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A B S T R A C T

This work investigates the frictionless contact of a loaded rigid circular pin inserted with radial clearance into a 
circular hole in an infinite isotropic elastic plane, with the hole boundary described by surface elasticity theory. 
The problem is motivated by small-scale mechanical systems and by surface-treated pin joints, where the near- 
surface region may have mechanical properties that differ from those of the bulk material. The elastic field in the 
plane is represented by the Michell solution in cylindrical coordinates, while the hole boundary is endowed with 
surface elastic properties according to the Gurtin–Murdoch model. The resulting surface stress modifies the 
classical traction boundary conditions through curvature-dependent and surface-gradient terms. By imposing the 
unilateral frictionless contact conditions, the problem is reduced to a system of dual trigonometric series 
equations, which are transformed into an infinite system of linear algebraic equations and solved numerically by 
truncation. The analysis focuses on the influence of surface elasticity on the contact semi-angle, contact pressure 
distribution, and hoop stress at the hole rim. Comparisons with the classical solution show how surface elastic 
parameters can modify the contact pressure transmitted through the pin–hole interface and smooth the hoop 
stress concentration around the hole. The results are then supported by verifying that the M-integral remains 
invariant along arbitrary circular contours enclosing the hole. The formulation provides an extension of classical 
pin-loaded hole theory to cases where surface effects, surface treatments, or small geometric length scales are 
mechanically significant.

1. Introduction

Contact between a rigid pin and an elastic plate containing a circular 
hole is a classical problem in contact mechanics, with direct relevance to 
pin-jointed structural components, mechanical fasteners, bushings, 
bearings, composite joints, and micro- and nano-mechanical devices 
(Rao et al., 1977; Rao, 1978; Ho and Chau, 1997; Mizushima and 
Hamada, 1983; Ciavarella and Decuzzi, 2001a, 2001b,b; Hou and 
Hills, 2001; Iyer, 2001; Yavari et al., 2008; Nguyen-Hoang and 
Becker, 2021, 2021b; Nguyen and Nguyen, 2025a,b; Radi and Güler, 
2026a, 2026b). In its conventional formulation, a rigid circular inclu
sion or pin is inserted into a circular hole of an infinite elastic plane, with 
a prescribed radial clearance and an external load applied to the pin. In 
real joints, clearance is necessarily introduced because it allows the 
connected bodies to move relative to each other. As a consequence, the 
load is transmitted to the surrounding elastic medium through a finite 
contact arc along the hole boundary, whose length increases with the 
load magnitude. Determining the resulting distribution of contact 

pressure and hoop stress at the hole rim is essential for predicting local 
failure, crack initiation, fretting damage, and stress concentration 
effects.

For macroscopic systems, the hole boundary is usually treated as a 
classical traction boundary, and the material response is described by 
bulk elasticity only. Under this assumption, the contact pressure and rim 
stresses are governed by the pin-hole clearance, the applied load, the 
relative stiffness of the contacting bodies, and the extent of the contact 
zone. For frictionless contact, the tangential tractions vanish and only 
normal compressive tractions are transmitted across the interface. 
Although this idealization has enabled analytical and semi-analytical 
treatments of the pin-loaded hole problem, it neglects effects associ
ated with the energetic and mechanical response of the surface itself. 
Such surface effects become increasingly important when the charac
teristic length scale of the problem decreases, for example in micro- and 
nano-electromechanical systems, thin coatings, small-scale connectors, 
porous materials with nanoscale voids, and architected materials con
taining small holes or inclusions. At these scales, the surface-to-volume 
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ratio is large, and the mechanical behavior of a free or contacted 
boundary may differ significantly from that predicted by classical elas
ticity. Surface elasticity theory, commonly formulated through the 
Gurtin-Murdoch surface elasticity theory (Gurtin and Murdoch, 1975, 
1978) provides a continuum framework for incorporating these effects. 
In this approach, the boundary is endowed with its own elastic prop
erties, including residual surface tension and surface elastic moduli. As a 
result, the boundary conditions at the hole rim are modified, and the 
stress field in the surrounding bulk material becomes size-dependent.

The Gurtin–Murdoch model has been extensively adopted in the 
literature when considering contact problems at the nanoscale. For 
example, Wang and Feng (2007) used the Fourier integral transform 
method to derive the general solution for the contact problem under 
pressure. Long et al. (2012) numerically investigated the contact prob
lem of a rigid cylinder indenting on an elastic half space with surface 
tension. Zhou and Gao (2013) provided analytical and numerical solu
tions for the problems of an elastic half-space and an elastic half-plane 
with surface elasticity subjected to a distributed normal force or 
indented by spherical or conical punches. Li and Mi (2019), Zemlyanova 
and White (2022) studied the contact problem between a rigid sphere or 
a more general axisymmetric stamp and an elastic half-plane with sur
face elasticity. All these investigations revealed that the presence of 
surface tension decreases the magnitude of the displacement field and 
yields a more uniform distribution of the normal pressure in the contact 
region compared to the classical elasticity-based solutions. Conse
quently, for contact problems at the nanoscale, surface elasticity 
significantly affects the interaction between contacting bodies, altering 
key quantities such as contact stress distribution, contact stiffness and 
strength. Its inclusion is therefore essential for accurately describing and 
predicting nanoscale contact behavior. Indeed, atomistic simulations 
and experimental testing suggested that surface effects play a critical 
role in nanosized contact problems (Horstemeyer and Baskes, 1999; 
Gerberich et al., 2002).

Beyond size-dependent effects in micro- and nano-scale solids, sur
face elasticity is also relevant to the modelling of mechanically treated 
pin joints. In many load-transfer components, the contact surface is 
deliberately modified by carburizing, nitriding, induction hardening, or 
related surface-treatment techniques in order to generate a hard surface 
layer while retaining a comparatively deformable core (Mencik, 2013; 
Osborn, 1941). This combination improves component performance by 
increasing wear resistance and durability under high contact loads, 
reducing frictional degradation in practical applications, and hindering 
crack initiation and crack growth under cyclic loading (Persson et al., 
1997). Chau and Wei (2001) analytically investigated stress mitigation 
around a loaded circular inclusion achieved by embedding a reinforced 
ring around a hole in an infinite elastic plane. They derived closed-form 
expressions for the stresses induced in an inclusion, or rivet, perfectly 
bonded to the elastic plane through the reinforced ring. They showed 
that the tensile hoop stress can be reduced to a negligible level by 
assigning an appropriate stiffness to the reinforced ring, provided that 
the ring is stiffer than the surrounding plane. Consequently, the 
near-surface mechanical response may play a decisive role in deter
mining the pressure transmitted through the pin–hole interface and the 
stress concentration developed around the hole boundary. When the 
thickness of the treated layer is small relative to the hole radius, surface 
elasticity theory offers a convenient reduced-order description of its 
mechanical influence, replacing an explicitly layered model by an 
effective elastic boundary. In this sense, the present formulation is 
relevant not only to small-scale contact problems, but also to engineered 
pin joints in which surface treatments are used to enhance wear resis
tance, fatigue strength, and service life.

The inclusion of surface elasticity is also highly relevant in biome
chanics, particularly for the mechanical modeling of bone structures. 
Indeed, many biological tissues, and cortical bone in particular, exhibit a 
heterogeneous architecture characterized by a relatively stiff outer layer 
surrounding a softer and more porous inner bulk region. In this context, 

surface elasticity provides an effective continuum framework for 
capturing the mechanical contribution of the stiff cortical layer and its 
interaction with the underlying trabecular structure.

Despite extensive studies of circular holes, rigid inclusions, and pin- 
loaded elastic plates within classical elasticity, comparatively little 
attention has been paid to the role of surface elasticity in pin-hole 
contact problems with clearance. This gap is significant because the 
contact pressure distribution is highly sensitive to the local boundary 
compliance, while the hoop stress at the hole rim is one of the key 
quantities controlling damage initiation. Surface elasticity can alter both 
the magnitude and distribution of these fields, potentially changing the 
predicted contact-zone size, peak contact pressure, and stress concen
trations around the hole. Therefore, classical solutions may become 
inadequate when the hole radius is comparable to the intrinsic length 
scales associated with surface elastic properties.

Although there is a consistent amount of research on modeling the 
clearance and investigating its influence on the contact response of 
pinned joints, very limited attention has been devoted to qualitative 
analysis of the effect of surface elasticity in clearance joints on the 
contact response.

The present study addresses these issues by analyzing the frictionless 
contact of a loaded rigid circular pin inserted with clearance into a 
circular hole in an infinite elastic plane, where the hole rim is modeled 
using surface elasticity theory. The main novelty of the work lies in 
explicitly incorporating the elastic response of the hole boundary into 
the pin-hole contact formulation and investigating its influence on two 
mechanically critical quantities: the contact pressure acting over the 
pin-hole interface and the hoop stress along the hole rim. By comparing 
the surface-elastic solution with the corresponding classical prediction, 
the present study clarifies how surface parameters modify the contact 
response and identifies the regimes in which surface effects become non- 
negligible.

Particular emphasis is placed on the redistribution of contact pres
sure and hoop stress caused by the surface-elastic boundary. Since the 
surface layer contributes additional stiffness (Altenbach et al., 2011) and 
introduces curvature-dependent stress terms, it may amplify or reduce 
the local contact pressure depending on the surface material constants, 
hole size, clearance, and applied load. This redistribution influences the 
location and magnitude of the peak equivalent stress, which are central 
to assessing local yielding, wear, and interfacial damage. The analysis of 
the corresponding stress variations provides insight into the mechanical 
role of surface elasticity in pin-loaded holes and in related small-scale or 
surface-treated contact systems.

The remainder of the paper is organized as follows. In Section 2, the 
stress and displacement fields in the elastic plane are expressed in cy
lindrical coordinates through the Michell solution for isotropic linear 
elasticity (Barber, 2010). The frictionless unilateral contact conditions 
are then imposed together with the modified boundary conditions 
induced by surface elasticity at the hole rim. This formulation reduces 
the pin–hole contact problem with clearance to a set of dual trigono
metric series equations, in which the surface elastic parameters enter 
explicitly through the boundary conditions. In Section 3, following the 
approach developed by Radi and Strozzi (2023) the dual series equations 
are converted into an infinite system of linear algebraic equations for the 
unknown coefficients of the stress and displacement fields. This system 
is subsequently solved by truncation. Section 4 presents and discusses 
the results obtained for the contact angle, contact pressure distribution, 
hoop stress at the hole boundary, and displacement fields for different 
loading levels, clearances, and surface elastic properties. The paper then 
discusses the implications of surface elasticity for the extension of 
classical pin-hole contact theory to problems in which boundary effects 
cannot be neglected. The results obtained in this study suggest that the 
presence of a stiff surface layer can substantially modify the contact 
pressure distribution, stress transfer mechanisms, and effective contact 
area, all of which are key factors in the analysis of load transmission, 
wear, and damage evolution also in biological joints.
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The limiting cases recover the corresponding classical elasticity re
sults when the surface elastic parameters are set to zero. An additional 
consistency check of the obtained results is then provided in Section 5
based on the invariance property of the M-integral.

In addition to contributing to the fundamental understanding of 
contact mechanics with surface elasticity, the study may be useful for 
the design and reliability assessment of miniaturized mechanical joints, 
microstructured elastic solids, coated or functionalized holes, and ma
terials containing nanoscale perforations. It may also serve as an ideal
ized two-dimensional model for biomechanical applications involving 
joint contact mechanics, such as the interaction between the artificial 
femoral head and the acetabular cavity in the hip joint.

2. Governing equations and contact conditions

Reference is made to a cylindrical coordinate system (r, θ, z) centered 
at the circular hole in the elastic plane, with θ = 0 aligned with the di
rection of the applied pin force (Fig. 1). Let the elastic matrix occupy the 
region r >R, where R is the radius of the hole. A rigid circular pin of 
radius a, with a < R, is inserted with clearance, δ = R − a, in the hole. 
The bulk material is assumed to be isotropic, linear elastic, and governed 
by plane strain or plane stress elasticity. Its material response is thus 
characterized by the shear modulus μ and Poisson's ratio ν. The load P 
applied to the pin produces contact over an angular region of extent 2α, 
which increases with increasing load because of the presence of radial 
clearance.

The general expressions of the stress and displacement fields in the 
elastic region follows from the classical Michell solution (Barber, 2010), 
where only the stress terms vanishing at infinity and yielding single 
valued displacement are retained, namely 
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The unknown coefficients D0,Ci, and Di (i = 1, 2, …) in Eq. (2.1) can 
be determined from the boundary conditions at r = R. Moreover, the 
following constitutive parameter is introduced 

ρ2 =
1 − 2ν

2(1 − ν), where ν =

⎧
⎨

⎩

ν for plane strain,
ν

1 + ν for plane stress.
(2.2) 

At the hole boundary, the surface is modeled as an elastic membrane 
following the Gurtin–Murdoch surface elasticity theory. The surface 
strain εs and the surface tensile load τ are defined as [7] 

εs =
1
R
(
uθ,θ + ur

)

r=R, τ = S0 εs, (2.3) 

respectively, where S0 is the surface elastic modulus. For a circular 
boundary loaded by a distributed pressure p(θ), the modified boundary 
conditions at r = R can be written as 

σrr −
S0

R
εs = − p(θ), (2.4) 

σrθ +
S0

R
εs,θ = 0. (2.5) 

With respect to the complete Gurtin-Murdoch model, here the residual 
surface tension has been deliberately neglected in order to isolate the 
effect of the strain-dependent part of the Gurtin–Murdoch surface stress. 
This assumption covers those cases in which the residual surface tension 
is small as compared to the elastic properties of the material surface. 
Moreover, a residual surface stress would induce an additional 
hydrostatic-pressure-type loading. In particular, for a curved boundary/ 
interface, a constant surface tension produces a normal traction pro
portional to the local curvature, in analogy with the Young–Laplace 
pressure. Therefore, its inclusion would generally modify the boundary 
conditions through an additional curvature-dependent normal stress.

Using Eqn. (2.2)-(2.5), the frictionless contact conditions between 
the rigid pin and the inner rim of the hole in the elastic plane require at 
r =R (Mogilevskaya et al., 2019): 

Fig. 1. Rigid pin of radius a loaded by a line force P and fitted with clearance 
into a hole in an infinite elastic plane with surface elasticity. The pin-hole 
interaction occurs over a contact arc of angular extent 2α. The pin displace
ment is denoted by u0, and δ is the radial clearance. A cylindrical reference 
coordinate system is introduced centered at the hole centre with the angular 
coordinate θ = 0 aligned with the direction of the applied pin force.
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σrθ +
S0

R2

(
uθ,θθ + ur,θ

)
= 0, for 0 ≤ |θ| ≤ π,

σrr −
S0

R2

(
uθ,θ + ur

)
= 0, for α ≤ |θ| ≤ π,

ur = v0cosθ − δ (1 − cosθ), for 0 ≤ |θ| ≤ α,

(2.6) 

where v0 denotes a rigid body motion of the pin along the loading di
rection. The contact condition (2.6)3 holds for small clearance δ ≪ R, as 
discussed by Liu et al. (2007), Persson (1964), Ciavarella and Decuzzi 
(2001a,b), and Hou and Hills (2001).

Usually, surface stresses have a regularizing effect on the mechanical 
fields. Indeed, the surface elasticity introduces additional tangential 
differential terms in the boundary conditions (2.6). As a result, the 
boundary response is no longer governed only by the classical local 
traction-displacement relation, but also by derivatives of the displace
ment along the surface. These higher-order surface contributions 
penalize rapid spatial variations of the displacement field along the 
boundary and therefore tend to smooth the displacement and stress 
fields near the surface/interface. In particular, singular or strongly 
localized variations predicted by the classical solution are expected to be 
weakened when the surface elastic moduli are nonzero.

3. Reduction to a linear system of algebraic equations

The introduction of the stress and displacement fields (2.1) in the 
boundary conditions (2.6)1, then yields the following relations for the 
unknown coefficients Ci (i = 1, 2, …) that appear in Eq. (2.1): 
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denotes the normalized surface elastic modulus. The introduction of Eq. 
(3.1) in the stress and displacement fields (2.1) evaluated at the hole 
rim, namely at r = R, then yields, 
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Using Eq. (3.3), the contact conditions (2.6)2,3 then yield the following 
dual series equations 
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Eqs. (3.4) and (3.5) can be rewritten in the form 
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The limiting behavior of fn as n → ∞ depends on the value of λ. 
Indeed, if λ > 0 then 
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whereas for λ = 0 one has 
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is then applied on equation (3.7) to remove the rigid body displacement 
v0, as suggested by Omar and Hassan (1991, Hassan, 1997), thus 
obtaining 
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Then, the procedure used in (Sneddon, 1966; Block and Keer, 2007; 
Radi and Strozzi, 2023) for solving a similar set of dual series equations 
is applied to Eqs. (3.6) and (3.13). To this aim, Eq. (3.13) is written in the 
form 
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χ =

{
1, if λ > 0,
1 − ρ4, if λ = 0, (3.16) 

and thus hn =O(n− 1) as n → ∞. This asymptotic behavior is necessary for 
the convergence of the series in Eq. (3.13).

The set of dual equations (3.6) and (3.14) can be solved for the un
known coefficients An, for n = 0, 1, 2, …, by using the procedure pre
sented by Sneddon (1966) and used by Noble and Hussain (1969), Block 
and Keer (2007), and Radi and Strozzi (2023), which yields the 
following system of infinite linear equations: 
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and P(a,b)
n (t) denotes the Jacobi polynomial of order n. Note that the 

coefficient Knn in (3.20) is undetermined, but it can be calculated as a 
limit for n → j. By truncating the sums at a sufficiently large number of 
terms N, an approximated solution of the linear system of infinite 
algebraic equations (3.17) and (3.18) for the unknown coefficients An 
can be obtained.

The resultant of the contact pressure distribution p(θ) along the 
contact arc must be equal to the total load P applied to the pin, namely 

P = 2R
∫π

0

p(θ)cosθ dθ. (3.21) 

By using Eqs. (2.4) and (3.6), Eq. (3.21) yields 
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The rigid body motion of the pin follows from Eq. (3.7) for θ = 0 as 
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4. Results and discussion

The results presented below are obtained for an infinite elastic me
dium with Poisson's ratio ν = 0.3, under plane-strain conditions. To 
ensure sufficient accuracy of the semi-analytical solution, at least N ≥ 60 
terms are retained in the truncated system of Eq. (3.17)–(3.18).

The normalized relationship between the pin load P and the pin 
displacement v0 is reported in Fig. 2a for several values of the normal
ized surface elastic modulus λ. Although the advancing contact problem 
is intrinsically nonlinear, due to the progressive enlargement of the 
contact region as the pin load increases, the pin load-displacement 
response becomes nearly linear at sufficiently large loads. Increasing λ 
markedly enhances the overall contact stiffness, as evidenced by the 
larger slope of the curves in Fig. 2a.

The normalized variation of the contact half-angle α as a function of 
the pin-load P is reported in Fig. 2b for the same values of λ considered in 
Fig. 2a. As the pin load P increases, or equivalently as the radial clear
ance δ decreases, the contact region expands nonlinearly. Unlike the 
predictions of classical elasticity, the contact half-angle may exceed π/2 
because of the stiffening effect induced by the surface elastic layer sur
rounding the hole. In particular, under increasing load, the surface- 
stiffened ring surrounding the hole tends to elongate in the loading di
rection while simultaneously contracting in the transverse direction, 
owing to both the contact pressure along the contact region and the 
tensile tractions transmitted across the interface between the thin sur
face layer and the elastic bulk at the free portion of the hole. This 
mechanism produces an effective constriction of the hole around the 
rigid pin, thereby promoting the extension of the contact region to 
angular spans larger than π. Such a behavior becomes increasingly 
pronounced for large values of λ and represents a distinctive feature of 

Fig. 2. Normalized variations of the pin load P with the pin displacement v0 (a), and of the contact half-angle α with the pin load P (b), for some values of the 
normalized surface elastic modulus λ. For sufficiently large pin load, an almost linear relation is observed between pin load P and pin displacement v0 (a), and an 
angular extent of the contact region larger than π is also observed for large values of λ.
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surface elasticity that is absent in classical pin-hole contact models.
The stress and displacement fields along the hole boundary, corre

sponding to the pin load levels P = 10 μδ and P = 20 μδ, are analyzed 
below for different values of the normalized surface elastic modulus λ. 
For each loading condition, the corresponding contact half-angle α is 
first determined from the results plotted in Fig. 2. Then, the elastic fields 
around the hole are evaluated according to the procedure described in 
Section 2, starting from the calculated values of the contact half-angle α. 
To mitigate the oscillatory behavior associated with the Gibbs phe
nomenon, Lanczos sigma factors (Lanczos, 1956) are introduced into the 
trigonometric series representation (2.1) of the stress and displacement 
fields.

The role of surface elasticity is investigated by varying the normal
ized surface elastic modulus λ. As λ tends to 0, the present formulation 

consistently recovers the classical solutions for the pin–hole contact 
problem without surface elasticity (Noble and Hussain, 1969; 
Mizushima and Hamada, 1983; Omar and Hassan, 1991; Ho and Chau, 
1997; Hou and Hills, 2001).

The normalized contact pressure distributions p along the contact 
surface between the rigid pin and the hole surface are presented in 
Fig. 3a–c for P = 10 μδ and P = 20 μδ, respectively, and for some values 
of the normalized surface elastic modulus λ. The contact pressure profile 
retains an almost Hertzian character, vanishing smoothly at the contact 
edges and reaching its maximum at the center of the contact region 
(θ = 0). In particular, when the surface elastic parameter λ is set to zero 
the contact pressure distribution of classical elasticity is recovered (Hou 
and Hills, 2001). However, as λ increases, the contact region slightly 
enlarges while the maximum contact pressure decreases 

Fig. 3. Normalized distributions of the contact pressure p along the rim of the hole (a, c) and radial stress − σrr along the interface between the thin surface layer and 
the elastic bulk material (b, d) as functions of the angular coordinate θ. Results are shown for the pin load P = 10 μδ (a, b) and P = 20 μδ (c, d), for some values of the 
normalized surface elastic modulus λ. As λ increases, the size of the contact region slightly increases and the maximum contact pressure decreases correspondingly (a, 
c). Moreover, the compressive normal stress on the elastic bulk material under the contact region significantly decreases, due to the contribution of the tensile 
tractions arising between the thin surface layer and the elastic bulk material for θ > π/2 (b, d).
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correspondingly (Fig. 3a–c). This redistribution of the contact pressure 
indicates that surface elasticity promotes a more diffuse transfer of the 
load along the contact region. Furthermore, Fig. 3b–d shows a signifi
cant reduction in the compressive normal stress transmitted to the 
elastic bulk beneath the contact region. This effect is directly associated 
with the tensile load developing in the thin surface layer and with the 
contribution of the tensile tractions generated along the interface be
tween the surface layer and the substrate in the region θ > π/2 (see 
Fig. 3b–d). Consequently, the load applied to the pin is sustained not 
only by the compressive stress arising in the bulk material beneath the 
contact region, but also by the tensile and shear stresses distributed 
throughout the bulk material surrounding the hole surface.

The normalized distributions of the hoop stress σθθ and shear stress 
σrθ along the interface between the thin surface layer and the elastic bulk 
material are plotted in Fig. 4 for P = 10 μδ (Fig. 4a,b) and P = 20 μδ 
(Fig. 4c and d). Increasing the surface elastic modulus substantially re
duces the peak hoop stress, leading to a smoother hoop stress distribu
tion along the hole boundary (Fig. 4a–c). For sufficiently large values of 

λ, the hoop stress at the center of the contact region even becomes 
compressive, in agreement with the results obtained by Chau and Wei 
(2001) for a loaded circular inclusion perfectly bonded to an elastic 
plane through a reinforced ring. Conversely, the maximum shear stress 
increases with λ, specially along the free portion of the hole boundary, 
thus denoting a stronger transfer of tangential interaction forces be
tween the surface layer and the substrate (Fig. 4b–d).

The normalized tensile load τ introduced in Eq. (2.3) and developing 
within the surface layer along the hole boundary is shown in Fig. 5a and 
b for the two considered loading levels. These results display that the 
tensile force sustained by the surface layer clearly increases with λ, 
especially within the contact region, and it is responsible of the trans
mission of the load to the unloaded region of the hole rim. They also 
confirm that the surface layer progressively assumes a larger fraction of 
the transmitted load as its elastic stiffness increases. Therefore, com
plementary effects of surface elasticity are observed on the bulk hoop 
stress and on the stress carried by the surface layer. In particular, while 
surface elasticity may mitigate the hoop stress concentration in the bulk 

Fig. 4. Normalized distributions of the hoop stress σθθ (a, c) and shear stress σrθ along the interface between the thin surface layer and the elastic bulk material (b, d) 
as functions of the angular coordinate θ. Results are shown for the pin load P = 10 μδ (a, b) and P = 20 μδ (c, d), for some values of the normalized surface elastic 
modulus λ. As λ increases, the peak of the hoop stress remarkably increases (a, c), while the maximum shear stress increases correspondingly (b, d).
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material, it may simultaneously increase the tensile stress sustained by 
the surface layer.

The normalized radial displacement ur and tangential displacement 
uθ along the hole rim are illustrated in Fig. 6. Results are shown in Fig. 6a 
and b for P = 10 μδ and in Fig. 6c and d for P = 20 μδ. As the normalized 
surface elastic modulus λ increases, the overall magnitude of the 
displacement field decreases, thus proving the stiffening effect induced 
by surface elasticity. Indeed, the surface layer acts like an additional 
circumferential stiffener, in agreement with the findings of Altenbach 
et al. (2011). It can be also observed that the radial displacement near 
θ ≈ π/2 is negative, with its magnitude increasing as λ increases. This 
behavior confirms the previously discussed shrinkage of the hole around 
the rigid pin induced by the surface elastic layer, which is directly 
associated with the expansion of the contact region beyond π.

To assess the capability of surface elasticity to reduce and redis
tribute stress concentrations, the contour plots of the von Mises equiv
alent stress σeq in the bulk material surrounding the hole are shown in 
Fig. 7 for three different values of λ, under the same pin load P = 10 μδ, 
where 

σeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − ν + ν2)(σrr + σθθ)
2
− 3 σrrσθθ + 3 σ2

rθ

√

. (4.1) 

The maximum equivalent stress is consistently attained at the center 
of the contact region (θ = 0). Its magnitude decreases with increasing the 
normalized surface elastic modulus λ, in agreement with the general 
trend of stress-attenuation effect induced by surface elasticity, and re
mains lower than that predicted by the classical solution corresponding 
to λ = 0. At the same time, the equivalent stress along the unloaded 
portion of the hole boundary increases and gradually approaches the 
level reached beneath the contact region. This behavior clearly high
lights the shielding effect induced by surface elasticity, which alleviates 
stress concentration in the underlying bulk material.

5. Result consistency check by using the M-integral

In a homogeneous linear elastic material, the M-integral is a path- 
independent energy-quantity associated with scaling (dilatation) trans
formations of the coordinate system. For a circular contour of radius 
r > R enclosing the hole, the M-integral is given by: 

M= r2
∫π

− π

(
w − σrrur,r − σrθuθ,r

)
dθ, (5.1) 

where w denotes the strain energy density, which is defined by 

w =
1
2
(σrrεrr + σθθεθθ + 2σrθεrθ)

=
1
2

[

σrrur,r +
1
r
σθθ
(
uθ,θ + ur

)
+ σrθ

(ur,θ − uθ

r
+ uθ,r

)]

,

(5.2) 

for a linear elastic and isotropic material under plane strain or plane 
stress loading conditions.

The corresponding M-integral (5.1) evaluated along a circle of radius 
r >R, then writes 

M= r
∫π

0

[
σθθ
(
uθ,θ + ur

)
− rσrr ur,r + σrθ

(
ur,θ − uθ − ruθ,r

)]
dθ. (5.3) 

From a mechanical standpoint, the M-integral evaluated over a 
contour enclosing a cavity can be interpreted as the energetic cost 
associated with an infinitesimal uniform expansion of the hole (Li and 
Chen, 2008; Hui and Chen, 2010; Yi-Feng and Chen, 2011;Hou et al., 
2022).

A particularly useful feature of the M-integral is its role as a global 
invariant that can be exploited for verification purposes. Because of its 
path independence, it provides a robust consistency check for analytical 
or numerical solutions. Specifically, when the integral is evaluated along 
different contours encircling the same region, the result should remain 
unchanged if the displacement and stress fields satisfy equilibrium, 
compatibility, and constitutive relations. In this sense, the M-integral 
serves as an energy-based conservation measure for the solution field. In 
the present work, this invariance property is used as an additional check 
on the internal consistency of the solution and on the satisfaction of the 
governing balance laws. In particular, Fig. 8a and b shows the variations 
of the M-integral with the radius r of a circular contour enclosing the pin- 
loaded hole for various values of the normalized surface elastic modulus 
λ, and for P = 10 μδ, under plane strain conditions. These results prove 
that the M-integral remains independent of the contour radius for r > R, 
thereby confirming the consistency of the derived stress and displace
ment fields in the surrounding elastic medium. In addition, the M- 

Fig. 5. Normalized distributions of the tensile load τ in the thin surface layer along the hole rim as functions of the angular coordinate θ, under the pin load P = 10 μδ 
(a) and P = 20 μδ (b), for some values of the normalized surface elastic modulus λ. As λ increases, the tensile load τ remarkably increases under the contact region.
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integral is found to take negative values, with its absolute magnitude 
increasing as the pin-load P increases. The sign of the M-integral reflects 
the balance between the strain energy stored in the body and the work 
done by external actions. In particular, a negative value indicates that an 
infinitesimal increase in the hole radius would lead to an increase in the 
total potential energy of the system, since M = − ∂Π/∂R. While a uni
formly pressurized cavity typically yields a positive M-integral, a 
negative response may arise when the additional strain energy accu
mulated in the surrounding material exceeds the mechanical work 
performed by the boundary tractions. In the present configuration, the 
contact pressure along the hole boundary performs positive work during 
an outward expansion of the hole, which tends to reduce the total po
tential energy. However, this effect is counterbalanced, and ultimately 
dominated, by the increase in strain energy stored in the elastic medium. 
When this latter contribution prevails, the M-integral becomes negative, 
indicating a mechanically resistant configuration with respect to radial 
expansion. Finally, Fig. 8a and b highlight that λ has a limited and 
negligible effect on the M-integral. In general, increasing λ yields a more 

negative M-integral, because surface elasticity makes hole expansion 
energetically less favourable. This trend can be clearly observed in 
Fig. 8b for P = 20 μδ, whereas for P = 10 μδ in Fig. 8a the M-integral 
assumes very close values for different λ within the range 0-10.

6. Conclusions

An analytical solution has been developed for the contact problem of 
a rigid circular pin inserted into a hole with a small radial clearance in an 
infinite elastic medium endowed with surface elasticity along the hole 
boundary. The governing mixed boundary-value problem has been 
formulated using Michell-type series expansions for the displacement 
and stress fields, which allow its transformation into a dual trigono
metric series system. This, in turn, is reduced to an infinite system of 
linear algebraic equations and solved numerically through truncation. 
The analysis is carried out under both plane strain and plane stress as
sumptions, although the results are presented with reference to plane 
strain conditions. The invariance property of the M-integral provides an 

Fig. 6. Normalized distributions of the radial displacement ur (a, c) and tangential displacement uθ (b, d) along the hole rim, as functions of the angular coordinate θ. 
Results are shown for the pin load P = 10 μδ (a, b) and P = 20 μδ (c, d), for some values of the normalized surface elastic modulus λ. As λ increases, the magnitude of 
the displacement field decreases, due to the stiffening effect caused by surface elasticity.
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additional consistency check for the results.
The proposed framework makes it possible to systematically assess 

the role of surface elasticity in governing the mechanical response of 
pinned connections. The results indicate that the problem is inherently 
nonlinear due to the progressive evolution of the contact region with 

increasing load. In particular, the contact half-angle grows nonlinearly 
with the applied load and, for sufficiently large values of the normalized 
surface elastic modulus λ, may extend beyond π/2. Such behavior, which 
is not captured by classical elasticity, is a direct consequence of the 
stiffening and contraction effects induced by the surface layer 

Fig. 7. Analytical distributions of the normalized von Mises equivalent stress σeq R/(2μδ) near the hole in the elastic plane under the pin load P = 20 μδ. Results are 
shown for normalized surface elastic modulus λ = 0 (a), λ = 1 (b), and λ = 5 (c). When surface elastic effects are taken into account, the maximum effective stress 
within the bulk material is lower than that predicted by the classical solution corresponding to λ = 0. At the same time, the tractions along the hole boundary become 
more uniformly distributed, indicating a smoother transfer of the contact load.

Fig. 8. Normalized variations of the M-integral with the radius r of the closed circular contour enclosing the pin-loaded hole for different values of the normalized 
surface elastic modulus λ, under the pin load P = 10 μδ (a) and P = 20 μδ (b). These results show that the M-integral remains independent of the contour radius for 
r > R, thereby confirming the consistency of the derived stress and displacement fields in the surrounding elastic medium.
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surrounding the hole.
The contact pressure distribution preserves an essentially Hertz-like 

character across all loading levels, with a smooth decay to zero at the 
contact edges and a maximum at the center of the contact zone. 
Nevertheless, increasing surface elasticity significantly modifies the load 
transfer mechanism by enlarging the contact region, redistributing 
contact tractions over a wider portion of the boundary, and reducing the 
magnitude of both displacement and stress fields. This leads to an overall 
stiffening of the joint response. Accordingly, peak values of hoop stress 
and von Mises equivalent stress in the bulk are consistently lower than 
those predicted by classical elasticity (recovered for λ = 0), revealing 
pronounced stress shielding effects associated with the presence of 
surface elasticity.

The analysis further shows that the surface layer is increasingly 
engaged in carrying tensile loads as its stiffness increases, while the 
overall deformation of the joint is progressively suppressed. In partic
ular, the radial displacements in the lateral portions of the hole exhibit a 
compressive (squeezing) behavior that contributes to the enlargement of 
the contact region. This mechanism highlights the strong coupling be
tween surface-induced tractions and the global redistribution of contact 
stresses. In particular, the surface elastic terms introduce tangential 
derivatives of the displacement into the surface equilibrium equations. 
These terms penalize rapid variations along the surface and therefore 
have a smoothing or regularizing effect on the displacement and stress 
fields, consistently with the general behavior expected in Gurtin- 
Murdoch surface elasticity.

From an engineering perspective, the results suggest that surface 
engineering strategies may be effectively employed to control stress 
concentrations and enhance the mechanical efficiency of pinned joints. 
The present formulation is therefore relevant to a wide range of appli
cations, including mechanical fastening systems, bearing interfaces, and 
aerospace joints, where local stress intensification is a critical design 
limitation. In addition, the model provides useful insights for biome
chanical systems, where stiff surface layers overlay compliant sub
strates, as in cortical–trabecular bone structures. In this context, the 
present configuration may serve as a simplified representation of 
biomechanical joints, such as those occurring in hip joint articulation.

Overall, the study demonstrates that surface elasticity provides a 
powerful mechanism for tailoring contact behavior in pinned connec
tions, offering a viable route toward improved stress management and 
enhanced structural performance in both engineering and biological 
systems.

However, it should be emphasized that the present solution corre
sponds to an infinite-plane idealization with a specific far-field load- 
transfer mechanism. In finite structural components, the actual remote 
boundary conditions may alter both the circumferential stress along the 
hole boundary and the contact pressure distribution. Therefore, for 
design applications, the present solution should be supplemented by an 
appropriate open-hole or finite-boundary correction that reflects the 
actual load path. In particular, the problem of a circular hole located 
near the free surface of an elastic half-plane and loaded by a rigid pin is 
currently being investigated using bipolar coordinates. In that configu
ration, the applied load is transmitted mainly through one side of the 
body, and different distributions of both hoop stress and contact pres
sure along the hole boundary are expected.
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