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Scaled, inexact and adaptive generalized FISTA
for strongly convex optimization

Simone Rebegoldi* Luca Calatroni’

Abstract

We consider a variable metric and inexact version of the FISTA-type algorithm consid-
ered in [14}/16] for the minimization of the sum of two (possibly strongly) convex functions.
The proposed algorithm is combined with an adaptive (non-monotone) backtracking strat-
egy, which allows for the adjustment of the algorithmic step-size along the iterations in order
to improve the convergence speed. We prove a linear convergence result for the function
values, which depends on both the strong convexity moduli of the two functions and the
upper and lower bounds on the spectrum of the variable metric operators. We validate
the proposed algorithm, named Scaled Adaptive GEneralized FISTA (SAGE-FISTA), on
exemplar image denoising and deblurring problems where edge-preserving Total Variation
(TV) regularization is combined with Kullback-Leibler-type fidelity terms, as it is common
in applications where signal-dependent Poisson noise is assumed in the data.

1 Introduction

In recent years, inertial Forward-Backward (FB) methods have become standard tools for solving
composite convex optimization problems of the form

min F(z) = f(z) + g(), (1

where H is an Hilbert space, f,g : H — R U {oco} are convex functions and f is continuously
differentiable on a subset Y C #H. In its standard form, the FB algorithm [17|19] is defined as
the sequential application of a (forward) gradient step on f followed by a (backward) proximal
step on g, thus resulting in the following iterative scheme defined for all £ > 0

X , . 1
a* ) = prox_  (z®) — 7,V f(2®)) = argmin 9(z) + E”Z — 2™ 4 V™), (2)

where 7, > 0 is the algorithmic step-size and prox,, , denotes the proximal operator associated
to the convex function 7,¢ [30]. In order to improve the convergence rate of to a minimum
point z* € argmin F', one can consider the following inertial variant of the FB scheme [4}[31]:

# D = prox,, (" =7 V) where y ™Y = 2 4 B (20 —2E7D). (3)

Here, y**1 denotes the inertial point obtained by extrapolation of the sequence {x(k) }k N and
Br+1 is the inertial parameter. The idea of introducing inertia in traces back to the pioneering
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work by Polyak [35], where the optimal convergence rate of the Heavy-ball method is discussed for
strongly convex and smooth problems, and the one by Nesterov [31], where the author proposes
an inertial gradient method of type suited for the case g = 0 with optimal convergence rate
O(1/k?), that is one order higher than the standard O(1/k) rate available for the method (2).
This approach has been extended by Nesterov in [32] to projected gradient descent algorithms
and, later, to a general non-smooth convex function g in [4], under the popular name of “Fast
Tterative Soft-Thresholding Algorithm” (FISTA). In spite of its optimal convergence rate, the
practical acceleration of FISTA is often limited by the selection of the algorithmic step-sizes 7%,
which, typically, are computed either as the inverse of a (pessimistic) estimate of the Lipschitz
constant Ly of the gradient of f, or through a monotone Armijo-type backtracking procedure
when such an estimate is not available |4, Section 4]. Both choices usually generate a sequence
of admissible step-sizes which, in case they are too small, may lead to a severe slowdown in the
numerical performance of the algorithm. Possible remedies to this issue consist in either adopting
an adaptive (non-monotone) backtracking procedure allowing for the local increasing of the step-
size |33))38], or computing the proximal-gradient operator in with respect to the norm induced
by a suitably-chosen variable linear operator, which depends on some second-order information
of the function f at the current inertial point. Such variable metric strategy has been popularized
in recent years and thoroughly studied in a series of works, such as, e.g., [8[10L11L18}24].

Furthermore, if one or both functions f,g in are strongly convex, then it is possible to
incorporate the strong convexity moduli inside the definition of the inertial parameters fg41 in
order to obtain linear convergence rates. This property was shown first by Nesterov in [32, Section
2.2.1, Theorem 2.2.3] for smooth optimization problems (¢ = 0) and later extended in [39] for
general non-smooth functions g, assuming strong convexity only on the smooth component f.
In |16 Algorithm 5], the authors consider a variant of this algorithm for problems where either
one or both terms f,g are strongly convex. The same algorithm is denominated Generalised
FISTA (GFISTA) in |14] and equipped with an adaptive backtracking strategy allowing for local
increasing of the step-size, similarly to the one proposed in [38]. In [22}23] similar algorithms
are considered and thoroughly analyzed by means of generalized estimate sequences arguments.
However, the convergence analysis carried out in [141[16}/22]/23] does not treat explicitly the case
where the proximal operator of g is computed inexactly due to the lack of an exact analytical
formula. This happens frequently in signal and image processing problems, especially in the
presence of sparsity-inducing priors |1]. The practical performance of GFISTA may be in fact
severely affected by inexact proximal evaluations, since inertial FB variants are usually more
sensitive to computational errors than the standard FB scheme, see, e.g. [39,40]. In this context,
the adoption of a variable metric strategy in is expected to compensate for the proximal errors,
thus favoring the recovery of the expected linear rate of GFISTA, as observed also for standard
FISTA in |11].

Contribution and structure of the paper In this paper, we propose SAGE-FISTA (Scaled
Adaptive GEneralized FISTA), an inertial variable metric FB algorithm with inexact proximal
evaluations suited for the minimization of composite (possibly strongly) convex functionals. The
proposed algorithm computes the FB iterates inexactly with increasing accuracy and with respect
to a sequence of suitably-chosen variable metric operators. In order to limit the computational
slowdowns due to the use of possibly small step-sizes generated by Armijo-type monotone back-
tracking strategies, we further consider an adaptive backtracking procedure allowing for local
adjustment of such parameter. On the one hand, SAGE-FISTA can be seen as a variable metric
and inexact version of the GFISTA algorithm proposed in [14,|16], as the original GFISTA did
not include scaling operators nor inexact proximal evaluations. On the other hand, we can in-
terpret SAGE-FISTA as a non-monotone extension of the scaled FISTA-like algorithms devised



in [11}/24], which already featured variable metrics and proximal inexactness, but without the
adoption of a non-monotone backtracking procedure for the step-sizes. Thus, our main contribu-
tion lies in the simultaneous combination of variable metrics, inexact proximal evaluations and
non-monotone backtracking, while taking into account strong convexity. Under the assumption
that one or both functions f, g in are strongly convex, we prove the linear convergence of the
sequence of function values generated by SAGE-FISTA. Furthermore, we assess the numerical
performance of SAGE-FISTA on some image restoration problems, showing that the combina-
tion of the scaling technique with the adaptive backtracking strategy significantly reduces the
computational times and avoids misspecifications of the algorithmic step-size.

The paper is organized as follows. In Section [2] we set the notation and report some auxiliary
technical results. In Section [3] we describe SAGE-FISTA in detail and provide a rigorous study of
its convergence properties, showing, in particular, that linear convergence is achieved in strongly
convex scenarios. We further report some useful results for the practical definition of both the
inexactness parameter sequence and the variable metric operators. Finally, in Section [ we
apply SAGE-FISTA to exemplar image restoration problems such as Poisson image denoising
and deblurring.

2 Problem setting and preliminaries

In this section, we fix the notation, formulate the general optimization problem we aim to solve
and prove some important preliminary results for the convergence analysis that follows.

2.1 Notations

For a given Hilbert space H, we denote by || - || the norm induced by the inner product (-,-)
on H. For any function f : H — R U {oc}, we denote the domain of f by dom(f) := {x €
H: f(z) < oo} If f:H — Ris a continuously differentiable function, then by D,(x,y) =
f@) = fly) — (Vf(y),x —y) we denote the Bregman distance of f between z,y € H.

Let S(H) be the set of linear, bounded and self-adjoint operators from H to H, and Z € S(H)
the identity operator on H. The Loewner partial ordering relation on S(H) is defined as follows:

VDl,DQ S S(H) D1 =< D2 <~ <D1I,I’> < <D2I,I> Ve eH.
For any nins, Nsup With 0 < 04 < 7syp, we introduce the following sets
Dy, ={D € S(H): ninyZ 2 D}, Dlevr:={D € S(H): NinyT 2 D =2 nsupL}.

By definition D;;*? C D, ;- Furthermore, following [20, Theorem 4.6.11], we have that if
D eD then D is invertible and, if also D € D;*?, then we have D~' € Di;gs’;i If
DeD

(z,y) := (D, y), (4)
defines an inner product on H, and ||z||p = /(Dz, ) denotes the D—norm induced by (4).
Hence, if D € Dgfjjﬁ , the following inequality holds

Ninf >

ning, then

Ningllz)* < l2lh < newpllel®, Vo€ H. (5)

Given Y C H nonempty, closed convex set and D € D, ., we define the projection operator
onto Y in the metric induced by D as Py p(x) = argmin ||z — z||% for all z € H.
z€Y




2.2 Problem formulation and preliminary results

We are interested in solving the optimization problem
min F(z) = f(z) + g(z), (6)
TEH

where

e f:H — Ris pus—strongly convex (uy > 0) and continuously differentiable with L -
Lipschitz continuous gradient on a closed convex set Y # () with dom(g) C Y C dom(f);

e g:H — RU{oo} is proper, py—strongly convex (ugy > 0), and lower semicontinuous.

Note that by saying that a function f is strongly convex with py = 0, we just mean that f is
convex.

In the following, we prove a technical descent inequality (Lemma that is crucial for the
convergence analysis carried out in Section [3} We start noting that, if f is 1y —strongly convex,
then f is also strongly convex with respect to the norm induced by any operator D € DZ;:;’.

Lemma 2.1 Let f: H — RU{oo} be a puy-strongly convex function on a nonempty convex set
Y Cdom(f). For all D € ’DZ::}’ and pyp < n‘i, we have that f is 1y p—strongly convex with
sup

respect to the D—mnorm, that is
Hf.D

) 2 @) + (w,y — ) + L

Proof. In view of the uy-strong convexity of f and , forall z,y € Y, w € 9f(x) we have

ly—2lp, VyzeY, wedf(). (7)

Hf D

ly — |-
2

f(y) = f(2) + (w,y —x) + #nsuz)ny —z|? > f(z) + (w,y — ) +
sup

We now report the statement of a scaled version of the descent lemma (see [10] for a proof).

Lemma 2.2 [10, Lemma 6] Let f : H — RU{oo} be a continuously differentiable function with
Ly-Lipschitz continuous gradient on'Y C dom(f) and D € D, .. If0 <7 < 77L—”ff, we have

1
f(y)éf(w)+<Vf(ff),y—w>+§||w—y|\% Va,yey. (®)
For 7 >0, D e DZ;:}J , we define the proximal operator of g in the metric induced by D as

1
f(x) = argmin g(z) + 5”2’ —z|%, VYzeH.

z€EH

prox

Furthermore, given & € Y, we introduce the function h, p(-;Z) : H — R U {oo} defined as
1
he,p(22) = (@) + (Vf(@),2 = 2) + |z = 2|p +9(2), VzeM. 9)

Since g is strongly convex with respect to the D-norm with modulus g p < fig/Msup (see Lemma
2.1), it is easy to show that h. p(-;Z) is also strongly convex with respect to the D-norm with
modulus £+, p. Consequently, h; p(-; Z) has a unique minimizer. Then, the proximal-gradient
point & with parameters 7 and D is given by
z = proxfg(;i — 7DV f(Z)) = argmin h, p(z; 7). (10)
z€H
For our purposes, it will be convenient to consider a suitable approximation of the point Z in
(10) computed by means of a fixed positive tolerance parameter.



Definition 2.1 Givenz €Y, 7 >0, D € ’Dgf:;’ and € > 0, we say that a point T € dom(g) is
an e—approximation of the proximal-gradient point & and write T ~. & if

h:p(Z;Z) — hr p(2;7) < e (11)

We are now ready to state and prove the promised generalized descent inequality, adapted to the
scaled and inexact framework introduced above.

Lemma 2.3 Given apointz €Y, >0, D € DZ;“S}’, € >0 and a point T ~¢ &, if pg,p < ntjp
Hf

Nsup’

and pyp < then the following inequality holds

2T 2T

lz—all3 | ., VZer(+ rigp)
2T T

_ ~l12 M | )

< F(z) 4+ (1 —7upyp)

le—ilp, YzeH. (12)

Proof. Let pupp = % + 14,0 be the strong convexity modulus of h, p(-;Z) with respect to
the D—norm. Combining the strong convexity of h, p(-; Z) with the optimality of the proximal—
gradient point Z, we obtain that

heop(@:3) 2 hep(#:7) + HeB o = 3|}, Vo €. (13)

Choosing & = & above and combining it with leads to

Iz — 2[5 <

Starting again from (13, we can thus write the following chain of inequalities

Uh,D I Hh,D

he.p(@;2) 2 hy p (& 7) + = &l = he.p(#:7) + he.p(237) — he p(2:7) + lz — 215
fh,D

2
~ HKh,D 12 2¢ ~
2 hrp(@:2) + —=llo = &lp — e~ pnpy [ —llz = Zllp, YzeH
HUh,D

where the third inequality follows from the definition of e—approximation and the three-
point-equality |la — c||% = |la — b||% + [|b — ¢||% + 2(D(a — b),b — ¢) and the fourth one from the
Cauchy-Schwarz inequality, combined with and the non-negativity of |7 — #||%. We deduce

o - 2 -
hrp(:7) 2 hep(37) + H2 1T — 2l =€ = ppy [ e~ Fllp, VeeH. (1)
D

o — 2[5 + & — || + pn,p(D(w — 7), & — &)

> hr,p(#@) — e+ e |




Then, inequality follows from noticing that, for all x € H, we have

|z — 2% - |z — 23,

Fa)+ (1= 7pp.0) 22 > g(@) + f(@) + (VF(@)w = 7) + 522 = by pla:7)
]
> hep(@3) + PSP E — ] — e =y | e~
- o lz=zl3%  Tpep+1, . 2¢ .
=g(%) + f(2) +(Vf(2),T - 7) + o0 D 927 ||$_9C||%)—€—Mh,D m”ﬂﬁ—xHD
T — 7|2 1 1
— 7@+ 52 oy (3.2) + LR ol - e 2 (4 o ) o = 3,

where the first inequality is due to Lemma the first equality follows from the definition of
hrp in @D, whereas the last two equalities follow from the definitions of A, p, pn,p, and F' in
@. Rearranging the terms, we get the thesis. (I

3 SAGE-FISTA: description and convergence analysis

In the following, we describe a generalized version of the FISTA algorithm proposed in [4], which
is suited for solving the (possibly strongly) convex problem @ by means of an appropriate scaled
and inexact inertial forward-backward splitting. Our proposed algorithm, named SAGE-FISTA
(Scaled Adaptive GEneralized FISTA), is obtained by incorporating in the iterative scheme
the following features:

e the use of a variable non-Euclidean metric in the computation of the proximal-gradient
point, which is induced along the iterations by the elements of a sequence of linear, bounded
and self-adjoint positive operators {Dy }ren; such operators are typically chosen in order
to capture some second order information of the differentiable part f at the current iterate
z*) (see e.g. |9,/11,[12L[28));

e the approximate computation of the proximal-gradient point according to the notion of
€ -approximation given in Definition this feature has already been introduced in other
scaled FISTA-like algorithms available in the literature, see e.g. [111[24];

e a non-monotone backtracking strategy similar to the one considered in [14], which allows
for possible increasing of the step-size 7,41 at each iteration; differently from monotone
Armijo-type approaches, this strategy is particularly helpful when the initial 7 is chosen to
be extremely small, which corresponds to a (pessimistic) large estimate Lg of the Lipschitz
constant value Ly;

e a novel selection rule for the inertial parameter Bx11, which depends on both the strong
convexity moduli pi¢, 1y and the bounds on the spectrum of the operators Djy;.

The proposed SAGE-FISTA is fully reported in Algorithm [T}
At each iteration k£ > 0, the preliminary step of SAGE-FISTA is the choice of both the linear,

up

bounded and self-adjoint operator D41 € Dnmf and the tentative step-size Tk+1 = 71/0. If
d < 1, then an adaptive increasing of 7 is allowed (see [14,23] for analogous strategies applied to



GFISTA and [38] for FISTA), while if § = 1, a classical Armijo-type backtracking is performed
(as in [4] for FISTA). Then, an inner backtracking procedure computing the next iterate x(*+1)
follows. At each inner backtracking iteration 7 > 0, the iterates 7;_,,, tp41 are first updated
(STEPS 2-3); such quantities depend not only on the scaled quantities pf 1 = ,uf/nfup,
Mg kt1 = ,ug/nfup and fir11 = pf k41 + Hg,k+1, Dut also on the tentative step-size 741. Then,
the inertial parameter 8, and the projected inertial point y**+1) are computed (STEPS 4-5).
The projection of the inertial point z(*) + ﬂk(x(k) - x(k’l)) onto the set Y is required whenever
dom (f) is a proper subset of the entire space H, in order to keep the iterate y**+1) inside the
domain and make the evaluation of f(y**+1) and V f(y*+1) at STEP 6 well-defined. Although
the projection onto Y can usually be solved only approximately in the general case, it becomes
trivial in certain practical settings, for instance when Dy is a diagonal positive definite matrix
and the domain is the non-negative orthant, i.e. dom(f) ={x € R": z; >0, i=1,...,n}, as
it is the case of the Kullback-Leibler divergence (see Section [4] and references therein). Finally,
an approximated point z(**1) such that z(**1) =~ | proxgc’fllg(y(k“) — Te1 DL V F(y D)
is computed. For each backtracking iteration, a check on the condition

k+1 k+1)112
]D)f(x(’“rl) y(k+1)) < ) — ™ )HDkJrl

271 (16)
is performed (STEP 6). If such condition is not satisfied, then the step-size is reduced by a
factor p (STEP 1) and STEPS 2-6 are performed until the condition is satisfied. Note that
this procedure ends in a finite number of steps, thanks to Lemma Furthermore, reasoning as
in |33, Lemma 4], we can provide an upper bound on the total number of backtracking iterations
performed by the end of the k—th iteration. In particular, denoting with 7; the number of
backtracking iterations at step j =0, ..., %, we have

S (o) 005 (2 (%57)) -

Note that such an upper bound depends solely on k, the backtracking parameters p, d, the initial
step-size 79, and the Lipschitz constant L.

When nfnf = nfup =1, Dy =7 and Y = H, Algorithm [1{ reduces to the Generalised FISTA
(GFISTA) algorithm studied in [14]. The presence of the strong convexity moduli g, g in
the update rule of the inertial parameter By allows to prove a linear convergence rate for the
function values also when an adaptive backtracking strategy is adopted, see |14, Theorem 4.6].

When Dj, # Z, Algorithm [I| can be considered as a scaled version of GFISTA where the
inexact computation of the proximal-gradient point is explicitly taken into account in STEP 6.
Note that the introduction of the positive operator Dj further imposes a modification of the
parameter ty1 in STEP 3. However, linear convergence rates still hold, as we will rigorously
show in Section Bl

Finally, note that when p = puy +pug =0, nfup =n>0and § =1, STEP 3 reduces to ty11 =
1+, /1+4—E—¢2

2”““ k, and Algorithm [1| becomes the inexact scaled forward-backward extrapolation

method equipped with Armijo-type backtracking proposed in [11]. In this case, standard O(1/k?)
convergence rates can be proved, coherently with the result obtained in |11, Theorem 3.1].

Remark 3.1 We introduce the quantity

Qk = AT = T (17)



Algorithm 1 Scaled Adaptive GEneralized FISTA (SAGE-FISTA)

Parameters: pe (07 1)7 o€ (0, 1]7 {ngup}kGN s.t. 0< Nin f < 77§up < Nsup> {ﬂﬂk}kGNv {/j'g’k}kGNv
{prteen st gy = ngf;, Lg ke = ,,’g%jp, e = pf ke + tg k-
Initialization: 79 > 0 s.t. 0 < Touyso < 1, 7§ =

b 1<ty < —2A—.
R e
For £=0,1,2,...

T —1 0) _ ..(—1
mﬂc( ) e M, 20 = 2D and t; > 0

k
N, .
Choose Dj11 € Dy.'7 and set 77, = Z=.

For i =0,1,... REPEAT

STEP 1. Set Tj41 = piT]8+1.

/ _ Tk+1
STEP 2. Set 7, | = SE=yT—

k4+1_y
lfum;t%¢<17uwl¢ti>2+4nk”ii’“ t
sup k41

STEP 3. Set tx11 = 5

te—1Y) 1+7Tht1ig k41 —tht1Tht1 k41
TEP 4. Set = 2 .
S S ﬁkJrl tht1 1=Tpp1pbf k41

StEP 5. Set y* ) = Py p,,, (2®) 4 Brpa (@™ —2+=1)).
STEP 6. Set £+ 1) = proxhkty (y*+D) — Tre1 D V f(y* D)), choose €41 > 0 and com-

pute z(*+1) € dom(g) such that

(k+1) o A(k+1)
T Rlepi T .

(k+1) g (1) )2

= 1

UNTIL Dy (ak+D yk+D)) <

2Tk 41

END

and observe that
0<qpr<l1, tp>1, VEk>O.

Indeed q;, is nonnegative due to the nonnegativity of pu, fg, Tk, and combining the iy —strong
convezity of f with respect to the Diy—mnorm with , we have

Iz =y,

Bfk k k)12 k k
S =y W, <Dy, y®) < =

)
which implies py e <1 and thus g, < 1. Furthermore, in the case when = pyg+ pg = 0, then

Ly /144750e2 ) _
ly=—""——5"—""—2 1, otherwise we can rewrite ty as

2 .
B A
k =
2

and then proceeding as in [14), Lemma 4.4] we have

2 2
. 1—qeati_ + \/(1 — qu—1ti 1) FAqgati_, 1= quati_ 4+ (1 + @eati_ ) .
k= = = ].
2 2




Remark 3.2 The update rule for the sequence {ty}, is obtained by imposing the following con-
dition at each iteration:

77k+1
Tlg+1tk+1(tk+1 — ]_) = S:p wk+1’7’;€t%, V k Z 0 (18)

sup

where we have set:

1+ Tipig ke — Telrpik

19
14+ 7ppg.k (19)

WE = 1 7tqu =

Indeed, note that tiy1 is defined as the solution of the following second-degree equation

k+1_/ k+1

T
£ (- pr)t - P2 =0 e b= 1) = S (= )T,
sukaJ,-l nsup

where the equivalence follows by multiplying by T,’C_H and noting that ui = /,Lk+1(7]§;’;)1/77§u).
Then, choosing t = ti1+1 and recalling the definitions of qy in and wy, in leads to .

We conclude this section with the following technical result holding for the sequences {qxt3 } ren
and {qxtx }ren, which can be proved by proceeding exactly as in |16, p. 294].

Lemma 3.1 If0 <ty < \/% (as assumed in Algorithm , then it follows that

@i <1 and gt <1, Y Ek>0. (20)

3.1 Convergence rates

We now show that SAGE-FISTA enjoys a convergence rate in function values that is either
R—linear or proportional to 1/k%, depending on whether the strong convexity modulus u =
ty + pg is positive or null. A couple of technical results holding for nonnegative sequences are
needed in order to deal with e, —approximations and scaling operators.

Lemma 3.2 [39, Lemma 1] Let {pi}tren, {qrtren, {Mk}ren be sequences of real nonnegative
numbers, with {qr}ren being a monotone nondecreasing sequence. Then the following result

holds:

2 E 2 2\ 2
1 1
2
pkﬁqk—kg Aipi, VkE>1 = pkgiiél)\i—&— Qk+<2i§_1)\i> , VEk>1.

i=1

Lemma 3.3 [36, p. 44, Lemma 2] Let {pg}tren, {Ck}lren be sequences of real monnegative
numbers such that ZZ":O Cr < oo and the inequality pr+1 < (1 4 Cx)pr holds for all k > 0. Then
{pr}tren is a convergent sequence.

Furthermore, we make the following assumption on the sequence of operators { Dy }ren and
the sequence of upper bounding values {nfup} kEN-

Assumption 1 There exists a sequence of real nonnegative numbers {i }ren S.t. Y po Yk < 00
and, for all k > 0, the following conditions hold

Diy1 = (1 +9%+1)Dx, (21)
i

su

kp < 14 Yet1- (22)
Nsup



Remark 3.3 Condition has been often used to prove the convergence of variable metric FB
methods in the conver setting, see for instance [@@/ It is easy to see that implies
for the particular choice nfup = HDE %, with Dé being the square root operator applied to
Dy.; when || - || = || - ||2, this amounts to choosing 0%, = ||Dgl|2, i-e. the spectral radius of Dy,.
However, in general, we need to impose condition explicitly. Let us mention two particular
examples of sequences { Dy }ren and {ngup}keN satisfying Assumption which we will use in the
following numerical experiments.

e Suppose Dy, = D and nfup =n >0, with D € D}

Then Assumptz’on holds with
Ye = 0.

;-
0¥
e Suppose Dy, € DUZ“” for all k > 0, and the upper and lower bounds converge to the same
inf
positive value at a sufficiently fast rate, that is
k k k k
ninf:n_yinf7 nsup:n+ysup7 (23)

where 0 < anf <n, vk, >0, and Y77, I/fnf <00, Yoo vk, < oco. In this case, recalling
, we can write

pk+1 nk+1
2 k+1 2 _ 'lsup k 2 sup 2
21Dy, < M5up 1217 = ——minsllzl” < 5—lzlp,, Vaeh (24)

inf inf

nk+1
Thanks to (23), the factor multiplying ||x|\2D,c can be rewritten as n}:’; =14 Yrt1, with
Vidp ting g -
Vo1 = 5 ; L. Since yp11 < (n—maxy l/fnf) 1(V§jp1—|—l/fnf) and the sequences {anf}keN,
{Vfup}keN are summable, we can conclude that condition (21)) is satisfied. Furthermore, we
also have - o1k -
Nsdp _ Msup Ming _ Msdp o,

Neup Mg Meup — g

that is condition also holds.

Note that, if H = R™, || - || = || - |2, and {Dg}ren are diagonal matrices, then we can
always impose condition by constraining the diagonal elements of Dy in the interval
[n— anf, 17—|—1/§up] (see Section_for a practical implementation). By doing so, we progres-
sively “squeeze” the scaling matrices to a multiple of the identity matrix as the iterations
increase. This allows us to employ very well-known techniques for computing (diagonal)
scaling matrices, such as Majorization—Minimization or Split—Gradient strategies ,@@@/,
provided that their elements are artificially thresholded from below and above.

On the contrary, conditions - are not suited for Quasi-Newton variable metrics, which
aim at estimating a certain Hessian matriz through low-rank updates (see e.g. @ ), rather than
converging to a multiple of the identity matriz (as — require). We remark that FB methods
exploiting the combination of Quasi-Newton metrics, inertial steps and inexact proximal evalu-
ations have already been devised in the literature, for instance in @/ In @/, the typical
O(1/k?*) convergence rate is achieved by requiring the monotonicity condition 0 < Dy =< Dj_1
on the scaling matrices; in , the authors prove the same convergence rate for a similar Ac-
celerated Prozimal quasi-Newton Algorithm (APQNA) by relaxing the monotonicity assumption
on the metric. However, as highlighted in p. 612], it is not clear whether these theoretical
assumptions are compatible with Quasi-Newton approaches such as L-BFGS, and the numerical
experiments in suggest that different techniques other than standard Nesterov-type inertia
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might be required to obtain satisfactory acceleration for proximal Quasi-Newton methods. Other
works [5,/6] have proved convergence results for Quasi-Newton (non-inertial) forward-backward
methods in the strongly convex setting, by developing a suitable proximable calculus that allows
to efficiently evaluate (or exactly compute, in certain cases) the proximal operator with respect
to Quasi—Newton variable metrics. By contrast, in this work we pursue a complementary ap-
proach, which is tailored for specific diagonal metrics (e.g. the ones obtained with Majorization—
Minimization or Split-Gradient strategies).

We now provide a key descent inequality that holds for the iterates of SAGE-FISTA Algorithm
in the same spirit of the one employed in [14, p. 8]. The result follows by combining Lemma
with the backtracking condition of Algorithm [T] and Assumption

Lemma 3.4 Suppose that F = f + g is u—strongly convez with p > 0 and Assumption [1] holds.
Then, for all k > 0, we have

* 1 *
Thartha (F@") — Fa®)) + e = 2D — (g = 1)@ =23,

1, . _
et = a® = (6~ e - D), )

< v (L4 ) (RAFEW) - Fa) + 3

+ Thprthpreret + terny/ 26017 ot — 20D — (o = D@D —2®)|p, .,
Proof. We apply Lemma with 7 = 741, 7 = y* D, & = 20+ e = 441, D = Dy,

WD = [fk+1s Hg,D = Mgk+1 and combine it with the backtracking condition so as to
obtain:

| — x (kD)2 | — y kD)2
Fa®™ D) 4 (1+ i1 ptg 1) Dl < F(x) + (1 — Tgrtft) Drts
2Ti41 27Ti41
2€54+1Th41 (1 + Thg1ftg k41
+€py1 + \/ 17k aulaLas )||a? - x(k+1)|‘Dk+1'

Tk+1

1)) 4
Let us now define z = w with #(®) being the k—th iterate of the algorithm and
z* € H a solution of (6)), and set g+ = z*) 48, 4 (2*) —2(*=1)). Since the operator Py,p,,,
is firmly non-expansive |11, Remark 2.2] and & € Y, we have |z —y* 0|2, < [a—g* D)3, .
Then, the previous inequality becomes

~— 1z *_ (k+1)]|2 k *
F(x(k“)) + (L + Try1hg,kr1) W = Do 20" ~ tha ”Dkﬂ <F <(tk+1 - 1)56( —

2
2741t lrt1

”(tk-‘rl - l)m(k) +a* — tk+1g(k+1)”2Dk+1

+ (1= Teq1ptfes1)
27k y1th 4

V2€k41Th1 (1 + Tht1fg k41) I

try1 — 1)33(k) +a — tk+1x(k+1)|‘Dk+1' (25)
Th+1tk41

+ €kt+1 +

We now multiply both sides of by ti 41> apply the py 1 —strong convexity of F' with respect
(tpp1—1D)z® 4+
t vkl o T

e is a convex combination of

to the Dypiq—norm on the right-hand side (the poin

11
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2(®) and z*) and subtract the term tiHF(x*) to both sides, thus obtaining

1
ti+1(F($(k+1)) _ F(x*)) + + Tk+1ugﬂk+1 ||
2Tk+1

* Hi 1(tk 1 1) *
< tipa(tepr — D(F W) = F(a®)) - %Hﬂf(m — "By,

(tk—i-l - 1)$(k) +at - tk+1x(k+l)”%k+1

H(tk+1 - l)x(k) +a* - tk+1g(k+1)H2Dk+1
2741

V26 1Tk 1 (L4 Th1fig ks1) I
Tk+1

+ (1= Thg1pf kr1)

+ i 1€ha + tet

tk+1 — 1)1'(k) + I'* - tk+1$(k+1)||Dk+1'
(26)

By proceeding similarly as in |16 p. 292], we rewrite part of the right-hand side of inequality
(26) as follows:

 pk1 (e — 1) ()

2 1 [(trgr = D™ 4+ 2% — t i g® D13,
5 — 2Dy + (1= Thprpp k1)

2Tk 11

= Teapp k1 — e Trpr (b — 1) ) — 4|2
- - Dy

2Tk+1
1—7g k tr " _ t2 (]- — Tk+1M ,k+1) _
. ( 1 1)t (o — 2®) Dy yy (@) — gDy 4 ent g ! Ja® — g+,
Th41 Tk+1
1 —t
_ + Th4+1Mg,k+1 E1Th+1 k41 Hx(k) B l.*HQD
2Tk+1 k+1
n o1 (1 — Thogafip i) (1 + Tho 1 Mg k1 — Lot T 1 1) <x* —2® Dy ( a®) —gkth )>
Th+1 M1+ Tht Mg k+1 — L1 Th+1 k41
_ 2
n L Th1 g o1 — tep1Tho 1 i1 || Erern (1 — Teprpep prn) (%) — g+
2Tk 41 L4+ Thiptg k1 = 1 Thr1bi+r lp,,,
. t%+1(1 — Tk+1l~tf,k+1) <1 - 1 —Thpipf k1 > ”x(k) . 27(1c+1)||2
2Tk41 T+ Thp1ttg k+1 — St 1 Tt 10k +1 Dt
2
_ Lt Thaag k1 T Ui Thb bt || (k) n o1 (1 — Togafig 1) (2® — gh+D)
2741 L+ Tht1bg k1 = Tk 1 Tht 1 ko1 Dits

i (e — Dper (1 — T 1pg 1)
2(1 4 Tr1fbg k1 — Loy 1 Thoy1 Mkt 1)

o) - g#VI,

where the first equality is obtained by applying the basic relation |a + bl|% = |la||% + [|b]|% +
2(a, Db) with a = z* — 2™ b = t 1 (z® — g**+D), and D = Dy 1, the second one follows
by recalling that pry1 = pfr+1 + fgr+1, and by adding and subtracting to the right-hand
side of the equality the term t%+1(1 — Tk+1ﬂf’k+1)2”x(k) — gkt ||%k_+1/(27'k+1(1 + Th1 g k1 —
the1Ths1/te+1)), and the last equality is due again to the basic relation with a = z* — z(F),
b= tes1(1 = Trpapifpsn) (@® — gEDY /(14 71 pig g1 — tresaTha1pins1), D = Diyr. We can
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now plug this into , thus getting:

14 Tht1fbg kt1 ) s (k+1) (k+1) QNP
T”x - - (tk+1 - 1)(x - )||ch+1

q (b — Vg1 (1 — T pop o41)
2(1 + T 1fg k1 — bkl Thop1 Moot 1)

141 (F@*Y) = F(2")

+

l2® —gEDND, < trga(ther = D(F W) - F(z"))

2

n T+ Tir1pbg ot1 — Cer1 T 1 k1

t 1—r7 7
z* x(k) k+1( k+1 f,lc+1) g(’““) x(k))
27k+1

1+ Togp1fhg k1 — L1 Thp 1 Mok 1

Di 1

\/2€k+17—k+1(1 + Tk+1,ug,lc+1) ||fE* _ kD) (tk-i-l _ 1)(1}(k+1) _ x(k))”D
k+1°

2
e 1€kt1 + g
Tk+1

Recalling the definition of 7;_, at STEP 2 of Algorithm [1] and wy; in , we observe that
0 < wi1 < 1since 0 < gpy1trr1 < 1 (see Lemma [3.1). Furthermore, the parameters Sji1
appearing in Algorithm [I| can be rewritten in terms of wy11 as

tpy — 114 Tt kt1
ter1 1 — Thpifbg ks

Recalling also the definition of 7+ plugging and inside the previous inequality and
multiplying it by 7, we deduce:

Brr1 = W1 (27)

* 1 *
Tharthra (F@") = F(a)) + glle” = 2D — (g = 1)@ =23,

% WE+1 |« _
< otk (e — D(F@@®) — F(z)) + T*IIx —a® — (t, = )(@® —2* )5,

D) _ (441 — 1) (2D — x(k))||Dk+1- (28)

+ Tl 1 + ter1y/ 260417y l2* — 2
Combining equation with yields

* 1 *
T;é+1ti+1(F(x"“+”) - F(x")) + 5“35 T A (tha1 — 1)($(k+1) - ﬁb"(k))H?Dk+1

k+1
Nsu * 1 % _
< Wk ( LTt (F(a®) = F(a™)) + Zllz" = 2™ — (ty = 1) (™) — 2* 1))|I%k+1>

sup
+ Ttk + terny 207 ot — 2D — (g = D@D —2W)|p,

whence the thesis follows by applying Assumption ([

Let us now define the sequence {0 }ren by

k
[«
O = =2, Y k>0. 29
k T]/Cti ) = ( )
The convergence rate for the function values of the iterates of Algorithm [I]can be computed by
a careful study of the factor 6, which decays linearly if u > 0 and quadratically if u = 0.

Theorem 3.1 Suppose F' = f+ g is u—strongly convex with 1 = pg+pg > 0 and Assumption
holds. Let x* be a solution of (@ and recall definitions and . Set u® = z* — 20 ¢y =

13



F(x (0)) F(z*), v :=limg oo H(l—i—’yl) < oo and E¥ = 27 0 H_lqﬂ, E§ = Zf:o ;'_1167;+1,

Then, for all k > 0, the followmg upper bound for the function values holds:
2

F(w(k+1))—F(x*) < V01 HU(O)”DO + 7-675(2)1}0 +2ﬁEk+ | B (30)
= + \/m wo 1 2 .

Furthermore, the factor 041 can be bounded as follows:

7 1ip HHa 4 Lfsup — Plis
SUP . min <1 — > ( — K .0> s Sup . (31)
Ninf Lnsup + pgp o 7)) (k+2)2 PTsup

Proof.  The result is obtained by combining the proof in |14, Theorem 4.6] with some
arguments employed in [39, Propositions 2-4]. Using the short-hand notations

u® =2 —2® — (4, — 1) (a® —2FD) = F(a®) — F(2*),

Op+1 <

we reformulate the inequality in Lemma in the following compact form:
1 1
stttk + gl O, <ol o) (it + 5101,

+ Tllc-ﬁ-lti-i—lek'i‘l + tk-‘,—l 2€k+17—]é+1 ||u(k+1) ||Dk+1' (32)

By recursively applying (32), we obtain

k+1
1 1
Tha1ths1Vkt1 + 5”“(’““)HQDW < <H wi(1 + %)) <75th0 + 2||u(o)||2D0>

k41
+> ] @i+ (T{+1t?+1€z'+1 +tit1y/2€41, 1+1||U(Z+1)||Di+1> . (33)
i=0 \j=i+2
where we used the notation Hf;lw w;(147;) =1 whenever ¢ > k — 1.

Let us define the sequence {py }ren with elements py = Hle(l +7;) for all K > 1. We notice that
Pr+1 = (L + vk+1)pr- Recalling the summability of the sequence {74 }ren and applying Lemma
it follows that {pg ren converges. Setting v = limg 00 Hle(l +7;) < oo, we deduce from
33)

k+1
1 Y
Th b1 Vhen + §||U(k+1)||2p,c4rl < <H Wi) (77'675(2)“0 + §Hu(0)||%o)
i_

k+1

+Z H Wi (’Y +1tz+1€z+1 + Ytita 2€i+1TZ(+1||u(i+1)||Di+l>'
i=0 \j=i+2
Let us now define Q11 := 5:01 w; € (0,1]. Recalling the definition of 8 in (29)), we can rewrite

the previous inequality as:

1
Tllg-‘rlt%-i-lvk-‘rl + *Hu(kH)H%kH

T/tQ,UO _ 1 .
<Yt (002) || O3, + Z@HQH + 4/ 9z+11€i+191-+21|U(Z+1)||Di+1> - (34)

=0
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We can now proceed as in [39, Proposition 2]. First, we discard the term 7/ 7 vx41 on the
left-hand side, so as to deduce the following inequality

k k
- k [, + 275500 _ - 1
Qk-',l-lnu( +1)||%k+1 < 2y ( g Zei+11€i+1 -I-Z 2y 291+11€i+19i+21||u(1+1)HDH—l‘

=0 =0

An application of Lemma [3.2] to this relation leads to

k
1 —
O A D by, <3 /207 e
i=0
K3 ) %
||u(0)||2 + 27020, k 3 k —
+ | 2v ( D;w 0%0 + Zeiﬁlelqu + Z’ym
0 i=0 i—0

Therefore, by standard inequalities on the square root of the sum of positive terms, we can
deduce that for all j =0,...,k

k k
2yt _ _
QA b, < (- o, + 1 770% 23 e #2320 e (39)
1=0 =0

We now go back to (34), discard the term % |u(k+1) ||2Dk+1 on the left-hand side, plug the relation
and write the following chain of inequalities

/42
YTotdvo
0024 ||U(O)||D "‘E 791+1€z+1

k /42
— YTot5v0
+ (227\/91:1%) Ve @y + ¢/ 722 +
i=0 0
b 4@ p, + YT9tgv0 Jrzzk: [g—1 I
u i+1€i
2o Do wo izofy 1

We thus deduce

< Aty [ 1200 T‘St‘z)voJer\/e*1 + Ee
v . €; €
k+1 S VVk41 \/m wo gt Y i+1%i+1 i+1%i+1

At this point, proceeding similarly to [14, Theorem 4.6], we need to provide an upper bound for
the factor ;. To this aim, we introduce the following average quantities:

-1
0k+1vk+1 <

k k
Z ’}/0;’_1161‘4,1 +2 Z YA/ 0;_,’_1161'4,1
=0 1=0

2

k

-1
E :79i+16i+1
i=0

k+1

- 1
\ L1 = = ; Vit k+1 Z”L . (37)
k+2 ; \/L —Hyi

where L; := 1/7;. In order to show the quadratic decay of 0, we first prove the inequality:

1
- Vk>0. (38)

1
/ 2 /
nfupek nsup
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The proof follows by induction: for £ = 0 we have

1 —porgto (1 — poroto)(1+ Topg0) 1 — (to — 1)Topg0 — pyoToto _ 1
0o = 122 = 2 = 2 < — = Hf0s (39)
Tot Totg Totg 70

which holds since, by assumption, ¢ty > 1. We observe that this is nothing but for £ = 0.
By induction, suppose now that holds for some k& > 0. Then, from 7 we deduce:

1 1 qufpl X T2 7751}1 Or+1 <1 (40)
- Wi+ = 4
tk+1 nsup T]/c+1t%+1 nécup ek?

which implies that the sequence {nfupé'k}keN is non-increasing. Therefore, we have
1 _ 1 - n.];upek - nsup 9k+1 ngupek - 7751;‘;719’64‘1
ket K / - [ kt1 '
\/77(9;?) Or+1 \/nsupgk \/ngupnﬁjplakok-&-l (\/Ufupek + 7757;;71916-&-1) 277§up9k nS‘J‘rp Or-+1

Now, recalling the definitions of the parameters 01 and wy41, we first observe that:

nk+1 k+1 7Ik+1°~’k+1 1

[ k41 sup sup k+1

tit1\/ Msup Ok+1 = = I | VWi KA ———— = [ Nsup <7_, - Nk+1tk+1>
+1 4=0

k Tht+1 k41

1 1
< \/775%1 <7_}2 - ,Uk+1> = \/775%1 (Tk+1 — uf,k+1).
+1

Recalling (40), this entails:

1
\/”S“p O \/"S“PH’“ s okl s \/’7%1 T:H - uf,k+1>

By induction, the previous inequality yields with k = k+1. Recalling the definition of L1
and observing that 7, < ngup < Noup for i =0,..., k, we get

2 Nsup =
\/0 < —=/ PLpr1, Yk>0. 41
LS T — k41 = (41)

To get the linear rate, we use and and deduce the following relations:

k+1 0 k+1
Tl 1 Ns 00 F — k+1
PR § LT (1—t_) < B TL 0= V@) < 22 (L = up) (L= V) (82
i=1 sup ? sup  ;—1 n

where the last inequality follows from the concavity of the logarithmic function, the definition of
qr+1, and the fact that n;,; < niup < Noup fori=0,..., k+ 1.

Finally, we note that the averaging term Lj; appearing in is always smaller than the actual
average of the terms (L; — uf,;), since:

k

\/7<k7—|—12vL —Hfi S %_HZ(I@*NM)- (43)

=0
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Then, since the use of the backtracking strategy at any iteration implies that 7, > p/Ly, we can
deduce the following uniform bounds for the averaging terms:

= L
Vi <25 - B (G > | — PP
14 Nsup Lfnsup + pgp

by which follows. O

Remark 3.4 By -, we deduce that the factor k11 can be estimated just in terms of the
running average quantities Ly1 and Gy defined in , thus avoiding the dependence on the
(possibly unknown) value Ly. In this case, note that the storage of the values L;,i =1,...,k+1
computed along the iterations is required.

Remark 3.5 (How to distribute strong convexity?) The decay factor 1—/pp/(Lnsup + Hgp)
appearing in depends on the location of the strong convexity moduli py, pg of the two func-
tions f and g, which, to a certain extent, is arbitrary. By [5, Proposition 10.8], we have that
f,g are strongly convex if and only if the functions f(z) = f(z) — prllzl|?/2 and g(z) =
g(x) — pgllz||?/2 are conver. As a consequence, the objective function can be rewritten as
F(z) = f(z) + g(x) + pl|=||?/2, which leaves the freedom to(partially) include the quadratic
perturbation yu||z||?/2 either in the differentiable or in the non-differentiable part. This implies

rewriting F as

Flx) = (f(x) +5= ||x||2) + (3@ + 5lall?).

) =ge(e)

where 0 < & < p. It is thus interesting to identify the optimal choice of € corresponding to the
decay factor providing best convergence rates. Denoting by Ly > 0 (resp. Ly, > 0) the Lipschitz
constant of Vf (resp. of Vf.) and by g, the strong convexity modulus of g., we have that if
Nsup > 1> p (as it is in our numerical experiments in Section 4), we get

pip pip 1P 1P

Ce = = = < :
: Lfgnsup + tg.p (Lf B U E)nsup +ep Lf_nsup + UNsup + E(p - nsup) Lfnsup + pp

The quantity c. is thus mazimized by choosing p = €. Hence, the smallest value for the decay
factor is obtained by completely including the quadratic perturbation u|xz||*/2 in the nondifferen-
tiable part g. Coherently with this remark, we will see in Section 4 that the choice p = € is the
one providing the best numerical performance of SAGE-FISTA.

The boundedness of the sequences Ef and E5 can be guaranteed by carefully choosing the
error parameters €41 controlling the accuracy of the inexact proximal evaluations. If p > 0 the
following corollary provides a sufficient condition for this choice.

Corollary 3.1 Suppose that F' = f+g is u—strongly convex with > 0 and let x* be the solution
of @ Suppose that Assumptz'on holds and that {e}ren is chosen as

€kt1 = Opp10n41, (44)

where {0 }ren is defined as in and {ag}ren is such that ar, > 0, Zzozoﬁ/ak < oo. Then,
for all sufficiently large k, we have

m k41
P - ) =0 (1- ) )
( ) ( ) Lfnsup“—,ugp
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Note that the factor 041 depends on gry1 and 41, which are computed at STEP 2 and
STEP 3 of Algorithm |1} Therefore, in order to ensure the linear rate, the parameter €1 needs
to be recomputed according to at each trial step of the backtracking procedure.

In the particular case u = py > 0, we are able to pre-identify a sequence of error parameters
that guarantees a linear rate without requiring any inner update, as shown below.

Corollary 3.2 Suppose that F' = f + g is u—strongly convexr with . = ug > 0 and let x* be the
solution of @ Suppose that Assumption holds and that {e }ren is chosen as

€k+1 = O((abk)kﬂ)v (45)

where a < gmin{l,nmf/(m,ug)} and b < \/5. Then, for all sufficiently large k, we have

k+1
Fa*) — Fz*) = 0 (1 -t ) .
L isup + pgp

Proof. Let us provide an upper bound for the quantity 0;_11 for i = 0,...,k. Recalling the
relation T{_H = ¢i+1/1it1 and the fact that qutfH < 1 for all i (see Lemma , we have

2 i+1 i+1
—1 Qi+1liyq 1 1 1
0 = e < i I1 1= VT Foim 1 VT+ 7m0 (VT H 7105 + VTitigs),
piv1 [T (1 = gjt;) = ! P =1
j=1

where the second equality follows from STEP 2 of Algorithm [I] and the assumption p = pg.
Note that we can recursively apply the inequality 7; < 7;_1/d so as to obtain

1 J
nen(3). izo (46)
Then, defining C := 2max{1, (Topg)/Nins} > 0, we can continue as follows:
gi+1 il oy O Hlo\J e (1 (i+2)(i+1)
b 2 ey < s ] (1 20 (1Y
Hgi+l ;5 Hg =1 Y Hg Ve

where the second inequality follows from , the definition of jg ;41 and 1;,y < ngup < Nsup-
Then, the thesis follows by applying the above inequality to in Theorem O

We remark that condition is more severe when d < 1, i.e. whenever an adaptive back-
tracking procedure is considered.

If © = 0, the SAGE-FISTA Algorithm [I] reduces to an inexact variable metric version of
FISTA. Consequently, Theorem recovers the well-known O(1/k?) convergence rate result
available for FISTA and for its several inexact variants in the convex case [4}{11}39]. In this case,
we can devise some prefixed rule for computing the errors €41 to get the expected quadratic
rate.

Corollary 3.3 Suppose that i = puf + pg = 0 and let * be a solution of @ Suppose Assump-
tion holds and that {eg }ren is chosen as

O(a**+1), if §<1

€ht1 = br+1 : ; (47)
—_— = 1
(k+14t9)?’ ifo
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where a < § and {by}ren is such that by, >0, > 7 /by < 0o. Then, for all k >0, we have

F(z* Dy — F(z*) =0 <(k+11)2> .

Proof. 1f p =0, we can majorize the quantity /6, _:1 as follows

i+1

Z [T
9¢+11 = /Tit1tit1 < /Tit1 (1 +t = : ) =\Tit1 +tiy/7 < ... < E VTj +tov/T0, (48)
i+l ;
Jj=1

which follows by applying recursively the property ¢;41 < 1+t %, j =0,...,i. Combining
(48) with leads to

2
i+1 i (1/V8)*2—(1/V3) )2 -
! (
o< [Lvm(5) +ovm) =0 U armn i) <,
= Vs 70 (i +14+10)2, if§=1.

Using this upper bound in (B0]), we get the thesis. O

Note that when § = 1 and nfup =7 > 0, SAGE-FISTA reduces to the inexact, variable metric
version of the FISTA algorithm with monotone backtracking presented in [11], and Corollary 3.3
recovers the same quadratic rate result obtained in [11, Corollary 3.1] under a very similar
hypothesis on the e —approximations: indeed the authors in |11] require that e, = O(1/k?), p >
4, which is condition with the choice by = 1/kP with p > 2. When § < 1, we obtain a novel
result for SAGE-FISTA equipped with adaptive backtracking, which was not considered in |11].
Note that is now more restrictive than in the case § = 1, as it requires the errors to decay
at a linear rate.

Finally, we consider the case where no backtracking is performed, i.e. the step-size 7y is
chosen in order to satisfy the descent Lemma[2.2] and § = 1.

Corollary 3.4 Suppose that F' = f + g is u—strongly convex with p > 0 and let x* be a solution
of @ Suppose Assumption holds, 6 =1 and 0 < 19 < 77L—ff Define the parameter 0 < g < 1

as ¢ = (Topt)/(Ning + Tothg), choose a <1 —/q and {e}ren as
exr1 = O(aFTh). (49)

Then, for all k > 0, we have T, = 19 and

= k+1
F(z®)) — F(z*) = O (1 - 0”) .
Nsup + Tolg

Proof. Since 79 < Mins/Ly and py < Ly, there holds ¢ < 1. Thanks to 79 < niny/Ly, d =1
and Lemma we also have that 7, = 74 for all £ > 0. Furthermore, nfup > Nins implies g, < ¢
for all £ > 0. Then, the following upper bound holds for 6, +11:

i+1

- 1 1 " 1 i+1
0, < <=2 ( ) : (50)
T hi ]1;[1 I-va — p \1-va
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Finally, since 7, = 79, we can provide the following lower bound for the average quantity Ggy1:

-
Vk+1 = — (51)

Nsup + Tolg '

Then, choosing €11 as in , and combining with in , the thesis follows. O

Corollary [3.4) guarantees that the function values of the iterates of SAGE-FISTA converge to
the optimal value at a R—linear rate, provided that the errors sequence {¢g }xen converges linearly
to 0 at a sufficiently small rate. We remark that the result obtained in Corollary is similar to
the one provided in [39, Proposition 4] for a basic variant of the inexact FISTA algorithm, which is
specifically designed for strongly convex problems. In contrast with our work, the authors in [39]
assume strong convexity only on the differentiable part and, unlike SAGE-FISTA, their algorithm

makes use of a constant inertial parameter defined by 8 = (1 — \/ps/Ly)/(1 + \/pg/Ly).

4 Numerical experiments

In this section, we apply SAGE-FISTA to image restoration problems such as edge-preserving
image denoising and image deblurring. As observed in several related works (see, e.g., [9] for
a review), the scaling framework discussed in Section [3 turns out to be particularly effective
whenever a modeling encoding signal-dependent Poisson noise is considered, as it is common in
microscopy and astronomy imaging applications |7]. Given a nonnegative image z € R, we thus
consider the ill-posed image restoration problem of recovering z € R2, from z = P (Hx +b),
where H € R™ "™ represents a blurring operator computed for a given Point Spread Function
(PSF), the term b € RZ, stands for a positive background and P(w) denotes a realization
of a Poisson-distributed n-dimensional random vector with parameter w € RZ,. Following the
standard Bayesian Maximum A Posteriori (MAP) paradigm, one finds that the data fidelity term
corresponding to the negative log-likelihood of the Poisson p.d.f. is the generalized Kullback-
Leibler (KL) divergence functional defined by:

KL(Hzx +b;2) := Z (zi log ————
] (HJJ)Z +b;

where the convention 0log0 = 0 is adopted. If the operator H has nonnegative entries and
if He > 0,HTe > 0 for e € R™ being the vector of all ones, the generalized KL divergence
is a nonnegative, convex and coercive function on the non-negative orthant Y := {z > 0}, see,
e.g., |25]. It can be then coupled with the non-smooth isotropic Total Variation (TV) semi-norm:

TV (z) = |Vall2a = Y _ Vx|, (53)
i=1
where, for all i = 1,...,n, the term V,;z € R? stands for the standard forward-difference dis-

cretization of the image gradient along the two horizontal and vertical directions at pixel i. For
simplicity, we will consider reflexive boundary conditions for the computation of such discretiza-
tion. Due to the non-smoothness of the TV term , first-order optimization schemes based
on forward-backward splitting are often used for solving the composite optimization problem:

m]iRn KL(Hz+b;2z) + A\TV () 4+ 1y (z) (54)
z€R™
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Image Size [ Range [ OPSF [ b [ A [ N [ Ly l

moon 537 x 358 | [0,400] 0 0.01 | 0.15 | us € {0,0.0025} | 100
phantom | 256 X 256 | [0, 1] T4 | 0.01 | 0.004 Ity = 0.0001 7701
micro | 128 x 128 | [0, 92] 3.2 05 | 0.002 1y = 0.0001 368
nri 128 x 128 | [0, 170] 32 05 | 0.001 1y = 0.0005 630

Table 1: Simulation and model parameters for the test images.

where A > 0 is a regularization parameter and where ¢y (-) denotes the indicator function of Y,
thus enforcing a non-negative constraint on Y C R”™ for the desired solution z.

In the following tests, we consider two models analogous to , which we adapt to fit with the
strongly-convex scenarios suitable for SAGE-FISTA. For both models, we choose for simplicity a
constant background of the form b = be € RZ,, for b > 0 and simulate Poisson noisy acquisitions
by means of the MATLAB imnoise routine. We report in Table [1] the specifics of the blurred
and noisy images used in our numerical experiments, as well as the model parameters used for
each image considered.

For all tests, an approximation x* of the desired solution is pre-computed by running stan-
dard FISTA for 5000 iterations. Our results are validated by computing the relative objective
error eFy, = (F(z®)) — F(2*))/F(z*), k > 1 both along the iterations and with respect to com-
putational times. In the latter case, we show (at most) the first 30 seconds of run, which for
our examples is a time frame long enough to reach a significant level of accuracy. The other
algorithmic parameters (backtracking factors and initializations) are specified in each test.

Inexact computation of proximal points with ¢;-accuracy In the following, we sketch
the general strategy analysed in [4], extended in |1] and later applied also in [11] for computing
an inexact proximal-gradient point complying with Definition For that, we require that the
function ¢ in @ can be expressed in the form:

p

g(x) = ¢i(Miz) + (), (55)

i=1

where M; : H — Z; are linear bounded operators between Hilbert spaces and ¢; : Z; — RU{oo},
¥ : H — RU{oo} are proper, Ls.c. and convex functions. At each iteration k > 1 of SAGE-
FISTA, the inner (primal) subproblem to be solved to compute the proximal point z*) has the
form:

p
min {PTk,Dk (@)= 3" (M) + (a) + 5o - y“@n%k} 7 (50)

z€H :
=1

where g*) = y* — 7, D'V f(y®)). Under suitable assumptions (see [11, Section 4.1] and
reference therein), solving is equivalent to maximizing the associated dual function Q,, p, :
Zy % ... x 2, - RU{oco} obtained by Fenchel conjugation of the functions ¢;, ¢ = 1,...,p. One
can further deduce the following inequality

B, Dy (25 g(k)) — hay,,Dy (prOXﬁlip(ZU(k))Q g(k)) < Pr.0 () = Qry oy (W), Vwe 2.

Hence, assuming that g is continuous on dom(g) = dom(%)), an eg-approximation can be com-
puted by generating a dual sequence {w(k’l) len © Z converging to the solution of the dual
problem and a corresponding primal sequence {x(k*l)} en C ‘H defined by

B = pI‘OX,?k’Z) (g(’“) — Tlele*w(k’l)) , VIl € N, (57)
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and then stopping the iterates at the first nonnegative integer [ such that
PTkka (‘r(k7l)) - QTkak (w(kJ)) < €. (58)

Such a procedure is well-defined, as condition holds for all sufficiently large ! [11, Proposition
4.2]. The dual sequence {w(k’l)}leN can be generated by means of an efficient inner FISTA
routine, provided that the extrapolation parameters are chosen such that weak convergence of
the iterates is guaranteed (see, e.g. [15]).

Variable metric selection As far as the choice of the scaling matrices { Dy}, oy is concerned,
we exploit the split-gradient technique studied in [28] and later used in several works (see,
e.g., [8,[11]) where the decomposition —V f(z) = U(z) — V(x) with U(z) > 0 and V(z) > 0 and
the choice Dy, = diag (y*)/ V(y(’“)))_1 is made. In order to ensure the conditions required by
Assumption [T} we introduce an appropriate thresholding parameter in the definition of Dy, thus
obtaining

o I y®) - _ 51
Dy, = diag <max (%Jnln (mﬁ W s Ve =4 /14 W7 s1>0, s2>1. (59)

Clearly, the choice is problem-dependent, due to presence of the the function V(). Note
that in , when s; = 0, we have Dy = Z, hence the standard Euclidean metric is recovered.
In general, it is good practice to choose a large value of s; in order to benefit from the use of the
variable metric in the early iterations of the algorithm, while leaving the asymptotic convergence
behavior to be driven by ss.

4.1 Weighted-/>-TV image denoising

As a first test, we set H =7 € R"*" in and consider a Poisson image denoising problem
where TV regularization is combined with a data fidelity term corresponding to the second
order Taylor approximation of the KL divergence around the noisy data z, see, e.g. [13}29,
37]. For a given Poisson noisy image z € RZ, and for A > 0, we consider the problem:

. 1 <& (xi—zi+5)2
¥ = argmin (F(z) = = 4+ ATV (x) + 1y (x) ), 60
e (o= 0 v w).
=g\

=:f(z)

where we recall b = be for b > 0. By weighting the least-square residuals by the inverse values of
the noisy image, the use of the data fidelity term in promotes high fidelity in low-intensity
pixels (low noise) and large regularization in high-intensity pixels (high noise). We observe that
f is of-strongly convex with L ¢-Lipschitz continuous gradient with:

1 r—z+b 1
T \Y = T 7 L = T . 3>
‘max z;+b /(@) z+b / min_ z +b

i=1,...,n i=1,....,n

of = (61)

where, for the expression of V f, the division sign denotes component-wise division.

We now apply SAGE-FISTA Algorithm |I| with p1g = 0 and either iy = oy or uy = 0. In
particular, we report the results obtained when strong convexity is taken into account (SAGE-
FISTA with pf = o) and when it is not (S-FISTA with py = 0). For this test, we consider the
moon noisy image in Table 1} From and Table |1, we have that Ly = 100 in this case.

22



Scaled VS. non-scaled SAGE-FISTA with backtracking First, we compare the perfor-
mance of the non-scaled version of SAGE-FISTA with its scaled counterparts for different choices
of the scaling matrices {Dy.}, .. We apply Algorithm [1f with A = 0.15, maximum number of
outer iterations maxiter=>500, maximum number of inner backtracking iterations max,btzl(ﬂ,
p = 0.8 (decreasing backtracking factor), Ly = 30 and ¢y = 1.01. In order to compare the adap-
tive backtracking strategy with the non-adaptive one, we choose § € {0.99,1}. We recall that
for 6 = 1, a standard Armijo backtracking is performed, while § < 1 allows for local increasing
of the algorithmic step-size. Finally, SAGE-FISTA is initialized by setting z(®) = 2.

In order to compute a suitable e;-approximation z(*) of the proximal-gradient point, we follow
the strategy described above by setting in #i :R?2 =R, ¢;(v) = Av|lo, M; =V4,i=1,...,n
and ¥ : R" — R U {oo},¥(z) = ty(z). Hence, the primal iterate is computed in closed
form, as it involves a simple projection onto Y't. Concerning the sequence {ex} .y, We apply the
result provided by Corollary choosing in particular ax = 1/k?! for all £ > 1 and updating
0y in the inner backtracking routine by using the current estimates of ¢ and g; appearing in the
definition of the elements wy. Last, we choose the scaling matrices { Dy}, by as

1 -1
Dy, = diag (max (’Y’ min (g, z + b))> . (62)
k

We now apply SAGE-FISTA with and without scaling for solving problem whenever
different choices of parameters s; and so in are considered. In Figure we compare
the results obtained with standard Armijo backtracking (6 = 1) and adaptive backtracking
(6 = 0.99), respectively. This choice allows for local non-monotone adjustments of the estimates
Ly of Ly, see the plots for the Lipschitz estimates in Figure . We observe that the combined
use of the scaling and the backtracking strategies significantly improves convergence rates with
respect to the performance of the non-scaled strongly-convex FISTA for any selected combination
of the thresholding parameters (s1,s2), while remaining affordable in terms of computational
times. This is a well-known behavior for scaled non strongly-convex variants of FISTA [11]; our
experiments confirm that the same holds in strongly-convex regimes.

SAGE-FISTA VS. S-FISTA with backtracking As a further test, we run the same exper-
iments as above by setting pr = 0 while keeping all the other parameters fixed: this corresponds
to apply the inexact and scaled FISTA (S-FISTA) algorithm considered in [11] to (60]), the nov-
elty being here the use of the adaptive backtracking strategy in comparison to the standard
Armijo one.

We computed the scaling matrices { Dy }ren either by or by setting Dy, = D with D =
diag (z + b)fl. This constant choice is motivated by the fact that, for problem , the update of
the matrices Dy in depends only on the presence of the parameters +x, which can be possibly
kept fixed (for instance by setting s; > 1 and s = 0), thus imposing a constant Newton-type
scaling matrix along the iterations. By Remark [3:3] this choice still satisfies Assumption [T}
thus Theorem still applies. Our results are reported in Figure As expected, this choice
improves even more the convergence rate with respect to the number of iterations, at the price of
significantly higher computational costs due to large value of the Lipschitz constant of the inner
dual problem, which is caused by the lack of convergence of Dy, to the identity matrix. In support
of this remark, we report the total CPU time to execute 500 iterations: S-FISTA with Armijo
backtracking takes 106.5 s (variable metric) and 3591 s (constant metric), whereas S-FISTA
with adaptive backtracking takes 238.4 s (variable metric) and 2672.6 s (constant metric). We

1Note that this parameter does not appear in principle in the definition of the algorithm. In our experiments,
we used it in order to avoid high computational times in its early iterations for choices Lo < Ly and § < 1.
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conclude that, for suitable choices of s; and sz, the variable metric strategy represents
a good balance between the good convergence properties of Newton methods and the higher

computational costs.

As a final comparison, we report in Figure the relative convergence rates for the various
scaled and non-scaled versions of S-FISTA and SAGE-FISTA, combined with either an Armijo
or the proposed adaptive backtracking strategy.

4.2 Poisson image deblurring with strongly convex TV regularization

As a second example, we consider a TV image deblurring problem for images corrupted by
Poisson noise. For this test, we consider the generalized KL divergence and combine it
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with a strongly convex TV-type regularization term where a quadratic perturbation weighted
by a parameter ¢ < 1 is added. By further encoding also a non-negativity constraint, the final
problem reads

x* = argmin (F(x) =KL(Hz+b;2z) + \TV(x) + %Hx”% + Ly(df)) (63)
fL’eR” —/_/
=) =:g(a)

It is well-known that V f is Lipschitz continuous on Y and that an over-estimation of its Lipschitz
constant Ly can be provided [25]. Furthermore, the function g is e-strongly convex. We thus
have:

Vf(x)=H"e— HT (H:L’ZJr b) ) Ly = ma;;( & max(H " e) max(He), pg =€, (64)
where b = be with b > 0 as in the previous example. Due to 7 we observe that the estimation
of Ly (see Table (1)) depends on the range on the data z, which in our examples is intentionally
allowed to vary. By assuming reflexive boundary conditions, the matrix-vector products defined
in terms of H and H” can be performed efficiently via discrete cosine transform. Under these
choices, we apply the SAGE-FISTA Algorithmwith py = 0and p = pg on the phantom, micro
and mri images, selecting the model parameters A and ¢ as in Table[l} As far as the algorithmic
parameters are concerned, we set for all the following tests maxiter= 300, max_bt= 10, p = 0.85
and ¢ € {1,0.98} depending on whether Armijo/adaptive backtracking is considered, respectively.
As for the previous test, we set ¢y = 1.01 and (9 = 2. SAGE-FISTA is run with an initial
estimate of Ly chosen as Lo = 0.1 for phantom, Ly = 1 for micro and Ly = 100 for mri.

Regarding the sequence of scaling matrices { Dy}, oy, we consider the diagonal split-gradient
strategy setting V(y*)) = HTe. In this case, unlike in ([62), the scaling matrix D, explicitly
depends on the extrapolated point y¥).

Concerning the sequence {ex},cy, We apply again the result provided by Corollary 3.1, with
the same choice of {0 }ren and {aj}ren adopted in the previous test. Note that we could
have also computed the sequence {e;} according to the rule in Corollary 3.2, since for this test
we have 1 = pg; however, we observed that such rule implied a faster decay of the tolerance
parameter €, in the numerical experiments, which led to a faster increase in the number of inner
iterations required for computing the proximal operator at each outer iteration, and hence an
overall slowdown of SAGE-FISTA. Therefore we found more convenient to use Corollary 3.1 also
for this test, as it improved the computational times with respect to the rule in Corollary 3.2.
As far as the inexact computation of the proximal operator of g is concerned, we start noticing
that the function g in can be cast in the form with the choices ¢;(v) = A||vl|2, M; =
Vi,i=1,...,n and ¢(z) = §[|z[3 + vy (x). Due to the presence of the quadratic perturbation,
the computation of the sequence z(*!) in amounts to a projection onto the nonnegative
orthant after a suitable rescaling defined in terms of the operators Dy. Indeed, we can show that

D
(k) _ _ D N\ (w_ . p (M)} 1 M* D)
© Py, ((Dwmd) (v9 = meDi (V™) + Mw ))) VIEN, (65)

where the fraction Dy /(Dy + 7:¢Z) has to be intended element-wise. Equality is ensured
by a result holding for (scaled) proximal operators of perturbed convex functions, whose proof
is reported in Lemma [A-T] of Appendix [A]

We now report the results obtained by the use of SAGE-FISTA with Armijo and adaptive

backtracking in correspondence of the images phantom (Figure micro (Figure {4) and mri
(Figure [p). For all the experiments, we observe a clear advantage in the use of the variable
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Figure 3: SAGE-FISTA with Armijo (top row) and adaptive (bottom row) backtracking for
different choices of s; and s, for problem on phantom image.

scaling in comparison to its non-scaled variant (Plots(a)). Regarding the computational times
(Plots (b)), we notice that, depending on the particular data at hand, the performance may vary,
especially depending on the choice of the parameters s; and so. Overall, however, we observe that
the use of a scaling procedure allows to compute highly accurate solutions in a limited amount
of CPU time. This is particularly useful in applications where the need of fast image analysis
strongly benefits from the ability of computing an accurate result in a pre-determined amount
of time (usually 5/10 secs). As far as the choice of the backtracking strategy is concerned, we
observe that whenever the initial value Ly = 1/7 is too large, the use of a monotone Armijo
strategy does not allow for its adjustment. In this case, even in the presence of an appropriate
scaling strategy, convergence speed may suffer. The use of an adaptive backtracking corrects
this inconvenience, which is particularly evident for this problem as the formula for L; in
significantly overestimates the admissible upper value for which convergence is guaranteed. For
the same problem and the test image micro, a visual representation of the advantage of encoding
explicitly strong convexity (1 = & > 0) in the parameter setting of SAGE-FISTA to get linear
convergence speed in comparison to the use of the convex (u = 0) S-FISTA variant is reported
in Figure [6] for the following choice of parameters: ¢ = 1,51 = 101, s, = 3, p = 0.85,5 = 0.98.

Finally, we conclude this Section with a numerical validation of what discussed in Remark
about the optimal location of the strong convexity parameter p in the parameter setting
of SAGE-FISTA. In the example discussed in Section strong convexity was treated within
the smooth component of the problem f, while in the set of experiments above it was encoded
within the non-differentiable term g, which, according to Remark corresponds to have a
smaller decay factor in the rate , hence a faster convergence speed. For selected values of
the scaling parameters (s; = 10°,s3 = 3), the backtracking factor (p = 0.85) and the strong
convexity weight (¢ = 1), we thus compare in Figure [7| the numerical convergence of SAGE-
FISTA with Armijo backtracking when used for solving problem under the two different
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Figure 5: SAGE-FISTA with Armijo (top row) and adaptive (bottom row) backtracking for
different choices of s; and s, for problem on mri image.

choices iy = 0, pg = ¢ (solid lines) and py = €, pg = 0 (dotted lines) for the phantom, micro
and mri test images used above. As it can be seen, the best performances are always achieved in
the former scenario. Based on these results, it is thus recommended to encode strong convexity
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Figure 6: Comparison between SAGE-FISTA (¢ = ¢ = 1) and S-FISTA (¢ = 0) with
Armijo/adaptive backtracking for problem on micro image for fixed scaling parameters
S1 = 1010,82 =3.
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Figure 7: SAGE-FISTA with Armijo backtracking: comparison between numerical convergence
(with respect to iteration counter and CPU times) of SAGE-FISTA for different locations of
the strong convexity parameter p = p, (solid) and p = py (dotted). Fixed scaling parameters
51 =10% 53 = 3 and p = € = 1 for problem on phantom, micro and mri images.

in the non-differentiable term to improve the efficiency of SAGE-FISTA.
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5 Conclusions and outlook

We studied a Scaled, inexact and Adaptive GEneralized FISTA (named SAGE-FISTA) algorithm
for solving (strongly) convex composite optimization problems via inertial forward-backward
splitting. In order to take into account possible errors in the computation of the proximal-
gradient points, an appropriate notion of inexactness is introduced and combined with the use of
suitable variable-metric operators. To avoid the limitations due to the use of monotone Armijo-
type backtracking strategies, we considered an adaptive backtracking strategy that allows for
local increasing/decreasing of the algorithmic step-size. A linear convergence result in function
values is given, and numerical experiments on some exemplar Poisson image restoration problems
are reported. The combination of the scaling procedure with the adaptive backtracking strategy
allows to compute much more accurate solutions in shorter computational times, which is of
particular interest in real-world scenarios where limited computational resources are available.

Possible generalizations of this work shall consider the use of Bregman distances in the com-
putation of the proximity operator, in the same spirit of [2]. For the estimation of the strong
convexity moduli, the use of restarting strategies similar to the ones proposed in [21,34] should
be also explored. Finally, in order to relax the hypothesis on strong convexity, the study of
SAGE-FISTA under the proximal Polyak-Lojasiewicz condition [27] is envisaged.

A Computation of perturbed scaled projections

We report a useful Lemma employed in Section [4.2]to compute in closed form the primal sequence

{x(k’l)}leN in for problem (63).

Lemma A.1 Let h : R® — R U {oo} be a proper, convex and ls.c. function, D € R"*" q
diagonal positive definite matriz and let € > 0. Then, defining the function g : R™ — R U {oco}

as g(x) = h(z) + §|lz|13, there holds proxZ, (z) = prox2 et ((D+[7)—EI) z) for all z € R™ and

7> 0, where T € R™*"™ is the identity matriz and the fraction symbol is intended element-wise.

Proof. We have the following chain of equalities holding for all z € R™:

Z [ DZ 7 D
proxgg (z) = argmin h(y Z ( rre yP + =2 — )

yER™

2T
D+ e JE+ eD;; o D
= h(y . ;T Y%
= argmin i +Z< ( D579 +2<Di,i+m))% -

i=1
z i — 2y, Di,izi
Z i + 7€ ¢ Dzz + 7€

D
= argmin h(y +Z “+T6<
D
D+T1el
oo (5 ) 2
DereT h D+ 1eT

= argmin h(y) + —

yeRrn i=1
yeRn 2T (D + TEII)
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