Chapter 1

Introduction

Le savant doit ordonner ; on fait la science avec des
faits comme une maison avec des pierres ; mais une
accumulation de faits n’est pas plus une science

qu’un tas de pierres n’est une maison.

The scientist must set in order; science is built up with
facts, as a house is with stones; but a collection of facts

is no more a science than a heap of stones is a house.

Jules Henri Poincaré, La Science et I'Hypothese (1902)

The work presented here is the result of a three year experience at M2CSC, the School of
Graduate Studies in Multiscale Modelling, Computational Simulations and Characterization

in Material and Life Sciences at the University of Modena and Reggio Emilia, Italy.

M2CSC is a Ph.D. school characterized by a very multidisciplinary approach, enrolling
students coming from several and different fields (like mathematics, chemistry and
engineering) and organizing didactical courses and seminars which reflect this cultural
background, looking at science and its methods as a unifying bridge among diverse
disciplines. Such framework has definitely influenced this work, which has been conducted
both investigating theoretical problems and applying mathematical models to real-world

phenomena.

At a first glance, this work has been centered on Statistical Mechanics models, applied
either in describing ferromagnetism (chapter 2) or in modelling social phenomena (chapter
3). In the latter case, the Statistical Mechanics approach has been used to interpreter the
output of several data analyses performed over a very large database released by ISTAT
(the TItalian National Statistical Institute), containing information on immigration

phenomena occurred in Italy from 2001 to 2011 (chapter 4).



Before deepening into the details and the results which has come out from this work, we
give a more profound explanation of the reasons which has led to discuss such problems,
the motives which are beneath the methodologies applied and the yearned outcome of such

work, thinking how this can hopefully contribute to the current scientific discussion.

The inability of giving credible forecasts over phenomena that we observe every day is
something which has been perceived even from the most conservative establishment: as
reported by the British newspaper The Daily Telegraph (Pierce, 2008), in occasion of the
opening of the academic year at London School of Economics on November 2008, Her
Majesty Elizabeth II abruptly asked the economists “why did nobody notice it ?”, referring

to the ongoing financial crisis.

The question whether none could really predict the so-called “credit-crunch” started in 2007
with the default of Lehman Brothers (at that time, the fourth-largest investment bank in
the US) and — to mention another example — the reason why it has been so difficult to
handle immigration flows in Europe (especially in Italy) since the beginning of the ‘90s
(Willekens, 1994; Bijak & Wisniowski, 2009) put in doubt the actual modelling of economic
and social phenomena. Juxtaposing immigration and economic phenomena could sound
unusual but, on the other hand, it turns out that they have more things in common than
one might initially expect: such phenomena are processes characterized by occurring among
a very large number of people, more resembling the particles of gas rather than a spare
group of players; for this reason, their analogy with thermodynamic systems has been

advocated not only by physicists (Georgescu-Roegen, 1971).

However, despite these properties, such phenomena have been for a long time modeled and
studied by social scientists through a classical physics approach (Jevons, 1871), designing
social processes as an idealized system of perfectly rational, optimizing institutions and
individuals, who, by trading in markets, bring the economy and society to a balanced,
efficient equilibrium; a “postcard-scenery” which has been completely blasted by the

turmoil of the ongoing financial crisis.

The disappointment related to the low predictability of such models has found endorsers
even in the most unexpected people, such as real economic agents, seen as “insiders” in the
world of finance. This is the case — for example — of George Soros, who claims to have been
for a long time aware of the low consistency of the models used to give explanation to social
phenomena; in 2009 such beliefs pushed Soros to contribute with a 50 million US dollars
pledge to the foundation of the Institute for New Economic Thinking (INET), a New York



City-based nonprofit think tank whose purpose is to support academic research and
teaching in economics "outside the dominant paradigms of efficient markets and rational
expectations” (Weber T., 2011).

The ideas beneath INET and the new vision of social science the institute embodies are well
exemplified by the initial part of a speech Soros gave at the INET Conference at King’s
College on April 2010: “Economic theory has modeled itself on theoretical physics. It has
sought to establish timelessly valid laws that govern economic behavior and can be used
reversibly both to explain and to predict events. But instead of seeking laws capable of
being falsified through testing, economics has increasingly turned itself into an axiomatic
discipline consisting of assumptions and mathematical deductions — similar to Euclidean
geometry. Rational expectations theory and the efficient market hypothesis are products of
this approach. Unfortunately they proved to be unsound. To be useful, the axioms must
resemble reality. Euclid’s axioms meet that condition; rational expectations theory does
not. It postulates that there is a correct view of the future to which the views of all the
participants tend to converge. But the correct view is correct only if it is universally
adopted by all the participants — an unlikely prospect. Indeed, if it is unrealistic to expect
all participants to subscribe to the theory of rational expectations, it is irrational for any
participant to adopt it. Anyhow, rational expectations theory was pretty conclusively
falsified by the crash of 2008 which caught most participants and most regulators unawares.
The crash of 2008 also falsified the Efficient Market Hypothesis because it was generated by
internal developments within the financial markets, not by external shocks, as the

hypothesis postulates.” (Soros, 2010)

As Soros correctly outlines, economics and social sciences need new paradigms and new
models, able to embrace the complex processes that take place into the real world between
human beings. Such complexity cannot be captured any more by a classical physics
approach: the point of view underlying this work is that this new way, this novel approach
to the study of such phenomena necessarily starts with statistical mechanics, a field
between mathematics and physics used for “statistical probabilistic predictions about
systems which either contain elements which are too small to see or too numerous to keep
track of; or usually both” (Susskind, 2013).

Which reasons could drive us to endorse such shift, this passage from the classical approach

to the statistical one? In order to reply to such question, it is worth to recall in this place



which are the main differences between classical and statistical mechanics, observing the

methodologies such fields implement to give reason to the phenomena under their own lens.

As summarized in (Susskind, 2013), classical mechanics mainly concerns with the concept of
perfect predictability: the rough idea is that while witnessing the phenomena in a “closed
system”, (i.e. separated and not interacting with anything else outside such system), one
can make predictions with a maximum precision or at a given level of precision (or
predictability), just knowing two things, i.e. the initial conditions and the laws of evolution
of the system — a vision that dates backs already the beginning of the nineteenth century,

as popularized by Pier Simon Laplace (Laplace, 1814).

The point is that complete predictability can turn out to be totally useless. This
assumption has not to be viewed as a criticism since the basic laws of classical mechanics
have shown to be very powerful in their predictability: the point — again — is that in many
cases such laws turns to be very useless to actually analyzing what it is really going on. For
example, having a list of the positions and velocities of every particle in a certain room
would not be very useful to us, since the list would be too long and would not give explicit
account of other macroscopic properties of major interest, such temperature, pressure and
so on. To shift such example to the set of economic and social phenomena, it could be not
such worth (or useful) to cast predictions over the amount of each single bank account of a
given population, to know the exact price with which each barrel of crude oil is exchanged
world-wide at a given time or with whom and when each mixed marriage among people
coming from two populations takes place. Surely instead, it would be of foremost interest to
know with a good predictability the gross domestic product of a nation, the international
price of crude-oil or the way mixed marriages and other integration phenomena occur in a
given nation, in a given time. In other words, it could sound more interesting to know not

what the single does but what comes out when many singles interact together.

This is exactly the case of statistical mechanics, a theory which provides tools that are
applicable when the initial conditions of a system are not known with infinite precision (the
so-called “starting point”), the laws of evolution of the system are neither completely
known or when the system is not closed (for example, if it is interacting with other
elements outside). Therefore, to say that in (Susskind, 2013) words: “when ideal
predictability is not possible or it is not practicable way, you resort to probability and

statistical mechanics”.



However, the renounce to classical mechanics total predictability does not mean that
statistical mechanics is not itself a sound field which can offer precise and viable answers. It
is known that when the number of elements in a systems tend to be very large, also
probability tend to be a very precise predictor (when — of course — the law of large numbers
is applicable), so that statistical mechanics itself can be highly predictable but not for
everything: even for the more complicated properties of a given system, like fluctuations
and large deviations, statistical mechanics is always a feasible tool not to forecast
predictions over the exact time when such unusual events might happen but to give precise
predictions of the probability associated to such unusual events. From another point of
view, statistical mechanics cannot predict information on every element of a given system
but can afford precise and reliable information about collective properties arising from the
interaction of a large number of elements, providing a framework for relating the
microscopic properties of individual elements to the macroscopic bulk properties of a given

system or population.

The importance of the statistical mechanics approach in investigating economic and social
phenomena has been strengthen by Pierluigi Contucci and Jean-Philippe Bouchaud, whose
words — expressed at the “Disorder in Probability and Statistical Mechanics” conference
held in Modena on June 2012 — impressively match with those ones previously reported by

Soros (De Pretis, 2012).

“The current crisis puts classical economics thinking under huge pressure. In theory,
deregulated markets should be efficient, thanks to perfectly rational agents that correct
(“arbitrage'') any mispricing or forecasting error. These equilibrated markets should be
stable: crises can only be triggered by acute exogenous disturbances, but certainly not
precipitated by the dynamics of the market itself.” — stated Bouchaud at the 2012 Modena
conference — “Recent data, instead, allow to cast doubts on several pillars of the classical
dogma. In particular, market fluctuations seem to result from the endogenous dynamics of a

complex system, that spontaneously exhibits jumps and shocks.”

Therefore, assuming as scientific perspective that one belonging to the statistical mechanics,
this work has started from one its models, that is the so-called Curie-Weiss model (chapter
2), which was first introduced at the beginning of the twentieth century by Pierre Weiss
(Weiss, 1907) to give explanations of several experimental observations carried out in

previous years by Pierre Curie (Curie, 1895).



The Curie-Weiss model can be pictured as a statistical mechanics model (Bovier, 2006;
Bolthausen & Bovier, 2007) in which the focus is posed on the behavior of a larger number
of magnets (whose inner magnetic spin can be tracked by a dichotomous variable assuming
for example the value + 1) interacting each other under the effect of a possible external
magnetic field. In modelling such two different types of interaction (an internal interaction
among the spins and an external interaction between the spins and an external magnetic
field), two parameters have been introduced in the Hamiltonian function defining the Curie-

Weiss model to express and eventually tune the interactions occurring in the system.

Besides the mathematical aspects, the Curie-Weiss model has risen interests into the
scientific community for the multiple applications it can exhibits, notably in the field of
opinion formation (Montanari, 2007), discrete choice theory and social interaction
(Contucci, Gallo, & Menconi, 2008; Gallo, Barra & Contucci, 2009; Gallo, 2008), just to

mention the closest applications to economic and social phenomena modelling.

According to such perspective, in (Burioni, Contucci, Fedele, Vernia & Vezzani, 2014) the
Curie-Weiss model and one of its generalizations have been employed to provide forecasts
for health screening campaigns, given an empirical dataset containing anonymized
information regarding the participation of a large group of women to cancer screening tests.
The study has concerned an inverse problem related to the Curie-Weiss model: authors
wanted to determine the parameters of the Hamiltonian function, relying on the empirical
data they gathered. In its strictest version, this inverse problem has been investigated
always in chapter 2, where, after having restated it as combinatorial optimization problem
over a very numerous set, we provide some numerical attempts for its solution, based on

Computational Statistics methods.

Besides that, another approach in modelling social phenomena through Statistical
Mechanics has been drawn in chapter 3: here, we present an interacting model (Barra,
Contucci, Sandell, & Vernia, 2013) concerning this time integration phenomena occurring
within a mixed population containing natives and immigrants. Authors of this study claim
that such phenomena carry inside the “fingerprint of the mean-field imitation theory of
statistical mechanics” and have experimentally proved this result, tackling a very large
database containing information over marriages, births and work contracts which occurred
in Spain from 1999 to 2010 in municipalities whose population exceeded ten thousand

inhabitants.



Similarly, in chapter 4 the work has first focused on the analysis of a smaller database
containing information about marriages in all the municipalities of Emilia Romagna (an
Italian region) from 1996 until 2010 — whose gathering from public accessible source on
internet has required automation of web contents wrapping techniques (appendix 1) — and
then it has considered an even larger database — if compared with the Spanish one —
containing over one million information about marriages and births in Italy in a time period
lasting from 2001 to 2011 with data coming from all the Italian municipalities, officially
released by ISTAT.

As it will be shown in chapter 4, such data have undergone several analyses, leading to
notable results that confirm in one way those ones already attained in (Barra, Contucci,
Sandell, & Vernia, 2013) and in another way provide a different and even more
sophisticated perspective over the sociological processes that occur in case of integration of
immigrants in a foreign country. The analyses performed over the Italian data reveal that
in “small-sized municipalities” (defined as municipalities whose population is under ten
thousand inhabitants) imitation processes are the main drive of integration, whereas
independent choices primarily occur when we look at people belonging to “large-sized
municipalities” (defined as complementary to the “small-sized municipalities”). In other
words, the statistical mechanics model underling such analysis seems to be able to give a
rough but meaningful division between two very different patterns in integration processes:
mixed marriages and births from mixed couples seem to occur in “small-sized
municipalities” mainly because of imitation processes, whereas it is true the contrary —
according to the data — if we observe the behavior of mixed couples in “large-sized
municipalities”. More explicitly, integration processes are not scale-invariant: the scale,
instead, matters and defines in some way the behavior of immigrants and natives. A similar
result was already perceived more than a century ago by sociologist Emile Durkheim, when
he noticed different patterns in suicidal events occurring in “small villages” and “large
industrial cities” (Durkheim, 1897).

As the reader will see, multiscale modelling and data-analysis have been widely used in
accordance with the spirit of this Ph.D. school: furthermore, the hope is that the statistical
mechanics approach presented here could find more and more recognition in describing and

explaining economic and social phenomena.



Chapter 2

The Curie-Weiss model

As outlined in chapter 1, statistical mechanics will be our starting point to analyze social
phenomena: the model we present here is the so-called Curie-Weiss model, which has
recently risen an increasing interests into the scientific community for the multiple
applications it can exhibits, notably in the field of opinion formation (Montanari, 2007),
discrete choice theory and social interaction (Contucci, Gallo & Menconi, 2008; Gallo,
Barra & Contucci, 2009; Gallo, 2008) and eventually integration phenomena (Barra,
Contucci, Sandell, & Vernia, 2013), just to mention the closest applications to economic

and social phenomena modelling.

However, the Curie-Weiss model did not originate from social sciences but arose from
physical experiments conducted in the nineteenth century, mainly concerning the status of
magnetization of a series of materials, according to their internal temperature.
As the name of the model would state, the Curie-Weiss model could be thought as a
mutual work between two French scientists, Pierre Curie and Pierre-Ernest Weiss, even
though — as it will be shown later — German physicist Ernst Ising played a very important
role in defining the ordinary statistical mechanics framework which today defines the

model.

Back to 1895, Nobel prize winner Pierre Curie conducted a series of experiments at the

Ecole municipale de physique et de chimie industrielles in Paris (Curie, 1895) aimed to



investigate the magnetization of a set of materials such as iron, nickel and magnetite,

showing that such property was dependent to the internal temperature of such materials.

As already witnessed by Michael Faraday (Curie, 1895), iron and nickel — today known as
ferromagnetic materials — are characterized by the experimental fact of retaining
magnetization and becoming permanent magnets, after having exposed to a certain
magnetic field. Nonetheless, such property — as it was proved by Curie — is abruptly lost if
the internal temperature of such material reaches the so-called Curie temperature (also
known as Curie point), a breaking threshold beyond which permanent magnetization
changes to induced magnetization: in other words, trespassing the Curie temperature makes
such materials lost its property of spontaneous magnetism. Curie also noticed that each

material had a specific temperature.

In 1907, Pierre-Ernest Weiss produced a model which could give reasons to the
experimental measurements carried on by Curie almost fifteen years earlier: Weiss was the
first to theorize that atoms in ferromagnetic materials experience a molecular field, a sum
of all the fields produced by all other internal particles in the material, aside a possible
external field. This assumption led him to write a balance equation where such kind of
internal interaction is explicitly taken into account: the theoretical data then derived from
such equation looked to be in perfect accordance with those ones collected by Curie and by
the experiments carried by Weiss himself at his laboratory at the Eidgenossische Technische
Hochschule (ETH) in Zurich (Weiss, 1907). The model later became known as Curie-Weiss

model.

However, the current statistical mechanics framework that today is used for Curie-Weiss
model was introduced only more than fifteen years later by Ernst Ising.
In his Ph.D. thesis defended at the University of Hamburg (Germany) in 1924 (Ising, 1925),
Ising tackled the special case of a linear chain of magnetic moments, which are only able to
take two positions, "up" and "down," and which are coupled by interactions between nearest
neighbors. The Curie Weiss model can be seen as an Ising model where the nearest
neighbors interaction is then replaced by another extreme choice, that is each magnetic
moment interacts with each other at any site with the same strength. Nevertheless,
differently from Weiss, Ising was the first to introduce the Hamiltonian notation to define
the interactions which take place within and externally to the system, even though the
ideas of interaction within spins and with another external field were inspired by Weiss’

previous work.



Surprisingly, the one-dimensional model defined by Ising fails to provide any spontaneous
magnetization for positive temperatures (Huang, 1987), while such physical phenomenon is
suitably replicated by the Curie-Weiss model (Ellis, 1985): this first-order phase transition
is instead correctly simulated in the two-dimensional Ising model, whose complex
mathematical treatment made it solvable only later in 1944 by Lars Osanger (Onsager,
1944). Furthermore, the two-dimensional Ising model correctly predicts some other
physically measurable quantities for ferromagnetic materials, known as critical exponents,
because its nearest neighbors interaction looks like to be more similar to the expected short
range interaction that occurs in quantum mechanics phenomena, whereas the Curie-Weiss
model “total interaction” of the internal spins produces incorrect results for such exponents

(Huang, 1987; Baxter, 1982).

Although the one and two-dimensional Ising models are exactly solvable models, up to now
at higher dimensions analytical solutions have not been found yet. For this reason, a very
important tool to explore the properties of such models is the mean field theory (known
also as self-consistent field theory), an approach that analyzes the behavior of large and
complex stochastic models by studying a simpler model. According to this perspective,
already the Curie-Weiss model can be seen as a mean-field version of the Ising model
(Bovier, 2006), as we have seen that in this case the nearest neighbors interaction is
replaced by a more general interaction among spins. Moreover, both the Curie-Weiss model
and the Ising model can be treated through the so-called mean field approximation
(Nishimori, 2001; Evans, 2006), a mathematical artifice that reduces the internal interaction
of the spins (in any way this interaction has been defined) to an external mean field,
eventually merged to an already present external field. Such approximation makes the
models more easily treatable from a mathematical point of view and paves the way to the
proof of the so-called consistency equation which — as it will be shown later — is embodied
in both models. The first scientists who attempted in some way to introduce such artifice
were British physicists William Lawrence Bragg and Edward John Williams who introduced

the so-called Bragg-Williams approximation in 1934 (Bragg & Williams, 1934).

In the following paragraphs, we present the Curie-Weiss model and the one-dimensional
Ising model. Moreover, we derive through a mean field approach the so-called consistency
equation, which arises in both models. Eventually, we outline an inverse problem related to
the Curie-Weiss model and we provide the reader with some theoretical and computational

attempts which have been pursued for its investigation. It is worth to notice that in our

10



treatment - differently from other authors - the inverse temperature (usually indicated with

T ) will be included in the parameters of the model and not explicitly specified.

More extensive descriptions of the Curie-Weiss model and its relation to the Ising model
can be found in (Thompson, 1979; Baxter, 1982; Ellis, 1985; Chandler, 1987; Huang, 1987;

Parisi, 1988; Simon, 1993; Nishimori, 2001; Bovier, 2006; Bolthausen & Bovier, 2007;
Mézard & Montanari, 2009; Talagrand, 2010)
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2.1 Mathematical definition of the model

We consider a subset m O 9 of a Qdimensional lattice, containing . sites.
In each "@Qite (with "Q p8 0), we assign a variable — named spin ,, — which can assume
the value + 1 or — 1: we call ¥ the whole configuration space, defined as ¥ ph p

A spin configuration is an element of ¥ and represents one possible set of O spins states
(physically speaking, this is what is observable in a given time), so that I

Moreover, a pair of sites "Q"®akes the name of bond, whereas a given set of bonds will be
denoted by 0; as it will be shown later, the choice made over the set of bonds will be
crucial  to  define  the  mechanical  statistics model under our lens.
Anyway, given a whatever set of bonds, we assign an interaction energy U, , to each
bond in the set &, where U is a parameter known as coupling constant. This interaction
energy is then Uif the states of the two bonded spins are the same (i.e. if ,, » ) and O
otherwise: in case of same sign spins, the interaction energy is therefore lower if O TU
Aside from mathematical considerations, physical evidence regarding magnetism phenomena
confirms that same sign spins bonds are more stable, requiring less energy; in case of
interaction, spins thus tend to be oriented in the same direction. This positive interaction
can lead to macroscopic magnetism (ferromagnetism) and into this framework 0 is called
ferromagnetic interaction constant: if taken negative, it is on the contrary called anti-

ferromagnetic interaction constant.

fl

Aside from spins interaction, each Q
site can be thought to have already

have its own energy of the type "Q

where ™Q is an external field

(physically, the so-called Zeeman

energy in magnetism). Again, if , is

aligned to the field "Q it gives a lower

energy contribution.

Example of subset m O ¥ | taken

from a 2-dimensional lattice.

Pointing up and down arrows represent

T — T e e
-

:
i
1
1
}

e — — ———
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spins whose value can be +1 or -1
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Putting together the energy due to bond interactions and the energy due to an external
field, the total energy of the system can be therefore expressed through an Hamiltonian

function, depending from a certain spin configuration Q:

"O G l,) n o ’Q » (2.01>

The latter function is also known as configurational energy. In the following passages, we
assume the parameter U to be positive. The particular case 0 T, which does not consider

interaction, is known as ideal lattice gas of non-interacting particles.

The physical evidence invoked above for energy minimization has also fostered a usual
statistical mechanics approach where we assume as probability distribution for a certain
spin configuration A — given an Hamiltonian 'O {d expressing the energy of a system — a

particular type of probability distribution, known as Boltzmann-Gibbs distribution:

. Q a
v a -
R (2.02)

where (0 is a normalization factor known as partition function and defined as:

@ Q
' (2.03)

If we now consider a subset ¥ O ¥ of a one-dimensional lattice and we define & as a set of
bonds containing only pairs of nearest neighbors sites, we can rewrite the Hamiltonian

function as:

° a v, ., (2.04)

The Hamiltonian O a defines the one-dimensional Ising model (Ising, 1925) and — as
stated above — explicitly embodies a nearest neighbors interaction: we can note this by
observing the first summation term containing at each time only ,, and ,, . However,
spins at sites ‘Q p and "Q 0 lack of neighbors: to avoid such issue, the simplest way is by
considering our model on a circle, that is imposing , » — a periodic boundary
condition (Bovier, 2006).
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A mean-field version (Bovier, 2006) of the one-dimensional Ising model is obtained
modifying the set 6 and opening it to all possible pairs of sites. Doing that, the nearest
neighbors interaction is replaced by a total interaction among spins and the Hamiltonian

defining such systems now becomes:

" v .
o a y .. o, (2.05)
h

The Hamiltonian "O A defines this time the Curie-Weiss model and the choice of using
a parameter U scaled by 0 is done to avoid the configurational energy taking values higher

then 0 0 , for extensiveness bounds (Bovier, 2006).

2.2 Empirical magnetization and site magnetization

A macroscopic variable associated to both one-dimensional Ising and Curie-Weiss model is

a Q, the empirical magnetization of a given spin configuration , defined as:

" (2.06)

With the term site magnetization, expressed as Q, Qit is instead indicated a particular type
of average, named thermal average, which is computed for a generic spin , through the

Boltzmann-Gibbs distribution introduced in equation (2.02), as:

' (2.07)

In the next paragraphs, we will always refer to average operators based on such kind of

probability distribution only through angle brackets a0

Since in a given spin configuration all sites are equivalent and the system is
translationally invariant (being it previously defined on a circle, for periodic boundary
conditions), we have @, O @, O E @, OThis invariance can be exploited to prove that

the site magnetization is equivalent to the thermal average of the empirical magnetization.
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In fact we can state that:

A oA P A A
GO 5 0 (2.08)
The second term of the equation (2.08) can be thus rewritten as:
P .
5 » b0 4a (2.09)
which leads to the following expression:
a ad a @ ao
" (2.10)
Combining equation (2.08), (2.09) and (2.10), the relation
@ ao g0 (2.11)

trivially holds for each 'Q pF8 R .

2.3 The mean-field approximation and the consistency equation

As mentioned above, a way to attack the Curie-Weiss model is the so-called mean-field
approximation: we adapt here passages given in (Nishimori, 2001; Evans, 2006; Contucci &

Giardina, 2012) to prove the consistency equation for the Curie-Weiss model.

Instead of looking at the entire Hamiltonian function, we now consider all the contributions

given only by a certain spin ,,

. 0 "
c a 7 . 0 (2.12)

15



The mean-field approximation applied to this contribution works by considering the
empirical magnetization — introduced above in the equation (2.06) — and renaming it equal

to a constant U (an average field which is caused by the other spins ,, ’s), so that:

p . (2.13)
- » v
V]
Substituting 0 into equation (2.12), we have a new Hamiltonian function "O .  this
time depending only on ,, :
O » 0,0 Q , VD Q (2.14)

The terms into brackets can be shortened in this form:

VO Q 0 (2.15)
as if the spin , would be under the effects of only one external “mean” field Q | so that
the equation (2.14) becomes:

(O] " (O (2.16)

If we look now at the entire Hamiltonian function, we therefore have:

2.17
O a O " 217

Furthermore, the quantity 0 (equation (2.13)) has to satisfy the following auto-

consistency condition:

. . 2.18
b 03 6 @ ao (2.18)

Here, the thermal average has been computed according to mean-field Hamiltonian.

At this point, we start working on the Boltzmann-Gibbs distribution as defined in the

equation (2.02). For the previous Hamiltonian function O 4, it holds:

i 0 a (2.19)
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This Boltzmann-Gibbs distribution can be equivalently written explicitly exploiting the

equation (2.16) and then factorizing the summations terms:

. QB B Q (2.20)
0 a
B. Q° B. B Q
If we operate over the denominator of 0 a, exchanging the summation with the
product, this leads to:
. B O . (2.21)
0 a v .
B B Q
where . Q Q
U ”
5 o o o (2.22)

meaning that the Boltzmann-Gibbs probability distribution 0 a factorize. We will

exploit such results straightaway, applying it to the site magnetization §, o .

In fact, if in this mean field model we focus again only on a spin ,, , its site magnetization

8, O will defined according to equation (2.07) and (2.21):

A - . (2.23)
Q O ,0 d . o,
" 8
In equation (2.23), if we highlight the term 0 » , We can rewrite the summation in
the following manner:
g O o ., L0 (2.24)
8

Now, splitting equation (2.24) into two factors and exchanging the summation with the

product, we obtain:

9 O 0 ., , 0 ., (2.25)
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Considering that the first factor of equation (2.25) is equal to one (in fact,

B 0 » pH "Q p8 0 ), the site magnetization therefore becomes:

8 O G (2.26)

q O
9, = 5 ° o (2.27)

The latter expression of exponential functions can be shortened as hyperbolic tangent
function, so that equation (2.27) becomes:
90 odeQ (2.28)
Recalling equations (2.15), (2.18) and the relation given in equation (2.11), we eventually
obtain:
@ a0 o ad Q (2.29)

We now consider equation (2.28) in the thermodynamic limit, that is for 0 © Hy applying

a limit to both its members:

I Eh a0 1 Eddgewm a0 Q (2.30)

This thermodynamic limit exists (Bovier, 2006; Gallo, 2008) and leads to the result of this

paragraph, the so-called consistency equation for the mean field model:
a 0 R4 Q (2.31)

where @ takes name of average magnetization'.

! The average magnetization takes also name of spontaneous magnetization with a vanishing external field (i.e. for
QO 1 (Mézard & Montanari, 2009).
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As final consideration we draw over the equation (2.31), we stress that, in analogy to what
it has been outlined above, it is possible to prove the same consistency equation also for the

Curie-Weiss model.

2.4 An inverse problem arising in social phenomena modelling

As outlined at the beginning of this chapter, the Curie-Weiss model has risen interest
outside its strict employment in describing physical phenomena, finding applications also in
the framework of economic and social phenomena modelling: in such context, it may be
used to model a unique population of individuals which interact each other in an uniform
way. According to such perspective, in (Burioni, Contucci, Fedele, Vernia & Vezzani, 2014)
the Curie-Weiss model has been employed to provide forecasts for health screening
campaigns, given an empirical dataset containing anonymized information regarding the
participation willingness of O women (0% p T) to cancer screening tests organized by the
Local Health Authority of the municipality of Parma, Italy. The study results to be of
particular interest in order to introduce an inverse problem related to the Curie-Weiss
model: for this reason, we now offer a brief account of the some features beneath (Burioni,
Contucci, Fedele, Vernia & Vezzani, 2014).

As internationally recognized by the medical community, screening activities are a very
important tool to prevent the spread of cancerous diseases, since the high rate of success in
curing early-stage patients and the lower social costs connected in avoiding treatments of
diagnosed patients. For these two reasons, screening activities have to be encouraged in
many ways, making the public opinion aware of the importance of prevention in the health
care field. Thus, how to foster such activities? Which is the best way to spread screening
prevention in a population of women? Does it turn out to be more important to have a
testimonial, maybe a celebrity who could publicly endorse a campaign aimed to support
screening activities? Or in reality does it occur that most of the women who decide to take

part to screening activities are influenced by other women closer to them?

As it can be seen, it is easy to find an analogy between the behavior of a group of women in
front of the decision of taking part to screening activities and that one of magnets whose
magnetic spins can be ether influenced by the interactions with other magnets or be mainly
oriented by an external field. Translated in statistical mechanics terms, if the dynamics

occurring within this group of women was pictured through a Curie-Weiss model, it would

19



be interesting to investigate which mechanism is prevailing, i.e. if it is higher the role of 0

(internal interaction) compared with that one of "Q(external interaction).

In the bid of replying to such question, it is possible to project the empirical dataset we
mentioned above as an ensemble of spins, whose signs p depend on the positive or
negative reply to the participation of the screening activities: basing our analysis on this
framework, we observe a unique configuration of spins coming from a Curie-Weiss model
and the inverse problem to attack becomes then extracting from such configuration

information about Uand "Q

The following paragraphs will describe the theoretical and computational attempts moved
in solving such inverse problem, starting from the consideration of a more general case
when one may observe several configurations of spins: however, in this context the
experimental bound of a unique configuration of spins remains well-posed since the high

difficulty in collecting such kind of data.

2.5 The multi configurations problem

In (Fedele, Vernia & Contucci, 2013), authors treat the problem of reconstructing the
values of the parameters U (coupling constant) and "Q(external field) embodied into a Curie-
Weiss Hamiltonian — introduced in equation (2.05) — given a certain number of samples
made of U independent spins configurations A 8 A’ all distributed according to the
Boltzmann-Gibbs measure (equation (2.02)), where a generic spin configuration

, 8., .,Q pB M isan element of ¥ ph p

In order to tackle the problem, authors’ starting point is the average magnetization as
defined by:

I EGd a0 & (2.32)
We recall here that & Q0 has been introduced in equation (2.06). Moreover, the average
& Olequation (2.07)) has been computed according to a Curie-Weiss Hamiltonian. For the
average magnetization, the consistency equation holds, as already presented in equation

(2.30).
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If we derive equation (2.32), assuming that the passage of the limit under the derivative

sign is valid, we have:

L Eb@ a0

(2.33)

where the quantity ... (known as magnetic susceptibility) is obtained deriving equation

(2.30):

T a p a (2.34)

and

(2.35)

Combining equations (2.32), (2.33), (2.34) and (2.35), we can write the following relation
for U

P P (2.36)
AG , , G O,
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whereas the external field "Qis obtained by inverting the consistency equation:
0 OAl Bl Eh a0 ol Ek a0 (237)
Given a sample made of U independent spins configurations A 8 a’ , authors derive

two estimators for average magnetization and magnetic susceptibility at finite size,

following a maximum likelihood approach. They find:
p r e
— a q
o (2.38)

and

& ad & (2.39)
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Combing equations (2.36), (2.37), (2.38) and (2.39), we eventually write the estimators
for the parameters U and "Q that is:

o p p (2.40)
p a HU
and
0 OAT B 0 (2.41)

As final remark, (Fedele, Vernia & Contucci, 2013) shows that numerical tests considering
20 samples, each one containing a number 0 ¢ T T Tof spins configurations (with
0 p mmlead to the calculation of a set of estimators 0 HQ § p8 ¢ mwhose

arithmetical average show minimal difference with the parameters 0 and "Q

2.6 The mono configuration problem

The problem we want to attack is similar to that one outlined in paragraph 2.5, though
here we have a stricter constraint, due to the experimental reasons outlined in paragraph
2.4. In fact, we are bounded on the analysis of a unique sample (that is 0  p), only
containing unique spin configuration ., 8, with0 p mmm spin cardinality in

agreement with (Burioni, Contucci, Fedele, Vernia & Vezzani, 2014).

The necessity of artificially recreating a higher cardinality of spins configurations in order
to exploit the inference methods shown in (Fedele, Vernia & Contucci, 2013), has led to the
exploration of bootstrap or jackknife techniques (Efron, 1979), which are usually
implemented in suck kind of context: the basic idea is to generate new spins configurations,
randomly sampling with replacement the original spin configuration . However, numerical

attempts based on such techniques have not led to any concrete result.

Another path which has been explored is a subsampling of the unique spin configuration

in analogy to the structure of a sample made of 0 spins configurations A 8 mat , each
one containing U spins, we imagine here to handle a sample made of 'Y subsamples
, BR 1 of the unique spin configuration , where a generic subsample ,

, Bh ¥ o pM AYcontains O spins. Moreover, we impose that the relation 0 YD
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holds and that , FBH 1 is constructed to be a partition of the unique spin

configuration.

Likewise above, we can write two estimators for average magnetization and magnetic

susceptibility at finite size, based on the sample 8 h, 1
, p ,
a v 9 > (2.42)
and
A0

a a (2.43)

Similarly, equations (2.42) and (2.43) lead to an estimator for the parameter U

p

P (2.44)
p & A

0

whereas a similar equation to (2.41) can be drawn for Q

However, also this approach has proved to be unfruitful: inferring the parameters 0 and "Q
over a certain number of random samples made of Y subsamples of the unique spin
configuration  has not led to any reliable result, even exploring different values of Y in

agreement with the previous bound we set.

The difficulties arisen with the previous attempts — despite the manifest analogy with the
methods implemented in (Fedele, Vernia & Contucci, 2013) — have directed to the

definition of an optimal procedures of subsampling.

More explicitly, an optimal subsampling procedure can be stated as a minimization of the
absolute error committed in predicting 0 through U over a set called § , holding all the
possible partitions of the spin configuration . 8, , given the above shown

constraint 0 Y3 :

[ ED O (2.45)
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The ultimate goal of such approach is to study the optimal solutions one may find for the
equation (2.45), that is those samples which are partitioned in a way that enables a correct

reconstruction of the parameters 0 and "Q

2.7 The Harmony Search algorithm

Since the high? cardinality of the set B , the implementation of computational statistics
methods seemed the natural framework to attack a problem definitely based on
combinatorial optimization. In specific, a particular kind of meta-heuristic model -
Harmony Search algorithm (HSA) — has been applied to explore optimal solutions to the
stated problem. This decision has been taken for its versatility of approach in exploring
very different problems requiring optimization over extremely numerous sets (Geem, Kim &
Loganathan, 2001; Geem, 2009; Geem, 2010).

Now, we give a description of the algorithmic design implemented to solve the problem
stated in equation (2.45). HSA starts with the creation of the Harmonic Matrix, a
3 Y p matrix containing “Yelements of § , that is "Ysamples made of Y subsamples of
the unique spin configuration » 8, .Inthe Y p th column the harmony values
are stored, i.e. the images of the 3 elements of B  through a proper fitness function, which
has to be defined ab initio’. Worth to note, both the 3 elements of § and their related Y
subsamples are created through a random process simulating uniform sampling from the

unique spin configuration

After its creation, the Harmonic Matrix is sorted according to the column of the harmony
values; then a new sample made of Y subsamples of the unique spin configuration

» 8 , iscreated in two possible ways which are described below.

With a probability equal to | , this new sample is randomly created in the same way as

the previous “Yelements of § embodied into the Harmonic Matrix.

With a probability equal to p R, this new sample is randomly picked up from a set

containing only the first 8 % of the "Ysamples — ordered according to their own harmony

> Due to the constraint 0 YD, §§ Sdepends on the factorization of 0. If 0 is not prime, §§ Sl 0: for
instance §§ S§ p Malready if we consider 0 pTand$H $ p mfor 0 ¢ ™
3 We will explicitly define the fitness function in paragraph 2.8.
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value — of the Harmonic Matrix. In this case, the new sample is then slightly modified
through a process of shifting: the @ % of the elements of each subsample (belonging to the
new sample) randomly migrates from one subsample to another, in a way to differentiate

the new sample from its initial structure.

Through this two different ways of creating new samples, HSA guarantees both a wide
range of variability in the search of the optimal solution, both the exploration of locality for

already existing samples embodied into the initial Harmonic Matrix.

In fact, after the creation of a new sample, HSA evaluates its harmony value and if such
harmony is higher with respect to that one belonging to the worst (always in terms of
harmony value) sample already embodied into the Harmonic Matrix, a process of
substitution between the two samples occurs. After that, the Harmonic Matrix is sorted

again according to the column of the harmony values.

This process of creation of new samples and their evaluation and eventual insertion into the
Harmonic Matrix is iterated for a number of times, called cycles of HSA. At the end of the
iteration process, the optimal solution is considered to be the sample showing the best

harmony value in the Harmonic Matrix.

2.8 Numerical experiments

In order to test the algorithm, the fitness function has defined as exactly equation (2.45),
that is we have considered a benchmark problem, embodying in the fitness function itself
the value of 0. In this case, HSA has proved to be very affordable algorithm: several
numerical tests (based on different values of the parameters 0 and "Q have shown that HSA
was always able to find a partition of the spin configuration , 8, withd pmrmm
whose U differed on average from U for less than 0.1%. Moreover, the search routine was not
time-consuming at all: considering that all simulations have been performed on a eMachine
E525 with a Celeron processor Dual-Core CPU (T3100 @ 1.90 GHz, 1.90 GHz) and
processed through Matlab language (version 7.9.0 R2009b at 32bit), the process of search

has required on average less than 20 seconds.

Worth to note, the number "Y of samples embodied into the Harmonic Matrix, the

probability i of choosing between the two possible ways of creating a new sample, the
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parameters tuning the modification of already existing samples (6 and 0 ) and
eventually the number of cycles to be performed in the iteration process may be set in
different ways, affecting the speed of the algorithm and its convergence to optimal
solutions. Numerical simulations — in agreement with (Geem, 2009) — have suggested that
the following setting "W} M Fo p VA, T seemed the best ensemble of
parameters to produce valuable results in terms of the optimality defined by the previous

fitness function.

The good achievements reached in solving the aforementioned benchmark problem have
pushed towards the definition of an optimal subsampling procedure based on a fitness
function not embodying this time the parameter U, in order to solve the problem stated in

equation (2.45).

Investigations made over the optimal solutions obtained by HSA for the benchmark
problem has anyway shown that equation (2.45) appears to be a very difficult problem to
attack: sometimes minimal differences between samples determine huge changes in 0, the
estimator of the parameter U. From another perspective, this phenomenon gives reason to
the fact that occasionally minimal changes (in the order of p Tt ) in the value of A the

estimator of the magnetic susceptibility, produce a class of very different 0.

In order to define a new fitness function for HSA, it has seemed reasonable that an optimal
sample may be built up of 'Y subsamples which were the most possible intrinsically
independent. Such supposition has directly led to the idea of defining a function of

covariance for the Y subsamples, defined by a 0 0 covariance matrix 6.

Given the possibility of computing such a covariance matrix 0 for each element of B , we
have explored several possibilities of introducing a metric able to determine distances

between two or more elements of § .

Among many possible definitions, the so-called Férstner-Moonen measure (Forstner &

Moonen, 1999) has seemed a suitable choice:

Q6 B ad 6 (246)
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where 6 and 6 represent two covariance matrices and the "Qigenvalue _ 6 9 s

coming from the equationS 6 6 S T

However such kind of measure has not been implemented since dire problems raising from
the eigenvalues calculation. In fact, the covariance matrices associated with the elements of
B contain on average a considerable number of elements very close to zero and show no
clear structure, so that a correct eigenvalues calculation has resulted almost impossible to
carry out, even applying different algorithms of eigenvalues calculation (i.e. Cholesky

factorization, Arnoldi iteration) (Arnoldi, 1951; Horn & Johnson, 1985).

Another alternative function of covariance has been introduced, this time relaying on a

scalar number defined as:

0 F (2.47)

where O | represent the "@Q element of the covariance matrix.

Numerical simulations designed to predict the parameter 0 have shown that no clear
pattern is exhibited if the HSA fitness functions is defined as in equation (2.47) and the
results continue to be unstable and very sensible to initial conditions for different values of

the parameter U.

Nevertheless, a small modification to equation (2.47), that is defining it without the

absolute value:

0 5 (2.48)

leads to the appearance (figure 2.01) of a clear decreasing pattern for U estimator of the

parameter 0.
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Figure 2.01 Prediction of the parameter 0. On the horizontal axis, we find the cycles of HSA, whereas
on the vertical axis the prediction error measure U 0 in percentage terms is represented. The graph
illustrates the results of a numerical experiment where the parameters 0 P& and 'Q T®. The
sample associated with the best prediction of the parameter U was found at cycle 238 and showed a

percentage error equal to 0.2%.

Several numerical experiments as that one shown in figure 2.01 have proved similar
decreasing pattern for a wide class of values associated to the parameters 0 and "Q Also in
this case, computational time were quite satisfying (on average lasting less than one
minute) taking into account that such experiments were launched on a Sony Vaio with an
Intel Pentium processor Dual-Core (B950 @ 2.10 GHz, 2.10 GHz) and processed through
Matlab language (version 7.9.0 R2009b at 32bit).

However, aside from the hint given by the pattern found above, the problem still remains
open. In the current framework, the quest for a "stop criterion' (i.e. a procedure able to
identify a suitable number of cycles of HSA for a given spin configuration ) may be

implemented as it would represent a key to solve the problem stated in equation (2.45).
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Chapter 3

A statistical mechanics model concerning

immigrant integration

After having given an outline of the Curie-Weiss model in the previous chapter, here we
focus on a related model presented in (Barra, Contucci, Sandell & Vernia, 2013), always
grounded on statistical mechanics methods but this time centered on describing social
rather than ferromagnetic phenomena. To be more explicit, the model explores social
phenomena through the description of interacting systems behaviors occurring in a given
topology, that in a certain way model the concept of integration which may arise within a
certain type of mixed population. For the sake of clarity, hereunder we provide the reader
with some information which we deem essential to offer a first theoretical picture of the

model, before deepening into more technical details in the following paragraphs.

First of all, as mixed population we imagine a set of 0 individuals which — in a given time —
can be partitioned according to two opposite characteristics: individuals being immigrant
and individuals being native, where we imagine natives to be a major subset of the
population consisting of individuals sharing the same (dominant) citizenship. For social
phenomena of integration, instead, we refer to social facts as mixed marriages (i.e.
marriages involving an immigrant and a native) or mixed newborns originated by a mixed
couple, that is a pair of individuals always formed by an immigrant and a native but not

necessarily married.
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Given these social phenomena, the model we consider is aimed at describing a scenario
where mixed marriages or mixed newborns can be the possible results of two different
modalities in which an individual may choose and act. In particular, an individual
(whatever being native or not) may take a choice over the idea of marrying a native or an
immigrant in an independent way (i.e. choosing by himself, without being influenced by
other people) or he may take the same decision because of the influence that is exercised
over him by other individuals of the population. The model is therefore intended to embody
these two fundamental characteristics: it has to give reason of individual choices when these
ones are assumed in total independence, along with classical discrete choice theory
(McFadden, 2001), or when such choices are assumed through peer-to-peer interaction,
when imitation among individuals is instead the dominating factor. The latter case is
known in sociology as social action and its paramount importance in affecting social
phenomena was highlighted by a classical sociologist like Max Weber!, already almost one

century ago (Weber M., 1922).

It is manifest that such a model resounds of the theoretical structure the Curie-Weiss model
entails (chapter 2), in a way that is possible to draw a partial analogy between individuals
and magnets, social phenomena and ferromagnetic ones. Within such perspective, the model
is similarly based on an internal structure (microscopic theory) whose emergent social
behavior (macroscopic theory) aims to reproduce through probability measures the
aggregated choices of individuals over the aforementioned social facts (i.e. marriages and

newborns).
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