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Abstract— Laboratory-based potentiometric elec-
trochemical sensors, supported by well-developed

steady-state theory, have traditionally relied on enalvielianspcrtDelavi(b)
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wearable and implantable sensors suggest a new
paradigm for real-time, continuous monitoring of

analytes, for example, in healthcare and environ-
mental monitoring. This paper develops a new
analytical model for the transient response of the
sensors and explains how sensor geometry, place-
ment, and chemical properties determine the re-
sponse delay. The model offers a transparent ap-
proach to optimizing sensor response, and there-
fore, the work would be of broad interest to sen-
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sors and system designers of not only wearable/implantable sensors, but also of modern genome-sequencers.
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|. INTRODUCTION: TRANSIENT RESPONSE OF
ELECTROCHEMICAL SENSORS

HE transition from laboratory-based endpoint sensors to
massively parallel sensors for genomics [1] and pro-
teomics, as well as ubiquitous deployment of wearable and
implantable sensors [2] with continuous monitoring of analytes
such as glucose and nitrates, has revived practical interest
in the time response of various types of potentiometric [3]-
[5] and amperometric sensors [6], [7].The time responses are
characterized by: (a) the delay between the analyte fluctuation
and the time needed for the sensor to register it, (b) the
limits of detection in a time-varying system, with the sensor
delay defining the lower limit of a sensor’s ability to track the
time-varying analyte concentration, and (c) the characteristic
features of the waveform that reflect the biochemical systems
that underlie the analyte production, in other words, the ability
to infer the waveform of the target analyte concentration
waveform from the delayed, distorted, convoluted voltage
waveform of the sensor.
In this paper, we develop a highly accurate transient model
for potentiometric ISM sensors, which are widely used for
water quality monitoring, quality control in the pharmaceutical
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industry, precision agriculture, and other applications. The
approximate transient solution of the ISM, in response to
an abrupt concentration change at the fluid/ISM interface,
has been considered by several groups [3]; however, these
analyses fail to address the delay due to transport between the
analyte and the sensor, e.g., the delay between the increase in
glucose concentration in blood and the corresponding response
of microneedles spatially separated from blood [6].

The formulation discussed in this paper shows that, depend-
ing on the spatial separation, the reaction-dominated transient
response differs fundamentally compared to that of diffusion-
limited transient response, and the transition between the
two regimes is described by several non-intuitive features of
analyte diffusion in the fluid, concentration build-up at the
fluid/ISM interface, and subsequent diffusion within the ISM
membrane. The analytical results provide deep insights into
the transient dynamics of ISM sensors and are validated by
comparison with the Poisson-Nernst-Planck (PNP) solution.
The analysis presented here complements other works on the
delay of ISM-based potentiometric sensors employing finite
difference descriptions of ion transport alternative to PNP [8]—
[10].

It should be noted that the response times analyzed in
this work reflect the fundamental electrochemical delay of
the sensor, distinct from any additional system-level delays
introduced by the acquisition electronics,that is not analyzed
in the present work.

The paper is organized as follows. defines the
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model system and summarizes its transient response by using
the PNP model. respectively, develop the ana-
Iytical theory of the transient response for diffusion-limited,
reaction-limited, and reaction-diffusion-limited sensors. The

conclusions are summarized in [Section VI| of the paper. The
details of the derivations are in the Appendices.

[I. DEFINITION OF THE PROBLEM AND PNP MODEL

The Ion-Sensitive-Electrode (ISE) considered in this work
as potentiometric sensor is composed of a Ion-Selective-
Membrane (ISM) and the solid electrode. shows an
ISE immersed in the fluid containing the analyte. The ISM
is composed of a hydrophobic plasticized polymeric matrix
(typically high-molecular-weight poly(vinyl chloride)) doped
with fixed Anionic Sites (R~). To ensure permselectivity, the
ISM contains a lipophilic ion-exchanger, such as potassium
tetrakis(p-chlorophenyl)borate (cg = 100 mM in this model).
These negative sites are covalently or sterically trapped within
the organic matrix, providing the necessary charge compensa-
tion for the incoming primary cations.

At time ¢ = 0, the concentration of an 1:1 salt (IT-X7) is
modified at a distance Ly, from the ISM/electrolyte junction
[11] located at z = 0. The analyte is allowed to diffuse towards
the electrode/ISM interface. At the interface, the permselective
ISM allows the ion I to enter the membrane, and blocks the
counter-ion X~ (Donnan exclusion [12]). This establishes the
analytical model’s range of validity, which strictly requires
the Nernstian regime (cr > cp) to ensure perfect Donnan
exclusion. Although the numerical PNP model can compute
non-Nernstian dynamics, such regimes fall outside the scope of
the analytical framework presented in this work. Once primary
ions I transfer into the membrane, the transport through the
membrane occurs under the combined influence of drift and
diffusion. The process continues until equilibrium is achieved.

First, let us analyze the problem using a physics-based nu-
merical simulator [11] to create a set of reference results. The
simulator self-consistently solves the Poisson—Nernst—Planck
(PNP) equations for ion transport coupled with Chang-Jaffé
boundary conditions [13] to describe the ion transfer kinetics
at the electrolyte/ISM interface. Given the planar geometry
sketched in where the concentration change is assumed
to be uniform across the plane parallel to the ISM, ion
transport is dominated by diffusion and drift perpendicular to
the interface. A 1D model is therefore sufficient to capture
the essential dynamics of the sensor’s transient response. In
terms of practical implementations, the most directly relevant
systems respecting this quasi-1D geometry are microfluidic
devices, where the channel cross-section aligns with the sensor
[14]. Although direct experimental measurements probing
the response time in this specific architectural regime are
currently lacking, the numerical PNP framework employed
here to validate our analytical derivations has been thoroughly
calibrated against experimental data. Specifically, the model
accurately reproduces both experimental steady-state mem-
brane potentials across varying ion concentrations [15] and the
dynamic response characteristics of practical potentiometric
sensors [11].
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Unless specified otherwise, the PNP simulator uses the
default physical constants, transport parameters, and boundary
conditions summarized in Table [l

TABLE |
DEFAULT NUMERICAL PARAMETERS AND BOUNDARY CONDITIONS FOR
THE PNP SIMULATOR.

Parameter Symbol/Type Value / Condition
Physical Parameters
Temperature T 298 K
Permittivity (Electrolyte) egp, 80
Permittivity (Membrane) erguv 5
Layer Thicknesses L 100 pm
Fixed Site Conc. CR 100 mM
Diff. Coeff. (Electrolyte)  Dgr, 1x 1079 m?/s
Diff. Coeff. (Membrane)  Dign 1x107 1 mz/s
Boundary Conditions
Bulk Electrolyte Dirichlet Yp=0V
(z=—LgL) ¢ =cB
Interface Rates Chang-Jaffé klf’b
(z=10) kx=0
Bulk Membrane Neumann Null flux
(z = Lism) (V¢ =0,J; =0)
Apu(t) _f
———
Electrolyte ISM '
Acp(t | :
B& »i - >
Z -

—LgL 0 Lism

Fig. 1. Sketch of the ISE consisting of an electrolyte and an ISM.
Cations, I*, are exchanged between phases (ISM and electrolyte) and
compensate the ionic sites of the ISM, whereas counter-ions, X~, are
excluded from the ISM. A perturbation of the ionic concentration in the
bulk of the electrolyte at a distance Lgy, from the electrolyte/ISM junction
(set as z = 0) propagates to the membrane and generates a change in
the membrane potential ¢m.

For an insight into the distinct transport phases, [Fig. 2
summarizes the transport response of an ISM obtained by
using the PNP numerical simulator. Here, at time ¢ = 0 the
concentration of both I and X~ changes from cp; to cps.
The transient consists of two phases:

o A diffusion-limited regime where the perturbation in the
bulk of the electrolyte propagates towards the interface
with the ISM; the membrane potential remains constant
during the short initial phase of this regime (profiles 1-3
in [Fig. 2]a); then, the concentration in proximity to the
junction changes from cp; to cp2 followed by flattening
of the concentration profile in the electrolyte (c; = cx =
cB2) (up to profile 6 in [Fig. 2]a); during this time, the
membrane potential changes but it does not reach the
equilibrium value expected from Nernst’s law.

o A trans-membrane flux-limited regime is dictated by the
transfer of ions between the ISM and the electrolyte to
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maintain overall charge neutrality after the modification
of the surface potential. During this regime, the con-
centration overshoot at the EL/ISM interface lowers to
an equilibrium value (profiles 6 to 8 in [Fig. 2}a) while
the membrane potential attains the equilibrium value as

shown in [Fig. 2p.

In the next section, we will derive analytical models for the
two phases and their relative contribution to the overall delay
of the sensor response.
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Fig. 2. (a) Cation concentration profiles in the EL/ISM system at

different times after a concentration step change in the bulk of the
electrolyte. (b) Resulting membrane potential vs time.

[1I. MODEL FOR THE DIFFUSION-LIMITED REGIME

During the diffusion-limited regime, the evolution of the
system is driven by the diffusion of ion I*, along with its
counter-ion X~. When ions have equal diffusivities, elec-
troneutrality is maintained, and it is possible to neglect the
electric field in the electrolyte and solve the diffusion equation
only
881 -D 8201 1

ot~ o2 0
Equation (1) is linear and can be solved for the change
of concentration Acp with respect to the initial value cp;.
Assuming the concentration change of ¢j(—Lgy,) from cp;

to cp2 to be instantaneous, and momentarily neglecting the
presence of the ISM, (T) has analytical solution in the form
z+ Ly,

ci(z,t) = cg1 + (cB2 — ¢B1) - erfe {m} , @

which describes the propagation of the perturbation from z =
—Lgr1, to oo.

Introduction of the ISM at z = 0. |I| If the charge transfer at
the junction is much slower than the diffusion (that is always
true for realistic values of transfer rates), the flux of ions at
z = 0 can be considered as essentially null, i.e., the ISM
resembles a hard wall during the diffusion time-scales. We
can thus write:

6(:1

5, (0 ~0. 3)

This boundary condition can be enforced in the solution of ()
by using the method of the images, i.e., considering a mirrored
erfc function propagating from z = Lgp. Normalization is
then needed to ensure that c;(z = —Lgp,t > 0) =
leading to

CB2,

z+L Lg1,—=z
)erfc{\/ﬁ}qLerfc{\/‘f&Tt}
1+erfc{%}
“4)

(a) demonstrates the excellent match between @) and
reference results from the PNP simulator.
By defining the dimensionless quantities

— 1+ 2/LgL

2t/
_ 1-z/Lpy
¢ = i %)

2
S Ly
2D,
one can rewrite @) in a compact form as

erfc {¢T} +erfc {¢™}
14erfe{¢Ct+(¢}
Equation explains the evolution of the ion concentration
in the electrolyte during the diffusion-limited phase.

The concentration of ion species I" in proximity of the
interface, i.e., crrr(t) = c1(07,¢), allows one to calculate
the time-dependent membrane potential by using the Nernst
relation:

ci(z,t) = cp1 + (c2 — cB1

with,
(6)

CI — CB1

N

CB2 — CB1

t
n CITF( )

wm (t) = ‘/th 1
CR

. ®)

where Vi, = kgT/q is the thermal voltage.

Remarkably, (]Z[) evaluated at the EL/ISM interface (z = 0)
can also be approximated by an exponential function shifted
by a time ¢;:

crrr(t) = c1 + (c2 — ¢B1) [1 —exp —

ITo be precise, we indicate with 0 not the junction itself but the left side
of the built-in field region associated with the junction. We assume here that
the field region is much thinner than the diffusion region. The presence of
ISM at z = 0 requires us to account for the transmitted and the reflected ion
fluxes.
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Fig. 3. (a) Time evolution of the concentration profile of ion I* during the
diffusion-limited phase according to (7) (dashed lines with symbols) and
PNP simulations (solid lines) for different time snapshots as a function of
7. and (b) comparison of the time-dependent membrane potential using
PNP (solid line) and either @) plus (8) (dotted) or @) plus () (dashed).
Note that the solutions correspond to the diffusion-dominated regime

shown in[Fig-2

We have verified that the empirical assumption ¢; = 7/6 holds
across a wide range of parameter values. Our results show that
t; is the time needed for the ionic profile to pass from profile
‘1’ to profile ‘3’ in[Fig. 2{a), which corresponds to the onset of
membrane potential change (dashed vertical line in [Fig. 2(b)).

(bottom) shows that (8) using either the exact (7)) or
the approximated (9), correctly reproduce the PNP results in
terms of 1y, ().

In the diffusion-limited regime, the analytical model pre-
dictions compare well to PNP simulations, see In
these simulations, the ISM parameters are chosen to make
the contribution to the delay from the transmembrane flux
negligible.

V. THE TRANS-MEMBRANE FLUX LIMITED REGIME

The model proposed in the previous section reproduces
the sensor response when Lgp is large and when klf and
k:{’ are large as well (what we mean by large will be clear
in the following). In these situations, diffusion of the ion I*
dominates. When Ly, is short and/or transfer rates are low,
transmembrane ion transport becomes dominant, and the delay
becomes independent of Lgg,. Unlike the diffusion-dominated
region, the flux-dominated regime is dictated by the interface
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Fig. 4. Response delay to a Acg change from 100 to 110 M vs the

electrolyte thickness, derived from numerical PNP simulations (symbols)
and using {@) plus () (dashed line). kIf =kb =10"* m/s.

electric field, F(0~) and F(0T) at the two sides of the
junction, and can be calculated as follows.

A. Quasi-static analysis

We follow a quasi-static approximation to compute the
change in the charge in the ISM region when the electrolyte
bulk changes from cp; to cps. For details, see Appendix m
Compared to the general derivation provided therein, here we
assume that the membrane doping cr is much higher than
the bulk ion concentration, so that the transition region (with
a non-zero electric field) is restricted to the electrolyte side,
whereas the ISM potential profile is essentially flat. Let us
also assume that ¢j(z = 0) & cR (the time variable is dropped
in this quasi-static analysis, so that all quantities only depend
on the position 2).

We substitute (26)) into (23)), set @ = —Lgy, and b = 0, and
then apply boundary conditions F'(a) = 0 V/m, ¢(a) =0V,
and ¥ (b) = (ksT'/q)In(cg/cr), to finally obtain the field at
the electrolyte side of the interface:

(10)

Applying Gauss’s law (Qism = —egLF(07)), the charge in
the ISM is:

Qism = —V/2kpTerL <\/7 — \;%) .

If cg changes by Acg = cpa — ¢p1, the change in ISM charge

1S
o 2kBT5EL
=4 / . ,

i.e., the charge in the ISM becomes less negative as cp
increases. The shape of the potential profiles and charges for
the different bulk concentrations in steady-state is sketched in

[Fig. Sla.

(11

dQrsm
dCB

AQisi

Acn 12)
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Fig. 5. a) Quasi-static view of the EL/ISM junction before and after

changing the bulk electrolyte concentration. b) Sketch of concentration
profile of ion I* in case of rate-limited response at the beginning of the
transient.

B. Time evolution of the interface concentration

If we assume that diffusion in the electrolyte is not the
limiting factor and it is quite fast compared to trans-membrane
fluxes, at ¢ ~ 0 (that means close to ~ 57, i.e., the delay
of the diffusion phase) the interface concentration at the
electrolyte side c¢irrp(z = 07,¢t ~ 0) would change quite
instantaneousl see Fig. b. According to the derivation
shown in Appendix the change in ¢rr(07,¢) when the
bulk concentration changes by Acg is roughly 2Acg. The
concentration cyrr(07,¢) will then change as well, since at
the end of the transient ¢;(07,¢ — o00) and ¢1(0—,¢ — o00)
should be equal. The trans-membrane flux (from electrolyte to
ISM) is thus

Fism (t) = CITF (07, t)kffclTF(OJr, t)kll) = 7k{’bACITF(O+, t).

13)
The fluxes change over time because the concentrations on
both sides tend to the same value, see Let us first
consider the total charge to be transferred across the membrane
and the flux at time ¢ = (] and define a suitable time constant

2in the previous calculation we set it to & cg but it would be a little bit
lower and should change when the bulk concentration changes, as discussed
i

If applied to the discharge of a capacitor C' over a resistor R this method
would give Tre = Q/I1(0) = CV(0)/[V(0)/R] = RC, that is the correct
expression for the time constant of the RC circuit.

for the Trans-Membrane-Flux limited delay:

AQism
oM A ——ISM_ (14)
T 4 Fism(0)
By using (13), we can rewrite it as:
A A
N Qism B (15)

Acp qk‘lf’bACITF (0+, 0)

Using (12) and considering that (see Appendix [II),
ACITF(O+,O) ~ 2Acp, we get

- 1 QkBTé‘EL
fb \/ )
2qky CR

shows that 7\ accurately reproduces the response of
ISM dominated by the trans-membrane fluxes. For simplicity,
we have assumed &/ = k?.

(16)

102 | —o—PNP
= = =TTMF (Eq. 16)
—
— 1t
_ 10
100 L
107 10710 1079
k{ [m/s]

Fig. 6. Comparison of rate-limited (RL) time constant delay from PNP
simulations vs ¢Tyr from (T6). PNP time constant was calculated as
tgo/In 10, with tgo the time to reach 90% of the membrane potential
excursion after the diffusion delay (see[Fig-_7)

V. COMBINED EFFECT OF TRANS-MEMBRANE FLUX AND
ION DIFFUSION IN THE ELECTROLYTE

The transient response is a complex interplay between the
two processes of ion diffusion in the electrolyte and trans-
membrane fluxes at the EL/ISM junction. As shown in [Fig. 7|
the total change in membrane potential, A, does not occur
entirely within one phase. Instead, it is partitioned between a
fast initial change during the diffusion-limited phase, Atq;g,
and a subsequent, slower change during the kinetic-limited
phase, AYin = Athror — Athgigr.

To develop a comprehensive model, we must first determine
how this potential drop is split. This partitioning is dictated by
the equilibrium (i.e., before the application of the Acp step)
electrostatic potential, v, at the EL/ISM interface relative
to the bulk. As detailed in Appendix [ ¢y is determined
by solving the Poisson-Boltzmann equation for the system.
While the exact value is found via the transcendental equation

a compact approximation useful for modeling is:
Ym
Yo ~ SR (17)
1+2 61?1;1 Cl;
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where vy, is the total equilibrium membrane potential. We
note that the model imposes no theoretical limits on the
magnitude of .

We determine the split of the potential drop during the
transient by applying a perturbation analysis to this equilib-
rium state, as derived in Appendix [l The fraction of the
total potential change that occurs during the diffusion-limited
regime, denoted as v = |Avqigr/Athy|, is given by:

Yo
= tanh .
v = tan <2Vth

(18)
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= l
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Fig. 7. Transient response of interfacial and membrane potentials. The
temporal evolution of the potential at the electrolyte/membrane interface
1o (top panel) and the membrane potential ¢, (bottom panel) following
a bulk concentration step of the primary ion I* from 1 mM to 1.1 mM.
The vertical red dashed line marks the theoretical end of the diffusion
limited phase. Simulation parameters: Electrolyte thickness d,; = 5 pm;
lonic sites concentration cg = 10 mM; Interfacial kinetic transfer rate
k® =109 mys.
I

This parameter, -, characterizes diffusion-limited vs.
kinetic-limited contributions to the sensor response. The valid-
ity of (I8) is confirmed by comparing it against the numerical
PNP simulations, as shown in Fig. [§] The model accurately
captures the transition of the potential split factor v across
a wide range of bulk concentrations (cpj), membrane site
densities (cgr), and dielectric constants (g1gn).

We can now compare the expressions derived before for
general cases with different electrolyte thicknesses and ISM
parameters. To quantify the boundary between the diffusion-
dominated and flux-dominated regimes, we introduce the di-
mensionless number Y, defined as the ratio of the characteristic
diffusion time to the transmembrane flux time:

b2
Tdiff kIf LEL

TTMF D

g*cr
2]{ZBT8EL '

X (19)

The transition occurs when y ~ 1. This allows us to define
a critical electrolyte thickness, L., below which the sensor
response becomes rate-limited:

& QkBTé‘EL
gkr V' er

Lcrit = (20)
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Fig. 8. Validation of the analytical model for the potential split factor ~.
a) Sweep of bulk concentration cg; (with cg = 10 mM and eigy = 5).
b) Sweep of fixed ionic site concentration cg (with cg; = 10 uM). ¢)
Sweep of membrane dielectric constant e1gy (with ¢g; = 10 M and
cg = 10 mM). PNP simulation results (solid lines with circles) show
excellent agreement with predictions from (Ig8). In all cases, Acy, g of
10% of cg; was used.

The results are reported in The dotted lines represent
the diffusion delay, calculated as:

taif = —Tdiff ln(l — 04)7 21
where « is the fraction of the membrane potential change when
we consider the transient to be over.

In [Fig. 9la, the ISM parameters are selected so that the
potential split factor v is small. For x > 1 (i.e., Ly, > Le:it),
the transmembrane transport is faster than diffusion. Conse-
quently, diffusion is the limiting factor and ZI) accurately
reproduces the results. Conversely, when y < 1 (i.e., Lgp, <
L), the delay from PNP simulations becomes flat and
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independent of Lgr,. In this regime, the fast diffusion phase
contributes negligibly to the total potential excursion. The
remaining transient is dominated by the rate-limited transport
at the interface, and the delay matches our model prediction:

1—~
trMF = TrmF In 1 .

(22)

In [Fig. 9b, the parameters result in v ~ 0.82. In this
case, for the reaction-limited plateau to be observable in the
sensor delay, the diffusion phase must not exceed the detection
threshold. Mathematically, the reaction-limited regime appears
only when 7 < «. Conversely, when 7 > « (red curve in
b), the response is dominated by diffusion (¢t oc L%;)
across the entire range of thicknesses, effectively masking the
transition to the reaction-limited regime.

a
103 ' ' '
- - =RL Model L
.......... Diff. Model
10% [ |—e—Sim., o = 90%
—o—Sim., a = 50%

Delay Time [s]
a_k

1007
107
10"
b
2
° .
E
=
2L 4
= 10
A
107} 1
v =0.82
10'6 ' ' '
107 10° 10’ 107 108
Electrolyte Thickness Ly, [um]
Fig. 9. Comparison of the response delay times setting « = 50%

(circles, red) and @ = 90% (squares, blue) as a function of the
electrolyte thickness Lgy, for a a low v and b a high ~ regime (reported
in the figures using and (T8)). Solid lines with symbols represent
the numerical PNP simulation results. The dashed lines represent the
Reaction-Limited (RL) analytical model (22)) and the dotted lines repre-
sent the Diffusion-Limited model (1)), which dominates for large Lg;,.
Key simulation parameters: interfacial transfer rate k/"° = 10=8 m/s,
bulk electrolyte concentration c; g = 100 uM with Acy g = 10 pM and
membrane site concentration cg = 1 mM inaand cg =5 mM in b.

The key analytical expressions derived for the diffusion-
limited and rate-limited regimes, along with the coupling

parameters that determine the dominant mechanism, are sum-
marized in Table [

TABLE Il
SUMMARY OF KEY COMPACT MODEL EQUATIONS

Parameter Equation
Diffusion-Limited Regime
B
Time Constant Taiff = ———
diff 2 DI
Response Delay taig = —7aife In(1 — @)
Reaction-Limited Regime
1 2kpTe
Time Constant TIMF = ~—— ZPB-CEL
2qky’ CR

Response Delay

11—~
11—«

tTMF = TTMF In (

Transition between the two regimes

 m
~ 11 9EELCB
+ EISMCR

Interface Potential Yo

Regime Parameter X = Tdiff /TTMF

Dy 2kgTegr,
qk:;’b CR

v = tanh ( wo )
2Vin

ACITF ~ QACB

Critical Length

Leic = ('Y < a)

Split Factor

Interface Overshoot

VI. DISCUSSION AND CONCLUSION

To summarize, the paper develops a comprehensive an-
alytical model for the transient response of potentiometric
ion-selective membrane (ISM) sensors, applicable to both
diffusion-limited and transport-limited regimes. The key in-
sights are:

o Identification of Dual Response Regimes: The sensor’s
time response is governed by two distinct physical pro-
cesses: ion diffusion in the electrolyte and transmembrane
ion flux at the membrane interface.

e The Voltage Split Factor (7y): The model introduces a crit-
ical parameter, v (calculated as tanh(vo/2V;y)), which
quantifies the fraction of the potential change occurring
during the initial diffusion phase versus the subsequent
kinetic phase.

o Non-Intuitive Delay Scaling: * In the diffusion-limited
regime (large Lgy,), the response delay scales with the
square of the electrolyte thickness (Lgﬁ). In the reaction-
limited regime (small Lgr, and low ~), the delay be-
comes “flat,” meaning it is independent of the electrolyte
thickness and is instead dominated by interfacial transfer
kinetics. In situations where ~ is high, the rate-limited
delay phase may not be observed, and the delay would
always scale as Lgﬁ.

o Interface Concentration Overshoot: The paper analyti-
cally demonstrates that the concentration change at the
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interface (Acyrr) can be roughly double the change in
bulk concentration (2Acg), a phenomenon that signifi-
cantly impacts the rate-limited response.

Overall, the model provides a theoretical foundation for op-
timizing the response time of emerging wearable and im-
plantable sensors, where spatial separation from the analyte
makes traditional steady-state theory inadequate. Indeed, we
note that the equilibrium Nernst response may take a pro-
hibitively long time to achieve in some regimes. Consequently,
the partition voltage may need to be used to calculate the actual
analyte concentration rather than the final steady-state value.

Finally, we suggest several potential generalizations of the
work reported here. First, the current model focuses exclu-
sively on 1D transport. While the impact of multi-dimensional
diffusive transport in 3D architectures, such as spherical or
microneedle geometries, has been explored both numerically
and analytically in recent literature [6], [16], [17], the rig-
orous 1D derivations presented here establish the fundamen-
tal dimensionless scaling variables necessary to generalize
the diffusion delay (7qi¢) to such 3D systems. In contrast,
the transmembrane flux determining 7ryp occurs strictly at
the local interface and thus remains a fundamentally planar
phenomenon, largely independent of the macroscopic sensor
geometry. Second, the theoretical framework is developed for
single-ion species and assumes equal forward and backward
transfer rates, yet real-world physiological environments often
involve complex mixtures of ions with varying membrane
affinities that could influence sensor response. Third and
finally, the paper does not address time-dependent sensor
degradation, such as biofouling and dopant leaching from
the membrane. Future work could address the limitations
identified in this paper. Finally, the calculated delays is the
intrinsic electrochemical limit of the sensor interface, which
serves as a lower bound for the overall system-level response
time.

The analytical framework developed in this work may
find application in the modeling of the time response of
Organic Electrochemical Transistors (OECTs), where ion-
selective membranes play a critical role in continuous multi-
ion and biochemical sensing [18], [19].

APPENDIX |
QUASI-STATIC ANALYSIS AND DERIVATION OF
INTERFACE POTENTIAL

In this appendix, we detail the quasi-static analysis of
the charge accumulation and the electrostatic potential at
the electrolyte/ISM interface. We assume the ions to be at
equilibrium.

We start by analyzing the electric field distribution. The
gradient of the squared electric field F' is related to the charge
density p by:

dF? dF p

dz =2F dz o ZFEEL.
Using the relationship between the field and the potential
gradient:

(23)

2p dip

EEL dz '

dF?

as e
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Integrating this expression from point a to point b yields:

) ) ) p(b)

p(¢)dp.
Y(a)
To determine the interface potential vy, we must solve the
Poisson-Boltzmann equation for both domains. The charge
density in the electrolyte is given by:

(25)

e~ a¥/kT _ e+q¢/k‘BT} . (26)

pEL(Y) = qcB {

In the ISM, ¥(+Lism) = ¥m = VinIn(cg/cr), the density
is:

prsm(¥) = qCR[eq(dJnﬁdJ)/kBT —1J. (27)
Using Gauss’s law at the interface, egrF(07) =
e1smF(0T), and evaluating the field expressions:
F2(0—) _ 2kpT'cy [eqwo/’fBT 4 e~ o/keT _ 9]
€EL
2kpT
F(0%) = T2 Wm0l BT 1 — o (, — )],
EISM ksT
(28)
we arrive at the transcendental equation for vg:
Ym—p Ym—p
egreg _ P ( Vi 0) T (29)

EISMCR  exp (%) + exp (—%) -2

APPENDIX |l
DERIVATION OF POTENTIAL SPLIT FACTOR ~y

This appendix details the derivation of the potential split
factor v by analyzing the perturbation of the equilibrium state
derived in Appendix

We start with the transcendental equation (29) that governs
the interface potential. We simplify the notation by defining
the RHS numerator as A and the denominator as D:

— N(qybm - ¢0) (30)

D(vo)

where N(z) = e*/Vn — 1 — 2/V;y, and D(y) = e¥/Vin +
e~ y/Vin 9,

EELCB

EISMCR

We consider the perturbation in the bulk concentration cg —
c¢g + Acp to be small. The small-signal assumption aligns
with the operation of wearable and implantable devices, which
typically track minor, continuous deviations from physiologi-
cal baselines. Nevertheless, comparisons with PNP numerical
simulations confirmed that the analytical model has reasonable
accuracy (within ~20% error) even for large perturbations up
to 90% of the initial concentration, indicating that a 10%
perturbation is a conservative limit for the model validity.
This leads to corresponding perturbations in the potentials:
Ym = Y +A%qig and Y9 — Yo+ Avqgig. In other words, we
assume (as verified by PNP simulations) that both potentials
shift by the same quantity Atgq;g during the diffusion phase,
so that the voltage drop in the ISM remains constant. As a
result, the numerator A/ remains constant to the first order.
The variation of the RHS in (30) comes entirely from the
denominator D (v + Atgist)-
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Differentiating the equation:
A(LHS) Acp
LHS ¢’

For the RHS, we linearize the denominator D(1g + Ataier) =
D(tpo) + D' (o) Atpair. This gives:

A(RHS) _ D'(40)

€29

JANURHS 2
RHS D(vo) Vair (52)
Equating the relative changes yields:
ACB D/(’(/Jo)
— = ————— At 33
. D) Yaife (33)

Using the hyperbolic identity D (1) = 4 sinh? (1o /(2Vin)),
and differentiating with respect to 1y, we obtain

4 Yo Yo
D' = —sinh h . 34
(Vo) = - sinh (2 Jeosh (7). o9
Dividing by D(t)g) one gets
D’ 1 Yo
D Va <2mh>

Substituting (33) back in (33) yields the relationship be-
tween the concentration change and the potential shift:

(35)

A 1
= coth ( Yo > Atpgisr. (36)
B Vin th

The total Nernstian potential change is Aty =

Vin(Acg/cp). Rearranging (36) allows one to compute the

ratio:
‘A%iﬁ _ tanh( o >
A’L/)tot 2Vth ’

that is the split factor + introduced in (I8).

(37

APPENDIX Il
INTERFACE CONCENTRATION OVERSHOOT

This appendix focuses on the concentration overshoot at the
interface, Acrrr, after the perturbation Acg in the bulk of the
electrolyte. Using the relationship cirrp = cBe*wO/ Vin | at the
end of the diffusion phase, one has

o + A”t/fdiff)
- 38
Vi , (3%)

where we have considered that at the beginning of the rate-
limited phase the bulk of the electrolyte has already moved to
¢g + Acp while the interface potential has varied by Avygg
w.r.t. the value 1) prior to the application of the concentration
step in the bulk electrolyte.

Factoring out the equilibrium term, one gets

crrr + Acrrr = (cg + Acg) exp (

_ Yo A _ Adgipr
crrr + Acrrr = cpe” Vi (1 + cB) e Vo (39)

B

Using the first-order approximation e ~* ~ 1—x and neglecting

second-order terms (AcgAgig), we obtain
Acp Al/Jdiff)

crtr + Acrrr = R <1 + — =
CB Vin

(40)

Thus, the relative change is:

A A Ay
arr  Acg wdff. @1
CITF cB Vin
Substituting Avgig from (36):
A A
CITFzCB{Htanh( Yo )] (42)
CITF CB 2Vin

Using the identity 1+tanh(z) = 25 (where = = ¢o/2V;n),

and remembering that eto/Ven — cg/erTE:

¢0) 2 2

= = . (43
2Vin 1+e %o/Vin 14 ¢rrr/cp @3

Substituting this back yields the final expression:

1 + tanh (

CITF

~ 2Acg.
CITF + CB

ACITF ~ QACB (44)

since crrr >> cp. The validity of this analysis is verified by

the PNP results in
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