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ABSTRACT. In this paper, we propose a new non-isothermal Allen-Cahn (Ginz-
burg-Landau) model for tumor growth. After deriving it using a microforces
approach, we study its well-posedness. In particular, we are able to prove the
existence and uniqueness of a local and global-in-time solution to our PDE
system.

1. Introduction. An increasing number of mathematical models have been pro-
posed to support the medical community in better understanding and treating can-
cers (see [3] and the review papers [9, 28, 35]). Indeed, mathematical models might
provide further insights in tumor growth, focusing on the reality-matching mathe-
matical assumptions on parameters and analysis of the long-time behavior. Among
these, phase-field models have been investigated intensively. In this framework,
the evolution of the tumor is regulated by an order parameter and driven by sev-
eral biological mechanisms such as proliferation via nutrient consumption, apoptosis
[15, 25], chemotaxis and active transport of specific chemical species [12]. Given the
medical nature of the problem, models taking into account the effects of therapies
have also been studied e.g. for brain tumors [6] and prostate cancer [4, 5].

In spite of the abundance of mathematical models in tumor growth, still an aspect
has so far been neglected, namely, thermal effects on cancers. Nonetheless, it is
experimentally verified that both high and low temperatures can lead to partial or
complete destruction of tumor cells. In some cases, hyperthermia or hypothermia
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are an adjuvant to other therapies and, in others, they are a last resort for untreat-
able deseases (see the reviews [22] for the former and [18, 21, 29] for the latter). It
should be noted that they are quite difficult to administer without damaging the
surrounding healthy tissues and the overall mechanism behind their efficiency is not
well understood.

In this paper, we present and study the well-posedness of a non-isothermal Allen-
Cahn model for tumor growth coupled with nutrient dynamics. Here, we suppose
the evolution of the tumor to be governed by proliferation via nutrient consump-
tion, apoptosis and thermal effects. Although we do not include thermal control,
the temperature contribution to the tumor equation is a first attempt to render
the fact that low temperatures slow down tumor growth. We also underline that
the tumor cells are assumed to die only by apoptosis, so that we do not consider
e.g. necrosis [11, 31]. Our thermodynamically consistent model allows to include
temperature effects on tumor growth, achieving at the same time the global exis-
tence and uniqueness of not too weak solutions. Indeed, up to our knowledge, the
only other non-isothermal phase-field model for tumor growth in the literature is a
Cahn-Hilliard model recently studied in [15] (see also [7, 8] for similar non isothermal
phase-field equations for fluids mixtures). In this previous paper, only the existence
of weak entropy solutions was proven, due to the chemical potential term in the
right-hand side of the temperature equation and therefore to the impossibility of
gaining enough regularity to pass to the limit. As a consequence, also the unique-
ness of the solution could not be achieved. Besides, the Cahn-Hilliard framework
excludes any maximum principles for the order parameter. Here, switching to an
Allen-Cahn system, we are able to overcome analogous difficulties by exploiting a
completely different approach, based on the decoupling of the system, as proposed
in [27, 10]. This strategy will be made clear in Section 3.

We note that for Allen-Cahn models for tumor growth, the literature is not as ex-
tensive as for Cahn-Hilliard ones. In fact, we refer to the works [4, 32, 33, 34] for
models and well-posedness and to [1, 5] for optimal control studies.

Our PDE system consists of three evolution equations, governing the phase-field (or
order parameter), the absolute temperature and the nutrient concentration, respec-
tively. Namely, given a bounded regular domain  C R3, we consider the following
initial and boundary value problem:

Bor = Ap+ F'(p) =0 = (Po — A)h(p), in Qx(0,T),
eyl — div [k(0)VO] — B(pi)> + 0 =0, in Qx(0,T),
or — Ao = —Coh(p) + B(op — o), in Qx(0,T),

On@ = 0nt = 0poc =0, on 00 x(0,T),

¢(0) = o, 6(0) =0y, o(0)=00, in € (

The order parameter ¢ denotes the local concentration of tumor cells. Therefore,
to be biologically relevant, ¢ should vary in a bounded interval, say [0,1]. This
means that ¢ = +1 in the regions exclusively occupied by tumor cells, ¢ = 0 in
the healthy ones, while ¢ € (0,1) in the so-called diffuse interface, that is, a thin
layer where the phases coexist. Although we are able to analytically prove that
@ > 0 is bounded on any finite time interval, the general source term prevents us
to show that ¢ < 1. The absolute temperature is denoted by € and o represents
the concentration of a nutrient, such as oxygen and glucose, for tumor cells; both
variables should be nonnegative. The parameters P, A,C, B and op are positive



AN ALLEN-CAHN TUMOR GROWTH MODEL WITH TEMPERATURE 3

constants indicating the tumor proliferation rate, the apoptosis rate, the nutrient
consumption rate, the blood-tissue transfer rate and the nutrient concentration in
the pre-existing vasculature, respectively. The function h, whose choice is detailed in
Section 3.1, is a bounded, monotone increasing function assumed to be nonnegative
on [0, 1]. Therefore, assuming that ¢ > 0, the tumor grows when (Po —.A) > 0 and
decreases otherwise (in particular, the higher the concentration of tumor cells is,
the faster they die). The term Coh(y) represents the consumption of nutrient by
the tumor cells. We consider here the case when the tumor has its own vasculature,
which leads to the presence of the term B(ocp — o) in the nutrient equation. In
particular, if o > o, the term B(ocp — o) models the supply of nutrient from the
blood vessels and, otherwise, the transport of nutrient away from the domain.
Eventually, x(0) stands for the heat conductivity, ¢y is the specific heat and the
nonnegative constant 3 is a constitutive modulus. Our last remark concerns the
function F'(¢), assumed to be a polynomial double-well potential.

The paper is organized as follows. Since we present a new phase-field model, we
first derive it in Section 2, following a microforces approach. Then, in Section 3, we
investigate the well-posedness of a simplified version of the model. Namely, having
introduced our assumptions and notation in Section 3.1, we prove the existence and
uniqueness of a local-in-time solution in Theorem 3.1 in Section 3.2. Heuristically,
the main idea behind the proof of this result is to decouple our problem, first
fixing 6 in a suitable regularity space and then the pair (¢, o), in the spirit of [27].
This yields two intermediate results for the frozen problems. Each of these results,
i.e. Lemmas 3.2 and 3.4, relies on a Galerkin scheme. The proof is concluded by
composition of the two frozen problems and using Schauder’s fixed point theorem.
Finally, in Section 3.3, we show that we are able to extend the local solutions and
thus gaining a global-in-time result (Theorem 3.6).

2. Derivation of the model. We suppose that a two-components mixture con-
sisting of healthy cells and tumor cells occupies an open spatial domain Q C R3. We
denote by ¢(x,t) the tumor phase concentration, 6(z,t) the absolute temperature
and o(x,t) the concentration of a nutrient for the tumor cells.

We follow Gurtin’s approach based on microforces (proposed in [14] and largely
used later on, e.g. in [10, 15, 23, 26]) in order to derive our model (1.1)—(1.3). As a
matter of fact, we treat separately the balance laws and the constitutive relations.
In particular, we postulate the following balance law for internal microforces

divE+ 7+~ =0, (2.1)

where £ is a vector representing the microstress, m and «y are scalars corresponding
to the internal microforces and to the external microforces, respectively. Microforces
describe the forces associated with microscopic configurations of atoms, differently
from standard forces that are associated with macroscopic length scales. These
different length scales are the reason why a separate balance law for microforces is
needed. Such interatomic forces may be mirrored on the macroscopic level by fields
that perform work when the order parameter undergoes changes. Therefore, this
work can be expressed in terms of (;, which explains why the microforces are scalar
rather than vector quantities.

For the sake of completeness, we also refer to the pioneering paper [2] after which
models of phase transition with microscopic movements developed by Frémond have
been studied extensively. In particular, we cite [19, 20], where the nonlinearities are
similar to the ones appearing in our model.
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1. Order parameter equation. The internal energy density of the system is
given by Gibbs’ relation

e =1 +0s, (2.2)
where s represents the entropy of the system, given by
o
= 2.3

The term v = ¥(8, p, V) denotes the free energy, whose form will be chosen later
in order to make this first part of the derivation more general.
Following [14], we write the first law of thermodynamics in the form

d
a4 eda::—/ q-vdS + W(R) + M(R), (2.4)
dt Jr R
where q is the heat flux, R is the control volume and v is the outward unit normal
to OR. Besides,
8(,0 8<p
W(R) = (€- dx + dex, (2.5)
AR
M(R)=0 (2.6)

are the rate of work and the rate at which free energy is added to R, respectively,
assuming no heat supply. We recall that (2.6) holds since we consider here the case
of the Ginzburg-Landau equation.

By Green’s formula, since the control volume R is arbitrary, (2.4) reads

de Op dp  Op
5= divg + = 9 d1v£+§ V——i—av (2.7)
Hence, from the microforce balance (2.1), we infer
Oe Op Jp
5= —dlvq—ﬂ'a +¢- Vat (2.8)

We impose the validity of the second law of thermodynamics in the form of the
Clausius-Duhem inequality, namely,

0 (gt + d1VQ> (2.9)
where the entropy flux @ is given by the relation
Q= %. (2.10)

Working on the left-hand side of (2.9), we have

8 (22)66 oY 89

(2,10) % _ % _ 89
ot "o g Tdva—-Q-Ve
@s) _ Oy 99 0v 90
= 5‘t +&- Vf)t ot Bt Q- V. (2.11)

The third and fourth terms in the last equation, computed by the chain rule and
(2.3), read
oY 00 0P Dy oY OV
ot ot T ag ot Tove o
Then, inserting (2.12) into (2.11) yields

(2.12)
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0s _ g0 %_%%_%@_
0<8t+dva) 7T —|—§ 9o 0t Vg O Q- Vo

(L v
_(” 8>6t+( aw) o @V

Hence, in order for (2.9) to hold, we take

9y
= — 2.13
£ . (2.13)
oY
_ > .
( m— a@> 5 —Q-Vo=0. (2.14)
Dividing (2.14) by 0 (assumed to be positive), relation (2.10) gives
1 O\ Dy 1 N 1
- A et AR £ == L)X _g-V-<o. .
9<7T+6cp)8t+92 Vo = 9(+8 at —q-Vg5<0 (2.15)
Arguing as in [26], we can take
Iy
=b— +BV- 2.1
bat + Ve (2.16)

where b is a vector and B is a matrix possibly depending on the constitutive variables
0, Vp,0,V0, 0. According to [14], we set

1 oY 190 1
= —)=-8"2-a -V, 2.17
6 (” * 590) at 6 (2.17)
where [ is a positive constant and a is a vector depending on the constitutive
variables. In particular, we set

a=0,
b=0,
B = I4x(0)62,

with k(0) = 1 + k009, for some ¢ > 2 and some ko > 0. These constitutive choices
ensure that (2.15) holds. Combining (2.17) with the microforce balance (2.1), it
follows that 5 1 | 0v
Y _
—_— == d - . 2.18
o 0 &+ 0 Oy ( )

We now postulate that the free energy den51ty 1) takes the form
€ 1
= SVl + ZF(9) + f(0) — 0p + N(»), (219)

where € is a positive constant related to the thickness of the interface and the func-
tion F' denotes a polynomial double-well potential having at least a cubic growth at
infinity. Since we assume 0 and 1 to be the pure phases, we take F(¢) = ¢?(1—¢)?
(cf. [32]).

The term f in (2.19) describes the part of free energy that is purely caloric and is
related to the specific heat ¢y (6) = Q' (#) through the relation Q(0) = f(0) —6f'(6).
Finally, N represents both the chemical energy of the nutrient and the energy con-
tributions given by the interactions between the tumor tissues and the nutrient.

Since v is now supposed to take the form (2.19), according to (2.13), we infer
E=¢cVo. (2.20)
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Moreover,
oy 1, ON
—=-F -0+ —.
9 = (p) — 0+ R

The term % is known in the literature to describe chemotaxis effects (see e.g. [12])

that we neglec here, thus taking %—g = 0. Inserting these last relations into equation
(2.18), we obtain

dp € 1 1
— =-A - —F 1.
i i
Assuming that 6 is a constant still denoted by 3, we get
1
Bt —elp + gF'(@) —0=1. (2.21)

Postulating the source term v to be
v = (Po — A)h(p),

we recover equation (1.1). In particular, P > 0 is the tumor proliferation rate and
A > 0 is the apoptosis rate, while the function h models how the tumor regulates
several phenomena, proliferation and apoptosis in our case. Therefore, h(0) = 0
and h is monotone increasing with an upper threshold.

Note that the constitutive relation regarding the source term ~ complies with the
fact that tumor growth is proportional to the nutrient supply in the tumoral region.
In particular, the tumor grows if Po—.A > 0, otherwise it decreases, due to apoptosis
of tumor cells.

2.2. Temperature equation. According to (2.19), Gibbs’ relation (2.2) reads

e= SVl + ZF(p)+ 1(6) ~ 67'(6) + N(p).

Therefore,

Oe oVep 1

— i ST ) '(0)6 2.22
5 — Ve g T (@)ee + QU(0)6, (2.22)
recalling that —%g = 0. Moreover, combining the energy balance (2.8) with (2.1),

(2.13) and (2.16), we get

de ) oY Oy dp
9€ _ _div (—r(e)ve — L) L ¥ 2.2
ot v ( HOVE - 595 8t> % (223)
Putting together (2.22) and (2.23) and recalling (2.20), it follows that
. 1
Q'(0)0; — div (k(0)VO) = eApp; — gF’(go)got + v (2.24)

Substituting the term eAy in (2.24) through relation (2.21) and assuming a constant
specific heat ¢y, that is, Q’(8) = ¢y is constant, we obtain the temperature equation
(1.2).

2.3. Nutrient equation. The nutrient balance equation is postulated to take the
form

oy =—div]J, — S, (2.25)
where J, is the nutrient flux and S denotes a source/sink term for the nutrient.
Making the following constitutive choices:

J, = Vo, (2.26)
S =Coh(p) — Blog — o), (2.27)



AN ALLEN-CAHN TUMOR GROWTH MODEL WITH TEMPERATURE 7

we recover (1.3). Here, we recall that C > 0 corresponds to the nutrient consump-
tion rate and B > 0 is the nutrient supply rate, while op is the vascular nutrient
concentration. For the sake of simplicity, the nutrient diffusion constant has been
normalized.

Hence, the sink/source term in the nutrient equation is assumed to be regulated
by both consumption of the nutrient and nutrient supply via the capillary network.
In particular, we consider here the case where the nutrient supply is linked to the
fact that the tumor has its own vasculature, according to the latter term in (2.27).
Therefore, the term op acts as a threshold, indicating whether the nutrient is drawn
to the tumor or is transported in the other direction.

3. Well-posedness. Having derived our model, we can now make precise our as-
sumptions and subsequently our notation.

3.1. Assumptions and notation. We consider the double-well potential F(y) =
©2(1 — ¢)?, so that F'(p) = 4¢3 — 62 + 2¢. Concerning h, we assume h € C1(R)
to be a monotone increasing function. We further assume that 4(0) = 0 and

|h(r)| + 7' (r)| < C, reR, (3.1)

for some positive constant C. Notice that hA(0) = 0 complies with the biological
meaning of the corresponding term in the tumor and nutrient equations, in which
it accounts for the tumor regulation of proliferation and apoptosis, and the nutrient
uptake by the tumor, respectively.

We assume that the heat conductivity takes the form
k(r)=1+7r9, r >0, forsome ¢q>2. (3.2)

This choice of ¢ mainly depends on mathematical reasons and is related to a better
integrability for €. Since in principle the sign of the variable 6 is unknown, we
extend k to the whole real line as k(r) = 1+ |r|?. In the end, the modulus would
be useless since the solution to the corresponding problem is nonnegative (actually
6 > 0 > 0, provided that we properly modify the assumption on the initial datum,
as explained in Remark 3.5). Besides, we assume that the constant op € [0, 1] and
recall that P, A,C, B > 0 are constant as well. Finally, for the sake of simplicity, we
set cyy =1 and f =¢ =1 in system (1.1)—(1.3). Then the model reads

¢t —Ap+ F'(p) =0 = (Po — A)h(p), in Qx(0,7),
0, — div [k(0)V] — p? + p; = 0, in Qx(0,7), (3.3)
ot — Ao = —Coh(p) + B(op — 0), in Qx(0,7),

supplemented with (1.4) and (1.5). We recall that Q is a smooth and bounded
domain of R? with boundary I', while (0,7') represents an assigned but otherwise
arbitrary time interval. Then, we define the parabolic domain Q7 :=  x (0,T).
We set H := L*(Q) and V := H'(Q), using these symbols also when referring to
vector valued functions. In general, given a Banach space X, || - || x represents its
norm, using for brevity | - || in place of || - ||z, and || - ||« for the norm of V', dual
space to V. The symbol (-,-) will stand for the duality pairing between V' and V.
We also omit the integration variables when no misinterpretation occurs.

Finally, ¢ stands for a positive constant, possibly changing from line to line; it is in
general structural, further dependencies being pointed out on occurrence.
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In order to make precise the assumptions on the initial data, we define

K(r):= /T k(s)ds =1+ il , reR, (3.4)
0 q +1
where k(r) = 1+ |r|?, for some ¢ > 2, r € R (cf. (3.2)). Indeed, we assume that
0p € L*1(Q)NV st. K(f) €V and 6y >0 ae. in € (3.5)
o € T/V%’("(Q)7 wo >0 ae inQ, and Oppo=0 on 01, (3.6)
o0 € L), 0<o0p<1 ae in Q. (3.7)

For further reference, we notice in particular that
[ 02190 & = [VE @), (35)
Q
whenever it makes sense. We also recall the nonlinear Poincaré inequality (see [13])

Ho#13 < e (el + 1910l ¥2) . voe LY(Q) such that  V]ol# € L2(9),
(3.9)
holding for any finite p > 2. Besides, without mentioning it, we will repeatedly use
the following relation:

r o 4 o512
Lol = = [ 9GP (310)

3.2. Local in time existence of a solution. We can now state the existence
and uniqueness of a local solution that we will prove via the Schauder fixed point
theorem in several steps. Namely,

Theorem 3.1. For any R > 0 there exists T = T(R) > 0 such that if (6o, po,00)
satisfies assumptions (3.5)—~(3.7) and

100llvAzsa) + 1K (0o)llv + lleoll <R, (3.11)

wiS@)

then there exists a unique local solution (0, ¢, ) to system (3.3) in (0,T), namely,
6 c C([0,T]; H)NL>(0,T; L*(Q) N V)N L*(0,T; L**4(Q)) n H'(0,T; H),
K(0) € L>(0,T; V)N L2(0, T; H*(Q)) N H(0,T; L? (Q)),

p € C([0,T]; V) N WH(0, T L°(Q2)),
o€ L>(0,T; L>=(Q)) N L*(0,T; V)N H(0,T;V"),
and
Ht—AK(G)z 0 — @i, a.e. in QT,
—Ap+F(p)=0+(Po—A ), a.e in Qr,

(o¢,v /VU Vv—!—B/av—/ —Coh(p) + Bop)v, Yv eV, ae in (0,T),

Onp =0 and 0nK(§ a.e. in 00 x(0,T),
0(0) =6, ¢(0)=¢o 0‘(0) =09, a.e. infd.
Besides,

0>0, 0<o<1 and >0 a.e. in Q.



AN ALLEN-CAHN TUMOR GROWTH MODEL WITH TEMPERATURE 9

The strategy used to prove the above result is to decouple the problem, first
freezing the temperature, then the order parameter and the nutrient concentration,
with suitable regularities. Hence, we obtain the well-posedness of the fixed point
map.

For any fixed R,T > 0, we introduce the space for the fixed point argument as
Or(T) = {0 € L*(0,T;L5(Q)) s.t. 6 >0 ace. in Qrand |0 L1(0.7:r0(0)) < R}

As a first step to prove Theorem 3.1, we have the following.

Lemma 3.2. Let assumptions (3.6) and (3.7) hold true. Then, given R,T > 0, fix

0 € Or(T), there exists a unique pair (p,o) such that
e e C(0,T;V)NWHH0,T; L°(Q)), o € L(0,T; L>(Q)) N L*(0,T;V) N H'(0,T; V"),
o — A+ F'(9) =0+ (Po — Ah(e), a.e in Qr, (3.12)

(at,v>—|—/ VU'VU+B/UUI/(—COh(Lp)-‘y-BUB)U, Vv €V, a.e. in(0,T), (3.13)
Q Q Q

as well as
Onp =0, ae in 0Qx(0,T),
0(0) =90 0(0) =00, a.e in.
Moreover,
0<0<1 and ¢>0 ae in Qr.
In particular,

el o 0,500 (2)) + el L o,m508 () < mo(R)ma(T),

where m; > 0 are monotone increasing functions.

Proof. Assuming the existence of a pair (¢, c) meeting the above requirements, its
uniqueness is straightforward. We will argue formally, although a Galerkin scheme
allows to make rigorous the next computations (see e.g. [6]). Indeed, testing (3.12)
by ¢ and —Agp in H and (3.13) by o in H, owing to (3.1), we easily see that

||90||2L°°(0,T;V)mL2(0,T;H2(Q)) + HUH%OC(O,T;H)HL?(O,T;V) < mo(R)ma(T),

where, for ¢ = 0,1, m; is a positive and increasing function that may change from
line to line in this proof. Besides, by comparison in the equations, we further infer

@ell72 0,70y + N0t 720,707 < mo(R)ma(T).

Then, the local (and actually global) existence of a pair (p,0) € C([0,T],V) x
C(]0,T), H) can be deduced by the Galerkin method.
Moreover, notice that o is a weak solution to
ot — Ao =B(ogp — o) —Coh(p) € L*(0,T; H),

with o9 € L*°(Q2). Applying classical regularity results [16, Theorem 7.1 p. 181],
we can see that o € L>(Qr). At this point, we can also prove that o > 0 a.e. in
Q7. Indeed, testing (3.13) by —o_, where o_ > 0 is the negative part of o, we infer

1d

5@”0—”2 + Vo[ <¢llo-|*. (3.14)
By Gronwall’s Lemma, the assumption o¢ > 0 entails o(z,t) > 0. Recalling that
o € L>®(Qr), we can see that

0<o<or, ae in Qr,

for some o1 > 1.
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We now turn to the lower bound for the order parameter. Testing the corresponding
equation (3.12) by —p_, where p_ > 0 is the negative part of ¢, we get

1d
S oI + IV [P + o[y + Sllo—3u(q) + 2o

_ / dp - / (Po — AYh(e)e._. (3.15)
Q Q

Since h(0) = 0 and owing to the Lipschitz continuity in (3.1), we estimate the last
term on the right-hand side as

- /Q@a — Ah(p)e- < [Po — Al / h()lp_ < ¢ /QIWP— = clo_ |2,

for some ¢ = cr, noting that 0 < o < or a.e. in Q7. Then, in view of the
assumption 0 > 0, the differential inequality reduces to

thH@ 12 + IV |I” + 4[4y + 6llo- 1730y + 2lle-1I* < cllo-|1*.
Therefore, by Gronwall’s Lemma and since ¢pg > 0 a.e. in £, it follow that ¢ > 0

a.e. in Q.

Going back to the nutrient’s equation, we can now show that ¢ < 1 a.e. in Q7.
Indeed, having the sign of the order parameter, testing (3.13) by (0 —1)4, we obtain

1d
2dt

= Bop =1) [ (7= 1) =€ [ hplolo =1y <0,

since og < 1. On account of the initial condition, we deduce that o < 1 a.e. in Q7.

— e =D +11V(e = D+l* + Bl (e — D+

An upper bound for the L*°-norm of the order parameter ¢ is also available,
employing a Moser iterations technique.
Indeed, assumption (3.6), in particular, provides

o € LP(Q), p € [1,400].
Then, according to (3.12), ¢ solves
—Ap+4p® —6p° +2p =g, (3.16)
where g := 0 + (Po — A)h(p) € L*(0,T; L5(Q)). Testing (3.16) by ¢, we obtain

1 d / 1 / +3 +1
- SOP _ Asﬁ SDP + 4 SOP + 2 SOP
p+1dt /g Q( ) o Q
:6/ <pp+2+/ gt (3.17)
Q Q

*/Q(ASO)QOPZ pjlﬂP/Q’V (w%l

multiplying (3.17) by (p + 1), we infer

d
_ 2 4 1 p+3 ) 1/ p+1
dt/ p+1/’Vso +(p+)/990 +(p+)ﬂ<p
=6(p+1)/<pp+2+(p+l)/g<pp~
Q Q

Since




AN ALLEN-CAHN TUMOR GROWTH MODEL WITH TEMPERATURE 11

The second term on the right-hand side reads
ptl p—1
(p+1)/ 99" = (p + 1)/ glel = el =
Q Q

Then, using Hoélder’s inequality with exponents 6,6 and % and the Sobolev embed-
ding W12(Q) — L5(Q), we have

(p+1)/9s0”
Q
H
ptl 3 (p_
< elp+ Dllglzslle™ v ( [ 1ot ”)

4
2p ptl 31y ) °
< 2P 1o o+ 129 oo ( [ tette 1>)

p+1
4
2p pil. o 2P / 1 2 2 / 3(p-1)) >
= |V ] S P+ +ec(p+1 3 (p—1) ,
ijl|| (e =)l Pl A (p+1)"gllze (o) Q|<P|

where in the last line we have used once again Young’s inequality. Here and through-
out this proof, we emphasize that the positive constant ¢ is independent of p. In-
jecting these computations in the differential inequality, we obtain

d 2p / pr1 |2 2
p+1 p+3 p+1
— + — ‘V( 2 )‘ +4(p+1 / +7/
dt/ﬂ(p p+1/g v ®+1) o’ prl)”
4
3

3 (rh—
<6(p+ 1) / o2 e(p+ 129120 o ( / PG ”) | (3.18)

Since the first term on the right-hand side of (3.18) can be estimated by the gener-
alized Young’s inequality as

6(p+ 1) / < (p ) / A6 (p 1 1)),
Q Q

d/ p+1 2p /’ i1 |2 3
— +—— v( 2)’ +3(p+1 Pt
i ), ¢ o1 Jy VP (p+1) ¢

4
s 3
< e(p+ D 1 c(p+ D29y ( / |<P|4(”“)> .

Thus, integrating in time, it holds

/ eP(t) < / Ot Te(p +1)6P+°
Q Q

we infer

4
3

T
+C(p+1)2/0 lg(s)lIZs 0 </Q|<P(S)Ii(”“)) ds. (3.19)

In order to apply Moser’s iteration scheme, let us consider the sequence (py)i of
real numbers defined by
4
Po=3,  Prt1= 3Pk k eN.

Choosing p = pgt+1 — 1 in (3.19), we obtain

4
3
/ EPE(t) < ¢ (M““ + Pyt + Diyy SUD (/ wp") ) ,
Q 0,771 \JQ

)
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for some constant M depending on T', ||¢o vz (o) and ||gl[z2(0,7;z5(q)), but inde-
pendent of k. Hence, it follows that

4

3
sup / @PEL(t) < epiy g max  MPH sup ( / w”) :
[0,71/0 (0,71 \Ja

and we can conclude that ¢ € L>(0,T; L>*(1)) (see, e.g., [17]), with
[l Lo (0,752 () < mo(R)ma(T).
Thus, having written (3.12) as
pr—Dp=f
where, owing to the regularity of the initial datum,
f=—F'(p) + 0+ (Po — A)h(p) € L*(0,T; L°(%)),

we also deduce that ¢, Ap € L*(0,T;L5(f2)) (see the subsequent Remark). In
particular,

lpell o mszec) < elllvolly, 5.0 ) + 11l 0,78 () < mo(R)m (T).

O

Remark 3.3. Note that the reqularity of p: and its estimate stated in Lemma 3.2,
both crucial in the fized point argument, rely upon assumption (3.6) on ¢q. Indeed,
assume that (p, o) is a solution to the problem corresponding to a fixed 6. Then, in
particular, ¢ solves

@t—Ago:f, in Qx(0,7),
Onp =0, on T x(0,7),
90(0) = %o, mn Qa

where f = —F'(¢) + 0 + (Po — A)h(¢). On account of [30, Theorem II1.1], we
observe that

o1 € L*0,T5L5(Q)  and | oi—ellrao,rszs () < c(llwollre+ 1 FllLso.r5z8(0)),
where 1 is the solution to

P — Ay =0, in Qx(0,7T),
Ont =0, on TI'x(0,T),
¥(0) = o, in Q.

Applying [16, Theorem 9.1] to the last system, we deduce that i) € W62’1(QT), so
that, in particular, 1y € L%(Qr) with

Ielzoc@r) < clleolly o g
Thus, we obtain the desired estimate

||<Pt||L4(0,T;L6(Q)) < C(”‘POHWg,a(Q) + ||JZ||L4(O»T;L6(Q)))'
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As a second step, we work on the temperature equation, freezing the order parameter
and the nutrient concentration variables.
Therefore, given R,T" > 0, let us define the set

Xr(T) = {(p,0) € [C((0, T); V) N WHH(0, T5 L(Q))] x L*(0,T; L(Q)),
©>0and0<o<1in Qp, |l¢llraorre)y < mo(R)mi(T)}.
Notice in particular that for any (¢,6) € Xr(T), it holds ¢, € H,(T), where
Ho(T) = {uc L0, T; L)) ullso.r:zo) < P}
since p = mo(R)m1(T).
Given (¢,5) € Xg(T), let m := ¢; and consider the problem
0; — div [£(0)VO] = m? — md, (3.20)

complemented with homogeneous Neumann boundary conditions and the initial
condition 6(0) = 6.

Lemma 3.4. Assume that (3.5) holds true. For fized p,T > 0, let m € H,(T).
Then there exists a unique 6 such that

6 € C([0,T); H) N L>=(0,T; L3(Q) N V) N L*(0, T; L'?9(Q))

0, € L*(0,T; H)

K(0) € L®(0,T;V) N L*(0,T; H2(Q)) N H(0,T; L ()

0>0, ae in Qr

that solves

0; — AK(0) =m? —mb, a.e. in Qr, (3.21)
with 0, K(0) =0 a.e. on 0Q x (0,T) and 6(0) = by, a.e. in Q. Moreover,
101l L4 (0,75 L8(2)) < Ho(p)pa (T), (3.22)

for some monotone increasing functions u; > 0.

Proof. We first derive formal a priori estimates that can be made rigorous in a
Faedo-Galerkin scheme.

Testing (3.21) by 6, we infer

1d
3101+ [ r@voP = [ mo— [ e (3.23)

Exploiting the definition of x() in (3.2), the second term on the left-hand side reads
[ w@rver = vel? + [ joevop
Q Q
4 q 2
o (o) 2
IV + o [V (015) (3.24)

The first term on the right-hand side of (3.23) can be controlled by Hélder’s and
Young’s inequalities:

/Qm29 < ||m||%6(9)”9||Lg(Q) < cllmll7e 101l < cllmll7s )1+ [16]%).  (3.25)
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On the other hand, similarly, we can take care of the second term on the right-hand
side of (3.23). Employing the interpolation inequality

161,32 gy < IOl 101550

1—
with 1—52 = % + Ta <a = i), and the Sobolev embedding W12(Q) — L%(€Q), it

holds
3 1 3. 1
[ < cllmlzeco 191 o 100y < climlescoy 01 101

< o2 S 1617 < L Ive? + e Salol? (3.26
< 101 + climll o 1017 < 21V + (1 + ml oo, (326)
where we have also exploited Young’s inequality. Combining (3.24), (3.25), (3.26)
n (3.23), we infer

Lo+ 1vo) + |9 (1) < (14 Il ) 101 + clpmlZe

_ 2
(q+2)?
hence

), 3.27
o = €T (3.27)

01| Loe (0,75 1) L2 (0,15v) + HV <|9|g+1>‘

where, in this proof, ¢ > 0 stands for monotone increasing functions in both argu-
ments and may possibly change from line to line. The bound on the second norm
above yields

10|31 € L2(0,T; V), (3.28)
since

OIS < e(l01FTT) + IV AOIETHIZ) < (01772 + [V (1612 1)1%)

according to the nonlinear Poincaré inequality (3.9) and the continuous inclusion
L*(Q) Cc L'(Q).

Testing the temperature equation (3.20) by 0|6]37~2 leads to

/9t9|9|3q 24 / K(O)V0 - V(0]0P72) /m29|9|3q 2 /m|9|34. (3.29)
We first focus on the left-hand side of (3.29). Since

d .
& Lo =sa [ o120,

the first term on the left-hand side can be equivalently written as

0:0(0>* 2 = / 0] .
| ostorr = o2 [ o (3:30)

V(616*12) = (3¢ — 1)|o[*~2v0
entails, using the definition of x(¢) in (3.2),

/ w(6)V6 - V(616]7) = (3¢ — 1) / (16772 + [o]a-2) v ?
Q

On the other hand,

4(3q — 1) 9 3¢—1 2q\ (12
= =G IV (0% 1P+ = 19 Qapnl. - @31
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Inserting (3.30) and (331) into (3.29), we see that

3q ) 3q 2
= [lorr+ By (o) e+ 2
:/m29|9|3q—2—/m|9|3q i IatIp. (3.32)

Q Q

(ol

We now take care of the right-hand side. For simplicity, we start by studying the
second term Ip. We preliminarily observe that, by interpolation,

3g—4
161, 5 ) < 10N 181 oy (3.33)

By Holder’s inequality with exponents 6, 3/2 and 6, the Sobolev embedding W1:2(Q2)
— L5(), (3.33) and then Young’s inequality together with (3.9), we have

_ 93q:/ 01919129 < o114 )24
Jomlorr= [ imllorioP < clmsa 617 | 110Pv

< SR+ cllmlocey 0124

3(] -1 2 2 2 ; 2q q
< S IVl T el + climlZegen 10155, 101135505
< 391191012912 + 0]/ + cllm 2oy 10115 + cllmlZs
= 1642 6 171 L34 () L6(Q)>

for a suitable choice of § > 0 depending on ¢q. On the other hand, arguing as above,
with exponents 3,6 and 2 we obtain

/WWWLJm%WWIQWM@WWMWm%m

1
< - |||9|2q||v+c||mHLe(Q)||9||L£i 2’(9)
3q
< IIVI(9|2"||2 c||9\|L1<Q) + clImIILe(mHHIILaq(Q) + cllml|7e
3q
< ||V|0|2q||2 c||9\|4q+c||m||Ls(Q)H9||L3q(Q)+chll‘ie(Q),

having also exploited (3.9) and a properly chosen § > 0. Replacing the above
estimates in (3.32), on account of (3.27), we have

3q 3qg—1
||9||L3q9 7( )IIV 01 ) |12 + IV (161791
3 dt ) (3¢)2 8¢

< e(llmllzeqq) + D015y + climlizo + 1), (3.34)
for some ¢ = ¢(p, T'). Therefore, § € L°°(0,T; L3(2)), with
101 L= 0,7:z3(02)) + 1101 L2 0,1v) < o (p)pa (T), (3.35)

for some monotone increasing functions u; > 0, possibly changing from line to line.

In particular, the previous inequality yields

I K(O) || oo 0,151y < po(p)pa (T'), (3.36)

since 2q + 2 < 3q.
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Our next task is an estimate for the time derivative of . We observe that, according
0 (3.4), the temperature equation (3.20) reads

— AK(0) =m? —m#
that we formally multiply by [K ()], = x(0)0;. Then, we infer

/R0 Ht||2+2dt|\VK P = /m/{ )0, — /me,«u )0, =t Jy + Jo. (3.37)

The first term on the right-hand side is managed by Hélder’s inequality with expo-
nents 3,6 and 2, Young’s inequality, (3.2) and (3.35), so that

I [ /@ R010, < Lol | /O 5o | 0
< {IVEDBIP + clmliege ( [ 100)

3
< LIVR@O I + limllto o ( / (1+|e3q>)
< LRI + climlo . (3.38)

Arguing similarly, we can estimate Jo as follows:

Ta= [ mb(0)0: = [ m(/w0)0) /010
1]l o) 10V/K(0) | L3 o 11/ (0)6: |
ZII\/@%IF +¢llml| 7o 10v/5(0) 17 o)

1 AN
SIVEEIP + clmlEage ( [ (0 + 16127 )

1 3

LIVEEIP + il ([ 4 1000)
1

< VRO + clmloqa. (3.39)

having applied the Holder inequality with exponents 6,3 and 2. Replacing (3.38)
and (3.39) in (3.37), we are lead to

d
1V/k(0)8: 1 + FIVEOI? < c(lmzsq) +1)-

An integration in time on account of (3.36) provides

| A

\ /\

IN

IN

IV/5(0)8: | 2 0 711y + 1K (O) | e 0.7v) < lp, T). (3.40)
Thus, it follows in particular that
101l o= 0,7v) < c(p, T), (3.41)
10ell 20, 7;m) < c(p, T), (3.42)
JAKO)] 20,71 < e, T). (3.43)

Besides, by interpolation, we eventually infer

K(0) € L*(0,T; W'3(Q)), (3.44)
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so that, by definition of K,
VOl 10,7528 02)) < c(p, T). (3.45)

We can also prove that 9;[K(0)] = x(0)0; € L(0,T; Lz (f)). Indeed, by (3.35), we
learn that

15(0)|| o< 0, 1523(02)) < (p, T). (3.46)
Therefore, owing also to (3.40),

T
/0 10K OSN3 ) ds < (1K (O)]| o 0,7523 ) [V E(O)r ] L2(@r) < e

L2(Q)
Since we already know that K () € L*(0,T; H*(Q2)) by (3.40) and (3.43), it follows
that
K(9) e C(0,T);V). (3.47)

The previous computations hold for each approximating solution 6,, in a Faedo-
Galerkin scheme. Therefore,

10:0n | 2@y + 10nll oo (0,7,v) + 100l Loe (0,730 )y + [10nll L2 0,7;w18(02)) < c(p, T)

1 ()| o~ 0,7 v) 2 0,75m2(0)) F OB Ol o 11,3 () S €T

as well as
110 20,7, < clp, T), (3.48)
where ¢(p,T) does not depend on n. Besides,
10|l L4a0,7;L12002)) < €(p, T), (3.49)

on account (3.35) and of the inclusion V C L5(€2). Indeed,

65 ||L4q0TL12q(Q / (/ 6,120 :/OT (/Q(|9n|2q)6>é

<c / (16a2113) < c(p, T

Wl

Since
W3(Q) € L¥(Q), for any finite s >3
and applying Aubin-Simon compactness results, the inclusion of H'(0,T; L?(Q)) N
LA0,T; W3(Q)) in L4(0,T; L*(£2)) is compact for any s > 3 (in particular, when
7 fl). Then, up to a subsequence,
0, — 6 strongly in L*(0,T;L*()), (3.50)
for any finite s > 3, as well as
010, — 9,0 weakly in L?(0,T; L*(Q)),
0, — 0 weakly in L*0,T; W"3(Q)) N L*(0,T; L*?4(Q)),
0, — 0 weakly-* in  L>(0,T; L3(Q)),
0, —0 ae in Qx(0,7).

S =

Thus, we also have
K(6,) — K(#) strongly in C([0,T];H) and L*(0,T;V),
K(6,) — K(f) weakly in H'(0,T;L?(2)) and L*(0,T;H*(Q)),
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K(0,) — K(0) weakly-*in L°°(0,T;V).

In view of these convergences, 6 is indeed a solution to (3.20).

Actually, 8 > 0 a.e. in Q x (0,T) and, thus, there was no loss of generality in taking
k(s) =1+ |s|2.

Indeed, using Young’s inequality on the term m# in the temperature equation (3.20),
it is easy to see that

0; — div [k(0)VO] = m* —mo
62 m? 62
>m?P— = - — > -
- 2 2 = 2
Hence, v = 0 is a subsolution to (3.20) and thus 6(-,t) >0, Vt € [0,T].
Once the existence of a solution to (3.20) is proved, we also show its uniqueness.

Having fixed two solutions 61, 05 departing from the same initial datum 6y, notice
that ©® = 6; — 65 solves

O + A[K(61) — K(62)] = K(61) — K(02) —m®, (3.51)
where A = —A +1:V — V' is the invertible operator with inverse N’ = A1,
Multiplying the above equation by A'©, we are led to

S SIOI2 + (K () ~ K(02),0) = (K(h) ~ K(62),N'6) — (m, N©).
Since (K (01) — K(62),0) > |1©]?, it follows that
5 dt||9||2 + 101 < 1K(01) = K(02)ll g o VOl zo(@) + lImll s (@) IOV Ol o0y

We now introduce the function £(r) = r¢*! for r > 0, whose derivative is £'(r) =
(¢ + 1)r?. Taking advantage of this notation, we have

(o) - K(02) = [0+ %weo L)

1
O+ — £’0+1—0d®
“lo+ i [ renra-smase

= |9] ’1 +/ |sb1 + (1 — s)02]%ds
0
<IO[(1 +[61]7 + [62]7)-

Therefore,

60~ K], < [ 0171+ 0050+ 0 )

<l (/Q<1+ 62189 + [62]8) )

<c[|e] (/ L+ 16 + |92|3q))

< O+ 1011y + 16210 )
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by Hélder’s inequality with exponents 5/3 and 5/2. Thus, by the continuous inclu-
sion W12(Q) C L5(Q2) and the continuity of A, we deduce that

1K (0) — K@)l 5 g [N Ollzoc0)
< | OO0 (1 + 11612 eagqy + 10220 )

1
< Z1O1P + @21+ 101550 0 + 102010 ) (3.52)

Recalling that
1011 o< (0,734 (2)) + 102l L= (0,1;134(02)) < €,
we are lead to
d
&H@IIf + 1811 < e(1 + [Im[|7s o) I©113-

Therefore, Gronwall’s Lemma allows us to conclude. O

Proof of Theorem 3.1. Let us define the operator T := T3 o Ty, where (¢,0) =:
Ti(0) : Qr — R?, with § € Or(T), and 6 =: Tz(p,0) : Qr — R, with (¢,0) €
Xr(T).

The local (in time) existence of the solution is obtained by showing that, for any
fixed R > 0, the Schauder fixed point theorem applies to the operator

T :Or(T) — L*0,T; L°(Q))
60,

provided that T is small enough.
First, we see that 7 is well defined for any T, R > 0. Indeed, having fixed (6o, @0, 00)
satisfying (3.5)-(3.7) and (3.11), given any € ©g(T), by Lemma 3.2, there exists a
unique solution (¢, o) € Xz(T) to (3.12)-(3.13) corresponding to , complemented
with homogeneous Neumann boundary conditions and meeting the initial data.
Indeed, ¢, € L*(0,T; L5(Q)) with

el e, mse () < mo(R)ma(T).
Then, we can plug m = ¢, € H,(T) with p = mo(R)m.(T) in (3.21) and, by
Lemma 3.4, see that there exists a unique solution 6 > 0 such that
0] o< (0,7;3(02)) < po(R)pa (T).
Therefore the operator 'T(GN) = 0 is well defined. We now prove the following.
e The operator 7 : Or(T) — Or(T) with a suitable choice of T'. Since
101l a0, z50) < T 0l < (0,700 (2)) < Te(R,T) < R,

provided that T is small enough.

e The operator 7 is continuous with respect to the L*(0,T;L%())-
norm. This can be easily seen along the same lines as in the uniqueness’
proof.

e The operator 7 is compact. Since

HY(0,T; H) N L*0,T; WH*(Q)) € L*(0,T; L°(1)),
T(Or(T)) is compact in Og(T).
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Since the assumptions of the Schauder fixed point theorem are satisfied for T" =
T(R) > 0 small enough, we deduce the local existence of a solution to our problem.

Moreover, since the estimates needed to prove uniqueness hold true on any time
interval (0,7T), the solution is also unique. Indeed, given two solutions (6;, ¢;, ;)
originating from the same initial datum (g, @o,00), let (0,p,0) = (01 — 02,1 —
2,01 — 03). This triplet solves

0y — A[K(61) — K(02)] + K(61) — K(62)
= K(01) — K(02) + 00T — 013 — 010,01 + 020402, a.e. in Qr
AV

= —[F'(¢1) = F'(p2)] + 6 + (Po1 — A)h(p1) — (Poz — A)h(p2), ae. in Qr
ot — Ao + Bo = —Co1h(p1) + Cosh(pse), in V' ae. in(0,T),

complemented with no flux boundary conditions and null initial conditions. We
introduce the functional

1
E®) = 0N + le@I* + 51 VeI + llo ()],
for which a suitable differential inequality holds, as we see exploiting in particular
the continuous operator N' : V' — V' as above. Indeed, summing the product of

1
the first equation above by A6, the second one by ¢ + P& and the third one by o,
we see that
1d
2dt
1 1
<cllel® + llollliel + ellllliel - 5 /Q[F’(%) = Fl(e2)ler + S 10llleell + cllolll el

1
E+IVoll* + Vol* + Bllol* + 5 llell* + 1161

+ /Q K (6) — K(62)]N6 + /Q o (Buon + Do) NO — /Q 001 N0 — /Q 620,06,

We focus on the five non trivial terms on the right-hand side. First, notice that

1

—5/9[F/(901) — F'(p2)lpr < (1 + ”901”%6(9) + H<P1||2L6(Q))||<P||V||S0t|| < cllellviiedl.-

Arguing exactly as in (3.52), we find

||Lg(Q)HN9||L6(Q)

100~ K080 < |161) - K (02
Q
< cllOMNeN (X + 110101 Fsa ) + 1020730 (09) < cllONNO]x-
Applying Hoélder’s inequality, we have
/Qatsﬁ(atsﬁl + 0rp2)NO < [|@el|(10ep1 || L3 (02) + 1002l L3 () IV Ol Lo ()

< cllpel| (1001l L3 () + 10s2ll L3 ()10«
Finally,

- / 00,01 N0 / 020009 < [0]|INO] (s 1151 [ e + 102 s | 2t IO o sy

< cllOeprllLa@ 1011611« + ¢ + 1162l s lee [ 16]]-
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Collecting the above estimates and applying Young’s inequality, we obtain

1d
s@f s c(10ep1l1 75y + 1000275 0y + 11021175 ()€ -
Gronwall’s lemma allows us to conclude. O

Remark 3.5. Provided that initial datum 0y > 0 > 0 a.e. in ), where 0 is a
constant, the same argument used in Lemma 3.4 to prove that 6 > 0 a.e. in Qr,
allows us to show that > 0 a.e. in Q.

3.3. Global in time existence of the solution. We finally observe that the local
solution is in fact global.

Theorem 3.6. Let (0, @o,00) satisfy assumptions (3.5)=(3.7) and let T > 0 be an
arbitrary final time. Then, there exists a unique solution (0, p,0) to system (3.3)
on the whole time interval (0,T). In particular,

0>0, 0<o<1 and >0 a.e. in Q.

Proof. The local existence proved in Theorem 3.1 is actually global, thanks to an
additional regularity of the solution holding for positive times. Indeed, assume now
that [0,T) is the maximal interval of existence of the solution and let

(év¢76) = lim (a(t),(p(t),()'(t)).

t—T—
We first observe that & € L*°(Q2), with 0 < & < 1. Indeed, o € C’([ T1; L*(Q2)),
with 0 < 0 < 1 a.e. in Q7, and then 6 € L?(Q), with 0 < 6 < 1, meaning, in

particular, that 6 € L>=(Q).

The condition ¢ € W34(Q) follows from ¢ € C([5,T); W34(Q)), for any § > 0.
Indeed, observe that ¢ solves

- ASO = f,
where now f € L9(8,T; L(2)) for any & € (0,T). Then, [16, Theorem 9.1] implies
that
p € L6, T; W25 (Q) nWH(5, T L°(9),
so that ¢ € C([6,T); W35(Q)), yielding ¢ € W56(Q) and ¢ > 0.

Finally, we see that 0 € L34(Q)NV, with § > 0 a.e. in Q and K (0) € V. Lemma 3.4
yields 0 € C([0, T); H)YNL>(0,T; L3> (Q)NV), with § > 0 a.e. in Q7. A subsequent
application of Strauss’ Lemma (see, e.g., [24]) provides 6 € C ([0, T'; L3(Q)nVv),
so that 6 € L37(Q) NV and 0 > 0 exactly as in [27]. Besides, K(f) € V, owing to
(3.47).

We then conclude that (é, $, &) is an admissible initial datum, so that we can extend

further the solution, covering any time interval [0, 7] in a finite number of steps (see
[27]). O
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