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Abstract: The design of a solid-state quantum processor is nowadays a hot research topic in micro-
electronics. Like the logic gates in a classical processor, quantum gates serve as the fundamental
building blocks for quantum processors. The main goal of the present paper is to deduce the matrix
of the main one- and two-qubit quantum gates from the Schrodinger equation. The mathematical
formalism is kept as comfortable as possible for electronics engineers. This paper does not cover
topics such as dissipations, state density, coherence, and state purity. In a similar manner, this paper
also deals with the quantum nature of a quantum processor by leveraging the concept of a finite-state
machine, which is a background notion for any electronics engineer.
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1. Introduction

Despite the traditional dominance of a hydrocarbon-based global economy, the first
two decades of the XXI century witnessed a substantial influence of information technology
on the geopolitical scale. According to the Forbes survey of June 2023, three out of the
top five global companies in terms of market capitalization (MCAP) operate within the
information and communication technology (ICT) sector, with a collective consolidated
MCAP of about USD 6300 billion [1]. One company only, positioned third in the ranking
with an MCAP of about USD 2000 billion, operates in the field of fossil energy resources.
The fifth company is involved in the field of online retail, with an MCAP of about USD
1100 billion.

The dawn of the silicon-based digital information era can be conventionally marked
in 1971, with the release of the first commercial poly-silicon gate, self-aligned MOSFET
microprocessor [2]. Since that year, the strong synergy between microelectronics and
computer science has fundamentally reshaped the technological landscape.

Data and artificial intelligence (AI) are the main drivers of actual information technol-
ogy. Al algorithms, in their various flavors, are only a side of the equation. The other side
is specialized Al chips (e.g., neuromorphic processors), tailored to specific software and
business requirements. In this area of Al-oriented microelectronics, quantum processing
units (QPUs) are gaining increasing interest. Indeed, they enable the actual execution of
quantum algorithms. These algorithms, leveraging the laws of quantum mechanics (QM),
pave the way to efficient solutions of mathematical or optimization problems, which, due
to their non-deterministic polynomial nature, are not attackable even by the best classical
algorithms, because the solution time or the required resources increase exponentially with
the problem size [3]. This is exemplified by the world-famous Shor algorithm for prime
number factorization [4]. Quantum algorithms offer the possibility to speed up calculations
that would require a prohibitive amount of time using a classical approach. For instance,
the Harrow-Hassidim-Lloyd (HHL) quantum algorithm promises exponential speed-ups
in solving linear equation systems [5]. In 2023, the historical company Rolls-Royce signed
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agreements with ICT companies to develop quantum algorithms aimed at addressing the
notably hard differential fluid dynamic equations crucial for the design of efficient avionic
turbojet engines [6]. Quantum algorithms also hold the potential to speed up Al software
technologies like deep learning and machine learning when applied to massive datasets [7].
It is worth noting that quantum algorithms can be emulated on traditional microprocessors
but at the cost of a significant loss of efficiency [8]. Consequently, major players in the ICT
sector, including IBM [9-13], Honeywell [14], Intel [9,15-18], Google [9,19-21], IonQ [22,23],
and Rigetti [24], are investing significant efforts in gaining expertise and capabilities to
fabricate their own QPU. Figure 1 shows that these endeavors have led to an exponential
increase over time in the quantum bits (or qubits), the quantum counterparts of the tradi-
tional bits, hosted in a single QPU. The IBM roadmap envisions a QPU with 4158 qubits in
the near future and approximately 100,000 qubits in the next decade [25]. Regardless of the
more or less rigorous definition of quantum supremacy, a 100,000-qubit QPU is estimated
as a landmark for the addressing of engineering problems of practical relevance.
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Figure 1. Number of qubits in a single QPU versus time [9-24].

Any two-state quantum-mechanical system can encode a qubit. Examples include the
presence/absence of charge in a couple of quantum dots (QDs) (charge qubit) [26], the spin
orientation of an electron confined in a QD (electron spin qubit) [27], the presence/absence of
a Cooper pair in a superconductive island (transmon qubit), the clockwise/counter-clockwise
current flow around a superconductive loop (flux qubit) [28], or the ground/excited states of
a radio frequency (RF)-trapped ion (trapped ion qubit) [29]. All these qubits need to work
at cryogenic temperatures to preserve their quantum properties. Figure 1 reveals that the
superconductive qubit is the current predominant choice. Often fashioned as transmons,
superconductive qubits offer several compelling advantages, including lower sensitivity to
charge noise, greater tolerance against fabrication variations, engineerable properties, and
compatibility with the current complementary metal oxide semiconductor (CMOS) micro-
electronics manufacturing processes. The size is the main drawback of the transmon qubits.
Essentially, a transmon is an anharmonic oscillator designed with capacitors, inductors, and
Josephson junctions acting as a non-linear inductor. Because of all these inductors and capaci-
tors, transmons exhibit a footprint that is orders of magnitude larger than that of QDs. On the
other hand, charge qubits offer both small footprints and CMOS compatibility, but they suffer
from a sensitivity to charge noise. Lower sensitivity can be achieved by magnetically coupling
the qubit, as in the case of the electron spin qubit, which also offers small footprints and
CMOS compatibility. The drawback of the spin qubit is a slower operating speed compared
to the charge qubit, mainly because the magnetic coupling is weaker than the electric one [26].
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Here, it is worth remarking that, in light of Figure 1, the IBM prediction of achieving a
100,000-qubit QPU by 2033 may sound excessively conservative. The exponential trend in
Figure 1, with its slope of about 1dec/2 years, could indicate that this milestone could be
achieved in about 4-5 years from the present. The necessity for the individual addressing
of each qubit within the QPU may partially support this conservative position.

The current practice, widely adopted in several research labs, involves generating the
control and readout signals using off-QPU room temperature circuitry. This approach is
conceivable only for a limited number of qubits. When dealing with a large number of qubits
(e.g., 100,000), it is mandatory to envisage a solution based on a chipset constituted by, at least,
a quantum chip for the QPU and a classical chip for the control and readout circuitry. The
classical chip should stay as close as possible to the QPU. It should thus operate at cryogenic
temperatures. Moreover, the number of cables connecting the quantum microprocessor to the
classical microprocessor running the software should be kept as low as possible.

In this perspective, CMOS integrated circuits offer a promising solution, as Reilly
suggested in 2015 [30] and Charbon investigated in 2017 [31]. Presently, several high-tech
companies are investing in cryogenic CMOS integrated chipsets for their quantum mi-
croprocessors [32]. Consequently, they also share the need for electronics engineers for
the design of cryogenic CMOS chipsets. This situation is reminiscent of the early years of
the XXI century, when the proliferation of radio frequency mobile devices for telecommu-
nications induced the need for radio frequency integrated circuit (RFIC) designers. The
above-presented overview emphasizes the dynamic nature of the field, necessitating a quan-
titatively and qualitatively more advanced migration of quantum concepts from physics
to electronics engineering. The fundamentals of electron devices for electronics engineers
typically do not require systematically resorting to QM. Once the origin of the conduction
and valence bands is explained by means of the simple 1931 Kronig-Penney model and the
Fermi-Dirac statistics are introduced, QM concepts are no longer necessary. However, this
is not the case for electronics engineers in charge of designing cryogenic CMOS chips for a
quantum microprocessor. These cryogenic circuits should control and read out devices that
are intrinsically single quantum objects, not reducible to a semi-classical collective behavior.
To design them effectively, electronics engineers need to grasp quantum physics concepts
and communicate effectively with physicists. In the current early development phase of
quantum computing hardware, a close and rigorous collaboration between physicists and
electronics engineers is indeed mandatory, similar to the cooperation that occurred in the
fifties and sixties of the past century during the growth of microelectronics [33,34].

The aim of the present paper is to introduce the fundamental components of a QPU,
specifically the quantum gates, using a mathematical formalism as accessible as possible
for electronics engineers. Section 2 addresses the nature of a quantum microprocessor
by leveraging the notion of a finite-state machine, a concept familiar to electronics engi-
neers. Section 3 introduces the Bloch sphere together with other generalities about a qubit.
Section 4 focuses on the physics of the single-electron-spin qubit and Section 5 deduces the
main one-qubit quantum gates. In the same way, Section 6 addresses the physics of the
two-electron-spin qubit, and Section 7 deduces the main two-qubit quantum gates. The
electron spin qubit has been chosen, in virtue of its potential as an attractive option for
future QPUs, given its advantages such as lower charge noise sensitivity, a small footprint,
and compatibility with CMOS technology. Here, it is worth reminding the reader that
the electron spin qubit was the first qubit suggested for quantum computation in 1998 by
DiVincenzo [27]. Charge qubits have been ruled out as they currently appear less appealing.
Superconductive qubits and trapped ion qubits have also been excluded, despite their
presence in Figure 1, due to their more complex mathematical treatment, which does not
well fit the goals of the present paper. Section 8 reports on the Deutsch quantum algorithm
with the aim of giving evidence that a quantum microprocessor may speed up the solution
of mathematical problems. Eventually, Section 9 ends the paper by summarizing key points
and by drawing some conclusions.
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2. On the Nature of a Quantum Microprocessor

From a general point of view, a microprocessor can be described as a finite-state
machine whose behavior is controlled by a program that implements an algorithm. In the
case of a classical microprocessor, the machine state can be stored in a bank of latches, each
memorizing a single bit.

In the simple case of the four-state machine in Figure 2, this bank, and thus, the state
of the finite-state machine, can be mathematically represented as a vector. Meanwhile, a
matrix, dubbed the transition state matrix, describes how the state evolves over time after
the execution of each step in the algorithm. The entries of the matrix can be either 1 or 0.
Programming the machine means specifying the entries in the transition state matrix. For
each column, the sum of all entries should be 1, ensuring that the machine always has a
path to transition from its current state to a future one. For instance, the red dashed line in
the figure shows that the current state S; leads to the future state Sy4. It is worth remarking
that, for a finite-state machine, it is praxis to introduce the terms of current and future
states because the microprocessor is a clocked electronics system. In the frame of quantum
physics, it is more common to use the terms input and output state.

Current States

Future States
N
(@)
=

0 0 0
Ss=[al =8 se=|9
0 0 1

Figure 2. Transition matrix for a deterministic four-state microprocessor.
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The future state vector can be calculated by multiplying the transition state matrix by
the current vector state.
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Similarly, by assuming that S; is the initial state and that the algorithm ends after three
steps, one can calculate the final state Sgin,) by means of three products carried out from
the right to the left:
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Considering the deterministic nature of the final result, it is sufficient to execute the
algorithm only once to determine the output of the algorithm.

Now, let us shift the perspective slightly by interpreting the 1 and 0 values of the
entries of the matrix in Figure 2 as transition probabilities of 100% and 0%, respectively.
If you enter the matrix with the state Sy, you have a 100% probability (certain event) of
reaching the state S4 and a 0% probability (impossible event) of reaching any other state.
Under this probabilistic interpretation, Figure 3 shows that the entries of the transition
matrix can also assume fractional values while still fulfilling the constraint that the sum
of their values in each column should be 1. This means that the microprocessor evolves
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certainly from the current state to some future state, reachable with a given probability. The
finite-state machine therefore proceeds as a Markov process.

Current States

gis/0 1/2 0 1/8
5512 0 1/3 1/8
g;?a'l/z 1/4 1/3 0
<4

0 1/4 1/3 3/4
Figure 3. Transition matrix for a stochastic four-state microprocessor.

Using the example in Figure 3, the transition probability from the current state S; to
the future states S, and S; is 50% with a consolidated probability of 100%. Even when
the current state is certain, the future state is not deterministic. The future state vector is
therefore a vector of probabilities, with its entries summing to 1, indicating that the future
state of the machine is certainly one out of the possible four states.

Like the previous case, the future state vector can be calculated by multiplying the
current state vector by the transition matrix. Assuming that S; in Figure 2 is the initial state
of the microprocessor and that the algorithm ends after three steps, the final state Sgin,; is
as follows:

1/8 0 1/2 0 1/8 0o 1/2 0 1/8 1 23/192 0.120

1/8 1/2 0 1/3 1/8 1/2 0 1/3 1/8 0 _ 149/576 | ., [0.259 )
0 1/2 1/4 1/3 0 1/2 1/4 1/3 0 0 19/72 | = |0.264

3/4 0 1/4 1/3 3/4 0 1/4 1/3 3/4 0 103/288 0.358

Please note that the sum of all the entries in the probability vector for the final state
equals 1. As in the case in Figure 2, at the end of each algorithm execution, you observe
only one of the four possible states. Nevertheless, since the microprocessor behaves like a
random state machine, you cannot predict the output state. If you desire to observe the
output of the algorithm, that is, the final state vector in Equation (2), you need to run the
algorithm several times and calculate the resulting statistics. If the algorithm addresses
some specific problem, the most reliable solution is the one with the highest probability
state; for instance, the state S4 in Equation (2). A higher difference in probability among the
possible states implies a higher confidence in the achieved solution. In the simple examples
addressed above, Equations (1) and (2) show that the deterministic and the stochastic
algorithms yield the same solution. Nevertheless, in principle, the random algorithm may
offer solutions that are not conceivable with a deterministic algorithm.

The entries of the state transition matrix in Figure 3 are real-valued, classical probabilities.
Now, let us assume that they are complex-valued, as depicted in Figure 4. In QM, the complex-
valued entries are probability amplitudes, and according to the 1926 Born interpretation [35],
their squared modules represent probabilities. Consequently, the constraint on the entries is
that the sum of their squared modules should be 1 for each column.

Current States

{'5,4-[~0.3524/+ 0.0359j  0.6290 — 0.3030; 05198 —0.0076j  0.2036 + 0.2746;
1S, | 019891 0.0150j  0.2807 +0.5593j —0.0576 — 0.4693j 0.5779 — 0.1050)
{530 03541 -02112j —0.1506—0.1889j  0.1971+0.5831j  0.5994 — 0.1830j
| S41-0.7994%4 0.1603j  0.2409 —0.0675j  0.3407 —0.1063j  —0.3810 + 0.0134;

Future States

Figure 4. Transition matrix U for a quantum four-state microprocessor.

The matrix U in Figure 4 describes a quantum microprocessor. As for the matrix in
Figure 3, the above constraint guarantees that the microprocessor evolves certainly from
the current state to some future state, reachable with a given probability. The probabilities



Electronics 2023, 12, 4664

6 of 46

Srina = UUU S = UUU

[ 02596 —0.205)  0.3306 —0.109f  0.4538 — 0.3492j  —0.044 + 0.6631;
—0.016 — 0.1369f —0.1716 — 0.1268]  0.6743 4+ 0.4339]  0.5133 — 0.1702j
—0.1352+0.1664)  0.8948 +0.0864j  —0.0099 + 0.0336]  0.2503 — 0.2865j

| 0.8916+0.1754) —0.0537 +0.1494j —0.1182 —0.1184j 0.2804 — 0.2064j

[ 0.2596 — 0.205]

—0.016 — 0.1369
—0.1352 + 0.1664
| 0.8916 + 0.1754j

of reaching the future states S1, Sy, S3, and S4 from the current state S; are | —0.3524 +
j0.0359 12 22 0.1255, 10.1989 +j0.0150 1% = 0.0398, 10.3541 — j0.211212 220.1700, and 10.7994
+j0.1603 12 =2 0.6647, respectively, with an aggregate probability of 100%. Note that j is the
imaginary unit.

The final state Sgina) reached by a quantum algorithm still can be calculated by means
of matrix products. Still assuming that S; is the initial state and the algorithm envisages
three steps, Sginal is as follows:

1
0
0
0

®)

S O O

Also in the present case, the algorithm yields S4 as the solution to the problem be-
cause its probability of |0.8916 + 0.1754]'|2 & 0.8257 is the highest one. Here, it is worth
noting that, in the frame of the QM, the probability vector and the state transition matrix
correspond to the state vector |1) and the operator A, respectively [36]. Following John
Wheeler, in QM, an operator A can be considered as an engine that receives an input state
vector |1y) and generates an output state [\poyr) [37]. By adopting this physics lexicon,
Equation (3) should be commented on in terms of input and output states, corresponding
to the current and future state terms, respectively, in the electronics engineering lexicon.

For a better understanding of the nature of the quantum microprocessor, it may be
useful to compare the above description with the historical experiment involving fringe
patterns generated on a photographic plate by electrons passing through a double slit [38].
In this experiment, the same patterns were obtained by exposing a photographic plate, for
a short time, to an electron beam or, for a longer time, to single electrons. In the analogy
proposed here, each single execution of the algorithm corresponds to the launch of a single
electron through the double slit. The single electron strikes the photographic plate at an
unpredictable position, much like the outcome of a single algorithm execution. On the
other hand, the final fringe pattern corresponds to the final probability state vector in
Equation (3). The final fringe pattern results from averaging the positions where electrons
struck the plate after numerous single-electron launches. Similarly, the final probability
state vector is calculated by averaging across multiple single outcomes. This highlights that
the quantum microprocessor shares with QM the fact of being inductive with respect to
single events but predictive for collective events [39].

Although similar considerations could also be carried out for the stochastic micro-
processor in Figure 3, the relevant difference between the stochastic and the quantum
microprocessors is that only in Equation (3) can destructive interferences occur in the
various sums of products, because j2 = —1. On the other hand, in Equation (2), the sums can
only be additive, because the entries of the matrix are all positive, real-valued probabilities.
By referring to the double-slit experiment, since the pattern generated in this experiment
is equivalent to the output of the quantum algorithm, it is possible to conclude that, for a
given problem, there are solutions attainable (attainable patterns) only when probabilities
carry a phase.
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3. The Bloch Sphere

In his book, Dirac introduced the so-dubbed “ket” notation |) for the state vector [40].
So, for the four states in Figure 2, you can write |1;) =S; fori =1...4. For a qubit, which
exhibits two possible basis states, you can formulate the following:

) = ] @

=5 6

Unlike the classical bit, which can be in only one of the two possible states, in force
of the QM Postulates (see, for instance, [36]), the qubit can be in a state [), which is the
superposition of the two basis states 1) and [):

[9) = a(olyu) + B0l = (0 |g| + ) 1] = [540)] ©

where o(t) and p(t) are time-variant, complex-valued probability amplitudes. The QM
Postulates require also that | «(t)| 2+ | B(t) 1% = 1. With (t) and B(t) in the polar form, you
obtain the following;:

a(t) = ro(£)el®e®)

B(t) = rp(t)e )
Equation (6) takes the following form:

1) = ra (/PO o) + g (1) O gpy) )

Equation (7) can be split into two mathematical forms depending on the gathered
phase:

) = ) Ly (£) [9o) + 7 (£)e/[ PPty
) = &0 {ra(D)e OOl o) + g (6) )

Because of Euler’s formula )Y = cos(y) + jsin(y), the two above mathematical expres-
sions can be rewritten as follows:

|9) = e {ra (1) o) + (1) {cos [Py (t) — Pu(t)] + jsin[@p(t) — Pa(t)] } Y1)} ()

() = %O {r(t) {cos [@u(t) — @p(1)] + jsin[@a(t) = Pp(t)] Fo) +rp(H)[1)} ()
Since |12 + | B12 =1 should be true, Equations (8) and (9), respectively, yield
‘Wmﬁum2HWMﬁMm%M%m—%mhﬁﬂgm—%@W

= [ra(B)]* + |rp(8)]*{cos [@p(t) — Du ()] + sin [Dp(t) — Da(t)] }
) = [ra(0)ei® O]+ [rp()e® 0|
2
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O (O [cos[@a(t) — @p(1)] + jsin[@a(t) = By (6)] P+ e [r(e)
= [ra (t)[*{cos? [@q(t) — Dp(t)] +si2nz [Da(t) — <I>,g(tz)] }+[ra(t)]
= e +1rp(0)]" = |ra()e® O+ |rp()ef )]
= la(t) + ()] =1

2

where it is accounted that cos?(x) + sin?(x) = 1. From Equations (8) and (9), respectively, it
is thus possible to write

(1) 2 + |15 () [cos? [@p(t) — Pa(t)] + |rp(t)|*sin® [@p(t) — @u(t)] =1 (10)

1o (8) Peos? [ @ (£) — @p(£)] + [ra(t)sin? [@a(t) — Dp(t)] + [rs()P =1 (A1)

When z(t) = ra(t), x(t) = rg (t)cos[Pg (1) — P (t)], and y(t) = rg (t)sin[Pg (t) — P(t)] are
defined for Equation (10) and, in the same way, z(t) = rg(t), x(t) = ro(t)cos[ P (t) — Pp(t)],
and y(t) = r«(t)sin[ P (t) — Pp(t)] are defined for Equation (11), Equations (10) and (11)
assume the compact form x(t)? + y(’c)2 + z(t)? = 1, which describes a unitary sphere in the
three-dimensional Cartesian space (X, y, z), dubbed the Bloch sphere. On the other hand,
by remembering the relationship of the Cartesian coordinates with the spherical ones in
Figure 5 with r = 1, that is, x = sinfcos®, y = sinfsin®, and z(t) = cos0, for Equation (10),
you obtain the following:

x(t) = rg(t)cos [ Pp(t) — Py (t)] = sin[0(t)]cos[D(t)]
() = rp(D)sin [Dp(t) — B (1)] = sin[o(t) sin[@(1)
z(t) = ro(t) = cos[0(t)]
from which
ra(£) = cos[8(1)] (12)
rp(t) = sin[0(t)] (13)
(1) — Bo(t) = D(1) (14)

X

Figure 5. The Bloch sphere.
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Similarly, for Equation (11), you obtain the following:

x(t) = ro(t)cos [®y(t) — Pp(t)] = sin[(t)]cos[D(t)]
(E) = 1 (1)sin[@a (1) — B(1)] = sin[o(1) sinf(1)]
z(t) = rg(t) = cos[0(t)]

from which

ra(t) = sin[6(1)] (15)
rp(t) = cos[6(t)] (16)
a(t) — Dy(t) = (1) (17)

Equations (12)—(17) allow for writing Equations (8) and (9) by means of the angles 0
and &:

) = e {cos[0(£)][go) + sin[0(8) {cos|@(1)] + jsin @ (1)) )} = O {cos[o(t)][go) + sim[o()] D)} (18)

[9) = eI {sin[0(t)}{cos[®(t)] + jsin[®(£)]} o) + cos[6(t)][¥1)} = efq”“”‘){Sin[@(f)}e]<I> [$0) + cos[6 (t)]|¢1>} (19)

where the Euler formula has been applied again.
It is now worth noting that for 0 = 0, you obtain the following:

|9 = /% D]yy) (20)
) = P [ypy) (21)
while for =7/2, you obtain the following:
) = /PPy = )]y, ) (22)
) = el eIV gg) = PO+ ) (23)

Since the complex exponential multiplying the states does not impact the module of
the probability amplitudes, because their module is 1, Equations (20)—(23) suggest that the
possible states of the qubit can be described with 8 spanning the interval [0. .. 7t1/2]. On the
Bloch sphere, this can be accounted for by reformulating Equations (18) and (19) as follows:

1) = a%mﬁw(ﬁw>e@sm<ﬂwﬁ 1)

) = ej@;s(f){gfq’( )sin o(t )|l/JO> -+ cos b >|1/J >} (25)

The two angles 6 and & allow for representing all the qubit states on the Bloch sphere.

Equations (24) and (25) show that the qubit state vector is, in general, a complex-valued
vector, of which Equations (4) and (5) are special cases. In Dirac’s notation, the complex
transposed state is symbolized with (|, dubbed the “bra” [40]. So, for instance, the bras for
Equations (4) and (5) are as follows:

wdzﬁrzh 0] (26)
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=] ) @)

Itis straightforward to observe that (1; 11;) is 1ifi =j and 0 otherwise. Mathematically
speaking, the states 1) and |1{) are orthonormal with respect to the product (.I.).
Physically speaking, the two states are distinguishable.

Eventually, it is worth noting that the complex transposed of z | ) is ({ | z*, with z*
being the complex conjugate of the complex number z. As a consequence, when taking into
consideration Equations (26) and (27), the bra of Equation (6) is as follows:

(W] = (ola™(t) + (Y1 |B*(t) = [1 0] (t)+ [0 1]p*(t) = [a*(t) B*(t)] (28)

4. Physics of the One-Electron-Spin Qubit

In the semi-classical description of the atom, the electron revolves in a circular orbit
around the nucleus. It thus possesses an orbital angular moment L and, since it carries
charge, also an orbital magnetic moment p, = —gp qL/2m, where q and m are the charge
and the mass of the electron, respectively [36]. The term g is the electron orbital g-factor
about equal to 1. In their effort to explain the Stern-Gerlach experiment [36], in 1925,
Goudsmit and Uhlenbeck assigned an intrinsic spin angular moment S to the electron.
Here, it is worth quoting Uhlenbeck’s words from [41]: “It was then that it occurred to me
that, since (as I have learned) each quantum number corresponds to a degree of freedom of
the electron, the fourth quantum number must mean that the electron had an additional
degree of freedom, in other words the electron must be rotating.” In analogy to L and py,,
Goudsmit and Uhlenbeck associated an intrinsic magnetic moment pg with S [36]:

- _q2_ . q ( - — —>>

g = gSZmS_ me Sxx +Syy +Szz (29)
where gg is the electron spin g-factor, about equal to 2, and Sx, Sy, and Sy are the com-
ponents of S in a Cartesian reference system. Since the components of S are physical
observables, the QM Postulates (see, for instance, [36]) associate the operators Sy, Sy, and
S, with them:

. B[00 1
SX:z(l 0) (30)
. R0 —j
5Y‘z<j 0) G
. k{1 0
52:2(0 —1) (32)

where h is the reduced Planck’s constant and j is the imaginary unit. As in Figure 4,
Equations (30)—(32) describe the operators Sx, Sy, and S in a matrix notation. These
matrices are known as the X, Y, and Z Pauli matrices. The substitution of Equations (30)-(32)
into Equation (29) yields

o qh[0 1\> (0 —j\= (1 0\

fs = mezKl 0)* T\ o)¥ o —1)% (33)
where x, y, and z are the unitary vectors of the Cartesian axis. As in the Stern-Gerlach
experiment, you need a magnetic field to make the quantization observable. The potential

energy —ug-B is the total energy of an electron with an intrinsic magnetic moment ug,
confined in a QD, and in the presence of a magnetic field B. In virtue of Equation (33)
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and of the QM Postulates (see, for instance, [36]), to this energy corresponds the following
Hamiltonian operator H:

r_ S8MB (0 1\= 0 —j\=
A=t (5 o)5 (G 9)e

where By, By, and By are the components of B and up = qii/2m is the Bohr magneton.
Still after the QM Postulates, the electron spin qubit evolves in obedience to the following
Schrodinger equation:

ou(t) i
. . SUB Bz Bx _]B IX(t)
Jﬁ[agfpl - z{Bxﬂ'By ~B. y} [ﬁ(t)} )

where the state of the electron has been described after Equation (6). Equation (35) is
equivalent to the following system of differential equations:
%[Bza(t)'i_BMB(t) _jB%B(t)] (36)
8HB

aa(t)
j
{]ﬁ il £E [Bya(t) + jBya(t) — BB(t)]

The component B, is a DC large value By corresponding to the strong magnet used
by Stern and Gerlach to induce the spatial quantization. On the other hand, the other two
components By and By are time-variant and have an amplitude value of B; much lower
than By. In this way, you can write

(é _01> ?] (Ba¥ + By +B:7) (34

B, = By
By = Bjcos(wt) (37)
By = Bysin(wt)

Note that By and By describe a magnetic field rotating on a plane normal to the z axis.
The substitution of Equation (37) into Equation (36) yields

2 = SR () — 8 cos(wt) — jsin(wt) B(t) 38)
B = —j85E [cos (wr) + fsin(wh)]a(t) + 2 B(H)

The mathematical form of Equation (38) can be simplified by remembering the Euler
formula and by introducing the frequencies wy = gugBg/2hand w4 = gugBy /2h:

20 — —jewpa(t) — jwre T B(t) 39
o . (39)
B = —jwrea(t) + jwop(t)

The frequencies 2w, and 2w are known as the Larmor and Rabi frequencies, respec-
tively. The writing of Equation (39) in matrix form reveals the two frequencies —wg and
wp on the main diagonal, corresponding, respectively, to the two energy levels —hwg and
hwy exhibited by the qubit:

9u(t) I —w —wye 1M [a(t)
[aé;(it)] :]{wle?‘“t cldo } {5“)} 4o

A quantum of electromagnetic energy of frequency w = 2wy thus stimulates the transition
from one state to the other. The condition w = 2wy is known as the resonance condition.

For the initial conditions «(t = 0) = 0 and B(t = 0) = 1 and under the condition w = 2wy,
the solution of Equation (39) is as follows (see Appendix A):

|1P> — o jwot [e*jgsin(wlt)|lpo> + COS(wlt)|ll)1>} (41)
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A comparison of Equation (41) with Equations (24) and (25) shows that Equation (25)
is most apt to describe on the Bloch sphere the effect of the rotating magnetic field on the
state 11). The state vector of the qubit rotates around the x axis (¥ = —7t/2), as depicted
on the left in Figure 6, at an angular speed equal to the Rabi frequency 2w;.

-n/2 Y
X" 2w, X
In-phase carrier In-quadrature carrier
B, = B, B, =B,
B, = B,cos(2w,t) B, = —B,;sin(2w,t)
B, = B;sin(2wyt) B, = Bycos(2wyt)

Figure 6. Rotation on the Bloch sphere of the qubit state vector for an in-phase (on the left) and an
in-quadrature (on the right) carrier at frequency w = 2wy.

On the other hand, for the initial conditions «(t = 0) = 1 and B(t = 0) = 0, still under the
condition w = 2wy, the solution of Equation (39) is as follows (see Appendix A):

|p) = e~ jwot [cosw1t|l/;0) + Efj%smwlﬂlplﬂ (42)

In this case, Equation (24) well depicts the effect of the rotating magnetic field on [1).
Like Equation (41), Equation (42) also shows that the state vector of the qubit rotates around
the x axis ( = —7/2) at an angular speed equal to the Rabi frequency 2w;.

Let us assume a magnetic field with the following components:

B, = B,
By = Bycos(wt + ) = —Bysin(wt) (43)
B, = Bysin(wt + %) = Bjcos(wt)

The difference between Equations (43) and (37) is in the Bx and By components, with
Bx (By) in Equation (37) being in quadrature with By (By) in Equation (43).
The substitution of Equation (43) into Equation (36) yields

=

{ z»ﬁég) _ _]-a?ofx(t) + w [jsin(wt) — cosgwt)]ﬁ(t) (44)
2 = wq[jsin(wt) + cos(wt)]a(t) + jwop(t)

where the reader is reminded that wy = gugBy /2% and wq = gugB;1 /2. As for Equation
(40), the matrix form of Equation (44) highlights the two frequencies —wg and wy on the
main diagonal, corresponding to the two energy levels of the qubit.

For the initial conditions x(t = 0) = 0 and B(t = 0) = 1 and under the resonance condition
w = 2wy, the solution of Equation (44) is as follows (see Appendix B):

|1,L7> — pJwot [eij”sin(w1t)|l/)0> + COS((,dlt)|l/J1>} (45)
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A comparison of Equation (45) with Equations (24) and (25) shows that Equation (25)
is the most proper to describe on the Bloch sphere the effect of the rotating magnetic field
on [1). The state vector of the qubit rotates around the y axis (¥ = —), as depicted on the
right in Figure 6, at an angular speed equal to the Rabi frequency 2w;.

On the other hand, for the initial conditions «(t = 0) = 1 and p(t = 0) = 0, still under the
resonance condition w = 2wy, the solution of Equation (44) is as follows (see Appendix B):

[) = e [cosr|yo) + sincont/gr)] (#6)

In this case, Equation (24) better captures the effect of the rotating magnetic field on
[). As in Equation (45), the state vector of the qubit rotates around the y axis (¥ = 0) at an
angular speed equal to the Rabi frequency 2w.

Table 1 collects Equations (41), (42), (45), and (46) by clearly showing the dependence
of the time evolution law of [1) on the carrier phase and the initial condition.

Table 1. Time evolution of the qubit state as a function of the carrier phase and the initial condition
for an electromagnetic frequency w = 2wy.

In-phase carrier Initial qubit state [ipg) |¢p) = e~ /w0t [COS(wlf) o) +e7/3 sin(wlt)|¢1>]
(Rotation around : -
X-axis) Initial qubit state [ip1) |y) = e~ /w0t [E—stz'n(wlt) lpo) + COS(wlt)|l/)1>}

In-quadrature carrier  Initial qubitstate [pg)  |¢p) = e 7«0 [cos(wr t)|g) + sin(wqt)| 17 )]
(Rotation around — - . .
y-axis) Initial qubit state [¢p1) |¢p) = ¢~ /wot [e*J”sin(wﬁ) [po) + cos(wlt)|1/)1)}

5. One-Qubit Quantum Gates

As the qubit is the quantum counterpart of the classical bit, a quantum logic gate in a
quantum processor is the counterpart of a logic gate in a classical processor. For the electron
spin qubit addressed in the previous section, a quantum gate is obtained by applying a
transversal magnetic field of components By and By at the resonance frequency to the qubit
for a given precise duration. Since this frequency is in the microwave range, the transversal
magnetic pulse is a microwave pulse. Several envelopes, such as rectangular, Gaussian, and
sinusoidal, are possible for the microwave pulse. If on the one hand, it is desirable that the
largest amount of the RF energy is centered around the resonance frequency of the qubit,
on the other hand, different envelopes imply different spectral contents of the microwave
pulse. For the sake of straightforwardness, the rectangular envelope has been adopted in
the present paper even though it leads to a broader spectral content (see Appendix C).

5.1. Rx and Pauli X Quantum Gates

On the Bloch sphere, the quantum gate Ry is defined by a rotation of an angle 6 around
the x axis of the qubit state vector. After Figure 6, it is obtained by the application of a
microwave in-phase carrier pulse at frequency 2wy for a time duration t. Since the rotation
speed of the qubit state vector is 2wy, you obtain 2w t = 8. In virtue of the equations in Table 1,
if the initial qubit state is 1), the mathematical expression of the qubit state 1) after the
application of the microwave pulse is as follows:

) = ¢ 0 [cos3 o)+ T sing )| = eV cosZ ) — sing )| @)

Similarly, if the initial qubit state is 111), the mathematical expression of the qubit
state 1) after the application of the microwave pulse is as follows:

. 0 e o 6
) =2 [e“singlww + cosztm] =e [0 [—jsinzlw +cos§|¢1>} (48)
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The Rx quantum gate thus transforms the state 1) into the state 1) = cos8/2 1)
—jsin®/211y) and the state 111) into the state 1) = —jsin0/2[1g) + cos6/2 7). Since
(Wily) is 1if i =j and 0 otherwise, the operator Agx associated with the Ry quantum gate is
therefore given by

Anx = |cos3 ) = sing ) | (ol + | singloe) + cos o) | (m] 9)

The following calculations yield its matrix formulation:

. 0 .0 .. 0 0
Arx = cos [o) (ol — jsinz [1) (ol — fsinz o) (1] + cos ) (]

Arx = cosg [(ﬂ 1 0] —jsing [ﬂ 1 0] —jsing B] [0 1] +cosg [ﬂ 0 1]

e

A *cosg 10 —'sing 00 — jsinz 01 —l—cosg 00

RX=5500 o) 7201 of /200 0 200 1

Aww — | €053 —jsing (50)
RXT 1 —jsing  cos$

In the case 6 = 7, the operator reduces to

A 0 —j fo 1] [0 1] iz,
ARX’(;HZ{_]. 0]2—]{1 O}Ze“{l 0:|=€]2AX (51)
where
A 01
A= o] 62)

is the operator describing a quantum gate, which is dubbed Pauli X, because the matrix
in Equation (52) is identical to the X Pauli matrix in Equation (30). It is simple to show, by
means of the following multiplication, that the Pauli X quantum gate transforms an input

state [Pn) = [g) (111)) into the output state |pout) = 11P1) (1g)):
o = 1] = 1w

[pour) = Axlyr) = [(1) (ﬂ m = H = [¢o)

Figure 7 depicts the truth table and the symbol of the Pauli X quantum gate.

[Your) = Ax|yo) = [(1) (1)}

Truth table Symbol

[V | [Your)

oo Twn 1 1w — X = our)
[¥1) | o)

Figure 7. Truth table and symbol of the Pauli X quantum gate.

The Pauli X gate is the quantum equivalent of the classical NOT gate with respect to
the basis states 1) and [11), since it maps 1) to 11) and 1) to [g).
5.2. Ry and Pauli Y Quantum Gates

On the Bloch sphere, the quantum gate Ry is defined by a rotation of an angle 6 around
the y axis of the qubit state vector. Figure 6 shows that it can be obtained by applying a
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microwave in-quadrature carrier pulse at frequency 2wy for a time duration t, where, as in
the previous case, 2w;t = 6. From the equations in Table 1, the mathematical expression of
the qubit state 1) after the application of the microwave pulse is

—jwp A 6 0
) =72 [cos2¢o> +sin2|¢1>] (53)
if the initial qubit state is 11g), or the following one if the initial qubit state is [1):
it
) = 0% | —sing o) + cos3 ) 64

The Ry quantum gate therefore transforms the state 1) into the state [\) = cos8/2 1)
+ sinf/2111) and the state 1) into the state |{) = —sinB/211g) + cosd/2[1). Since
(| 1bj> is 1if i =j and O otherwise, the operator ARy associated with the Ry quantum gate is
therefore given by

Ay = (cosglpa) + sing [p) ) (ol + (—sing lyo) +cosgln) )l 65

The following calculations yield the matrix formulation of Equation (55):
A 6 .0 .0 6
Ay = cosg o) (ol +sing [91) (o] — sing o) (1] +cos2 ) (9]

Ary = cosg [(ﬂ 1 0] +sing {(1)] 1 0] —sing [(1)} 0 1] +Cosg [ﬂ 0 1]

N 01 0 .00 0 .00 1 60 0
ARY—COSE [O 0} —l—smi L 0} —smi [0 O] —I—cosE [O 1]
0 0
A cos3 —sing
Any = 2 2
RY [sing cosg] (56)

In the case 6 = 7, the operator reduces to

X 0 -1 0 e™ x| 0 e73 [0 =1 _im s
— — — ) — e/ — e/
ARY’(JH_L 0]_[1 0 ]_e 2Lﬁ’£ 0 ]_e ZL‘ 0}_6 2y 4D
where
A 0 —j
av=j ] 9

is the operator describing a quantum gate, which is dubbed Pauli Y, because the matrix in
Equation (58) is identical to the Y Pauli matrix in Equation (31). Figure 8 depicts the truth
table and the symbol of the Pauli Y quantum gate.

Truth table Symbol

[Yin) !l/)OUT) W) —> y — [Your)
o) | il¥1)

V1) | =ilvo)

Figure 8. Truth table and symbol of the Pauli Y quantum gate.
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The truth table can be calculated still following the mathematical approach used in
Section 2. For instance, for 1) = 1) you obtain the following:

A 0 —jl|1 .10 .
lwour) = Ay|o) = L- OJ} M = H = jl{1)
Therefore, the Pauli Y gate maps the basis states 1) tojl1) and 11) to —j o).

5.3. Ry and Pauli Z Quantum Gates

On the Bloch sphere, the quantum gate Rz is defined by a rotation of an angle 6
around the z axis of the qubit state vector. Looking at Figure 6, it can be obtained by a
rotation of —71/2 around the x axis, followed by a rotation of 6 around the y axis, followed
by a final rotation of 7t/2 around the x axis. In this case, a microwave in-phase carrier
pulse at frequency 2wy is applied for a time duration t;, such that 2wy t; = 371/2 (since the
rotation speed of the qubit state vector is 2wq). Then, a microwave in-quadrature carrier
pulse at frequency 2wy is applied for a time duration t,, such that 2w;t; = 6, and finally, a
microwave in-phase carrier pulse at frequency 2wy is applied for a time duration t3, such
that 2wtz = 7t/2. Its operator ARz can be thus computed as follows:

Agz = ARX|9:gARY ARX|9:,% (59)
and, from Equation (50),
1 i1
. 7B A 11 —j
Arx|o_z = | Y3 2 :{ , ] (60)
= []\l@ 5 | vzl
1 1
A NN 101
Arxly__z = |2 "{?| = [ ” (61)
2 A N2 V21
The substitution of Equations (56), (60) and (61) into Equation (59) yields
;oo 11— cos% —sing 1 5| e it 0
Arz =3 {j 1 ] [sing cosS |1 1] | 0 o (62)

In the case 6 = 7, the operator reduces to

-9
A e’Jz 0 _iz|1 0 _im oA
ARz|9:7_[ = [ 0 ejg] =e ) |:O _1:| =e ]2AZ (63)
where
A 1 0

is the operator describing a quantum gate, which is dubbed Pauli Z, because the matrix in
Equation (64) is identical to the Z Pauli matrix in Equation (32). Figure 9 depicts the truth
table and the symbol of the Pauli Z quantum gate.

Truth table Symbol

[Yin) | [Your) [n) —> Z — [Your)
o) | lo)

1) | =)

Figure 9. Truth table and symbol of the Pauli Z quantum gate.
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The Pauli Z gate leaves the basis state |1y) unchanged, while it maps 1) to — [1).

5.4. Hadamard Quantum Gate

On the Bloch sphere, the Hadamard quantum gate H is defined by a qubit state vector
rotation of 71/2 around the y axis, followed by a rotation of 7 around the x axis. Its operator
Ay is thus calculated as follows:

Ay = ARX‘QZHARY’QZ% (65)
Since Equations (50) and (56) yield
A o =1 o1
ARX|9:7-[ - [_] 0:| - ][1 0:| (66)
1 1
R - T 11 -1
Arylg_z = [\? 1\51 = { } (67)
2 57 V211 1

from Equation (65) you obtain the following:

A j 1 1
et

Since —j is a global phase, Equation (68) can be rewritten by neglecting —j:

N 11 1
in=sh )

Figure 10 depicts the truth table and the symbol of the Hadamard quantum gate.

Truth table Symbol

l¥uw) | Wour) ) —{ H = wour
o) |wo>v+§|w1>

o) |¢o>\/—§|¢1>

Figure 10. Truth table and symbol of the Hadamard quantum gate.
The Hadamard gate H maps the basis states [1() and [11) into a superposition state.

5.5. Decomposition of One-Qubit Quantum Gates

Sections 5.3 and 5.4 suggest that any one-qubit quantum gate can be decomposed into
X and Y quantum gates. They can thus be obtained by applying an opportune sequence
of microwave pulses to the electron spin qubit. It is worth inclosing this remark in a more
general framework. The operators Agrx, Ary, and Agy describe the evolution of the qubit
state in time; that is, they are time evolution operators. In classical mechanics, the physics
laws are reversible, entailing that two different states should remain different during the
time evolution. The preservation of the distinguishability of different states remains valid in
the context of quantum mechanics as well. It implies that any time evolution operators A(t)
should be unitary; that is, A (t)A(t) = I, where I is the unit matrix [37]. It is straightforward to
verify that the operators Agyx, Ary, and Agy are unitary. For instance,

N
(e

0 -0
N 12 e’z 0 1 0
ARZARZ—[O e—;gH o of o7t
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Equation (65) is a particular case of the X-Y decomposition theorem. This theorem
states that given a unitary operator U on a single qubit, it is possible to find out four real-
valued numbers a, b, ¢, and d such that U = e@tAgy |, - Ary | = cArx |t = 4 [3]- Similarly;,
the Z-Y decomposition theorem also exists [3].

6. Physics of Two-Electron-Spin Qubits

Let us consider a couple of electrons, both confined in a QD. After Equation (29), the
intrinsic spin magnetic dipole moments pg; and pg; of the two electrons can be expressed
as follows:

- — q — — -

e = —g%Sl =85, (Slxx +S1vy +51ZZ) (70)
N

ﬁsz = gi Sy = —g% (52X¥ + 521/?> + 522?) (71)

where S1x, Sy, and S17 (Sox, Say, and Sy7) are the components of the electron spin Sq (Sz)
along the axis of an (x, y, z) Cartesian reference system.

Let us assume that the two electron spins are in the presence of a magnetic field and
they interact. As the electrons are confined in a QD, the total energy of the physical system
coincides with its potential energy, which is equal to X - x y.Jij S1iS2j—Hs1-B1—Hs2°Ba,
where Jj; is the coupling between the two spins. The QM Postulates (see, for instance, [36])
lead to the following quantum Hamiltonian of the system:

- =

]1511 S2 Z,uzB = Z ]zslz 52 +g Zsz B;
Z ] ] ] ] 2m

i,j=xy,z i=1,2 i,j=xy,z

By adopting an isotropic Heisenberg interaction as in [42], for which J;; # 0 if i =j and
]ij =0 otherwise, the above Hamiltonian becomes simpler, and the resulting Schrodinger
equation is as follows:

)
Jﬁ¥ )3 111511521+g2 L 511311+8z L Sabai| 19) 72

i=X,Y,2 i=xy,z i=xy,z

Since two coupled qubits form the physical system, there are four basis states. As in
Figure 2 and by extension of Equations (4) and (5), you can write

1

v = g 73)
_0_
.

92 = g 74)
_0_
-

ys) = | 75)
o]
-

va) = g 76)
1
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Similarly, by extension of Equations (26) and (27), you can write

_1 -1
0

(l=|y | =1 0 0 0] (77)
_0 -
_0 -1
1

(ol =1y =01 00] (78)
_0 -
_0 -1
0

(Wsl=1, ] =00 1 0] (79)
10 ]
0 ] +
0

(pal = 1o | =000 0 1] (80)
1

As in the case of the single qubit, the four states are also distinguishable, because they
are orthonormal; that is, (; 1) is 1if i = j and 0 otherwise.

In virtue of the QM Postulates (see, for instance, [36]), the generic state 1) of the two
interacting qubits is the superposition of the four states [1{1), ;) 13), and [y4):

()
1) = a(B)|9a) + B [92) + 1 (1) [ ps) + () |pa) = fﬁ § (81)
5(t)

where «(t), (t), y(t), and 3(t) are time-variant, complex-valued probability amplitudes.
Equation (81) is an extension of Equation (6). In addition, the QM Postulates also require
L) 12+ 1 BE) 12 +1y(t) 12 + 15(t) |2 = 1. As an extension of Equations (30)—=(32), the compo-
nents of the spin operators S; and S, are given by the following tensorial products between
the Pauli matrix and the identity matrix I:

00 10
. k[0 1] _[1 0] hklo 0 0 1
Sl"z[l 0]®{0 1}2 1000 ®2)
0100
0 0 —j 0
. _h[0 —j] M1 o] _Klo 0 0 —j
51y2[+] 0}®{0 1] 2|4 0 o o 83
0 4+ 0 0
10 0 0
. R[1 0]_T1 0] Alo1 0 o0
51z z[o —1}@)[0 1] 210 0 -1 o0 ®4)
00 0 -1
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010 0
. AB[1 0] [0 1] A|1 0 0 0
52"_2[0 1] {1 0}_2 000 1 85
001 0
0 —j 0 o0
. K[1 0] _[0 —f] Al+j 0 0 o0
52y 2[0 1}®[+] 0]_2 0 0 0 —j (86)
0 0 +j 0
1 0 0 0
. R[1 Ol _[1 0] #lo -1 0 o0
522_2[0 1}®{o —1]_2 0 0 1 0 ®7)
00 0 -1

As the vectors of a tensorial product space are calculated from vectors of a lower-
dimensional space, higher-dimensional operators are calculated as tensorial products of
lower-dimensional operators [37]. In particular, in Equation (82), the tensorial product of
the operator Ay with the unitary operator I describes a higher-dimensional operator acting
on the x component of the first (left) spin but not on the second (right) spin. Similarly, in
Equation (85) the tensorial product of the operators I and Ay describes a higher-dimensional
operator acting on the x component of the second (right) spin but not on the first (left) spin.
In the same way, you can comment on the remaining equations.

The substitution of Equations (82)—(87) into Equation (72) yields

" 001 07[0 100
. 2000 1]|1000
Java(tf)_]""(Z)looo 0001
by 0100]L0010
t
0 0 —j 07[0 —j 0 0O
200 0 0 —j||+ 0o 0 o0
i il |+
+]W(2>+j000000—j
0 + 0 o0flo 0o 4+ 0
10 0 O01[1 0 0 0
2l01 0 oflo -1 0 o0
[
=080 0 21 ollo 0 1 o
00 0 -1/l0 o 0 -1
0010 0 0 —j 0
000 1 0 0 0 -
ah j
T8zl 1 00 o |Bet |y 0 o olBw
0100 0 + 0 0
10 0 0 010 0
01 0 0 1000
oo -1 of|B=Tlo 0 0 1|Px
00 0 -1 0010
0 —j 0 0 1 0 0 0 a(t)
40 0 0 0 -1 0 0 B(t)
o o o <[P o o 1 ol|P=E| (|0
0 0 +j 0 0 0 0 -1 5(1)
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Once the matrix products and sums are calculated, remembering that qh/2m is the
Bohr magneton ug, the above equation takes the following form:

ou(t)
aa&) Jzz 0 0 Jxx — ]yy
i u _ (E)z 0 —Jzz Tty 0
] % 2 0 Ixx + Iyy _]ZZ 0
35 (t — 0 0
% ]xx Tyy ' Jzz (88)
Bz 4+ Ba:  Bax —jBay  Bix — jByy 0 alt)
+gls Byy +jBay Bz — Ba: 0 Bix —jBiy B(t)
2 | Bix + jByy, 0 —By;+ Ba:  Bax — jBay v(t)
0 Bix +jBiy  Bax+jBay —Biz —Ba: 5(t)

It is worth noting that Equation (88) matches with the Hamiltonian reported in [42]
for i =1; gug = 1; and Bix = Box = Bx, By = Boy = By, By, = By, = Bz, Jxx = Jx, Jyy =]y, and
Jzz =J.- By assuming, for the sake of straightforwardness, Jzz # 0 and Jxx = Jyy = 0, one can
reduce Equation (88) to

Qv

2
L~

S
=

~~

]zz 0 0 0 Blz + B, Byy — jBZy Bix — jBly 0

0 —Jz 0 0 + MB |Bax + jBay  Biz— Bz 0 Bix — jBiy
0 0 —J=z O

0 0

~

jh

(5] QD
iw‘Ew
Il
N
N Sy
N—
N

; . 89
2 |Bix + ]Bly 0 —Bq,+ By, Bpy — ]BZy (89)

(1) 0 Jzz 0 Bix +jB1y Byy + jBZy —By; — By,
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~

N~ o~
~
— — —

QU

It is worth noting that the above conditions on the coupling describe the Ising interaction,
which is another typical interaction addressed in the literature for interacting spin systems [43].
To make the two qubits addressable singularly with a microwave pulse of the proper frequency,
the DC large magnetic field B, component should be different for the two qubits; that is,
By, = Bg1 and By, = Byp. The integration of a Cobalt micro-magnet close to the QD makes
that possible [44]. In addition, since the two qubits are usually irradiated with the same
microantenna [45], it is reasonable to assume that the components By and By, of the magnetic
field rotating on the xy plane are the same for the two qubits, so Biyx = Byx = Bjcoswt and
Biy = By = Bysinwt. Under the above assumptions, Equation (89) takes the following form:

ke + %B(B()l + Bo2) 8 Bre ! 8 Bie /! 0 a
8HBOL ject —hke + 85 (Byy — Byo) 0 S Bre 1! B

Y

1

(8]
o
P
=
=

—_
8]

Qw‘
=
I

2, 7B . ,
TR 9 S (Bot = Boo) G Bre !
1 ; 1 1 2z
0 et et il — %5 (Boi + Boa)

S|

o
=

QU

Q)|
=~

where it was noticed that

jwt —jwt jwt _ ,—jwt .
By — jBy = Bi(coswt — jsinwt) = By (e +26 _],e 2],6 ) = Bje /¥t

jwt —jwt jwt _ ,—jwt .
By + jBy = Bi(coswt + jsinwt) = By (e te + i ¢ ) = Byel®t

2 =g
By spotting the two Larmor frequencies 2wg; = gugBp1/h and 2w, = gugBoz /h, and
the Rabi frequency 2w; = gugBj /1, the above equation can be rewritten as follows:

2l) wor tw+ ] we we St 0 a(t)

] T _ wle]""t wor —wep — | 0 wle‘{‘“t ‘B(t) (90)
a%(t) wiel! 0 wop — wor — | wie 1t v(t)
90(t) 0 a)1€JWt wlef‘*’t —wp1 — w2 + ] (S(t)

where ] = hJ,,/4. As in Equation (40), Equation (90) also exhibits on the main diagonal the
frequencies corresponding to the energy levels of the system, of which are four. Figure 11
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shows that, like in the case of the single qubit, the differences between the energy levels
identify four resonance frequencies: wrj = 2(wgp — J), Wr2 = 2(wo1 — J), wrz = 2(wo; +J),
and WR4 = 2((,002 + ])

lyy) A0+ @ +J)
04 Or3
lw2) h(@o;~0p,-J)
W2
lys) A(=0g+009,~J)
Mg
A h(=030;-@0,+J)

Figure 11. Energy levels of the two-qubit system.

These resonance frequencies can be put into evidence in Equation (90) by means of the

following definitions:
(t)e~/(wortwot]t
(t)g*](%l —wp—])t
)

t) = z(t)e /(woa—wor =)t O
3(t) = w(t)e 1w —wn )t
from which 3 5
0;(:) _ 3;(:) el @ortwntt _ o0 + woy + J)a(t) (92)
alBa(tt) — ayT(tt)efj(wm*wOZ*])t —_ ](wol — (4_)02 — ])ﬁ(t) (93)
9U0) _ 9200) fmnin =Dt ey — cwon — 1)yt (94)
90(t) _ 9W(E) —j(—wm—awrtDt _ j(_ oy — wpn + J)0(1) (95)

ot ot
The substitution of Equations (92)-(95) into Equation (90) leads to a more compact form:

ax(t)

= 0 e—ilw—wrg)t  p—j(w—wrs)t 0 x(t)

aya(tt) | ef(w—wra)t 0 0 e j(w—wro)t y(t)

0N IO pjw—wra)t 0 0 e—i@—wrt | | z(t)

azgét) 0 pilw—wra)t  pi(w—wr)t 0 w(t)

or, equivalently, to the following system of differential equations:

39;?) = _]‘wl{y(t)g*]'(w*WR4)t+ (t)e™ jlw—wr3) }
WO = jooy {x(b)ellrs) 4 (t)e )t -
aza(tt) = —jwy { x(t)el@-wrs (t)e jlwo—wr)t

Unlike the system of coupled differential equations for the one qubit in Equations (39) and
(44), the coefficients in Equation (96) are time-dependent, making it hard to find a solution [46].
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Nevertheless, Section 5 pointed out that the one-qubit quantum gates are obtained by exciting
the qubit with an electromagnetic field oscillating at the resonance frequency, by which
the qubit is stimulated to transit between the two states. Figure 11 thus suggests that the
two-qubit system also transits between two out of the four states, when excited with an
electromagnetic field at a frequency w equal to one out of the four resonance frequencies. For
instance, the system transits between the two states [14) and 11{3) when w = wg;. Numerical
solutions, obtained by means of Matlab, support these conclusions. Figure 12 shows the results
obtained for wg; = 0.6 GHz, wg, = 0.5 GHz, and ] = 0.3 GHz, corresponding to wg; = 0.4 GHz,
wpy = 0.6 GHz, wgrs = 1.8 GHz, and wg4 = 1.6 GHz.

100 0.25

% IB()I2
80 0.20
® 70 )
> 60 > 0.15
;—é 50 3
8 40 8 o.10
2 3 2
a. a.
20 0.05
10
0 N 0.00
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
Time [ns] Time [ns]
100.002 0.0014
la()12+ [BEH)I2+ 1) 2+ 1512 la(H|?
0.0012
— 100.001 —_
9 z 0.0010
P 2 0.0008
= 100.000 =
S S 0.0006
] e
o o
& 99 909 & 0.0004
0.0002
99.998 0.0000
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
Time [ns] Time [ns]

Figure 12. State occupation probabilities for an electromagnetic frequency w = wg; and initial state
|11)4> for w1 = 0.6 GHZ, W2 = 0.5 GHZ, ] =0.3 GHZ, and w1 = 5 MHz.

Figure 12 depicts the obtained state occupation probabilities for a two-qubit system in the
initial state 1) = 11{4). The frequency w; was kept equal to 5 MHz. In Figure 12, it was
considered that, in force of Equation (91), | a(t) 12 = Ix(t) 12, IB(t)1% = ly(H)12, Iv(t)1? = 1z(t) |2,
and 15(t)12 = Iw(t)12.

In the upper left corner, because of Equation (81), the figure shows that the two-qubit
system oscillates between the two states |13) and [14) with an oscillation period of 628 ns,
corresponding to the Rabi frequency, while the occupation probabilities | a(t) |2 and | B(t) |2
of the other two states remain very small. In the lower left corner, the figure shows that
the condition |o(t) 12 + IB(t)12 +1y(t)|2 + 15(t)12? = 1 is fulfilled, even if with a very
small numerical error, which slowly increases, because it is time-integrated. The numerical
results in Figure 12 therefore support the picture that the two-qubit system transits between
two states when excited with an electromagnetic field at a resonance frequency. The same
results are obtained for 1) = [13) and w = wg;.

These considerations suggest an approximation for the last two differential equations
in Equation (90) as follows:

O

{ ) = (e — wn = () — jwrd(e ©7)
X = —jeory(£)ef! + j(wor + won — )6 (t)

Equation (97) is formally identical to Equation (39). Consequently, the results reported in
Table 1 can be used by replacing wy with wg1 /2, because the resonance frequency for the one
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qubit is 2wy, and the states 1) and 1) with the states |13) and [1y4), respectively. Table 2
depicts the resulting equations.

Table 2. Time evolution of the two-qubit state as a function of the carrier phase and the initial
condition for an electromagnetic frequency w = wgj.

Initial qubit state |9 ) [¥) = ¢1)
Initial qubit state |9;) [¥) = [v2)

t{cos(wﬁ) l3) +e 772 sin(wlt)|¢4>]

In-phase carrier
(Rotation around

wR1

Initial qubit state [p3) |p) = e/

x-axis)
Initial qubitstate [ya)  [g) = eI 4" [e T sin(wit) gs) + cos(wr) )
Initial qubit state |7) lp) = |p1)

In-quadrature Initial qubit state |¢y) lp) = |go)

o™ Inital qubitstate [ga) ) = ¢ F[cos(wrt)lgs) + sinewrt)gs)]
Initial qubit state [1p4)  |yp) = e it [e*f”sin(wlt)hpg,) + cos(wlt)|1p4>]

Figure 13 shows the numerically calculated state occupation probabilities for a two-
qubit system in the initial state [1{y) = |1{4) and the electromagnetic pulse frequency
W = wgy. As in the case of Figure 12, wy; = 0.6 GHz, wy, = 0.5 GHz, ] = 0.3 GHz, and
w1 =5 MHz were kept. Again, in agreement with Figure 11, the two-qubit system transits
between the two states 114) and ;) while, similarly to the previous case, the occupation
probabilities | x(t) 12 and 1y(t)|2 of the other two states remain very small. Also, in
Figure 13, the condition | o(t) 12 + | B(t) 12 + Iy(t) 1% + 15(t) 1% = 1 is fulfilled unless there is
a very small numerical error. The same results are obtained for 1) = [1{;) and w = wgy.
Also in the present case, it is therefore possible to approximate the second and fourth
differential equations in Equation (90) as follows:

WU — —j(wor — woz — J)B(t) — jwrd(t)e @t
() . ot 1 (98)
S = —jwrB(t)e + j(wor 4 woz — J)d(t)

Again, the couple of differential equations obtained in Equation (98) are formally
identical to Equation (39) describing the dynamic of one qubit with wr,/2 replacing
wy and the states [1,) and [14) in the place of the states 1) and |;), respectively.
Consequently, from Table 1, the equations describing the dynamic of the two-qubit system
excited with an electromagnetic field oscillating at the resonance frequency wg; are as
reported in Table 3.

Table 3. Time evolution of the two-qubit state as a function of the carrier phase and the initial
condition for an electromagnetic frequency w = wgy.

Initial qubit state ;) l9) = |1)
. Initial qubit state |y,) “wRo ) = o
In-phase carrier e 2t [cos(wﬂ) |$2) + e/ 2 sin(wyt) \¢4>]
(Rotation around — .
X-axis) Initial qubit state |3) W) = |p3)
il qubi v) =
Initial qubit stat o
nitial qubit state |ty) eI Rt [eijESi”(wlf)WJz) +cos(w1t)|zp4>]
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Table 3. Cont.

Initial qubit state |7) lp) = |y1)
. Initial qubit state |y;) ey ) = .
In-quadrature carrier e/ 2 eos(wit) |a) + sin(wrt)|s)]
(Rotation around . :
y-axis) Initial qubit state |y3) lp) = |93)
Initial qubit state |i4) wora [ ) =
eI [e—fﬂsm(wlt)hpz) + cos(wlt)|1/)4>]
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Figure 13. State occupation probabilities for an electromagnetic frequency w = wgy and initial state
[y) for wg; = 0.6 GHz, wgy = 0.5 GHz, J = 0.3 GHz, and wy =5 MHz.

Identical behavior of the state occupation probabilities, still in agreement with Figure 11,
and the same considerations are found for the case of the two-qubit system in the initial state
I1) and excited with an electromagnetic frequency w = wg3 or w = wg4. The following Ta-
bles 4 and 5 report the mathematical expressions describing the corresponding time evolution
of the two-qubit state.

Table 4. Time evolution of the two-qubit state as a function of the carrier phase and the initial
condition for an electromagnetic frequency w = wgs.

In-phase carrier
(Rotation around
X-axis)

Initial qubit state |p1) |y) = N {Cos(wlt) 1) + e j% sin(wlt)|lp3>]

Initial qubit state |,

) = ly2)

Initial qubit state |3

() = e T E [T sin(wrt)|gr) + cos(wnt) ls)

9) = [¢a)

In-quadrature
carrier (Rotation
around y-axis)

Initial qubit state |,

lp) = e_f%t[cos(wlt)hpl) + sin(w1£)[¢3)]

Initial qubit state |,

) = ly2)

Initial qubit state |3

) = eI [e I sin(wn ) ) + cos(wnt)|ys) |

)
)
)
Initial qubit state |1p4)
)
)
)
)

Initial qubit state |y

) = [¢a)
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Ay = eTEp) (] +eTE (9o (gl + cos(§) ) (ysl + T Esin (§) [gad ys| +e T Esin(§) [gs) (yal

Table 5. Time evolution of the two-qubit state as a function of the carrier phase and the initial
condition for an electromagnetic frequency w = wgr4.

Initial qubit state [¢1) i) = e~/ 4** [cos(wnt) ) + e/ sin(cr)|p2)

In-phase carrier
(Rotation around

x-axis) Initial qubit state |3

Initial qubit state |1P2 ‘1'L7> = ef]‘w%t [e*jg sin(wnt) |1l)1> + cos(wlt) |1I,72>]

)

) y) = |y3)

) §) = 1)
Initial qubit state |7 ) ) = e T 5 ecos(wrt) 1) + sin(wrt)[2)]

)

)

)

Initial qubit state |4

Lw

) = i “F4 [e—fﬂsin(wlt)|¢1> + COS(wﬁ)Ile)]
[¥) = [¢3)
[¥) = |pa)

In-quadrature Initial qubit state |¢f,
carrier (Rotation

around y-axis) Initial qubit state |3

Initial qubit state |y

7. Two-Qubit Quantum Gates

As a single qubit can be exploited to implement one-qubit quantum gates, a couple
of qubits can be exploited to realize two-qubit quantum gates. In particular, the present
section addresses a specific two-qubit quantum gate, dubbed CNOT, together with its
anti-form. The CNOT quantum gate is of particular interest because any arbitrary unitary
operator on multiple qubits can be implemented by using one-qubit and CNOT gates [3]. In
particular, the CNOT gate and the Ry, Ry, and Rz gates in Sections 5.1-5.3 form a universal
set [47].

7.1. CNOT Quantum Gates

After Table 2, the application of an in-phase carrier microwave pulse at the resonance
frequency wg; for a time duration such that 2wt = 0 leaves the input states 1) and [5)
unchanged so that the output state [\poyr) is as follows:

[Your) =|1) = e 72 1) (99)

[$our) =|$2) = e 7% |¢h2) (100)

where the global phase —7t/2 has been added for reasons that will become clear later. On
the other hand, if the input state is [13), the output state | Poyr) is as follows:

pour) = ¢ 7 5 [cos( 3 ) lya) + e TFsin( 3 ) 1) (101)

and the output state is

pour) = ¢ 7 F e Esin( 7 ) 1gs) + cos( 3 ) ) (102)

if the input state is [y4).
Since (Y | q)j) is 1if i =j and 0 otherwise, the resulting operator A gy is as follows:

(103)
+cos () [9a) 4
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A S 7T
Agri, i =e /2

S O O

The substitution of Equations (73)—(80) into Equation (103) leads to the matrix formulation
Of Ale,I:

0 0
[1 00 0]+e% (1) [0100]+coscos(g) (1) [0 01 0]
0 0
0 0
+e—f%sin(g) 8 [0 0 1 0]+e—f%sin(§) ? [0 0 0 1]
1 0
0
+cos(§) 8 [0 00 1]
1
1000 000 0 0000
=10 o0 0 0 <10 10 0 0000
e -]z -] Q
e20000+€20000+ws(2>0010
000 0 000 0 000 0
000 0 000 0
an(g)| 8288 | ) 20 0 2
0010 000 0
0000 eJE 0 0 0
0 e2 0 0
N0 00 0| -
+COS(§> 000 0] 0 0 cos(%) e*ﬁsin(g)
0001 0 0 e*]gsin(g) cos(%)

In the case 0 = 71, you obtain the following:

e i3 0 0 0 10 00
- 0 eJ3 0 0 Jo1 00 A
Ale,I’gzn: 0 0 0 E_j% = -] 00 0 1 :_]ACNOT (104)
0 0 e 0 00 10

Note that the global phase introduced in Equations (99) and (100) allowed the term
e 1™/2 = —j to be gathered. By coding the four states as [1{1) = 100), [1{p) = 101), 13) = 110),
and [4) = 111), the matrix in Equation (104) describes the operator Acnor of the CNOT
quantum gate depicted in Figure 14. The truth table, which can be calculated by multiplying
the matrix of the CNOT gate by the state vectors in Equations (73)—(76), shows that if the left
qubit is “1” (“0”), the CNOT gate changes (does not change) the right qubit. The left (right)
qubit is thus the control (target) qubit.

The CNOT gate acts on two qubits, performing the NOT operation on the second
qubit only when the first qubitis |1).

After Table 3, the application of an in-phase carrier microwave pulse at the resonance
frequency wgy for a time duration such that 2wt = 0 leaves the input states 1) and [3)
unchanged so that the output state 1poyr) is as follows:

[Your) =|g1) = e/ |¢p1) (105)

[pour) =|ys) = e 7% [y3) (106)



Electronics 2023, 12, 4664

28 of 46

Apray = e777 1) (1]

where the global phase —7/2 has been introduced for the same reasons as above. On the
other hand, if the input state is [1,), the output state [{oyr) is as follows:

. WRD
2

fvour) = ¢/ 55 cos( 3 ) ya) + e Esin (5 ) 1|

and the output state is
B % i ((© o
[$our) = e e /2sin| = ||ip2) +cos| o |[¢a)

if the input state is 1y). Since (1; 1;) is 1 if i = j and 0 otherwise, the resulting operator

Aproy is as follows:

(107)
+cos

+cos(9) |p2) (ol + e T Esin(§) 9pa) (] + 7 E ) (| + e T Esin (§ ) |2) (3l
2 ) lipa) (a

2

The substitution of Equations (73)—-80) into Equation (107) leads to the matrix formulation
of AwRZ,I:

1 0
A 2|0 1
Awrog=eE| 0| [1 0 0 0]+cos(§)|, [0 10 0]
0 0
0] 0
e sin($) 1o 10 0]+eE 2[00 1 0]
2) 1 0o 1
1 0
07 0
. 1 0
+efzsm(g) . 0001+cos(§) o [[0 00 1]
L0 | 1
1000 000 0
<1000 0 010 0
_ % 0
620000“03(2)0000
0000 000 0
0 0 0 0] 000 0
_x . /e\| 0 0 0 0 x|l 00 0 0
+e]251”(7) 0000|0010
010 0] 000 0
0 0 0 0] 0000
_x . /N0 0 0 1 ANl 000 o0
te ]zsm(?) 000 0 +COS(7) 000 0
000 0] 0001
e 7 0 0 0
0 cos(%) 0 effzsin(%)
] 0 ki 0
0 eﬂgsin(%) 0 cos(g)
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which, for 0 = 7, reduces to

0 0 0 10 0 0

. 0 0 0 eJ% do o o0 1 "

AwRr2I = 0 o % ol~"7loo 10 = —jAcNor (108)
0 eJ7 0 0 01 00

By coding the four states as 1{1) = 100), ) = 101), IPp3) = 110), and [pg) = 111),
the matrix in Equation (108) describes the operator Acnor of the CNOT quantum gate
depicted in Figure 15. The truth table, which can be calculated by multiplying the matrix of
the CNOT gate by the state vectors in Equations (73)—(76), shows that if the right qubit is
“1” (“0”), the CNOT gate changes (does not change) the left qubit. Unlike the CNOT gate
in Figure 14, the left (right) qubit is thus the target (control) qubit.

Truth table Symbol
Control qubit
‘ WIN> ‘ l//our> (left)
| OO> | OO> Target qubit
| 01> | 01> (right) L/
| 10) | 11)
| 11) 10)

Figure 14. Truth table and symbol of the CNOT gate for the in-phase carrier microwave pulse at
frequency wg; and state coding 1) = 100), 1) = 101), Is) = 110), and 1Pg) = 111). The left
qubit is the control, and the right qubit is the target.

Truth table Symbol
Target qubit /AR
‘ WIN> ‘ l//our> (left)
| OO> | OO> Control qubit
| 10> | 10> (right)
|01) |11)
|11) |01)

Figure 15. Truth table and symbol of the CNOT gate for the in-phase carrier microwave pulse at
frequency wgy and state coding [1) = 100), ) = 101), [3) = 110), and [g) = 111). The right
qubit is the control, and the left qubit is the target.

In the present case, the CNOT gate performs the NOT operation on the first qubit only
when the second qubitis 11).
7.2. Anti-CNOT Quantum Gates

After Table 4, the application of an in-phase carrier microwave pulse at the resonance
frequency wgj for a time duration such that 2wt = 0 leaves the input states [1{,) and [4)
unchanged so that [\)oyr) is as follows:

[Your) = |¢2) = e 7% [¢py) (109)
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[Your) = |$pa) = e 7% |py) (110)

with the usual global phase —7t/2. On the other hand, if the input state is [11), the output
state |{Poyr) is as follows:

. UJR3

_i“Rs 6 in
[our) = e 2 [C05<z>|¢1>+€_]25i”(§>|¢’3>]
and the output state is
=T % sin( ® 9
our) = e e TEsin( 5 ) lgn) +cos( 5 ) ys)

if the input state is [13). Since (; | ‘L])j) is 1if i =j and 0 otherwise, the resulting operator

A R3] is as follows:

Aarat = cos(§) 9a) (g1l + e Esin(§) [gs) g1l + e % g2) (ol +e T Esin(§ ) 1) (s)
+cos(§ ) 1a) (Yl + e 7% ) (sl

(111)
The substitution of Equations (73)—-(80) into Equation (111) leads to the matrix formulation
OwaRS,I:
1 0
Ang,J:cos(%) 8 [1 0 0 0]+e—f%sin<g) (1) [1 00 0]
0 0
0 1
vedE| {10 1 0 0]+eifsin(g)] o [[0 0 1 0]
0 0
0 0
+cos($) (1) [0 0 1 0]+e7% 8 [0 00 1]
0 1
100 0 0000
_ 9\| 0 0 0 0 ; 9\| 0 0 0 0
_COS(Z) 000 0| zsm(2) 1000
0000 0000
0000 0010
10 1 0 0 - 0000
—Jjz -jz 0
+€20000+625’”(2)0000
0000 0000
0000 0000
0000 210 0 00
6 -i%
+C"S(2)oo1o+ezoooo
0000 000 1
cos(g) 0 e_]gsin@) 0
_ 0 eI 0 0
e*]gsin(%) 0 cos(%) 0
0 0 0 eIz
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For 0 = 7, you obtain the following:

co lo

M

e~

NI

]
0
0
0

e~

0
0
0

]

NI

S O = O
S o O

_ o O O

= —jAmti—cnor  (112)

By coding the four states as 1{1) = 100), ) = 101), [P3) = 110), and [g) = 111),
the matrix in Equation (112) describes the operator Aani-cnot of the anti-CNOT quantum
gate depicted in Figure 16. The truth table, which can be calculated by multiplying the
matrix of the CNOT gate by the state vectors in Equations (73)—(76), shows that if the right
qubit is “0” (“1”), the CNOT gate changes (does not change) the left qubit. For this reason,
the gate is dubbed anti-CNOT. As in the case of the CNOT gate in Figure 15, the left (right)
qubit is thus the target (control) qubit.

The anti-CNOT quantum gate performs the NOT operation on the first qubit only
when the second one is 10).

After Table 5, the application of an in-phase carrier microwave pulse at the resonance
frequency wgy for a time duration such that 2wt = 0 leaves the input states [13) and [y)
unchanged so that [\)oyr) is as follows:

|Your) = |¢3) = efj%|ll’3>

|$our)

= |ths) = e 7% |4hy)

(113)

(114)

with the usual global phase —7/2. On the other hand, if the input state is [11), the output
state |poyr) is as follows:

2y cos(a)lzil>|¢1>+€ “szn<w1 )le) =e

and the output state is

R4

St -cos<9)|lp1)—|-e ]25111( >|1p2>_

201 _e—fgsin(w1i>|¢1>+cos(w1 )4’2) :eij%mgl _e JZSln( >|¢1>+COS( >|¢2>—

if the input state is 1{). Since (; ;) is 1 if I = j and 0 otherwise, the resulting operator
Awm,l is as follows:

Aarsr = cos(§)190) (| + e Tsin(§) lya) (gl + T Esin (3 ) ) ] + cos (§) ) (2]
+e T2 [ih3) (3| + €T 2 [ipa) (]

Truth table
‘ V/IN> ‘ WOUT>
| 00) | 10)
| 10) | 00)
| 01) | 01)
|11) |11)

Target qubit
(left)

Control qubit
(right)

Symbol

JAA

)

- \S

(115)

Figure 16. Truth table and symbol of the anti-CNOT gate for the in-phase carrier microwave pulse at

frequency wgs and state coding 1) =

100), 12) =

qubit is the control, and the left qubit is the target.

101), Is) =

110), and |y) =

[11). The right
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The substitution of Equations (73)—(80) into Equation (115) leads to the matrix formu-
lation of AwR4,Ii

1 0
Awm,lzcos(g) 8 [1 00 0}+e’f%sin(g) (1) [1 00 0]
0 0
1 0
+e T sin () 8 [0 1 0 0]-+cos(8) (1) (010 0]
0 0
0 07
+e | O [0 01 0]+edE[ 2 ([0 0 0 1]
1 0
0 1
100 0 70 0 0 0
/vl 0 000 iz (eY| 1 0 00
_COS<2) 0000]"¢ Zsm<2> 000 0
0000 L0 00 0
0100 0000
a . /|0 00 0 Nl 0100
+e]2””(7) 0000 +COS(?> 0000
0000 0000
0000 0000
10 0 0 0 10 00 0
-7 -]z
Pl 0107000 0
0000 000 1
cos(%) e’j%sin(g) 0 0
_ e*f%sin@) cos(%) 0 0
0 0 e 1T 0
0 0 0 /3

0 eJ/7 0 0 01 00

. e iz 0 0 0 a1 0 00 A

ApRrat = 0 0 % o | =€ J2 00 1 0 = —jAsti—cnor  (116)
0 0 0 e /7 00 01

By coding the four states as [{1) = 100), [{z) = 101), [P3) = 110), and 1) = 111),
the matrix in Equation (116) describes the operator A nti-onor of the anti-CNOT quantum
gate depicted in Figure 17. The truth table, which can be calculated by multiplying the
matrix of the CNOT gate by the state vectors in Equations (73)—(76), shows that if the left
qubit is “0” (“1”), the CNOT gate changes (does not change) the right qubit. For this reason,
the gate is dubbed anti-CNOT. As in the case of the CNOT gate in Figure 14, the left (right)
qubit is thus the control (target) qubit.
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Truth table Symbol
‘ l//IN> ‘ WOUT> Contr:]lfq)ubif I
00 1
| > | 0 > Target qubit
[o1) | Jo0) (right) ~
| 10) | 10)
|11) |11)

Figure 17. Truth table and symbol of the anti-CNOT gate for the in-phase carrier microwave pulse at
frequency wg4 and state coding 1p1) = 100), 1) = 101), [3) = 110), and [4) = 111). The right
qubit is the control, and the left qubit is the target.

In the present case, the anti-CNOT quantum gate performs the NOT operation on the
second qubit only when the first qubit is 10).

7.3. Double-CNOT and SWAP Quantum Gates

A CNOT quantum gate with the control qubit on the left followed by a CNOT quantum
gate with the control qubit on the right yields the so-called Double-CNOT quantum gate.
After Figures 14 and 15, its operator Apguple-cNOT iS given by

0 0

Apouble—cnoT = (117)

oS o O
_ O O O
(e o M)
O O = O
oo o
o= O O
S O O
= O O O
oS O = O
o= O O

1 0
0 0
0 1

Following Section 7.1, the Double-CNOT quantum gate is obtained by applying an
in-phase microwave pulse at the resonance frequency wg; followed by another in-phase
microwave pulse at the resonance frequency wgy. Both the pulses should be applied

for a time duration equal to t/2w;. Figure 18 shows the symbol and truth table of the
Double-CNOT quantum gate.

Truth table Symbol
W) | Wour) | e D
|00) |00) Right qubit
j01) | |11) Y
|10) | |01)
|11) |10)

Figure 18. Truth table and symbol of the Double-CNOT quantum gate for the state coding [{) = 100),
lpy) = 101), 11p3) = 110), and 11pg) = 111).

The Double-CNOT quantum gate calculates the second output qubit as the XOR of
the two input qubits, and it sets the first output qubit equal to the second input qubit.

The application of a further in-phase microwave pulse at the resonance frequency wg,
still for a time duration 71/2wj, leads to the SWAP quantum gate, whose operator Agwap is

thus given by
10 007t 0 00710 00O 10 0 0
R 01 0O0/]loo0 o01]lo1 00 00 1 0
Aswar=10 0 o0 1lloo 10lloo o1 Jo1 ool ¥
00 10]lo1 oo0]loo0 10 00 01
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Figure 19 shows the symbol and truth table of the SWAP quantum gate.

Truth table Symbol

W) | [Wour) | T :\ C
|00> |00> Right qubit

01) | [10)

[10) [01)

[11) [11)

Figure 19. Truth table and symbol of the SWAP quantum gate for the state coding l1) = 100),
lpy) = 101), 11p3) = 110), and 11pg) = 111).

The SWAP quantum gate swaps the two input qubits.

7.4. Further Remarks on the CNOT and Anti-CNOT Quantum Gates

Table 6 shows that the interpretation of the matrix in Equations (104), (108), (112), and
(116) with the state coding 1) = 111), ) = 110), [3) = 101), and I4) = 100), which
is complementary to that used before, still leads to CNOT and anti-CNOT quantum gates
but in a different order.

Table 6. CNOT and anti-CNOT quantum gates for the state coding [{1) = 100), [{2) = 101),
1ps) = 110), 1) = 111) and 1Pq) = [11), [P2) = 110), [h3) = 101), 11hg) = 100).

States Coding

o " Resonance
perator Frequency lp1) =100) [¢3) =[10)  |gy) = [11) |y3) = |01)
[$2) = 101) [y =[11)  [gp) = [10) [gpg) = |00)
(1) (1) 8 8 CNOT Anti-CNOT
WR1 (left qubit: control) (left qubit: control)
8 8 (1) (1) (right qubit: target) (right qubit: target)
(1) 8 8 flJ CNOT Anti-CNOT
WR2 (left qubit: target) (left qubit: target)
0 0 1 0 d &
o1 0 0 (right qubit: control) (right qubit: control)
0 (1) 10 Anti-CNOT CNOT
(1) 0 8 8 WR3 (left qubit: target) (left qubit: target)
00 0 1 (right qubit: control) (right qubit: control)
(1) 10 0] Anti-CNOT CNOT
0 00 WR4 (left qubit: control) (left qubit: control)
8 8 (1) (1) (right qubit: target) (right qubit: target)

8. A Simple Quantum Algorithm: Deutsch’s Algorithm

The analogy between the quantum microprocessor and the double-slit experiment in
Section 2 pointed out that a quantum algorithm makes solutions that are not accessible
to a classical algorithm possible. To provide evidence of this statement, let us consider
the physical system (oracle) depicted in Figure 20. It operates, by means of the unitary
operator U, on the input two-qubit state |x;,,) ®|yi,), and it generates the output two-qubit
state |Xout) ®|Your) With |xout) = |xj,). In addition, let f be a scalar function f: {0,1}—{0,1}
such that |yout) = |Yin ® f(xi)), where i, = 0 (i, = 1) if |yi) = |0) (|Yin) = |1)), xin =0
(xi = 1) if |x;,) = [0 (|xi) = [1)), and @ is the XOR operation.
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) |Zoue)

i) — — [Vou)

Figure 20. Oracle operating on the input two-qubit state |x;,,) @ |y, )-

Let us introduce the problem of determining if the above function f is constant, that
is, f(0) = f(1), or balanced, that is, f(0) # f(1). To solve this problem for a given oracle, you
need to calculate, for both |x;,,) = |0) and |x;,) = |1), first |Xout)®|Your) and then f(x;,)
from |Yout) = |Yin ® f(xin)). For the sake of clarity, let us address the oracles in Figure 21.

Table 7 details the calculation for the case (a) for which U = I®1I, where I is the unitary
operator used for Equations (82)—(87). Since |Yout) = |Vin), by forcing |your) = |Yin ® f(xin)),
you obtain f(0) = f(1) = 0. For the oracle in Figure 21a, the function f is thus constant.

Table 7. Calculation for the oracle in Figure 21a.

i) |Yin) |Xout) Yout) |Yin DF (Xin)) f(in)
10) |0) 10) 0) 06 £(0)) 0=£(0)
10) ) 10) ) 1@ f(0)) 0= £(0)
1) 10) ) 0) 0 f(1)) 0=f(1)
1) 1) 1) 1) 1efm) 0=/
@) (b)

|xin> |xout> |min> |:Caut>

|yin> ‘yﬂuf> |yin> @ ’yout>
© d

|xi"> |mout> ’xin> |waut>

|yin> NI |yout> ‘yin> NI @ |yout>

Figure 21. Four oracle implementations: (a) U =1®I, (b) U= I®Ax, (U= ACNOT, (d)U=(IA X)ACNOT.

For the oracle in Figure 21b, U = I® Ay, where Ay is the Pauli X gate operator in
Equation (52). Table 8 provides the detailed calculation. The rightmost column shows that
also in the present case, the function f is constant but with f(0) = f(1) = 1.

On the other hand, for the oracle in Figure 21¢, for which U is the CNOT operator Acnor
in Equation (104), the calculation in Table 9 shows that the function f is balanced. Table 10
shows that also for the oracle in Figure 21d, for which U = I® Ay, the function f is balanced.
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Table 8. Calculation for the oracle in Figure 21b.

[ i) |Yin) |%out) Your) |Yin ©F (Xin)) fin)

10) |0) 10) ) 06 £(0)) 1= f(0)
10) 1) 10) 0) 1@ f(0)) 1= f(0)
1) |0) ) 1) 0 f(1)) 1=/(1)
) ) ) 0) 1efm) 1=f(1)

Table 9. Calculation for the oracle in Figure 21c.

[Xin) Yin) [Xout) Yout) |YinDf (Xin)) f(xin)

10) |0) |0) 0) 09 £(0)) 0= £(0)
10) ) 10) ) 1 £(0)) 0= £(0)
Ry 10) ) ) 0 £(1)) 1=/(1)
) 1) ) 0) 1o f(1) 1=f1)

Table 10. Calculation for the oracle in Figure 21d.

[in) |Yin) |%out) Your) |Yin ©F (Xin)) f(in)

10) 10) 10) ) 09 £(0)) 1=/(0)
10) 1) |0) 0) 11 £(0)) 1= f(0)
Ry 10) ) 10) 0@ £(1)) 0=f(1)
) ) 1) ) 1o f(1)) 0=f(1)

All the above examples in Tables 7-10 share the need to calculate the function f twice, that
is, for |x;,,) =|0) and |x;,,) = |1), before concluding whether the function is constant or balanced.

Deutsch’s quantum algorithm, depicted in Figure 22, allows the same information to
be obtained, but by performing just a single measurement. For the sake of formal briefness,
the short notation |xy) for the tensorial product |x)®|y) is adopted in the following.

0)
0) ——HFltw)  |Tow)
U
0) X H ) e

t

* i i
Yo)  [¥4)  [¥w) [Your) [¥2)

Figure 22. Quantum circuit implementing Deutsch’s algorithm.

First, you apply the operator I® Ax to the initial state |¢9) = |00) to obtain the state
l1) =|01) that then is subjected to the operator Ay ® Ay, where Ay is the Hadamard
operator in Equation (69). In this way, the state |¢;x) at the input of the oracle is as follows:

oy = |58 @ [ OB~ Zqooy—ton + oy a9

As |xout) =|xiy), the state |Ppoy) at the output of the oracle is thus

[bour) = |Xout) @ [Yin © f(Xin)) = [Xin) @ [Yin © f(xin)) =

sy @ (0o £(0)) ~ [1e £(0)) + 3@ (o F1) ~ e f)) 12
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or, by separating for f constant or balanced,
£3(10)+1) @ (j0)-[1)) i £(0) = £(1)
= , 121
wour) = {CF o) ") e 1) 7o) 270 12
Eventually, the application of the operator
1 0 1 0
A 101 0 1
AH®I—ﬁ 10 -1 0 (122)
01 0 -1
to the output state |poyr) yields
5100 @ (10)-[1)  if £(0) = £(1)
[p2) = ¥ . (123)
5N e(0-1) i f(0)#f(1)

which can be expressed in a more compact form, since f(0) @ f(1) = 0if f(0) = f(1), and
f(0)® f(1) = 1if £(0) # f(1):

1
[$2) Ziﬁ|f(0)@f(1)>®(\0> -11) (124)

Equations (123) and (124) show that measuring the first qubit is sufficient to draw
conclusions about the function f. The Deutsch quantum algorithm therefore speeds up
the solution of the problem under investigation because a single measurement is required
instead of two as in Tables 7-10.

9. Conclusions

The core of the present paper has been the mathematical-physical description of one-
and two-qubit quantum gates, in the case of qubits encoded by using spin states of electrons
confined within quantum dots. The matrices representing these quantum gates have been
deduced from the solution of the Schrédinger equation by employing a mathematical
formalism designed to be as accessible as possible for electronics engineers who do not
enjoy the more speculative formalism of theoretical physics.

The deduction clearly reveals that, from a physical standpoint, quantum gates are obtained
by applying a microwave pulse with the appropriate frequency and duration to manipulate the
electron spins. This understanding holds significant importance as it provides the conceptual
foundation for electronics engineers responsible for designing the radio frequency integrated
circuits that control the qubits.

In addition, the paper has also described the nature of a quantum microprocessor
within the frame of a finite-state machine, a common notion to any electronics engineer.
In particular, the analogy between the behavior of a quantum finite-state machine and the
historical experiment of the fringe patterns clearly points out the quantum nature of the
quantum microprocessor. The considerations carried out in Section 2, together with the
contents of Sections 5 and 7, suggest that a quantum microprocessor can be considered
as a very sophisticated interferometric engine that is controlled by a precise sequence
of microwave pulses operating on the same qubit network. From this point of view, a
quantum microprocessor is similar to a musical instrument. It is the sequence (quantum
algorithm) with which you excite the instrument (the qubit network) that generates the
musical motif (the output of the quantum microprocessor).

This simplifies the task for a designer, enabling a clearer understanding of the purpose
of the circuits they are designing and how a quantum computation occurs at the physical
level. These insights are crucial, as they empower a designer to gain a deeper understanding
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and make informed judgments regarding the specifications under which they are tasked
with designing cryogenic integrated circuitry for a quantum processor.

In conclusion, since, on the one hand, several textbooks on quantum computing intro-
duce quantum gates as pure mathematical objects without providing their mathematical—-
physical background, while, on the other hand, physics textbooks address qubit physical
systems with a mathematical formalism, which is challenging for electronics engineers to
follow, it is the authors” opinion that the present paper may contribute to demystifying
quantum microprocessors for electronics engineers. It is also the authors” opinion that
the present paper may enhance the information exchange between engineers and physi-
cists who collaborate in the development of quantum microprocessors, a research field of
significant interest in microelectronics today.

As a final remark, it is worth observing that the methodology employed in the present
paper for electron spin qubits may be extended to superconductive qubits. In the case of a
single superconductive qubit, Bardin and colleagues have indeed presented a Hamiltonian
in a matrix form that bears similarities to Equation (40) [48]. Similarly, in the case of
two capacitive-coupled superconductive qubits, Krantz and collaborators have reported
a Hamiltonian with a structure akin to the Hamiltonian for two spins coupled by an
exchange interaction [49], which is similar to Equation (72). This leads to the conclusion
that the methodology adopted in the present paper can be extended to other physical
implementations of qubits.
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Appendix A
The first equation in Equation (39) yields
i [ da(t . ;
Bt) = aﬂl[ aﬁ ) +]wozx(t>}ef‘“f (A1)

which, once replaced in the second equation, leads to the following differential equation in
the unknown o(t):

0%a(t) +jw ou(t)

382 FTR (w% +w? — wwo)(x(t) =0 (A2)

Possible solutions are of the form «(t) = e/, so you obtain from Equation (A2) the
following algebraic equation:

A2 4+ wA — (w3+w% —ww()) —0 (A3)

whose two solutions A; » are as follows:

Al_—“’—\/w%Jr(wo—“’)z (A4)

)\2:w+\/w%+(wo(§)2 (A5)
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The general solution of Equation (A2) is therefore
a(t) = Kyel™t 4 Kpelt! (A6)

where the two constants K; and Kj are set by the initial conditions. The substitution of
Equation (A6) into Equation (A1) yields

_ Klej/\lt(/\l +wp) + Kzej/\zt()\z + wp)
w1

B(t) = (A7)

with the generic initial conditions «(t = 0) = xg and B(t = 0) = 3. Equations (A6) and (A7)
yield the following algebraic systems in the unknown Kj and Kj:

ag = K1 +Kp
{ Bo = _ Ki(Mtw)+Ka (A +wp) (A8)
wi

whose solutions are as follows:

0(0()\2 + CUO) + wlﬁo
K, = A
1 Y (A9)

ao(A + wp) + w1 Bo

K, = Al
) o (A10)
For the initial conditions &y = 0 and g = 1, Equations (A9) and (A10) yield
__ W
Ky = vy (A11)
|
Ky = oA, (A12)
From which, in virtue of Equations (A4) and (A5), you obtain the following:
Ki=—K = “i (A13)

2/wd + (wo— §)°

Finally, the substitution of Equations (A4), (A5), and (A13) into Equations (A6) and (A7)
leads to the wanted mathematical expressions of x(t) and B(t):

W |:e—j‘gte—f\/w%+(w0—(§))2f _ e—j‘;tej\/w%'*‘(wo—‘f)zf}
2 a)% + (wo — %)

B(t) =

_iwy i [2 _ w2 TR ) _ w2
[—%4— /w%+(w0—%)2+w0]e 1§t iy @i+ (wo—%) _[_%_ /w%-i-(wo—%)z—kwo}@ 1§t @+ (wg— )7t (A15)

2\/w%+(w07%>2

By gathering e T0/2t and (w/2 — wy), Equations (A14) and (A15) take the following forms:

. . 2 _ w2 ; 2 _w)2
a)lef]%t e ]\/“’14'(‘00 ) t_e]\/w1+(w0 7)°t

2

a(t) = (A16)

W} + (wo— 4)°
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w _ —e
2 2

B(t) = —— 2 z{(w wo)e—Mw%Hwo—%Ft jyed +iwo-9)%
)

wi+(wo—%
. 2 w2 . 2 w2
> 261\/w1+(w0—7) t+e—]\/w1+(w0—7) t
+ywi+ (wo— %) 2

Equations (A16) and (A17) can be further compacted by remembering that sin(x) = (™ —
e’jx)/Zj and cos(x) = (& + e %) /2:

—'%t
a(t) = —j we ! )zsin l\/w% + (wo - (;))zt] (A18)

w2+ (wo— 4

(A17)

B(t) = - :(fot_ %)2 {j<w0 - %)sin {\/w% + (“’0 _ %)215 + \/w% + (‘Uo — %)zcos {\/w% + (“’0 _ ‘;’)%} } (A19)

Under the resonance condition (w = 2wy), Equations (A18) and (A19) can be simplified
into the following mathematical expressions:

w(t) = —je 1 sin(wst) (A20)

B(t) = e 1“0t cos(cwt) (A21)

Their substitution into Equation (6) leads to Equation (41).
For the initial condition &g = 1 and 3¢ = 0, Equations (A9) and (A10) yield

Ar 4+ wy
Ky = A22
(el W (A22)
. A+ wo
K, = A=Ay (A23)

The substitution of Equations (A4), (A5), (A22), and (A23) into Equations (A6) and (A7)
leads to the wanted mathematical expressions of o(t) and {3(t):

£ — w07%+\/w%+(wof%)2 7][%4»‘/(4}%4»((4)07%)2“
lX( ) - 2\/w2+(w07ﬂ)2 ‘
7(4.}1 w \/ﬁ W 2 w\2 (A24)
+ o+73+ “’1*(“’0 2) e*][j*\/W]t
2\/w%+(w07%)2
_ W /? _w)? rw 2 w2
B(t) = -2t 2w1+(wow 22) [Wo — ¢ — Wi+ (wo— 3])2L_][2+V“’1+(‘”0_2) I
Zwl\/w1+(w0—7)
—wp+ Y+ 2+ _w 2 _ W 2 _w)2
e [y g o+ o - )R
2w1\/w1+(w0—7)

and with a few operations, Equations (A24) and (A25) can be rewritten in the following forms:

(A25)

Wy

a(t) = ——<2 i, — w)e—j¢w%+<wo—%>2t76;¢w%+<w0,%)zt
2 w2 2]
2/ wi+(wo—%)
2 *j\/w2+(w —“’)Zf j\/w2+(w 7“’)21‘ (A26)
+2 w%+(w0—%)€ 17072 2+e iHwo—7 }

. : 2 ; 2
jw%g_]%t ef]\/w%Jr(wof%) t_ e]\/w]er(wO*%) t

2j

B(t) = (A27)

wiyfw? + (wo — §)°
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By remembering that sin(x) = (X — e/ 2j and cos(x) = (& +e)/2, you obtain
the following:

w(t :‘E_Jgf{—'Zw — w)siny/ w? + (wg — ¥ 24
(t) 2\/m j(2wo ) 1 (0 2)

(A28)

—|—2\/w% + (wo — %)ZCOS\/w% + (wo — ‘i’)zt}

jane %t ) 5 w2
B(t) = — siny/ wi + (wo - —) t (A29)

2 w\2 2
Vwt+ (wo—%)
Under resonance condition (w = 2wy), Equations (A28) and (A29) reduce to

a(t) = e 190t coseon t (A30)
B(t) = e 190t eI % sincy t (A31)

Their substitution into Equation (6) leads to Equation (42).

Appendix B

Remembering Euler’s formula e = cosx + jsinx, Equation (44) takes the following form:

{ o0 = —jaopa(t) — wr(E)e ! (A32)
B — oyeitu(t) + jwoB(t)

The first equation in the system (A32) yields

WO L jwoa(t) 1 {azxa)

By = 2L — | %

_ ; jwt

T o + ]wozx(t)} e (A33)
which, in its turn, once replaced in the second equation, leads to Equation (A2). Also,
for the magnetic field with the components Bx and By at the quadrature, «(t) takes the
form of Equation (A6). On the other hand, since Equation (A33) can be obtained from
Equation (A1) by multiplying by j, you obtain the following from Equation (A7):

_].Klej/\lt(/\l +wo) + Kzej/\zt()\z + wp)

o (A34)

B(t) =

with the generic initial conditions «(t = 0) = &g and B(t = 0) = Bg. Equations (A6) and (A34)
yield the following algebraic systems in the unknown K; and Kj:

Bo = 7]'K1 (/\1+w0);1<2(/\2+w0) (A35)

{ ag =K1 +Kp

whose solutions are as follows:

_ leo()Lz + CUQ) + wl‘Bo

K - A36
1 i —11) (A36)
tho(/\l + CLJ()) + w1Bo
Ky = - A37
? j(A = A2) (A37)
For the initial conditions &y = 0 and 39 = 1, Equations (A36) and (A37) yield
S— (A38)

j(A2 — A1)
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w1
vy
Equations (A38) and (A39) are identical to Equations (A11) and (A12) but divided by j.
Since, in virtue of Equation (A6), «(t) is proportional to K; and Ky, and A; and A; are given
by Equations (A4) and (A5), which are calculated before the introduction of the in-phase or
in-quadrature conditions for the components Bx and By, the mathematical expression of
a(t) for the in-quadrature condition can be derived by dividing Equation (A18) by j:

2(t) = — wiei%t sin [\/w% + (“’0 _ Z)zt] (A40)

W+ (wo - §)?

(A39)

On the other hand, since Equation (A34) was obtained from Equation (A1) by mul-
tiplying by j and Equation (A34) also shows that (3(t) is proportional to K; and Kj, the
mathematical expression of (t) is given by Equation (A19). At the resonance (w = 2wy),
Equations (A40) and (A19) reduce to

a(t) = —e T sin(wst) (A41)

B(t) = e 10t cos(cwyt) (A42)

The substitution of Equations (A41) and (A42) into Equation (6) yields Equation (45).
For the initial conditions &y =1 and 39 = 0, Equations (A36) and (A37) yield

Ar + wy
Ky = A4
(Al v (A43)
A+ wo
K>, = Ad4
e Vi (A44)

These equations are identical to Equations (A22) and (A23). Consequently, since, as
previously remarked, Equation (A6) yields the mathematical form of «(t) for the in-phase
and the in-quadrature condition for Bx and By, Equation (A28) is the wanted mathematical
expression of «(t). Similarly, since Equation (A34) was obtained from Equation (A2) by
multiplying by j, Equations (A23) and (A24) imply that the mathematical expression of (3(t)
is given by Equation (A29) multiplied by j:

. _j&t 2
B(t) = —j——JYC 2 sin\/w%—i— (wo—%) t (A45)

Vwt+ (wo—%)
At the resonance (w = 2wy), Equations (A28) and (A45) reduce to

w(t) = e 1 cosen t (A46)

B(t) = e “0tsincqt (A47)
The substitution of Equations (A46) and (A47) into Equation (6) yields Equation (46).

Appendix C
The Fourier transform is performed on the envelope signals to assess their spectral content:
+oo ‘
Flx(t)} = X(f) :/ x(F)e 2Tt g (A48)

After Equation (A48), the corresponding Fourier X(f) transforms for the sinusoidal,
rectangular, and Gaussian envelopes are calculated as follows:
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Appendix C.1 Sinusoidal Envelope
[ cos(55),if-T<t<T
x(8) = { 0 otherwise (A49)

with fo = 7.
Its X(f) is as follows:

T _ .
X(f) = f_Tcos(g%)e‘ 2mift gy
= J_peos(anfot)ef d
o 7tifo —27tify 72 :
— e +23 Tft gy

[fTT e—2m(f fo)t dt _|_f —Zm (f+fo)t dt]

[ﬂnzq P el ) }T
27i(f—fo) | —2mi(f+fo)
eZm(f fo) 76727'ti(f—f0)T
{ 2mi(f—fo) ,
Q2mi(f+f0)T _ p=2mi(f+f)T }
27i(f+£o)

_ sinRne(f—fo)T] | sinPre(f+fo)T]

27(f—fo) 27e(f+fo)
= Tsinc2n(f — fo)T] + T sinc[2n(f + fo)T]

= Tsinc|2n(f — 4 ) T| + Tsinc|2n(f + 4 ) 7]

1
2
1
=3
1
2

(A50)

Appendix C.2 Rectangular Envelope
|1, if -T<t<T
x(t) = { 0, otherwise (AS1)

whose X(f) is as follows:
zX(f) = ffT e~ 2mift dt

_ [e2mift]T
=[]
27ifT _ ,—2mifT
— %) (A52)
_ sin(27tfT)
= =
= 2T sinc(2nifT)
Appendix C.3 Gaussian Envelope
b2
e if —T<t<T
t) = ¢ A53
x(t) { 0, otherwise (A53)
whose X(f) is as follows:
X(f) = fTT —bi? ,—2mift dt
_ e_ﬁ T (\[t+z ) dt
- -T€
_np2 T —(Vht+i%) ST (Vo
= Ve [\/zﬁfoe v t‘ﬁfo € vt (A54)
22
1 xS bT+inf\ —bT+irnf
B (23 - (20

= % \/%e* - [erﬁ ( nf\;bihT) —erfi ( ﬂf\J/er;bT) }

where
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erfi(x) = —i erf(ix)

In Figure Al, the extended integration window with T—+co was assumed for sim-
plicity, in order to plot the spectrum. Under this assumption, Equation (A54) reduces to

a2 £2
X(f) = ge’Tf (A55)
whose module squared is simply
T _ 2
X()fF = e (A56)

Figure Al shows that the rectangular envelope exhibits the broadest spectrum.

Envelope spectra

1k sinusoidal
//\\ rectangular
/i \ — — — - gaussian
/ \\“x
0.8r ’I’ \\
/i \\
/1 '\
/) 1\
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o ! \ \
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/ 1\
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Figure A1. Sinusoidal, rectangular, and Gaussian (b = 1) pulse spectra. All amplitudes normalized.
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