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Abstract
Robust quantum routing is essential for scalable quantum technologies. This paper investigates the
resilience of routing protocols in network architectures designed for perfect, high-fidelity trans-
fer of both classical and quantum information under ideal conditions. We encode information in
the position of a quantum walker on a graph, modelling the routing of a generic qubit state from a
single input to multiple (orthogonal) outputs. We analyse and assess routing performance in vari-
ous regimes, evaluating their robustness against static and dynamical noise.

1. Introduction

Quantum routing is a fundamental protocol for directing quantum information encoded in a general
quantum state across physical systems [1–3]. It consists of applying controlled Hamiltonian operations
that select specific communication paths without disturbing the quantum states being transmitted. This
capability is becoming increasingly relevant, as nearly all quantum information protocols, from computa-
tion to networking, require efficient and robust methods to exchange information both within quantum
devices and over long distances. The field is advancing in several directions. On a hardware level, routing
can be implemented in noisy, near-term quantum devices integrated with error-correction schemes [4].
Alternatively, a router architecture can be constructed from quantum memories connected via a photonic
switchboard to manage entanglement distribution across quantum networks [5]. Furthermore, machine
learning techniques are being employed to design architectures that optimize routing paths for max-
imum throughput [6]. Experimentally, a wide variety of platforms have demonstrated quantum routing.
Successful proposals and implementations have been based on interferometric approaches [7], super-
conducting quantum circuits [8], optical systems [9–12], W triphotons [13, 14], among others [15–19].
On the other hand, network-theoretical tools often provide a distinct advantage by significantly reducing
the number of required measurements compared to usual methods applied in repeater schemes [20]. We
also emphasize that our routing protocol, governed by the Hamiltonian in equation (2), is strictly lin-
ear, as it relies on unitary coherent evolution to transfer the quantum information. This is in contrast
to the above works focusing on the generation of specific non-classical light sources, such as the time-
energy-entangled W-triphotons demonstrated in nonlinear atomic vapors. While those works address the
crucial challenge of generating complex entangled states, our work addresses the subsequent, equally crit-
ical challenge of faithfully routing such a generic qubit state (whether generated linearly or nonlinearly)
across a network in the presence of noise.

Quantum spin chains provide a well-established platform for implementing quantum state transfer
[21–24] and routing [25, 26]. Indeed, in the single-output setting, this problem is typically referred to as
quantum state transfer and has been widely investigated in those systems [27, 28]. In spin models, if the
Hamiltonian conserves the number of excitations, the problem can be reformulated as a continuous-time
quantum walk (CTQW), by restricting the analysis to the single-excitation subspace [29]. The goal, in
this case, is to transfer an arbitrary superposition state from one spin to another. Within this setting,
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it is known how to choose the edge weights to achieve perfect state transfer [30]. Similarly, the task
of quantum routing can be analysed in the single excitation subspace, i.e. in terms of CTQWs on the
underlying network, thus offering a convenient representation for studying quantum transfer schemes
in networked quantum systems. Single-particle CTQWs describe the coherent evolution of an excita-
tion over a discrete set of positions whose connectivity defines the underlying graph [31, 32]. Extending
the CTQW concept to Hamiltonians with complex-valued couplings introduces directionality into the
dynamics, giving rise to chiral QWs [33–35]. QWs inherent quantum properties, like self-interference,
together with chirality enables routing of quantum and classical information [36, 37]. Moreover, chiral
QWs have been employed in quantum transport and state transfer schemes [34, 38–42] as well as for
quantum algorithms [43, 44]. Progress in the study of chiral QW has lead to networks models that the-
oretically support pretty good [45] and perfect routing through chiral control [46]. In this paper, we
investigate the robustness of quantum routing protocols implemented in an architecture that, under ideal
conditions, support perfect routing of both classical and quantum information (i.e. with unit routing
fidelity). Our goal is to assess how imperfections and noise affect the routing performances in possible
implementations. The theoretical framework presented here may be implemented in well-established
experimental platforms capable of realizing the proposed noisy routing protocols. Integrated photonic
systems provide a natural testbed for CTQWs, as waveguide arrays can implement the graph structures
shown in figure 1, with the chiral phases being introduced through precise lithographic control or by
dynamically modulating the waveguides [47, 48]. In such settings, static noise would arise from fabric-
ation imperfections, while dynamical noise could be simulated via controlled thermo-optic or electro-
optic phase modulations. Alternatively, superconducting quantum circuits [8, 49] offer another viable
route, where the nodes of the graph represent coupled resonators or qubits, and the chiral couplings are
engineered using parametric microwave drives . Our analysis of the routing fidelity at the optimal inter-
action time provides a direct benchmark for these experimental implementations, indicating that despite
the noise inherent in these devices, high-fidelity routing remains achievable.

The rest of the paper is organized as follows. In section 2 we review the theoretical framework
underlying CTQWs and quantum routing, and introduce a network topology supporting perfect
quantum routing. We then introduce two paradigmatic kinds of noise, modelled by static von Mises
or Gaussian error distributions, and dynamical Ornstein–Uhlenbeck (OU) processes. In section 3, we
discuss the robustness of routing against noise, identifying noise regimes in which the routing fidelity
remains sufficiently high to enable a reliable transmission of quantum information. Finally, in sections 4
and 5, we provide a summary of our findings and discuss their implications for the transmission of
quantum information.

2. Method

In this section, we first review the fundamental concepts of graph theory together with the basis of rout-
ing procedures, which allows us to define the network structure and its associated quantum dynamics. In
this framework, a router is a quantum network with one input region associated with |ψin⟩ and n pos-
sible outputs associated with {|ψout⟩ξ=1,...,n}. We then analyse the impact of multiple noise sources on
the ideal routing protocol.

2.1. QWs on networks
The transfer of the information encoded onto a quantum state across a discrete structure can be mod-
elled through a CTQW on a graph, in which the time evolution of the system takes place in a position
Hilbert space H = span{|x⟩}. The states |x⟩ are the sites of a N -dimensional discrete network associ-
ated with a graph G (V,E) with vertices (or nodes) V and edges E . The graph topology, i.e. the connec-
tions between the nodes, is fully characterized by the adjacency matrix A of the graph, whose elements
Ajk correspond to the edges:

Ajk =

{
1 if j ̸= k and ( j,k) ∈ E ,
0 otherwise.

(1)

The adjacenct matrix is a valid generator for the dynamics of CTQWs, and indeed a common choice for
its Hamiltonian. On the hand, the quantum nature of the system allows us to consider also non-real but
Hermitian matrices [33, 35, 50, 51], as

Hjk = Ajk e
−iϕjk , (2)

2
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where the phases ϕjk ∈ [0,2π) (satisfying ϕjk =−ϕkj to ensure the Hermiticity condition) describes the
effect of local gauge (e.g. magnetic) fields [35]. Weighting the edges of the network is also possible, and
corresponds to tuning the moduli of the transition amplitudes in the Hamiltonian, e.g. setting |Hjk|=
βjk ∈ R+. In turn, the edge weights can be controlled, by changing the distance among the elements of
the network [49, 52–55].

2.2. Qubit quantum routing by CTQW
An ideal quantum router is a distributed system that takes an input quantum state supported by a small
subset of nodes {|xinj ⟩} and deterministically transfers it to a designated target subset {|xoutj ⟩ξ}, without
any losses or decoherence. The target location is selected by tuning the Hamiltonian parameters ξ, such
as couplings and phases. The time evolution associated with the transferred quantum state, setting h̄= 1,
is given by

|ψout⟩ξ = U(ξ, t∗) |ψin⟩, U(ξ, t∗) = e−iH(ξ) t∗ , (3)

where t∗ is the routing time at which the evolution achieves perfect state transfer to the specified output
nodes. The time evolution operator effectively acts as a projector from the initial state into the desired
output state |ψout⟩ξ⟨ψin|. For the routing a generic quantum state

|ψin⟩=
∑
j

ψj|xinj ⟩
routing−−−−→ |ψout⟩ξ =

∑
j

ψj|xoutj ⟩ξ, (4)

where the amplitudes ψj are preserved while the support of the state is changed from the input nodes
to the target ones. In order for the routing scheme to work correctly, the dynamics must exhibit a
universal routing time t∗, that does not depend on the input state |ψin⟩. Moreover, the input |ψin⟩
and all the possible output states {|ψout⟩ξ} must be mutually orthogonal, i.e. ⟨ψin⟩ψout

ξ = 0 ∀ξ and

ν⟨ψout⟩ψout
ξ = 0∀ξ,ν with ξ ̸= ν, ensuring that each routed state is perfectly distinguishable from both

the initial state and from the states associated with other targets. Finally, the protocol must allow for the
possibility to select the desired output through the controlled tuning of the Hamiltonian parameters,
such that |ψout⟩ξ = U(ξ, t∗)|ψin⟩ and |ψout⟩ν = U(ν, t∗)|ψin⟩.

As the basic building block of quantum technologies is the qubit, we focus on the routing of qubit
states. The state of the qubit is encoded in the position of the walker, i.e. in the superposition states over
two nodes of a graph {|xin1 ⟩, |xin2 ⟩}, such that the input and output qubit take the form:

|ψin (α,χ)⟩= cos
(α
2

)
|xin1 ⟩+ eiχ sin

(α
2

)
|xin2 ⟩

|ψout (α,χ)⟩ξ = cos
(α
2

)
|xout1 ⟩ξ + eiχ sin

(α
2

)
|xout2 ⟩ξ, (5)

with α ∈ [0,π] and χ ∈ [0,2π) and the pair of nodes {|xout1 ⟩ξ, |xout2 ⟩ξ} identifies the target location, which
is selected through the choice of the Hamiltonian parameters ξ.

A topology enabling perfect quantum routing has been put forward in [46] and termed Lily Graph.
Its structure is depicted in figure 1(a). We also notice that other networks may support perfect quantum
routing. Indeed, every graph which is reduced to the Lily Graph grouping together identically evolving
vertices inherits the same time evolution properties, and consequently the operational function of
quantum routing. The Lily router consists of a central set of nodes connected to several identical
branches, arranged so that quantum states can be routed from any chosen input branch to any selec-
ted output branch with unit fidelity independently of the form of the initial wave-function. The aim is
to route an initial qubit encoded in nodes |1⟩ and |2⟩ into the qubit identified with the vertices |r⟩ and
|f⟩. The Hamiltonian corresponding to the Lily graph is the sum of the adjacency matrices of the differ-
ent layers of the structure, i.e. the input layer I , the chiral layer C, the routing layer R and the output
layer O, as:

H(n,β,ϕ0,ϕ1,ϕ2) = AI +βCC (ϕ0)+βCR (n,ϕ1,ϕ2)+AO (n) . (6)

AI refers to the input adjacency matrix, i.e.

AI = |1⟩⟨2|+ |2⟩⟨1|, (7)

and is associated to the input state |ψin⟩. Then, there is the chiral adjacency CC contribution which
reads:

CC (ϕ0) = eiϕ0 |2⟩⟨k1|+ |2⟩⟨k2|+ h.c. ; (8)

3
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Figure 1. (a)– The input nodes (|1⟩ and |2⟩) are green and magenta labelled, the chiral layer ({|kj⟩}), composed of 2 nodes, is
blue labelled, the routing layer (|l⟩ and |r⟩) composed of n vertices is yellow labelled and the n outputs (|f⟩ and |o⟩) are orange
labelled. Here for simplicity the structure present 3 outputs, but in general the number of outputs can be arbitrary high, as theor-
etically presented in equation (10). (b)– Reduced Lily Network. Exploiting the symmetry of the structure, it is possible to define
a reduced network, in which the vertices associated with the same quantum probability are grouped together. The colour palette
reproduce the one presented in figure (a). The mathematical definition of each node is presented in equation (11).

the routing adjacency CR(n,ϕ1,ϕ2), defined as

CR (n,ϕ1,ϕ2) =
n∑

l∈R
l ̸=r

(
eiϕ1 |k1⟩⟨l|+ |k2⟩⟨l|

)
+ eiϕ2 |r⟩⟨k1|+ |r⟩⟨k2|+ h.c. , (9)

and finally, the output adjacency AO which is given by

AO (n) = |r⟩⟨f|+ |f⟩⟨r|+
n∑

l∈R
l ̸=r

n∑
o∈O
o̸=f

(|l⟩⟨o|+ |o⟩⟨l|) . (10)

In the Hamiltonian introduced above, all links of the form k1 − l with l ̸= r are assumed to share
the same phase. This is necessary for perfect routing and represents a cornerstone of the dimensionality
reduction procedure described below. In particular, since the number of outputs (and thus the system’s
dimension) is arbitrary, it is convenient to employ reduction techniques [56, 57] to simplify the analysis
of the quantum dynamics over the Lily graph. Grouping identically evolving vertices [58], it is possible
to get an orthonormal reduced basis for the Lily Graph. The new basis, which preserve the properties of
dynamics in the graph, but with a lower Hilbert space dimension, reads

|1̃⟩=|1⟩ , |2̃⟩= |2⟩ ,

|3̃⟩= 1√
2

(
e−iϕ0 |k1⟩+ |k2⟩

)
|4̃⟩=|r⟩ , |5̃⟩= |f⟩ ,

|6̃⟩= 1√
n− 1

n∑
l∈R
l̸=r

|l⟩ ,

|7̃⟩= 1√
n− 1

n∑
o∈O
o̸=f

|o⟩ . (11)

4
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In such basis, it is possible to write a reduced Hamiltonian that reproduces the exact quantum dynamics
of the overall structure, as H̃i,j = ⟨̃i|H|̃j⟩

H̃(n,β,γ,δ) =



0 1 0 0 0 0 0
1 0 β

√
2 0 0 0 0

0 β
√
2 0 Ξ(β,γ) 0 Γ(n,β,δ) 0

0 0 Ξ∗ (β,γ) 0 1 0 0
0 0 0 1 0 0 0
0 0 Γ∗ (n,β,δ) 0 0 0 1
0 0 0 0 0 1 0


, (12)

with the coefficients Ξ(β,γ) = β(1+ e−i(ϕ1+ϕ0))/
√
2 and Γ(n,β,δ) = β

√
(n− 1)/2(1+ e−i(ϕ2+ϕ0))

depending only on the effective phases γ =−(ϕ1 +ϕ0) and δ =−(ϕ2 +ϕ0). These two coefficients gov-
ern two distinct properties of the structure. Ξ(β,γ) is related to the transition probability between the
input and the desired output state, while Γ(n,β,δ) is related to the probability of unwanted routing,
as it mathematically represent the connection of the undesired output with the rest of the network (see
figure 1(b)). Upon setting the value of β =

√
3/2 and ϕ0 = ϕ1 = π ,ϕ2 = 0 at time t∗ = π+ 2mπ, with

m ∈ N, the time evolution operator is reduced to [46]

Ũ(t∗ = π+ 2mπ) = e−iH̃t∗ = |1̃⟩⟨5̃|+ |2̃⟩⟨4̃|+ |3̃⟩⟨3̃|+ |5̃⟩⟨1̃|+ |4̃⟩⟨2̃|+ |6̃⟩⟨7̃|+ |7̃⟩⟨6̃|, (13)

and then the routing procedure perfectly transport the initial qubit

|ψin (α,χ)⟩= cos
(α
2

)
|1̃⟩+ eiχ sin

(α
2

)
|2̃⟩ (14)

into the target qubit

|ψout (α,χ)⟩ξ = cos
(α
2

)
|5̃⟩+ eiχ sin

(α
2

)
|4̃⟩. (15)

Summarizing: the structure supports ideal quantum routing from the initial nodes |1̃⟩= |1⟩ and |2̃⟩=
|2⟩ to the desired output nodes |4̃⟩= |r⟩ and |5̃⟩= |f⟩, excluding from the dynamics all the unwanted
output regions. The position of the phases allows the selection among the possible outputs, acting as
the parameter ξ that discerns the n outputs. Additionally, as expressed by equation (13), the symmetry
of the structure guarantees that each selected output can also act as an input and, vice-versa, the input
can act as an output region. This property guarantees that the Lily Graph is a network that support
quantum information exchange among n senders and receivers (see appendix A for further details).

On the other hand, in physical implementations the fine tuning of the parameters β, γ and δ is
inevitably affected by some uncertainty due to noise sources, leading to non-perfect routing protocols.
In the following we will analyse the impact of different noise models on the routing procedure to assess
its robustness against static imperfections and dynamical fluctuations in the parameters β, γ and δ.

2.3. Phase noise models
The routing procedure strongly depends on the value of the phases γ and δ in equation (12). If γ = π
the coefficient Γ(n,β,δ) = 0 and the dynamics of the systems involves only the desired output region
among all the possible n outputs. Contrariwise, if for some noise effect γ ̸= π the information may also
be routed to the undesired outputs, leading to potential loss of information. Additionally, the coefficient
Ξ(β,δ) is a source of noise if δ ̸= 0, as it changes the transition amplitude from the input to the output
spatial region.

2.3.1. Static phase noise
As a first noise model, we analyse the effects of static fluctuations in the phases γ and δ, as γnoisy =
γ+ ϵ1 and δnoisy = δ+ ϵ2, in which the two independent random variables {ϵ1, ϵ2} follow the von Mises
distribution [59–61]:

pk (ϵ) =
ek cosϵ

2π I0 (k)
(16)

where I0(k) is the modified Bessel function of the first kind. The parameter k is a concentration para-
meter, which controls the distribution’s width: larger k lead to a tighter distribution around ϵ= 0. We
assume that the k is the same for the distribution width of both ϵ1 and ϵ2. This working condition is

5
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physically justified by the experimental procedure that induce the phases, which consist in the applica-
tion of local magnetic fields [62]. For small values of k, the von Mises distribution is well approximated
by a Gaussian with variance σ2 = 1/k. Starting from an initial state |ψin⟩, the evolved state in the pres-
ence of static phase noise be expressed as:

ρ(α,χ,n, t,β,γ,δ,k) =ˆ π

−π

ˆ π

−π

dϵ1 dϵ2 pk (ϵ1, ϵ2) Ũ(n, t,β,γ+ ϵ1, δ+ ϵ2) |ψin (α,χ)⟩⟨ψin (α,χ) |Ũ† (n, t,β,γ+ ϵ1, δ+ ϵ2) , (17)

where the single realization evolution operator is Ũ(n, t,γ+ ϵ1, δ+ ϵ2) = e−iH̃(n,γ+ϵ1,δ+ϵ2)t.

2.3.2. Dynamical phase noise
To include dynamical noise in the routing scheme, we model phase fluctuations using a OU processes
[45, 63]. OU noise is a Gaussian, mean-reverting, stochastic process {Xt}t governed by the differential
equation:

dXt = θ (µ−Xt)dt+ΣdWt (18)

where µ is the long-time mean of the process, θ is the mean reversion speed, Σ the volatility and dWt is
a Wiener increment. For a random initial condition, the variable Xt follows a normal distribution with
variance σ2 = Σ2

2θ for all t, including the initial time. For small k, the OU process may be seen as the
dynamical counterpart of the von Mises noise through the approximation σ2 ≃ 1/k.

If OU noise affects the chiral phases, the Hamiltonian becomes time-dependent and the dynamics of
an initial state ρ0 = |ψin⟩⟨ψin| over the router is described as an ensemble average over all realizations of
the stochastic process, that is,

ρ(α,χ,n, t,β,γ,δ,Σ,θ) =
〈
Ũ(n, t,β,γ,δ,Σ,θ) ρ0 (α,χ) Ũ

† (n, t,β,γ,δ,Σ,θ)
〉
X

(19)

where Ũ(n, t,β,γ,δ) = T e−i
´ t
0 dt

′H̃(n,β,γ(t
′
),δ(t

′
)) is the evolution operator generated by the time-

dependent Hamiltonian H̃(n,β,γ(t), δ(t)), T is the time ordering operator, γ(t) and δ(t) are stochastic
phases describing a OU process according to equation (18) and ⟨·⟩X denotes the ensemble average over
the realizations of the noise process X.

2.4. Weight noise models
Fluctuations in the coupling strengths between the nodes of the network [64] also affect the routing
performance. Previous works have shown that an appropriate distribution of couplings weight in spin
network is fundamental for achieving high fidelity state transfer [27, 65, 66], and the same applies to
quantum routing [46]. As for phase noise, we examine the influence of both static and dynamical noise.
Differently from the phase noise models, however, a sub-optimal value of the parameter β does not
route the quantum information to unintended outputs. Instead, it only changes the probability of find-
ing the quantum state in the chosen output. This difference arises because the phases determine which
outputs participate in the dynamics of the initial state. Indeed, they induce destructive interference in all
undesired regions while enabling constructive interference only at the selected output. The weight β, on
the other hand, ensures a unit transition probability from the input to the output region [46].

2.4.1. Static weight noise
Static fluctuations in the weight β may be described by writing βnoisy = β+ ζ , where ζ is drawn from a
Gaussian distribution:

pσ (ζ) =
e−

ζ2

2σ2

σ
√
2π
. (20)

Unlike the phase parameters, here we employ a Gaussian distribution because β is not restricted to a
compact domain, in contrast to γ and δ. Nonetheless, this Gaussian distribution is comparable with the
von Mises one, through the above-mentioned correspondence σ2 → 1/k, valid for small k. As for the
phase noise, the time evolution of the initial state |ψin⟩ in such noisy network can be expressed as

ρ(α,χ,n, t,β,γ,δ,σ) =

ˆ ∞

−∞
dζ p(ζ) Ũ(n, t,β,γ,δ,ζ) |ψin (α,χ)⟩⟨ψin (α,χ)|Ũ† (n, t,β,γ,δ,ζ) . (21)

6



J. Phys. Complex. 7 (2026) 025001 C Benedetti et al

2.4.2. Dynamical weight noise
The dynamic weight noise is modelled using an OU process, following the same framework used for the
phase parameters in equation (18). In this case, however, the stochastic perturbation acts on the coup-
ling weight β, rather than on the chiral phases of the Hamiltonian.

3. Results

A central step in assessing the performance of a quantum routing protocol is to quantify how different
noise mechanisms affect its ability to faithfully transfer quantum information. Given a specific initial
state, the routing fidelity quantifies the overlap between the time evolved state and the desired target
output state. Since no preferred input state undergoes the routing procedure, the performances of the
Lily network is characterized by evaluating the average routing fidelity in the presence of noise. This
quantity is obtained by averaging the fidelity over all possible input states, as defined in equation (14),
on the Bloch sphere. The average routing fidelity in the presence of noise, may thus written as

F̄
(
n, t, η⃗ opt

H , η⃗n
)
=

1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ ⟨ψout (α,χ)|ρ

(
α,χ,n, t, η⃗ opt

H , η⃗n
)
|ψout (α,χ)⟩, (22)

where, for simplicity, we omitted the subscript that specifies the dependence of the target output state

on the protocol parameters. The optimal set of Hamiltonian parameters (i.e., β =
√
3
2 ,γ = 0 and δ = π)

is denoted by η⃗ opt
H , while η⃗n refers to the parameters associated with the chosen noise model. Depending

on the kind of noise, η⃗n may represent the concentration parameter k for the von Mises distribution,
the drift θ or the volatility Σ for the OU noise or to the variance σ2 of a Gaussian distribution. Any
reduction in the mean routing fidelity compared to the noiseless case is a signature of imperfect rout-
ing process. The detailed derivation of the fidelity expressions for each noise source is reported in the
appendix B. For notational convenience, in the following we will refer to the mean fidelity simply as F̄,
keeping its dependence on all the parameters (n, t, η⃗ opt

H , η⃗n) implicit.

3.1. Phase fluctuations
In this section, we discuss how static and dynamical fluctuations of the phases δ and γ impact the rout-
ing protocol. In both the static and dynamic scenarios, the analysis for different number of outputs is
required, since the noisy phases no longer guarantee perfect constructive interference at the desired out-
put nor destructive interference at the unwanted ones. For this reason, we consider routing networks
with n= 2,10,30 outputs and, for each value of n, we evaluate the effect of both static and dynamic
phase noise.

3.1.1. Static phase noise
In the presence of static phase noise, the main effect of the noise is a progressive degradation of the
periodic ideal routing of the initial state towards the target output. As shown in figure 2(a), an increase
in the noise strength leads to a gradual reduction of the height of the fidelity peaks5. This behaviour
occurs because phase fluctuations perturb the value of the parameter Ξ(β,δ), hence modifying the
transition probability between the input and the selected output region. However, the protocol is quite
robust at the first ideal routing time t∗ = π, which still exhibits a considerably high fidelity peak within
the considered noise range. As noted above, the constructive and destructive interference condition
depends on the number of outputs n, which in turn determines the robustness of the overall proced-
ure. In figure 2(b) different shapes and colours correspond to a different number of outputs n, showing
that larger number n of outputs results in a more significant impact of noise on the routing process.
This increased sensitivity arises because a higher number of outputs modifies the parameter Γ(n,β,δ)
appearing in equation (12), enhancing unwanted transmission toward non-selected outputs.

3.1.2. Dynamical phase noise
We next examine the effects of time-dependent phase noise, modelled as an OU process. The dynam-
ical noise model extends the static case by introducing temporal fluctuations of the phases, with the
static scenario recovered in the limit of infinitely slow dynamics. In this sense, the OU model provides

5 The noise strength is represented by the parameter σ in figure 2. This parameter is related to the von Mises concentration parameter k
through the correspondence σ2 ≈ 1/k. We use the quantity σ here because it allows for a more direct comparison with the other noise
models considered in this work.
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Figure 2. Effect of static phase noise – (a) average quantum fidelity as a function of time, for different values of the concentration
parameter k and for n= 2 outputs. To facilitate the comparison with the dynamical noise, we label the curves with the effective
Gaussian variance σ2 = 1

k
. The continuous grey curve is the unperturbed unitary case and the vertical grey lines mark its first

peaks, located at t= π and t= 3π. (b) Scaling of the maximum of the average fidelity as a function of the effective Gaussian

standard deviation σ =
√

1
k
, for different number of outputs.

Figure 3. Effect of the OU dynamic phase noise– (a) average quantum fidelity as a function of time, for n= 2 outputs and for
different values of the noise parameters θ andΣ. The parameter θ is kept fixed at the value of 1 whileΣ= 0.4 (green),Σ= 0.8

(blue) and Σ= 1 (red). The curves are labelled with the effective Gaussian variance (σ2 = Σ2

2θ
). The continuous grey curve is

the unperturbed unitary case and the vertical grey lines mark its first peaks, located at t= π and t= 3π. (b) Scaling of the max-

imum of the average fidelity as a function of the standard deviation σ =
√

Σ2

2θ
of the effective Gaussian distribution for different

numbers of outputs.

a broader characterization of phase noise in routing protocols. The behaviour observed under OU noise
is similar to the von Mises one. As shown in figures 2(b) and 3(b), the scaling of the main fidelity peak
is comparable. This trend is further confirmed by the time evolution of the average routing fidelity
shown in figure 3(a). Consistently with the static scenario, the first fidelity peak remains robust also
against dynamic noise. With the noise strength considered, the first fidelity peak occurs, also in this case,
around t∗ = π. This demonstrate that the routing behaviour is robust also under time-dependent phase
fluctuations.

3.2. Weight fluctuations
We now proceed by examining the effect of the edge weight fluctuations. Even before performing the
numerical analysis of the fluctuations in β, it is possible to identify a substantial difference between
this noise and the phase fluctuation models. When the chiral phases are set to their ideal value, the
weight noise influences the fidelity of the routing protocol independently of the number of outputs n.
This happens because the chiral phases determine the routing destination, while the parameter β only

8
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Figure 4. Effect of static noise on the weights –(a) Fidelity over time averaged with respect to the initial state, for different values
of the variance σ2. The continuous grey curve is the unperturbed unitary case and the vertical grey lines mark its first peaks,
located at t= π and t= 3π. (b) Reduction in the peak fidelity as the standard deviation of the weight Gaussian distribution is
raised.

governs the magnitude of the transition probability between the input and the selected output state.
Mathematically, this is reflected in the behaviour of the parameter Γ(n,β,δ), which quantifies the trans-
mission of the information towards the non-selected outputs. If the optimal chiral phases are chosen,
then Γ(n,β,δ = 0) = 0 ∀β, ensuring that, regardless of the value of the weight parameter, transmission
from the input to any unwanted output remains zero, as long as the phases are set correctly.

3.2.1. Static weight noise
The main effect of the static weight fluctuation consists in the decrease of the maximum fidelity as the
noise strength increases. Nonetheless, as for the phase noise, the routing procedure proves quite robust
at the first ideal routing time, i.e. t∗ = π, showing a considerably high fidelity peak in the noise range
analysed, see figure 4(a). Even if the effect of the noise is comparable to the phase fluctuation one, their
origin is substantially different. The reduction of the transition probability from the input to the desired
output state is originated from the explicit dependence of the Hamiltonian terms ⟨1̃|H̃|3̃⟩= β

√
2 and

⟨1̃|H̃|4̃⟩= Ξ(β,γ) over the weight parameter. A deviation from the ideal value of β =
√
3/2 directly

influences the time evolution operator leading to a non perfect routing of information. In figure 4(b)
we show how the first fidelity peak scales as a function of the noise strength (independently of the num-
ber of outputs n). A direct comparison of these results with the phase fluctuation scaling in figure 2(b)
shows that, even if weight fluctuations do not induce leakage of information towards undesired out-
puts, they degrade the height of the first fidelity peak faster than the phase noise for n= 2,10,30 for
a fixed value of σ. This indicates that for a moderate number of outputs (our numerical results have
been obtained for n≲ 30), weight fluctuations constitute the main source of noise affecting routing
performances.

3.2.2. Dynamic weight noise
Finally, we consider dynamical fluctuations of the weight β. As in the case of dynamic phase noise, the
OU model for weight fluctuations generalizes the static scenario. The qualitative agreement between
figures 4(b) and 5(b) confirms it. The scaling of the main fidelity peak exhibits the same qualitative
behaviour in both static and dynamic regimes. As for the other considered noise models, the main effect
is a reduction of the first fidelity peak, which nonetheless remains highly pronounced around t∗ = π.
This behaviour, consistently observed for all noise models, highlights an almost universal feature of the
routing protocol, effectively promoting t∗ ≈ π to a suitable routing time even in the presence of noise.
In other words, irrespective of the main source of noise (phases or weight) and of its temporal structure
(static or dynamical) the routing fidelity always reaches its maximum nearly at the same universal time
and this is a relevant feature of the scheme.
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Figure 5. Effect of dynamical noise on the weights –(a) average routing fidelity as a function of time, for different values of the
noise parameters θ andΣ. The parameter θ is kept fixed at the value of 1 whileΣ= 0.1 (green),Σ= 0.2 (blue) and Σ= 0.3

(red). The curves are labelled with the effective Gaussian variance (σ2 = Σ2

2θ
). The continuous grey curve is the unperturbed

unitary case and the vertical grey lines mark its first peaks, located at t= π and t= 3π. (b) Scaling of the maximum of the fidelity

as a function of the standard deviation σ =
√

Σ2

2θ
of the effective Gaussian distribution.

Figure 6. Deviation from ideal fidelity—The curves show the difference between the ideal and the noisy fidelity—all the curves

are labelled with the effective Gaussian variance (σ2 = Σ2

2θ
), which for a OU process corresponds toΣ= 0.1 (green),Σ= 0.2

(blue) and Σ= 0.3 (red), with the parameter θ fixed at the value of 1. The phase noise curves are obtained for n= 2 outputs. The
plots are organized as follows: the first column represent the phase noise, while the second column the weight noise. The first line
represent the static scenario, while the second line the OU process. In all the plots, the vertical grey lines mark t= π and t= 3π,
around which the fidelity peaks occur.

4. Discussion

Chirality and weight distribution constitute key elements for the design of efficient quantum routing
protocols. Particularly, the introduction of chiral phases in the network plays a central role, as it enables
interference effects that cannot be realized with real Hamiltonians and that are essential for achieving
high-fidelity quantum state transfer even under non-ideal conditions.

In order to highlight the effect of each noise model considered, we plot here the difference between
the noiseless and noisy fidelity, using the same choice of parameters adopted in Sec 3.. Comparing the
plots in the first column of figure 6(static and dynamic phase noise) we observe that the deviation from
the noiseless scenario is qualitatively the same in both cases, with a slightly larger deviation around
the main fidelity peaks in the static scenario (see the vertical lines at t= π and t= 3π). Away from the
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region in which F̄≈ 1 there are time intervals in which the noisy fidelity is higher than the noiseless
one. However, this deviation is not relevant for quantum communication protocols, since it occurs when
the noiseless fidelity is F̄≈ 0 (i.e. around t= 2π). The system exhibits the same behaviour in the pres-
ence of weight noise, as can be seen by comparing the two panels in the second column of figure 6,
showing that, independently of the time dependence and of the parameters affected by noise, the tem-
poral behaviour of the fidelity remains substantially unchanged. The strength of the model therefore lies
in the universality of the routing time t∗ = π and in the fact that the fidelity at t∗ is only marginally
affected by noise models considered. As evident from all the plots in figure 6, most of the noise effects
occur in the proximity of the second main fidelity peak (i.e. t≈ 3π). In this time region, noise causes
two main effects: a reduction of the fidelity F̄, and a shift in time of the peak (see figures 3(a) and 5(a)).
The first effect is expected in a noisy protocol, while the second originates from the breakdown of the
perfect periodicity of the ideal routing model (see equation (13)). Importantly, this second effect is not
present in the first fidelity peak, because : while noise induces an appreciable temporal shift of the peak
at t= 3π, the corresponding shift at t= π can be neglected. Overall, our results show that the protocol
maintains a high degree of robustness under different noise conditions, suggesting its potential for the
development of qubit-based quantum communication schemes, particularly when operating at the first
fidelity peak. We now summarize and discuss results within two specific frameworks.

4.1. Noisy qubit routing
For routing of qubits, chiral phases are fundamental for achieving perfect quantum routing, as they
enforce the directional interference patterns required for deterministic information transfer. However,
when noise perturbs the chiral phases, the routing fidelity decreases with increasing noise strengths with
respect to the noiseless case. This degradation is stronger when multiple output ports n are available.
This dependence arises because fluctuation in the chiral phases alter the reduced topology of the net-
work (see figure 1(b)) modifying the coefficient Γ(n,β,δ) and the connection between the unwanted
outputs and the rest of the structure. Phase noise also affects the coefficient Ξ(β,γ), which determines
the transition probability from the input to the target output state. The second relevant noise is related
is the fluctuation of the weight parameter of the network. Interestingly, the impact of weight fluctuations
is independent of the number of outputs. When the chiral phases are correctly set to their optimal val-
ues, the term Γ(n,β,δ = 0) = 0 for all the possible value of the parameter β, ensuring that there is no
leakage of information towards the unwanted outputs. The fluctuation of the β parameter, with the
ideal values for the phases, only influence the value of the coefficient Ξ(β,γ) and thus affect solely the
transfer fidelity. Our systematic analysis provides a characterization of the routing performance under
non-ideal conditions, identifying regimes where high transfer fidelity remains achievable. Remarkably, we
have found that, regardless of the noise model or noise strength, the optimal routing time consistently
remains t∗ ≈ π, indicating an almost universal transfer time for noisy quantum routing protocols.

4.2. Long range noisy qubit routing and qudit routing
The structure of the Lily network can be in principle generalized to the routing of qudits, or qubits over
arbitrary distant spatial regions, by employing a larger number of nodes. Assuming that the input and
output regions are now composed of D nodes, the router implementation needs a weight distribution
as H̃(n, β⃗,ϕ0,ϕ1,ϕ2) [46]. For the correct phase distribution, the routing protocol is effectively reduced
to the transport of information from the selected input to the desired output and the noisy time evol-
ution can be compared to the noisy evolution in spin chains [28, 64, 67, 68], providing fundamental
insights in the resilience of the procedure in engineered couplings. The phase mechanism, correspond-
ing to the chiral and routing layer, is the same as the one presented in figure 1(a) promoting the struc-
ture presented to the most general mechanism to implement quantum routing in networks. The time
needed to perform long range routing procedures turns out to be the same as the standard qubit rout-
ing, i.e. t∗ = π [69] ensuring the universality of t∗ not only in noisy conditions, but also for more com-
plex protocols.

5. Conclusions

We have investigated the performances of quantum routing in a chiral network, focusing on the trans-
fer of arbitrary qubit states from a given input location to multiple possible outputs. Our analysis has
addressed the robustness of the protocol under several noise models, both static and time-dependent
thus providing a detailed characterization of quantum routing in noisy networks. Our results show that
the protocol is robust against moderate noise on the chiral phases or the coupling weight. For higher
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noise strengths, the transfer fidelity progressively decreases, indicating the operational limit of the rout-
ing scheme. Our results have shown that for networks with a moderate number of outputs (n≲ 30),
noise in the edge weights constitute the main source of degradation, compared to the chiral phase fluc-
tuation. Moreover, we have identified an almost universal routing time under any noisy conditions.
Indeed, the fidelity consistently reaches its maximum at a time t∗ ≈ π in every noisy condition. These
results may find application in the implementation of routing protocols in integrated photonics, silicon
chips and quantum computers; providing insights for the effect of noise in protocols of information
exchange. Our protocol is agnostic to the physical origin of the input qubit. It assumes the qubit has
been successfully prepared and is now ready for transport to a target output node. Overall, our findings
offer practical insight in the design of realistic communications architectures and provides guidelines for
the realization of next-generation quantum routing networks and protocols.
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Figure 7. Comparison between routing and multiple state transfer – (a) a perfect state transfer procedure for exchanging inform-
ation among n+1 senders and receivers requires n(n+ 1)/2 independent channels. Each sender activates only one channel
(depicted as a continuous double red line) to communicate with the intended receiver, while all other channels (shown as double
dotted lines) remain inactive. (b) A network connecting among each others n+1 senders and receivers through the Lily Topology.
The chiral phases select the desired output connecting it to the input (depicted as continuous double red lines) and leaves all the
other channels unused.

receivers that want to exchange quantum information pairwise. Then they need n(n+ 1)/2 independent
channels that support perfect state transfer (see figure 7(a)). A standard implementation of such channel
is a spin chain of length lQST = 2D [30]. The total amount of resources RQST needed is then

RQST = D
(
n2 + n

)
(23)

which scales quadratically with the number of senders and receivers.
On the other hand, exploiting the Lily graph symmetries (see figure 7(b)) the resources RQR required

for quantum routing reduce to

RQR = D(n+ 1)+ 2, (24)

since every sender and receiver channel, composed of just lQR = D elements, is connected through the
central routing structure (schematically represented as a Lily in figure 7(b)). Choosing the length lQR =
D for each routing channel connected to the central structure, guarantees a fair comparison between
the two schemes since the total distance between any sender-receiver pair through the quantum router
matches the state transfer channel length, i.e. lQST = 2D. The +2 contribution in equation (24) is due to
the central routing structure, which is composed of just two vertices (see figure 1(a)) shared by all the
senders and receivers.

Appendix B. Average routing fidelity

In this section we derive in detail expressions for the average routing fidelity under different noise mod-
els. We consider here that the control parameters of the Hamiltonian (namely, the weights and the chiral
phases in the pink and blue links of figure 1(a)) differ from the optimal ones reported in [46], which
lead to perfect quantum routing. Under the assumptions that the other links (the ones with no weight
or phase) are not affected and that the weights β fluctuate together, the Hamiltonian can be written in
the reduced form of equation (12). We now analyse two different noise models: static noise, in which
the control parameters of the Hamiltonian remain fixed throughout the time evolution, and the dynamic
noise, in which they continuously fluctuate in time. In both cases we considered fluctuations on either
the weight value β or on the chiral phases to better distinguish and isolate the effect of the different
noises. Regarding the phases, we modelled the noise in such a way that it affects directly the effective
phases γ and δ in equation (12).

B.1. Static noise
Referring to figure 1(a), we choose as the initial state the most general superposition of the states |1⟩
and |2⟩, which coincide with the reduced states |1̃⟩ and |2̃⟩: |ψin(α,χ)⟩= cos

(
α
2

)
|1̃⟩+ eiχ sin

(
α
2

)
|2̃⟩.

The target state is then weighted with the same coefficients in the chosen output branch: |ψout(α,χ)⟩=
cos

(
α
2

)
|5̃⟩+ eiχ sin

(
α
2

)
|4̃⟩. In the reduced subspace, the time evolution operator Ũ(n, t,β,γ,δ) depends
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on the number of outputs, time, and the actual configuration of the control parameters (the weight
β and the effective chiral phases {γ,δ}). For fixed Hamiltonian parameters, the evolution operator is
Ũ(n, t,β,γ,δ) = e−iH̃(n,β,γ,δ)t. Due to the presence of noise, we do not have perfect control over the
parameters β, γ and δ (denoted from now on by η⃗H), which fluctuate according to a noise model
described by the set of parameters η⃗n. The time evolved state is then described by

ρ
(
α,χ,n, t, η⃗ opt

H , η⃗n
)
=

ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)
Ũ(n, t, η⃗H, η⃗n) |ψin (α,χ)⟩⟨ψin (α,χ)|

(
Ũ(n, t, η⃗H, η⃗n)

)†
. (25)

The integration is performed over the possible realizations of the Hamiltonian parameters and is con-
trolled by the probability distribution p(η⃗H, η⃗

opt
H , η⃗n), which depends on the actual values of the control

parameters η⃗H, on their optimal values η⃗ opt
H , and on additional parameters η⃗n associated to the noise

model.
As we are interested in assessing the routing procedures, the quantity of interest is the fidelity

between the evolved state and the target state, which reads

F
(
α,χ,n, t, η⃗ opt

H , η⃗n
)
= ⟨ψout (α,χ)|ρ

(
α,χ,n, t, η⃗ opt

H , η⃗n
)
|ψout (α,χ)⟩. (26)

Since there is not a preferred state for routing procedure, to evaluate the overall performances of the
structure, we calculate the quantum fidelity averaged over all the possible initial states:

F̄
(
n, t, η⃗ opt

H , η⃗n
)
=

1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ ⟨ψout (α,χ)|ρ

(
α,χ,n, t, η⃗ opt

H , η⃗n
)
|ψout (α,χ)⟩. (27)

Overall, we have two different integrations: one over the Hamiltonian parameters and one over the ini-
tial state parameters. By explicitly expressing the evolved state we can rewrite the previous expression:

F̄
(
n, t, η⃗ opt

H , η⃗n
)
=

1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ ⟨ψout (α,χ)|

[ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)
Ũ(n, t, η⃗H, η⃗n) |ψin (α,χ)⟩

× ⟨ψin (α,χ)|
(
Ũ(n, t, η⃗H, η⃗n)

)† ]|ψout (α,χ)⟩, (28)

and by changing the order of the integrals

F̄
(
n, t, η⃗ opt

H , η⃗n
)

=

ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)[ 1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ ⟨ψout (α,χ)| Ũ(n, t, η⃗H, η⃗n) |ψin (α,χ)⟩ (29)

×⟨ψin (α,χ)|
(
Ũ(n, t, η⃗H, η⃗n)

)† |ψout (α,χ)⟩
]

=

ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)[ 1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ

∣∣⟨ψout (α,χ)| Ũ(n, t, η⃗H, η⃗n) |ψin (α,χ)⟩
∣∣2]

=

ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)[ 1

4π

ˆ π

0
sinαdα

ˆ 2π

0
dχ

∣∣∣∣(cos(α2 )⟨5̃|+ e−iχ sin
(α
2

)
⟨4̃|

)
× Ũ(n, t, η⃗H, η⃗n)

(
cos

(α
2

)
|1̃⟩+ eiχ sin

(α
2

)
|2̃⟩

)∣∣∣∣2]. (30)

The integral over all the possible initial states (the quantity in square brackets in equation (29))
leads to

FŨ ≡
(∣∣Ũ51

∣∣2 + ∣∣Ũ42

∣∣2) 1

3
+
(
Ũ51Ũ

∗
42 +

∣∣Ũ41

∣∣2 + ∣∣Ũ52

∣∣2 + Ũ42Ũ
∗
51

) 1

6
, (31)

which provides a formula for the fidelity averaged over all the possible initial states, given the matrix ele-
ments of the evolution operator Ũ. Since we do not have an explicit analytic expression for the evolution
operator Ũ, the integral over the Hamiltonian parameters is done numerically:

F̄
(
n, t, η⃗ opt

H , η⃗n
)
=

ˆ
η⃗H

dη⃗H p
(
η⃗H, η⃗

opt
H , η⃗n

)
FU (n, t, η⃗H, η⃗n) . (32)
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When the noise affects the chiral phases, the integration is over the effective phases γ and δ of

equation (12), both governed by a von-Mises probability distribution p(ϵ) = ek cosϵ

2π I0(k)
and equation (25)

becomes:

ρ
(
α,χ,n, t, η⃗ opt

H ,k
)
=

ˆ π

−π

ˆ π

−π

ek cosϵ1

2π I0 (k)

ek cosϵ2

2π I0 (k)
Ũ

(
n, t,β =

√
3

2
,γ = 0+ ϵ1, δ = π+ ϵ2

)
|ψin (α,χ)⟩

× ⟨ψin (α,χ)|
(
Ũ

(
n, t,β =

√
3

2
,γ = 0+ ϵ1, δ = π+ ϵ2

))†

dϵ1dϵ2, (33)

where I0(k) is the modified Bessel function of the first kind, and ϵ1, ϵ1 represent the deviations from the
optimal values of γ and δ, namely 0 and π. The parameter k, called concentration parameter, controls
the width of the von-Mises probability distribution: the higher it is, the quicker the probability goes to
zero when deviating from the mean value. Indeed, for high values of k, the von-Mises probability dis-
tribution is well approximated by a Gaussian with variance σ2 = 1

k . In the end, the averaged fidelity in
equation (32) becomes

F̄
(
n, t, η⃗ opt

H ,k
)
=

ˆ π

−π

ˆ π

−π

ek cosϵ1

2π I0 (k)

ek cosϵ2

2π I0 (k)
FU

(
n, t,β =

√
3

2
,γ = 0+ ϵ1, δ = π+ ϵ2

)
dϵ1dϵ2. (34)

If instead the noise affects the value of the weights, the integration is over the values of β, and is
governed by a normal probability distribution with variance σ2, equation (25) is reduced to:

ρ
(
α,χ,n, t, η⃗ opt

H ,σ
)
=

ˆ ∞

−∞

e
−ζ2

2σ2

σ
√
2π

Ũ

(
n, t,β =

√
3

2
+ ζ,γ = 0, δ = π

)
|ψin (α,χ)⟩×

⟨ψin (α,χ)|
(
Ũ

(
n, t,β =

√
3

2
+ ζ,γ = 0, δ = π

))†

dζ, (35)

where ζ represents the discrepancy between the optimal value of the weight (β =
√
3
2 ) and the actual

value. Equation (32) becomes then

F̄
(
n, t, η⃗ opt

H ,σ
)
=

ˆ ∞

−∞

e
−ζ2

2σ2

σ
√
2π

FU

(
n, t,β =

√
3

2
+ ζ,γ = 0, δ = π

)
dζ. (36)

B.2. Dynamic noise
Here we assume that the control parameters of the Hamiltonian (either the effective chiral phases γ
and δ or the weight β) continuously fluctuate around their optimal values. We call realization η⃗n[τ ] the
sequence of values that the control parameters assume over time. We numerically generate a realization
throughout an OU process centred in the optimal values. Once a realization is generated, the evolution
operator evolving the initial state at any time t can be obtained in an approximate form according to the
Trotter–Suzuki formula as

U(n, t, η⃗n [τ ]) = e−iH̃(n,η⃗n[t−∆t])∆t e−iH̃(n,η⃗n[t−2∆t])∆t. . .e−iH̃(n,η⃗n[0])∆t. (37)

This procedure would give just the evolution operator associated to a single particular realization. The
stochastic nature of the OU process requires to mediate the results over the realization of many dif-
ferent possible realizations (enough to arrive at convergence) to obtain reliable physical results. Thus,
the evolved state at a certain time t is obtained by averaging the evolved states associated to every
realization:

ρ
(
α,χ,n, t, η⃗ opt

H ,θ,Σ
)
=
〈
U(n, t, η⃗n [τ ]) ρin (α,χ) (U(n, t, η⃗n [τ ]))

†
〉
η⃗n
, (38)

where ρin(α,χ) = |ψin(α,χ)⟩⟨ψin(α,χ)|, |ψin(α,χ)⟩= cos
(
α
2

)
|1̃⟩+ eiχ sin

(
α
2

)
|2̃⟩ and we used ⟨•⟩η⃗n to

denote the average over the realization of the process. Note that after the averaging procedure, the state

depends only on the optimal values of the Hamiltonian parameters (η⃗ opt
H : β =

√
3
2 , γ= 0 and δ = π),

and on the parameters θ,Σ controlling the stochastic process . As for the static noise case, since we are
interested in the routing procedure, the target state |ψout(α,χ)⟩= cos

(
α
2

)
|5̃⟩+ eiχ sin

(
α
2

)
|4̃⟩ is pure, and

the quantum fidelity between the time evolved state and the target state reduces to

F
(
α,χ,n, t, η⃗ opt

H ,θ,Σ
)
= ⟨ψout (α,χ)|ρ

(
α,χ,n, t, η⃗ opt

H ,Σ
)
|ψout (α,χ)⟩. (39)
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To asses the mean routing performances and to compare them with equationS (34) and (36) we evaluate
the mean value of the fidelity integrating over all the possible initial states:

F̄
(
n, t, η⃗ opt

H ,θ,Σ
)
=

1

4π

ˆ π

0
sin(α)dα

ˆ 2π

0
dχ ⟨ψout (α,χ)|ρ

(
α,χ,n, t, η⃗ opt

H ,Σ
)
|ψout (α,χ)⟩

=

〈
1

4π

ˆ π

0
sin(α)dα

ˆ 2π

0
dχ

∣∣⟨ψout (α,χ)|U(n, t, η⃗n [τ ]) |ψin (α,χ)⟩
∣∣2〉

η⃗n

= ⟨FU (n, t, η⃗n [τ ])⟩η⃗n . (40)

Practically speaking, since the average over the realizations is just a linear summation, it is possible
to exchange it with the integral over the initial states, and the evaluation of equation (40) is reduced to
the average over the different realizations of equation (32).
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