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Abstract

We establish the Lipschitz regularity of the a priori bounded local minimizers of integral
functionals with non autonomous energy densities satisfying non standard growth conditions
under a bound on the gap between the growth and the ellipticity exponent that is reminiscent
of the sharp bound already found in [16].
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1 Introduction

Since the pioneering papers by P. Marcellini [27, 28], the Lipschitz regularity for minimizers
of integral functionals with non-standard growth and for weak solutions for the associated
Dirichlet problem to the elliptic system has attracted a lot of attention (see e.g. [2, 5, 13, 14,
17-20, 30, 31]).

One of the main motivations comes from the applications, for instance to the theory of
elasticity for strongly anisotropic materials (see Zhikov [34], and also [35]); to this aim, in
recent years the integral of the Calculus of Variations

/ |Du|? 4+ a(x)|Dul? dx, (1.1)
Q

where the function ¢ = a(x) is Holder continuous with exponent « and where 1 < p < ¢,
has been widely investigated from the point of view of the regularity of local minimizers.
In particular M. Colombo and G. Mingione, ([8]), studied the regularity of minimizers for
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integrals of the type (1.1) under the sharp gap

4144 (1.2)
p n
On the other hand, M. Eleuteri, P. Marcellini and E. Mascolo ([17]) investigated more
general integrals of the Calculus of Variations of the type

F(u) =/ g(x, |Dul)dx (1.3)
Q

where
g(x, |Dul) = |Du|? + a(x) |Du| (1.4

is just a model example, without therefore assuming the precise structure condition for the
integrand as in (1.1); they proved the local Lipschitz continuity of the local minimizers and
to the solutions to the corresponding elliptic systems assuming a W' regularity on the

coefficients and under the gap
11
4 p4--2 (1.5)
P nor
In the model case (1.4), the above condition Eq. 1.5 is equivalent to (1.2) by the Sobolev

embedding with

a=1-". (1.6)

r

On the other hand, it is well known that, when dealing with a priori bounded minimizers
of functionals with non standard growth, the regularity can be obtained under a bound on
the gap independent of the dimension n ([1, 3, 6, 7, 12, 21, 22, 26]), see also [29] in the
case of functionals with quasi isotropic (p, g)—growth. In particular, for the double phase
functional, in [9], the authors were able to prove that the a priori bounded local minimizers
of integral functionals of kind Eq. 1.1 are C!-#-regular provided the sharp bound

q=p+a 1.7)

holds.

It is natural to ask if the same phenomenon persists when the Lipschitz regularity of
more general functionals of kind Eq. 1.3 is investigated under an analogous a priori sharp
bound on the gap between the exponents p and ¢g. The main motivation comes from the
fact that there are several interesting examples of functionals with non-standard growth and
with Uhlenbeck structure that are not covered by the double-phase functional Eq. 1.1 or
Orlicz-type functionals such as g(¢) = #” log(1 + t); for instance we refer to Remark 3.3 in
[4] where an example of an integrand function exhibiting p, g —growth but not satisfying a
A, —condition is presented.

Our paper aims to answer this open question, by studying the local Lipschitz continuity
of the a priori bounded solutions to a class of variational problems of the form

min / F(x,Dz)dx, (1.8)
€W, L (@RN) /2

o

where €2 is a bounded open set of R", n > 2.

We shall consider Carathéodory integrands F such that & — F(x, £) is C? and there exists
f Q@ xR™ > [0, +00) such that F(x, &) = f(x, |£]). Such an assumption simplifies the
approximation procedure that, even in the scalar case, can be quite involved (see for instance

[18]).
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Lipschitz Regularity for a Priori Bounded Minimizers...

We shall assume the following set of conditions:

LA+ [EP)Y < F(x, &) < L(1 + [€])? (F1)

WA+ DT S Y Frag (v, 0042 (F2)
il,a,B )

|Frags (. 6) = L0+ Haka (F3)

Fre(, )] < b1+ 15T (F4)

foralmostallx € Q,andall&, » € R™N & = E¥ N = Aﬂ, it=1,...,n,a,=1,..., N,
where 2 < p <gand0 <v < L are fixed constants, and h(x) € LI’OC(Q) is a fixed non
negative function.

Before stating our main result, we recall the definition of local minimizer

1,1

loe (52, RY) is a local minimizer of the integral functional

Definition 1.1 A mapping u € W,
(1.8)if F(x, Du) e L] .(Q) and

/ F(x,Du)dx < / F(x, Du+ Do) dx (1.9
suppy suppy
for any ¢ € C§°(2, RM).

The main result reads as follows.

Theorem 1.2 Let u € Lf&(Q; RN Wllo’f(Q; RN be a local minimizer of the functional

Eq. 1.8 under the assumptions (F1)—(F4). Assume moreover that

r > max{n, p + 2} (1.10)
and 5
q<p+1—max{f,"”r } (1.11)
r r

Then u is locally Lipschitz continuous and the following estimate holds for any ball B, € Q2
X
[ Du]| ,
Lo (B Ry R

) C (14 1l (Bry: RY) )
2

withC = C(n, N, v, L, [1h]|Lr (). Ro) and with a positive exponent X = X(p, q,r,n).

We observe that condition (1.11) not only reduces to (1.7) under the Sobolev embedding with
Eq. 1.6 for p < n — 2, but also includes the case p < n < p + 2 : indeed the a priori higher
integrability L”*2 reveals to be crucial in order to weaken the assumption on the coefficients
in the non-autonomous case.

The proof of this result goes along several steps. The first step is devoted to the construction
of the approximating problems in Sect. 3.2 based on the approximation lemma stated in Sect.
3.1; the main feature here is that the approximating local minimizers have norm in a suitable
Lebesgue space which is uniformly bounded by the L°° norm of the local minimizer u. This
procedure, inspired by [6] and already used in a similar form in [23], is one of the main
and delicate points of our arguments. Indeed, in the general vectorial setting, the a priori
boundedness of the minimizer of the original functional does not imply the boundedness
of the approximating minimizers. However, this construction complicates the form of the
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integrand function of the approximating functionals and, despite they satisfy standard growth
conditions with respect to the gradient variable, the growth with respect to the u variable in our
energy density yields the necessity to establish the Lipschitz regularity of the approximating
minimizers in Sect. 3.3; the proof of this result relies on a classical Moser iteration argument
and makes use of a preliminary higher differentiability and higher integrability result proven
in [23]. The next step aims to prove, in Sect. 3.4, a second order Caccioppoli type inequality
for the approximating minimizers; the main point here is that we are going to establish it
with constants independent of the approximation parameters. In a further step, in Sect. 4, by
using a Gagliardo-Nirenberg type inequality ([6]), we establish a uniform higher integrability
result for the approximating minimizers, with constants independent of the parameter of the
approximation. Finally we are ready to prove in Sect. 5 the main result of the paper, that will
be divided in two steps. In the first one we establish an uniform a priori estimate for the L™
norm of the gradient of the minimizers of the approximating functionals while, in the second,
we show that these estimates are preserved in passing to the limit.

We conclude by mentioning that, as a consequence of the Lipschitz regularity of the local
minimizers, we are also able to obtain a second order regularity result. More precisely, we
have the following:

Theorem 1.3 Let u € LY (Q; RM) N Wllo’f(Q; RN) be a local minimizer of the functional
Eq. 1.8 under the assumptions (F1)—(F4). Assume moreover that Eq. 1.10 and (1.11) are in
force. Then u € Wl?)‘cz(Q; RN and the following estimate holds for any ball B Ry € 2

b4
D = C (14 1l (Bry: RY) )
107415 ) = ][ (Bry: RY)
b2
withC = C(n, N, v, L, [1h]|Lr (). Ro) and with a positive exponent X = x(p, q,r,n).

2 Preliminary

In what follows, we shall denote by C a general positive constant that may vary on different
occasions, even within the same line of estimates. Relevant dependencies will be suitably
emphasized using parentheses or subscripts. The symbol B(x,r) = B,(x) = {y € R" :
|y — x| < r} will denote the ball centered at x of radius r.

We recall the following well known iteration lemma, whose proof can be found, e.g. in
[24, Lemma 6.1, p.191].

Lemma 2.1 For 0 < Ry < Ry, consider a bounded function f : [Ry, Ry] — [0, co) with

B
_l’_
(rn—r)*  (rn—r)P

f@r) <9 f@r)+

+C forallRy <ry <rp <Ry,

where A, B, C, and a, B denote nonnegative constants and ¥ € (0, 1). Then we have

f(R)<c(az9)( 4, B +c>
P =CS TN Ry =R T (R, — R)P '
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Lipschitz Regularity for a Priori Bounded Minimizers...

3 The approximation
3.1 An Approximation Lemma

In this subsection we will state a Lemma that will be the main tool in the approximation
procedure. For the proof we refer to Proposition 4.1 in [11] ( see also [10, Lemma 4.1] and
the recent [15, Theorem 5.1]).

Lemma3.1 Let F : QxR™ — [0, +00) be a Carathéodory function satisfying assumptions
(F1)—~(F4). Then there exists a sequence of Carathéodory functions F I QxRN
[0, +00), monotonically convergent to F, such that the following properties hold for a.e.
x € Q and for every £ € R"V:

Fi(x,6) < FIT'(x,6) < F(x,£) VjeN 3.1)

Ko(IE]P —1) < F/(x,&) < L(1 + [£])? (3.2)
F/(x,8) < Ki(j)H(L + D7,
with positive constants Ko = Ko(£) and K1(j). In addition for every & € R™N | there hold

Fj(x, &) = ﬁj(x, &), t— ﬁj(x, t) nondecreasing, 3.3)

Z Easﬁ(x AP > 5+ g T A2 Va.E e R, (3.4)

2

withv =v(v, p) > 0. We also have

{|F§E(x £l < COH+ER)T (3.5)

|Ff(x, )l < C(D)(1 + & )T

Moreover, the vector field x +— ng (x, £) is weakly differentiable and, for every & € R"N,

{|ng<x £)l < COHA)(1 + ISIZ) G36)

|Fle(x, )] < Ch(x)(1 + |€? )T

3.2 The approximating problems

Here we present the construction of the approximating problems that is inspired by the one in
[6] and whose main feature is that the sequence of the approximating minimizers has norm
in a suitable Lebesgue space uniformly bounded by the L® norm of the minimizer u.

Fix a compact set Q' € € and a real number a > ||u|| (g .gvy). For m € N, let

uj € WP (@ RY)y N L2 (Q'; RY) be a minimizer to the functional

¥, Q) = /@(Fj(x, Dv) + (Jv)* — az)’j> dx 3.7)

under the boundary condition
uj=u on 9,

and where F/ is the sequence of functions obtained applying Lemma 3.1 to the integrand F
of the functional at (1.8).
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The existence of u ; is easily established by the direct methods of the Calculus of Variation.
We shall need the following

Lemma3.2 As j — 400, we have that

/ ((Iujl—a)i_m)dx—>0, / Fj(x,Duj)dx—> F(x,Du)dx.
Q Q Q
and

Duj — Du stronglyin LP(Q/; R"™V).

Proof By the minimality of u ;, using  as test function in the minimality inequality at (1.9),
we get

//(F-/(x, Duj) + (ju;? - az)’j) dx < /;)/Fj(x, Du) dx, (3.8)

since [u| < ||u]lpo (g ryy < @ ae.in . Then, by virtue of the first inequality in (3.2), we
have that

KO/ (1Duj|? — 1) dx 5/(Fj(x, Duy) + (2 = a?)'!) dx
Q Q
5/ Fj(x,Du)de/ F(x, Du)dx, (3.9)
Q/ Q

where the last inequality is due to the monotonicity of the sequence F/ given by (3.1). Hence
the sequence (Du ) ; is bounded in L7 (€'; R"N) and there exists w € WEP(Q'; RY) such
that

uj—w  weaklyin WHP(Q;RY) as j — +oo.

Passing to the limit as j — +o0 in (3.8), using the last inequality in (3.9), we also have that
lim sup/ (Fj(x, Duj) + (|uj|2 _ cﬂ)i) dx < / F(x, Du)dx. (3.10)
j—+4oo J ’ Q

On the other hand, for every fixed jo € N, the convexity of & — F Jo(x, &), by lower

semicontinuity, implies

/ F(x, Dw)dx < liminf/ F/(x, Duj)dx

Jj—+00

< liminf/ F(x, Duj)dx

Jj—+0o

< timinf [ (10, D) + (P = a?)') d

Jj—+oo

< / F(x,Du)dx, (3.11)

where we used again the monotonocity of the sequence F7 and (3.10). Taking the limit as
Jjo — oo in the previous estimate, using the monotone convergence Theorem, we obtain

/F(x,Dw)dx:liminf/ Fh(x, Dw)dx

Jo—+oo

5/ F(x,Du)dxs/ F(x, Dw)dx, (3.12)
/ Q/
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by the minimality of « and since w = u on 3. This, by the strict convexity of F, yields
that w = u in Q'. Hence, we conclude that

uj—u  weaklyin W7 (Q;RY).

Using (3.12) in (3.11), we have in particular that

lim 12 —a®)"dx =0 3.13
Jim [ (il ) o1
which in turn implies
sup [ [uj ™ dx <2"(1 + |Q|a*™) (3.14)
JjeNJQ
and also
lim Fj(x,Duj)dx=/ F(x, Du)dx, (3.15)
j—>+o0 Q 9%

i.e. the first conclusion of the Lemma. We also record that, by virtue of (3.4), we have
\')/Q/(l +1Dul? + | Du; )T |Du — Duj|? dx
< / (F7 (. Duy = F7 x, Duj) + (D FI (x, Duj), Duj — Du) ) dx.
Since the Euler Lagrange system of the functional §/ reads as
/Q,<DEFf'(x, Du;), Dp)dx +2m /Q,(|uj|2 —a®" ;- pdx =0

for all ¢ = (¢)a=1,..ny € CH(Q',RY), testing it with ¢ = u — uj, which is legitimate by
density, we get

-2
D/ (14 |Duf® + |Du ;)= |Du — Du,|? dx
Q/
5[ (Fj(x,Du)—Fj(x,Duj)—}—(DgFj(x,Duj),Duj—Du))dx
:f (Fj(x,Du)—Fj(x,Duj))dx—2m/ (uj > —a®)" uj(u —uj)dx
/ Q/

< //(F(x,Du)—Fj(x,Duj)>dx—2m/Q/(|uj|2—az)m_luj(u—uj)dx.

Therefore, by (3.13), (3.14) and (3.15), taking the limit as j — +o0 in previous inequality,
we conclude that

. 2 2322 2 g
limsup [ (1 + |Du|”+|Du;|") 2" |Du — Duj|"dx =0

j—too JQ
that is
uj —u stronglyin WP (Q; RY) (3.16)
which concludes the proof. O

The main tool in the proof of our main result is the following Gagliardo—Nirenberg type
inequality that we state as a lemma and whose proof can be found in the Appendix A of [6]
(see also [23]).
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Lemma3.3 Forn e CH(Q') withn > 0 and C* maps v: Q' — RN we have

1
m m+1
/n2|Dv|m<P“>dxs(p+2>2 (/ n2|v|2'"dx)
Q’ S'Z/
ﬁ m’j—l
><|:</ n2|Dn|2|Dv|pdx) + nN <f nlevlp_2|D2v|2dx>
ol o

where p € (1,00) andm > 1.

|

We conclude this subsection with a preliminary higher differentiability and a higher inte-
grability result, that will be useful in the sequel.

Theorem3.4 Let u; € WhP(Q; RY) N L>"(Q; RY) be a local minimizer of F/ (u, ).
Then )
2@) and  |Duj| e LET 7 (@),

loc

(1 +1Du; )5 |Du;| € W)

loc

For the proof we refer to [23].

3.3 The Lipschitz continuity of the approximating minimizers

Here, we establish the Lipschitz regularity of the approximating minimizers. Even tough such
regularity is well known for minimizers of integral functionals satisfying standard growth
conditions with respect to the gradient variable, the growth with respect to the u variable in
our energy density doesn’t seem to fit with the available literature. The proof, however, relies
on the very classical Moser iteration argument. More precisely, we have the following

Theorem 3.5 Let uj e Whe (Y RVYNL2(QY; RY) be a local minimizer of the functional

(3.7). Thenuj W10L (S RN) with the estimate
1Dujll o Be:mY) = M

for every ball Bg € Q' with a constant M j depending on j.

Proof Testing the Euler—Lagrange system of the functional / (v, 2) with the function % =
Dy ¢* withs e {1,...,n},a € {l,..., N} we get

o- [ (Z (5. Duy), Dy ) dx
+2m/ Zlu 2 —a?)"" : u;j® - Dy,9®dx,

for every ¢ € COI(SZ/ : RY). By Theorem 3.4, we have that u j € Wloc (€; RY), therefore
integrating by parts the integrals in previous identity, we get

/ Z sa ﬁ(x, Duj)Dx{xS(ujﬁ)(p; dx + E F’_axs(x,Duj)fﬂ)‘i‘,. dx
Q i ) 4
il,a,B i,o

+2m/ ZDx\ ( ;2 — )’j‘luj“) 0% dx =0, G.17)

@ Springer



Lipschitz Regularity for a Priori Bounded Minimizers...

holds foralls = 1,...,nand forallp € C}(Q"; RV).Forn € ¢} () and y > 0, by density
we can test (3.17) with the function p% = r)2 (Dku j)y Dy, (u;%), where we used the notation

1
Dyuj:= (1 + min {|Du; %, k*})? (3.18)
One can easily check that

¢y, = 20y, (Dxuj)” Dy, ()
-2
07y (Dius)” ™ xqipuji<ky | Duj| Dy, (| Du ) Dy, (u)
+n’ (Dk”j)nyxxz’ ().

Inserting in (3.17) we get:
0= 2/ (Dru )" Z e ﬂ(x,Duj)Dxm(ujﬁ)nxibxs(uj“)dx
Q

+/ Dku] Z S$ﬁ(x D”])Dxlx\(u] ) Dy, x,(”] )dx
Q

4

+y /Q n* (Deu)” ™ x1uy 12k Z g%_m Duj) Dy, (uP)
14
| Duj| Dy, (| Duj|) Dy, (1t )dx

+2/ 0 (Druj)’ Y FL O, Dujyng Dy (u;®) dx
Q

i,a
+/Q'72 (Dyu;)” ZFg;axx(x,Duj)DxSx,.(uja)dx
|3
+y /Q n* (Dkuj)W2 X{|Duj| <k} Z F‘i"xs (x, Duj)
i,
‘|Duj| Dy, (|IDuj|) Dy, (u;) dx
+2m/ (Dyu) ZDX» ( luj|* — )ﬁ—luja)-Dxx(uj“)dx
=h+h+L+1L+1Is+ 1+ I

Now we sum all the terms in the previous equation with respect to s from 1 to n, and we
still denote for simplicity by /1 — I7 the corresponding integrals. Previous equality yields

L+ I3+ 17 < [Ii| + [14] + |I5] + | 16| (3.19)

Let us estimate the term /3. First of all, we have that

y 3 y
Pl 6) = (F”("’ Dt '5')) gog 4 FO0 D

&[> &3 gl T
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where F/ is given by (3.3) of Lemma 3.1. Therefore

> F e S;;(x Duj) Dy, (u%) Dy, (u) Dy (| Du )| Dut |
14

il,a,B,s
F ,|Du F/ | Duj
_ (fetelDuid  FIPUD) §~ e, @)Dy, @)Dy, @)Dy, (1Du s DIDUj|
| Du | DuP ) = -

F/ (x, |Du;
TG IDUD S 1y @)Dy, 4% Dy (1Dt ) Dt

Duj|
Fl(x,|Duj)  F/(x,|Dujl) 5
- - > Dy, %) Dy, (u%) Dy, (| Duj|) Dy, (| Duj )| Duj
( |Duj|2 |Duj|3 = x,(uJ) xs(”/) x,(| uj|) xs(| ”j|)| uj|

+F/ (e, 1Duj DD Y Dy, (|1 Duj P

i

~z 2
o F’ . |Du;
= (F,’Ax, |Dujl) — W) ) [Z D,, (uf}f)Dx,-(|Du,~|)}
J o i

F/ (x, |Duj|)

+
|[Du |

|Du;*|D(|Du|)I?

where we used the fact that

Dy, (|1Duj|)|Du;| = Z Dy, (uf')sz (uf)
¥

Now, by Cauchy-Schwarz’ inequality, we have

2
> [Z Dy, (uj*)Dx,.aDujD}

o i

IA

> (Dy, %)) Z(Dx,(mu,m

i,o

< |Duj|? |D(|Duj|>|2

therefore, by using Kato’s inequality

|D(|Du; > < |D?ujl, (3.20)
we obtain that
13=J// n? (Des) " xupuyizny Y. F ﬂ(x Duj) Dyyx, (u;?)| Duj| Dy, (| Du j|) Dy, (u;%) dx
& il,a,B,s

2
-2 ~ 7
>y f 0> (Dauj)”™ Xi1pus1<h Fiy (. [1Duj) Y [Z Dy, (u$) Dy, (|Du ,-|>} > 0.
Q o i
A simple calculation shows that

I =2m/ > (Dej)” > (lujl* —a?)™ LDy )P dx
Q/

o,s

-2
+ 4m(m — 1)/ (Date)” Y " (juj1* = @) | - 1Dy, ;)P dx = 0.

o,s
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Therefore, estimate (3.19) implies
L < [L|+ 14| + |I5] + |6l (3.21)

By Cauchy-Schwarz’ inequality, Young’s inequality and the right inequality in assumption
(F2), we have

[1] :2/ Dk”] E o (x DMJ)DX[X\(MJ )nx,Dx\(uj )dx
Q 5 &
il,a,B,s
12

< 2/Qn(z>kuj)y > F ﬁ<x Duj)n ;D (uj*) Dy, (u )

i,l,a,B,s
172
% " /3()( DHJ)Dx X (ujo‘) Dxl\.x[(ujﬁ) dx
5 &
il,apB,s
< C/ Dyu ) Z gasﬂ(x Duj)sgs; D, () Do ) dx
ila,pB,s

1
+§/Q (Deuj)” Y F gas 5, Duj) Dy y, () Dyox, (uj?) dx
i,l,a,B,s ¢

< C(j>/ |Dn? (Deu;)” (14 |Duj?)? dx

%/ (Dyuj) Z ﬂ(x Duj) Dy, ;%) Dy, (uiP) dx, (3.22)
il,aB.s 5

where the last bound is due to the first inequality in (3.5). We can estimate /4 and I5s by
Cauchy-Schwartz’ inequality together with the first inequality at (3.6) and Young’s inequality,
as follows

a1 =2 [ 0 (ay) Y [Pl (5, Dy D)
laY
<€) [ aheo) (Duny)! 1410w Y g Dy 0, d
I(XS

< C(j)/ﬂnanlh(x) (Druj)” (1 + |Dujl? )% dx
< C(j)/Q|Dn|2(Dku,)V(1+|Du,~|2)%dx (3.23)
+C(j) /Q ?h*(x) (Dyu)” (1 + |Duj )% dx.
Moreover

lIs| =

/Q (Deuj)” Y Fla, (v Duj) Dy, (u) dx

ILYS

A

=< C(J)/ n? h(x) (Diuj)? (1+ |Duj|?) I dx

D Dy ()

lDlS

C(j)/anhoc)(pkuj)y(1+|Duj|2)%u)2uj|dx

IA
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1
2 5
= C(/)/ [ (Deu;) (1+\Duj\2)pT|Dzuj|2}2 [721200 (D)7 1+ 10w 2] dx

p—2
< af n? (Dguj)’ (14 1Du; )7 (D22 dx (3.24)
Q
+Ce()) /Q n2h2(x) (Dyuj)” (1 + 1D d,

where ¢ > 0 will be chosen later. Finally, similar arguments give

-2 i
[Is] =y fgnzxumﬂsk}(mu,»)y |Duj| Y Fie, (x. Duj) Dy, (1D ) Dy, () dx

i,o,8

IA

-1
y /;2772X{|Du_;|5k} (Dyuj)”

| Py, e Dup) D (1Du DD

i,o,s

dx

A

n
. -2
<C()y /QnZXHDH_HSk} (Dkuj)p tr h(x) Z Dxi(|Duj|)Dx:(M?)dx

i,0,8

. -1
< C()y / 0 x(uj1<ky (Pray)" ™7 1D?uj | h(x) dx
Q
< 8/ n* (Deu;) |D2uj (1 + |Duj|2)”%2 dx (3.25)
Q
. 2
+Ce())y? / n*h? () (Deuj)” (1+ | Duj|*)? dx,
Q
where the constants C and C,(j) are independent of y and where in the third inequality we
used the Cauchy-Schwarz’ inequality and (3.20). Plugging (3.22), (3.23), (3.24), (3.25) in
(3.21) we obtain

f 0 (Deu)” Y Frugs O, Dutj) Dy, (") Dy () dx
Q i 5

il,a,pB,s
1
< 5/9772 (Dittj)” D7 Foagh (v, Duj) Doy, (47) Dy, () dx
il,a,B,s )

+2s/ 7 (Deuj)” (1 +1Duj 1P |D2u 12 dx

Q

+Ce (N +y7) / n?h2(x) (Dxu;)” (1+|Duj|?)? dx
Q

+C(j) / 1D (Deu)” (14 |Duj|®)? dox.
Q
Reabsorbing the first integral in the right hand side by the left hand side, we get

1
E/nz(zakuj)y > Fragt (X, D) Dy, (u;P) Dy, ;%) dx

Q@ il,a,B,s

-2
528/ n? (D)’ (14 1Du 1% |D?u;? dx
Q
. P
+Cs(j)(1+)’2)/9772h2(x) (Diuj)” (1+|Duj|*)? dx
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+C(j)/Q|D77|2 (D) (1 + 1Du Py dx.
Using (3.4) in the left hand side of previous estimate, we obtain
ﬁ/ﬂ;ﬁ (Deuj)” (1 + 1Du; )2 |D2u | dx
gze/an(Dku,) (1 +Duj|») "= |D?u; P dx
+Ce (N1 +77) /anhz(x) (Deue)” (1 + [Duj®)% dx
+C(j)/Q|Dn|2(Dkuj)V (14 |Du;*)? dx.

Choosing ¢ = %, we can reabsorb the first integral in the right hand side by the left hand
side thus getting

/nz(Dku) (1+ [Duj 1) 7 | D2, 2 dx
Q
SC(j)(1+)/2)/n2h2(X) (Du;)” (14 |Duj|?)? dx
Q
+c<j>/ 1Dn? (Deu)” (14 |Duj|?)? dx, (3.26)
Q

with a constant C dependent on j but independent of m and . Let0 < r < R, with Bg € €’
and fix n € C(])(BR) such that n = 1 on B, and |Dn| < Rc_r

f n? (Druj)” (1 + |Du; P = |D2u 1> dx
Br

sc<j>(1+y2)/ W2 (x) (Dxu;)” (1 +1Duj|») % dx
Bgr

c()) y N
W/ (Diuj)” (1+[Duj|*)? dx.

The higher integrability result of Theorem 3.4, recalling the assumption /2 € L{  (£2) and
choosing y such that (p + y)-%5 m+1 (p+2),iey < ’%m—ﬂ(p + 2) — p, allows us

to pass to the limit as k — 400 in both sides of previous estimate thus getting

7
Bgr

SC(J')(1+)/2)/ 1200+ 1Duj P dx

C()
(R —r)?

2
uj|“dx

7 / (1 + [Du; )" dx,

since the sequence Dy u j converges monotonically to (1+]Du 1% > Note that, by assumption
(1.10), we may choose m > z(r_ri],;_z) in order to have y > 0. Using the Sobolev inequality
in the left hand side of the previous estimate, we get

2
. Py ) o ¥
(/ 7 (14 1Dus () dx)
Br ’
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scu>(1+y2>/ PR + 1Dy Py dx
Bg

C(j) / 2oy
—_— 14 |Du; z dx, 3.27
Rt | (1D dx (3.27)
where we used the customary notation
2 .
S = itn>2 (3.28)
any finite exponent  if n = 2.
Since h € L () with r > n, there exists ¥ € (0, 1) such that
231 19) 2 2%
U+ — =1 = ¥=1--
+ 2% r r2*—12

and therefore we use the interpolation inequality to estimate the first integral in the right hand
side of (3.27), as follows

/ n2h2(x)(1 + | Du, %) 7" dx

Bg

=/ 22 (x)(1 + | Du j|* ()7 (44 1 pu | 2)(#5)0-7
Br

2 9
5(/ h’dx) (/ n2(1+|Du,-|2)¥dx>
Bg Bg

2(1=1)

* * 2%
(/ n? (1 + | Du 2y 72 dx)
Bpr

Inserting previous inequality in (3.27), by virtue of Young’s inequality we obtain

2
(/ 772*(1 T |Duj|2)(pTTy)2* dx) 2
Br
< l(f n’ (1+|Du]| )(%) dx)
2 \JByg

2
2
+C(j,z9>(1+y2)%</ h’dx) /n2(1+|puj|2)%dx
BR BR

C(j :
+L)/ (1 + |Du; )" dx.
Q/

S

(R—r)?
Reabsorbing the first integral in the right hand side by the left hand side, we get

2
« Pty \ox 2%
</ e (1+|Duj|2)( i) dx>
Br

2
7
< COHT+yH)7 (/ " dx) / (1 + |Du; )" dx
BR Br ’
C
R (’) /(1+|Du]|) 5 dx. (3.29)
At this point it is quite standard to start the usual Moser iteration procedure to conclude

with the desired Lipschitz continuity. O
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3.4 A Caccioppoli type inequality

This subsection is devoted to the proof of a second order Caccioppoli type inequality for the
approximating minimizers. It is worth mentioning that such inequality is available in [23]
and it is also the first part of the proof of Theorem 3.5, but the main point here is that we
are going to establish it with constants independent of the approximation parameters. More
precisely, we have the following

Lemma3.6 Letu; € WLP(Q; RNy N L2 (Q; RN) be a local minimizer of the functional
5/ (u, Q). Then, the following second order Caccioppoli type inequality

/Q/ 7]2 ujlzdx
< C(1+y2)/ n*h?
Q/
+C/ 1Dl (1 + | Du; )" dx, (3.30)
Q/

holds true for every y > 0 and for every n € Cé (2), with a constant C independent of j.

Proof For n € Cé(Q/ ) and y > 0, by the Lipschitz regularity of u; proven in Theorem 3.5
and the higher differentiability result of Theorem 3.4, we can test (3.17) with the function

2
% = 1n? (1 + |Du; |2) 2 Dy, (u;%). Arguing exactly as done in Theorem 3.5 until inequality
(3.21), we arrive at ~ ~ ~ ~ 5

|| < [ + 4l + [Is] + |16, (3.31)

where

Y

iz = /9772 (1 + |Duj|2)7

ga%_ﬂ(x D”])ngxy(“] )stx (u]a)dx
itap

i1=2f 00+ 1DuyBE 37 Ly D) D, )y D, 1) d
i, B, ¢

Iy = 2/ n(1 + | Du; ) Z 2, (6 Dt )y D (uj) dx

las
fs = [ 2041005 Y B G5, D) D ) d
lOtY
and
—1 2 o
fi=y [ 10w DY B G5, DD 1D 1D DD G .
l(xs

By the Cauchy-Schwartz inequality, Young’s inequality and the second inequality in (3.5),
we have

il =2 / D410 PYE Y Ly D) D, (0P D )
il,a,B,s
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1/2
B .
szf N+ 1Duj )2 4 Y0 Fl (e Duping g Dy, () D (1)
& itafs L
1/2
x{ > F;asﬁ(x,Duj)DxSxi(uj“)DxS”(ujﬁ) dx
il,a,pB,s iP5t

) .
< c/(1+|Du,-|2)z D Flgs (6 Dupnging D, (4;*) Doy () dx
o _

ilaps 7t

1 v ;
by [P IDGRE Y D) D ) D ) d
2Ja i 6o Bs 5

< C(Z)/ D02 (1 + | Duj P dx
Q
1 y :
Jﬁzf n*(1+Du; )7y F;a 5 (¢, Duj) Doy (™) DyoxyuPydx.  (3.32)
2 i,l,a,B,s iP5t

We can estimate the fourth and the fifth term by Cauchy-Schwartz’ inequality together
with the second inequality in (3.6), and Young’s inequality, as follows

- y :
|14] 2/977(1+|Duj|2)zZFEJ?XS(X,Duj)nx[Dx_g(uj“)dx

i,o,8

q=1+y
2

IA

C/Qﬂh(x)(l‘f‘|D”j|2) D 1 D, ()| dx

i,a,s

q—

1+
sc/n|Dn||Du,|h(x)<1+|Du,|2> g
Q

< C/ D021 + |Du ;)3 dx (3.33)
Q

29—p+y

+C/n2h2(x)(1+|Duj|2) T dx.
Q

Moreover

~ Y i
|I5| = /n2<1+|Du,~|2)zZFg,ax.‘_(x,Du;)stx[(uij
Q2 i,a,8 '
2 2, =1ty o
< C | W h)A+[Du;) "7 | D Dy (uj®)| dx
Q i,a,s

q—1+y

C/nzh(x)(l+|Duj|2) T |D%uj|dx
Q

IA

p=2 29—p+ty

1 1
¢ [ [Pa+ 10wy 5100, ] [P0+ 10wy F #200] an
Q

p=2+y

e/n2(1+|Duj|2) T |Du;*dx (3.34)
Q

IA

29—p+y

+C8/n2h2(x)(l+|Duj|2) T dx,
Q
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where ¢ > 0 will be chosen later. Finally, we have

~ i Y_
sl =y fZFf_axxx,Du,-)nZ(l+|Du,-|2>z ' Duj| Dy, (| Duj|) Dy, (u ) dx
Q o

i,a,s

y—1
y/n2<1+|Du,,-|2) z
Q

IA

5 ‘F{%(x, Duj) Dy, (|Duj|) Dy, (u;*)| dx

i,0,8

n

+y—2

Cy / PG (L 1Dug ) 5 37 | Dy (1D D, )| dx
Q

i,0,8

IA

q+
2

Y
Cy [ b 1+ 10wy ) DRl
Q

IA

p—2

g/ 21D, 2 (1 + |Du; ) T dx (3.35)
Q

IA

29—p+y

+C8y2/n2h2(x)(1+|Duj|2) T dx,
Q

where all the constants C and C, are independent of y, of j and m and where in the third
inequality we used Cauchy-Schwarz’ inequality and (3.20). Plugging (3.32), (3.33), (3.34),
(3.35) in (3.31) we obtain

z
fn2(1+|Duj|2>2 >+ Fyagp (. Duj) Dy, (") Do, (%) dx
Q ; !

ita,B,s

1 v
< 5/ (L4 1Dujl)2 Y Frapp (6 Duj) Dy, () Dy () dx
v itaps
p—2+y

+2e/n2(1+|Duj|2) T |D%uj|? dx
Q

2q—p+y

+cs(1+y2)/n2h2<x)(1+|Duj|2> g
Q

+
+Ce [ 1D 1+ 1Dy Py .
Q
Reabsorbing the first integral in the right hand side by the left hand side we get

1 v
2 f WU+ 1Duj )2 Y Fragp(ro Dup) Dy, (47) D, (%) dx
Q . i
i,l,a,B,s

p=2+y

5zefn2(1+|Du_,-|2) T |D%uj|?dx
Q

29—p+y
dx

+Cg(1+)/2)/nzhz(X)(1+IDuj|2) :
Q

+C5/ \Dnl (1 + | Du; )7 dx.
Q

Using Eq. 3.4 in the left hand side of previous estimate, we obtain

p=2+y

a/n2(1+|Duj|2) T |D%uj|?dx dx
Q
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p=2+y

528/n2(1+|DMj|2) 7 |Duj | dx
Q

29—p+y

+C£(1+y2)/nzhz(x)(1+|Duj|2) T dx
Q

+C£/ 1Dl (1 + | Du; )7 dx.
Q

b

7> We can reabsorb the first integral in the right hand side by the left hand

Choosing ¢ =
side thus getting

P—2+y

/n2(1+|Duj|2) > |D%uj > dx dx
Q

29—p+y
dx

sC(1+y2>fgnzhz(x>(1+|Du,»|2> 2
+c/ 1Dy (1 + |Du; )" dx,
Q

with a constant C = C(v, L.n, N, P, q) independent of y, j and m. This concludes the
proof. O

4 The higher integrability

Here, we establish an higher integrability result for the approximating minimizers with con-
stants independent of the parameter of the approximation. This is the main point in achieving
the proof of our main result.

Lemma4.1 Letu; € L2 (Q; RNy N WLP (s RN) be a local minimizer of the functional
$7 in (3.7). Setting
2rm

- 2m+r’

m, :

Then
|Duj| e Liw P~V (@)

loc

with the following estimate

col T
/ | Duj|™r P40 gy < ﬁ ( |uj|*" dx) + C|Bgl, @.1)
» - Bg

for every balls B, C Br € Q' with a constant C depending at most on Ko, v,n, N, p,q,r
but independent of j and of m and where we set

Or = 11+ lLr 5y)-

Proof By Theorem 3.5, we have that u; € Wllo’fo (") and the Caccioppoli inequality at
Lemma 3.6 yields that

=2
(1+|Du; )= D% * € LL.(Q),
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for every y > 0. Hence, we are legitimate to apply Lemma 3.3 with p replaced by p + 2y,
thus getting

_m_
/ 0| Du |71 PEEE dx
Q/

1 m
m+1 m+1
<(p+2+2) (f n2|uj|2"'dx) (/ nlenlleujl"”"dX)
Q Q/
I1 m1
m+ m+
+nN(p +2+42y)> </ 772|uj|2mdx> ([ n2|Duj|p_2+2V|D2uj|2dx) ;
Q Q

for every non negative n € C(} (€2) such that 0 < n < 1. Using Eq. 3.30 to estimate the last
integral in the right hand side of the previous inequality, we obtain

Q'

1

m+1 m’«nH
< (p+2+2y)? </ n2|u,-|2mdx> (/ 772|Dﬂ|2|Du,i|p+2de)
Q Q

1 m

m+1 m+1
C(p+2+2p)* (/ n*u " dx) (/ n*h?(x)(1 + |Du )4~ P2 dx)
Q' Q

1

m+1 mr-';—l
+C(p+2+2y)° (/ n2|uj|2mdx> (/ | D> (1 + | Du )4+ dx) ,
Q/ Q

1
m+T
<C(p+2+2p)° </ 0 lu " dX)
Q/

m

: ( / (0 + 1Dn2) (1 + K2 () (1 + | Du )47+ dx>
o

where weused that 1 +y < p+2+ 2y andthat p +2y < g +2y <2q — p+2y.By
virtue of the assumption on /z(x), we use Holder’s inequality in the right hand side of the
previous estimate thus getting

m
/ n2|Duj|m(p+2+2y) dx
Q/

1
m+1

<Cp+2+2p)° (/ PPl 2" dx)
N

_2m
(/ <"2+|Dn|2)<1+h<x>>’dx> o
S‘Z/

m(r—2)

r(2g—p+2y) r(m+1)
(f ("> +1Dn*)(1 + |Duj) =2 dx) 4.2)
Q/

Fix concentric balls B, C B; C B C Bg € Q" andletn € Cé (B;) be a standard cut off

function between B and B;i.e.0 <n < 1,n =1o0n B and |Dn| < % Without loss of
generality, we shall suppose that [Bg| < 1.
With such a choice, estimate (4.2) yields

m_
/ |Duj|m+l(P+2+2}/) dx
s

m

cont T
siRM(p+2+2y)4</ |u,-|2'"dx>
(t — s)mt1 B,
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r(2q—p+2y) ’rn(i"'ll%;
A a+1pujp~ 77 dx 4.3)
B:

Note that we used the following

c/

¢ <
(t—9)?% " (t—9%

n*+|Dn? <1+

since t — s < 1.Choose now y such that
r2q—p+2y) m
r—2 Tm+1
which yields

2mr +1)—2m(p+2)—rQ2q —
(P+242y) e 2y = (p—gqg+1 - (p+2)—r2q p)
m+r

m m
I 242y)= — 1) = — 1
m+1(p+ +2y) +r(p g+1)=m(p—qg+1

Note that by virtue of (1.11), we have y > 0. Indeed
y>0 < 2mr(p—q+1)—2m(p+2)—rQ2qg—p) >0
= 2mlr(p—q+1D—-(p+2]>Q2q—pr
The last inequality can be satisfied for a suitable m € N if

p+2
rp—q+1H—(p+2)>0 < q<p+1_T’

that holds true by virtue of assumption (1.11).
With this choice of y, observing that

m+1 1
< -, Vm € N 4.4
r+2m 2 " (44)
we have that
2r(m 4+ 1)
pH+24+2y=—-—(p—qg+D) <r(p—qg+1),
2m +r
and so estimate (4.3) becomes
/ |Duj|mr(p_q+1) dx
By
m m(r—2)
cop T ot
<—Rr ( |u ;| > dx) ( (1 + |Du )™ P=a+D dx) (4.5)
([ —s)m+1 B, By

with C = C(Kyp, v, n, N, p, g, r) independent of j and m. Using Young’s inequality with
exponents

rm+1) r(m+1)
m@r —2) r+2m
in the right hand side of the previous inequality, we obtain
1
/ |Duj|mr(p_q+l) dx < 3 a+ |Duj|)mr(17—f1+1) dx
By

By
m(r—2) r(m+1) my

2 rf2m C r2m T r+2m
+ — / |u 1> dx
(t — S);+2m
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C@)% r+r2m
+——R (/ Ju ;> dx) , (4.6)
(t - S)r Bg

where, in order to control the constants, we used the bound at (4.4), that C > 1 and that
R — p < 1. Since the previous estimate holds true for every p < s <t < R, we can apply
Lemma 2.1 thus obtaining

1
< 7/ | Duj|™ P=9D dx 4 | Bg|
2 /g,

co o
/ |Duj|mr(l7_f1+l) dx < "R </ |uj|2m dx) + C|BR|,
3, (R =) \Jg,
i.e. the conclusion. O

Corollary 4.2 Letu; € L2"(2; RY) N W7 (2; RY) be a local minimizer of the functional
3§/ in (3.7). Then
|Dl/{]| c Lmr(P*q“’l)(Q)

loc

with the following estimate
my

f |Duj|mr(17*q+l)dx < C®R . (1 +a2m)r+%m ,
(R = p)

13

for every balls B, C Br € @', with R < 1 and with a constant C depending at most on
Ko, p, g, r but independent of j and of m.

Proof 1t suffices to use (3.14) in the right hand side of estimate (4.1). m]

5 Proof of Theorems 1.2 and (1.3)

We are now in position to establish the proof of our main result, that will be divided in two
steps. In the first one we establish an uniform a priori estimate for the L° norm of the gradient
of the minimizers of the approximating functionals while in the second we show that these
estimates are preserved in passing to the limit.

Proof of Theorem 1.2 Let us fix a ball Bg, € Q2 and radii % <p<p<ti<h<Rc<
R < Ry < 1 that will be needed in the three iteration procedures, constituting the essential
steps in our proof.

Step 1. The uniform a priori estimate. Let us choose 1 € Col(Btz) such that n = 1 on By
and | D] < 5=, so that (3.30) implies

p—2
/ n*(1+ |Du;|®) = 7 |D?u;|? dx
By,
1 2 2q—p
< L”)z (14 () (1 + [Duj )T+ dx.
(. —1)” Ja,
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Using the assumptions on /(x) and Holder’s inequality, we arrive at

/ 2+ [Du; )7 +V|D2u|2dx
B,

n

(V+2q Pt N
<(+J/)(|:/ (1+ |Du;[*) d] (6.1

forany 0 < #; < tp, where the constant C is independent of y, of m and of ¢, where ©® = O,

and where we set ,

t= .
r—2

The Sobolev inequality yields

(/

n

2%
(1 + | Duj ) 5+DY dx) <cC / D+ [Du; )5 7) 2 dx
By,
-2
<ca +y2)/ n?(1+ |Du;|») 7 7 |D?u; | dx +C/ 1Dn? (14 |Duj|») 547 dx,
B, Bl2

where 2* is the exponent defined at (3.28). Using estimate (5.1) to control the first integral
in the right hand side of the previous inequality, we obtain

(I

n

4 T
@(1+y>[/ (1 4 Duyty 22 dx}

2%
w7 (L4 | Duy )R dx)

=

(ty —11)?
+L (14 [Du; )5+ dx
(2 —11)* Jp, /
1
-eu 4 © ¢
( +V2) / (1+|Du, Gridg-pe dx| . 5.2)
(lz — 1)

where we used that p < 2g — p and that L® < L',
Now, setting

V(Duj) = (1 + |Duj?)?,

we can write (5.2) as follows

2
(/ UZ*V(Duj)(pHy)% dx) ’
Br

l L
< CL_i_yz) |:/ V(Duj)[2(q_17)t+(p+21/)r] dxi|
(R—p) Bx
1
o +r% 2 .
< C gy WU, | [V (Dup 7 an
Br

(/

and so

2t

. 2
V(Du )l 2015 dx)

P
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ot +yH7T -
< C[ L ] ||V(Du,-)||ii,£q(31f))/ V(Duj)PH2% g, (5.3)
Br

where we also used that n = 1 on B,.
With % <p< R < Ry fixed at the beginning of the section, we define the decreasing
sequence of radii by setting

R—p

pi=p

Let us also define the following increasing sequence of exponents

2% 2%\ !
po = pt Pi = Pi— 17—P0(2r>

Noticing that, since u; € WIOC (€2), estimate (5.3) holds true for y = 0 and for every
p < p < R < R, we may iterate it on the concentric balls B, with exponents p;, thus

obtaining
</BP:'+ 1

. 1 1
1
@tp4t et Ph 70
PO

Pit1
V(Duj)Pi+! dx

. 1 1
i g4h+ ®rp4t ) Ph 70

=TT c—=—L1\v(Dujp3: / V(Du )P dx
U)( (R — )Zt JZL®(BR) By J

h=

i I €
s cor Ph
_ 1—[ h+1 _4v\ P 1—[ N2tg—p)
- (4 pht) ! ((R_ﬁ)Zt”V(Du])HLOO(BR))
h=0

h=0
"
. [ V(Du ;)" dx (5.4)
By,
Since
i s i 1 +oo 1
[T ("' pf)™ =exp (Z - 1og(4h“p2r)> <exp (Z — log(4h+1p3t)> <c(r)
h=0 h=o P =0 P
and

i a1 i L
C@t 2t(qg—p) Ph C@‘C 2t(qg—p) h=0 py,
ﬂ(mnkunnmgm =GV PDILy
h=0
2*

+oo 1
cor 2t(g—p) 210 7y cor 2e(g—p) | P02
< (WIIV(Duj)IILw(BR) = (G IV UG ,

we can let i — oo in (5.4) thus getting

L

2 2:2%v(g—p) 2
® Po@*=2%) gt 0
IV (Du )iz < € <7) IV (Dupll&ip" ( / V(Du )™ dx) :
Bg

(R — p)?
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since Y5, L o m Therefore, using the fact that py = prt, we deduce

o " L

® \m 2aa r

||V(Du,-)||Loo<B,;>SC((R _)2) IV(Dupll [z /V(Du»‘”dx :
Bp

Using the higher integrability at Lemma 4.1 we deduce that

22%(g=p) _ _2m_r(p— 11+])+1

2%
® p2F=21)
. . p2¥—2v)  2m+r pt
||V(DM‘/)||L°°(B,;) EC((R _)2> ||V(Du/)||L°°(BR)

: (f V(Du,)zfé'l’r(r’—ﬁ‘)dx) " (5.5)
Bg
Now, we note that
. * p— —_ . * —_
2p(22*(q_ 25) 1- rp pZ +1) <l < 2:20q—p) j*(i]ztp) <r=-2(p—-qg+D
= (q—p)[i+r—2:| <r—2 q—p<*r;2 (5.6)
2% —2¢ o tr—2
where we used that t = - . Since
22" _ 2"n2—nz _ n2Tn2 _ nZTnZ :n(r—Z)
-2 - o (ni(zr)?:llz) r—n’
last inequality is equivalent to
g—p< r—2 _ 1 :r—nzl_ﬁ
% +r—2 S +1 r r

that is of course satisfied under our assumption on the gap at (1.11). Note that in case n = 2,
the bound (1.11) reads as
2 p+2 ]

q<p+1—max{f,
ror

and one can easily check that inequality (5.6) is fulfilled provided that we choose 2* < 2.
By the inequality
2-2%q—p) _rlp—q+D
p(2* —2v) pe ’
we can determine m large enough so that
2-2%q—p) _ _2m r(p—q+1
p(2* —2v) 2m +r pt '

Indeed it suffices to choose
2*re(g — p)
>
r(2*=20(p —q +1) = 2"2v(qg — p)
For m satisfying the previous inequality, to simplify the notation we set

2m r(p—q+1) 2-2%(q—p)
2m +r pt p(2* —2v)

(5.7)

Xm =
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so that estimate (5.5) can be expressed as

C PF=10) 1=y
IV (Duj)llLop; < C F_5) IV (Dupll g

Bl
2mr e
: < / V(Du j) 7 (P4 dx) : (5.8)
R

with I — x,, € (0, 1). Hence, we can use Young’s inequality with exponents

1
and —

L — Xm Xm
in the right hand side of (5.5), we get
1
[IV(Duj)llLos, < §||V(Duj)||L°°(BR) (5.9)
o e
+ <7CO 2) e / V(Duy) Tt g )
(R - p) By
Ro

Since the previous estimate holds true for every 3> < p < R < Rg, by Lemma 2.1 we

get
2% 1
me(Z*—Zr) - Pt Xm
1V D)l < (<2 V (Du) )
(B ) T\ R2 !
w) AR 2

and by Corollary 4.2
22* 2 m, !
® \mre- rg3" r O\ P m
V(Du <Cl|— 1 2m\ ¥ 2m
[v( uJ)IILm<BRO>_ (R%) (R{) (14a°") >
2

with a constant C independent of m and j.
Step 2. The passage to the limit. Recalling (3.16), taking the limit as j — oo in the
previous estimate, we have

[V (Du)l| < liminf ||V (Du;)||
) = PO )
2 2

> m 1
® \ mrC-2 g P
SC<W) (T 0eem)™

0

Now, we observe

. ri(p—q+1) 2-2%q—p)
m x, = -

m e b —2) x1(p,q,r,n)

2mr(p —q +1)

=r(p—gq+1
A T om ) r(p—q+1
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Since the previous estimate holds for every m large enough to satisfy Eq. 5.7 with constant
independent of m, we now take the limit as m — oo thus getting

Ro

[V (Du)| (
L>*|(B
2

) < C(O, R)* (1 +a)* (5.10)

with constant ® depending on p, g, r, n, ||h||Lr, Ro and positive exponents j, x depending
on p, g, r, n. The conclusion follows taking the limit as a — ||u||p~. O

We are now in position, using the Caccioppoli inequality of Lemma 3.6, to give the

Proof of Theorem 1.3 Using 5.10 in the right hand side in (3.30) with y = 0, we have

-2
/ |D2uj|2dx§/ (1+|Duj|2)pT|D2uj|2dx
B&l B&1
2 2
N 2 <
= C“V(Du/)”LOO(BRO) h (x) dx +
Bg,

14
R(% ||V(DMJ)||L°°(BRO)

b4
<C (1 + ||”||L°O(BRO;RN)) )

where C = C(n, N, v, L, [l2]]Lr @), Ro). The conclusion now easily follows taking the
limit as j — o0 in the previous estimate and recalling that u; — u in Wllocp (2:RY). O

We conclude mentioning that the same argument leads to the following second order
regularity result
IR I
U+ 1Du; ) T D2 P dx = Cyp (1l oo )
Bry
2

Xy
)

where now both the constant and the exponent depend on y.
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