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ABSTRACT

The progress in the semiconductor industry has resulted in great demand for high-frequency magnetic materials that can be applied to micro-
fabricated inductor cores. Nanocomposite materials, containing magnetic nanoparticles in a non-conducting matrix, may provide a solution
for materials with high susceptibility or permeability and low power loss in the MHz regime, where traditional ferrites fail in performance.
Here, we present a design guide for usage of magnetic nanoparticles in such materials. With statistical mechanics methods, we derive the
magnetic susceptibility of nanoparticles in case of uniaxial or cubic anisotropy, as a function of particle size and applied field direction. We
also investigate the role of particle shape and interactions. Using the derived susceptibilities, with inductor core applications in mind, we
show that near-spherical particles of materials with high saturation magnetization and low magnetic anisotropy, such as FeNis, are optimal.
In addition, we find that the particle size shall be as large as possible while maintaining superparamagnetic behavior at the relevant operation
frequency. Based on this, we predict that high particle susceptibilities of >700 (/>1500) are possible for randomly oriented (/uniaxially aligned)
20 + 1 nm diameter FeNi; particles, together with high-frequency stability, shown by low out-of-phase component at 2 MHz. Our findings
imply that materials containing nanoparticles have the potential to be tuned to outperform state-of-the-art ferrite inductor core materials at
MHz-frequencies.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0275285

I. INTRODUCTION performance of soft magnetic materials.” Several roadmaps for

power electronics identify the lack of suitable magnetic materials as

Magnetic components, such as inductors and transformers, are
essential for power electronics in many handheld devices. However,
realization of efficient micro-inductors is challenging, as induc-
tance scales with size."”” Although a decrease in inductance can
be counteracted by higher operating frequencies, magnetic mate-
rials available today become inefficient and heat up rapidly at
elevated frequencies due to eddy-current losses.” ° Miniaturization
of magnetic components in electronics is therefore limited by the

one of the major obstacles on the way to achieving smaller, faster,
greener, and more efficient electronic devices. 16

The challenge lies in achieving sufficiently high magnetic sus-
ceptibility while avoiding significant power losses from eddy cur-
rents and magnetic hysteresis at high operation frequencies. To this
end, for a magnetic material to be used as a core for micro-inductors,
its in-phase susceptibility y’ needs to be above 50-100 (the
shaded region shown in Fig. 1), while losses should remain below
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FIG. 1. In-phase susceptibility (") for bulk ferrites and nanocomposites including
the theoretical prediction from this study. Reported relative in-phase permeabilities
u have been converted as x" = y/ — 1. *: particle (not sample) susceptibility.

200 mW/cm® at an operating frequency of 2 MHz and an induced
flux density of 30 mT.? If losses are reduced below 20 mW/cm?>, a
x'-range of 20-50 would be acceptable."*

For today’s power converters operating at up to about 0.5 MHz,
the typical core materials are sintered, fine-grained ceramics of fer-
rites (MnZnNiFe-oxides), with poor conductivity that limits eddy
current losses. The properties of the ferrites vary with their grain
sizes and material composition. For example, the commonly used
ferrite TDK PC200 has a bulk susceptibility of ~800 (shown in
Fig. 1) but only up ~1-2 MHz, where eddy current losses eventu-
ally increase drastically and the susceptibility drops.” New ferrite
materials, such as Fair-Rite 67 (also shown in Fig. 1), enable higher
operation frequency but have lower susceptibilities.* So far, attempts
to make inductor core materials to cover applications in the high-
frequency high-susceptibility regime (the shaded area of interest in
Fig. 1) have not been successful,” and therefore, the field of power
electronics lacks alternative material solutions.

Magnetic composites using nanoparticles have recently
emerged as research materials,”'* but their potential as inductor
materials has not yet been fully explored. The two main attractive
reasons for using magnetic nanoparticles to obtain high susceptibil-
ity and low power losses are as follows: (1) the nanoparticles, even
if metallic, are so small that eddy currents are negligible, and they
can be electrically insulated by a non-conductive matrix; (2) the
potential high susceptibility and absence of hysteresis within their
superparamagnetic regime could be exploited. Superparamagnetism
arises when the magnetic moments of the nanoparticles fluctuate
on a faster timescale than the applied field. This depends on particle
size, shape, anisotropy, temperature, applied field frequency, and
also magnetic interparticle interactions."”

Several groups have reported susceptibility data for materials
containing magnetic nanoparticles (<100 nm in diameter), as pre-
sented in Fig. 1. The measured susceptibilities are generally too low

ARTICLE pubs.aip.org/aip/apm

to match the area of interest for future power electronics (the shaded
area in Fig. 1). However, it has not been clarified whether composites
containing superparamagnetic particles could reach the desired sus-
ceptibility in the MHz-range if they were optimized for it. Recently,
it has been shown that the susceptibility of single-domain nanopar-
ticles is not limited by their shape (in contrast to soft multi-domain
micro-particles).”’ Hence, there is, in principle, no upper limit for
the effective susceptibility of such nanoparticles, but its actual value
will depend on material parameters such as magnetic anisotropy and
saturation magnetization as well as particle size and shape.

To evaluate the potential of nanoparticles for use as induc-
tor core materials, we developed a framework for calculating the
DC- and AC-susceptibility of single-domain magnetic nanoparti-
cles, both superparamagnetic and blocked. We derive the suscep-
tibility using reported parameter values for specific materials and
considering both uniaxial and cubic anisotropy, combined with the
size, shape, and alignment of the nanoparticles. Our theoretical
framework reproduces the nanocomposite results shown in Fig. 1,
and based on this predictive power, it provides a way forward to
tune and optimize properties and performance to reach the region
of interest (Fig. 1).

Il. THEORETICAL FRAMEWORK

We consider a stationary single-domain ferromagnetic particle
embedded in a solid, non-magnetic matrix. For single-domain par-
ticles, atom spins align ferro/ferrimagnetically and rotate coherently
such that the magnetic moment of the particle is m = VM;, where V
is the particle volume and M; is its saturation magnetization.

A. Energy considerations

We define here the various energy terms used later for
susceptibility derivations.

For uniaxial anisotropy, we choose the polar axis to coincide
with the magnetic easy axis, as illustrated in Fig. 2(a); the anisotropy
energy per particle is then

Eua = KoV sin®0pm, ¢9)

where K, is the uniaxial anisotropy constant for the material and
Om is the angle between the magnetization and the easy axis of

EA

FIG. 2. lllustration of used coordinate systems and definitions of angles. EA refers
to easy axis, m is the particle moment, and H is the applied field. (a) Uniaxial
anisotropy. (b) Cubic anisotropy with easy axes shown for K¢ > 0.
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magnetization, ie., the polar angle of the magnetization. The
Zeeman energy is

Ez = —pomH(cos Om cos O + sin Oy sin Oy cos ¢), (2)

where 8y is the polar angle of the applied field, H is the applied field
amplitude, and ¢ = ¢;; — ¢ is the difference between the azimuth
angles of the applied field and the magnetization.

For cubic anisotropy, we orient the coordinate system based on
the case where the cubic anisotropy constant is positive, K. > 0, i.e.,
3 mutually orthogonal easy axes [see Fig. 2(b)], but consider both
K. > 0 and K, < 0 in the following derivations. One easy axis is set
to the polar axis and the other two easy axes are along the direction
where the azimuth is 0 and /2. The anisotropy energy can then be
expressed as

E.=K.V sinZGm(coszf)m + sin*Om sin2¢m cosz(/)m), (3)

where K. is the cubic anisotropy constant. The Zeeman energy for
the cubic case is
sin Om cos ¢m
Ez = —puo VMH| sin Oy, sin ¢m
€08 O

sin 0y cos ¢u
sin By sin ¢y |- (4)
cos Oy

This takes the same form as (2) for the uniaxial case when the vector
scalar product is performed. The distinction of the angles is, how-
ever, of importance for the angular integrations in (8), and therefore,
the vector components are written out here.

For spheroids and, in general, for rotational symmetric, uni-
formly magnetized bodies, the demagnetizing field is Hg = -NM,
where N is the demagnetization tensor and M is the magnetization.
The demagnetization energy then has the same form as the uniaxial
anisotropy energy,

En, = _%f M- HydV = K, Vsin’®, (5)
v

with an  effective = shape anisotropy constant, Kg,
= yoMf (Na—Np)/2. N, and N, are the demagnetization fac-
tors along the principal spheroid axes. Ky, is positive (/negative) for
prolate (/oblate) spheroids, respectively, and @ is the angle between
the magnetic moment and the longer (/shorter) principal spheroid
axis. For most soft magnetic materials, shape anisotropy dominates
over magneto-crystalline anisotropy if the length difference between
the axes is larger than 5%-10%.

Dipolar interaction energy between a pair of particles can be
written as

Sin Om,1 oS Pm,1 Sin Oy €os Pm2

2512
o VM, . . . .
Ea= =51 sinOm, sin ¢m, Sin Om sin Pm,2
4nry.
€08 0m 1 €08 O 2
$in Om,1 €OS Pm,1 Teex
- | |sin Om,1 sin Om,1 |- Teey
rCC
€08 Om,1 Tec
$in Om,» oS Pm2 Teex
x| [ sinOmz singma || recy | | - (6)

cos Gm,z Teez

pubs.aip.org/aip/apm

Here, rc is the center—center distance of the two spheres, x,y,z
denotes its Cartesian components, and the subscript 1, 2 for the
angles denotes the particle number.

B. Susceptibility calculations

We derive the susceptibility of single domain particles for the
two limiting cases: blocked particles with no thermal agitation and
superparamagnetic particles with their magnetic moments in rapid
thermal fluctuation. The characteristic timescale, 7, for relaxation
of the moment between easy directions, depends exponentially on
the anisotropy barrier over the thermal energy K,V/(ksT). Mag-
netic particles can thus be classified depending on the timescale of
superparamagnetic relaxation vs the experimental timescale.

For blocked particles, thermal fluctuations are slower than the
experimental timescale. In case of uniaxial anisotropy, the suscep-
tibility depends on the direction of the applied field with respect to
the particle easy axis, as described by the Stoner-Wohlfarth model.”!
For randomly oriented particles, the orientation averaged particle
susceptibility (y;) is

oM
3Ky

{x8) = (cos” B ) s (0) + {sin’ 6 ) s (7/2) = RO

since (cos’0y) = 1/3 and (sin®fy) = 2/3 and the blocked suscep-
tibilities are y,(0) = 0 and xs(7/2) = poM: /(2K,).”” Blocked par-
ticles with uniaxial anisotropy axis aligned parallel to the applied
field feature a square hysteresis loop with coercive field of Hc
= 2Ku/(uyMs). If the easy axis is perpendicular to the field,
instead, no hysteresis is observed. For blocked particles with cubic
anisotropy, a hysteresis loop opening is always observed no matter
the direction of the applied field with respect to the 3 or 4 easy axes,
and thus, only a small low field susceptibility is expected.””

For superparamagnetic particles, thermal fluctuations are faster
than the experimental timescale. The magnetization and susceptibil-
ity can be found as for a paramagnetic ion. The partition function
for a particle can be written as

2= Jy e oo ®

where the integral over Q) indicates integration over all possible
energy states E;(Q). The relevant single particle energies presented
in Egs. (1)-(5) depend on moment direction; thus, the integral
in Eq. (8) should be carried out over all possible moment direc-
tions: fﬂ dQ = fOZ” dgbmfon sin 0, dOn. To ease notation, we define
the following energy ratios:

_KVo_wVMH VM
TkeTT T kT YT kT

)

€k

The unit-less component of the mean magnetic moment of a
superparamagnetic particle along the direction of the applied field,
(mspm ), can now be found as

(mspm) = = . (10)
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The mean magnetization along the direction of the applied field is
then (Mspm) = Ms(mspm). The susceptibility is found as the deriva-
tive of the mean magnetization with respect to the applied field
amplitude,

6(mSPM>.

oH (an

Xspm = M
For the non-interacting, uniaxial anisotropy particle case, with
the applied field at an angle Oy to the easy axis, one finds the
superparamagnetic particle susceptibility y spm 1O be

Xspm(eH) = ETM[SinzeH + R,/R(3 COSZGH - 1)]’ (12)
with
K- ['¥ eplart)as and R- [ esplar)an a2

Figure 3 shows a plot of Eq. (12) for different values of e.
The susceptibility ranges from ey to 0 in case of large anisotropy
(ex > 1). For low anisotropy (ex < 1), Xspm 80€s toward the ran-
dom case value epm/3 for all Oy. Special cases of (12) are found in
Refs. 26-31.

The orientation average of Eq. (12) is the well known super-
paramagnetic susceptibility

€M _ ‘u()VMsz

Goom) =37 = St

(14)

For a non-interacting particle with cubic anisotropy, we find no
dependence of the susceptibility on easy axis direction with respect
to the applied field (i.e., on the angles 6y and ¢,;). The initial sus-
ceptibility for the cubic anisotropy case is always the same as for
the randomly oriented uniaxial anisotropy case in the superparam-
agnetic regime [Eq. (14)], no matter the strength of the anisotropy
constant. This can be explained by the symmetric distribution of

1 . . . .
=
\\U
T
< 08¢ 1
€
2 € = 100
=<
> 061 1
:g € = 1
% 0.4 \ i
? R —
> € = 0.001
@ 02+ ]
g0
[e]
=z
0 1 1 1 1
0 20 40 60 80

Applied field polar angle, OH [deg]

FIG. 3. Superparamagnetic particle susceptibility normalized by ey as function of
the angle between applied field and uniaxial anisotropy easy axis, Oy, for non-
interacting particles with varying anisotropy barrier e. Based on Egs. (12) and
(13).

pubs.aip.org/aip/apm

energy minima along the 3 or 4 easy axes, which does not change
the probability of the moment to point along any specific direction,
contrary to the uniaxial case where there is 1 direction (or plane) that
is statistically more likely.

Dipolar interactions can be included in the above derivations.
For the two particle case, assuming low anisotropy particles (e, <
1), we find that the susceptibility per particle in case of interac-
tions, x;,, when the two particles form a dimer oriented parallel or
perpendicular to the field direction, is, respectively,

EM 2 SMV EM 1 €MV
wf = e S M = M- M) 15
Kall = 73 ( 9% mic) At =73 ( 9% mﬁc) (15)

Here, r.. is the center—center distance of the two particles and en/3
would be the susceptibility without interaction.

The dependence of the susceptibility on applied field frequency
and the crossover from superparamagnetic to blocked regime can be
described and analyzed via the concept of AC-susceptibility.””** At
small ey, where the anisotropy barrier is not affected significantly
by the applied field, the AC-susceptibility for a sinusoidal field with
angular frequency w, f(w), is connected to the superparamagnetic
particle susceptibility y,, . and the superparamagnetic relaxation
time 7 as in the Debye model,

f(@) = 12 (@) + i (@), (16)

with in- and out-of-phase components y'(w) and y" (w).”

For uniaxial anisotropy particles, 7 depends on the direc-
tion of the applied field with respect to the easy axis.””*** The
magnetic moment relaxation time perpendicular to the anisotropy
axis 7, is assumed to be short, on the timescale of the attempt
time 7o ~ 107''-107° 5./ The relaxation time over the anisotropy
barrier 7| (parallel to the anisotropy axis) is slower and often
described by Arrhenius-type expressions. The AC-susceptibility for
randomly oriented uniaxial anisotropy particles, ({spm (w)), can thus
be expressed by the weighted sum of the AC-susceptibility parallel
and perpendicular with the easy axis,

% = 1 XSPm(O) Xspm(ﬂ/Z)
(pm (@) = 3[1+in 2 ien, | 17)

with Xspm(O) and Xspm(”/ 2) from Eq. (12). The relaxation times 7|
and 7, are found as in Refs. 27 and 28,

7 2R"/(R-R") for ey <2,

T| = 3/2 (183.)
Tov/mexp (ex)/(2€,°) for ey > 2,
7. =1 2(R-R)/(R+R’) foralle. (18b)

The out-of-phase component gives us an estimate of the hys-
teresis loss per particle volume by Py = wyOHzx"(w) /2 for small
applied field amplitudes H. For low anisotropy particles, the out-
of-phase component of the AC-susceptibility is overestimated by
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the treatment presented above and should be regarded as an upper
bound.”

Expressions similar to the parallel case of (18) exist for cubic
anisotropy but with a lower effective anisotropy constant Keg of
Kegr = Kc/4 for Kc > 0 and Kegr = K. /12 for K. < 0,777

The formalism introduced above enables the estimate of the
maximum susceptibilities of nanoparticles, which is the topic of
Sec. I1I. We consider candidate materials to be used with applied
field at frequencies of up to 10 MHz.

Ill. PARTICLE OPTIMIZATION FOR NANOCOMPOSITES

Figure 4 shows the effective in-phase susceptibility of mag-
netic nanoparticles as a function of size, from the superparamag-
netic regime to the blocked regime, for randomly oriented, non-
interacting, spherical nanoparticles. We have considered a field
frequency of 10 MHz, and the particle susceptibilities are calculated
from Eqs. (12), (17), and (18). Particle materials used are maghemite
(y-Fe,03), Fe, Ni, FeNis, and FeCo. Despite several of these mate-
rials possessing cubic crystallinity, effective uniaxial anisotropy and
saturation magnetization values from the literature for nanoparticle
materials have been adopted.55 * The assumed values for M, and
K, are given in the figure caption. We have used values reported for
3-10 nm sized particles (21-50 nm for FeNi3) and not considered
the possible dependence of saturation magnetization and effective
anisotropy constant on synthesis routine and particle size.

Figure 4 shows that the particle susceptibility increases with
particle size for small particles in the superparamagnetic regime.
When the particles reach sizes where their superparamagnetic relax-
ation time is comparable to the timescale of the applied field, the
susceptibility peaks. For larger particles, the susceptibility declines
toward the blocked value, which depends on particle saturation mag-
netization and anisotropy but not on the particle size [see Eq. (7)].

1000 F ' ' ' ' :
B

= FeNi,

S 100} ]
o
(0]
[$]
(]
>
w
3

@ 10t :
<
@
£

. ‘ ‘ ‘
5 10 15 20 25 30

Particle diameter [nm]

FIG. 4. Average per particle in-phase susceptibility for randomly oriented, non-
interacting, spherical particles in 10 MHz sinusoidal fields as a function of particle
size. Calculations are based on Egs. (12), (17), and (18), 7o = 10 ns, T = 298 K,
and material parameters; maghemite (y-Fe;03): Ky = 10 kJim®, Ms = 303 kA/m;
Ni: Ky = 13 kd/m®, Ms = 470 kA/m; Fe: K, = 100 kd/m3, Ms = 1750 kA/m; FeCo:
Ky = 40 kJim3, Ms = 1790 kA/m; and FeNiz: Ky = 5 kdim3, Ms = 1260 kA/m.
Blocked regime indicated by black dashed lines.

pubs.aip.org/aip/apm

Figure 4 illustrates how both FeCo and FeNij; particles feature effec-
tive particle susceptibilities above 100 in the superparamagnetic
region.

Our results indicate that nanoparticles with high saturation
magnetization and low anisotropy have the largest susceptibility,
as their magnetic moments are larger and their transition to the
blocked regime occurs at larger diameters. The superparamagnetic
region toward the susceptibility peak is of particular interest for
applications due to the potential combination of high-susceptibility
and limited hysteresis loss. Hence, the optimal size for a given
material is on the ascending part of the susceptibility curve, before
reaching the maximum of the susceptibility. Based on Fig. 4, we
suggest the use of ~9 nm FeCo particles or ~20 nm FeNis parti-
cles for high-susceptibility applications such as micro-inductor core
materials.

The susceptibility of around 130 for the blocked FeNis parti-
cles, as seen in Fig. 4, could, in principle, be of interest, as it may
be sufficient for use in micro-inductors. However, blocked parti-
cles require precise alignment as only the 0y = 7/2 case shows no
hysteresis losses.

Equations (17) and (18) reveal that also the dynamic suscep-
tibility depends on the direction of the particle with respect to the
applied field. Figure 5 shows the frequency dependence of the in-
and out-of-phase susceptibility for uniaxial anisotropy FeNis parti-
cles with log-normal distributed diameters of 20 + 1 nm for cases
with anisotropy axes parallel, perpendicularly, and randomly ori-
ented with respect to the applied field. In the frequency range of
10 kHz to 10 MHz, the 20 nm FeNi particles aligned with their easy
axis parallel to the applied field have an in-phase susceptibility of
~1600, i.e., more than twice the value for the randomly oriented case
(700) and more than six times the perpendicular “hard-axis” case
(230). At around 100 MHz, the in-phase part drops and the out-of-
phase component peaks for the parallel aligned and random cases.

Parallel ||

}5 1000

o Random

=

;;; Perpendicular L

g 100}

(2]

>

@

O

<
R4
R4

10 -
10* 10° 108

Applied field frequency, w/(27) [Hz]

FIG. 5. In-phase (solid) and out-of-phase (dashed) susceptibility of non-interacting
20 + 1 nm diameter (log-normal distributed) FeNi particles with easy axis oriented
randomly, parallel, or perpendicular to applied field axis as function of applied field
frequency. Calculations are based on (17) and (18), 7o = 10 ns, T = 298 K, and
effective uniaxial anisotropy of Ky = 5 kJ/m® and Ms = 1260 kA/m. Parallel and
perpendicular alignments refer to 6 = 0 and 7/2, respectively.
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This is due to @ ~ 1/7) in this frequency range. For the random
case, the susceptibility drops toward the random orientation blocked
susceptibility of Eq. (7). For the perpendicular case, we observe a
completely flat susceptibility up to the GHz regime where w ~ 1/7,,
and we find that the susceptibility does not depend on particle size,
with values close to the blocked, aligned case of Eq. (7). Alignment
of particles by easy/hard axis thus allows for tuning of the magnetic
properties.

Even though shape anisotropy can increase susceptibility for
particles with their easy axis aligned to the applied field [see Eq. (12)
and Fig. 3], the anisotropy enhancement will increase relaxation
time for such particles and thus the out-of-phase component, cor-
responding to power losses due to magnetic hysteresis. This is
illustrated in Fig. 6, where the normalized in- and out-of-phase
components of the susceptibility are shown for 20 + 1 nm FeNi;
particles aligned with easy-axes along the applied field. We have
assumed that shape and magneto-crystalline anisotropy are in the
same direction, i.e., Kefr = Ky + Kgp. Figure 6 shows that the in-phase
component of the susceptibility is relatively insensitive to a shape
anisotropy increase (<0.3% at K, = 0.05Ky), while the increase in
out-of-phase component is substantial (>22% at Ky, = 0.05K,). We
also observe that for larger shape anisotropy (K, > 0.6Ky), the
particle becomes blocked. Particles smaller than the blocking dia-
meter at a given frequency will show a more significant increase
in in-phase susceptibility. However, the connected increase of the
out-of-phase susceptibility will be similar to the case in Fig. 6. These
results on FeNis particles lead us to conclude that spherical particles
are the most optimal, as any shape anisotropy present increases the
out-of-phase component of the susceptibility due to increased super-
paramagnetic relaxation time, resulting in larger losses per induced
magnetization, as discussed in Sec. I'V.

Hysteresis losses per particle can be calculated from the out-of-
phase component of the susceptibility [Egs. (12), (17), and (18)]. For
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FIG. 6. Normalized in-phase (solid) and out-of-phase (dashed) susceptibility as
function of shape anisotropy for non-interacting 20 + 1 nm FeNi; particles aligned
parallel to the applied field. Material values and applied field frequency are as in
Fig. 4, and the effective anisotropy is taken as the sum of a uniaxial anisotropy and
the shape anisotropy Kegr = Ky + Ksh-
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nanocomposites containing superparamagnetic particles, we assume
a linear dependence of nanocomposite susceptibility on the vol-
ume fraction and particle susceptibility. Therefore, the applied field
strength H needed to obtain a certain magnetic flux in the material
varies between materials. Hence, for a given application with a
required flux density, the loss might be larger for a low susceptibil-
ity material than for high susceptibility materials due to the need for
larger applied field. Therefore, assuming no interaction and same
particle characteristics, the losses will increase with decreasing vol-
ume fraction of particles when the nanocomposites generate equal
flux density.

Table T lists calculated susceptibilities and losses at 2 MHz
for nanocomposites of 30 vol. % 20 + 1 nm FeNis particles with
anisotropy axes oriented parallel, perpendicular, and randomly with
respect to the applied field. The losses are calculated with an applied
field amplitude H such that a flux density amplitude of 30 mT is
achieved in the nanocomposites. The calculated losses in Table I
indicate that for both the parallel and perpendicularly aligned cases,
losses lower than 200 mW/cm® are possible. The aligned particles
have lower losses at a given flux density than the random case due to
lower applied field amplitude used to reach the desired flux density.
The effect of temperature on the power loss at a given flux den-
sity can be calculated from the theory derived above. Susceptibility
will in general decrease as 1/T, while the out-of-phase component
will decrease further due to lower 7 and 7,. Thus, higher field
will be needed for higher temperature to reach desired flux den-
sity, but the power loss will decrease. Based on these calculations,
the susceptibility and losses of perpendicular and parallel aligned
spherical single-domain FeNis nanoparticles seem very promising
for micro-inductor applications.

The direct effect of dipolar interaction on the susceptibility can
be illustrated by use of Eq. (15). We find that for a hypothetical FeNis
20 + 1 nm diameter two-particle system, an increase (/decrease) of
susceptibility due to the two particles being oriented along a chain
parallel (/perpendicular) to the applied field will be of the order of
0.2 (0.1)% of the total susceptibility at 30 vol. % (assuming that the
volume fraction is V/rZ.). The effect due to the effective field there-
fore appears rather small, and the change holds true for particles
with similar high moment. However, dipole fields of neighboring
particles might affect superparamagnetism*’ and thereby have a
larger effect on susceptibility. Hence, we deem direct interaction
effects on susceptibility to be of relatively low importance for mate-
rials with <30 vol. % of particles, as long as the particles are still
superparamagnetic.

TABLE . Calculated susceptibility and losses of nanocomposites containing 30 vol. %
spherical FeNi particles with three different easy axis arrangements. Calculations are
based on w/(27) = 2MHz, using Egs. (12), (17), and (18) with an applied field ampli-
tude H such that 30 mT flux density is achieved in the composite, 7o = 10 ns, T = 298
K, material parameters as in Fig. 4, and log-normal distributed particle diameters of
20 + 1 nm.

APL Mater. 13, 071128 (2025); doi: 10.1063/5.0275285
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The effect of dipolar interactions on the superparamagnetic
relaxation is not yet fully described in the literature.”’ It has been
suggested that dipolar interactions can slightly lower the effec-
tive anisotropy barrier in low volume fraction scenarios,*' while
for dense aggregates, it is often assumed to drastically increase
effective anisotropy, consistent with the observed suppression of
superparamagnetism.'”*"*>*’ From energy considerations, we argue
that larger particle size with lower volume fraction is preferred, as the
increase in uniaxial anisotropy energy is lower than the decrease in
dipolar interaction energy, at a fixed nanocomposite susceptibility.

IV. DISCUSSION

We have shown how to calculate the susceptibility for mag-
netic nanoparticle materials. Our theoretical framework provides
novel results for particle alignment, cubic anisotropy, and effects
from dipolar interactions that are not yet fully accounted for in the
literature.”"** Moreover, the dependency of particle susceptibility on
the applied field direction with respect to the easy axis for uniax-
ial anisotropy case is interesting for application in power electronics
magnetics, as it can be used to tune susceptibility and losses for dif-
ferent materials. We note that the susceptibility of cubic anisotropy
particles cannot be tuned by alignment. However, as reported above
(Fig. 4), most studies find a mild uniaxial anisotropy in spherical
nanoparticles of cubic materials. Since magnetic properties, such as
coercive field, are similar for the cubic and random uniaxial cases
when not in the fully blocked state, it will challenging to distinguish
cubic from uniaxial anisotropy when particles are not aligned.'****

Magnetic nanoparticles have previously been investigated
experimentally for use as inductor core materials in the MHz
range’ '*'®' (see Fig. 1). Our theoretical framework predicts sus-
ceptibility values in quantitative agreement with the general trends
expounded by the many experimental reports available in the
literature.””'>"* This supports the predictive power of our model.
The sparse mismatch observed between the model predictions and
the data in some situations is ascribed to uncertainties in particle
size distributions and material parameters (especially anisotropy and
saturation magnetization, which may vary with size).

The comparison between the experimental in-phase suscepti-
bilities from Refs. 7-14 (shown in Fig. 1) and our model highlights
that most studies so far may have not optimized particle materi-
als for the specific applications targeted. Hence, there is room for
improvement, and the opportunity to break through the region of
interest shown by the shaded area in Fig. 1. For example, some
materials show little or no hysteresis,”” which should be a sign of
superparamagnetism, but these materials have only relatively low
susceptibilities. This is connected to an insufficient saturation mag-
netization of the particles (e.g., from oxides) and/or too dilute
particle concentrations. For several other materials, the nanopar-
ticles were packed too densely or were aggregated,”'”'>"* which
effectively renders the particles blocked and results in large coercive
field of several thousand kA/m. Consequently, the resulting mate-
rials behave much like those comprising larger particles, i.e., with
lower susceptibility and larger coercivity (see, for example, Ref. 11).
One reference reports a high particle susceptibility of 122, using rel-
atively densely packed 8 nm Fe particles,'> which fits well with the
results from Fig. 4, given that the resulting particle size is effectively
larger than 8 nm. This is promising for micro-inductor applications.

ARTICLE pubs.aip.org/aip/apm

Nanocomposite materials thus show the potential to reach the
area of interest of susceptibility above 50 in the frequency range
above 2 MHz, as indicated in Fig. 1. Based on our model, we propose
that optimized particles in the form of spherical ~9 nm Fe (or FeCo)
or ~20 nm FeNisz particles have the properties needed to develop
inductor cores of the next generation. A difficulty in the applicabil-
ity of our theoretical framework is that effective particle property
values are somewhat sparse. Hence, the reported effective particle
values in our evaluation of superparamagnetic particles may not be
exact for all given sizes. Moreover, it is not always possible to syn-
thesize particles in the desired size range, optimally monodisperse,
and with the specific properties, concentration, or easy axis orienta-
tion. A relevant case study would be an uniaxial anisotropy particle
accompanied by a small degree of shape anisotropy perpendicular to
the uniaxial anisotropy, if they can be synthesized. This combination
should produce a lower effective anisotropy barrier.*®

The alignment of particles with the effective easy axis par-
allel to the applied field has been investigated experimentally.'”®
However, it is not clear whether the observed increase in suscep-
tibility is primarily a result of alignment or of aggregation/chain
formation. In fact, any form of clustering might block the particles
or, at least, change significantly their dynamic behavior.*’ To our
knowledge, magnetic interactions in the derivation of susceptibilities
typically are introduced as an effective field,’" resulting in suscep-
tibility enhancement. On the other hand, Monte-Carlo simulations
including the anisotropic dipolar interactions between nanoparticles
indicated a susceptibility suppression for increasing volume fraction
of particles.”” Our theoretical framework sheds some light on the
matter: it clarifies that for superparamagnetic particles, the inter-
actions and their effects depend on particle-assembly orientation
with respect to the applied field, as shown in Eq. (15), and there-
fore depend on particle packing. However, the effect of interparticle
interactions is only included in Eq. (15) and not included in the
results presented in Figs. 3-6. The complex effects of dipolar inter-
particle interactions on susceptibility would be relevant to explore
further in future studies.

Dipolar interactions could potentially have also an effect in the
frequency dependence because of the increased effective anisotropy.
We note that many materials presented in Fig. 1 are relatively dense
materials, and reported susceptibilities of low coercivity materi-
als still seem to have stable susceptibility, although low, even at
high frequencies.”'” The applied field can change the superpara-
magnetic relaxation, allowing for faster response in applied field
than without.””*® This could explain the seemingly high blocking
frequency seen for some densely packed materials.”"”

V. CONCLUSIONS

We have developed a comprehensive theoretical framework
based on statistical mechanics to calculate nanoparticle susceptibil-
ity. The framework accounts for the effects of size, shape, anisotropy,
saturation magnetization, and interparticle interactions.

Our exploration of parameter space evidenced how nanopar-
ticles with large saturation magnetization and low anisotropy are
the most suited for inductor cores in power electronics applications.
Moreover, we determined that optimal particles should be as large
as possible but remain superparamagnetic at the target operation
frequency. For this, a narrow particle size distribution is preferable.
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In relation to particle shape, we found that elongation can increase
susceptibility to some degree, but due to the increase in effective
anisotropy, it is accompanied by an increase in out-of-phase compo-
nent, which is associated with magnetic hysteresis losses. Therefore,
spherical or near-spherical particle shapes would be most optimal
for inductor cores. Losses per induced magnetization are minimized
for materials where the uniaxial anisotropy axes of the particles are
aligned and not randomly distributed.

As an example of optimized particles, we show that a material
with 30 vol. % of spherical 20 + 1 nm FeNis particles could poten-
tially have a susceptibility above 209 (487 for aligned particles) with
lower losses than state-of-the-art ferrite magnetic core materials at
>2 MHz operation.

The comparison between our model predictions and a broad
experimental dataset compiled from the literature shows an excellent
agreement, firmly supporting the quantitative predictive power of
the model. Sub-optimal susceptibilities for high-frequency inductor
core materials (y'< 20-50) have been reported for nanocompos-
ites in most experimental studies. This appears as a consequence
of a poor choice of materials with low saturation magnetization,
imperfect sizing of the particles, and either too dense or too dilute
nanocomposites, or too dense aggregates with dipolar interactions
suppressing the susceptibility. Our paper demonstrates that better
nanocomposite materials are achievable to improve the performance
of micro-fabricated inductor cores at high frequencies where bulk
ferrite materials such as TDK’s PC200 cannot operate.

ACKNOWLEDGMENTS

The authors thank Ron B. Goldfarb for stimulating discussions
and the Independent Research Fund Denmark for financial support
(project HiFMag, Grant No. 9041-00231B).

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Mathias Zambach: Conceptualization (lead); Formal analysis (lead);
Investigation (lead); Methodology (lead); Validation (lead); Visual-
ization (lead); Writing - original draft (lead); Writing - review &
editing (lead). Ziwei Ouyang: Conceptualization (equal); Funding
acquisition (equal); Supervision (supporting); Writing - review &
editing (supporting). Matti Knaapila: Conceptualization (sup-
porting); Funding acquisition (equal); Supervision (supporting);
Writing - review & editing (supporting). Marco Beleggia: Concep-
tualization (equal); Formal analysis (supporting); Funding acqui-
sition (equal); Investigation (equal); Methodology (equal); Super-
vision (equal); Validation (supporting); Visualization (supporting);
Writing - original draft (supporting); Writing — review & edit-
ing (equal). Cathrine Frandsen: Conceptualization (equal); For-
mal analysis (supporting); Funding acquisition (lead); Investiga-
tion (equal); Methodology (equal); Supervision (lead); Validation

ARTICLE pubs.aip.org/aip/apm

(supporting); Visualization (supporting); Writing — original draft
(supporting); Writing - review & editing (equal).

DATA AVAILABILITY

The data that support the findings of this study are available
within the article.

REFERENCES

TR. Yawger, “PSMA power technology roadmap [PSMA corner],” IEEE Power
Electron. Mag. 9, 10 (2022).

2M. Araghchini, J. Chen, V. Doan-Nguyen, D. V. Harburg, D. Jin, J. Kim, M. S.
Kim, S. Lim, B. Lu, D. Piedra, J. Qiu, J. Ranson, M. Sun, X. Yu, H. Yun, M. G.
Allen, J. A. Alamo, G. Desgroseilliers, F. Herrault, J. H. Lang, C. G. Levey, C. B.
Murray, D. Otten, T. Palacios, D. J. Perreault, and C. R. Sullivan, “A technology

overview of the powerchip development program,” IEEE Trans. Power Electron.
28, 4182 (2013).
3TDK, Tdk electronics-ferrites and  accessories-SIFERRIT  material

PC200, 2017; https://www.tdk-electronics.tdk.com/download/2111340/
11693683fbf07f86ca883884ftb3ddcc/pdf-pc200.pdfSIFERRITmaterialPC200-
Datasheet (accessed 1 December 2022).

“FAIR-RITE, Fair-rite-67 material data sheet-67 material complex permeability
vs. frequency, 2017; https://www.fair-rite.com/wp-content/uploads/2020/05/67-
Material_publish.csv67MaterialDataSheet (accessed 1 December 2022).

5M. Petrecca, M. Albino, I. G. Tredici, U. Anselmi-Tamburini, M. Passaponti, A.
Caneschi, and C. Sangregorio, “High density nanostructured soft ferrites prepared
by high pressure field assisted sintering technique,” J. Nanosci. Nanotechnol. 19,
4974 (2019).

SW. G. Hurley, T. Merkin, and M. Duffy, “The performance factor for mag-
netic materials revisited: The effect of core losses on the selection of core size in
transformers,” IEEE Power Electron. Mag. 5, 26 (2018).

7X. Lu, G. Liang, Q. Sun, and C. Yang, “High-frequency magnetic properties of
FeNi;-SiO, nanocomposite synthesized by a facile chemical method,” J. Alloys
Compd. 509, 5079 (2011).

8H. Yun, X. Liu, T. Paik, D. Palanisamy, J. Kim, W. D. Vogel, A. J. Viescas, J.
Chen, G. C. Papaefthymiou, J. M. Kikkawa, M. G. Allen, and C. B. Murray, “Size-
and composition-dependent radio frequency magnetic permeability of iron oxide
nanocrystals,” ACS Nano 8, 12323 (2014).

°H. Yun, J. Kim, T. Paik, L. Meng, P. S. Jo, J. M. Kikkawa, C. R. Kagan, M. G.
Allen, and C. B. Murray, “Alternate current magnetic property characterization of
nonstoichiometric zinc ferrite nanocrystals for inductor fabrication via a solution
based process,” ]. Appl. Phys. 119, 113901 (2016).

0K, Yatsugi, T. Ishizaki, K. Akedo, and M. Yamauchi, “Composition-controlled
synthesis of solid-solution Fe-Ni nanoalloys and their application in screen-
printed magnetic films,” . Nanopart. Res. 21, 60 (2019).

""W. Liu, W. Zhong, H. Y. Jiang, N. J. Tang, X. L. Wu, and W. Y. Du, “Synthesis
and magnetic properties of FeNi3/Al,O3 core-shell nanocomposites,” Eur. Phys.
J. B 46, 471 (2005).

2H. Kura, T. Ogawa, R. Tate, K. Hata, and M. Takahashi, “Size effect of Fe
nanoparticles on the high-frequency dynamics of highly dense self-organized
assemblies,” . Appl. Phys. 111, 07B517 (2012).

"3H. Kura, K. Hata, T. Oikawa, M. Takahashi, and T. Ogawa, “Effect of induced
uniaxial magnetic anisotropy on ferromagnetic resonance frequency of Fe-Co
alloy nanoparticle/polystyrene nanocomposite,” Scr. Mater. 76, 65 (2014).

#B. Yang, Y. Wu, X. Li, and R. Yu, “Chemical synthesis of high-stable amorphous
FeCo nanoalloys with good magnetic properties,” Nanomaterials 8, 154 (2018).
'SM. Kin, H. Kura, and T. Ogawa, “Core loss and magnetic susceptibility of
superparamagnetic Fe nanoparticle assembly,” AIP Adv. 6, 125013 (2016).

6C. Garnero, M. Lepesant, C. Garcia-Marcelot, Y. Shin, C. Meny, P. Farger, B.
Warot-Fonrose, R. Arenal, G. Viau, K. Soulantica, P. Fau, P. Poveda, L. M. Lacroix,
and B. Chaudret, “Chemical ordering in bimetallic FeCo nanoparticles: From
a direct chemical synthesis to application as efficient high-frequency magnetic
material,” Nano Lett. 19, 1379 (2019).

APL Mater. 13, 071128 (2025); doi: 10.1063/5.0275285
© Author(s) 2025

13, 071128-8

| 11dv 80

0S 80 :60 920¢C


https://pubs.aip.org/aip/apm
https://doi.org/10.1109/mpel.2022.3171103
https://doi.org/10.1109/mpel.2022.3171103
https://doi.org/10.1109/tpel.2013.2237791
https://www.tdk-electronics.tdk.com/download/2111340/11693683fbf07f86ca883884ffb3ddcc/pdf-pc200.pdfSIFERRITmaterialPC200-Datasheet
https://www.tdk-electronics.tdk.com/download/2111340/11693683fbf07f86ca883884ffb3ddcc/pdf-pc200.pdfSIFERRITmaterialPC200-Datasheet
https://www.tdk-electronics.tdk.com/download/2111340/11693683fbf07f86ca883884ffb3ddcc/pdf-pc200.pdfSIFERRITmaterialPC200-Datasheet
https://www.fair-rite.com/wp-content/uploads/2020/05/67-Material_publish.csv67MaterialDataSheet
https://www.fair-rite.com/wp-content/uploads/2020/05/67-Material_publish.csv67MaterialDataSheet
https://doi.org/10.1166/jnn.2019.16791
https://doi.org/10.1109/mpel.2018.2848738
https://doi.org/10.1016/j.jallcom.2011.01.101
https://doi.org/10.1016/j.jallcom.2011.01.101
https://doi.org/10.1021/nn504711g
https://doi.org/10.1063/1.4942865
https://doi.org/10.1007/s11051-019-4497-2
https://doi.org/10.1140/epjb/e2005-00276-2
https://doi.org/10.1140/epjb/e2005-00276-2
https://doi.org/10.1063/1.3676224
https://doi.org/10.1016/j.scriptamat.2013.12.018
https://doi.org/10.3390/nano8030154
https://doi.org/10.1063/1.4972059
https://doi.org/10.1021/acs.nanolett.8b05083

APL Materials

'7D. Hasegawa, H. Yang, T. Ogawa, and M. Takahashi, “Challenge of ultra high
frequency limit of permeability for magnetic nanoparticle assembly with organic
polymer—Application of superparamagnetism,” J. Magn. Magn. Mater. 321, 746
(2009).

"8M. P. Rowe, S. Sullivan, R. D. Desautels, E. Skoropata, and J. Van Lierop,
“Rational selection of superparamagnetic iron oxide/silica nanoparticles to create
nanocomposite inductors,” J. Mater. Chem. C 3, 9789 (2015).

19]. Fock, M. F. Hansen, C. Frandsen, and S. Merup, “On the interpretation of
Mossbauer spectra of magnetic nanoparticles,” J. Magn. Magn. Mater. 445, 11
(2018).

20M. Zambach, M. Varén, M. R. Almind, M. Knaapila, Z. Ouyang, M. Beleg-
gia, and C. Frandsen, “Demagnetisation effects in single-domain particles,”
arXiv:2502.03394 [cond-mat.mes-hall] (2025).

Z'E. C. Stoner and E. P. Wohlfarth, “A mechanism of magnetic hystere-
sis in heterogeneous alloys,” Philos. Trans. R. Soc. London, Ser. A 240, 599
(1948).

22p_Svedlindh, T. Jonsson, and J. L. Garcia-Palacios, “Intra-potential-well con-
tribution to the ac susceptibility of a noninteracting nano-sized magnetic particle
system,” ]. Magn. Magn. Mater. 169, 323 (1997).

31, Joffe and R. Heubregbr, “Hysteresis properties of distributions of cubic single-
domain ferromagnetic particles,” Philos. Mag. 29, 1051 (1974).

24M. Walker, P. I. Mayo, K. O’Grady, S. W. Charles, and R. W. Chantrell, “The
magnetic properties of single-domain particles with cubic anisotropy. I. Hysteresis
loops,” J. Phys.: Condens. Matter 5, 2779 (1993).

Z5N. A. Usov and S. E. Peschany, “Theoretical hysteresis loops for single-
domain particles with cubic anisotropy,” J. Magn. Magn. Mater. 174, 247
(1997).

26F, Ludwig, C. Balceris, and C. Johansson, “The anisotropy of the AC susceptibil-
ity of immobilized magnetic nanoparticles—The influence of intra-potential-well
contribution on the AC susceptibility spectrum,” IEEE Trans. Magn. 53, 6101004
(2017).

27Y. Raikher and M. Shliomis, “Theory of dispersion of the magnetic susceptibility
of fine ferromagnetic particles,” Sov. Phys. JETP 40, 526 (1974).

28\ 1. Shliomis and V. L. Stepanov, “Frequency dependence and long time relax-
ation of the susceptibility of the magnetic fluids,” ]. Magn. Magn. Mater. 122, 176
(1993).

9], Eisenstein and A. Aharoni, “High-order superparamagnetic relaxation-
times,” Physica B+C 86-88, 1429 (1977).

3%y, P. Kalmykov, “Longitudinal dynamic susceptibility and relaxation time of
superparamagnetic particles with cubic anisotropy: Effect of a biasing magnetic
field,” Phys. Rev. B 61, 6205 (2000).

31E. A. Elfimova, A. O. Ivanov, and P. J. Camp, “Static magnetization of immobi-
lized, weakly interacting, superparamagnetic nanoparticles,” Nanoscale 11, 21834
(2019).

32]. Carrey, B. Mehdaoui, and M. Respaud, “Simple models for dynamic
hysteresis loop calculations of magnetic single-domain nanoparticles:

ARTICLE pubs.aip.org/aip/apm

Application to magnetic hyperthermia optimization,” J. Appl. Phys. 109, 083921
(2011).

33D. A. Smith and F. A. De Rozario, “A classical theory of superparamagnetic
relaxation,” J. Magn. Magn. Mater. 3, 219 (1976).

34Y. P. Kalmykov and S. V. Titov, “Nonlinear response of superparamagnetic
particles with cubic anisotropy to a sudden change in the applied strong static
magnetic field,” Phys. Solid State 44, 2276 (2002).

35p, C. Rivas Rojas, P. Tancredi, C. L. Londofio-Calderén, O. Moscoso Lon-
dofio, and L. M. Socolovsky, “Comparison of the anisotropy energy obtained from
temperature dependent AC and DC magnetometry in iron oxide nanoparticles
(IONPs) with controlled dipolar interactions,” ]. Magn. Magn. Mater. 547, 168790
(2022).

36M. Bohra, S. V. Battula, V. Alman, A. Annadi, and V. Singh, “Design of various
Ni-Cr nanostructures and deducing their magnetic anisotropy,” Appl. Nanosci.
13, 3205 (2023).

37F, Bodker, S. Morup, and S. Linderoth, “Surface effects in metallic iron
nanoparticles,” Phys. Rev. Lett. 72, 282 (1994).

381, M. Lacroix, R. B. Malaki, J. Carrey, S. Lachaize, M. Respaud, G. F. Goya,
and B. Chaudret, “Magnetic hyperthermia in single-domain monodisperse FeCo
nanoparticles: Evidences for Stoner—-Wohlfarth behavior and large losses,” ]. Appl.
Phys. 105, 023911 (2009).

39K, Kumari, A. Kumar, J. E. Lee, and B. H. Koo, “Investigating the origin of
exchange bias effect in ferromagnetic FeNi nanoparticles prepared via controlled
synthesis,” Appl. Nanosci. 13, 613 (2021).

“Op 1, Durhuus, T. H. van Bijlevelt Rix, M. A. Glod, M. Beleggia, and C. Frand-
sen, “Néel relaxation of magnetic nanoparticle clusters,” IEEE Magn. Lett. 16(5),
6100105 (2025).

“1p_E. Jénsson and J. L. Garcfa-Palacios, “Relaxation time of weakly interacting
superparamagnets,” Europhys. Lett. 55, 418 (2001).

425, Morup, “Superparamagnetism and spin-glass ordering in magnetic
nanocomposites,” Europhys. Lett. 28, 671 (1994).

433, Morup, M. F. Hansen, and C. Frandsen, “Magnetic interactions between
nanoparticles,” Beilstein . Nanotechnol. 1, 182 (2010).

44 A. L. Elrefai, T. Sasayama, T. Yoshida, and K. Enpuku, “Empirical expression
for DC magnetization curve of immobilized magnetic nanoparticles for use in
biomedical applications,” AIP Adv. 8, 056803 (2018).

“5N. A. Usov and J. M. Barandiarén, “Magnetic nanoparticles with combined
anisotropy,” J. Appl. Phys. 112, 053915 (2012).

“8F. L. Durhuus, M. Beleggia, and C. Frandsen, “Magnetic and viscous dynamics
of spheroidal nanoparticles,” Phys. Rev. B 110, 144425 (2024).

“7TR. W. Chantrell, N. Walmsley, J. Gore, and M. Maylin, “Calculations of the sus-
ceptibility of interacting superparamagnetic particles,” Phys. Rev. B 63, 024410
(2000).

“8\W. T. Coffey, D. S. F. Crothers, Y. P. Kalmykov, and J. T. Waldron, “Constant-
magnetic-field effect in Néel relaxation of single-domain ferromagnetic particles,”
Phys. Rev. B 51, 15947 (1995).

APL Mater. 13, 071128 (2025); doi: 10.1063/5.0275285
© Author(s) 2025

13, 071128-9

| 11dv 80

0S 80 :60 920¢C


https://pubs.aip.org/aip/apm
https://doi.org/10.1016/j.jmmm.2008.11.041
https://doi.org/10.1039/c5tc00915d
https://doi.org/10.1016/j.jmmm.2017.08.070
http://arxiv.org/abs/2502.03394
https://doi.org/10.1098/rsta.1948.0007
https://doi.org/10.1016/s0304-8853(96)00756-1
https://doi.org/10.1080/14786437408226590
https://doi.org/10.1088/0953-8984/5/17/012
https://doi.org/10.1016/s0304-8853(97)00180-7
https://doi.org/10.1109/TMAG.2017.2692038
https://doi.org/10.1016/0304-8853(93)91067-h
https://doi.org/10.1016/0378-4363(77)90941-X
https://doi.org/10.1103/physrevb.61.6205
https://doi.org/10.1039/c9nr07425b
https://doi.org/10.1063/1.3551582
https://doi.org/10.1016/0304-8853(76)90035-4
https://doi.org/10.1134/1.1529924
https://doi.org/10.1016/j.jmmm.2021.168790
https://doi.org/10.1007/s13204-021-01998-y
https://doi.org/10.1103/physrevlett.72.282
https://doi.org/10.1063/1.3068195
https://doi.org/10.1063/1.3068195
https://doi.org/10.1007/s13204-021-01870-z
https://doi.org/10.1109/LMAG.2025.3531777
https://doi.org/10.1209/epl/i2001-00430-0
https://doi.org/10.1209/0295-5075/28/9/010
https://doi.org/10.3762/bjnano.1.22
https://doi.org/10.1063/1.5004725
https://doi.org/10.1063/1.4749799
https://doi.org/10.1103/physrevb.110.144425
https://doi.org/10.1103/physrevb.63.024410
https://doi.org/10.1103/physrevb.51.15947

