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Dedicated to Zhenhai Liu on his 65th birthday We consider evolution equations in Banach spaces. Their linear parts generate a strongly
continuous C,-semigroup of contractions. The nonlinear term is a Carathéodory function. When
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1. Introduction

The discussion in this paper is motivated by the study of nonlocal solutions to partial differential equations. Our techniques
apply to transport equations of the type

u(t,y)+a-Vut,y)=g (t,u(l,y),/ |u(t,§)|pd§> ,t€[0,T] and y € R" 1.1)
]Rn

with @ € R", 1 < p < o and some appropriate function g (see Section 5). Our methods are also suitable for treating diffusion
equations such as

u,(t,y)=Au(t,y)—bu(t,y)+g<t,u(t,y),/ n(y,f)u(t,ﬁ)ﬁ), 1€(0,7] (1.2)
e

with y € 2 c R" bounded, b > 0, € L®(2 X 2) and a sufficiently regular g (see Section 6).
Typical examples of nonlocal Cauchy conditions for Egs. (1.1) and (1.2) are the multipoint condition

w0,y)= Y fult,y), yeR"

i=1
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for some t; € [0,T] and §; € R, i = 1,...,m and the mean value condition

T
w0 = = / u(t.y)dr, yeR".
0

In some models nonlocal solutions can better describe the behavior of the related process. This motivates their interest and the study
of a great variety of them. A nonlocal condition can be also nonlinear and even multivalued as in the recent paper [1]. The search
for solutions satisfying some nonlocal Cauchy condition started around the nineties of previous century and many contributions
are already available. In the following we limit ourselves to mentioning only the most recent and refer to those papers for further
references. The results in [2,3] apply to parabolic diffusion equations such as (1.2), the nonlinear part is sublinear and globally
continuous in [3] while in [2] it can even be, for instance, a cubic polynomial; an approximation solvability method is exploited
in [4-6]; the controllability of nonlocal solutions is then obtained in [7], with a similar technique. The solutions in [6] satisfy a
variational inequality. The results in [8,9] concern second order inclusions. A functional term appears in [10], whereas the linear
part also depends on ¢ both in [10] and in [11]. The results in [12] applies to systems.
The partial differential equations as (1.1) or (1.2) are usually written in their abstract form

X (1) = Ax() + f(t, x(1)) 1€[0,7T] (1.3)

with x in some function space and A generator of a Cy—semigroup. The results on the existence of nonlocal Cauchy solutions are
consequently stated for the associated Eq. (1.3). Eq. (1.3) becomes an inclusion in abstract setting when the original dynamic is
multivalued. Instead of A it appears A(r) when the linear part of the original partial differential equation is non-autonomous. In this
case A(?) is the generator of an evolution operator. Here we persue the same strategy and following [1], we assume a multivalued,
possibly nonlinear, nonlocal Cauchy condition (see (3.1)). In Section 3 we consider the case when the semigroup generated by A
is not compact and the main result is Theorem 3.2 (see also Corollary 3.3). In Section 4 we assume that A generates a compact
semigroup and the main result is Theorem 4.2. In both sections we consider a semigroup of contractions. We search for mild solutions
to (1.3) (see Definition 3.1).

The investigation of nonlocal conditions is always conducted with topological methods, frequently by some fixed point theorem.
The topological technique is then combined with the theory of semigroups and some measure of non-compactness can be involved,
when the semigroup is not compact. All these topics can be found in the books [13-17] (see also Section 2).

The main tool of our investigation is a degree argument instead of a fixed point theorem. Starting from (1.3) and the notion
of mild solution we introduce a solution operator depending on a real parameter 4 which varies on the compact interval [0, 1]. In
such a way we obtain a family of homotopic fields and we check that no fixed point appears on the boundary of their domain.
Hence, we derive the solvability of our problem by means of a continuation principle based on the Leray-Schauder degree or on
the degree for condensing maps (see Theorems 2.7 and 2.8, respectively). Only very recently this method was introduced in this
context. Here we improve and generalize it (see the end of this section). This approach originates from Hartman [18] and was
first introduced for studying the two-point boundary value problem for second order ordinary differential equations. It was then
developed by Mawhin [19] and Bebernes [20] who introduced, in particular, the notion of bounding function (see also [21]), i.e. a
Lyapunov-like function. Several problems for ordinary differential equations were then solved and we refer to [22] for a survey
on this topic. The same approach was also recently used in [23], for treating second order ordinary differential equations with the
¢—laplacian operator. The method was then generalized in abstract setting for integro-differential equations [24] and more recently
for partial differential equations in [2,3,5]. In this paper we make use of the simplest possible bounding function i.e. %(lell2 — R?)
with x in a suitable function space and so we introduce the duality mapping (see Section 2 and (3.2)) in order to guarantee the
lack of fixed points on the boundary of our solution operator. We need to differentiate our technique in the two cases when the
associate semigroup is not compact, as for the group generated by Eq. (1.1), and when it is, such as in (1.2).

We improve the results in [2,3,5] since we consider more general nonlocal conditions. In addition both in [2,3] only the case
when the semigroup is compact is considered; the function f appearing in (1.3) is globally continuous in [3] and it has some strong
restrictions in [2] (see [2, (A2) and (f4)]) for letting some superlinear growths. The uniqueness of solutions is also investigated
in [2]. An arbitrary semigroup of contraction is assumed in [5]; but their nonlocal condition is linear and a stronger regularity
restriction is assumed (see [5, (A5)]) on f.

2. Notation and preliminary results

We denote by X an infinite dimensional real Banach space with norm || - || and by B the open unit ball of X centered at the
origin, B={x € X : ||x|| < 1}. Moreover, let C([a, b], X) be the space of continuous functions on the real interval [a, b] with values
in X.

If the dual space X* of X is uniformly convex, then the duality mapping J : X — X* defined by

J) = {x" € X" ¢ |Ix"l = lIx]l and (x", x) = [Ix|*} @1

is single-valued and continuous. Moreover, the map @ : X - R, @(x) = %||x||2, is Fréchet differentiable and @'(x) = J(x).

Example 2.1. If X = L?(Q2), QC R", 1 < p < +o0, the map @ : LP(2) - R

2
ow =g =1 ( [ orar)’
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is Fréchet differentiable and @'(u) = J(u), where the duality mapping J : LP(2) — ¥ (Q), i + 1% =1 is defined by
1

lully ™

see e.g. [25, Example 1.4.4].

The normalized upper semi-inner product on X is the function [-,-], : X X X — R defined by

(T, v) = / )P 2u(x)u(x) dx @2.2)
Q

- lx + Ayl =l
Iy = lim —————— ,YEX,
b,y Pt h Xy
moreover, if X* is uniformly convex,
vl ifx=0
X, = . x,y€ X,
b {%”uoc),y) ifxz0 7

(see [25, Lemma 1.4.1, Definition 1.4.2, Lemma 1.4.3]). Consider the following linear, nonhomogeneous Cauchy problem
X'(t) = Ax(t) + h(?)
x(0) = &,

where A : D(4) C X — X generates a strongly continuous semigroup (Cy-semigroup) {S(#)},» of contractions i.e. such that
IS®I < 1 for all t > 0 (see e.g. [16]), & € X and h € L'([0,T], X). Following [25, Definition 1.7.4] we give the following
definitions of generalized solutions of the problem (2.3).

(2.3)

Definition 2.2. A function x € C([0,T], X) is said

+ a mild solution of (2.3) if

t
x(1) = S + / S(t - )h(s)ds,
0

for every t € [0,T];
« an integral solution of (2.3) if x(0) = &, and

t
[1x(@) = &1l < llx(s) = &I +/ [x(z) = &, h(z) + AL, dr, (2.4

for every ¢ € D(A) and 5,1 € [0,T],0<s<t<T.
Theorem 2.3. A function x € C([0,T], X) is a mild solution of (2.3) if and only if it is an integral solution of (2.3) and x(0) = &,.

Proof. It is a consequence of [17, Theorem 3.4.2], [25, Theorem 1.7.3 and Theorem 1.8.2]. []

In our discussion we will use measures of non-compactness (m.n.c. for short) in Banach spaces. We recall that, given a non empty
subset C of the Banach space X, the Hausdorff m.n.c. of C (see e.g. [14, Chap. 2]) is the function y : P(X) — [0, +oo] defined by
k
2(C) = inf {e >0: 3x;,...x;, € X such that C c [ J Bf(xi)} .
i=1

if C is bounded and y(C) = +o if C is unbounded.
The following properties of y easily follow from the definition.

Proposition 2.4. If y : P(X) — [0, +oo] is the Hausdorff m.n.c. defined above then

(i) x(C)=0if and only if C is relatively compact;
(ii) if C; € C, C X then x(Cy) £ x(Cy);
(iii) for every C,,C, C X, x(C; U C,) < max{y(C)), y(Cy)};
(iv) for every C\.Cy C X, 7(Cy +Cy) < 2(C)) + 2(Cy);
(v) if Y is a Banach space and @ : X — Y is a Lipschitz function with constant L, then for every C C X, y(®(C)) < Ly(C);
(vi) for every set C C X, y(C) = y (Uep0.14C)-

The following is a consequence of a more general result [14, Theorem 4.2.2 and Corollary 4.2.4] in the case of a C,-semigroup
of contractions.

Theorem 2.5. Let {S(1)},5, be a Cy-semigroup of contractions and F be the linear operator from L'([0,T],X) to C([0,T], X) defined
by

1
F(H)(®) :/ St -s)f(s)ds, feL'(0,T],X)andte[0,T]. (2.5)
0

3
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Let g€ L'(0,T) and {f,}, c L'([0,T], X) be such that

7 ({F®},) < q@), for a.e. t €[0,T].
Then

t
x ((F(f)0},) < 2/0 q(s)ds, for every t €[0,T].

If the Banach space X is separable, then

t
x ({F(f)0},) S/ q(s)ds, for every t €[0,T1.
0

In the sequel we will consider the following m.n.c. on the subsets of continuous function (see [14, Ex. 2.1.4]). For every bounded
set 2 C C([a,b], X).

— 2
Q) = IRaE (I:E?b];( ({x,(®},) ,mod¢ ({xn}n)> ER] (2.6)

where the maximum is taken with respect to the ordering induced by the cone Ri and modc is the modulus of equicontinuity
defined by

mod (£2) = lim sup max  ||x(¢y) — x(¢,)]|.
¢ 5_’0xE.I()2|’1_’2|<5” ! 2l

The m.n.c. v is regular, that is v(C) = 0 if and only if C is a relatively compact subset of C([a, b], X)
Definition 2.6. Given a Banach space E, a set F C E, a m.n.c. f, the multivalued mapping T : F x [0, 1] — E is called condensing
with respect to f, g-condensing for short, if for every Q C F
p(T(2,[0,1])) > f(2) =  is relatively compact.
Our existence results are based on the following fixed-point theorems.
Theorem 2.7. Assume that Q is a closed and convex subset of C([a, b], X) with non empty interior and T : Q X [0,1] — C([a,b], X) is
such that:

(1) T(q,4) is convex, for every g € Q and A € [0,1];
(2) the graph of T is closed;

(3) T is compact;

4) {(xeQ: xeT(x,4) for some 1 €[0,1)} Nn9Q0 = &;
(B) 7(¢,0)0={x}, x€Q.

Then there exists x € Q such that x € T (x, 1).
Proof. It is a particular case of Theorem 2.23 in [26]. [

Theorem 2.8. Assume that Q is a closed and convex subset of C([a, b], X) with non empty interior and T : Q X [0,1] — C([a,b], X) is
such that:

(1) T(q,A) is compact and convex, for every ¢ € Q and 4 € [0, 1];

(2) 7 is ws.c.;

(3) T is p—condensing, where f is a nonsingular, monotone m.n.c. on C([a, b], X);
4 {xeQ: xe T(x,ol)forsome A€[0,1)}na0 =g;

G T¢.00=(x}, x€0.

Then there exists x € Q such that x € T (x, 1).

Proof. It follows from the definition of a topological degree for f-condensing multifields (see [14, Chap. 3] and in particular
Theorem 3.3.2). [

3. Existence results for strongly continuous semigroups of contractions

In this section we consider the abstract Cauchy problem given by (1.3) with nonlocal initial condition
x(0) € xg + g(x) (3.1)

in a Banach space X with X* uniformly convex.
Throughout this section we assume:
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(4) A : D(A) C X — X is a linear, not necessarily bounded, operator that generates a C,-semigroup of contractions {S(r)},5, on
X;
(f) f:10,T]x X - X is a function satisfying the following assumptions:

(f) the function f(-,x) : [0,T] - X is measurable with respect to the Lebesgue measure on [0, T] for every x € X;

(f,) the function f(zr,-) : X - X is continuous, for almost every ¢t € [0,T];

(f3) for every p > 0 there exists a function 7, € LY0,T) such that || f(,x)| < £, for a.e. 1 € [0,T] and every x € X with
IxIl < p;

(g) g : C([0,T],X) — X is a multivalued function such that

(g1) g(g) is convex, for every g € C([0,T1], X);

(g,) there exists R > 0 such that ||x|| < R and xy + g (C([0,T], RB)) C RB;

(g3) g has a closed graph;

(g4) there exists k, > 0 such that for every bounded subset C C C([0,T1], X), x(g(C)) < k, sup,cpo 1y x{q(®) : g€ C}.

In order to apply topological degree methods, we consider the following transversality condition: there exists £ > 0 such that for
ae tel0,7T]

(J(x), f(t,x)) <0, forevery x, R—e < |[x|| <R, (3.2)

where J : X — X* is defined in (2.1) and R is the radius of the ball in (g,).
Definition 3.1. We say that x € C([0,T], X) is a mild solution of the nonlocal problem (1.3), (3.1) if there exists y € g(x) such that

t
x(t) = St)(xg+7)+ / S —s)f(s,x(s))ds.
0
for every 1 € [0, T1].

In this general setting, we will prove the following existence result.

Theorem 3.2. Let conditions (A), (f), (g) and (3.2) be satisfied. Suppose in addition that
(H1) there exists k, € LY(0,T) such that y(f(t, E)) < k s() x(E) for almost every t € [0,T] and every E C RB, where R appears in (g,);
(H2) Ky +2lk/ll, < 1.

Then the problem (1.3)—(3.1) has a mild solution.

Proof. The set Q = C([0,T], RB) is a closed convex subset of C([0,T], X) with non empty interior. Let us consider the homotopy
T :0x[0,1] = C([0,T], X) defined by

t
T(q, )(®) = SOIxo + Ag(@)] + /1/0 S@t—9f(s.q(s)ds, t€[0,T].

A mild solution of (1.3)-(3.1) is a fixed point of 7(-, 1). If T satisfies assumptions (1)—(5) of Theorem 2.8, then problem (1.3)—(3.1)
has a mild solution.
(1) By (g;), (g3) and (g,), for every g € C([0,T1, X), g(g) is compact and convex. Since S(r) is continuous and linear, also 7 (¢, 4) is
compact and convex for every ¢ € C([0,7], X) and 4 € [0, 1].
(2) If T is quasicompact (i.e. 7 maps compact sets into relatively compact sets) and its graph is closed, then by [14, Theorem 1.1.12],
T is upper semicontinuous.

Consider y, € T(g,,4,), {4,} C Q and A, € [0, 1], such that 4, » 4, y, — y and ¢, — ¢ in C([0,T], X). We have to prove that
7 € T(4, ). By the definition of 7, for every n there exists u, € g(g,) such that

t
Y1) = SO[xg + Agpt,] + /1"/ St —9)f(s,q,(s)ds, t€[0,T]. (3.3)
0
Since y ({q,(®)},) = 0 for every ¢ € [0,T], by (g,) we have
xua}) < x (edad) < kg sup x ({g,0},) =0 3.4
1€[0.T]
hence, up to a subsequence, u, — ji and ji € g(g) by the closure of the graph of g. Now, by (f3),

1S =)/ CLa,(DIl < £x() € L'O0,1) (3.5)

for every 7 € [0, T]; hence, passing to the limit as n - oo in (3.3), we have
t
$(1) = S()xo + i) + Z/ S(t - 5)f(s.G(s))ds, for every t € [0,T], (3.6)
0

5
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proving that j € 7(g, 1), so the graph of T is closed.

To prove that 7 is quasicompact it is enough to prove that given {g,}, C Q and A, € [0, 1], such that 4, — 1 and g, — g in
C([0,T1], X), for every {y,},, v, € T (g,.4,), there exists a subsequence (¥, i converging in C([0,T], X).

As before, we deduce from (3.3) and (3.4) that there exists Hy, = f € 8(@) and Yy, converges pointwise to y defined by (3.6).
Moreover, the sequence {.S(-)(xy + 4,4,)}, is relatively compact in C([0,T7], X).

As in (3.5) we obtain that || f(z,q,()|| < £x(®) for a.e. t € [0,T] and every n € N; hence the sequence { f(-), g,(-)}, is integrably
bounded. Moreover, by (H1),

x{f@ g, <k Ox({g,0},) =0, forae te[0,T]

Therefore { f(-,q4,(-))}, is a semicompact sequence. According to [14, Theorem 5.1.1] and the convergence of {4,}, we obtain that
{An /0 S —29)f(s ,qn(s))ds}n is relatively compact in C([0,T], X). In conclusion 7 is quasicompact.

(3) Let 2 be a subset of Q such that v(7(£2,[0,1])) > v(2), where v is defined in (2.6). We aim to prove (see Definition 2.6) that
Q is relatively compact.
By (2.6) there exists a sequence {x,}, C 7(£2,[0, 1]) such that

v(T(Q,[O,I]))=< sup x ({x,(0},) ,modc({x,,}n)>.
t€[0,T]
Therefore for every {w,}, C 2

sup x ({x,(0},) = sup ¢ ({w,®},)

1€[0,7] 1€[0.T1]

mod¢ ({x,},) > modc ({w,},).

3.7)

By the definition of 7, for every n € N there exist g, € Q, u, € g(g,) and 4, € [0, 1] such that

t
x, ) = SO[xg+ A,u,] + 4, / St —9)f(s,q,(s)ds, tel[0,T].
0
Applying properties of y stated in Proposition 2.4, Theorem 2.5, (H1), (f3) and (g;) we have for every t € [0,T] and s € [0, 1]
1 ({SC=97(s.a,0},) S kp©x ({a,(5)},) < Rk y(s)

and

7 ((x,0},)

sx< U A{S(l)lln}n>+)(< U /1{/ S(t—s)f(s,qn(s))ds} >
2€[0,1] 2€[0,1] 0 n

<x ({S0eg)},) + 1 ({/0 S(I—S)f(s,qn(S))dS} >

t
< kg sup x({qn(t)},,)+2/ ky(s)ds sup y ({a,(},)
te[0,T] 0 1€[0.T1]

= (kg +2llk/lly) sup x ({a,®},)-
1€[0,T]
Finally, by (3.7) and (H2),

sup x ({q,0},) < sup x ({x,},)
1€[0,T] 1€[0.T] (3.8)
< (kg +2lkglli) sup x ({g.0},) < sup x ({4,0},)
t€[0,T] t€[0,T]

that is sup,co 7 1 ({4, },) =0 and sup,c(o 1y ¥ ({x,(1},) =0.
We will show that the functions {x,}, are equicontinuous. As in (3.4) we have that {u,}, and hence {x, + 4,4,}, is relatively
compact. Therefore the maps 1 — S(1)[xy + A,4,], t €[0,T], n € N form a relatively compact set in C([0,7], X). Setting for n € N

1
yn(t)=/ St =9/ (s.q,()ds, 1€[0,T],
0

as in (3.5) we have that f(-, ¢,(-)) are integrably bounded in [0, T'], moreover y{f(t,q,())}, < L)y {qn(t)}n =0 for every t € [0,T7],
hence, by [14, Theorem 5.1.1], {y,}, and {4,y,}, are relatively compact in C([0,T], X). Therefore {x,}, is relatively compact and
by Ascoli-Arzela theorem the functions x, are equicontinuous, so we have modc ({x,},) = 0.

By (3.7) for every {w,}, C 2

sup gz ({w,(0},) =0
t€[0,T]

mod- ({w,},) =0
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that is v(£2) = 0, proving that £ is relatively compact in C([0,T], X).
(4) Let gy € Q and 4, € [0, 1) be such that g5 € T (g, 4y), that is there exists u, € g(q,) such that

qo(t) = S(D[xg + Aopgl + 49 /o[ St —5)f(s,q0(s)ds, t€[0,T]. B9
Notice that, by (g,) and 4, < 1,

llgo ) = lIxg + Agpoll < Agllxg + soll + (1 = Ap)llxoll < AgR+ (1 = 49)R = R. (3.10)

We have to prove that ||gy(7)|| < R for every t € [0, T].

If 4y = 0, llgo®ll = [S®xoll < lIxoll < R, for every 1 € [0,T1.

If 0 < Ay < 1, suppose by contradiction that max,c 1} [lgo()]l = R. Let define #, = min{r € [0,T] : |lgo(®)|l = R}. By (3.10), #5 > 0,
moreover [|gy(fy)ll = R and ||l¢o(®)|| < R for every ¢ € [0,1,). By continuity there exists § > 0 such that R — ¢ < [|gy(?)|| < R for every
t € [ty — 6,1y), where ¢ is the positive constant defined in (3.2).

By (3.9), ¢q, is a mild solution of the linear Cauchy problem (2.3), with & = xy + Adguy and A(-) = f(-,¢y(-)). Therefore, by
Theorem 2.3, g, satisfies (2.4). In particular for £ =0, r =1, and s = 7, — § we obtain

To
0 < R = llag(to = Ol = lao(io)lI~llao(tg — O)II < / [d0(). f(z.qp(0))], dr

t0—8
T() 1

< —{J s s dr <0

< /0 T S ane) de

and we get a contradiction. Therefore we have proved that 7 has no fixed points on 0Q. Notice that the last inequality is due to
condition (3.2).

(5) For every g € O, t € [0,T], since S(r) is a contraction and ||xy|| < R (see (g;)), T(g,0)(#) = {S(®)x(} C (02 O

When X is separable, the previous result hold true with a condition weaker than (H2).

Corollary 3.3. Let conditions (A), (f), (g), (3.2) and (H1) hold. Suppose in addition that X is separable and
kg + kel < 1. (3.11)

Then the problem (1.3)—(3.1) has a mild solution.

Proof. In view of Theorem 2.5, if X is separable inequalities (3.8) become

sup x ({2.0},) < sup x ({x,(},)
te[0,T] t€[0,T]
< (kg +1llkell) sup x ({4,0},) < sup x ({g.0},)-
t€[0,7T] t€[0,T]

So the proof is the same as that of the previous theorem. []

Remark 3.4. Notice that, if the multimap g is compact, then k, = 0. In this case, to prove the condensivity of 7 (step (3) in the
proof of Theorem 3.2), it is possible to use the same techniques as in [14, Theorem 5.1.3] concluding that in Theorem 3.2 and in
Corollary 3.3 the result holds true without assuming (H2) and (3.11) respectively.

Remark 3.5. Assumption (H1) is satisfied, for instance, il f is Lipschitz continuous in its second variable on bounded sets:

(fz’) for every p > 0 there exists L, € LY0,T) such that || f(t,x) — f(t, )] < L,®|lx - yl|l for a.e. t € [0,7] and for every x,y € pB.

In this case k; = Ly with R introduced in (g,).

Nevertheless, there are functions satisfying (H1), but not ( fz’). For example if f = f| + f,, where only f, satisfies ( fz’), but f, is
compact. In this latter case the growth of || f(z, x)|| need not be sublinear with respect to ||x||. Consider, for example, X = L?(a,b),
1 <p<+o0,and f : X - X defined by

y 2
f(n)(y)=</ n(S)dS) , YE€Ela,bl

The map f is compact in L?(a,b). In fact, if {#,}, is bounded in L”(a,b), the corresponding sequence { f(1,)}, is in C([a,b]) and it
satisfies Ascoli Arzela theorem. Therefore {f(#,)}, is relatively compact in C([a, b]) and also in L?(a,b).

Consequently (H1) holds with &, = 0, and along some directions (for instance along constant functions) f has a quadratic growth
at infinity. Hence we showed that (H1) does not imply that the growth at infinity of || f(¢, x)|| is dominated by a linear function of

lIxI-

A further family of functions satisfying (H1) but not (f}) can be found in the following example

7
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Example 3.6. Let s : [0,T]xX — X be a Carathéodory function satisfying (H1) (with L'-function ky), ¥ : R - R be a continuous
and bounded function and x* be a given element in the dual X* of X. Consider the map f : [0,7T] X X — X defined by

f@,x)=P(x", x)h(t,x)

This is obviously a Carathéodory function but, in general, it is not locally Lipschitz continuous in its second variable. Moreover, for
a.e. t € [0,T] and for every set E C RB,

S, E) CUjero AW ht, E) U0 114 (=9)A(, E),

where = supy |'¥|. Therefore, by (iii) and (vi) in Proposition 2.4 we have that
x(f(t,E) <y x(h(t, E)) <y k(1) x(E)

and hence f satisfies (H1).

When f is Lipschitz continuous in its second variable, less restrictive conditions are required for studying (1.3)—(3.1) (see also
Remark 3.8).

Theorem 3.7. Let conditions (A), (f}), ( f2’), (g1), (g2), (g3) and (3.2) hold. Suppose in addition that

(H3) f(-,0)€ L'(0,T);
(H4) there exists k, >0 such that for every bounded subset C c C([0,T], X), y(g(C)) < ko x(C);
(H5) k, + |[Lgll; < 1, where R appears in (g,).

Then the problem (1.3)—(3.1) has a mild solution.
Remark 3.8. It is easy to prove ([14, Ex. 2.1.3]) that assumption (g,) is stronger than (H4).

Proof of Theorem 3.7. Assumption (f;) implies (f,). Moreover, by (f;) and (H3) we have

If @O < IfEx) = FE Ol +11£E. 0l < L,Olx] + 11/, 0l

for every x € pB and almost every ¢ € [0, T], therefore assumption (f3) holds for £,()=L,Op+fC,0l.

In Theorem 3.2, assumptions (g,), (H1) and (H2) are involved in the proof of points (1) and (3).

Notice that (g3) and (H4) imply that g(q) is compact for every ¢ € C([0,T1], X), so also step (1) in the proof of Theorem 3.2 can
be proved in the same way.

Therefore we have only to prove (3), that is the condensivity of the solution operator 7 in the present hypotheses.

Let ©Q be a subset of O such that y (7(£2,[0,1])) > y(£). By Proposition 2.4(iv) we deduce

x (T (2.10,1D) < x(SCO)g@) + x <{/0 SC=5)f(s.y(s)ds: ye Q}) .
By (H4) and (v) of Proposition 2.4

2(S()g(82)) < kg x(£2). (3.12)
As to the second summand we claim that

({ [ se-9r6pmas: yeal) itz (3.13)

In fact, let {q,,...,q,,} be a e-net for Q. Let us consider the functions y, in C([0,T1], X) defined by
t
Vi) =/ St —5)f(s,q(9)ds, te[0,T], k=1,...,m.
0

By (f;) we easily deduce that {y;,....y,) is a (I[Lgll;&)-net for the set

{/OAS(-—S)f(s,y(S))ds : ye.o},

proving the claim.
Summing (3.12) and (3.13) we obtain

2(2) £ x(T(2,10,1]) < (kg + I Lgll ) x(£2).

By (H5) this is possible only if y(2) = 0, therefore we conclude that £ is relatively compact and 7 is y-condensing. []
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4. Existence results for compact semigroups

As in the previous section, let X be a Banach space with X* uniformly convex. We remark that X*, and hence X is a reflexive
space. In this section we will discuss the nonlocal Cauchy problem (1.3)-(3.1) with the additional assumption that A generates a
compact semigroup.

Throughout this section we will consider (A), (f) and the following assumptions on g:

(g") g:C(0,T],X) - X is a multivalued function satisfying the conditions (g,), (g,) and

(g;) for every {x,}, € C([0,T], RB) such that x, — x € C([0,T], RB) pointwise in (0, 7] and for every u, € g(x,), there exists
a subsequence (b, Yo M, = 1 € 8(x); the value R appears in (g,).

As in [3, Theorem 3.1] we will consider the family of homotopies 7,, : 0 x[0, 1] - C([0,T1], X), for every integer m greater than
1/T, defined by
S(#)[x0+/1g(q)] ifre [0,

T, H0) =
DO =9 S0)ixo + g @1+ A [L St = 9)1(s. a(s)ds ifre (1.7

where Q = C([0,T], RB). Then we will obtain the solution to (1.3)-(3.1) by passing to the limit in a sequence {x,,},, of fixed points
of 7,,(-, 1).
The following proposition is a fixed point result for 7,,(-, 1).

Proposition 4.1. Let conditions (A), (f), (g') and (3.2) hold. Suppose in addition that A generates a compact semigroup. Then there
exists x,, € T,,(x,,, .

Proof. We aim to prove that all the homotopies 7, satisfy conditions (1)-(5) of Theorem 2.7.
Fix m € N. The proof of condition (5) is as in Theorem 3.2.

(1) By (g)), for every g € C([0,T1], X), g(q) is convex. Since S(¢) is linear, 7,,(¢, 4) is convex for every g € C([0,T], X) and 4 € [0, 1].

(2) We have to prove that the graph of 7,, is closed. Consider, for n € N, y, € 7,,(¢,, 4,), 9, € O and 4, € [0, 1], such that y, - j

and ¢, — g in C([0,T], X) and 4, — A. We have to show that j € 7,,(7, 1).
Since y, € T,,(q, . 4,), there exists y, € g(g,) such that

S(i)[x0+iny,,] ifte[o,ﬂ

4.1
SOlxg + A,u,]1+ 4, fi St —15)f(s,q,(s))ds ifre ( T] . @1

Yu(l) = 1
Since u, € g(q,) and g, — g in C([0,T], X), by (gg) there exists a subsequence Hp, = 1 € 8(D). Therefore
SOxg + Ay, Hy ] = SOxg + 2] for every t € (0,71,
in particular
S (o) o+ At 1 = 5 (= ) bxo + 7
As to the integral term, by (f,) and the continuity of S(r — s)
"liﬂolo St —9)f(s,4,()) =S = 9)f(s,q(s) for a.e. s € [1/m,1],
for every t € [1/m,T]. Moreover, by (f3),
1St = 9)f (5. (DI < £r(5) fora.e. s € [1/m,1].
Therefore, by the dominated convergence theorem,

t t
'}ggo/l St =9)f(s,q,())ds =/1 St =9/ (s,q(s)ds

m

for every 1 € [1/m,T]. Summing up the previous results we have

S(i)[xo+ﬁﬂ] ifte[O,%]
S®[x + 1] + Zfi S —s)f(s,q(s))ds ifre ( T]

1
=

Y (1) = 2(t) =

for every r € [0, T]. Since y, — 7 in C([0,T], X), we have j(t) = z(¢) for every t € [0,T1], that is € T,,(1, §).
(3) We shall prove that 7,,(Q x [0, 1]) is relatively compact in C([0,T1], X). Let {y,}, be a sequence in 7,,(Q x [0, 1]), that is there
exist {g,}, € O, {4,}, € [0,1] and {u,},, 4, € g(g,) such that (4.1) holds. S (i) is compact and, by (g,), xo + 4,4, C RB. Therefore

{S (i) [xg + A, 1,1 }n is relatively compact in X.
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By the same argument, for every 1 € (ﬁ ,T], {S ) [xg + 4, /4"]}" is relatively compact.

For a fixed t € ( T], let w, € Ll([ﬁ,tJ , X) be defined by

1
w,(s) = 4,85 —5)f(s,q,(s)) for a.e. s [1/m,1].

By (f5) the sequence {w, }, is uniformly integrable. Since X is reflexive, {w, }, is relatively weakly compact in L! ([% ,t] , X) (see [27,

p. 101]); therefore there exists a subsequence, still denoted by {w,},, such that { ./'lt/m w,(s)d s} converges in X.
Summing up the previous results, we have that {y,(r)}, is relatively compact in X. "
In order to apply Ascoli-Arzela theorem, it remain to prove that {y,}, is equicontinuous.
In [0, 1/m] the maps y, are constant.
For every t,,1, € [1/m,T], t; < t,, by (g,) we have

1S 2)x0 + Aypty] = SUDIx0 + Apsty]ll < RIS ) = Sl

The semigroup {S(#)},», is compact, hence S(-) is uniformly continuous in [1/m,T] (see [16, Theorem 3.2]) and then {S(-)[x, +
Antnl}, is equicontinuous in [1/m,T].
Let us define the sequence {z,}, in C((1/m,T], X),

1
z,(t) = /1 w,(s)ds for every r € [1/m,T].

Consider t,,t, € [1/m,T], t; <t,. Since 4, € [0, 1]

”zn(tl) - Zn(t2)” <

1
/l [S(ty = 5) = St = 9)1f(s.9,(s))ds

15)
+ / S(ty —8)f(s,q,(s))ds

I

' '
S/I ] |S@s =)= St —9)| fR(s)ds+/2fR(s)ds.

I

For a fixed € > 0, let 6 > 0 be such that, for every measurable set E C [0,T]
|E| <6 = /fR(s)ds <£
E 4

Moreover, by the uniform continuity of S(-) in [¢,T], there exists 6, 0 < § < o, such that for every 7,7, € [¢,T]

3
m-nl<s s ISE) - SE < i
Notice that, if 7,1, € [1/m+0¢,T],0<t, —t; <6, s € [1/m,t; — o], setting 7, =, —s and 7, = 1, — s we have 7,7, € [6,T] and
0<1—1 <6.
We will show that for any #,,1, € [1/m,T]

0<ty—t; <6 > [|z,(t)) — z,(t)|l <€, for every n.

Indeed, consider 7,1, € [1/m,T], 0 <t, —t; <§.
If 1, € [1/m,1/m+ o], we have ¢, — 1/m < ¢ and

I 5]
[z, (t)) = z, @)l S/] ISy —5)— S, —9)| fR(s)ds+/ Cr(s)ds

1

5] ty
< 2/1 £r(s)ds +/ £r(s)ds < 2% + i <e.

51

On the other hand, if 1, € (1/m + ¢,T] we have
t—-o

'
||S(t2—s)—S(tl—s)||sz(s)ds+2/I Cr(s)ds

t1—o

lz,(t1) — zn(e)]] < /

1
m

/ f ’ € “ P £ €
+ (s)ds<—/ (s)ds+2-+ - <e.
g R Acglly Jr o8 474
Therefore {z,}, and {y,}, are equicontinuous.
Finally, by Ascoli-Arzela theorem {y,}, is relatively compact in C([0,T1], X).
(4) Let gy € Q and 4, € [0, 1) be such that gy € 7,,(4y, 49). We have to prove that ||gy(?)|| < R for every ¢t € [0,T]. For ¢t € [0,1/m],
there exists y, € g(qy) such that gy(t) = .S ( 3 [xg + AgHp]. Since § (i) is a contraction, by (g,) we can conclude, as in (3.10), that
llgoll < R, for every t € [0,1/m].
For 1 € (1/m,T], the same reasoning as in step (4) of the proof of Theorem 3.2 leads to ||¢y(?)|| < R, for every r € (1/m,T].
We have proved that 7,, satisfies all the assumptions of Theorem 2.7, therefore the proof is complete. []

1
m

10
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Now we can prove our existence result for compact semigroups.

Theorem 4.2. Let conditions (A), (f), (g') and (3.2) hold. Suppose in addition that A generates a compact semigroup. Then the problem
(1.3)—(3.1) has a mild solution.

Proof. By the previous proposition, there exists a sequence {x,,},, in C([0,T], RB) such that for every m

5 (£) txo+ ] ifte[o,ﬁ]

4.2
SWOIxg + ] + [1 SU= ) (s, xn(s)ds  ifte€ (ﬁ ,T] , “.2)

Xp(1) =

with u,, € g(x,,); the value R was introduced in (g5).

We want to prove that a subsequence of {x,,},, converges pointwise to a mild solution of (1.3)-(3.1). By the same reasonings as in
step (3) of the proof of Proposition 4.1 we have that {x,,},, is relatively compact in C([a,T], X), for every a > 0. Therefore, for every
integer i sufficiently large, we recursively define a subsequence {x! }, of {x,,},, such that {x! }, is a subsequence of {x/~!}, converging
uniformly in [1/i,T]. By a standard digonalization method we obtain a subsequence {x,, }, of {x,},, pointwise converging to
x e C((0,T], X).

The space X is reflexive and, by (g,), #,, € —x, + RB, therefore there is a subsequence I Since S(¢) is compact, for every
>0, SO, — SO

By (4.2), for every fixed ¢t € (0,T]

t
X, () =SOx0 + p, 1 + /1 St = 5)f(s,xp, (s)ds
Mk
for sufficiently large k.
Therefore by (f,), (f3) and the dominated convergence theorem

'
X)) = S®lxq + il + / St —35)f(s,x(s))ds (4.3)
0

for every ¢+ € (0,T]. Since, by (4.3), x € C([0,T], X) and, by (g;), ji € g(x), we conclude that x is a mild solution of (1.3)-(3.1),
proving the theorem. []

5. Nonlocal transport equations
In this section we consider a semilinear, nonlocal transport equation of the form
u(t,y) +a- Vu(t,y) = @ (fpu lu@t,EPAE) £ (1, ult, y))
m

w0, y) = u(y) + Y. fult; , y)

i=1

(5.1)

yeR", te€[0,T], whereaeR", t,...,1, €[0,T], By, ..., 5, € Rand uyy € LP(R"), ] < p < o0.

Equation in (5.1) is a nonlinear version of the known transport equation (see e.g. [17,28]) which is still intensely studied because
of its several applications such as the transport of particles, the study of traffic flows etc. In some cases, as in the equation in (5.1),
the nonlinear term contains a nonlocal part (see e.g. [29,30]).

Consider the following assumptions on maps @ : R > Rand 7 : [0,T] xR - R:

(®) @ is continuous and @(R) C [0, 1];

(¢,) the map #(-,n) : [0,T] — R is Lebesgue measurable for every n € R;

(¢,) there exists L € L'(0,T) such that |£(t,n,) — £(t,n,)| < L(t)|n, — n,| for a.e. t € [0,T] and for every #,,7, € R;
(¢3) né(t,n) <0, for a.e. t € [0,T] and for every n € R.

Using Corollary 3.3 we will prove the following existence result for (5.1).
Theorem 5.1. Suppose that @ and h satisfy the assumptions (®), (¢,)-(¢5). Therefore, if

D BI+ILI, <1 (5.2)

i=1
the problem (5.1) admits a solution u € C([0,T], L?(R")), 1 < p < co.

Proof. In order to apply Corollary 3.3 we will define the abstract formulation of (5.1) as a nonlocal Cauchy problem (1.3)-(3.1).
The separable Banach space X is LP?(R"), 1 < p < oo.
The operator A : D(A) — LP(R"), with D(A) = WLP(R"), is the linear operator Az = —a - Vz; A is the generator of the C, group
of contractions

SOx(y) = x(y - ta) (5.3)

11
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for x € LP(R"), y € R" and ¢ € R ([17, Example 4.4.1 and Theorem 4.4.1]); therefore, (A) is proved, moreover this group is not
compact.
The function f : [0,T] x LP(R") - LP(R") is

ft.x)y) =@ (/R IX(§)|”d§> 2(t.x()

and f is well defined. In fact, by (¢,), the map y — f(z, x)(») is measurable in 2 for all € [0,T] and x € L?(2); moreover, by
(®), (¢,) and (¢3) we have that £(z,0) = 0 for a.e. t € [0,T] and

/ If(t,x)(y)lpdyS/ €@, x(y) P dy < L(t)"/ [x(»I” dy
RH ]R?l RH

for every 1 € [0,T] and x € LP(R").
Concerning the nonlocal condition, x; = u,(-) and g : C([0,T], LP(R")) - LP(R") is the single-valued function defined by

2w = Y fut)(y),  yeER"

i=1

It remains to prove that (f), (g), (3.2), (H1) and (3.11) are satisfied.
Assumption (f,). Since LP(R"), 1 < p < oo is separable, by Petty’s Measurability Theorem it is enough to show that, for every
x € LP(R") and z € L (R"), i + ,% =1, the map 7 — (f(#,x), z) is measurable in [0, T]. We have

(ft.x),z) = (/}R IX(f)I”d§> /R £(t,x(y) z(y) dy.

By (¢,) and (¢,) the map (¢, y) — £ (t, x(»)) is measurable. Hence, also the map y : [0,T]xR"” — R defined by y (¢, y) = 2(t, x(y))z(y)
is measurable. Moreover, by (¢,) and (¢3)

ly@, »l =120, xMzW| < LOIxWIzp)], t€I[0,T], y € R
therefore y is integrable in [0, 7] x R". Hence, by Fubini’s Theorem, the map
te '/Rn £(t,x(&)z(§)dé
is measurable in [0, T], proving the measurability of 1 — (f(t,x), z).
Assumption (f,). Let {x,}, C LP(R") be a sequence converging to x in LP-norm. Therefore, for a.e. r € [0,T],
17.x)0) = 1@ RO <@ (I l1,7) £ (1.x,09) = ¢ 0. x20))|
+ |@ (Ix,11,7) = @ (I1%1,7)] 1€ @ %)
and, by (®) and (¢,), we obtain that
1/t .x,) = £ D, < LOlx, ==, + |@ (1x,11,7) = @ (191,7)] 1 ¢ 5O 1,
Since @ is continuous, || f(t,x,) — f(,%)]l, > 0as n — co.

Assumption (f3). By (@), (¢,) and (¢;) we have that, for a.e. r € [0,T] and for every x € L?(R"),

I/ xll, < @ < /R |x(¢>|"d5> 1 ¢, x(DIl, < LOlIxl,.
Therefore (f3) holds with # ,=pL.
Assumption (g,). It is obviously satisfied, since g is singlevalued.

Assumption (g,). If u € C([0,T], LP(R")), |lull < R, we have
m
llug + gl < llugll, + R Y 18,1
i=1

By (5.2), X[, |4 < 1, therefore, there exists R such that, for every R > R, |lug + g, < R.

Assumption (g;). The map g is Lipschitz continuous, in fact,
llg(uy) — gupll, <

m

1Billlun (1) — uy (eI, < Z 1Billluy — wy |l
i=1

i=1

for every u;,u, € C([0,T], LP(R")). In particular, the graph of g is closed.
Assumption (g,). Let C be a bounded subset of C([0,T], LP(R")). For every ¢ € [0,T], we set C(t) = {u(t) : u € C}. By the definition
of g, g(C) C Z;”:l B:C(t,), therefore from (iv) and (v) of Proposition 2.4 it follows that
2@C) <Y x(BCE) < B I2(C) < Y 15| sup (C@)
; ; im1 1€[0,

i=1 i=1

12
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We conclude that (g,) holds with k, = ¥ | |4
Assumption (3.2). By (2.2) and (¢3), for every x € LP(R") we have

(S, f1x) = —— ( / |x<5>|pd5) / IX@I" X&) (1, x(&) dé <0,
Il e e

so (3.2) holds for every R > 0.

Assumption (H1). Consider a bounded subset E of L?”(R"). As in Example 3.6 we can prove that y(f(¢,E)) < L(t)y(E) for a.e.
t € [0, T]. Therefore assumption (H1) holds with k r=L.

Since (3.11) is equivalent to (5.2), all the assumptions of Corollary 3.3 are satisfied and we conclude that problem (5.1) admits
a mild solution. [

6. Nonlocal parabolic equations

We will show how our results apply to the Dirichlet problem

u,(t,y) = Au(t,y) — bu(t,y) + f[on(y,Hu, &) dé+ A, ut,y) in Q 6.1)
u(t,y)=0 in 00 ’
where ¢ € [0,T], 2 c R" is open, bounded, with C?> boundary, b >0, 7 € L*(2x Q) and h : [0,T] x 2 - R.
We will consider an initial condition of the form
T
u(0,y) € K(|Ju¢t*, -)||1)/ u(t,y)dv(t) forae. ye€ Q, (6.2)
0

where r* € (0,T] is fixed, K : [0,+00) — R is a u.s.c. multimap and v is a signed Borel measure in [0, 7] with total variation |v| < 1.
Remark 6.1. Notice that if K = {1} and v is the normalized Lebesgue measure we obtain the mean value condition
LT
u(0,y) = T/ u(t,y)dt for a.e. y € Q.
0

If K = {1} and v is a linear combination of Dirac masses, v = Z,'.Ll ;0,5 lv] = lel |¢;| <1, we obtain the multipoint condition

n
u0,y) = Z a;u(t; ,y) for a.e. y € Q.

i=1

In order to rewrite problem (6.1)-(6.2) as an abstract Cauchy problem, we identify u with function 7 ~ u(z,-). In the following
we denote by A the Laplace operator with domain D(A) = Wol"” @) N W?P(Q) for 1 < p < +oo. It is known that A is the generator
of a compact Cy-semigroup of contractions {.S(t)},»o (see e.g. [17, Theorem 4.1.3]) which does not depend on p (see [17, Lemma
7.2.1]).

In order to apply the results in Section 4, we take X = LP(Q), 1 < p < +oo. Nevertheless, since ©Q is a bounded set, we will be
able to find solutions of problem (6.1) in C([0,T], L'(2)).

We look for a mild solution u € C([0,T], L?(£2)) of the problem (1.3)-(3.1), where

f@t,x)y) = —bx(y) +/ n(y,Ex(E)dE + h(t,x(y)) forae. yeQandre[0,T]
Q

and

T
gu) = K(Ilu(t*)lll)/ u(t) dv(r)
0

for every u € C([0,T], L?(2)) (the last integral is a Bochner integral).

Remark 6.2. We remark that the multifunction g : C([0,T], LP(2)) — LP(L) is well-defined, since 2 is bounded. Moreover,
in general g does not admit a continuous selection, so our initial condition is really multivalued. To show this let the multimap
K : [0,+00) — R be defined by

{0} if0<s<F

K(s)=1[0,1] ifs=F

{1} if F<s
for a fixed 7 > 0 and let the measure v be the normalized Lebesgue measure. It is easy to see that for every selection ¢ of g, if
i€ C(0,T], LP(£)) is such that ||la(t*)||, = F and /OT i(t) dt # 0, then ¢ is discontinuous in . In fact

( l)_ _
lx—-)u—u as n — oo,
n

13
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in C([0,T], LP(£2)) but, a((l - i)a) =0 for every n € N and

a(<l+%)ﬁ)=%/T(l+%>ﬁ(t)dt—>%/Tﬁ(t)dt;éo as n — oo.
0 0

Theorem 6.3. Consider the problem (6.1)—(6.2). Suppose that the multimap K and the maps h and 7 satisfy the following assumptions

(K;) K(s) is closed and convex, for every s € [0, +o0);

(Ky) K(s) C[-1,1], for every s € [0, +o0)

(K3) K :[0,4+c0) =R is ws.c.;

(hy) the function h(-,n) : [0,T] — R is measurable with respect to the Lebesgue measure on [0,T] for every n € R;

(hy) the function h(t,-) : R — R is continuous for almost every t € [0,T];

(hs) there exist two constants L > 0 and ¢ > 0 such that |h(t,{)| < L|¢| + ¢ for almost every t € [0,T] and for every { € R;
(n) n€L®RXxNQ),0<n(-,)<lae in 2xQ.

Then, if
b>L+|Q| (6.3)

the problem (6.1)—(6.2) admits a solution u € C([0,T], L' (£2)).
Proof. We will prove that, in this framework, problem (1.3)—(3.1) satisfies all the assumptions of Theorem 4.2 for all 1 < p < co.
We have already remarked that A is the generator of a compact C, semigroup of contractions on L?(£).

For every x € LP(Q) and for a.e. t € [0,T], f(t,x) € LP(R). In fact, by (h,) and (5,), the map y — f(z, x)(») is measurable in Q
for all 1 € [0,T] and x € L?(£2). Moreover, by (h3),

£, 01(3) < b+ DIx0 +c+ lIxll; € L7(2). 6.9
Assumption (f,). Reasoning as in the same step in Section 5, we can prove that the map

1 (f(t,x),2) =/ [—bX(y) +/ n(y,&)x(&) d§+h(I,X(y))] z(y)dy
e e

L

is measurable in [0, T] for every x € LP(2) and z € L' (Q), i + 5= 1; hence (f)) is satisfied.

Assumption (f,). We have to prove that, given a sequence {x,}, C LP(£) convergent to X, f(t,x,) — f(t,X) as n - oo, for a.e.
t € [0,T]. By the definition of f and Holder inequality

7%= 0.9, < bl =51, +|

/ (-, E)(x, (&) — x(€) d&
Q

P
+ 1A, x,()) = At , XN, < b+ [Q2DIIx, — Xl + 1A, x,(-)) = AE, X)),

Obviously ||x,—X|l, — 0. As to the second summand in the r.h.s. every subsequence of {x,}, admits a subsequence {x,, } converging
a.e. to x in £ and the convergence is dominated by A € L?(2) ([31, Theorem 4.9]). Since, for a.e. r € [0,T], h(t,-) is continuous,
h(t,x,,k) — h(t,X) a.e. in Q. Moreover, by (h3)

It x,, ()] < 277! (L”lx,,k 0P+ c”) <N (LPAGY +¢P)  forae. yeE Q.
Therefore h(t,x,, ) = h(t,X) in L?(Q) By the arbitrariness of the subsequence of {x,},, h(t,x,) = A(t,x) in LP(R2) for a.e. r € [0,T].
Assumption (f3). By (6.4)
£ 0N, < B+ Dllxll, + (e + xR < b+ L+ |2DlIx]l, + c|2]'/?
therefore (f3) is true for £,() = (b+ L+ |2])p + ¢c||'/? for every t € [0,T].
Assumption (g,). Since K is convex valued, also g(u) is convex, for every u € C([0,T], LP(£2)).

Assumption (g,). In this case x, = 0. Given R > 0, let us consider u € C([0,T1], L?(£2)) with |[u(®)]|, < R for every r € [0, T]. By (K,),
for every A € K(|lu(t*)||;) we have that

T
i / u(t) dv(t)
0

and (g,) is proved.

T
< [ o, avo < R
0

p

Assumption (gg). For every R > 0, consider a sequence {u,}, C C([0,T], L?(€2)) and & € C([0,T], L?(£2)) such that maxy, <y [lu,®)|, <
R for every n € N and

Jim [l () = )], = 0

14
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for every 1 € (0,T1]. We have to prove that, for every sequence {x,},, x, € g(u,) for every n € N, there exists a subsequence {x,, };
such that Xy, — X € g(#)) as k > co. By the definition of g, for every n € N there exists 4, € K(||u,(t*)||;) such that

T
X, = A,,/ u, (1) dv(t).
0

Since 2 C R" is bounded, u,(t") — (*) in LP(2), 1 < p < oo; in particular [|u, ()|, = [17(*)|l,, 1 < p < 00 as n — oo, s0, by (K3),
there exists a convergent subsequence {4, N such that Ay = 1 € K(|la(t*)|l,)- Setting

T
X = Z/ i(t) dv(t) € g(in)
0
we have

T
< [ W, 0= T vt
0

4

T
< /0 Vi ety 1) = GO, + |2y, = ANEOI], (D)

T
I, = %1, = H /0 ot () = Ta(t) d ()

T
< /0 ity (5= A, + RI2,, — A dv(0)

and [l @) = a@®l,, + R| 4, — J| < 4R for every t € [0, T]. Therefore (gg) follows by Dominated Convergence Theorem.
Finally, it remain to prove the transversality condition (3.2). The duality mapping in L?() is defined in (2.2), therefore, by (#3),
for every x € LP(R2)

(). f(1x) = —— / X" 2x() £ (1, X)) dy
Ixll,"2 Jo

1 _
= -blxl,> + — [ 1xMIP2x()
lIxll,”~2 Je

/Q n(y,&)x(E) dé + h(I,X(y))] dy

[Bl] : ! :
T ROy = [ LG + el dy.
X p Q X p Q

Now, by Holder inequality,

2
< —blixll,> +

/ X dy < QP and  (x]l; < 1R"72x]l,,
Q
therefore

1
(), £6,0) < (=b+ L+ 12D(x]|,)? + |17 [x],.
C|Q|ll’
12|’

By (6.3), (b— L — |2|) > 0, therefore, choosing R > for every x € L?(Q), Ix|l, = R,

(J(x), ft,x)) < (=b+ L+ |QR* + |2 ; R<0.

By continuity, there exists e > 0 such that, for every x, R —e < [|x]|, < R, (J(x), f(t,x)) < 0. Therefore condition (3.2) is satisfied.

We have proved that for every p > 1 all the assumptions of Corollary 3.3 are satisfied, therefore the abstract problem admits a
mild solution u € C([0,T], L’(£2)), where L?(2) Cc L'(£2). Since the semigroup generated by A does not depend on p, we conclude
that u is a solution also in L'(£2), proving the theorem. []

Our techniques also applies to more general parabolic equations, where the Laplace operator is replaced by a strongly elliptic
differential operator in divergence form (see e.g. [3]).
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