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ON ASYMPTOTIC STABILITY IN 3D
OF KINKS FOR THE ¢* MODEL

SCIPIO CUCCAGNA

ABSTRACT. We add to a kink, which is a 1 dimensional structure, two transver-
sal directions. We then check its asymptotic stability with respect to compactly
supported perturbations in 3D and a time evolution under a Nonlinear Wave
Equation (NLW). The problem is inspired by work by Jack Xin on asymptotic
stability in dimension larger than 1 of fronts for reaction diffusion equations.
The proof involves a separation of variables. The transversal variables are
treated as in work on Nonlinear Klein Gordon Equation (NLKG) originating
from Klainerman and from Shatah in a particular elaboration due to Delort
et al. The longitudinal variable is treated by means of a result by Weder on
dispersion for Schrédinger operators in 1D.

§1. INTRODUCTION

Set & = (z,y) € R x R?, A the full Laplacian, and A, the Laplacian in the
variables y. We consider the NLW
(1.1) g —Au—u+ud=0, (t,7) ERxR", n =3,
and the kink solution th(z) = tanh(2~2x). We consider solutions of the form
(1.2) u(t,x,y) = th(z) + w(t,z,y),
with initial data (chosen real valued not to complicate notation)
(1.3) w(0,2,y) = wo(z,y) , we(0,2,y) = wi(z,y).
‘We prove:
Theorem 1.1. Consider equation (1.1) with solution (1.2) with initial data (1.3).
Assume that the w;i(x,y) are smooth, supported in |z|> + |y|> < K%, for K > 0
some fized constant. Then there exists ¢y such that if s = 24 and if (wg,w1) €
H*(R3) x H*~1(R?) with norm smaller than €, then the solution of the form (1.2)
is globally defined in time and such that

lw(t, Z)|V1+t/1+ |t — Jy|| < oo.

Orbital stability of kinks for n = 1 is proved in [HPW]; see also the remark on
p. 188 of [GSS]. A result similar to Theorem 1.1 can be proved for traveling kinks.
For n = 2 and especially for n = 1 a similar result is open while for n > 4, in
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particular for n > 5, it should be easier to prove. When we replace u;; with duy,
we obtain an integrable Schrodinger equation, but (1.1) cannot be treated with the
Inverse Scattering Transform, [AS], p. 38. In the case of the heat equation stronger
results than ours are well known: for n = 1 see [H]; for n > 1 see for n > 4 [X],
for n = 2,3 [LX] and for all n > 1 [Ka|. For the heat equation the fact that most
of the spectrum is strictly negative is very helpful, while for (1.1) one can think
of the whole spectrum in the imaginary axis. In fact for the heat equation when
n = 1 one exploits that 0 is an isolated eigenvalue and all the rest are strictly
negative. For n > 2 the point 0 is not isolated in the spectrum and so to some
extent the transversal variables complicate the spectral picture. At least in part
this extra difficulty must be purely formal since, for perturbations localized also in
the transversal variables, which only contributes to their smallness, relaxation to
a kink must only be more likely. This is the view we take in this paper. Since we
do not know how to solve the n = 1 case we add some extra variables and exploit
the dispersion they provide. The case n = 3 leads to equations with a long range
nonlinearity.
The equation for the perturbation can be written

(1.4) wy — Aw —w + 3tanh2(2_%a:)w + 3tanh(2_%x)w2 +w® = 0.

We can rewrite
d2 2 1
H= i 3cosh™“(272x),
wy + Hw — Ayw + 2w + Stanh(Zféx)w2 +w? =0.
. n? d Vo
Recall that the eigenvalues of the operator —— —— — ——————— are by [GK]
p dz®  cosh®(272x/a)

given by the formula

R? |1 [8uVya? 1
An=——= |31/ 1-— =
pa? l? h? + (n+ 2)

with n varying among nonnegative integers so that %\/ 8”}‘;78“2 +1—-(n+ %) > 0.

2

In our case H has exactly two eigenvalues, given for n = 0,1 by

1[1 117 1 )
In particular A\g = —2 and Ay = —1/2. Notice Ay = 0 is a resonance but not

an eigenvalue, that is, we have equality (1.7) with a function bounded but not in
L?(R). That 0 is a resonance is used here crucially; see §2 and the proof of Lemma
12.5. We have

(1.5) (H +2)cosh™2(277z) = 0,

1 —2/6—1 . 1
(1.6) <H + 2) cosh™“(272z)sinh(2722) = 0,
(1.7) H (cosh_Q(Q*%x) - 2tanh2(2*%x)) =0.

Following Xin [X], [LX] and Kapitula [Ka] we write the solution in the form

(1.8) u(t,x,y) =th(z —o(t,y)) +v(t,z —o(t,y),y), /v(t7 z,y)th' (z) dr = 0.
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In turn, if we set

b(z) = sinh(2-2x) cosh™2(27 2z T) = ?(x)
(1.9) () h(272z) cosh™(2722), () 15012
we get
(110) U(t,.’L‘7y) = (;S(x)a(t,y) +¢(t,x,y),

with 1 corresponding to the continuous spectrum of H. In this paper we prove that
locally in space 9(t,z,y) = O(t~279) for § > 0 small preassigned, a(t,y) = Ot~ 1)
and o(t,y) = O(t~219). Probably these estimates are valid uniformly in space. In
the particular case when for the data in (1.3) we have wo(—z,y) = —wo(z,y) and
wy(—x,y) = —wi(z,y), where o(t,y) = 0 for all ¢,y, we are able to prove uniform
estimates, but we do not include the argument here.

When we plug ansatz (1.8) into (1.1) we obtain a system of two NLKG equations,
one for ¢ and one for a, and a nonlinear wave equation with zero mass for o. The
nonlinearity consists of pure powers, including quadratic, and null forms. The
equation for ¢ has inhomogeneities that depend on the longitudinal variable x. If
the space dimension n is sufficiently large, then the theory in Shatah [Shl] and
dispersion theory for the linearized operator, Weder [We], lead to the expected
result by means of LPLY estimates. If n is small LPL9 estimates are not sufficient
to close the inequalities. The literature offers as additional tools Klainerman’s [K]
vector fields and Shatah’s [Sh2] normal forms. In low dimension n < 2 the two
tools are used in conjunction; see [D], [DFX], [GP], [Ko], [OTT] and therein for
additional references. The methods [K], [Sh2] are designed for translation invariant
equations. In [K] a translation invariant NLKG is viewed essentially as an ODE
in the radial variable in spacetime. In [D], [DFX] the approach in [K] is adapted
directly to the nonlinear problem.

Since the inhomogeneities in our system depend only on the longitudinal variable
x, we implement the method of [K], [DFX] (change of coordinates, normalization
of the unknowns and energy estimates on hyperboloids using Klainerman’s vector
fields) only in the variables (t,y), while in the x variable the differentiation needed
for energy estimates is by means of the Schrodinger operator H. The variables
(t,y) are changed into new ones denoted T,Y while z is left alone. Following [D],
[DFX] we consider energy estimates and enter the information in the nonlinear
system. In [DFX] this leads to a simple system of ODE’s for the radial variable T'
plus small integrable perturbations. Then L* estimates are obtained directly from
the ODE’s using standard ODE methods, for instance standard method of normal
forms. Similarly, here we obtain a system of one Klein Gordon equation in 1 with
time T and space variable x and an ODE in T for a, while it is more convenient to
think of the equation for ¢ as an NLW. By variation of parameters and using work
by Weder [We], we obtain nice estimates for ¢, so that 1) can be eliminated from
the system. Now we have reduced to an NLW for ¢ and an ODE for a. Thanks
to the estimates on 1, by the Morawetz vector field we get nice estimates for o.
Eventually, up to lower order terms, we have in effect just a closed nonlinear scalar
ODE in a, with quadratic nonlinearity in a, up to a lower order error. We estimate
a applying normal forms as in [DFX].

We want to point to two features of the problem. The first, which is certainly
fundamental, is the fact that, both here and in [Ka], the problem can be solved
only because the nonlinearities are of a specific form, that is, pure power terms
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and (see [Ho|, [So]) Klainerman’s null forms. The second feature, maybe not as
fundamental but just as important for our argument, is that the endpoints result
for p = 1,00 in Theorem 2.2, more precisely the dispersive L' — L> estimate for
linear Klein Gordon equations in Corollary 2.3, are crucial. Now, the L' — L>®
estimate to our knowledge is known to hold only with Schrédinger operators which,
like our linearization H defined under (1.4), have 0 as a resonance and have a
transition coefficient satisfying T'(0) = 1; see Lemma 2.1 below. The L' — L
estimate seems essential because, by the dimension 2 of the Y space, at some point
we get an undesired log T growth factor in the upper bound on v¥; see Lemma 11.2.
The estimates for o are tight and this logT term risks to derail all the estimates.
Fortunately we are able to prove that the crucial term involved in the estimate
for o (see (12.1)) does not have the additional factor. The proof makes use of the
L' — L™ estimate in Corollary 2.3. A limitation in the proof is that the § > 0 of
say ¥ (t,x,y) = O(t_%+5) affects the size of the neighborhood of th for initial data,
not only the constant in the big O.

This paper is structured as follows. In §2 we state a framework from Kapit-
ula [Ka] which is necessary to introduce the modulation equations. Then we state
results in [We] which give us estimates on groups associated to H. In §3 we “mod-
ulate” following [Ka]. This leads us to a system whose nonlinearity is of the right
type, in particular displays null form dependence in o. All sections from 4 on are
heavily dependent on [DFX]. In particular we often state without proof formulas
and lemmas which are proved in [DFX]. In §5 we introduce Klainerman’s vector-
fields and introduce new coordinates. In a subsection we derive, using the Morawetz
vectorfield, various formulas for o. In §6 we describe the basic continuity argument
used to prove the main theorem; the rest of the paper consists of the proof that
inequalities (6.1) imply the improved inequality (6.2). The crux of the paper starts
from §7, where we first restate the system, formulas (7.1)—(7.2) and (7.5), and we
start a long list of multilinear estimates. We advise the reader to skip these esti-
mates at a first reading. In §8 we prove a high energy estimate, Lemma 8.1, using
the material in §7. At a first reading we advise the reader to read the statement
of Lemma 8.1 and skip the rest of the section. In §9 we rewrite the system empha-
sizing the variables x and 7. In §10 we derive improved low energy estimates for
A. In §11 we derive dispersive estimates for ¥. At the end of §11 we exploit the
estimates in Lemma 8.6, which are derived from the finite speed of propagation.
In §12 we prove the estimates for X, stated in Lemmas 12.2 and 12.4. At a first
reading we advise the reader to read the statements of these lemmas, skip all the
rest of §12 and read the closure of the estimates in §13.

§2. SPECTRAL DECOMPOSITION AND LONGITUDINAL DISPERSION

We start with §2 [Ka]. We denote by (), the L? inner product in z. S(R) is the
space of rapidly decreasing and smooth functions defined in R. Then, proceeding
as in Lemma 2.1 [Ka], we have:

Lemma 2.0. Let ¢ € S(R). For any U(z,y), v € R, y € R2, let (p,U), be the
function in y obtained by taking the inner product in the variable x € R. Then we
have for all integers k and for all p € [1,00]:

(o, U)allwerwey < llell 1Ullw.» rs),

L7-1 (R)

le(@) (@, Udallwrnms) < llellwenm ol sy o 1T wes s)-
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In correspondence to the spectral decomposition of H, the identity operator in
L?(R), in fact LP(R) for any p € [1, 0], can be decomposed into

(2.0) I=Py+P +P,

with Py the projection associated to (1.5), P; the projection associated to (1.6) and
P. the projection on the continuous spectrum of H. Since th'(z) and ¢(z) are in
S(R), by Lemma 2.0 projections Py, P, P., and the corresponding splitting (2.0)
extend to WHP(R3) for any p € [1,00] and any k.

We collect a few technical facts on operator H needed later in the proof. We
have:

Lemma 2.1. For the transmission coefficient of H, we have T(0) = 1.

By (2.12) in [We] we have T'(0) = 2J2r‘;2 where a = lim, . f1(z,0), with f;(z,0)
the Jost function satisfying lim,_, 4 f1(z,0) = 1. If there is a bounded solution «
of Hu = 0, by elementary ODE arguments « must be a multiple of f;(z,0). Then
the function in (1.7) appropriately normalized gives fi(z,0), and since it is even,
we have a = 1.

Lemma 2.1 is very useful because the main result in Weder [We] implies:

. - d?
iHt i 5t

Theorem 2.2. Consider for ¢ € C§°(R) the operator W = lim;_, 4o, €' Ye ®.
Then W extends into a bounded one to one map from W*P(R) into itself V p €
[1,00] and V k € Z, with image given by P.(H)W¥*P(R).

If 0 was not a resonance, so that T(0) = 0, or if T'(0) # 1, we would miss p = 1, 0o
in Theorem 2.2; see [We]. These endpoints cases are used in Lemma 12.5.

For P.(H) as in Theorem 2.2 set B = H + 2P.(H). Since W f(H)P.(H) =
f (—%)W for any measurable bounded function f, by Theorem 2.2 B has the
following dispersive properties:

Corollary 2.3. We have that ¥V p € [2,00] the operators sin(tB) and cos(tB) send
Po(H)WHH™ 5555 (R) — P.(H)W*P(R) with norm bounded by Cyt™**5.

We have the following fact; see p. 296 of [T]:
Lemma 2.4. B is an elliptic pseudo differential operator (pdo) of order 1.
Finally we have:

Lemma 2.5. Set B® = P.(H). If m is even (resp.odd) ¥ p € [2,00] (resp. p €
2,000,

I[B™,8,]: W™P — LP N L51|| < .
For m = 2k this follows from
[(H +2)*P.(H),0,] = (H + 2)*[P.(H), ] + [(H + 2)*,0,]P.(H).

For m = 2k — 1, [B™,8,] = B[B™1,8,] + [B™1,9,]B with [B™~!,9,] bounded
from W™mP — WP A W51 and from W™=1P — [P N L7 1. Since B is bounded
from W™P — Wm=LP and from WP N Whs 1 — [P N Lﬁ, we are done. O
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§3. MODULATION

We still follow Kapitula [Ka]. We need to justify formula (1.8). For our purposes
the following result is sufficient:

Lemma 3.1. Consider k € N and p € [1,00| such that W*P(R3) c CO(R®) N
L*°(R3). Then there are positive constants C' and ey such that, for any e €]0, €|
and for any w(z,y) € WEP(R3) of norm less than €, there exists a unique pair
(v(z,y),0(y)) with: v(x,y) € WFP(R3); Pyv = 0; o(y) € WEP(R?);

(3.1) th(z) + w(z,y) = th(z — o(y)) + v(z — o (y),y);

the norm of (v(x,y),o(y)) is less than Ce.

The proof, that we sketch now, follows from [Ka|, Lemma 2.2. Assuming (3.1)
we can write

(3.2) w(z,y) = v(z — o(y),y) — o(y) / ' (z — so(y))ds.

Define

F(o,w)(y) = (w(y), th'(- — o(y)))a + G(y)/o (th'(- = so(y)), th'(- — o (y)))ads.

Then
F e C (WHP(R?) x W (R), W (R?),

with F(0,0) = 0 and F,(0,0) = ||th’||3Z. We have that Pyv = 0 is equivalent to
F(o,w) = 0. By the Implicit Function Theorem there is a unique continuous map
o = o(w) such that ¢(0) = 0 and F(c(w),w) = 0. We then plug this ¢ in (3.2) and
we obtain the desired v.

Let us write Qo(f,9) = frgr — Vyf - Vyg. We plug ansatz (1.8) into equation
(1.1) and get, renaming = — o by =z,

Qo(o, 0)th” (z) — th'(2)0o — v, (x)To + (3thv? + v3)(2)

(3.3) 9
+ (DU + 2v + 3(th — 1)1))(CC) + QO(Uv U)Uzm - QQO(U’ Um) =0.

In the frame associated to (2.0), if we write v(¢, x,y) = Piv(t, z,y) + Pou(t, z,y) =
o(z)a(t,y) + ¢¥(t,z,y), equation (3.3) splits into a system formed by (3.4)—(3.6)
below. We will set O, = 0, — A,. We first consider P.(3.3) to obtain:

(Dy + B2)w - Pc(% +a ¢/)Dya + QO(J7 U)Pcwxm - 2@0(0, P0¢m)

= 7PC(F2 + Fg) — Qo(CT, O’)Pcth” + 2Q0(O’, a)Pcd)’ — aQo(O', U)PC¢//

Fy(¢h, a) = 3th (ag + ¥)?

FS(wv a’) = (a¢ + w)S

We consider ((3.3), ), (from now on we omit the subscript 2 and write simply ())
and obtain

(3.4)

O, + §>a = Gy — G — (1,600 — Qol0, o) (th", 6)

—2Qo (0, (¥, ¢)) — Qo(o,0) (1, ¢") + aQo (0, 0)[|¢'||3

(3.5)
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where G = (F}, ¢). Notice that 2Qo (0, a){(¢,#’) = 0. We consider ((3.3),th" ) and
obtain

Oyo ([Ith'[|3 — (¢, th”) + a(¢’, th')) = Hy + Hs

(36) + 2Q0(07 <7/}a th”>) - 2Q0 (Ua a)<¢/v th/> + QO(Uv U)W, thm>

where H; = (F},th'). In particular
HZ(wv a’) = 6a<7/}a th¢thl> + 3<th w2a th/>

where 3a?(th ¢?,th’) = 0 because ¢*th’ is even while th is odd. Notice that the
nonlinearities contain ¢ only inside null forms. We will prove:

Theorem 3.2. Under the hypothesis of Theorem 1.1 we have that for any fized
0 > 0 there is an ey = €9(0) > 0 such that for initial data as in Theorem 1.1 we
have for T(t,y) = /1 +[t* — |y|?|

()T (ty) + lalt,y) [Tt y) + ot y)| T2 (ty) < .

Having completed the set up, in the rest of the paper we borrow heavily from
[DFX].

§4. SHORT TERM BEHAVIOUR

We first look at equation (1.4) with initial conditions (1.2). In analogy to Propo-
sition 1.1.4 [DFX] and Proposition 1.4 [D], we have:

Proposition 4.1. Let Ty > 2K, s € N, s > 3. There are ¢¢ > 0 and C > 0
such that for any € with 0 < € < €9 and for any (wo,w1) in a ball of radius € in
HTH(R3) x H*(R3) and supported in {(x,y): |z|*+|y|> < K2}, problem (1.4) with
(1.2) has a unique solution defined in

(4.1) {(t,y) : t>0, (t+2K)* - |y|* < T5},

continuous in time with values in H*TH(R3) and C' with values in H*(R3). More-
over

(4.2) Z / |(0~ T2+|y\2 T,y ] W dxdy < C?€?,

|| <s

and the restriction of w(t,x,y) and its derivatives on the hypersurface (t +2K)? —
2 2
ly|? = TF is supported inside {/]z|? + |y|? < T°2_KK .

We sketch the proof. By taking €y small, there is a unique solution w(t) €
L2([0,t0), HSTHR3))NCL([0, to), H*(R3)) for any preassigned to, Theorem 6.4.11,
[Ho], which is also in C°([0,t0), H*T1(R3)) N C1([0,t0), H*(R?)), [So], p. 18. For

2 2
tg = Lo ;;;K , the intersection of (4.1) with the support of w(¢, z,y) is contained in

{t <to}n{(|z|2+|y>)2 < to+ K}. (4.2) can be obtained by a trace theorem from
the standard energy inequality.
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§5. CHANGE OF COORDINATES AND KLAINERMAN’S VECTOR FIELDS

Having disposed of the solution in the region below (4.1), we consider system
(3.4)—(3.6) in the region above (4.1). Following [K], [D], [DFX], we replace coordi-
nates (t,z,y) — (T, z,Y), we introduce in this new system of coordinates Klainer-
man’s vector fields, only for variables (¢,y), and we rewrite (3.4)-(3.6) in the new
coordinate system.

Set t + 2K =T cosh|Y|, y=TY Sinll;,“yl . Introduce Klainerman vector fields

Zo = Y10y, — Y20y, = Y10y, — Y20y,
Zy = (t +2K)0y, + 110
B [Yf Y cosh |Y|
Y2 |Y]|sinh|Y|
Zy = (t +2K)0y, + Y20
_ny [1 B |Y|cosh|Y|} By, + [ Y YP cosh|Y] By
Y2 sinh |Y] ! Y2 |Y]sinh|Y]|] %
Z3 = Or.

Y Y- Y| cosh|Y
[ P P

|Y|? sinh |Y|

We denote by E" the set of functions (T, xz,Y) — ¢(T,x,Y) such that for any
multi-index I and integer k there is a constant C7 j such that

05 Z1e(T, 2, Y)| < Cr T~ eV

where m is the number of Z3 factors inside Z'.
By Lemma 1.2.2 of [DFX] we have, with b\” (Y) € £°,

2
(5.1) By, =0V (V) 2y + b2 (Y) Zs.

Fix spherical coordinates Y = R(cos#,sin#). We consider

Y _ _ Y, Y
Or = |Y| Vy, 0= Ygayl + Y18y2 = tanh(R)[ R Z1 + R Zg} .
Set
2 2 2 1
52 0y —Ay =P+ T@;r , P=07— ﬁAhyp where

5 coshR 1

BT ¢inh R ot sinh? R
Next, we consider for s € N the spaces Hy with norm, for I = (I, I1,12) and
(I = Ho| + [I1] + |12,

(53) Il = 3 [ 127 $00)Psinb(R)aRas.

[I]<s

0 =27+ 75— Z3.

Ahyp =

We set L3 = HY. We consider for s € N the Sobolev spaces HSy = H3., with
norm

(5.4) 1, = 3 /R |02 £V sinh(R)dRdbds.

[T]4+m<s

We denote HY, by L2y or L?.
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We now consider the null form Q) in the new coordinates. By elementary com-
putation:
1 1

sinh?(R)
As in [K] we set (¢, a,0) = +(¥, A, E). Notice that the above normalization leads
to weaker results than in [DFX]. Set

_ 1 1 frIR foge
(55) QO(fa g) - (fT - ff)(gT - Tg) - T2 - T2 SinhQ(R)'

With the above changes of the independent variables and of the unknowns, system
(3.4)—(3.6) becomes

Qo(f,9) = frgr — ngR foge.

(5.6)
1 1 2
(P+ BZ)W—ch(% + Ag¢,)PY + EQO(E, X)PWyy — fQo(E7 P.,)
—_— %Fg(u'/, Ap(z)) — %QO(Z‘, X)P.th"” + %QO(E,A)PCQS’
P, 1
T2 F5 (¥, Ap(z)) — ﬁAQo(Z, )P.¢"
(5.7)
P 3./4* 1G v,A 1 v,A ! X 3" 1@”PZ
( +§) =7 2(¥, A) — 5 Gs( )*TQO( , 2)(t ,¢>*f< o)
2 1
= 7 Qo(X, (¥ ¢>) Qo(Z, X)W, ") + 2«490(2, D)lle'[13,
(5.8)
! 1 " 1 / ! 1 2 1"
(P) (613 = (2, th") + A, th')) = = Ha(#, A) + 2 Qo(Z, (&, th)

2 ’ 1 1 "

T
By Proposition 4.1 w is smooth in (4.1) with bounds on the first few derivatives.
The same statement holds for (¥, A, X)) by Lemma 2.0. We will prove:

Theorem 5.1. Let sg = 23. Fiz a small positive number § > 0. Let €9 > 0 and let

e be any number e €]0, ep[. Consider smooth initial data for (5.6)-(5.8):
) U(Ty) = Q’(O) , Or¥(Ty) = Q’(l) , A(Ty) = .A(O) , Or A(Ty) = A(l),
X(To) = Yoy, 0rX(To) = Y

which are the traces on T' = Ty of the solutions with smooth initial data provided
by Proposition 4.1. Suppose we have estimates

(2) 1(Z0ys Ays o))l =0 + | (F1y, Arys Tyl mso—1 < e

Then it is possible to choose €y such that system (5.6)-(5.8) with initial conditions
(1) satisfying (2) has a unique solution in C°([Ty,00), H%0) N C([Tp, 00), H*01)
and such that we have

(T=2=°w(T), A(T), T"2°2(T)) € L,

The hypothesis that the initial data are traces of solutions from Proposition 4.1

is used later when we need to exploit the finite speed of propagation of the solution
w of (1.4).
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In the region of existence the solution (¥, A, X) is smooth. For ¢ € N, set
(5.9) U, = (Z'B™F) i i11<q Ag = (ZTA) 1124, (T, A)g = (T, Ag).
Similarly set X, = (Z1X)|1<,. We state:

Lemma 5.2. We have:
(1) [Z;,P] =0 for j =0,1,2; see [DFX], Lemma 1.2.3;
(2) [Z;,0r] =0 for all j; see [DFX], (1.2.10);
(3) [Z;, Anyp] =0 for all j, from the above two claims;
(4) [Or, P] = [aTv_%Ahyp] = %Ahyp-

Set [Z, B)(u,v) = ZB(u,v)—B(Zu,v)—B(u, Zv) for any vectorfield Z and bilinear
form B. By elementary computations, using formulas Qo (f, g) = O(fg)—¢Of— fOg
and Qo(f,9) = P(fg) —gPf — fPg we get:

Lemma 5.3. Consider a multiindex I. In view of Lemma 5.2 we can write Z1 =

Z§ZI/, where Z1' does not contain Z3 = Op among its factors. We also set Q1 =
T2Q,. The we have:

(1) (2", Q0] = 0;

(2) [Zl/a Ql] =0;
(3) [T&T, Ql} = O,‘
(4) [TOr, Qo] = —2Qy.
§5.1. The use of Morawetz vectorfield. Lemmas 5.5 and 5.6 are crucial for the
dispersive estimates for ¢ derived in §12. In particular we will first derive Lemma
5.5, which is later used in Lemma 12.2. Then we will complement Lemma 5.5 with
Lemma 5.6, obtained through a simple computation and leading to the estimates
of Lemma 12.4.

To discuss Lemma 5.5 we introduce the Morawetz vectorfield

Ko = (2 + |y|*)0; + 2ty - V, + t = T? cosh(|Y')Or + T'sinh(|Y|)Or + T cosh(|Y).

We write
X

1
Ko = 7K with K= T2 cosh(R)Or + T sinh(R)0g.
Lemma 5.4. We have

sinh(R) (Ku) (Pu) = 0rP° 4+ g P + 0y P>

where

1 u2

PY == sinh(R) cosh(R) [T?u2 + 2T tanh(R)urur + u% + ——2—1,
5 sinh(F) cosh (R) [T} (Ryurun i + o
1 2 1 u?

Ll _pu2 % L L N, PR
Pl=sl=Tur — gy v — 7Rt TsinhZ(R)} sinh™ (),
P2 =T uguy — tanhfl(R) UTUY.

Proof. With a change of coordinates (t,y) — (T,Y) and for f = T~ 'u, we get
dtdy (Ko f) Oy f = dT dR df sinh(R) T'(T cosh(R)ur + sinh(R)ug)Pu.
We have
(1)
T2
T? sinh(R) cosh(R)ururr = (7 sinh(R) cosh(R)u% )7 — T sinh(R) cosh(R)u%.
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We have
T sinh2(R)uRuTT =(T sinhQ(R)uRuT)T — sinh? (Ryugur — T sinhQ(R)uRTuT
2) = (T sinh?*(R)ugrur)r — sinh?(R)ugur
T
- (5 sinh?(R)u%)r + T sinh(R) cosh Ru?.
We have
— sinh(R) cosh(R)ur ugr = —(sinh(R) cosh(R) urur)r

3 1

®) + E(sinh(R) cosh(R) u%)7 + (cosh?(R) + sinh?(R))ururg.
We have

1.5 L1 s 2 L. 2
(4)  —= sinh®(R)urugpr = —=(= sinh?(R) u%)g + = sinh(R) cosh(R) u%.
T 2°T T

Another term is

(5) — cosh?(R)urug.

Another term is

1
(6) —7 sinh(R) cosh(R) u%.
We have
1
(7) —tanh™ ! (R) urugs = —(tanh ™ (R) urug)y + §(tanh_1(R) u3)7.
We have
1
(8) ~T Y ugugs = — (T~  urug)s + §(T*1 ul) g
Adding up the numbered formulas and simplifying we obtain Lemma 5.4. O

By Lemma 5.4 we have
PO Pl P? tanh(R)
8T(cosh(R)) + 8R(cosh(R)) + 8e(cosh(R)) + cosh(R)

By the last formula we have:

P! = tanh(R) Ku Pu.

Lemma 5.5. Suppose Pu = F(T,Y). Then, for P’ as above, we have:
Or(P°/ cosh(R)) + Or(P"/ cosh(R)) + 8p(P?/ cosh(R))
_ tanh(R) pl
cosh(R)

= sinh(R) (T?0ru + T tanh(R) Ogu)F
O

To get the desired dispersion for ¢ we will need to supplement Lemma 5.5 with
the following elementary computation:

Lemma 5.6. Suppose Pu= F(T,Y). Then we have
sinh(R) u? )

2 sinh®(R) "] ,
— (sinh(R) ugur) g — (sinh ™ (R) ugur)g — T sinh(R) u2..

sinh(R) T?up Pu = (T?u + u% +
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The proof follows from a direct computation. Here notice
sinh(R) T*upurr = %(sinh(R) T?u2)r — T sinh(R) u3.,
—sinh(R) ururr = —(sinh(R) urur)r + cosh(R) urugr + %(sinh(R) u%)r,

1
— sinh™(R) urugy = —(sinh™*(R) urug)o + §(sinh_1(R)u§)T.

§6. ENERGY AND A CONTINUITY ARGUMENT

We define, for appropriate f(T,Y),

E(T.f) = / [fﬁ

Next define

2
+|

Wagﬂ ‘| smh R)de9

Eq)(T,¥) :/RE(T,J/)da:+/RS | B¥|?sinh(R) dRdf dx,

R2

We call E(T, (¥, A)) = Eqy(T,¥) + E(3)(T, A). We have the following lemma; see
[DFX], Lemma 2.1.1:

Lemma 6.1. We have

d‘;E(l)(T W) < 2R [ Up(PW + B20)sinh(R) dRdd de,
R3
d
dTE(z)(T A < -2 | Ar(PA+ A)smh( ) dRd#,
]RQ
d

—_BE(T,%)< 2R | £rPXsinh(R)dRd6.
dT R2

Next consider (see (5.5)) Eq(T) = E(T, (¥, A)q) = Eq)(T,¥,) + E@)(T, Ay)

where
Ew(T, W)= Y Eq)(T,B"Z'¥), En)(T,A) = > Eu(T,Z"A).
m+|I|<q [I1<q
Similarly set
E (T)=E(T,%,) =Y _ E(T,Z'%).
[I1<q

We fix integers N = 22 and N’ = 14. N and N’ are chosen so that N > N’ + 8
and N’ > [%] 4+ 3 and N’ > 8. Next we fix a small number § > 0. We then fix

€ (2,00) so that § > % (we pick p # oo because pdo’s are not well behaved in
L*°). Next, we suppose that in an interval [Ty, T*[ we have

E(To, (W, A)n) + E(Ty, En) < €2,

sup (T2 2| Wil o 1o + T2 OB (T, 2n0)) < plle,
(6.1) rey, 1 Yo

sup  (1n [z £z + 107YN N2 £2 + (ANl 2 + 1070 ANl 22) < pe.
Te[To,T*|
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The crux of the proof consists in the following continuity argument. We need to
show that we can choose p/ and e(u') so that for any € €]0, e(p’)[, (6.1) implies

/
sup (T2 0| 2 1y + T3 B3 (T, 2x)) < Eoe,
Te[To, T*[ 2
(6.2) y
sup  ([¥n7 g 1z + 107%nr |z 12 + AN Iz + 107 A1) < e
T[Ty, T

Once we have that (6.1) = (6.2), we are done. Indeed, suppose T* < oco. In the
region T € [Ty, T*], by the finite speed of propagation the support of w(t,x,y) is
a bounded set. For any point Py = (to,o,%o), on the hypersurface T = T* the
behavior of w(t,z,y) depends only on the values of w(t,z,y) in the cone defined
by to — €1 < t < to, for any ¢; > 0 and |(z,y) — (20, %0)| < to — t. For €; small,
the cone is in the region T € [Ty, T*[. On the cone, (6.1) implies that a large
number of derivatives of w(t, z,y) is bounded, and so w(t, z,y) does not blow up at
Py. Therefore we can conclude that there is a Ty > T such that w(t, z,y) can be
extended in a [Ty, T1[. By (6.2) we can assume (6.1) is valid in this larger region.
This implies that we can choose T* = cc.

§7. VARIOUS INEQUALITIES
We start by rewriting equations (5.3)-(5.5). Set
(7.1) Q= [ — %@, th") + %A(qﬁ’,th’).
Lemma 7.1. There is a a constant C(u') such that ¥V T € [Ty, T*[ we have
|28 1 (Dl < CWTH [0r Sne (Tl < C(u)eT 77,
1 —2(T)[ 5oz < CH T2, | Anr—2(T) e < Cn)e
by the Sobolev Embedding Theorem; see [DFX] Corollary 2.2.4, and (6.1).

By Lemma 7.1, VT € [Ty, T*[ we have Q ~ ||th’||3 for ¢ < 1. We will denote
schematically L(¥, A) = A+ p(&,v¢) (or L(¥, A) = MY (z) + p¥) for A and p
constants with |A| + |p] < C for a fixed C, and for 1(x) some Schwartz function.
For L changing from place to place, we can write schematically

H

1 1
Py = a9 H= THQ(Q},A) + ?QO(Z,L(W,A))

(7.1) X :

Next, let us write schematically

3 1 1 1
(P+ _)A = __G2(W7 A) - _2G3(u77 A) - _QO(E7E)<thH7¢>
(7.2) ) 2 " T ) T , T
T8~ 2 Qo(Z L. A)) — 7 Q( . D)L(Z, A).
We now rewrite the equation for ¥. We consider a symmetric matrix with entries
1 2

T;cx:ﬁQO(EaE% TwR:TRx:ﬁ2R7
(7.3) 9 b

rzT:rTz:__(E __)'

T T
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Next notice
2

25 25,
T3sinh®(R) ' T®sinh(R) ;1 a;(Y) Vay,
with a1(Y) = —Sin}gﬁ and ax(Y) = Sinﬁﬁ. We set for j = 1,2
2%y
4 oy =Ty = 2 ().
(7.4) ey =TY; T3 sinh(R) a;(Y)

We then write

2 P
(P + B> + ;maamaaw = SR, A)
(75) — FEEA) + 205, AP — 1.Qo( T, DRk
1 s 1 nH
- ﬁAQO(Ea E)Pc(b + f(g/x + .APcd) )5
We now start a long list of inequalities on the terms in the right hand side of
equations (7.1)-(7.2) and (7.5). We advise the reader to skip the remaining part

of this section at a first reading and to come back to these lemmas when they are
referenced later.

Lemma 7.2. Assume (6.1) and let B;(¥, A), j = 2 (resp. j = 3) be one of
Go(¥, A) and Hy (¥, A) (resp. Gs(¥, A) and Hs(¥, A)). Then for |I| < N we have

12" B;(@, A)ll 2 < C(u)el (@, ANl L3 -
It is an immediate consequence of Lemma 7.1 and of the Leibnitz rule.

Lemma 7.3. Assume (6.1) and let |I| < N’. Then, for Bo(¥, A) a quadratic
expression of the form By = A(W, 1) + (F2, p2) for p;(z) € S(R), we have

N .2
121 By(w, Al < S

- T%—Qé ’
For B3({¥, ¢1), A) a cubic expression in the arguments, for |I| < N’ we have
12 B5((@, 1), Az < C(1')e.

Remark. Notice that H2(¥,.A) is by the discussion after (3.6) of the above form.
Similarly, Go(¥, A) — 3th A2 is of the above form.
The proof of Lemma 7.3 follows from the Leibnitz rule, Lemma 7.1 and (6.1).

Lemma 7.4. Assume (6.1). Then for |I| +m < N we have
(1) 127 B™ F(#, A)ll2 < C(1)ell (&, A) l2-
If |[I| + m < N’ we have

@) 12" B B A | 1w < C)e (e+ T H2) @ A)xlla) 12, A2

HL?YWz1 T
We start with Z! B™Fy(¥, A) which is a sum of terms of the form
3) (B Coxc(T,2,Y)62(2)] (27 A(T, V) (Z5 AT, V),
(1) B [Coxe(T, 2, Y)o(x) (27 AT, Y)) (Z50(T, 2, Y)),

(5) B™(Cyk(T,2,Y) (Z27W(T,2,Y)) (Z5W(T,,Y))]
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with Cjx € &Y% and |J| + ‘K| < ‘I‘ Now B™oCjx = Cjx 0o B™ + [Bm,CJ’K]
with [B™,Cy k] a pdo of order m — 1 by Lemma 2.4. By Lemma 2.4 we have
1B™ ()2 < 1(5)lzz e for j = 3,4,5 and so it is enough to show that for linear
combinations L; (¥, A) = \;¥(T, z,Y) + 1 (x)A(T,Y), with bounded coefficients,
we have
(6) 1(Z78]L1)) (2% 05 La)||2 < rhs(1).
If say |K|+k < %, then by Sobolev embedding we bound by

12705 Lol oo (2, A)n (D)2 < CllLa|l gyscis2qy 010 (2, A)w (D)2
Since B is an elliptic pdo, by [§]+ 3 < N’ and by (6.1)
(1) LoD ypsenggins < CHORPD) + (@) AT w13 12 < ol

hence we have obtained (6). When we prove (1) for j = 3 we proceed similarly
reducing to

(8) 1(Z702L1) (2% 0y L2) (27 8 Ls) |12 < rhs(1),

now with two factors with fewer than & derivatives, say |K|+k < & and [W|+w <
4. For either of them we have a bound like (7) and so we have (8).
We turn to the proof of (2). By Lemma 2.4 and using the above notation,

HBm (ZJLl ZKL2 ZWL?,) H e < CHZJLl ZKL2 ZWLBH ey
L2W, P! L3
yWa Y

w, P
Terms of the form ) (z)A(W,(z).A)? are bounded, by Schwartz and Sobolev in-
equalities and Sobolev embedding and by (6.1), by
17, (@) A) w175 o 1@, A (T) 12 < C)e[[(#, A)w (T) -
Terms like ¥ are bounded by
1l 2 Lo 12N (T3 < /T2 26| (@, A)w (T)]3.

Lemma 7.5. Let L = L((¥, ), A) = N¥(T,z,Y),¥(x)) 2 + pA(T,Y) with X and

u two constants, bounded by a fixed number. Assume (6.1). Then, for |I| < N we

have || Z1 Qo(X, L)||2 < (7.6) with

Cu') e } o Ce (M ph oy o gt
WD+ oy emhm) + By + SL [ @ho)+ By

To

(7.6)

We consider Z;fZI/ Qo(X, L), where Z!" does not contain Z5. By Lemma 5.3
Z"Qu(2,L) =Y CrrQu(2” 2, 25'L)

with Cj g/ constants. Suppose k = 0. If [J/| < [§] < N’ — 1, by Lemma 7.1

127 2(T)| e < C(w)T2 0. Consequently by (6.1)

/ ’ C / 1
10027 £, 25 (D) e < SR (1),

From this point on, we assume [J'| > |

e
Qo
]
joN
=
N

e
=
o,
=
=

—(OrZ7 2) (025 L) +

’ ’ C ! € ~1
M (0927 ) (0527 L)||2 < (;) E2(T, Xy).
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To show the claim notice that |0z Z5 L. < ||(¥, A) 5141 lloc- Similarly, equality
s = tanh(R)[ — %21 + 33 Z5] implies || sy 9025 Llloo < [[(%,A) 120} 41[loo- By

N’ —2>[§]+1 and by Lemma 7.1, ||(¥, A) 5141 lloo is bounded by (6.1). So our
claim holds.
Still assuming |J/| > [&] and |K’| < [§], we consider

/ 1 ’ ’ 1 / 1 ’ ’
1027 5 — 227 £)(0r 2L - 22X’ 1) < 2127 Zallor 7% Lac

(1)
1 / / ~
t+ 3127 D)2 25 Lo + C()eB (T, Zn),

where we expanded the lhs and used Lemma 7.1. For T € [Ty, T*[ we have

1 1 1 [T
(2) THEN(T)HQ ST||2N(T0)||2+T/ |07 XN (7)|2dT

To
Since |K’| < [§], by Lemma 7.1

rhs(1) < %(6 + /TT |07 2 (7)|l2d7) + C(1)eE* (T, By).
So far we had k = 0. Now let k >DO and set
777 Qy(3, L) = [%(T@T)]’“Zf’ (2, L).
By elementary computation and by Lemma 5.3 this is a sum of terms of the form
2 Q((Tor) 2" £, (Tor)' 2 1)

where |J'| + |K'| < |I'|, c+d < b < k < a. Distinguishing between cases ¢+ |J'| <
[§] and c+|J'| > [§], and using the fact that the 77s in the numerator are canceled

by the T’s in the denominator, we prove the desired estimate proceeding as in the
k =0 case. O

Lemma 7.6. Using the notation of Lemma 7.5 we have for [I| < N’

o BT
127 Qo(5, )l < SN <e+ i )>.

We consider Z5Z1' Qy(2, L), where Z! does not contain Zs. By Lemma 5.3
Z"Qy(8,L) = CrQu(27 2,2 L)
with Cj g constants. Suppose k = 0. We claim:

Claim. Consider

— (8927 X) (8925 L) .

1
=l
1
"NeEZ (T
C(M)i N( ) if |I/‘ SN/
T:9

Proof of the Claim. |I'| < N’ implies |K’| < N’, and by Sobolev inequality

Then (1) <

’ 1 ’ 1
102 Ll + |- 002 L < C E}(T).

(R)
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This and the following inequality, a consequence of |J'| < N’ and (6.1), give us the
Claim:

, 1 y 1
z7y 77 3|, < "NeT210.
lOr |2 + Hsinh(R) Do 2 < C(u)eT
‘We now consider
! 1 ! ’ 1 ’
(1) 0r2” 2 = 227 2)(0rZ" L = =2 L)]».

If |K'| < N'/2, then by Sobolev embedding and by (6.1),
1 / /
(1) < 1127 Blallor 2% L
]. ’ ’ ’ ’ ]_ ’
+ EHZ‘] 2l 25 Llloo + 10727 Z|a|(0r 2 L — fZK L)

’ ||ZJ/2||2 J’ N 2q— 546
< CILwll2 | =5 + 110727 D2 | < C(u)e T2,

where we used (2) in Lemma 7.5, with N replaced by N’.
If instead |K'| > N'/2, then by (6.1) and by Lemma 7.1 we have

1 , ,
(1) < 127 Slocll 02 L]

1 ’ ’ ’ ’ 1 ’
+ 75127 Docl 2% Llly + 10027 Socl|(02 25 L — 225 L)

’ HZJ/E||2 J’ N, 2m— 148
< C(e | 75T A 10027 Sl | < CGST .

Now let £ > 0 and set
757" Qo(5,1) = [(Ton)] 2" Qo(5, 1),
By elementary computation and by Lemma 5.3 this is a sum of terms of the form
2 Q((Tor) 2" £, (Tor)' 2 1)

where |J'| + |K'| < |I'|, c+d < b < k < a. Using the fact that the T’s in
the numerator are canceled by the 7’s in the denominator, we prove the desired
estimate proceeding as in the k = 0 case. (]

Lemma 7.7. Assume (6.1). Then for |I| < N we have
1

T3¢

127 Qo(2, X)]|2 < (7.6).

We write as in Lemma 7.5,
1 ,
Z2104(5, %) = [f(TaT)]kZI (2, X),

where ZI' does not contain Or. The last expression is a sum of terms of the form
7= (TOr)*Z" Qqo, b+ |I'| < |I|. This in turn is a sum of terms like

% Q((Tdr)°Z’ ¥, (Tor)' 2% X)
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with |J| 4+ |K| < |I’| and c+d < b. Since one of ¢+ |.J| and b+ | K] is less than [§]
we conclude

127Qo(%, D)lla < (BH(T, Zx) + T~ o)
W) -1 -1 196 23|
X 00 Xy | + T Xy | + T [Or X 3| + TsTh(R))(T)HOO

The second factor in the rhs can be bounded by i(%); by Lemma 7.1. T~ Y| X |2
2

can be bounded by (2) in Lemma 7.5.

Lemma 7.8. With the notation of Lemma 7.7, we have for |I| < N’

C(u')e?
127 Qo (£, X)|l2 < ﬁ-

Indeed we have an inequality like (1) in Lemma 7.7 with N’ replacing N. Then
[ <|8T2[N/]| + T_l‘Z[M” + T_1|8R2[M]| + %> (Tl C(MI)'ST_%—M
2 z 2 T'sinh(R)
by Lemma 7.1. We have
(B3 2n0) + 7715 l2) < C)eT 4+

by (6.1) and by formula (2) in Lemma 7.5. O
By the Leibnitz rule, Lemmas 7.7 and 7.8 and (6.1) imply:

Lemma 7.9. Assume (6.1). Let as in Lemma 7.5, L = N¥(T,2,Y),¢(x))r2 +
wA(T,Y). Then, for |I| < N we have

C(p)e
12 LQ0(%, 22 < U (7.6)
T2
With the above notation, for |I| < N’ we have
Cp)e
HZILQO(Ea 2)”2 < m
It is enough to bound for I = J + K
(1) 127 L) 2% Qo(2, ) 2.
For |I| < N for |J| < N/2, by Lemmas 7.1 and 7.7 we have
C()e
(1) < 127 el 25 Qu( 5, 9l < UL 7.6)
For |I| < N for |J| > N/2, by Sobolev embedding and by Lemma 7.8 we have
CUE o Cli)e
W <127L2 Y 127 Qu(Z, D)ll2 < Ti=2s EX(T) < 7555 (7:6).
|H|<N'
When |I| < N’ for |J| < N’/2 by Lemmas 7.1 and 7.8 we have
C()é
(1) <127 Lol 2% Qo(2, D)ll2 < =55
When |I| < N’ for |J| > N’/2 we have
C(u)e

W 1Z7Lle 3 177 Q= Dlle < i
|H|<N’
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Lemma 7.10. Assume (6.1). Let |I|+m < N. Set L = B™W, A, X. Then there
is a fized constant Csuch that

127, PILls < g (BR (1) + BR (D).

We write [Z7, P]L = [0k, P]Z" L, where Z"' does not contain dr. This is a sum
of terms of the form

(1) Tk +2AhupZIL ZI 8{,“?21/,

with k; > 0, k1 + ko = k and |I| < |I| — 1. Then apply to the terms in (1) the
following lemma:

Lemma 7.11. For L as in Lemma 7.10 we have for |I|+m < g—1 and for a fized
C

1 1 ~1
| An 2" Ll < C (Ed (T) + Ej (1))
where the L? norm is either the L2 one for L = B™W or the L3 one for L = A, X.
Write || £ ApypZ L|la = ||...|r<1 + || ... [[g>1. Then

Rl

o Anp 2 Lllmzs < BH(T) + BH(T)

1
by Apyp = 0% + tanﬁ(R)aR + smhé(R)ag. To prove || #AnypZ' Ll|r<1 S E¢(T) +
1
EZ(T), by (5.2) we write

\AhypiL|<\ lefL\+| 2221L|+| ZZIL|

and see that by the formulas

Y; 1 Yo
7= 2op - —— 29 Zo = 0,
"R tanh(R) R 0T T
Y, 1 Y
Zy = —0p L 0o

R + tanh(R) R

we have that =||Apyp Z' L||12(r<1) is bounded by a fixed constant times

HZ\ 2,7'1 +Z|T8—}I(R)Z 2'Lls < © (B} (1) + B (D).

§8. ENERGY INEQUALITIES
We set
Eys(T, W) =Eq)(T, %) + Y /{27% . (B™ Z1w)op(B™ 21 w)
m+|I1<q

— Y 1ap0a(B™Z'W)05(B™ 2" W)} sinh(R) dzdRdo,
a,B
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with  and 8 summed over all T, R,z and Yj, j = 1,2, with rog = 0 if it is not
in the list (7.3)-(7.4). We set Ex(T, (¥, A)q) = Ei1x + E(3). For ¢(y') small, (6.1)
and Lemma 7.1 imply for any ¢ < N

1
(8.1) 5E(T) < Ex(T,,) < 2B,(T) T € [To,T°[ Vg <N.

Lemma 8.1. There is an e(u') > 0 and fived constants Cy and Cy such that if
(6.1) is true for e €]0,e(u’)[, then for any T € [Ty, T*[ we have:

E(T, (¥, A)N) + E(T, Yn) < OOTclc(u')e€2.
Remark. By adjusting C'(1') we simply write En + En < CyTCw)ee2.
Proof of Lemma 8.1. Let us set

+ C(I/le)e /TD [E +F ](T)dT.

(8.2)

Z =
Z i

Then we have:

Lemma 8.2. Given (6.1) in [Ty, T*[ for any q, ¢ < N, we have %E%(T, X, <
(8.2).

Lemma 8.3. Given (6.1) in [Ty, T*[ for any q, ¢ < N we have %EE(T, @, A),) <
(8.2).

We assume Lemmas 8.2 and 8.3 and continue the proof of Lemma 8.1. By a
continuity argument we assume initially that the last term in the first line of (8.2),

"e . . 1 Ll
that is %EN(T), is not present. Setting D = EX(T, (¥, A)n) + Eé(T7 2N),

5
2
o(T) = 2(% + %), adding from Lemmas 8.2 and 8.3 and using (8.1) we obtain

2C(u)e [T

d 20 (p')e?
200, 0
To

—D <
ar — T

o(T)D + D(r)dr.

Integrating,

T T /
D(T) < D(Tp) + 2C(/) € 1ogT£0 —I—/T L,O(T)D(T)dT-l—/T MD(TMT.

By Gronwall inequality we obtain an inequality of the desired form

4C(u')e

T 20 g T
D(T) < e/t (982 +28)d (D(T0)+2C’(u’)62 log?>.
0
By a continuity argument it is easy now to absorb the %EN(T) term inside
2
12 EX(T). O
We return now to Lemmas 8.2 and 8.3. Apply Z/ to (7.1):

(8.3) JIAD) :ZI% + 2%, P2,
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Taking m > 0 with B = P,, apply B"Z! to (7.5):

(P+ B*B"Z'w + Zrma O B™ZW = Bmzf{ Fy(, A)

m 1 m
+ ﬁF3(w, A} + 2" [:FQO(E,A)]B ¢ — 7" [TQO(E, )| B™tn"
1 1
— 7t [—AQO(E, )|Bm¢" + z'B™ [T(% + Aqs’)ﬂ}
— 2", PIB™W — Z oo B Wan — Zrm [B™,0,0,]2" 0.
Finally there is a similar equation for A.

(P+3)ZIA

1 1 "
85) =2 | FOA0A) b Gl )+ QD)+ )
— 7! [%QO(E,L(W, A)) + %QO(E, 2)L(w, A)] —[Z1, P)A.
By Lemma 6.1, Lemmas 8.3 and 8.4 follow from:

Lemma 8.4. For j = 3,4,5 we have ||rhs(8.5)|2 < (8.2).

Lemmas 7.2 and 7.4 guarantee, for m + |I| < N, that for £ = 2,3, quadratic or
cubic expressions succinctly denoted by (¥, A)¢ satisfy

ot 1 C)
(1) 1872 g 0, Al < S e,
Lemma 7.3 guarantees for |[I| < N’
1 C(
@) 12" i (), A < S

71\ V) !
Lemma 7.5 guarantees for |I| < N

3) 127 5o, L), Al < T < (82)

and Lemma 7.6 guarantees for |I| < N’

12" % u(5 1w v, A < U <e+ By (T)) for [1] = NV,
@) :

1 C(u')e? ,
12" 205, L), Al < SEE for 11 < v

Lemma 7.7 guarantees for |I| < N

1 (7.6)
Z"—Q(E, X)|2 < < (8.2
(5) 1277902, 202 < 575 < (8:2)
and Lemma 7.8 guarantees for |I| < N’
I ()
(6) HZITQO(E, D2 < T2
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Lemma 7.9 guarantees for [I| < N

™ 12 2 L0, A5, D)z < 2 < (82
and for |I| < N’

/63
8 128 L4, A)Qo(3, 5 < TU

The following lemma holds:

Lemma 8.5. We have

(8.6) W>W2<M>Hmmm<cwkc%m+e;

T3—26 T
C()e [ EX(T
(8.7) | (H/Q) N2 < (82), [[(H/Q) N 2 < T(%liz)g ( NZS ) n 6) .
We have
H— §A<W, thth/(b) C(u)e E% (T)
(8.8) ||< r 9 )N/ ll2 < 755 7{\;_6 +el.
We have

(8.9) | (rhs(8.5)+zf%,42|th¢3|l+[zf,p]A> s < ggu% <EfV(T) +€>.

N/ 5726 T

(8.6) follows from inequalities from (1) to (8) in Lemma 8.4 and from Lemma
7.3. (8.7) follows from (8.6) and the Leibnitz rule. (8.9) follows from inequalities
from (1) to (8) in Lemma 8.4, Lemma 7.3 and (8.7). (8.8) follows from (1) to (8)
in Lemma 8.4, from Lemma 7.3 and the Leibnitz rule because we have eliminated
the only term which decays like 773729 the A(W,thth’¢) one.

We resume the proof of Lemma 8.4. Lemma 7.10 guarantees for m + |I| < N

m C’ ; ;
Hence (9) and (8.7) guarantee Lemma 8.4 for j = 3. (8.7) and the Leibnitz rule

guarantee for [I| < N

(10) 27 (g ) 1< 62

The above estimates guarantee Lemma 8.4 for j = 5.
Given a linear combination L = \(z,Y,T) + pA(Y,T)y(x), we want to show
that for |I| + m < N we have

(11) 12" B™0, L—||2 (8.2).
We consider for |J| + | K| < |I]

m H
(12) 127 B0, L)(Z5 20l



ON ASYMPTOTIC STABILITY IN 3D OF KINKS FOR THE ¢* MODEL 2603

If |[K| < [N]/2, then the desired inequality follows from

H !
(12) < ||ZJB7”<9@LH2||ZK—TQIIOO < CTER(T)I(H/Q)n |2
oe » (BT
< (“ )EEfV(T) <NT() +e> < (8.2).

If |K| > [N]/2 + 1, then |J| +m < [N/2] — 2. Then

m H m
(12) <||z'B @cLHooHZK gl <ClIZ" =5 ||2 s 12705 L2
+m

<N

Then || 2K Z5|l2 < T71(8.2) by (8.7) and [|2707 L]y < CT* % || 270" L 215 by
a lemma stated and proved immediately below; see Lemma 8.6. These last two
estimates give (12) < (8.2) also for |K| > N’. We state and prove Lemma 8.6 and
then we continue the proof of Lemma 8.4.

Lemma 8.6. Let 1 < p < g < oo and fiz any j and J. Assume (6.1). Then there
are constants C' and Cyr such that for any T € [Ty, T*[ and any Y we have for our
solution: ||02Z7W(T,Y)||pr <

(||ainW<T, V)l + (127 (V)] + |27 AT, Y>|>> |

Q=

1
CT»~

For simplicity let us pick j+ |J | =0, but the general argument is the same. First

of all we write [, dz|¥(T,z,Y )P = f|213+0' (t)|<T +fx+g (t.)|>7 - Then, by Holder,

/ dz|W(T,z,Y)|P < T4 ||@(T, « Y[
|lz+o(t.y)|<T

Next we consider the |z+0(¢,y)| > T integral. In intervals of existence, the solution
w of (1.4) is supported in the set 22 +y? = 224+ T?sinh® R < (t+K)? < (t+2K)? =
T2 cosh® R. This implies that 7' > |z| on the support of w. By (1.10) and (3.2)

Y(t,z,y) =w(t7w+0(t7y),y)+0(t,y)/o th'(z +o(t,y) — so(t,y))ds — p(x)a(t, y).

So, for |z 4+ o(t,y)| > T,

1
Wt z,y) = o(t,y) / th'(z + so(t,y))ds — d(x)alt, ).

Lemma 7.1 and the equality o = % imply (here we are focusing on the ¢’s in the
argument of w and th')

lo(t,y)| < CW/T 210,
Therefore, for € small, inequality |x + o (t,y)| > T implies |z| > T/2. Therefore, for
some fixed constants C' and C)y,

/ dx|@ (T, z,Y)|P
|z+o(t,y)|>T

< CIS(T,Y)P da |61 ()P + C|A(T, Y|P / d|¢(z) P

lz|=T/2 lz|=T/2
< OuT™M(|Z(TY)P + AT, Y)P),
with M > 0 an arbitrarily large number. (]
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To complete the proof of Lemma 8.4 we still need to prove ||rhs(8. 4)H2 < (8. )

‘We have HBmZI 1F2(Q/ A)Hg < (8 2) by (1), ||BmZI 1 Fg(@ A) H2 <T- (8 )

(1), [B™Z1 £ Q0(2, A)¢'||l2 < (8.2) by (3), [B™Z! QO(E 2)th"[ly < (8.2) by (5 )
|B™ 21 A5 AQy(X, X)¢"||la < T~2+3(8.2) by (7), ||[Z!, P|B™¥|>» < (8.2) by (9)
and HBmZI[ (7, +A¢’)H||2 (8.2) by (12). Hence we have ||rhs(8.4)]|2 < (8.2)

if we prove:

Lemma 8.7. Assume (6.1). Then we have for |I| +m < N:

(1) 112", 720l B W |2 < (8.2),
(2) Irzal020a, B™)Z" ¥ |12 < (8.2).
Recall
1 2
rww:ﬁQ0(272) 5 TwR:TRx:ﬁ2R7
2%y

T — m:**Z** s ey, — xziy

rer =rre = —p(Fr = p) o Tey =1e = mgy e
where a1(Y) = —Sin}fﬁ and az(Y) = Si%tR)' We prove (1) first. [Z1,7,4]B™W,,

is a sum of terms (Z7B™ W, )(Z51,0), with m+ |J| + |K| < [I|. f m+|J| < [§],
by Lemma 7.1, N’ > [§] + 3, Lemma 8.6 and (6.1) we have

11 m 1
127 B™ a1 2 < COTH 5127 B Wrlliprs + 1) < C(u)T ™5+

We have || ZEr,,|2 < T71(8.2) by (5) in Lemma 8.4, C (1 )e||Z5 10 ll2 < T71(8.2)
for a = R,Y; by the definitions, and C(p/)e|| ZXryr|2 < T71(8.2) which follows by
|Z5Xr /T2 < T’lEJ%,(T) and by formula (2) in Lemma 7.5.

Ifm+|J| > [§], then | ZKr,,|» < C(p/)T~3+% by (6) in Lemma 8.4. |27, |2
< W/'T—2¢ for o # z by (6.1). We have || Z7 B™W,,||s < CE* (T, Wy), where we use
| +m <N —1and |Z7B™ T, < C||Z7B™" W, ||, by ¥ = P.(H)¥. All these
estimates imply claim (1) of Lemma 8.7.

We prove (2) in Lemma 8.7. For a = T, R,Yj, since [0, B™] is a pdo of order
m, since B is elliptic and ¥ = P.(H)¥

C(p)e 1
172002, B™00Z"W|ls < Cllrzallool| B™ 80 Z"¥|l2 < T(éu_zs Ey-
For a = z, since [02, B™] is a pdo of order m + 1,
2 m I m+1 71 C( /) 2
720y, B™Z W |l < Cll7ez ||l || B Z702 < T3-25 —3-35 En

§9. THE ELIMINATION OF THE Y VARIABLE

Following Klainerman (see [K|, [DFX]) the energy estimates in the previous sec-
tion are now used to interpret terms in the equations for ¥ and A, that is (7.2) and
(7.3), with derivatives in Y, as perturbations integrable in 7. Hence the equation
for ¥ is interpreted as a Schrodinger equation with time 7' and space variable z,
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and the equation for A is interpreted as an ODE with time T'. Specifically, we write

1 1
(9-1) Vrr + B + vy Plr, = = PeFa(¥, A) = = Ry,

with
Ry = P.F3(W, A) + Apyp¥ + T Qo (X, X) Poth”
—2TQy (X, A)P.¢/ + AQy(X, X)P.¢"

+ Qo(%, D) Py + TPe(W + AQ)PE —T% Y " 1pa¥aan
a#T

and we write
9.2) Apr+ S A= =3 2th 1 — - R,
2 T T2
with
Ry =T{3thw? +6th Ap W, d) + G3(¥, A) + Qo(X, D)W, ¢") + T(W, ¢")PX
+2TQ0 (X, (¥, ¢")) + AQu (X, D)[|¢'][5 + AnypA + TQo(X, X)||th" 1.
We have:

Lemma 9.1. There are a fized constant C and an ¢y > 0 such that for |I| < N’
and for 0 < e < ¢y we have for all T € [Ty, T*[:

12" Ra(T)|| 2, < CTe.

Lemma 9.1 is a consequence of (8.9) and, by (5.2) and Lemma 8.1, for L = A, ¥
and for |[I| < N — 2, of

(93) 12" Ay Lll2 < |1Zynis2ll2 < [Lx]l2 < CTM%e.
The following two lemmas are proved in §14.

Lemma 9.2. There are a fized constant C and an €y > 0 such that for 0 < e < ¢
and for |I| +m < N’ we have for all T € [Ty, T*]

12" B™ Ry |2, < CTHe.
Lemma 9.3. There are a fized constant C and an €y > 0 such that for 0 < € < ¢
and for |I| +m < N’ we have for all T € [Ty, T*|:

|BZ'Ro(D)|| , ., < CTHe
Y

W, P!

§10. NORMAL FORM ARGUMENT FOR A
The starting points are (9.2) and Lemma 9.2. Consider A4 related to A by
‘ Ay +A-
Ay = (Fidr +/3/2)A , A= +T

Then write

th ¢3
gt

1
0T (AL + A )% - T2 BRa-

(+idr +/3/2)As =
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By the theory of normal forms there are constants a4, 8+, v+ so that, if we write
Ay = A1+ + aTi(Ali)Q + %A1i141¥ + ’Y%(A1$)2, we obtain
. 1
(£i0r + /3/2)A1.1+ = *ERA:I:,
where we have, by Lemma 9.1:

Lemma 10.1. There is a fixed constant C such that for R4 as above we have for
al T € [Ty, T*:

S 12" Ras(T)||2 < CTe.
T|<N’

We have Ray—R 4 = O(A} L)+O(T " Ay + R 4) plus smaller terms. By the Leib-
nitz rule, Sobolev inequality, (6.1), Lemma 8.1 and € small || Z7(A; , A1 _)3||2 <

(Av e, Ar )N IBI(Are, A=)l ~ (A A N IB (AL A ) ]2 < CTCW<,
We have by (6.1), Lemma 9.1 and e small
12T (RaAr )2 S T [(As) vl (Ra)wll2 < CeT™ 7.
‘We have:

Lemma 10.2. Assume (6.1). Then there is a fized constant C' such that ¥ I with
II| < N’ we have for all T € [Ty, T*|

12" A1£(T)|| 3, < Ce.
For any multiindex I with |I| < N’ we have
1 1
(+i0p +/3/2)ZT A4 = fFjE with [|[FL(T) ||z + [ FL(T) |y < CeT 1.

Next, we can write
1

1 _
§8T|ZIAH\2 < :F%{FiZIAli}
from which we obtain
d 1 _5
17 vl < I FLT) < CeT R,

§11. BOUNDS ON U
We have:

Lemma 11.1. Assume (6.1) and Lemmas 9.2 and 9.3. Then there are a fized
c and an eo(p') such that if € €]0,e0(p’)] and T € [Ty, T*[ and for any choice of
multiindex I and nonnegative integer m with |I| +m < N’

IB™ Z10(T)| 12 1p < ¢T? ™ 2e.

We start from (9.1). Apply B™Z! and consider

m

B™ B
(B"Z'W)rr + B*B"Z'w = —ZITFQ(W, A) — ZIFRQ, — Z%ryp BT,
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We write B™Z1W(T) = Y_;_, B™W;;(T) where

sin(B(T — Tp))
B

T .
B(T —
BmWIj(T)Z—/ sin BT~ 7) T)]:j(T)dTa Jj=2,34,
To B

B™(T) = B™Z1Wp(Ty) + cos(B(T — Ty)) Z! B™w(Ty),

1 1
Fo(T) = PCZITB’”FQ(A, V), F(T)= ZfﬁBmRW(T),
Fu(T) = Z'ryr B™Wr, (T).

Then we have the following lemma:

Lemma 11.2. We have:

(1) 1B @1 (T) |z < e(T) "2 F e,

2) IB™W15(T)|| 3,12 < O/ WTH "2+ %log« T))e,
(3) IB™Wr3(T)|| 3,1 < O/ )(T) 3¢,

(4) 1B Wra(T) | 1 pp < O/ NT) 734262,

(1) follows from Proposition 4.1 and Corollary 2.3. (3) Follows from

T .
sin BT —7T) o dr
R 2 R

T T

Cdr Chedr 10

s/ P20 o | —— s/ N
T, LYWy (T —7)2" 72 To (T —7)27 "

by Lemma 9.3. As for inequality (2), notice that if we consider

-

T .

sin B(T — 7 1

) [T b gt LB A0 )53
T, T

then by Corollary 2.3,
T
1 1 1
5) < T—7) 2% ||P.ZI = B™F,(Ap, ¥ L _e_drT.
O e [ @-nRL B R A e dr

Now 727 %B”LFg is formed by terms schematically of the form

(6) (27 A(m, )] [Z25 A7, Y)] B [Crx(1,2,Y)¢*(2)]
(7) [(Z7 A(7,Y)] B™ [Cy (7,2, Y) () 250 (7,2,Y)],
(8) B™ [Cyk (1,2, Y)Z7W (7,2, Y)Z5W(7,2,Y)]

with Cy € €% In (6) |J| +|K| < N’. By (6.1), Lemma 7.1 and Lemma 2.4 we
have

2 2.2
6V, e S NCoR (R VIR s ()2
Similarly [|(8)] . _ez  is bounded by a sum, for j+k < m+1, for [K|+k < N/2
L2w, *=t
and for % = %1 — %, and by Sobolev embedding in the second step,

. 1
27 B0 (r) |5 1| 25 B g 1o < B (r.0) | 25 BY(7) 1 1
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By (6.1) and Lemma 8.1, the latter < C(p/)e2r2¢()e=(3-28) which is bounded.
A similar bound is obtained for (7), and thus we obtain (2).
Now we turn to the proof of (4) of Lemma 11.2. F, is a sum of terms of the
form
1
(9) T1l+a

with |J|+ |K| < |I|,b<landa>1ifb=0.If |J| < [%Lthen by Lemma 7.1

(9827 %) (zKB™wr,)

1 b)) _3
127 =(Zr = Dlloe < OG5

while by Lemmas 2.4 and 8.6 and by |[K|+m+2< N +2< N -1
Cu')e

N)6) < GO
:

1_1
298"l e < O (el +

As a consequence the desired estimate follows from the upper bound

(10) / ' < [ J— ar

To (T —71)2" T (T —7)2 77 715720
If in (9) |J| > [&], then by (6.1)
1 z s
77— (Sp — =)|l2 < O(p/)eT 279
127 7 (X = )2 < C(u)eT ™27,

while by Lemma 8.6 and Sobolev embedding

11 C(u)e 1_1 e
12580, e < OrE (0] g2 + 3@ ) < Cri =+ C()e.
Y x

We again obtain (10). O

Along with the L2 LP estimate, in (6.1) we also have low energy estimates for .
We have:

Lemma 11.3. Assume (6.1). There is a fixzed constant C and a constant ey(u')
such that if € €]0,eo(')| and T € [Ty, T*[ we have

100N (T) |23 12 + 1N (T) || 12 112 < 2e.
We apply B™Z! to formula (9.1) for m + [I| < N’ +1 and m > 1:
(B"Z'W)rr + B2B™Z'W + rprd, B Z Wy
(11.1) = —ZI%B’”FQ(W, A) — ZI%B’”RW
— (2" ror)| B Wy — ror[B™, 0,) 2" .
We have the following Claim:
Claim. We have

1 !/
|lrhs(11.1) + ZITBm3th¢2(:c)A2||L2 < Cj(fj )62.
xY B

Assume the Claim. For D(T) = [|(B™Z!W)7 |2, ,, + |B™ 1 Z1¥|
Y
Claim we get for ¢(z) = 3th ¢*(z)

1d 1, C(l)e?
_— < 2
2dTD(T) < Dz(T) T

i%,LZ by the

1
— <(BmZI!p)T7ZImewA2>L§Y-
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If on an interval [Tp, T1[ we have D(T) < 8¢2, then for € €]0, e()[ we have

D(T) < D(To) + C(M’)€3/T & - —(B"Z"W(r), B () ZTA%(7)) 12

Ts T zY
1

+ / (BmZIW(T),Bmw(x)aTZI%AQ(T»Liy.

To

=T
T:TO

Now we claim
C(p)e’
Tt
By (6.1) we have [|07 2T LAX(T)|ly < W< (2) will follow from 1B ZTW| 12 1p <
C(u/)T~3e. Recall m + [I| < N’ + 1 and m > 1. By interpolation for Y fixed

N-N'-2 N-—N’-2

1B L < Crlw ||y ¥ 0|5 < Gl oz N
Ly Lz Lz

2) (B Z20(T), B (2)dr 2! 7o A%(T) 12

<

zY

where we use Sobolev embedding. Then by (6.1) and Lemma 8.1
N— N:—2 .
I1BUN L3 zn < CollOnellpa pe 19N 2 =

(u')e N—-N 2(1

Sc(u’)eTﬁ*m Bl <C( )eTC( n)e—2(5-20)

(3)

From (3) we get (2). Entering the information in (1), we get D(T) < €2 +
C’(;/)GQ(TO_é + €) for some fixed function C(u'). Since Ty can be thought large
and € > 0 small, we conclude that D(T) < 4¢? for T € [Ty, T1]. So we have proved
that for any Ty < T*, D(T) < 8€2 in [Ty, T1] implies D(T') < 4€% in [Ty, T1]. Hence
we conclude D(T) < 4€? in [Ty, T*].

We now prove the Claim. By Sobolev embedding, by (7.3) and by m~+|I| < N'+1
with m > 1 for the first inequality, and by (6.1) and Lemma 8.1 for the second,

1 1 ,
I[Z",rar] B™arlla < (100 Znvlla + 12w ) 19n ] 22 < C(u)eTOWI 3,

The rhs is bounded by C(u/)T~ % €2.

By Lemma 7.1, by the fact that [B™, ,] is a pseudodifferential operator of order
m and by Lemma 8.1,
1 Cu)e C(p)e?

b))
2 — f)l\ooll[Bmﬁx]ZIWle <

7l < i Wllay < .

)
By Lemma 9.2, which we have yet to prove, || Z/ 7z B™Ry |2 < C(1/)e*T T8,
By Fp(¥, A) — 3th ¢?(x).A? = 6th ¢(z) AV + 3th( )¥?, we claim

(4) HZI%B’” [F>(¥, A) — 3th ¢*(2)A%] |2 < %62.

To check (4) observe that we need to bound a combination of LDQ and of A¥. We
have [|[(2)x-41 s < Ol 12 [0xlla < C)T~H+234CE)e by (6.1), Holder
inequality, Sobolev embedding and Lemma 8.1. Next, we recall that m~+|I| < N'+1
with m > 1. Hence it is enough to bound

(5) I1B((2) A¥) [l < CllAnl2l(T + B)¥n- |1z 1z
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By Lemma 8.1 we have || Ay|l2 < C(u/)TC®)¢e. By (3) and by (6.1) we have
11+ Bl 12 < 19wl 22 o + | BN [l 13 £z < C(u)eT W) =5 (G=20),
§12. ESTIMATES FOR X/

In Klainerman’s classical proof of dispersion of solutions of the zero mass wave
equation (see texts [Hol, [So]) the Morawetz vectorfield takes a central role. Notice
though that in these treatments dimension is at least 3. With this remark in mind,
we recall for [I| < N equation PZ!X = rhs(8.3). We then consider

sinh(R) K(Z'Y) PZ'%Y = K(Z'Y) rhs(8.3)

and set, in the notation of Lemma 5.4,
W1, 2' % dRdo
/ / cosh )

Lemma 12.1. Assume (6.1). Then, for ey small enough and for e €]0, €[, for
|[I| < N’ there is a fized C such that

1 1 1
%51(1 ZI5) < (C(We+ C)eT 2L (T, 21 %) + T&(T, zty).

Then we have:

Let us assume for the moment Lemma 12.1. By Gronwall inequality and by (6.1)
we get:

Lemma 12.2. Assume (6.1). Then, there are a fized C and an ey small enough
such that for € €]0, o[, for |I| < N' we have

1
EX(T, Z'5) < CT? e
In particular, for |I| < N’,

1 7152 < CT2 10,
1) || mh(R)ae Iy <C

(2) 7072 2 + tanh(R) 0p 2" 2| 12 < CT* e,
Notice that (1) can be used to get (6.2) for Tsmh Temi(my 02 but that (2) is not

enough for drX and for d?RE . For this reason we 1ntr0duce
(0p 21 X0)?

E(T, Z1%) = % / / d0 dR sinh(R)[T?(0rZ'2)* + (0rZ'2)? + ink?(R)

Then we claim:
Lemma 12.3. We have for a fizred Cy, =&(T, 2" Y) <
1 1
(C(W)e+ Cy)e T—%Hgf (T,72'%) + T / df dR sinh(R) (Tor Z' X)2.

We postpone the proof. As a consequence of Lemmas 12.2 and 12.3 we obtain:
Lemma 12.4. For |I| < N’ and a fized constant A, we have
. sl
(i) |70 2! 5| 5 < AT+,
(i) |10rZ" 2| 12 < ATF e,



ON ASYMPTOTIC STABILITY IN 3D OF KINKS FOR THE ¢* MODEL 2611

Proof. Notice that & is defined with a factor 1/2, so the proof does not follow
immediately from Lemma 12.3 and Gronwall inequality, so we use Lemma 12.2.
We express [Ty, T as a union of intervals [T, T2[C [Ty, T*[ such that we have one
of the following alternatives:

(1) VT € [Ty, To[ we have ||aRZIE||§2Y 1220 1o 21 )2

< 1758 5
= 1+26 L%
(2) VT € [I1, I3[ we have |0rZ" 2|7, > 13351 T0r 2" I35 -

The union can be taken maximal, in the sense that intervals of type (1) and (2)
alternate. For [T, Ts[ as in (1), from (2) in Lemma 12.3 we conclude that Lemma

12.4 holds in [Ty, Ty[ for A = B = C (1 — VI —26//T+25) ', C of Lemma 12.2

and B defined by the equality. For [T}, Ty[ as in (2), then

1426
2

By Lemma 12.3, VT € [T}, T>[ we have:

4
dT

ITorZ" 2|3 < (ITorZ" 2|3 + 1or 2" 13).-

Ex(T, Z15) < (C(i)e + Cr)e T~ 34063 (T, Z1 ) + = (1 + 26) &(T, 21 %)

1

and d%af (T,2'2) < L(C()e + Cr)eT— 210  F2062(T, 775). By Gronwall
we get £ (T,215) < (Z)3H9€3(T1, 2 2) + (C(1')e + Cre)TH+0. Since Ty is
the endpoint of an interval of type (1), we have 52% (T, 2'x%) < BT1%+66. Then
52% (T,2'%) < (Tll)%%BTl%*&e + (C(p)e® + Cre)T2 4%, For e small, the latter
gives Lemma 12.4 with A = B + 2C}.

What is now left is the proof of Lemmas 12.2 and 12.3. By Lemma 5.5 we have

d
d—Té’l(T, Z'3) < |(Tdr + tanh ROR) Z"' X|| 12 T||rhs(8.3)|| .2

1 T tanh(R) _;
B ?//deé) cosh(R) P

By Lemma 5.6 we have, since the divergence terms in dg and 9y disappear and by

definition of &,

d 1 1
d—Teg(T, Z'X) <283 (T, 2" £)T||rhs(8.3)|| 12 + 7 / / df dR sinh(R) (TorZ' %)

We now have: O

Lemma 12.5. Let |I| < N'. Then we have
| 7hs(8.3)|]2 < (C(1)e + C)e T30,

Notice that Lemma 12.3 follows immediately from Lemma 12.5, while Lemma
12.2 is the consequence of the following two claims, after whose proof we start the
proof of Lemma 12.5.

Claim 1. We have
tanh(R)__; PO
=T < .
cosh(R)P ~ cosh(R)
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Indeed
Pl 1
a W(R) =T
x [tanh(R)(T0rZ' £)* + 2T07Z' ¥ 0pZ" X + tanh R(0rZ" X)?]

sinh(R)

and

PP L ianh(R) cosh(R)
cosh(R) — 2 an cos

x [(TorZ"'£)? + 2T tanh(R) 0rZ" 2 02" X + (0rZ' X)?] .

From the definition of P° we obtain:
Claim 2. We have
sinh(R) (TOrZ' X + tanh(R)Or Z' ) < 2P°/ cosh(R).

Proof of Lemma 12.5. First of all, Lemmas 7.10 and 8.1 give us [|[[Z], P]X|]2 <
CT—2+¢)ee. By (8.8) in Lemma 8.5, Lemma 12.5 will hold if || Z7£(Z, ¢)||s <

CT(‘%Qf The last inequality is a consequence of the following refinement of (8.6),

which gives us a § gain in the decay of ¥: for |I| < N’ and ¢ (z) rapidly decreasing,
we have

(12.1) 121, p)||2 < C(u')eT 3+,

(12.1) is crucial in our argument. Indeed when we estimate X' the exponents are
tight. A decay T-272% in (12.1) would lead to a decay T2+ for X, with a
disastrous feedback effect on the other estimates, and also on (12.1). So let us
prove (12.1) assuming (6.1). Using the notation in §11 we write

4
= _(2'0;,9).
Jj=1

The terms corresponding to j # 4 satisfy (12.1) by Lemma 11.2. Indeed it is for
j = 4 that we need to gain a 7% We have
sin(T — 7)B X1

VY (X — =)= | dr.

T
1 [
(@) =2 [ - )

[z (e

Ignoring the —2, this is a sum of terms of the form

0 | @ o) DRy (- 22

with |[I'| + |I”| = |I|. We bound pointwise

7 1

T
(1)) < C/; 127 U ()| 11 (T — 7)1 2

Since |[I'| + |I”| < N’, by Lemma 8.6 and by (6.1) we have

T
Ce
1y <€ [ (el s + 55
To e T

(ET — —)\dT.

1 1 ].
NI =r)" 272 ([0r Envll2 + | 2 [l2)dr
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By (6.1) and Lemma 11.3 we conclude that

I@)ly < “t e
In this way we conclude Lemma 12.5. O

§13. CLOSURE OF THE INEQUALITIES

We conclude that (6.2) is a consequence of Lemmas 10.2, 11.1, 11.3, 12.2 and
12.4.

§14. PROOFS OF LEMMAS 9.2 AND 9.3

Recall
Ry = Apyp¥ + T Qo (X, E)Pcth” —2TQy(X, A)P.g' + AQo(X, X)P.¢"

+ PoFs (0, A) + Qo( 2, £)Polly + TP.(Vy + AY)PE =T Y raali.

a#T

By (4) in Lemma 8.4 we have
|1Z! B™ T Qo (%, A)P.¢ || o < C(p)ET.
L2,NL2 L'
We will prove for |I| +m < N’

(14.1) 1Z" B+ [Ry + 2T Qo (X, A)P.¢/] |2 < (C(1)e + C) eT T2 T3
which is stronger than Lemma 9.2. [|ZTAp,, 7|2 < CTCW)ee by (9.3). For the
other terms in the first line, except the already discussed —2TQy (X, A)P.¢’, we
have: ||ZITQu(X, X)|l2 < C(1')e?T?° by (6) in Lemma 8.4; || Z1[AQo (X, X)]|l2 <
C(u")e*T*~! by (8) in Lemma 8.4. By (1) in Lemma 7.4 and by Lemma 8.1 we
have || Z!B™F;(#, A)|l2 < C(u)e2TC* ). We have || Z'B"Qu(X, X)PWysl|a <
C(p)eT2+C)e=1 1y (6) in Lemma 8.4 and Lemma 8.1. By Lemmas 8.1 and 8.5

we have || ZI B"TP,(W, + A¢)PX|s < C(1/ )T+ )e=3  Next, recall
1 2 25,

Trg = EQO(E7Z) s TeR =TRs = EERJ“JCYJ- =TYe = mag‘(y)
where a1(Y) = 7% and az(Y) = Sin{ﬁ. Then by (6) in Lemma 8.4 and

by Lemma 8.1 we have ||Z! B"rp, W,y lla < C(1)eT?TCWe=1 by (6.1) and by
Lemma 8.1 we have in the other cases || ZT B™ryqWaq 2 < C(1)e2T0~2+CW)e,

Turning to Lemma 9.3, we have proved (14.1) for each single term in the formula
for Ry except for 2T'Qy (X, A)P.¢’. For each term with a cutoff in z, the estimate
translates automatically in the estimate required for Lemma 9.3. For each term
linear in ¥ we can use Lemma 8.6. For the remaining term, by (2) in Lemma 7.4
we get

12BN < O (e T, A)le) [ Al
L?

The desired bound follows from Lemma 8.1.
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