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On the Hamiltonian Bicirculants
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Abstract. A bicirculant is a regular graph that admits a semi-regular
automorphism with two vertex orbits of the same size. By m, we de-
note the size of vertex orbits and by d the valence of a bicirculant.
Furthermore, we denote by s the valence of the bipartite graph join-
ing the two vertex orbits. In 1983, Brian Alspach proved that the only
non-Hamiltonian generalized Petersen graphs are G(m,2) with m =5
(mod 6). In a recent paper, we conjectured that this is the only ex-
ception among regular, connected bicirculants of degree d > 1 and we
have verified the conjecture for the quartic bicirculants with s = 2, also
known as the generalized rose window graphs. In this paper, we develop
tools and apply them for a partial verification of the conjecture. We
show that the conjecture holds for all bicirculants with s < 2. As a
consequence, we obtain that every connected bicirculant with s > 3 is
Hamiltonian if m is a product of at most three prime powers. In par-
ticular, every connected bicirculant with s > 3 is Hamiltonian for even
m < 210 and odd m < 1155. Our results imply that many other families
of bicirculants are Hamiltonian. For example, all bicirculants with d — s
odd are Hamiltonian.
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1. Introduction

A bicirculant is a regular graph that is a cyclic cover over a two-vertex (pre)-
graph. In an equivalent way, bicirculants are defined to be regular graphs
that admit an automorphism having two vertex orbits of the same size [13].
A typical bicirculant can be described as follows: see for example [12]. Given
an integer m > 1 and sets R,S,T C Z,, such that R = —R, T = —T,
0¢ RUT and 0 € S, the graph B(m; R, S,T) has vertex set V = V; U Vs,
where Vi = {ug, ..., um—1} and Vo = {vg, ..., Up—1}, and edge set

E = {uiuiyj| 1 € Z,j € RYU{vivigj|i € L, j € TYUH{ujviyj|i € Z, j € S}
Obviously, the mapping a : V' — V, defined by a(u;) = uit1, a(v;) = vi41
is an automorphism of B(m; R, S,T), having two vertex orbits of the same
size.
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Figure 1. A typical bicirculant B(m; R, S,T) € B(m;d, s),
defined by a voltage graph for d — s even (left); for d — s odd
a semi-edge is drawn at each vertex (right)

We call the vertices from V; the outer vertices and the vertices from V5
the inner vertices. There are three types of edges: the edges incident to two
outer vertices are called outer edges, the edges incident to two inner vertices
are called inner edges, and edges connecting an outer vertex to an inner
vertex are called spokes. Specifically, the edges w;t;iq, ¢ € Zy,, a € R, are
called outer edges of type a, the edges v;v;1p, © € Zp,, b € T, are called inner
edges of type b and the edges w;v; ¢, © € Zm, ¢ € S, are called spokes of type
c¢. Furthermore, we call the subgraph of B(m; R, S,T) induced by the outer
(inner) vertices the outer rim (the inner rim, respectively). The inner rim
and the outer rim are circulants, described by the sets R and T, respectively.
The bipartite subgraph of B(m; R, S,T), spanned by the spokes, is a cyclic
Haar graph, which we will denote by H(m;S); so H(m;S) = B(m;0,S,0).
The family of cyclic Haar graphs was introduced by Hladnik et al. [10].

We consider only regular bicirculants, so |R| = |T'|, and we denote |R| =
|T| = r, |S| = s. The degree of such a bicirculant is then d = r+s. We denote
by B(m;d, s), the class of d-valent bicirculants of order 2m with spoke edges
forming a bipartite subgraph of degree s.

Bicirculants can also be described as regular Z,,-covers over graphs on
two vertices with possible multiple edges, loops, and semi-edges; see [13].
Figure 1 shows a typical regular voltage graph on two vertices that defines a
bicirculant. We see that there are two cases. On the left, the voltage graph
has no semi-edges. On the right, the voltage graph has two semi-edges, one
at each vertex. The latter case occurs if and only if m is even and r =d — s
is odd. In this case, the voltages on the semi-edges are equal to m/2.

Many well-known graphs are bicirculants. For example, the general-
ized Petersen graphs are bicirculants, of valency 3. More generally, an I-
graph I(m;j, k) is a bicirculant B(m; R, S,T) with m > 3, R = {j,—j},
T = {k,—k} and S = {0}, where 0 < j,k < m/2; see [8]. The I-graphs
thus belong to the class B(m;3,1). A generalized rose window graph [7,14]
is a bicirculant graph of degree 4 from the class B(m;4,2), obtained from
an I-graph by adding an additional set of spokes. The pentavalent general-
ized Tabaé¢jn graphs [5,11] form the class B(m;5,3). Also Cayley graphs on
dihedral groups are bicirculants B(m; R, S,T) with R = T.

Several papers investigated various properties of certain subfamilies of
bicirculant graphs, such as generalized Petersen graphs, rose window graphs,
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Tabagjn graphs, cyclic Haar graphs, etc. Our aim is different. We are consid-
ering a classical problem of the existence of a Hamilton cycle, which is known
to be NP-complete, for general graphs. However, we hope that an effective
classification of Hamiltonian bicirculants is possible. Our approach is very
optimistic. Namely, we believe that all non-Hamiltonian bicirculants are al-
ready known and hope that for all other bicirculants efficient constructions of
Hamilton cycles can be found. Our strategy is based on a useful property of
bicirculants. Namely, by removing a suitable 1-factor or 2-factor, a d-valent
bicirculant reduces to a (d — 1)-valent or, respectively, to a (d — 2)-valent
bicirculant. The latter may be disconnected. However, even in such a case
its connected components are bicirculants. The main idea is to apply various
constructions that link Hamilton paths in each component to a Hamilton
cycle of the original graph.

In a recent paper [7], we proved that all generalized rose window graphs
are Hamiltonian. Based on this fact and the fact that the classification of
Brian Alspach of Hamiltonian generalized Petersen graphs [1] has been ex-
tended by Bonvicini and Pisanski to I-graphs [6] and that no new non-
Hamiltonian graphs have been found, we conjectured that the only non-
Hamiltonian bicirculants are the K5 and the generalized Petersen graphs,
determined by Alspach.

Conjecture 1. Every connected bicirculant, except for the complete graph Ko
and the generalized Petersen graphs G(m,2) with m =5 (mod 6), is Hamil-
tonian.

In this paper, we give a partial solution to Conjecture 1. After reviewing
known results on Hamiltonicity and basic properties of bicirculants (Sect. 2),
we show how to combine Hamilton cycles in the connected components of cer-
tain subgraphs of a connected bicirculant to a Hamilton cycle of the whole
graph (Sect. 3). We use constructions from Sect. 3 to prove that certain fami-
lies of bicirculants are Hamiltonian. Our main results are summarized below
and they are proved in Sects.4 and 5.

Theorem 1.1. Fvery connected bicirculant graph whose vertices are incident
to s < 2 spokes is Hamiltonian, except for Ko and the generalized Petersen
graphs G(m,2) with m =5 (mod 6).

Theorem 1.2. Let G = B(m; R, S,T) be a connected bicirculant with |S| > 3.
If m is a product of at most three prime powers, then G is Hamiltonian.

In particular, every connected bicirculant graph of order 2m is Hamilton-
ian for even m < 210 and odd m < 1155, with the exception of the complete
graph Ko and the generalized Petersen graphs G(m,2) with m =5 (mod 6).

Theorem 1.3. Let G = B(m; R, S,T) be a connected bicirculant graph with
m even, m >4, |S| >3 and m/2 € R,T. Then G is Hamiltonian.

Theorem 1.4. Let G = B(m; R, S,T) be a connected bicirculant graph with
m > 3 and |S| > 3. Assume that the connected components of H(m;S) are
Hamiltonian and RUT contains at least one element that is not coprime to
ged(m, S) in the case where ged(m, S) > 1. Then G is Hamiltonian.
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2. Background and Preliminary Results

In this section, we summarize some known results on the Hamiltonicity and
basic properties of bicirculant graphs that are relevant for our paper. We note
that bicirculants B(m; R, S,T) with R = T are Cayley graphs on dihedral
groups. In particular, cyclic Haar graphs are also Cayley graphs on dihedral
groups.

In [1], Brian Alspach completely resolved the problem which general-
ized Petersen graphs are Hamiltonian. Later it was shown by Bonvicini and
Pisanski [6] that the non-Hamiltonian generalized Petersen graphs are the
only non-Hamiltonian I-graphs.

Alspach and Zhang [4, Theorem 3.1] have shown that all cubic Cayley
graphs over dihedral groups are Hamiltonian. From their result it follows that
all connected cubic cyclic Haar graphs are Hamiltonian.

Theorem 2.1. Fvery connected cubic cyclic Haar graph is Hamiltonian.

Consequently, we have the following result that completely settles the
problem which cubic bicirculants are Hamiltonian; see also [7].

Theorem 2.2. Every connected cubic bicirculant graph is Hamiltonian, except
for the generalized Petersen graphs G(m,2) with m =5 (mod 6).

Since the family of generalized Petersen graphs G(m,2),m =5 (mod 6),
was first discovered by Brian Alspach, we name these graphs the Alspach
generalized Petersen graphs.

Other families of bicirculants for which the Hamiltonian property was
studied include Cayley graphs on dihedral groups and the generalized rose
window graphs. For convenience, we recall the result of Alspach et al. [2].

Theorem 2.3. [2, Theorem 1.8] A Cayley graph of valency at least three on
a generalized dihedral group, whose order is divisible by four, is Hamilton-
connected, unless it is bipartite, in which case it is Hamilton-laceable.

We will also use the following theorem from our recent paper.

Theorem 2.4. [7] Every connected generalized rose window graph is Hamil-
tonian.

Now we recall some properties of bicirculants. From the theory of cov-
ering graphs, it follows that we may choose the elements of the sets R, S,T
to be such that 0 € S, which we have already assumed. In this case, we have
a simple criterion when a bicirculant is connected; see [9].

Proposition 2.5. A bicirculant graph B(m; R, S,T) is connected if and only
if ged(m, R, S, T) = 1.

In the case that a bicirculant graph is disconnected, it is composed of
isomorphic connected components. We will use the following notation. Let
A be a set and let ¢ be an integer. We define A —i = {a —i | a € A} and
AJi={a/i|ac A}.
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Proposition 2.6. Let G = B(m; R, S,T). Suppose § = ged(m, R, S,T) > 1.
Then G is a disjoint union of § isomorphic graphs Gq,...Gs_1 such that
u; € Gy, i =0,...,0—1. Moreover, each graph G; is connected and isomorphic
to the graph B(m/§; R/6,5/6,T/9).

Different parameters may give the same bicirculants. In particular, it is
easy to verify that the following result holds.

Lemma 2.7. Let G = B(m; R, S,T) be a bicirculant and let ¢ € S. Then the
graph B(m; R, S — ¢, T) is isomorphic to the graph G.

Next we consider relationship between pairs of bicirculants of order 2m
that only differ in the presence of inner and outer edges of type m/2. Let m
be even and let G = B(m; R, S,T') be a bicirculant such that m/2 ¢ RUT.
We denote by G= the graph B(m; RU{m/2},5,T U {m/2}).

Lemma 2.8. Let m be even and let G = B(m; R, S, T) be a bicirculant such
that m/2 & RUT. Suppose that G= is connected. Then either G is connected,
or G is composed of two isomorphic connected components of a graph Gy. In
the latter case, G= is isomorphic to the Cartesian product GoOKs.

Proof. If G is connected, there is nothing to prove, so assume that G is
disconnected. Then 6 = ged(m, R, S,T) > 1. Since ged(m/2, R, S,T) = 1, it
follows that § = 2. Hence, G consists of two isomorphic copies of a connected
graph Gg. The outer/inner edges of type m/2 determine a perfect matching
in G~ that connects vertices of one copy of G to the corresponding vertices
of the second copy. This means that G= is the Cartesian product of Gy and
K. O

Lemma 2.9. Let m be even and let G = B(m; R, S,T) be a connected bicir-
culant such that m/2 € RNT. Let Ry = R~ {m/2}, To =T ~ {m/2} and
H = B(m, Ro, S, To)
(i) The graph H= is isomorphic to the graph G.
(ii) If H is Hamiltonian, then G is also Hamiltonian.
(iii) If H is disconnected, then it is composed of two isomorphic copies of a
connected graph Hy = B(m/2; Ry/2,5/2,Ty/2). If Hy has a Hamilton
path, then G is Hamiltonian.

Proof. (i) The claim follows from the definition of H=.

(ii) The claim follows from the fact that H is a spanning subgraph of G.
(iii) By Lemma 2.8, graph G is isomorphic to the Cartesian product of Hj
and K. A Cartesian product of a graph with Hamilton path and K5 is always
Hamiltonian, which is well known and easy to prove. 0

3. Some Hamiltonian Constructions

In this section, we develop some methods for the construction of a Hamilton
cycle in a connected bicirculant graph B(m; R, S,T), with R, T non-empty.
For convenience, we will denote a bicirculant B(m; {a, —a}, S, {b, —b}) simply
by B(m;a,S,b).
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The first method of construction is described in Lemma 3.2. It joins
Hamilton cycles in the connected components of a cyclic Haar graph H(m;.S)
into a Hamilton cycle of a connected bicirculant graph B(m;a, S,b) contain-
ing H(m;S) as a disconnected spanning subgraph. This construction can be
used when at least one of the integers a,b is different from m/2 and not
coprime to ged(m, S).

The second method of construction is described in Lemma 3.3: it joins
Hamilton cycles in the connected components of B(m; R ~\ {a,—a}, S, T ~
{b,—b}) into a Hamilton cycle of B(m;R,S,T), where a € R, b € T and
a,b # m/2. Unlike the Hamilton cycles used in Lemma 3.2, the Hamilton
cycles employed in Lemma 3.3 contain outer and inner edges; they are joined
through outer and inner edges of types a and b in both constructions.

As a consequence of the combined application of Lemma 3.2 and Lemma
3.3, we show that a connected bicirculant graph whose vertices are incident
to at most two spokes is Hamiltonian, except for the Alspach generalized
Petersen graphs and the complete graph Ks; see Sect. 4.

The construction of a Hamilton cycle in B(m;a, S, b) given in Lemma
3.2 is an alternative to the construction given for the generalized rose win-
dow graphs in [7], but it does not allow to find a Hamilton cycle in every
generalized rose window graph because it can be applied only when at least
one of the integers a, b is not coprime to ged(m, S).

To simplify the proof of the constructions, we first give a result on
bicirculant graphs of order < 10.

Lemma 3.1. Every connected bicirculant graph of order 2m with m < 5
is Hamiltonian, except for the complete graph Ko and the Petersen graph
G(5,2).

Proof. Let G = B(m; R, S,T) be a connected bicirculant graph of order 2m
with m < 5. If m = 1, then G is the complete graph K5, which is not
Hamiltonian. If m = 2, then G contains a 4-cycle, hence it is Hamiltonian.
Consider the case when m € {3,5} and assume that the graph G is not
isomorphic to the Petersen graph. If |R| > 1, then the graph G contains
a subgraph isomorphic to the prism B(m;1,{0},1) which is Hamiltonian.
Otherwise the set S contains at least two elements, say 0 and ¢ € {1,...,m—
1}, and the subgraph of G induced by the spokes of types 0 and ¢ is a Hamilton
cycle of G since ged(m,c) = 1.

Now consider the case m = 4. If 1 € R, then also 1 € T and the
graph G contains a subgraph isomorphic to the prism B(4;1,{0},1), which
is Hamiltonian. Otherwise {0,c} C S for some ¢ € {1,3} C S, since the graph
G is connected. Now the subgraph of G induced by the spokes of type 0 and
¢ is a Hamilton cycle of G. O

3.1. Construction for the Graphs B(mj;a, S, b)

In order to apply our first construction, we will represent a bicirculant graph
as we are going to describe. Let G = B(m;a, S,b) be a connected bicirculant
graph with m > 2, |S| > 2, ged(m, S) > 1, a,b # m/2, and at least one of
the integers a, b, say b, is not coprime to ged(m, S).
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We denote with H = H(m;S) the cyclic Haar graph induced by the
spokes of G, and with K the subgraph obtained from G by removing the
edges of type a from G, that is, K is the graph B(m;0,S,{b,—b}). The
connected components of K form a partition of the components of H: each
component of K consists of ged(m, S)/ ged(m, S,b) components of H, which
are connected by edges of type b. We set

A =ged(m, S,b) —1and  p = ged(m,S)/ ged(m, S,b) — 1

and denote with Ky, ..., K the connected components of K; by the assump-
tions we have A > 0. For 0 < j < A, we denote by H; ;, with 0 <7 < p, the
connected components of H that are contained in K;. Moreover, Hy o will be
the component of H containing the vertex ug, and consequently Kq will be
the component of K containing ug. In the following, we will use the notation
x Py to denote a subpath of a path P, starting at vertex x and ending at
vertex y.

We will assume that the connected components of H are Hamiltonian.
Therefore, they also contain Hamilton paths. Let P be a Hamilton path in
Hy,o. We can assume that P is a Hamilton path with origin in v and terminus
in ug; we denote with u, an arbitrary vertex of P different from ug and with
vp, v the vertices adjacent to u, in P. For convenience of notation, the
remaining vertices of P will be simply denoted with wu;, v; instead of u,, vy, .
More specifically, we set

P = (Usautvvtvutfh ey UpyUzy Uy e vs ,Ul,'l)o,'LLO).

The paths vs Pu, and u, P ug can have arbitrary length > 0. It may happen
that vg = v and u; = u, and/or vs = vy, and u; = wu,. It is understood that
up and v, are adjacent if P provides a Hamilton cycle in Hy o, which is the
case that will be considered in the construction we are going to define.

The connected components of K—and also of H—contain copies of
P that, for our purposes, we will describe as follows: For 0 < ¢ < p and
0 <j < A, we denote with P; ; the path obtained from P by adding ib + ja
(mod m) to the subscripts of the vertices in P; P ; is the copy of the path P in
the component H; ; of H, and Py corresponds to the path P. Accordingly,
the vertices in F; ; will be denoted with u b v where ub = Ugiibtjas
’UI’J = VUgtib+ja- The outer vertices ulzj in P;; are adjacent to the outer
vertices u’ ™! in P; ;41 by the edges of type a; the inner vertices v’/ in P
are adjacent to the inner vertices vi™1J in P;i1; by the edges of type b.
For simplicity of notation, we will denote with u, F; ; vy, or with u, Pv, in
H; ;, the path corresponding to the subpath u, P v, from the vertex u, to
the vertex vy of P; it is understood that the vertices uz, v, in the notation
uy P j vy, or in the notation u, Pv, in H; ;, correspond to the vertices u’7,
v

In this setting, we can represent each component Kj;, with 0 < j < A,
as the graph induced by the union of the paths P;;, with 0 < i < u. Of
course, the outer vertices of K; are connected to the outer vertices of K41
through the edges of type a, in order to form the whole graph G. We can
therefore think of G as follows: arrange the paths P; ; with the same index i
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in the same i-th row, and the paths P; ; with the same index j in the same
j-th column. For this placement, the component K; will also be called ‘the
vertical j-th component’.

Now we introduce our methods of construction. The key of the construc-
tions presented in Lemmas 3.2 and 3.3 is a set of prescribed paths that can
be joined appropriately to obtain a Hamilton cycle in the original graph G.
The proofs of Lemmas 3.2 and 3.3 describe in the detail the paths involved
in the constructions and their connections; paths and connections are easily
readable from the figures accompanying the proofs (Figs. 2, 3, 4).

Lemma 3.2. Let G = B(m;a,S,b) be a connected bicirculant graph with m >
2, 18| > 2, ged(m,S) > 1, a,b# m/2, and X\ > 0. Assume that the connected
components of H(m;S) are Hamiltonian. Then G is Hamiltonian.

Proof. For m < 5, the statement follows from Lemma 3.1. In the following,
we consider m > 5. We set C' = P U uyv,s to be a Hamilton cycle of Hy,
and distinguish the cases ¢ = 0 and g > 0. In both cases, we give a list of
subpaths of P that are joined to form a Hamilton cycle in G. Moreover, for
p > 0, it is sufficient to consider the case where A = i (mod 2), and the case
where A is even and p is odd. In fact, due to the symmetry between outer
and inner vertices, the case where X is odd and p is even can be obtained
from the case where X is even and y is odd.

Case 1: 4 = 0.

First assume that A is even. Each component K; of K contains only the
component Hy ; of H, for 0 < j < A. This means that the cycle C = PUugv,
in Ky (or Hp,) has chords of type b.

We denote with u,, up and u,, u, the vertices adjacent to vs_; and
Vstb, respectively, and without loss of generality, we can assume that they
are arranged on P in the order v, uy, Uy, Us_p, Up, Up, Vstb, Ug, Uo, (Otherwise
we swap —b and b); see Fig. 2a. In this setting, we can find a Hamilton path
in Hy o from ug to u, and a Hamilton path in Hg o from u; to ue, say ug P’ uy,
and u; P’ ug. More specifically, uwy P’ up = ug Pvsyp U vsqpvs Uvs Puy, and
ug P ug = up Pus_p U (vs_p, vs,ug) Uug Pug.

We will also consider the path ug P uy from ug to u; given by ug P u; =
U P sy U (Usgp, Us, Us—p) U vs—p Puy; the union of the paths w, Pu, and
uo P"” u; spans the vertices of Ky (or Hyp); a representation of the paths is
given in Fig. 2a. It may happen that u; = u, or vy = u, or u, = ug. However,
since b # m/2, the vertices vs_, and vgyp are distinct and they are also
different from v,. Therefore, the graph Hy ¢ contains at least 6 vertices that
are needed in the definition of the above paths.

We use the above paths to construct a Hamilton cycle in G. More
specifically, in Hp o, we consider ug Py g up, in Ho x, we take u; Py , ug; for
1 < j < X—1, we consider the paths u, Py ; u, and ug Pé’,j ug in Hoyj.l We find
a Hamilton cycle in G by joining the paths through the following edges: the
edges from ug, u, in Hy ; to ug, up in Ho j41, respectively, for 0 <7 < A -1,
j even, and the edges from wu¢, ug in Hy j to us, ue in Hy j41, respectively, for
1 <j<X—1,jodd; Fig. 2b shows the construction for A = 4.
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(b)
Vs—p Up Ut Uy Ug Ug Ut Ut
o o
Uy uo Pgy ur ue Pyly uo uo Pyls w Pé4 e
Vs—,
s—b up Po.t ue ug Po 2 up up Po 3 ug

o o
O O O O

Up Up Uyp Uyp Up Up Uyp Up

Figure 2. Construction of a Hamilton cycle in G in Case 1
of the proof of Lemma 3.2, when ) is even, u = 0, and the
connected components of H(m,S) are Hamiltonian. a The
bold lines stand for the paths we consider in each component
K;, 0 < j < X b We join the paths through edges of type
a—represented by the thin lines—as described in the proof
of Lemma 3.2. This figure shows the case A = 4. The same
construction can be also used when A is odd and p = 0, by
replacing the path u; Py , ue with the path ug Py  up

The previous construction also provides a Hamilton cycle in G when A
is odd, A > 1, and p = 0: we simply replace the path u; Pé,)\ ug in Hy ) with
the path ug P}, up; for A = 1, it suffices to join the Hamilton path ug P’ uy,
in Ky to the Hamilton path ug P’ u, in K7 through the edges from u, in Ky
to u, in Ky, with = € {0, p}.

Case 2: ;1 > 0.
The list of paths involved in the construction is as follows:

e for A > 2, in each vertical component K;, with 1 <7 < A —1, we take

the path v, Py ju; and the edge ug’jvg’j; for 1 <14 < p—1, we consider

the paths v, P; jv, and vy, P; jvg together with the isolated vertices ué’j
and ubJ; if u is even, we take the isolated vertex u#J and the path
v Cp o, = C,; — w9 which is the copy of the path C' — u, that is
obtained from C' = P U ugvs by deleting the vertex u.; if p is odd, we
take the isolated vertex uf” and the path vs P, jvo;

e in the vertical component Ky, we will use the path P from vs to ug;
for 1 <i < p—1, we take the path v, P; gvp, and ug Pjou.; if i is even,
we consider the path v, Cpou. = Cpo — ug‘>ov}’f’07 which is the copy of
the path C' — u vy, that is obtained from C' = P U ugv, by deleting the
edge u,vp; if u is odd, we consider the path P, g, i.e., the copy of the

path P from v, to ug in H), o;
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e in the vertical component K, for 1 < ¢ < p — 1, we consider the
paths wuy C; zvp and vy C; zu,, which are the copies of the paths that
are obtained from C' = P U ugvs by removing the edges ugvg and u,vp;

if A and p are even, we take the path vj, C;, zu, and the path vy Cp \vo =
0,\

Cox—uy’ vg’/\, which is the copy of the path C'— ujvg that is obtained
from C by removing the edge uivg; if A and p are odd, we take the paths
uo Cp,avo and ug Cp, Avo, which are the copies of the path C' —ugvg that
is obtained from C by deleting the edge ugvo; if A is even and p is odd,
we take the path u; Cy zvo and the path ug C), \vo.

Now we join the above paths to prove that G is Hamiltonian. The reader
can refer to Fig. 3 showing the case A = p = 2. For A > 2, we consider the
vertical component K, with 1 < j7 < A —1. For 0 <7 < p—1, i even, we
add the edges from the vertices vy, vo in H; ; to the vertices vy, vo in Hijtq 4,
respectively; for ¢ odd, we consider the edges from the vertices vy,, v in H; ;
to the vertices vp,, vy, in Hiy j, respectively. In this way, we find a path from
ug in Ho ; to uy in Hp ; that covers all vertices of K, with the exception of
the vertices ug, u, in H;; with 1 <4 < p— 1, and the vertex uy in H, ;,
where uy = ug if p is odd, uy = u, if p is even.

We denote such a path with uy K u1, and the set of uncovered vertices

If A > 3, we connect ug Kju; to ug K41 ur through the edges with
both end vertices equal to ug if j is even, and through the edges with both
end vertices equal to up if j is odd, for 1 < j < X\ — 2.

We thus construct the path ug’l pP* ug’)‘_l from ug in Hp,1 to uq in
Hy x—1, where u,, = ug for A odd, u, = u; for A even. The path ug’l P* ug*)‘*l

covers all vertices in U;‘z_llK j, with the exception of the vertices in U?;f U;.

Note that the path ug’l P*u%*~1 is the path ug K1 up if A = 2, while there
is no need to define it for A = 1, since a Hamilton cycle in G will be obtained
from the paths in Ky and K = K7, as we are going to explain.

We now construct a path covering all the vertices in Ky U K, together
with the vertices in U?:_l U;. We connect the subpaths defined in Ky and K
through the following edges: for 0 < i < u—1, 7 even, we add the edges from
v in H; g to vs in Hjyq 0, together with the edges from vy in H; \ to vg in
H;yq ; for @ odd, we add the edges from vy, in H; g to vy in H;yq o, together
with the edges from v in H; \ to vy, in H;4q . Further to the above, for
1<i<pu—Tand 0< 75 <X—1, we also add the edges from ug, u, in H; ;
to uo, u, in H; j41; for ¢ odd, we add the edges from wg in H, ; to up in
H, i1, with 0 <7 < X —1; for p even, we add the edges from u, in H,, ; to
Uy in Hy jy1, with 0 <j <A -1

We obtain the path ug’o P’ ugf‘, from ug in Ho to ue in Ho x, where
U = ug for X odd, u, = uy for A even, that covers all vertices in Kq U Ky,
together with the vertices in U;‘;ll U;. The path ug® P’ u®* yields a Hamilton
cycle in G if A = 1, since ug’o and u%? = ug’l are adjacent in G. Therefore,
the assertion is true if A = 1. In the following, we consider A > 1. In this
case, the paths u)" P*u%*~1 and u® P'ud* partition the vertices of G,
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Vg U ~ o Uo Vol Qg Uy Vo

Ho o Hy Ho,

[ —R ]

vp U,

Hj

Figure 3. Construction of a Hamilton cycle in G in Case 2
of the proof of Lemma 3.2 when p > 0. In this figure, we
have A\=pu =2

and we can connect them through the edges of type a from ug’o to ug’l, and

from u%*~1 to ud?; we find a Hamilton cycle in G. Notice that the above
constructions are valid even in the case where some of the vertices that are
used in the description of the paths are the same, i.e., if vg = v, and u; = u,

and/or vs = vy, and uy = u,. O

3.2. Construction for the Graphs B(m; R, S, T)

In order to develop the second construction of this section, the following
remark is in order:

Remark 1. In a connected bicirculant graph, a Hamilton cycle containing a
given number of outer edges also contains the same number of inner edges.
In fact, a Hamilton cycle C is the vertex disjoint union of its outer and
inner subpaths, which are joined by the spokes to form C. Let O and Z be
the subgraphs of C' whose connected components are the outer and inner
subpaths of C, respectively. Since the end vertices of the paths in O are
matched with the end vertices of the paths in Z by the spokes, the subgraphs
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O and 7 have the same number of components, say w. Moreover, |V(O)| =
|[V(Z)| because C has the same number of outer and inner vertices. Since
V()] = [E(O)| +w, and [V(T)| = |E(T)] +w, we have |E(O)| = |E(T)|,
that is, C' contains the same number of outer and inner edges.

We now define the second construction.

Lemma 3.3. Let G = B(m; R, S,T) be a connected bicirculant graph of degree
d > 4, with |R|,|T| > 3. Let H be the subgraph of G obtained by removing
the edges of types a € R and b € T, with a,b # m/2.

If the connected components of H contain a Hamilton cycle with at least
two outer edges, then G is Hamiltonian.

Proof. The assertion is true if H is connected. Let us assume that H is
disconnected, and let H;, with 0 < i < ged(m, R~{a,—a}, S, T~{b,—b})—1,
be its connected components; Hy is the component containing ug. Let C'
be a Hamilton cycle in Hy containing at least two outer edges. We also
consider the subgraph K of G obtained by removing the edges of type a
from G, and denote its connected components with Ky,..., Ky, with A\ =
ged(m, R\ {a,—a},S,T) — 1; Ky is the component containing ug. We can
repeat the same arguments as at the beginning of Sect.3.1, and say that
the components of K partition the components of H: each component of K
consists of exactly p+ 1 = ged(m, R~ {a,—a},S, T ~ {b,—b})/ ged(m, R ~
{a,—a},S,T) components of H, which are joined by edges of type b.
We distinguish two cases: p =0 and p > 0.

Case 1: © = 0. Each component of K contains exactly one component of H.
We can set H; C Kj, for 0 < j < A. Note that A > 0 since we are dealing with
the case where H is disconnected, i.e., gcd(m, R~{a, —a}, S, T~ {b, —b}) > 1,
and in this case we have A = ged(m, R ~\ {a,—a},S,T ~ {b,—b}) — 1. For
vertices and paths in K;, we will use the same notation as at the beginning
of Sect. 3.1. More specifically, for 0 < j < A, we denote with C; the cycle
obtained from C' by adding ja (mod m) to the subscripts of the vertices in
C; Cy corresponds to the cycle C. The vertices in C; will be denoted with u?,
vl, where u = Uy ja, V2 = v;444; the outer vertices uf in C; are adjacent
to the outer vertices ui™' in Cj;1 by edges of type a (where Cy11 = Cp).
Moreover, we will denote with u, C; u, a path corresponding to the subpath
Uy Cuy of C' from the vertex u, to the vertex u, of C, where the vertices
Uy, Uy in the notation u, C; v, correspond to the vertices ul, u{, Which of
the two possible paths we take will be clear from the context. We can thus
connect the outer vertices in u, C; u, to the outer vertices in u, Cj11 u, that
are assigned the same label u, (or w,) for every 0 < j < A — 1. We exclude
the case with j = A and j + 1 = 0 because the vertices u2, u? might not be
adjacent.

Without loss of generality, we can assume that ug is an end vertex of
an outer edge that is in C. Let ugus, upuy be distinct outer edges in C'; their
removal yields two paths, denoted with ug C up, and ug C ug, that partition
the vertices of C' (if ug = up, then ug C uy, consists of a single vertex, the
same holds for us C ug, if us = uy). We also denote with ug C us and uy, C uy,
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ug Cruy, ug Couy,

ug Cous ug Cu,

Ug Cl’LLk Ug CQUk

Figure 4. Construction of a Hamilton cycle described in
Lemma 3.3. This figure shows the case A = 3. The paths
we consider in each component K;, 0 < j < A, are repre-
sented by curved lines, the straight line segments represent
the edges of type a connecting the vertices in K; to the ver-
tices in K;41 that are assigned the same label

the Hamilton paths of Hy that are obtained from C' by deleting the edges
ugus and upug, respectively.

We construct a Hamilton cycle in G as follows: in each Kj, with 0 <
Jj < A —1, we take the paths ug C;j uj and us C; up,. We consider ug Cous in
Ky, and ug Chus or up Chuy in K, according to whether A is odd or even,
respectively.

We connect the path ug Cyus to the paths ugCiup and ug Ci up by
adding the edges uluy and ulul. For 0 < j < A —1, j odd (respectively, j
even), we connect the path ug C;uy, to the path ug Cjyq1up by joining the
vertices that are assigned the label uy, in C; and C11 (respectively, ug). We
also connect the path us Cj ux to us Cj4q us by joining the vertices that are
assigned the label uy in C; and Cj 1 (respectively, us). We thus find a path
P of G from uy~* to u}~" if A is odd and from u) ' to up ' if A is even;
path P covers all vertices of GG, with the exception of the vertices in K.
To construct a Hamilton cycle in G, all that remains is to connect the end
vertices of P to the end vertices of ug Chus or uj, Chuy that are assigned the
same label (ug and u, for A odd, uy, and uy for A even). Figure 4 summarizes
the construction for A = 3.

Case 2: ;1 > 0. We show that Ky—and hence each component K; with 0 <
j < A—is Hamiltonian. By Remark 1, the cycle C' of Hy contains at least
two inner edges. We can thus apply the construction of Case 1 to Ky by
replacing the outer vertices with the inner vertices, and the outer edges of
type a with the inner edges of type b. We find a Hamilton cycle C’ in Kj. In
turn, the cycle C’ contains at least two outer edges. We can thus apply the
construction of Case 1 to the cycle C’, and find a Hamilton cycle in G in the
case when A > 0. When A = 0, the cycle C’ is already a Hamilton cycle in
the graph G = K.

O

The next lemma will be fundamental to prove the main results. It shows
how to combine the constructions in Lemmas 3.2 and 3.3 to find a Hamilton
cycle in a more general bicirculant graph.
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Lemma 3.4. Let G = B(m,R,S,T), with |S| > 2, be a connected bicircu-
lant graph, and let H = H(m;S) be the cyclic Haar graph induced by the
spokes of G. Assume that H is disconnected and its connected components
are Hamiltonian. Further to the above, assume that R UT contains at least
one element that is different from m/2 and is not coprime to gcd(m, S). Then
G is Hamiltonian.

Proof. We can consider m > 5 since the bicirculant graphs with m < 5 and
|S] > 2 are Hamiltonian by Lemma 3.1.

Let L = B(m; R',S,T") be a connected regular spanning subgraph of G
that contains H as a subgraph, and the removal of all outer edges of type a’
and inner edges of type b’ for any pair o’ € R', ' € T" (with a/,b' # m/2 or
a’ = b = m/2) yields a disconnected graph. Such a graph L always exists:
we start from the graph G and remove outer and inner edges of given types
so that at each step the graph remains connected until we find a connected
spanning subgraph of G with the required property. We first remove the
outer/inner edges of types o’ € R, b/ € T that are coprime to ged(m,S).
In this way, we ensure that at least one element from R’ U T’ that is not
coprime to ged(m, S) is contained in R’ UT’. Without loss of generality, we
may assume that such an element is from the set 7" and we denote it by b.

We set |S| = s, and denote the degree of L with d’. Notice that d'—s > 0,
since we assume H is disconnected, and L is defined as a connected graph.
We distinguish the cases d’ — s even, and d’' — s odd.

Assume that d’ — s is even. Then there are no edges of type m/2 in
R, T'. Weset d —s=2k>0, R ={a;,—a;: 1 <i<k}and T = {b;, —b; :
1 <4 <k}, where by = b, with b not coprime to ged(m, S). For 0 < j < k, we
also set R; = {a;,—a; : 1 <i<j}and T; = {b;, —b; : 1 <i < j}, and denote
with L; the subgraph of L represented as B(m; R;,S,T;); in this notation
we have Ry = Ty = 0, that is, Lo = H, and L;, = L.

We now construct a Hamilton cycle in G. First, we construct a Hamil-
ton cycle in each connected component of Ly by using the construction from
Lemma 3.2. We can do this since ged(m, S,b) > 0. The construction from
Lemma 3.2 provides Hamilton cycles containing at least two outer edges (see
Figs. 2-3). Therefore, we can apply Lemma 3.3 to the components of L, and
find a Hamilton cycle in each component of L. Since also the construction
from Lemma 3.3 yields Hamilton cycles containing at least two outer edges
(see Fig.4), we can apply Lemma 3.3 to the components of Lo, and find a
Hamilton cycle in each component of Lz. By repeatedly applying the con-
struction from Lemma 3.3, we find a Hamilton cycle in L, = L, and therefore
in G, since L is a connected spanning subgraph of G. Thus, the assertion fol-
lows for d’ — s even.

Assume now that d’—s is odd. Then there are edges of type m /2 in L. We
set d' —s = 2k+1, R/ = {ai, —Qa; 1 § 1 S k+1}, T = {b“ 7bi 01 S ) S k+1},
with agy1 = bgy1 = m/2, and define R;, T;, L;, by as above; in this case,
Lyt = L.

We construct a Hamilton cycle C' in each component of Lj by repeating
the same arguments as for the case d’ — s even. By definition of L and Lemma
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2.8, the graph L is the Cartesian product L = Li[0K5. The existence of a
Hamilton cycle in L, and therefore in G, follows from the fact that L contains
the spanning subgraph COK5, which is Hamiltonian. g

4. Bicirculants with s = 1 and s = 2

In this section, we use the constructions presented in the previous section to
complete the classification of Hamiltonian bicirculants with s = 1 and s = 2.
We denote by B? the class of all d-valent bicirculants for which every vertex
is adjacent to s spokes.

Proposition 4.1. Every connected bicirculant graph whose vertices are inci-
dent to exactly one spoke is Hamiltonian, except for the complete graph Ko
and the generalized Petersen graphs G(m,2), with m =5 (mod 6), m > 5.

Proof. The assertion is trivial for d < 2. For d = 3, it follows from Theorem
2.2.

We now consider d > 3, and treat separately the cases when d is odd,
and when d is even. Notice that a bicirculant from the class B(m;d, 1) does
not contain any inner or outer edges of type m/2 when d is odd, whereas
each vertex is incident to such an edge if d is even.

First, we prove that the graphs from the class B} are Hamiltonian.
Then, we will use induction to prove that every graph from the class B¢,
with d > 5, is also Hamiltonian. We will make use of the fact that for m > 3,
every Hamilton cycle in a graph from the class B¢ contains at least two outer
edges since in such a graph no two spokes are adjacent.

Let G = B(m; R,{0},T) be a connected graph from the class BY. Let
H be the subgraph obtained from G by removing the edges of types a and
b, with a € R and b € T. The connected components of H are graphs from
the class B, and we know that they are Hamiltonian, except for the Alspach
generalized Petersen graphs.

If the components of H are Hamiltonian, then the existence of a Hamil-
ton cycle in G follows from Lemma 3.3.

Assume now that the components of H are Alspach generalized Petersen
graphs G(n,2), with n =5 (mod 6), n > 5. By Theorem 4.2 in [3], we know
that every pair of non-adjacent vertices in G(n, 2) is connected by a Hamilton
path.

If H is connected, then we find a Hamilton cycle in G by adding the
edge upu, of G to a Hamilton path in H from wug to u, (the existence of a
Hamilton path in H from wug to u, is guaranteed by [3, Theorem 4.2], since
uo and u, are not adjacent in H).

If H is disconnected, then we consider the graph K obtained from G by
removing the edges of type a. As remarked in the proof of Lemma 3.3, each
component of K contains p+1 components of H, which are joined by edges of
type b, where pu+1 = ged(m, R~{a, —a}, T~{b, —b})/ gcd(m, R~{a, —a}, T).

If 4 = 0, then each component of K contains exactly one component of
H. We denote the components of K and H with Ky, ..., Ky, and Hy, ..., H),
respectively, where A = ged(m, R\ {a, —a},T) — 1, and assume H; C K for
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0 < 7 < A In the component Ky containing the vertex wug, there exists a
Hamilton path wy P u, from wug to u, by [3, Theorem 4.2], since Hy C K.
We denote with ué‘, u the copies of the vertices ug, u, in Ky, respectively.
The path ug P u, has at least one outer edge, say upug, since every vertex is
incident to exactly one spoke. We can thus apply the construction in Case 1
of Lemma 3.3, with v, = us. We find a Hamilton cycle in G if X is odd, or
a Hamilton path from up to u) if A is even, which we turn into a Hamilton
cycle of G, by adding the edge udu;.

The case p > 0 remains to be considered. We show that the connected
component of K containing ug, say Ky, is Hamiltonian. The component K
contains p + 1 copies of Hy, where Hj is the component of H containing
up. We denote with vff, v} the copies of vy, v, in the (p + 1)-th copy of Hy
in Ky. By [3, Theorem 4.2], there exists a Hamilton path in Hy from v to
vy, say vo Pup; it contains at least one inner edge, say vpvi. We apply the
construction in Case 1 of Lemma 3.3, by replacing the outer vertices ug, us,
up, up with the inner vertices vg, vy, vp, vk, respectively, and the outer edges
of type a with the inner edges of type b. We find a Hamilton cycle of Kj if p
is even, or a Hamilton path of Ky from vff to v}’ if p is odd, which we turn
into a Hamilton cycle of Ky by adding the edge vjv,". In turn, a Hamilton
cycle of Ky has at least two outer edges, and we can apply the construction
in Case 1 of Lemma 3.3, to construct a Hamilton cycle in G. It is thus proved
that every graph from the class B} is Hamiltonian.

We now use induction on d to prove that every graph from the class
B{l, with d odd, d > 5, is Hamiltonian. We assume that the assertion is true
for every connected graph from the class Bf‘Q, with d — 2 > 5, d odd. Let
G = B(m; R,{0},T) be a graph from the class B¢. Let H be the subgraph
obtained from G by removing the edges of types a and b, with a € R and
b € T. The connected components of H, possibly one, are graphs from the
class Bf‘z, which are Hamiltonian by the induction hypothesis. By Lemma
3.3, the graph G is also Hamiltonian.

Let us consider the case with d even, d > 4. Let G = B(m; R,{0},T)
be a graph from the class B{. As remarked, such graphs have outer or inner
edges of type m/2 at each vertex, so m must be even. Let H be the subgraph
obtained from G by removing such edges at each vertex. The graph H has at
most two connected components, which belong to the class Bf‘l, with d — 1
odd, d — 1 > 3. From the previous results on the class B‘li_l with d — 1 odd,
the connected components of H are Hamiltonian if d > 4. The connected
components of H are also Hamiltonian by Theorem 2.2 when d = 4 and they
are not Alspach generalized Petersen graphs. In both cases, the graph G is
Hamiltonian by Lemma 3.3. However, if a connected component of H is an
Alspach generalized Petersen graph, the graph H must consist of two copies
of this graph, otherwise m is not even. Recall that by [3, Theorem 4.2], every
component of the graph H contains a Hamilton path. Therefore, also the
graph G = H~ is Hamiltonian by Lemma 2.9. 0

Proposition 4.2. Every connected bicirculant graph whose vertices are inci-
dent to exactly two spokes is Hamiltonian.
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Proof. Let G = B(m; R, S,T) be a connected bicirculant graph with |S| = 2.
If m < 5, then G is Hamiltonian by Lemma 3.1. Graph G is Hamiltonian
also when its spokes induce a connected graph, since in this case H(m;5) is
a cycle. We have a Hamilton cycle in G even when G = B(m;m/2,S,m/2)
and ged(m, S) > 1, since in this case graph G is the Cartesian product of the
cycle on m vertices and Ko; see Lemma 2.9 (iii).

Therefore, it remains to consider the case where m > 5, the spokes
induce a disconnected subgraph, and the set R UT contains at least one
element that is different from m/2.

If there exists at least one integer a € RUT ~\ {m/2} that is not coprime
to ged(m, S), then G is Hamiltonian by Lemma 3.4.

If every element in R U T ~ {m/2} is coprime to ged(m,S), then G
contains a connected generalized rose window graph spanning its vertices.
Since generalized rose window graphs are Hamiltonian by Theorem 2.4, graph
G is Hamiltonian. O

By combining Propositions 4.1 and 4.2, we obtain Theorem 1.1.

5. Proofs of Main Theorems

In Sect. 4, we gave a proof of Theorem 1.1. In this section we give proofs of
the other main results that were already stated in the introduction, namely
Theorems 1.2, 1.3 and 1.4. The proof of Theorem 1.2 relies on the fact that if
m is a product of a small number of prime powers, then a bicirculant of order
2m contains a connected subgraph for which we know that is Hamiltonian
(with the known exceptions). In the proofs of Theorems 1.3 and 1.4, we use
constructions from Sect. 3. We first state an auxiliary result from [7].

Lemma 5.1. Let G = H(m;S) be a connected cyclic Haar graph with |S| > 4.
If m is a product of at most three prime powers, then G is Hamiltonian.

We now give proofs of Theorems 1.2, 1.3 and 1.4.

Proof of Theorem 1.2. Assume that m is a product of at most three prime
powers. If ged(m,S) = 1, then G contains a connected cyclic Haar graph
B(m;®,S,0) as a subgraph, which is Hamiltonian by Theorem 2.1 (when
|S| = 3) or by Lemma 5.1 (when |S| > 3).

We now assume that ged(m,S) = § > 1. If G contains a connected
bicirculant whose vertices are incident to two spokes as a subgraph, then it
is Hamiltonian by Proposition 4.2. Therefore, we assume that this is not the
case and we will show that then m needs to be a product of at least four
prime powers.

Let S ={0,c1,...,¢s—1}, where s = |S| > 3. Since ged(m, S) =6 > 1,
there exists a prime r that divides §. The graph G is connected, therefore
ged(m, R, S,T) = 1 and thus ged(m; R, T') is coprime to r. However, we have
assumed that G does not contain a connected bicirculant whose vertices are
incident to two spokes as a subgraph, therefore ged(m, R, T,¢1) > 1. Thus,
there exists a prime p that divides ged(m, R,T,¢;1) and is coprime to r. In
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particular p # r. Since ged(m, R, S,T) = 1, there exists ¢; € S that is not
divisible by p. Again, ged(m; R,T,¢;) > 1, therefore there exists a third
prime, say ¢, that divides ged(m, R, T, ¢;). Thus m is a product of at least
three prime powers, namely the powers of the primes p, ¢ and 7.

Suppose that m is a product of exactly three prime powers. Since the
graph G is connected, there exists ¢; € S\ {¢;} that is not divisible by ¢ (it
may happen that ¢; = ¢;). Since ged(m; R, T, ¢;) > 1, it follows that ¢; must
be divisible by p. Now we have elements ¢;, ¢; from S such that ¢; is divisible
by ¢ and is coprime to p, and c; is divisible by p and is coprime to g. But
then ¢; — ¢; is not divisible by any of p,q and ged(m, R, T') is not divisible
by r. It follows that ged(m, R,T,¢; — ¢;) = 1 and G contains a connected
graph B(m; R,{0,c; —c;},T) as a subgraph, a contradiction. Therefore m is
a product of at least four prime powers.

Since the product of the first four primes is 210 and the product of the
first four odd primes is 1155, we now conclude that every bicirculant graph
of order 2m, with even m < 210 or odd m < 1155 is Hamiltonian, with the
exceptions given in Theorem 1.1. O

Proof of Theorem 1.3. The assertion follows from Theorem 2.3 if gcd(m, S) =
1 since in this case, the graph H(m;S) is a connected spanning subgraph of
G with a Hamilton cycle. For m = 4, the assertion follows from Lemma
3.1. We now assume that m > 4, ged(m,S) > 1 and consider the subgraph
G’ = B(m;m/2,5,m/2) of G, which has ged(m/2,S) > 1 connected compo-
nents. Each component of G’ has order m/ ged(m/2, S) that is even. In fact,
if m/ ged(m/2,S) is odd, then ged(m/2,.S) is divisible by the largest power
of 2 dividing m, say 2", with » > 1. It follows that m/2 is divisible by 2",
a contradiction since 2771 is the largest power of 2 dividing m/2. Therefore,
the components of G’ satisfy the assumptions in Theorem 2.3 and for this
reason they are Hamilton-connected, and consequently they are also Hamil-
tonian. It follows by Lemma 2.9 that G is Hamiltonian if ged(m/2,S5) = 1.
In the rest of the proof, we consider ged(m/2,S5) > 1 and treat separately
the case where at least one of the integers in (RUT) ~ {m/2} is coprime to
ged(m/2,5), and the case where none of the integers in (RUT) \ {m/2} is
coprime to ged(m/2,.5).

Case 1: at least one of the integers in (R U T) \ {m/2} is coprime to
ged(m/2, S). Without loss of generality we can assume that a € R is coprime
to ged(m/2,S). We set X = ged(m/2,S) — 1 and denote the components
of G' with Hy,...,H),, where Hj is the component containing the vertex
ug. Since a is coprime to ged(m/2,S), the components of G’ are cyclically
connected through edges of type a. In our notation, the vertices u;, in H]
are adjacent to the vertices u¢; 1), in H! 11 and, consequently, the vertex ug
in H{, is adjacent to the vertex u_, in Hj,.

As noted, the components of G’ are Hamilton-connected since Theo-
rem 2.3 holds. Thus there exists a Hamilton path from ug to /o in Hj,
say uo P’ U, )2, and we can also find the Hamilton paths uyg P'u_, and
U j24xa P’ u_q in Hy that connect the vertices uyq and up, 24 aq t0 U_q
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in the case where the vertex u_, is distinct from uy/, and w,, /24 x4, respec-
tively. We will combine these paths to construct a Hamilton cycle in G. More
specifically, in each H;, with 0 <14 < ) — 1, we consider the copy of the path
ug P' Uy, 2, i.e., the path wiq P" iy, /244, (the path itself for i = 0); in Hy we
consider uxrq P/ U_q OT Uy, /o4 rq P u_q, according to whether A’ is even or
odd, respectively. We join the paths as follows: for 0 < i < X — 1, ¢ even,
we add the edge of type a connecting the vertex u,, /24, in H; to the vertex
U j24 (i+1)a 10 Hipq; for 1 <@ < X — 1,4 odd, we add the edge of type a
connecting the vertex u;, in H; to the vertex u(;11), in Hiy1. By adding the
edge ugu_g, we find a Hamilton cycle in G, and the assertion follows. In the
case where )\ is even and u_, = uy/,, in the above construction we replace
the copy of the path ug P’ uy, 2 in Hy 1 with the copy of a Hamilton path
Uz Py, /o where u, is an arbitrary vertex different from wg, u,, /2, and we
take a Hamilton path u_, Pugiye in Hy . Analogously, in the case where
A is odd and u_4 = Up, /24 1a, We Teplace the copy of the path ug Py, o
in Hy/_1 with the copy of a Hamilton path ug P u, where u, is an arbitrary
vertex different from ug, u,, /2, and we take a Hamilton path u_q P uziaq in
H)/. In both cases, we can join the copy of the vertex u, in Hy _1 to the
copy of u, in H)y/, we can leave invariant the other adjacencies and find a
Hamilton cycle in G.

Case 2: none of the integers in (R U T') \ {m/2} is coprime to ged(m/2,5).
Since G is connected, the inequality ged(m/2,a,S) < ged(m/2,S) holds for
at least one element a € R U T. Without loss of generality, we can assume
that @ € R. Then the subgraph B(m;{+a,m/2},S,{m/2}) of G contains
ged(m/2,5)/ ged(m/2,a,S) > 1 components of G’ that are cyclically con-
nected through edges of type a. In each component of B(m;{+a,m/2},S,

{m/2}), we can repeat the same arguments of Case 1 and find a Hamilton
cycle, say C’, that contains at least two outer edges of type a. This fact allows
us to apply the construction from Case 1 of the proof of Lemma 3.3 and find a
Hamilton cycle in each component of B(m; {+a,m/2}, S, {£b,m/2}), where b
is an arbitrary element in 7. By setting L; = B(m;{xa, m/2}, S, {£b,m/2}),
we can also repeat the same arguments as in the first part of the proof of
Lemma 3.4. We find a Hamilton cycle in G, and the assertion follows. O

Proof of Theorem 1.4. The assertion is straightforward if ged(m,S) = 1,
while it follows from Lemma 3.1 if m < 5. In the following, we consider
m > 5 and ged(m, S) > 1. By the assumptions, the components of H(m;.5)
are Hamiltonian and R U T contains at least one element, say b, that is not
coprime to ged(m, S). If b # m/2, then the existence of a Hamilton cycle in
G follows from Lemma 3.4. If b = m/2, then m/2 € R, T and the assertion
follows from Theorem 1.3. O

6. Concluding Remarks

In this paper, we studied Hamiltonicity of bicirculant graphs. We presented
constructions which showed how to combine Hamilton cycles in the connected
components of certain subgraphs of a connected bicirculant to a Hamilton
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cycle of the whole graph. As a consequence, we showed that many classes
of bicirculants are Hamiltonian and that all bicirculants of order 2m are all
Hamiltonian when m < 210, with known exceptions. The following result
shows where to search for the smallest open cases, that is, bicirculant graphs
for which the existence of a Hamilton cycle is not known.

Corollary 6.1. Let G = B(m; R, S,T) be a connected bicirculant graph with
m > 3, |S| = 3 and such that RUT contains at least one element that
is not coprime to ged(m,S) in the case where ged(m,S) > 1. Then G is
Hamiltonian.

Proof. By Theorem 2.1, the components of H(m;S) are Hamiltonian. Then
the assumptions in Theorem 1.4 are satisfied and the assertion follows: [

The first open cases are thus bicirculant graphs B(m; R, S,T) with
|S| = 3, ged(m, S) > 1 and all elements in RUT being coprime to ged(m, S).
Moreover, m has to be product of at least four prime powers and m/2 ¢ RUT.
The graphs should also not contain a connected generalized rose window
graph or a cubic Cayley graph on a dihedral group as a subgraph since these
graphs are all Hamiltonian. One of the first cases with even m that is not cov-
ered by our results is, for example, the bicirculant B(210; 30, {0, 14, 35}, 60).
It can be checked by computer that this graph is Hamiltonian. A smallest
open case with odd m is the graph B(1155;105,{0,33,110},315). However,
the size of this graph already makes searching for a Hamilton cycle challeng-
ing.

Other ‘prominent’ open cases are cyclic Haar graphs H(m;.S) with odd
m that is a product of at least four prime powers, and |S| > 4. We consider
cyclic Haar graphs as prominent open cases because by Theorem 1.4 we
have that the existence of a Hamilton cycle in cyclic Haar graphs of degree
d > 4 implies the existence of a Hamilton cycle in every bicirculant graph
B(m; R, S, T) with RUT containing at least one element that is not coprime
to ged(m, S) in the case where ged(m,S) > 1.

We also emphasize that it seems possible to construct a Hamilton cycle
in bicirculant graphs independently of the existence of a Hamilton cycle in
cyclic Haar graphs of degree d > 4. However, the construction still seems to
leave open cases, particularly when m is odd.
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