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Abstract

A proper total colouring of a graph G is called harmonious if it has the further property
that when replacing each unordered pair of incident vertices and edgeswith their colours,
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then no pair of colours appears twice. The smallest number of colours for it to exist is
called the harmonious total chromatic number of G, denoted by h,(G). Here, we give a
general upper bound for h:(G) in terms of the order n of G. Our two main results are
obvious consequences of the computation of the harmonious total chromatic number of the
complete graph K, and of the complete multigraph AK,,, where X is the number of edges
joining each pair of vertices of K,,. In particular, Araujo-Pardo et al. have recently shown
that 3n < hy(K,) < 2n+ 6(1). In this paper, we prove that i, (K,) = [2n] except
for hy(K1) = 1 and hy(Ky) = T; therefore, hy(G) < [3n], for every graph G on n > 4
vertices. Finally, we extend such a result to the harmonious total chromatic number of the
complete multigraph AK, and as a consequence show that 7t (G) < (A—1)(2[2] — 1) +
[2] for n > 4, where G is a multigraph such that X is the maximum number of edges
between any two vertices.

Keywords: Total colouring, harmonious colouring, complete graphs, complete multigraphs, Levi
graph.

Math. Subj. Class.: 05C15, 05C70

1 Introduction

A harmonious colouring of a graph G is a proper vertex colouring such that every pair of
colours appears on the end vertices of at most one edge of G. The harmonious chromatic
number, denoted by h(G), is the smallest number of colours required for a harmonious
colouring of (G. This parameter was introduced by Miller and Pritikin in [9], as a small
variation of the parameter defined independently by Hopcroft and Krishnamoorthy in [7]
and by Frank, Harary, and Plantholt in [6], where vertex colourings are not required to be
proper.

Note that a vertex colouring where all pairs of vertices have different colours is harmo-
nious. Thus, for every graph G, h(G) < |V(G)|. If G has diameter 2, then equality holds.
Indeed, note that any two vertices with a common neighbour must be coloured differently
in a harmonious colouring. On the other hand, the problem of finding h(G) for graphs
with diameter at least three is quite difficult. It is proved in [7] that determining h(G) is
NP-complete (in particular, in the appendix of [7], a short and elegant proof by David S.
Johnson is presented). Results on h(G) can nevertheless be achieved by considering fam-
ilies of graphs with specific structural properties, see for example [1, 2, 4, 5, 10, 11], and
interesting upper bounds for general graphs can be found, for example, in [8, 13].

In [3], the authors give a lower bound and an upper bound for the harmonious chro-
matic number of the Levi graph of the complete graph K, on n vertices, stated here in
Theorem 1.1. The Levi graph of a graph G is the incidence graph of G. Recall that a
total colouring of a graph is a colouring of both vertices and edges, where pairs of adjacent
vertices, pairs of adjacent edges, and pairs of incident vertices and edges receive different
colours. A harmonious colouring of the Levi graph of G is then a proper total colouring of
G with the additional property that if we write the colours occurring on a vertex and each
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edge incident to it as unordered pairs of colours, then each pair would occur at most once.
We refer to such a total colouring as a harmonious total colouring. Hence, we can refer to
the harmonious chromatic number of the Levi graph of a graph GG as the harmonious total
chromatic number of G, denoted by h:(G).

In this paper, we first furnish a general upper bound for h;(G) in terms of the order
n of the graph G, and we prove it to be optimal in all cases. It is straightforward that
hi(H) < hy(Q) for every subgraph H of a graph GG. Hence, the computation of h;(K,)
proves a general upper bound for the harmonious total chromatic number of a graph of
order n.

In this direction, the following result was proved in [3].

Theorem 1.1 ([3]). Let K, be the complete graph on n > 2 vertices. Then, the following

holds

gn < h(K,) < gn +6(1).

Here, we improve such a result by giving the exact value for h;(K,,) in the following.

Theorem 1.2. The harmonious total chromatic number hy(K,,) of the complete graph K,
equals [3n) forn # 1,4, while hy(K1) = 1 and hy(K4) = 7.

An illustration of a harmonious total colouring of Kg obtained as described in Sec-
tion 2.2 is shown in Figure 1.

Figure 1: Harmonious total colourings of Kg with 12 colours.

As already remarked, our first main result is a natural consequence of Theorem 1.2.
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Corollary 1.3. Let G be a graph of order n different from Ky and K. Then,

o)< 2]

The next section is devoted to the proof of Theorem 1.2.

Finally, in Section 3, we consider the complete multigraph MK, defined as the multi-
graph with n vertices and A\ edges joining each pair of vertices. We prove the following
result.

Theorem 1.4. The harmonious total chromatic number hy(AK,,) of the complete multi-
graph MK, equals (A —1)(2 [2] — 1) + [32] for 2 < n # 4 and hy(\K4) = 3\ + 4.

Our second main result is thus a direct consequence of Theorem 1.4.

Corollary 1.5. Let G be a multigraph of order n > 2, n # 4, such that X is the maximum
number of edges between any two vertices. Then,

h(9) <A =D2[3] -1+ [F].

2 Proof of Theorem 1.2

Figure 2 displays equality for n < 3, and, for n = 4, it shows that h;(K,) < 7. It
is easy to check that 6 colours do not suffice for a harmonious total colouring of K, so
ht(K4) = 7. Together with the case n = 1, these instances are the only exceptions in

which hy(K,,) > [3n].
AR
3 4 5 | 2
4 0
@ @— 2 —@ 0 2 1 2 1 3
K K5 K3 K,

Figure 2: Harmonious total colourings of some small complete graphs.

For the remainder of this proof, we need to distinguish cases according to the congru-
ence of n > 5 modulo 4 (or 8).

2.1 The case n # 4k

In this subsection we consider the case n # 0 mod 4 and construct a harmonious total

colouring of K,, which uses | 2n| colours. More precisely, we prove for all positive values

of k that:
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o hi(Kapq1) =6k + 2;
* hi(Kakt2) = 6k + 3;
b ht(K4k+3) = 6k + 5.

The general idea behind our constructions is to first colour each of the vertices using a
different colour and decompose K, into factors. The edges of one of the factors are cleverly
coloured using the colours of the vertices, and the remaining edges are then coloured using
the unused colours.

The proposed construction is divided into two main steps, with the initial step being the
same for all three cases. We begin by identifying the vertex-set of Ky, for £ € {1,2, 3},
with the elements of the additive group (Z4y+¢, +) and we denote the edges of the complete
graph by the unordered pairs {4, j} where i, j € Zgj4¢ such that ¢ # j. We make use of a
set of colours C = Zyy1UC’, where C' is a set disjoint from Z4j¢. In other words, we are
using the elements of the additive group both for the vertices of the graph and for some of
the colours. Set ¢(¢) = i for all i € Zyy¢, that is, to every vertex we assign a colour equal
to its label. For h € {0,1,...,4k+¢—1}, weset c({i + h, j + h}) = h (addition modulo
4k + 0), forall i # j € {1,...,2k} such that i + j = 2k + 1. In other words, we assign
colour O to the k edges {7, j} with i # j € {1,...,2k} such thati + j = 2k + 1, and then
colour A to an edge obtained by adding & to both the ends of an edge with colour 0. Up to
now, we have assigned a colour to (4k + ¢)k edges of K4x¢. More precisely, each colour
is used for exactly k£ edges and we assigned colours to exactly 2k edges incident to each
vertex.

The second step of our construction aims to colour the remaining edges, and we must
distinguish between three different cases, as follows:

e Kyr11: The set of the uncoloured edges is a 2k-regular spanning subgraph H; on
an odd number of vertices. We complete the colouring ¢ by choosing an arbitrary
proper (2k + 1)-edge-colouring of H; with 2k + 1 colours in C’;

o K4i12: The set of the uncoloured edges is a (2k + 1)-regular spanning subgraph Hy
on an even number of vertices. Observe that H» is the Cayley graph of the group
Zyj+2 wWith generating set S consisting of {2,...,4k} and the involution 2k + 1.
Therefore, by Corollary 2.3.1 of [12], we get that H is (2k 4 1)-edge-colourable.
Hence, we complete the colouring ¢ by choosing an arbitrary proper (2k + 1)-edge-
colouring of Hs with 2k + 1 colours in C’.

o K113t The set of the uncoloured edges is a (2k 4 2)-regular spanning subgraph Hs
on an odd number of vertices. We complete the colouring ¢ by choosing an arbitrary
proper (2k + 3)-edge-colouring of Hs with 2k + 3 colours in C’.

It is worth remarking that Vizing’s Theorem assures the existence of such edge-colourings
in the first and third case.

Claim 1. The total colouring c of Ky, is harmonious.

Proof of the Claim 1. We need to prove that the list of all unordered pairs {c(i), c({¢,5})}
has no repetition. Since no two vertices share the same colour, we only need to prove that
there are no ¢ # j and h # k such that

c(i) = e({h,k}) and e(h) = e({i, 5}). 2.1
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Note that no vertex receives a colour in C’, then relation (2.1) cannot hold for edges with a
colour in C’.

By the symmetry of ¢, it suffices to prove that the edges incident to the vertex 0 and
the vertices incident to edges having colour 0 are a partition of {1,...,4k + ¢}. Indeed,
this is the case since, by definition of ¢, if ¢({i,j}) = Othen i,j € {1,...,2k}. On the
other hand, the edges {i + h, j + h} are coloured h, and, without loss of generality, setting
i+ h=0wegeth = —i. Now, foreach j € {1,...,2k}, i = 2k + 1 — j, implying that
the 2k edges {0, j — ¢} get distinct colours —i € {2k + ¢,..., 4k + ¢ — 1}. O

2.2 The case n = 4k

In this case, we subdivide the graph K, into two equal complete graphs and a bipartite
graph that joins them. We use three sets of %n colours that will be used both for the vertices
and for the edges under an algebraic rule. The original assignment of colours almost works,
except for one edge, so we will have to modify the colours of several edges at the end in
order to attain the chromatic total colouring with exactly %n colours.

2.2.1 The case k even

We let kK = 2m, and show that Kjg,,, admits a harmonious total colouring with 12m colours.

SetC' = Zypm—1 U {o0}, and foru € Zy, letC,, = {x,, | © € C'} be acopy of C'. Also,
set V(Ksmm) = Co U C1. We proceed by constructing a proper total 12m-colouring ¢ of
Ks,,, which turns out to be harmonious when m = 1; otherwise, c is “almost” harmonious,
in the sense that there are only two pairs (z, {z,y}), (2, {2,t}) € V(Ksm) X E(Ksm)
with z # z such that {c(z), c({x,y})} = {c(2), c({z,t})}. We then modify c to obtain the
desired harmonious colouring for every m > 2. We use as a set of colours C = Co UC; UC’.

Set ¢(x,,) = z,, for every vertex x,, (u = 0, 1) of Kg,,. To colour its edges, we start by
decomposing Ky, into the edge disjoint union of the following graphs:

(1) K4ym,am is the complete bipartite graph whose parts are Cy and Cy;
(2) Ty and I'y are copies of Ky, with vertex-sets Cy and Cq, respectively.

Consider a 1-factorization 7 = {F), | y € C'} of Ky, 4m and set c¢(e) = y for every edge
e € F, and every y € C'. It is left to colour the edges of I'y and I';.
If m =1, set ¢({ooy, (j + 1)u}) = ju forevery j € Zs and u € {0, 1}, and let

¢({00,10}) = 001, ¢({10,20}) = 11,¢({20,00}) = 21,
¢({01,11}) = 00, c({11,21}) = 000, c({21,01}) = 1o.

One can easily check that ¢ is harmonious (refer to Figure 1).
For m > 2, we first colour the edges incident with co,, and those of the form {x,,, ¥, }
where z,y € Zyy, 1 andy —x # £1;foru=0,1,i =0,...,m —2and j € Zyy,_1, set

C({OOH, (2m -1 +])U}) = Ju,
c({Ju, (41 +7+3)u}) =(2i+ 7+ 1)y, and
c({]m (4Z +]+ 5)u}) = (271 +]+ 3)u+1-
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The remaining edges, those of the form {z.,, (z + 1), } will be coloured as follows:

ooy if5=0,2,4,...,4m — 4,

e(lo, G+ o) — i
(Lo, (7 + L)o}) {jl i£7=1,3,5, ... ,4m —3,4m — 2;

oop ifj=1,3,5,...,4m — 3,

G+ D)) = !
lgn G+ Db {jo ifj = 0,2,4,...,4m — 2.

One can check that c is almost harmonious; more precisely,
(1) cis a proper total colouring of Kg,,,
2) c({(4m —2)0,00}) = (4m — 2)1, and c({(4m — 2)1,01}) = (4m — 2)0, and
(3) cis harmonious on Ky, minus the edge {(4m — 2)¢,0p}.

By recolouring the edges {(4m — 2)o,00}, {00, (4m — 3)0}, {(2m — 1)1, (6m — 4);} and
{(4m —3)0, (8m — 6),} in the following way, we obtain the desired harmonious colouring
of Kgm:

c({(4m —2)0,00}) = (2m — 1)1, c({00, (4m — 3)0}) = (4m — 2)1,

c({(2m = 1)1, (6m —4)1}) = (4m = 3)o c({(4m — 3)o, (8m — 6)o}) = (4m — 4)1.

2.2.2 The case k odd

We let & = 2m + 1, and show that Kg,, 4 admits a harmonious total colouring with
12m + 6 colours.

Set C' = Zymy1 U {0}, and for u € Zo, let C,, = {x,, | © € C'} be a copy of C'.
Also, set V(Kgm+4) = Co U Cy. We proceed by constructing a proper total (12m + 6)-
colouring ¢ of Kg,,+4 which turns out to be “almost” harmonious, in the sense that there
are only two pairs (z, {z,y}), (2,{z,t}) € V(Ksm+4a) X E(Kgm+4) With x # z such that
{c(z),c({z,y})} = {c(2),c({z,t})}. We then modify c to obtain the desired harmonious
colouring for every m > 1. We use as a set of colours C = Cy U C; U C'.

Set ¢(x,,) = x,, for every vertex x,, (u = 0, 1) of Kg,,+4. To colour its edges, we start
by decomposing Kg,,14 into the edge disjoint union of the following graphs:

(1) Kam+2,4m+2 is the complete bipartite graph whose parts are Cy and Cy;
(2) T'gp and I'y are copies of Ky, +2 with vertex-sets Cy and Cq, respectively.

Consider a 1-factorization F = {F), | y € C'} of Kupm42,4m+2 and set c(e) = y for every
edge e € Fy and every y € C’. It is left to colour the edges of I'g and T';.

We first colour the edges incident with oo,, and those of the form {z,,, y,, } where z,y €
Zamrrandy —x # £1;foru=0,1,0 < i,¢ <m—1withi' #m—1,and j € Zam+1,
set

c({oou, ju}t) = (J + 2m)ui1,

c({Ju, (4i+ j+3)u}) = (20 + j +2),, and
c({gu, (4" 4§ +5)u}) = (20 +j + 3)us1.



8 Art Discrete Appl. Math. 8 (2025) #P3.02

The remaining edges, those of the form {z.,, (x + 1), } will be coloured as follows:

oog ifj=0,2,4,...,4m — 2,

(g+1 ;
e({o, (7 + Lo} = {j1 if5=1,35,...,4m —1,4m:

co1 ifj=1,3,5,...,4m — 1,

c({ji, (G +1}) = {jo ifj =0,2,4,...,4m.

One can check that c is almost harmonious; more precisely,
(1) cis a proper total colouring of Kg,,+4,
(2) c({4mo,00}) = 4my, and c({4m1,01}) = 4my, and
(3) cis harmonious on Kg,, 14 minus the edge {4mg, 0p} (or {4mq,0;}).

By recolouring, in the following way, the edges {01, 41}, {o00, 30}, {40, 1o} when m = 1,
and the edges {4mq, 00}, {(4m—1)g, 00}, {(2m)0, (2m—2)o} and {(4m—1)g, (4m—3)o}
when m > 2, we obtain the desired harmonious total colouring of Kg,,+4: when m = 1,
set ¢({01,41}) = 30, c({o00,30}) = 40 and ¢({40, 1o}) = 01, otherwise set

c({4mo,00}) = (2m)o, c({(4m —1)o,00}) = (4m)1,
c({(2m)o, (2m — 2)o}) = (dm — 1) c({(dm —1)g, (4m —3)o}) = (dm —2);. O

3 Proof of Theorem 1.4

The computation of the harmonious total chromatic number h;(AK,) is divided into two
parts. The lower bound is a generalization of the lower bound of Theorem 1.1, and the
upper bound is a consequence of Theorem 1.2.

Proof. To achieve the lower bound, letc: VUE — {ci, ..., ¢y, ()} be a harmonious total
colouring of G := MK, where V = {v1,...,v,} and for each v; € V, let ¢; = ¢(v;),
since vertices are pairwise adjacent.

Foreachi € {1,...,h(G)}, let E; = {e € E : ¢(e) = ¢;}. Let G* be the partial

multigraph of G such that its vertices are V' and its edges are E* = |J F;. On the one

i=1
hand, |E*| = Z |E;| = Z degqe (v;) where dege. (v;) is the number of edges of G*

=1
incident to v;. On the other hand for each v; € V, if there is an edge of G*, incident to v;,
coloured c;, then v; is not incident to any edge of E;. Thus, |E;| < %’g“(v‘).

Therefore, Y |E;| < > %gc*(”i), which implies that Y |E;| < 7"("2_1) -
i=1 i=1 i=1

> |Ei|. Hence, 3 |E;| < ij and therefore

=1 =1
hi(G) hi(G) n(n — ) hi(G)
() ZE—Z|E|+Z|E|<{J+ZEZ-.

1=n—+1 i=n+1

Since, foreach i € {1,...,h(G)}, |Es| < | %] it follows that
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After some simple calculations, we get

h(G) > {()\ —1)(n —31) + 3 %fn %s even,
(A —1)n 4 3zt if n is odd.

Thus, we conclude that (A — 1)(2 [2] — 1) + [32] < h(AK,).

For the upper bound, let us consider AK,, = (1 + t)K,, = K,, UtK,. We colour K,
as in Theorem 1.2 with [22] colours. If n is even, ¢tK,, accepts a colouring by perfect
matchings with ¢(n — 1) classes of new colours, while if n is odd, ¢t K, accepts a colouring
by maximal matchings with tn classes of new colours. For the exceptional case of n = 4,
it is not hard to see that G* is a subgraph of K 3 or the multigraph K; U K; U 2K>, and
in any case, its complement contains a triangle that belongs to three different classes, not
two, which are considered in the count since each remaining class is a matching, therefore

ht(AK4) > 3\ + 4, and the result follows. O
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