,y and Jg
values, these loops may close or merge, often yielding a single
stepped loop or 3 separate ones, but always an odd number and
never more than 5.

The soft/sloped, sloped/mixed and mixed/rectangular trans-
itions are all continuous in terms of loop area (see figure 7),
with one curve type smoothly merging into another as J.g or
Kani is varied. Conversely, the transition to stepped loops is
discontinuous in area, especially the stepped/sloped transition
for Jeff ~0.5.

4.7 Coercive field and remanent moment

From the hysteresis loops calculated above for CuB3, we have
also extracted the remanent moment (net moment at zero field)
and the coercive field, defined as the field magnitude where
the hysteresis curve crosses zero moment. The two plots can
be seen in figures 8(a) and (b).

Focusing first on the remanent moment as shown in
figure 8(a), the magnetization is saturated for the entire rectan-
gular curve region (red) and approximately half of the mixed
region (purple). Otherwise the remanence is seen to increase
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Figure 8. (a) The remanent moment extracted from the hysteresis loops given in figure 7(b). (b) Coercive field of the same loops. Colors

indicate loop type with the same colorcoding as figures 6 and 7.

with both exchange and anisotropy, except at two plateaus
in the stepped curve region (green) and one plateau for soft
curves (yellow).

The reason for the discontinuous remanence for the stepped
curves is that, as mentioned in section 4.6, the system cycles
through 6 different equilibrium configurations as the applied
field oscillates, which come in degenerate pairs. Varying the
exchange strength tunes which of the 3 degenerate pairs are
ground states, leading to three sub-regions.

It is also visible in figure 8 that not all the soft curves
have zero net moment. For example the J. = 0.33 case in
figure 5(b), which is only possible with zero hysteresis if the
curve is vertical at B,p, = 0; this entails infinite susceptibility.
We also note that, aside from transitions to and from the three
plateaus, remanence appears a continuous function of K ,,; and
Jer.

For Jeg > 1 the coercive field largely follows the loop area,
since the loop area is proportional to it for single-loop curves
such as the rectangular, sloped and mixed. For multi-loop
curves like the stepped, our definition of coercivity only relates
to the central loop, not the full area. However, we still observe
a strong correlation.

In terms of applications, our analysis reveals that high
anisotropy and exchange is especially useful for hysteresis
heating. This is because in these conditions the cluster max-
imizes the absolute energy absorption and because the rect-
angular loops have the highest ratio of loop area to coer-
civity. Since the energy cost of generating the applied field
scales as ngp, this implies the greatest energy efficiency. If,
instead, high susceptibility with minimal energy dissipation is
required, for example in imaging techniques [4, 5] or in power
electronic applications to reduce energy losses [50, 51], then
the soft curves occurring for moderate but non-zero exchange
and anisotropy are ideal. Finally, stepped curves can be tuned
between many different moment configurations by modulat-
ing the amplitude of a uniform applied field. These may have
applications in information processing and storage, or in con-
trollable self-assembly.

5. Conclusions

We have investigated the effect of inter-particle exchange
interactions and uniaxial anisotropy on the quasi-static
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athermal hysteresis of MNP clusters with the simple dimer and
the more complex cuboctahedron as model clusters.

We have shown that anisotropy tends to enhance the cluster
energy product (hysteresis loop area) when the anisotropy axis
is parallel to the applied field, and to diminish it when perpen-
dicular. The primary role of exchange is generally to increase
loop area in both cases, which indicates that interparticle
exchange coupling is an important parameter to consider in
explaining the exceptional heating power of nanoflowers.

The hollow cuboctahedron cluster, i.e. 12 MNPs fixed at
the vertices of said Archimedean solid, was shown to have
its hysteresis significantly increased by the addition of a cent-
ral particle (creating the CuByj3 cluster). For the CuB;s at zero
anisotropy, there is an optimum exchange constant of Jeg ~
2 that maximizes loop area. Increasing J.g further gradu-
ally reduces the loop area until the J. — oo limit where
the whole cluster behaves like an isotropic, single-domain
particle. Overall, our results suggest that optimal tuning of J ¢
can facilitate the design of better heating agents for biomedi-
cine and catalysis.

By systematically varying K,y and Jeg in the range [0,2],
we identified 6 qualitatively different hysteresis curve cat-
egories. For the Cusj3, rectangular loops with moments
fully aligned were found for Jeg 2 1, with a shift towards
lower Jer as Kapy; increases. For weak to moderate exchange
and anisotropy (Kani,Jert S 0.5) we find magnetically soft
clusters with high initial susceptibility, which might be use-
ful in diagnostic techniques like magnetorelaxometry [4] and
magnetic particle imaging [5], and in electronics [50, 51].
For Ky > 1 and Jgs < 1 we instead find stepped curves,
with up to 5 small hysteresis loops traversed in each field
cycle. In this last regime, the equilibrium configuration
can be tuned both by uniform applied fields and by the
exchange coupling strength, which significantly impacts the
net moment and hence the ability to attract other MNPs,
with implications for colloidal stability and controlled
self-assembly.

When it comes to exchange coupled MNP clusters, there
are many promising research directions left to explore, includ-
ing temperature effects, mechanical motion, hysteresis in
a high-frequency applied field, cluster-cluster interactions,
clusters of non-identical constituent particles and experi-
mental comparison.
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