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ARTICLE INFO ABSTRACT
Keywords: We present a formulation for large-strains analyses of beams made of hyperelastic materi-
Large deformations als. Building upon Reissner beam theory, we establish a connection between beam internal
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forces and the stress components of continuum hyperelasticity. The transition from the three-
dimensional continuum to the one-dimensional beam approximation is achieved by constraining
the volumetric part of the strain energy function. As a result, closed-form expressions for
the beam internal forces as functions of the material stress—strain response are obtained.
The formulation is then specialized to carbon nanotubes-based polymer nanocomposites (CNT-
based PNCs) and validated against data from three-point bending tests on PNC beams. To the
best of our knowledge, this is the first continuum mechanics-based beam formulation directly
validated against experimental material responses. Further validation is provided through
two-dimensional finite element (FE) simulations under plane stress conditions. The proposed
formulation captures the nonlinear constitutive behavior of continuum models while retaining
the simplicity of a one-dimensional beam description. It provides a foundation for more complex
analyses of hyperelastic slender structures undergoing large strains.

1. Introduction

The analysis of beams undergoing large deformations has a long tradition, dating back to the classical treatment of the elastica
by Euler (1744). Subsequently, several authors introduced axial extensibility and shear deformability to investigate their influence
on the critical load of structural elements. In the geometrically nonlinear regime, shear deformability allows for multiple definitions
of the beam internal forces. Within this context, two main interpretations of shear deformation were developed. The first approach,
proposed by Engesser (1891), is less popular (Firouzi et al., 2024; Lenci & Rega, 2016) and assumes the normal force and the shear
force directed along the tangent to the beam axis and normal to the beam axis, respectively (Ziegler, 1982). The second approach,
originally proposed by Haringx (1942), considers the normal force to be directed along the normal to the cross-section and the shear
force to lie in the tangential direction. Reissner (1972) generalized this formulation developing a theory of geometrically-exact and
axially extensible beams. The Reissner model obtained a great success for the analysis of beams under large deformations and became
widely adopted (Batista, 2016; Humer, 2013; Simo et al., 1984). More recently, Paradiso et al. (2025) proposed a shearable beam
based on an origami-like microstructure, which reduces to the Engesser and Haringx beams for particular values of the internal
length parameter.

The aforementioned works assumed linear relationships between internal forces and strain measures. Therefore, although large
deformations were considered, the material was supposed to remain within the linear elastic regime. For many materials, however,
this assumption is not realistic, and material nonlinearities must be considered to obtain a consistent structural response. In his
pioneering work, Reissner (1972) postulated the existence of potentially nonlinear relations between the beam internal forces
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and the strain measures, claiming that such relations should, in principle, be determined experimentally. Subsequently, many
authors tried to establish a solid connection between beam internal forces and stress components in the framework of continuum
mechanics. Magnusson et al. (2001) derived the classical linear relations for the normal force and the bending moment of an Euler—
Bernoulli beam starting from a linear relation between the Biot stress and the Biot strain at the material level. Other authors, such
as Humer and Irschik (2011) and Irschik and Gerstmayr (2009), showed that other linear stress-strain relations at the material level
may lead to nonlinear relations for the beam internal forces, as is the case for the St. Venant-Kirchhoff model. Irschik and Gerstmayr
(2009) further established a continuum mechanics-based framework for the kinematics of Reissner beam theory. Their formulation
was first developed for Euler-Bernoulli beams and later extended to shear-deformable beams in Irschik and Gerstmayr (2011).

Other authors have attempted to incorporate nonlinear hyperelastic models into beam formulations. Attard (2003) derived
expressions for the normal and shear stresses in a beam by linearizing a compressible Neo-Hookean hyperelastic law. Maqueda and
Shabana (2007) developed a finite element framework for beams with hyperelastic material laws. Lubbers et al. (2017) adopted a
Neo-Hookean model to study the buckling of elastomeric columns, employing a second-order expansion of the stress. Humer and
Irschik (2009) performed a series expansion of the hyperelastic model proposed by Palmov (1998) to study the deformation of a
beam with unknown length.

Despite these contributions, some critical aspects of the connection between continuum hyperelasticity and beam theories remain
unclear. In particular, beam formulations typically assume transversely rigid cross-sections, thereby constraining the volumetric
behavior of the material. In contrast, three-dimensional continuum mechanics models adopt the real volumetric behavior of the
material, which in general differs from that required by the beam model. Attard (2003), Attard and Hunt (2008) and Attard and
Kim (2010) pointed out this inconsistency, but, to address this issue, they allowed for reactive forces on the lateral surfaces of
the beam, thereby accepting to satisfy equilibrium only approximately. Moreover, so far, none of the continuum mechanics-based
models proposed has been applied to experimental data. Therefore, a validation of these formulations against real material responses
still lacks.

In light of these considerations, we establish a comprehensive connection between the large-displacements, large-strains beam
theory and three-dimensional hyperelasticity. We assume the kinematics of deformation for planar beams proposed by Reissner
in his geometrically-exact beam model. We then derive closed-form expressions for the beam internal forces as functions of the
nonlinear stress—strain response of hyperelastic materials. In passing from the three-dimensional continuum to the one-dimensional
beam approximation, care must be taken to satisfy the assumption of transversely rigid cross-sections. We address this issue by
appropriately reformulating the volumetric contribution to the strain energy function.

Subsequently, we specialize the formulation to polymeric beams reinforced with carbon nanotubes (CNTs) adopting the
hyperelastic model that we proposed in Pelliciari et al. (2025b). The interest in CNT-based polymer nanocomposites (PNCs) is due to
the exceptional mechanical and functional performance of these materials even at relatively low filler loadings (Fu et al., 2019; Kim
et al., 2010; Matos et al., 2018; Moniruzzaman & Winey, 2006). However, so far their study has been limited to simple homogeneous
deformation states, primarily simple tension (Cantournet et al., 2007; Islam et al., 2023). The analysis of these materials under more
complex deformation states is thus worth of investigation, in order to exploit their properties for a wide range of technological
applications (Miculescu et al., 2016; Qin et al., 2015; Wang & Zhu, 2011). Here, we apply the proposed beam formulation to
experimental data obtained from three-point bending tests performed on CNT-based PNC beams. PNC beams with different CNT
contents are tested under the clamped-clamped and hinged-hinged configurations. In addition, finite element (FE) simulations of
two-dimensional beams under plane stress conditions are carried out to validate the proposed model. It should be emphasized
that the proposed beam formulation is developed within the framework of local elasticity theory. Although the constitutive model
is specialized to polymer composites reinforced with nanoparticles, the structural scale considered in the present work remains
macroscopic. Consequently, nonlocal effects are not expected to play a significant role and are therefore neglected.

The paper is structured as follows. Section 2 describes the kinematics of the beam model. The equilibrium equations are written
and the connection between the beam internal forces and the stress components of continuum mechanics is established by the
Principle of Virtual Works. Section 3 defines the framework for computing closed-form expressions for the beam stress resultants
from the strain energy function of a hyperelastic materials. These expressions are then specialized to CNT-based PNCs, adopting the
hyperelastic model that we developed in Pelliciari et al. (2025b). In Section 4 we present the three-point bending tests carried out
on PNC beams, along with the numerical solution of the boundary value problems, the FE simulations and the discussion of the
results. Finally, conclusions are drawn in Section 5.

2. The beam model

In this section, we present the large-displacement, large-strains beam model adopted in this work. We first describe the beam
kinematics, following the continuum mechanics-based interpretation developed by Irschik and Gerstmayr (2011) for shearable beams
based on the Reissner (1972) model. We then derive the equilibrium equations of a differential beam element and establish the
connection between the beam internal forces and the stress components of continuum mechanics through the Principle of Virtual
Work.
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(a) Reference configuration (b) Deformed configuration

Fig. 1. Kinematics of deformation of a planar beam. The beam is assumed to be axially extensible and shear-deformable. After deformation, the
cross-section rotates by an angle ¢(x). Due to shear deformation, the tangent vector e to the beam axis forms an angle y(x) with the normal
vector e, to the cross-section. The beam cross-section is assumed to be rigid, meaning that no transverse deformation occurs along the e, and e,
directions.

2.1. Kinematics

We consider a planar beam with a straight axis in the undeformed configuration, as shown in Fig. 1(a). The beam is assumed
axially extensible and shear-deformable. For the description of the deformation, we assume a Cartesian reference frame {x,y, z}
defined by the unit vectors e,, e,, e.. Vector e, is directed along the beam axis, whereas e, and e, span the beam cross-section.
After deformation, a generic cross-section rotates by an angle ¢(x) with respect to the x-axis remaining plane and undistorted.
However, due to shear deformation, its unit normal vector forms an angle y(x) with the tangent to the beam axis, corresponding
to the classical Timoshenko assumption. The unit vectors normal and tangential to the cross-section in the deformed configuration
read respectively (see Fig. 1(b))

e, =cospe,+singe,, (€8}
e, =—sinpe,+cospe,. 2)

The position vector of a generic point P in the undeformed configuration is x = xe, + ye, + ze,. Its position in the deformed
configuration reads

r(x,y,z) = 1o(x) + ye, + ze,(x), 3)

where r is the deformation vector of the beam axis. The deformation gradient is defined as

_or
ox

F =(ry+ze) Qe +e,Qe, +e e, )

where the prime denotes differentiation with respect to x. Since r(’) is tangent to the beam axis, in general it will not be normal to

the beam cross-section due to the shear angle y. Denoting the direction tangent to the beam axis with the unit vector e, the vector

r, can be expressed as

ry=Ae, with A=|rjll, e=cos(p+ e, +sin(p+ ye,, 5)

where A represents the stretch of an element of the beam axis. The vector r;, can then be projected along the Cartesian reference
frame as

r(’) e, = r(’)x = Acos(@ + y), 6)
r(') e, = r(’)z = Asin(@ + ). @

Using Egs. (2), (6), (7), and computing e; from (2), the deformation gradient F assumes the following representation in the Cartesian
frame:

Acos(y+@)—zp'cosp 0 —sing
F= 0 1 o | ®)
Asin(y +¢)—z¢'sing 0 cosg

The determinant of F measures the local variation of volume and reads

J=detF = Acos y —z¢'. (©)]
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The right Cauchy-Green tensor C = F'F reads

A2 =2Az¢ cos y +(z¢')*> 0 Asiny
C= 0 1 0 |, (10
Asin y 0 1

and the Green-Lagrange strain tensor can be computed as E = (C — I)/2. We now introduce the generalized strain measures
k=¢', A=Acosy, y=Asiny, an

corresponding to the bending strain, the axial force stretch, and the shear strain, as defined by Reissner (1972) in his pioneering work.!
The strain tensors C and E, and the Jacobian J, are expressed as functions of the generalized strains as

A=z +y%2 0 vy | (A-z)2+72-1 0 y
C= 0 1 of, E=3 0 0 0|, J=2ai-zx. (12)
y 0 1 y 0 0

As pointed out by Irschik and Gerstmayr (2011), expressing C, E, and J as functions of the generalized strains «x, 4, and y
demonstrates that these quantities are consistent strain measures also from the viewpoint of continuum mechanics, since the strain
tensors are material frame-indifferent.

From tensors C and E we observe that there is no deformation along the transverse directions y and z, hence the beam
kinematics assumes rigid cross-sections. This assumption reflects the beam approximation that deformation along the longitudinal
axis dominates over that in the cross-section. From a constitutive standpoint, however, this assumption constrains the material
volumetric response, as a local volume change equal to J = A — zk must necessarily occur. This implies a Poisson’s ratio v = 0,
independent of the applied deformation. However, since most materials have a Poisson’s ratio in the range v € (0, 0.5), a discrepancy
between the material properties and the beam kinematic assumption arises. This issue will be carefully addressed in Sections 3.1
and 3.2. We remark that some authors have proposed three-dimensional beam models that provide a complete description of
cross-sectional deformation, see, e.g., Falope et al. (2019).

2.2. Equilibrium and virtual works

We assume a set of distributed loads p(x), g(x), and m(x) acting on an infinitesimal beam element dx in the undeformed
configuration, as shown in Fig. 2(a). In the deformed configuration, the external loads are balanced by the internal forces N, T,
and M, defined respectively as the normal force, the shear force, and the bending moment. Since in shear-deformable beams the
direction tangent to the beam axis does not coincide with the normal to the cross-section, the definition of the normal force and the
shear force is not unique. Here, we follow the popular approach of Reissner (1972), where the normal force is directed along the
normal direction to the cross-section and the shear force is tangent to the cross-section. With reference to Fig. 2(b), the equilibrium
equations read

(Ncosp—Tsing) +p=0, (13)
(Nsing +Tcosgp) +4q=0, (14)
M' + A(T cos y — N sin y) + m = 0. (15)

To complete the formulation of the problem, constitutive relations need to be established between the internal forces N, T, M and
the generalized strains 4, y, k.

In deriving his beam theory, Reissner postulated the existence of (generally nonlinear) relations between the internal forces and
the generalized strains, leaving their determination to experiments. Subsequently, many authors sought to establish a consistent
connection between the beam internal forces and the stress—strain relations of continuum mechanics. Irschik and Gerstmayr (2009)
provided the most comprehensive continuum mechanics interpretation of Reissner theory for Euler-Bernoulli beams, later extending
the framework to shear-deformable beams (Irschik & Gerstmayr, 2011). Following their approach, we assume the existence of the
symmetric second Piola-Kirchhoff stress tensor S, whose representation in the Cartesian reference frame is

Sxx Sxy sz
S=|S, S, S| (16)
sz Syz Szz

The virtual work of the internal forces per unit length, within the framework of continuum mechanics, can be expressed as”

Wi, = /As : 6E dA. a7

1 Reissner originally postulated the existence of the generalized strain measures, successively deriving their expression by means of the Principle of Virtual
Works. Instead of A, he defined the axial force strain as e = Acos y — 1.
2 Any other pair of energetically conjugate stress—strain tensors can be used, see e.g. Humer and Irschik (2011).
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M +dM
/\) )

\\x+y‘
JT+dT

Fig. 2. Equilibrium of an infinitesimal beam element dx. (a) Distributed loads acting in the reference configuration and (b) equilibrium of the
internal forces in the deformed configuration.

/

Equating this expression to the virtual work per unit beam length of the internal forces, §W,,, = N4 + T'6y + Mk, recalling the
expression of E in (12), and computing the variation of the generalized strain measures

bk =6¢, 6A=6Acosy—GSyAsiny, &y =256Asiny+6yAcosy, (18)

we obtain the expression of the internal forces in terms of the stress components®:

N = / S (Acos y —z¢')dA = / S dA, 19
A A
T= / (S cAsiny +8,,)dA= / (Ser +S,;) dA, (20)
A A
M=—/Sxx (Acosx—ﬂp')sz:—/SxxJz dA. 21
A A

It is interesting to observe that a coupling between the shear force and the normal stress arises naturally as a consequence of
the adopted continuum mechanics framework. This is not the case in the Reissner beam model.* A continuum mechanics-based
justification of Egs. (19)-(21) is provided by Irschik and Gerstmayr (2011).

Egs. (19)—(21) allow the computation of the beam internal forces once the stress tensor components S,,, S,., and .S, are known,
thereby providing a direct connection between the stress resultants of the beam theory and the stress—strain response at the material
level in continuum mechanics.

3. Internal forces from hyperelasticity

In this section, we derive the expressions of the stress components of a hyperelastic material defined by a strain energy function
W. We then establish closed-form expressions for the beam internal forces N, T, and M as functions of the stress components of
continuum mechanics. Finally, we specialize these relations to CNT-based polymer nanocomposites.

3.1. The strain energy function and the stress tensor

The mechanical response of an isotropic hyperelastic material is determined by a strain energy function W = W (1, I,, I3), where
I, I,, and I are the principal invariants of the Cauchy-Green strain tensor C, defined as

I=trC, I,= % [(tr ©)* —tr (C?)]. I3 =detC. (22)

3 In Eq. (21), a minus sign has been added to the integral in order to ensure consistency with the sign conventions adopted for the bending strain and the
bending moment. In particular, a positive bending strain corresponds to a positive bending moment (see Figs. 1 and 2).

4 However, in his application to the buckling of circular rings, Reissner (1972) allows a coupling between T and N by defining the shear strain as
y = BT /(1 + ABN), where B is a proportionality constant and 4 € [0,1] is a coupling parameter.
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For compressible materials, it is convenient to separate volumetric and deviatoric contributions by decomposing the strain energy
function as (Sansour, 2008):

W =W, (I,.L,) + W, (J), (23)

where I) = I,/J?? and I, = I,/J*/? are the isochoric invariants, and J = 1/T;. For incompressible materials, every deformation is
isochoric, J = 1, and the energy reduces to W,,. = W,(I,, I,). This it typically the case for polymers, most of which exhibit negligible
volume changes even under large deformations (Boyce & Arruda, 2000; Treloar, 1975). However, as discussed in Section 2.1,
the beam kinematics assumes transversely rigid cross-sections. To satisfy this kinematic constraint, local volume changes must be
permitted, corresponding to J = 4 — zx. Consequently, regardless of whether the actual material is compressible or incompressible,
in the beam model its volumetric response is dictated by the kinematical constraint of transversely rigid cross-sections. For this
reason, in the following we assume a strain energy function of the form in Eq. (23), with the volumetric part defined as (Simo,
1988):

W, (J) = %(J - 12, (24)

The parameter K should not be interpreted as the physical bulk modulus of the material. Instead, it acts as a penalty parameter
enforcing the volumetric deformation required by the beam kinematics.’
The second Piola—Kirchhoff stress tensor is computed as

oW ow, oI, oW, oI, oW, oJ
S=2—:2 —_——t— =+ — — N 25
oC (azl aC " 9L, oC " aJ aC (25)
with the tensor C given in (12) and
o, . 1, o, _ 2 oJ 1 .
Loy (1-z1,c7"), 2=y (1-c-2,c'), = =2Jc L 26
oC ( 31 ) oC ( ! 372 ) oC ~ 2 (26)

The expression of K is determined by imposing the zero-traction condition along the y-direction normal to the beam plane, namely
S, =0, which yields

B 2[I3 (T4 =) w + (P =2 = 1) )

K 27
3(J-1)J73 (27)
where w, = oW, /oI, w, = oW, /dl,. Since I, and I, can be written as functions of the generalized strains,
S 2474y o 14277447
I = 2—]/ y=— T (28)
J2/3 J4/3

in the following J and y? are adopted as independent variables. Evaluating Eq. (27) in the reference configuration, we obtain the
linear bulk modulus:

Ko=3 (@) +3). 29)
where

— oW, oW,

w) = =2, wy= =4 . (30)

ol |cox ol |cox
Recalling the expression of the linear shear modulus, G = 2(%? + Eg), it follows directly that the Poisson’s ratio vanishes:
3Ky —2G
v=—20 "7 -, (31)
2 (3K, +G)

which is consistent with the assumption of transversely rigid cross-sections. Substituting Eq. (27) into Eq. (25), the second
Piola—Kirchhoff stress tensor S becomes:

PR @+ (==, 0 v [7w + (P + 1) wy)
-2 0 0 0 . (32)
v [J2/3w1 + (72 + 1)w2] 0 _7,2 [J2/3E] + (J2 +y2 + l)wz]

Due to shear deformation, a normal stress .S, in the z-direction arises. Within the framework of continuum mechanics, a non-
vanishing traction at the boundary is required to ensure equilibrium, as in the case of a body subjected to a finite simple shear
deformation (Rivlin, 1948; Sadd, 2018). However, due to the rigid cross-sections assumption, in the beam model this normal stress
does not contribute to the virtual work, as shown by Egs. (19)-(21). This is consistent with classical beam theories, which assume
negligible normal stresses in the transverse directions. From Eq. (32), we note that the S, component depends on y2. Since, for
slender beams, the amount of shear y is typically small compared to unity, the quadratic dependence on y> makes the S, component
negligible compared to the others in most applications even within the continuum framework.

5 To enforce the kinematical constraint of transversely rigid cross-sections, Attard (2003) allowed for reactive stresses on the lateral sides of the cross-section,
satisfying equilibrium only approximately.
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3.2. Stress resultants for the beam model

Recalling Egs. (19)-(21), we define the normal stress o, and the tangential stress z,, as

c.=S8_J,
X XX (33)
TXZ = X.Xy + SXZ’
and are functions of the generalized strain measures 4,y, and k. The beam internal forces N, T, and M are obtained by integration
over the cross-sectional area A:

N:/o-di, T:/rxsz, M:—/o-xsz. (34
A A A

For generic nonlinear hyperelastic materials, these integrals cannot be evaluated in a closed form, even for the simplest case of a
rectangular cross-section. To obtain analytical expressions, we approximate the stress components using a third-order expansion in
k. The power-series expansion of ¢, and z,, around « = 0 yields

3
1 K" 4
Z l’l_ 0}(‘" =0 +0 (K ) ’
R (35)
3 10"t
* Xz n 4
T = 2 0 oen leeo © +0(x%),
n=0
where the derivatives of the stress components with respect to x are reported in Appendix A.
Integrating o7 and 7}, according to Eq. (34), we obtain
N =Fy (47*) A+ Gy (A7?) 1%, (36)
T =yFp (47*) A +vGr (Ay?) 1,67, (37)
M =Fpp (A7) Lk + Gy (4.77) K 3, (38)

where

=/dA, ly=/z2dA, Ky=/z4dA, A, = kA, (39)
A A A

represent respectively the cross-sectional area, the second moment of area, the fourth-order moment of area, and the shear area, with
k, denoting the shear correction factor. The normal force and the shear force are even functions of k, whereas the bending moment
is an odd function, as expected from symmetry considerations. The expansion up to third order in « ensures the inclusion of the
dominant nonlinear effects while preserving compact expressions for the internal forces. The quantities F;, G;, with i = N,T, M, are
nonlinear functions of A and y? with dimension of stress that depend only on the constitutive law of the material. They are related
to the hyperelastic stress components as

~ a1 %o

Py () =ou| o v (A1) = 5=
o Te 1 d%1,,

Fr(4r?) = y k=0 Or (4-77) = 2yz? 01(2 x=0’ i
N L 2y _ 1 9o

Fu (4.77) = Z 0% et M (4.7%) = 623 93 Ix=0’

As discussed in the previous sections, a fictitious volumetric contribution was introduced into the energy to enforce the volumetric
behavior required by the beam kinematics. Therefore, the beam model is characterized by a set of parameters which do not represent
the response of the actual material, but rather that of an equivalent material with the internal constraint of rigid cross-sections. To
ensure a realistic response of the beam model for a given material, the parameters must be calibrated against uniaxial data. The
calibrated values differ from those obtained considering the actual volumetric material behavior, but they provide the same uniaxial
response.

In contrast, being calibrated against uniaxial data to obtain the correct response in simple tension, the set of parameters of the
beam model cannot, in general, predict the correct shear response. To address this, we renounce to describe the entire nonlinear
shear response of the material and we linearize the internal forces with respect to the shear strain y. Since the functions 7; and ¢;
depend on the shear strain only through 2, their linearization about y = 0 yields

Fi(4,72) = Fi(AL0) + 00D,  Gi(4,7%) = Gi(4,0)+OF?), with i=N,T, M. (41)
Defining the quantities

[i(D) =Fi(4,0), g(A)=G(4,0), with i=N,T,M, (42)
the internal forces assume the final form

N=fyD)A+gy (D IK%, (43)
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T=yfr(D)A +ygr (DI, (44)
M = fr (D Lk + gy (DK 3. (45)

The normal force and the bending moment are now independent of the shear strain y, whereas the shear force depends linearly
on it. The functions f; and g; depend solely on 4 and their expressions follow directly from the adopted hyperelastic law at the
continuum level. Despite the complicated forms that f; and g; may assume, Egs. (43)-(45) retain a simple structure.

Although the linearization with respect to y was primarily introduced for practical reasons, it represents a reasonable approx-
imation from a physical standpoint. Shear deformations become significant only for members with low slenderness, whereas for
slender beams their contribution to the overall response is negligible. Consequently, the linearized formulation accurately captures
the material behavior in the vast majority of cases of interest. Nevertheless, the shear response of the beam is not yet fully consistent
with the actual shear behavior of the material, as the linear shear modulus does not coincide with that of the material. In the beam
model, where v = 0, the shear modulus is given by G,.,,, = Ejeam/2- On the other hand, the shear modulus of the actual material is

Gat = Eppat/12(1 + v,,,)]. Since the material parameters are calibrated to enforce E,,,,, = E,,,., it follows that

Gbeam = (1 + Vmat)Gmat‘ (46)
To recover the correct linear shear response, the effective shear area is adjusted by rescaling the shear correction factor as

1
K =
L Y

mat

k. (47)

Therefore, the shear area in Eq. (44) is now given by A, = kA and the beam shear stiffness G4, is consistent with the properties
of the actual material.

3.3. Application to CNT-based polymer nanocomposites

In our previous work (Pelliciari et al., 2025b), we proposed the following strain energy function to characterize the nonlinear
mechanical response of CNT-based PNCs:

Wone (1) = (1= ) Wy + (@) — Ed) Wy, + ED W, (48)

Wm=%[1—e’b([1 )] Cio (I, - 3) (1 >
E

-1 4/3
v, 3 1
W, =y, <1+?"> , with v = gEn [( 31> —1], (49
n

-1
I
Wa=wa<1+$> . with 1,/”=%Ea<3‘—1>

a

where

are respectively the contributions to the strain energy function given by the matrix, the nanofillers and the agglomerates. Parameters
¢ and ¢, represent respectively the volume fraction of agglomerates and the fraction of nanofillers within the agglomerates, and
depend on the filler content ¢,. The parameters E, and E, are the effective moduli of nanofillers and agglomerates respectively,
whereas ¥, and ¥, are limiting energies which identify the onset of debonding of nanofillers and agglomerates from the matrix.
The complete formulation of the model and the expressions of quantities &, ¢,, E,, E,, ¥,, and ¥, are recalled in Appendix B.
The proposed energy was originally developed for incompressible materials, as volume changes in polymer nanocomposites are
negligible. Here, following the framework described in the previous section, we add a volumetric part to enforce the beam kinematic
constraint. According to the decomposition into its deviatoric and volumetric parts, the strain energy function now reads:

W =Wonc (1)) + Wy (1) = Wenc (1) + 5 (T = 1. (50)

The derivatives with respect to the isochoric invariants are

- 2 32 E, (91,) w2 (¢, -
(1 _d)f) (]] 3) + Cl() (Im _ 3) + 6_Ea§q/a¢a . 4 E ( I ) n (¢f ‘fqﬁaz)’
L= [Ea (11 =3) + 67" [, (3227 - 9) + 24w, (51)

w, =0,

and the parameter K is computed from Eq. (27). The second Piola-Kirchhoff stress tensor S, given in Eq. (32), reduces to

_|sP-1 0 ¢
w
Y 0 -
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(a) _ (c)
. 30 f[—Silicone
force —0.5 phr

20 —1 phr

i 3 —1.5 phr
—2 phr

Fig. 3. Three-point bending tests on PNC beams under the hinged-hinged configuration. The beams have length 107 mm, with cross-sectional
height H = 12 mm and width B = 11.5 mm. (a) Experimental setup for the silicone beam in the undeformed configuration. The beam is glued at
both ends to custom-made supports which represent a hinge-type constraint. (b) PNC beam in the deformed configuration, subjected to a vertical
displacement imposed at midspan. (c) Force—deflection curves obtained by increasing the imposed displacement in a quasi-static manner. Due to
symmetry, the force reported in the plot corresponds to half of the experimentally measured load, consistently with the analyses presented later.
Different colors, as indicated in the legend, represent beams with varying CNT contents, expressed in phr.

The internal forces are computed from Egs. (43)—(45), where the functions f; and g; take the form

2(42-1)_
fN(}»)=TW1,
2(A2 420 2(A2+5) ow 2-1) ®w
oo L) 2 45) gy (2= 1)
911/3 328/3 oJ A5/3 9J2
2
fT(/l)=mW1, .
10 — 4 ow; 1 Pw (53)
grN=—W ~ =+t 57—
948/3 315/3 oJ 12/3 0J2
; 2(2+5)_  2(22-1) ow,
fu (D)= YT Rt BT e Vol
10(A2+44) _  2(A2+20) ow, (42+5) o%w, (22-1) %w,
gm (M) = wy = -+ -+ -
81414/3 oM1/3 aJ 318/3  9J2 353 9J3

Here, w, and its derivatives 0'w, /dJ" are evaluated for x = 0. For a rectangular cross-section of height H and width B, the geometric
properties are

BH? BH? 5
A=BH, I,=——, K,=——, k== 54
D) Y780 76 54
Since the PNCs are incompressible, v = 0.5, the shear correction factor is set to
2 5
kf = gk, = §, At = k;kA, (55)

in order to retrieve the correct shear response.
4. Boundary value problems

In this section, we apply the proposed formulation to the finite bending of CNT-based PNC beams. First, we show the three-point
bending tests performed on PNC beams with various CNT content, considering two boundary configurations: the clamped beam and
the hinged beam. Then, we derive the numerical solution of the proposed beam formulation for these boundary value problems.
Subsequently, we present the FE simulations performed for validation. Finally, we discuss the results.

4.1. Three-point bending tests

The specimens used in the three-point bending tests are PNC beams with initial length 107 mm, cross-sectional height H = 12 mm,
and width B = 11.5 mm. Details on the specimen preparation can be found in Pelliciari et al. (2025b). Tests were first performed
on beams made solely of the silicone matrix. Then, PNC beams with CNT contents of 0.5, 1, 1.5, 2 and 2.5 phr were tested. The
tests for the clamped-clamped configuration are reported in Pelliciari et al. (2025b). Those for the hinged-hinged configuration
are shown in Fig. 3(a)-(b). The experiments were conducted using a ZwickRoell Z050 testing machine. Both ends of the beam
were glued to 3D-printed supports to reproduce hinge-type boundary conditions. Before testing, an initial longitudinal prestretch
of approximately 0.05 was applied to ensure a straight initial configuration of the beam. Moreover, this prestretch caused a small



S. Sirotti et al. International Journal of Engineering Science 227 (2026) 104598

L L

Fig. 4. Schematization of the two boundary value problems analyzed. (a) Clamped-clamped configuration and (b) hinged-hinged configuration.
In both cases, the symmetry condition allowed the study of only half of the domain.

rotation of the supports, ensuring full contact with the base of the setup and preventing any movement during the test. The tests
were performed under displacement control, with a wedge imposing a vertical displacement at the beam midspan at a loading rate
of 20 mm/min, up to a maximum displacement of 40 mm. The resulting force-deflection curves are shown in Fig. 3(c).

4.2. Numerical solution of boundary value problems

As described in the previous section, we tested the PNC beams under two configurations: clamped and hinged. The two boundary
conditions are sketched in Fig. 4. In both cases no distributed loads are applied, thus Egs. (13) and (14) reduce to their homogeneous
form. After integration and applying boundary conditions, they yield

N = Hcos @ + Fsing, (56)
T = F cos ¢ — H sin g, (57)
where H and F are respectively the horizontal and vertical force at the boundary. In the following, dimensionless variables are

introduced, as they are more convenient for numerical integration. Denoting the normalized quantities with a tilde, we define the
dimensionless coordinate X = x/L, with X € [0, 1]. The normalized kinematic variables are defined as

PO =0, E@®=rk@L I®=Ax), 7 =1k

o o o (58)
Fg(®) =rg(0)/L, 7®H=rx), AR =AX).
We then introduce the dimensionless internal forces as
~ I 7 )
F=n L _k, D 0 8@ (59)
E,l, E,, E,,
~ 2 - p) )
For L =7KT Jr( )+7;2 gr( )’ (60)
Em [y m Em
N~ 7
Mem L g u@® g s su@ (61)
E,l, E, E,
where Ky = AL*/I,, K; = A,L*/I,, K\, = K,/(I,L?) and E,, is the elastic modulus of the matrix.
The equilibrium equations in their normalized form read
N' = (—ﬁsin&+ﬁcos5)?, (62)
T = —(ﬁsing~0+ﬁcosq~0) K, (63)
M =-7T+7N, (64)

where now the prime denotes differentiation with respect to %, and H = HL2/(E,,I s F=FIL?/(E,I »)- The equilibrium equations
can be reduced to a first-order system of differential equations in the kinematic variables. From Egs. (59)-(61), the derivatives of
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the internal forces can be written as

N N
I o1 oK |7 ~
=% £ S |l7|=c|7 (65)
7 B IS G O N

oM, oM

oA ox

and by inverting the Jacobian matrix G the first-order system of ODEs is obtained:

7 =%
~ Y~ AT
7 =g [N’ T M’]
- e 1T
17 = g® [N’ Fr M’] (66)
;/:g(3) [ﬁ/ f/ M/]T
%X =Acos(@+7)

where g’ denotes the ith row of G~!. The last equation describes the evolution of the x-component of the beam axis in the deformed
configuration. System (66) represents a two-point boundary value problem which must be integrated according to boundary
conditions. For the two problems considered, those are:

* clamped beam:

pO)=0, p()=0, TO)=F, 7 (0)=0, 7 (1)=1+c, (67)
» hinged beam:
RO)=0, a()=0, T(H=F, 7 =0 7 ()=1+c, (68)

where ¢, = 0.05 is an initial prestretch introduced to reproduce the experimental conditions. Finally, the beam deflection is computed
as

1 1
U=L/ %di:L/ Asin (@ + p)dx. (69)
0o ¢ 0

System (66) was solved in MATLAB using function bvp4c. The solution was obtained for increasing values of the applied load
F and for all CNT contents, in order to construct the force-displacement curves reported in Fig. 6. The solution at the step F; was
used as initial guess for the step F;, ;. The model parameters were calibrated following Appendix C.1 and are reported in Table C.1.

4.3. Finite element validation

To verify the accuracy and robustness of the beam model, FE simulations were performed using COMSOL Multiphysics. The
analysis follows the approach described in Pelliciari et al. (2025b). The beam was modeled using a two-dimensional plane stress
formulation. Owing to symmetry with respect to the midspan vertical axis, only half of the beam was considered. The initial half
length L = 53.5 mm, cross-sectional height H = 12 mm, and cross-sectional thickness B = 11.5 mm were assigned according to
the geometry of the tested specimens. The hyperelastic law for CNT-based polymer nanocomposites, described in Appendix B, was
manually added to the software and adopted as material model. In this case, the parameters were fitted according to Appendix C.2,
assuming the actual incompressible behavior of PNCs.

For both boundary configurations, a small initial prestretch was applied to replicate the experimental conditions. Coherently with
the analytical model, a prestretch of ¢, = 0.05 was chosen and imposed through a prescribed horizontal displacement at the right end
of the beam. For the clamped configuration, the vertical displacement and the rotation of the same end were constrained to zero.
For the hinged configuration, the vertical displacement of the axis was fixed, whereas the cross-section was allowed to rigidly rotate
around the hinge by means of a rigid connector. Conversely, at the left end, for both boundary configurations the vertical sliding was
allowed while the horizontal displacement was fixed to zero. To remain consistent with the two-dimensional modeling, the load
was distributed over a width r = 4 mm to account for the finite contact area with the beam surface. Finally, a stationary study was
performed, incrementally increasing the applied load from an initial zero value to a final value in 50 steps. The schematization of
the finite element model is shown in Fig. 5, along with the deformed configurations for both boundary conditions.

4.4. Results and discussion

Fig. 6 shows the force—deflection curves for both clamped and hinged beams at all CNT contents. The proposed model provides
good predictions for all considered CNT contents over the entire range of deformation. Moreover, the model is in strong agreement

11
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(a) Meshing geometry (b) Load and constraints
B ~H Tﬂ clamped beam Tﬂ hinged beam
- , t t N
L V] !
(c) Deformed shapes: clamped beam (d) Deformed shapes: hinged beam
(m) (m)
0.01 @ 0.01 @
L8 0 1.8
i 1.6 1.6
1.4 -0.01 1.4
-0.01 12 12
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1
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Fig. 5. COMSOL finite element simulations of PNC beams undergoing three-point bending. The material was modeled by introducing the
hyperelastic law described in Appendix B as a user-defined strain energy function. The parameters were calibrated assuming the real
incompressible behavior of PNCs, following Appendix C.2, and are listed in Table C.1. (a) Geometry and meshing of the 2D plane stress model.
Only half of the beam was studied due to symmetry with respect to the mid-span vertical axis. (b) Boundary conditions. For both the clamped
and the hinged configurations, a vertical load was applied at the left boundary over a width of + = 4 mm. (c), (d) Deformed shapes for increasing
loading values and contour plot of the axial stretch 4, for the clamped and the hinged beams, respectively.

(a) Clamped beam (b) Hinged beam

0.8 , ' "] [— Model
- -FE
30 _04 Ol EXp

— Silicone
—0.5 phr
—1 phr
—1.5 phr
—2 phr
—2.5 phr

Fig. 6. Results of the model predictions (continuous lines) and comparison with experimental data (marked lines) and FE simulations (dashed
lines) for different CNT contents. The results are displayed for (a) clamped beams and (b) hinged beams.
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(a) (b)

10 - : : \ : : ; :
‘Silicone, clamped 30 ¢ ‘2.5 phr, clamped 1
81 J
~~ 6 [ 7 20 B ]
&
~ 4 1
10t 1
921 J
0te . | ‘ B 0 | 1
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Fig. 7. Force—deflection curve predictions for different beam formulations. (a) Silicone clamped beam, (b) 2.5 phr PNC clamped beam, (c)
silicone hinged beam, and (d) 2.5 phr PNC hinged beam. The following acronyms are used: Exp = experimental; Model = proposed model;
FE = finite element; Model NS = proposed model without shear deformations; Reissner = Reissner model, with constitutive relations given by
Eq. (70); Reissner NS = Reissner model without shear deformations, with constitutive relations given by Eq. (71). For each formulation, an initial
prestretch of 0.05 was applied.

with the results provided by the FE simulations, despite the latter being obtained from a two-dimensional formulation. This
consistency proves the effectiveness of the adopted continuum mechanics-based constitutive framework.

Fig. 7 compares the results obtained by the proposed model for the silicone matrix and for 2.5 phr PNC with those provided by
models with simpler constitutive assumptions. The models considered are:

+ the proposed model with no shear deformations (Model NS, green dashed lines), obtained from Egs. (43)—(45) with X, — 00}
« the Reissner model (1972) (Reissner, violet dashed lines), with linear constitutive relations for the internal forces:

N=EA(L-1), M= EIyK, T =y(GA, + N); (70)
» the Reissner model with no shear deformations (Reissner NS, orange dotted lines), with
N=EA(A-1), M=Elx, (71)

and the shear force computed from equilibrium.
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In Egs. (70)-(71), E and G are the linear elastic and shear moduli, computed consistently for each CNT content according to
Egs. (C.6) and (C.7). As expected, all models are in agreement in the range of small-to-moderate deflections. As the deflection
increases, the models considered exhibit a stiffer response than the proposed one, with increasing discrepancies. These errors are
higher for PNCs with 2.5 phr CNT content, where material nonlinearities are stronger. The proposed model without shear deforma-
tions also shows discrepancies at large deflections, in particular for the clamped beams, demonstrating that shear deformation has
a significant effect for the beams considered in this study. Finally, we remark again the excellent agreement between the proposed
model and the FE simulations.

5. Concluding remarks

The analysis of beams undergoing large deformations has a long-standing tradition in the literature. Several authors have
attempted to establish connections between beam theories and three-dimensional continuum mechanics. However, such approaches
have typically been confined to specific formulations and limited classes of materials, and have not been validated against
experimental data.

In this work, we presented a comprehensive formulation for the analysis of large deformations in beams made of hyperelastic
materials. The kinematic description is based on the Reissner model, which accounts for axial extensibility and shear deformability of
planar beams. The beam internal forces are related to the stress components of continuum mechanics through the Principle of Virtual
Works. Unlike previous continuum mechanics-based studies, we clarified critical aspects involved in bridging the three-dimensional
continuum and the one-dimensional beam approximation. In particular, we satisfied the beam assumption of transversely rigid
cross-sections by constraining the volumetric part of the strain energy function to have a specific behavior. Closed-form expressions
for the beam internal forces were derived as functions of the stress—strain response of a hyperelastic material.

We showed the implications of constraining the volumetric behavior on the choice of constitutive parameters, as a new set
of parameters must be calibrated to retrieve the correct uniaxial stress-strain response of the material. As a consequence, the
shear response generally differs from that of the actual material. This issue was addressed by linearizing the shear response and
appropriately adjusting the shear correction factor to recover a consistent shear stiffness.

Subsequently, we specified the formulation to CNT-based PNCs, adopting the hyperelastic model proposed in our previous
work. The proposed formulation was validated against experimental data from three-point bending tests on PNC beams under
two distinct boundary conditions: clamped-clamped and hinged-hinged configurations. A further validation was performed through
FE simulations of two-dimensional beams under plane stress conditions. The proposed formulation demonstrated good accuracy
with experimental data, as well as strong agreement with the FE simulations. This can be attributed to the consistent continuum
mechanics-based derivation of the constitutive relations. In addition, the proposed formulation improved upon simpler beam
theories, demonstrating that both a geometrically-exact beam theory and material nonlinearities are necessary for accurate
predictions of the behavior of hyperelastic beams.

The major contributions of this work can be resumed as:

» a comprehensive formulation to derive a large-displacements, large-strains one-dimensional beam theory from three-
dimensional hyperelasticity;

* closed-form relations for the beam internal forces, N, T, and M, as functions of the stress-strain response of a hyperelastic
material;

» application and validation of the proposed formulation against experimental data from three-point bending tests on CNT-
based PNC beams. To the best of our knowledge, this represents the first application of continuum mechanics-based beam
formulations to real material responses.

In conclusion, the proposed formulation combines the constitutive modeling of three-dimensional continuum mechanics within the
simplicity of the one-dimensional beam theory. Therefore, it provides a foundation for the analysis of hyperelastic beams under
large strains in more complex boundary value problems.
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Appendix A. Stress series expansion coefficients

The power-series expansion of ¢, and r,, around x =0 is

3 1 0"c 4
* 2 X n
ax—;n FP :01( +(9(1<),
=0 Al
- ) (A1)
* = Xz n
i n=0 n! ok" lxk=0 K +(9(K )
The partial derivatives 0"c, /0k"|,.—, and 9"z,,/dk"|,.—o are given by:
2/3 2 —_ 2 2 —_
o = /17/3 [P (2 -1)w, + (= = 1)w,],
dox| (A2 +5) 22w, +w, (772 —,12+7)+3;(,12—1)/15/3+
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where the partial derivatives w;, 0/w;/dJ/ are evaluated for x = 0.
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Appendix B. Strain energy function for CNT-based PNCs

The strain energy function for CNT-based polymer nanocomposites developed in our previous work (Pelliciari et al., 2025b) is
Wenc) = (1= ¢) Wy + (bf = Eba) W,y + EbuWo (B.1)

where W,,, W, and W, represent the contribution of the matrix, the nanofillers and the agglomerates respectively and have the
following expressions

W= [1-e?0] =y (1,-3)n =3
m b 10 _3
-1 4/3
v . 3 1
W, = <1+T—”> . with y, = 2F, [(%) —1], (B.2)
n
-1
v, . 1 I
W,=y, <l+?:> ,  with l[laIEEa <?—1>

The function W,, corresponds to the Yeoh-Fleming model, which proved optimal performance in capturing the nonlinear response
of the tested silicone. The contributions of nanofillers and agglomerates are inspired by the concept of continuous softening
hyperelasticity (Pelliciari et al., 2025a; Sirotti et al., 2025; Volokh, 2007) and involve two limiting energies, ¥, and ¥,, introducing
softening with the aim of reproducing the detachment of nanofillers and agglomerates from the matrix. In Pelliciari et al. (2025b), we
proposed two distinct approaches for the determination of material parameters. The first is based on microstructural considerations,
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with all the parameters related to the CNT contribution determined from SEM image observations; the second is a simplified,
phenomenological approach, where the parameters are calibrated by fitting stress—strain data. Here we adopt the latter approach,
and the following provides a complete description of the parameters involved in the formulation.

Parameter & represents the agglomerate volume fraction in the composite and is given by the Hill equation

1
f=—,
1+ (¢/8y)

where ¢, is the critical volume fraction at which half of the nanoparticles form agglomerates and must be calibrated. Parameter ¢,
represents the CNT fraction in the agglomerates and it is computed as

da=d; (1+0Ve), ®.4)

(B.3)

where p € [O, #? /(qb? \/—e)] is a fitting parameter constrained to respect physical plausibility. The limiting energies ¥, and ¥, are

defined as

w, =3, (14/3 - 1),
8

n ner

(B.5)

lPa = EEa (Ia,cr - 1) s

where I, ., and I, are critical strain invariants which identify the onset of detachment of respectively the nanofillers and the
agglomerates. Finally, E, and E, are the effective elastic moduli of nanofillers and agglomerates defined according to the shear lag
theory as
E, = nynotyEcnt»
n w'l0"Tn =ent (B.6)
Ea = nu)nonaEcnt’
where 7, = 0.85 is a waviness factor, 7, = 0.2 is an orientation factor, E.,; = 900 GPa is the elastic modulus of CNTs and #,,#, are
given by

tanh 2E
,1”=1_an—ﬁ"s, with = m ,
DS Ece (1+v,)In(1/¢,,)

(B.7)

I tanh g,s ith 5 2E,
=1-—, w = ,
Mla B, @ Eene (14 v,)In (1/6,)

where s is the aspect ratio of CNTs, E,, and v, are the elastic modulus and Poisson’s ratio of the matrix and ¢,, = (¢, — £¢,)/(1 - &)
is the volume fraction of CNTs outside the agglomerates.

Overall, in addition to the parameters of the matrix, the simplified model has five parameters (¢, p, I,, .,» I, .- $) to be calibrated
by fitting stress—strain data.

Appendix C. Calibration of material parameters in simple tension

In this Appendix, we calibrate the material parameters of the strain energy function for PNCs by fitting simple tension data.
Detailed information about the simple tension tests can be found in Pelliciari et al. (2025b). While in the tests the materials reached
stretches up to 4 ~ 3.2, here we focus on the range 4 € [1,2], which fully captures the deformations relevant to beam applications.
The calibration is carried out for two scenarios: (i) considering no transverse deformation, as assumed by the proposed beam model,
and (ii) considering material incompressibility, as used in the FE simulations.

C.1. Parameter calibration for the beam model
A volumetric part is added to Eq. (B.1) to allow for volume changes. Adopting the split of the energy, the complete strain energy
function reads
W = Wone (1) + Wy, (), (C.1)

where Wpy( is given by Eq. (B.1), W,(J) = K(J — 1)2/2 and I, = I, /J?/3. The deformation gradient of an isotropic solid subject to
simple tension in the principal direction x reads

F=Je,®e, +tire, Qe +ire, Qe (C.2)

where the transverse stretch is equal in both directions due to isotropy. To satisfy the beam model assumption of transversely rigid
cross-sections, we impose Ap = 1 to neglect transverse deformations. The nominal stress is computed as

ow
P= 5F = P.e, Qe +P,e, Qe +P e Qe.. (C.3)
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Fig. C.8. Parameter calibration by fitting to nominal stress—strain data from simple tension tests. Solid lines denote the response of the transversely
rigid material, Eq. (C.4), adopted for the beam model. Dashed lines represent the response of the incompressible material adopted in FE
simulations, Eq. (C.10).

Table C.1
Optimal parameters for the beam model and the FE simulations, calibrated against stress-strain data from simple tension tests. When applicable,
the units are in MPa.

Parameters Matrix CNT Fixed
a b Cio 1 be 4 Lyer Loer s Ecy M o
—-7.508 0.051 7.602 279 0.05 0.8 300 200 120

Beam model
(E, =0.378, v, =0) 9% 10° 0.85 0.2
-0.511 0.163 0.574 102 0.03 0.8 30 20 119 ’ ’

FE 1
mode (E, = 0.378, v, = 0.5)

Imposing that the lateral surfaces of the solid are traction-free, P,, = 0, the expression for K is determined. Finally, the only

non-vanishing stress component, P, = (1 — ¢ )Py . + Pont,, 5 becomes

2(42-1) ; I,-3
- 7 —b(11—3) m
o ae +Co = ] )

My 173 1,-1,

_ 173 (C.4
P = 2(22-1) 6E, P2, N 32 E, (91),) "W ($; —E,)
NT,y — 5/3 7 2 - 20
4 (BT =3E,+67.)" (32,1 - 9F, +24%, )

with I, = (4> +2)/4%/3. The matrix parameters a, b, Cyo, and I,, were first calibrated by fitting the response of the silicone

matrix. Subsequently, the parameters of CNT contribution, ¢, p, I,,.,, I,.,, and s were calibrated following the strategy illustrated
in Pelliciari et al. (2025b). The result of the fitting is shown in Fig. C.8 (solid lines) and the optimal parameters are reported in
Table C.1.

The linearization of P, about A = 1 yields

Poc= [0+ Co) (1= 87) + 260, (E,— E,) + 3 B0, G- D+ 0 (G- 17), C5)
where

Erig:4(“+clo>(1‘¢f)+§f¢a (Ea—En)+§En¢>f (C.6)
is the elastic modulus of the transversely rigid material. The corresponding shear modulus is

Grig = % =2a+Ci)(1 - )+ %édna(Ea -E)+ %Enqsf. €7

C.2. Parameter calibration for FE simulations

In the FE simulations we assume the actual volumetric behavior of PNCs, which are considered to be incompressible. The strain
energy function is thus given by Eq. (B.1). The deformation gradient reads

F= Aex®ex+/1_1/2 ey®ey+/l_1/2 e, Qe,, (C.8)
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where the lateral stretch is now determined by the incompressibility constraint M% = 1. The nominal stress is computed as

ow —
P= =k T=pP.e,®e +Pe, e, +Pe ®e, (c.9)
where the internal pressure p is determined by satisfying the condition P,, = 0. The expression of the longitudinal stress P,, =

(1-¢4)P,  + Poyr,, becomes

1 _ _ I -3
P, =2 (ﬂ— ﬁ) [ae b(1,-3) +C101m—_11] >
1/3

1) 6E, P20, 2 32PE LW (¢ - E¢,)
(

(C.10)
E,I, —3E, +6¥,) (32/315,11“/3 —9E, + 24'1/,,)

A2
1

with I} = 4> +2/A. For the matrix parameters, we adopted the set already calibrated in Pelliciari et al. (2025b) on the silicone
matrix response. The CNTs parameters were calibrated following the same procedure as in the previous section and are reported in
Table C.1. The result of the fitting is shown in Fig. C.8 (dashed lines). We verified to obtain similar values for the elastic modulus
in order to ensure a consistent comparison between the beam model and the FE simulations. For the incompressible material, the
linearization of P, about 1 — 1 yields

P =[6(a+Cyo) (1= ¢s) + &8, (Eo— E,) + Exdf] (A= D+ 0 (2= 1), (€11)
where
Epe=6(a+Cy) (1-¢;) +éd, (E,— E,) + E,¢f (C.12)
is the linear elastic modulus. The corresponding shear modulus is
E.
Gine = % =2(a+Cy) (1-o;) + %éqb,, (E,— E,) + %En(pf. (C.13)

This expression coincides with the shear modulus for the transversely rigid material, Eq. (C.7), as the difference between the two
cases lies solely in the volumetric response. However, since the two sets of parameters were calibrated to ensure Ej; = Ejy, it
follows that
Erig E; 3

> = =30 (C.14)
indicating that the shear modulus of the transversely rigid material results 1.5 times larger than that of the incompressible material.
Consequently, in Eq. (55) the shear correction factor k, was adjusted accordingly to recover the correct response in simple shear.

Grig =

Data availability

Data will be made available on request.
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