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ARTICLE INFO ABSTRACT

Keywords: Due to the continued success of machine learning and deep learning in particular, supervised

Variable metric classification problems are ubiquitous in numerous scientific fields. Training these models

Stochastic optimization typically involves the minimization of the empirical risk over large data sets along with a possibly

Classification problem . . o . . . .

) non-differentiable regularization. In this paper, we introduce a stochastic gradient method for the

Deep learning . e e . L, .
considered classification problem. To control the variance of the objective’s gradients, we use
an automatic sample size selection along with a variable metric to precondition the stochastic
gradient directions. Further, we utilize a non-monotone line search to automatize step size
selection. Convergence results are provided for both convex and non-convex objective functions.
Extensive numerical experiments verify that the suggested approach performs on par with state-
of-the-art methods for training both statistical models for binary classification and artificial
neural networks for multi-class image classification. The code is publicly available at https://
github.com/koblererich/lisavm.

1. Introduction

Supervised classification problems arise in many real-life applications such as image recognition [1], web content filtering [2],
medical diagnostics [3], analysis of genetic sequences [4] and biological systems [5,6], making them a challenging area of investiga-
tion. Both binary and multi-class classification problems involve the minimization of an objective function which can be formalized
as the sum of cost functions whose number depends on the number of samples of given training set. Particularly, in this paper, we
are interested in the following optimization problem

N
. . 1
min P(x) := min F(x)+ R(x) = min — (x) + R(x), 1)
min P(x) = min F(x) + R(x) xeRng,f,( )+ R(x)
where F: R? - R is the so-called loss function and it computes the difference between the actual ground-truth and predicted
values, R: RY - R is a regularization term adding a priori information, N represents the number of training samples and d is the
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number of parameters. Each f; : RY — R denotes the loss function related to the i-th instance of the training set. We suppose that
F is continuously differentiable but possibly non-convex, while R is convex but possibly non-differentiable. The class of proximal
gradient algorithms [7,8] has been designed to solve optimization problems of this kind since, in their definition, they exploit the
differentiability of F and the convexity of R. However, in general, N is very large making the computation of F and its gradient
prohibitively expensive. For this reason, proximal stochastic gradient schemes are typically exploited for optimization problems in
classification applications. In more detail, the general iteration of the Proximal Stochastic Gradient (Prox-SG) method is

x**D = proxakR(x(k) — 8N, (x0y), 2

where, given a sample W, of size N, < N randomly and uniformly chosen from {1,..., N},

on, ) =2 Y V)
K ieN,

is an unbiased estimator of the gradient of F and «, is a positive parameter typically called learning rate or step size. It is well known
in the literature that determining proper values for both ¢; and N, is a nontrivial task and it affects both the convergence properties
and the numerical performance of the method itself. In particular, it is a common practice to decrease the step size @, to train
a neural network but it has been extensively proved that adaptively increasing sample size N, can achieve similar performances
[9,10]. Moreover, the relationship between «;, and N, to guarantee an optimal trade-off between the parallelization benefits on
bigger sample sizes and the generalization performances were studied in several works [11,12]. Other very popular approaches to
face (1) are variance-reduced methods such as Proximal SVRG (Prox-SVRG) [13], Proximal SARAH (Prox-SARAH) [14]. Since these
schemes need to periodically compute the full gradient of F along the iterations, they are not employed in practical deep learning
applications. For standard stochastic gradient methods to solve the non-regularized version of (1), variance reduction can be also
achieved by either dynamic sampling strategies [15-18] or momentum-based techniques [19].

In [20], the authors suggested a proximal stochastic gradient method, called Prox-LISA, which is practically based on a monotone
line search procedure to select the learning rate and exploits a dynamic increase of the sample size to compute the stochastic gradient.
Despite promising properties, Prox-LISA suffers from some drawbacks: (i) the convergence behavior is typically not faster than that
of Prox-SG; (ii) the learning rate could be reduced too fast along the iterations through the monotone line search; (iii) the theoretical
properties on the objective function can be practically guaranteed in the convex case only; (iv) extensive numerical experiments on
deep learning framework have not been performed.

Contributions. The main aim of this paper is to develop an improved version of Prox-LISA able to overcome the difficulties
previously recalled. Below, we list the main ingredients that characterize this new version.

« A proper sequence of scaling matrices multiplying the stochastic directions will be considered in the updating step. The goal is
to accelerate the performance of Prox-LISA by emulating a well-known behavior of deterministic proximal gradient methods.
Indeed it is widely recognized that these schemes benefit from the presence of a variable metric underlying the iterates in terms
of convergence speed [21-24]. We will specify which properties the sequence of scaling matrices must satisfy to guarantee
convergence results and we will suggest how to practically define this sequence. It is worth mentioning that to practically define
a proper sequence of scaling matrices is far from a straightforward task. Indeed, also in the deterministic framework, a predefined
recipe to select suitable scaling matrices possibly does not exist or is strictly related to the application to be considered [21,22].
The Prox-LISA scheme is based on a progressive increase of the sample size along the iterations to ensure a sufficient reduction
of the variance of the stochastic directions. A refined dynamical technique to fix the sample size will be proposed. In contrast
to the original criterion, the newly proposed scheme for updating the sample size allows also a decrease along the iterations.
Moreover, the new strategy takes into account not only the current stochastic gradient but also the previous ones. The objective
is to prevent an excessive amount of confidence from being placed on the current stochastic direction, especially in the early
phase of the iterative process. We remark that the dynamical strategy for increasing the sample size followed in this work is
different from those proposed in [15,17,18]. Indeed in these papers, the authors exploit the so-called norm test and its variants
to monitor the variance reduction. These approaches can lead to a more significant increase in the sample size [25].

Inspired by [26], a non-monotone line search to practically select the learning rate will be introduced. The non-monotonicity
will be provided by a summable sequence which depends on the approximate width of the confidence interval built on the values
of the sampled objective function. Hence, its definition automatically attempts to fit the features of the problem to be solved.

From the theoretical point of view, under proper assumptions on the variance of the current stochastic gradient, the decrease of
the objective function in expectation, and the scaling matrices, the stationarity of the limit points of the sequence generated by the
proposed scheme can be proven almost surely. If moreover, the objective function is convex, the whole sequence of the iterates
converges to a solution almost surely. Finally, we show that if the learning rate is properly bounded then the condition on the
decrease of the objective function in expectation is ensured even in the non-convex setting.

So far, the Prox-LISA method has been proven to be effective in training neural networks with just a few hidden layers [25]. In
this paper, extensive numerical experiments show that the developed algorithm outperforms Prox-LISA and it is competitive with
popular state-of-the-art methods for training both statistical models for binary classification and deep neural networks for multi-class
image classification, even with large data sets. Notably, the proposed approach does not need manual tuning of the hyperparameters.
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Notations

* Given y > 1, we denote by M,, the set of all symmetric positive definite matrices with all eigenvalues contained in the interval

1 —1 d
[;,y]. For any D € M, we have that D™" belongs to M, and for any x € R

1
;IIXII2 < Ixlly < ullx®. (3

« Let D;, D, € R¥? be symmetric and positive definite matrices. The notation D, > D, indicates that D; — D, is a symmetric and
positive semidefinite matrix or, equivalently, x” D, x > xT D,x for any x € R?.

« Let f : R >R U{+c0} be a closed, convex, proper (CCP) function, and let 4 be a positive scalar. Given x € R", the proximal
operator associated to the function Af in the metric induced by a symmetric and positive definite matrix D is defined as

1

D y_ : B T
prox; -(x) = arygefél;n S+ 7 Iy =xlly -
2. The method and its convergence analysis

To solve the minimization problem (1), we consider the following class of variable metric stochastic gradient methods

(k+1) _ Dy k) _ -1 (k)
X =prox, (x oD g (x )), “@
where the learning rate a;, is a positive parameter, and D is a symmetric and positive definite matrix. Hereafter, we denote by e(x)
the residual between the gradient of F and its stochastic approximation, namely

e(x) = g, (x) = VF(x).

Let F, be the c-algebra generated by x(@, x(), ..., x®), we suppose that the gradient estimator g «, is unbiased, namely

E(e(x®) | F)=0.

The following convergence analysis generalizes the one proposed in [20] to the presence of the variable metric induced by the
sequence of the scaling matrices { D, }. We highlight the assumptions which have to be imposed on { D, } and how they contribute
to the convergence analysis. We have omitted the proofs of Theorems 1 and 2 that can be readily derived from the analysis in
the non-scaled framework [20]. Instead, we provide a comprehensive explanation for all the arguments of the proofs that are not
straightforward in the variable metric setting.

Firstly, we observe that, given the function

h0(z) = VEGO (2= x0) + 11z = XD, + R(2) - RO, (5)
k

it holds that from the convexity of R(z)

D _ . _
p(x) = proxak"R (x(k) —a, D ! VF(x(k))) =argmin,cpa ﬁ Iz = x% + a, D, ! VF(x(k))II%)k + R(z)= ©
= argmin,cpad W0 (z),
while the (k + 1)-th iterate of (4) can be written as
XD = argmin,cga A% (2) + e(x®)T (z — x®). @
As a consequence, V z € R,
h(k)(x(k+l)) + e(x(k))T(x(k"'l) _ x(k)) < h(k)(z) + e(x(k))T(Z _ x(k))’
and hence, by setting z = x*, (5) yields
h(k)(x(k+l)) + e(x(k))T(x(k"'l) _ x(k)) <0. (8)

Before introducing the convergence results, we detail the assumptions on the objective function and some useful Lemmas. In partic-
ular, we assume that the functions involved in the problem (1) have the following properties.

@i R: R? - RuU{oo} is a proper, convex, and lower semicontinuous function, with a non-empty and closed domain.
(i) F: R? - RU {0} is a continuously differentiable function on an open subset Y of R? containing dom(R).
(iii) P is bounded from below on dom(R) N dom(F) and x*€ X* :=argmin, P(x) # @.
(iv) All the f; have Lipschitz-continuous gradients with Lipschitz constant L.
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As a consequence of assumption (iv), the gradient estimate g, (x) and VF are both Lipschitz continuous with Lipschitz parameter
L.

Lemma 1 states a standard result from stochastic analysis on supermartingale convergence. Lemma 2 recollects some useful results
on both the proximal operator defined with respect to a variable metric and the function ~2¥) defined in (5).

Lemma 1. [27, Lemma 11] Let v, uy, ¥y, By be non-negative random variables and let

EWipr | Fo) A +y)ve —uy + by a.s.

0 5]
Zyk<oo as., Zﬁk<oo as.,
k=0 k=0

where E(v, ., | F}) denotes the conditional expectation for the given vy, ..., V, Ug, ..., Uy, Ygs--->Yks Bos---»> By Then
(s

Vy—V as, Zuk<oo as,
k=0

where v > 0 is some random variable.
Lemma 2. Let o € [2,@], @ >0 and D, € M,,, x*) € dom(P). The following statements hold true.
a y= proxﬁ(“R(x(k) - zka]:] u) if and only if aka(x(k) -9 —u=w, w € IR(P).
k

. The function h® is strongly convex with modulus of convexity _L
au

o

c. h®O(x®)=0.

d. " p(x®)) <0 and AP (p(x®)) = 0 if and only if p(x©)) = x©)

e. xW is a stationary point for problem (1) if and only if x®) = p(x®).

f. x is a stationary point for problem (1) if and only if K (p(x¥)) = 0.

Proof. For the proof of item a., c., d., e. and f. we refer the reader to [21,28]. As for item b., just observe that

T
1 1 1 1 1
(—Dk<z -x®) — —Dk<y—x<")>) z=y=—lz=)l} 2 =llz=)I} 2=lz-yI>. O
ay ay ay a ap

Lemma 3 generalizes [20, Lemma 2] to the variable metric framework. Additionally, the overall arguments of the proof of
Lemma 3 are somewhat simplified compared to those of the proof of [20, Lemma 2].

Lemma 3. Let us consider the sequence {x©} generated by the iteration (4). If @, > 0 and D, is a symmetric and positive definite matrix
Vk, the following inequality holds:
a
HOCED) = h(p(®) < ZHlleG M3, ©)
k

Proof.

h(k)(x(k+l)) _ h(k)(p(x(k))) — ZL ||x(k+1) _ x(k)”%k + VF(x(k))T(x(kH) _ x(k)) + R(x(k+1)) _ R(x(k))+
Xk

1
= 5o PG = x Ol = VEOT (o) = x0) = RGO + R =
k

_ L (k1) _ (k)12 (NT (5 (k+1) (k) 1 (k) (k)2
= g X7 = xOl 4 VEGEYT D = pe) = 2 lpc) =1, +
+REED) - Rp(x))

1 1
<5 [[x® D = xB12 4+ V)T (xE+D — p(x®))) — —[|p(x ) — x®|12) +
a, k 2ay, k

1
+ (0 DD D — p(r ) = (V) + e T (D = px ) =
k

_ L (k+1) (k) (k) (ONE 1 (k) (O
= 5 A = 5O p) = p NI, = ) =2V +

1
+ a_(x(k) _ x(k+1))T Dk(x(k+1) _p(x(k))) _ e(x(k))T(x(kJrl) _p(x(k))) —
k

1 1
= 5 I = p I, + — O = p )T Dy (p(r ) = 5O
o k o

4
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1
+ a_(x(k) _ x(k+l))TDk(x(k+l) _ p(x(k))) + e(x(k))T(x(k+1) _ p(x(k))) —
k

1
= S ||x(k+1) _ p(x(lo)”sz + e(x(k))T(x(k+|) —p(x(k))) _
k
L (k) “1 (N2 1 LU o
=3 llx p(x") —a D te(x )”Dk+2ak lle D" e(x* I,
1 _ @ o
< E”(Xkale(x(k))H%k = 7||Dkle(x(k))”2Dk - 7”9(1()”5)71.

The first inequality follows from the convexity of R and the fact that aL D, (x%) —xU+Dy _ (VF(x0) 4 e(x®))) € dR(x*+D) (Lemma 2,

k
part a.). The second and third equality can be derived through fundamental vector calculations. Finally, the last inequality follows
from the non-positivity of the first term. []

Theorem 1 introduces a crucial condition on the decrease of the objective function in expectation needed for the convergence
results. The feasibility of this condition in the practice will be discussed in Remark 1.

Theorem 1. Let {x¥)} be the sequence generated by the method (4) where a, € [a,@], a > 0 and Dy, is symmetric and positive definite
matrices Vk. Let 0 <y <1 and {n, };cn be a sequence of non-negative random variables such that Y, 1, < o a.s. If, for any x® e
dom(P),

E(PGAHD) | F) SE(P(D) | F) + yER®OGEHD) 4 o0 (xE+D - x 0y | 7y g, (10)

then, P(x®)— P* — P a.s., where P >0 is some random variable and P* is such that P(x) > P*, for x € dom(P). Furthermore, the
following assertions hold:

D XiE (—h<’<>(x<k+1>) — e(x®)T (x*k+D — x(W0y | Fk> <o as,

i) A0 x*+D) 4 o(x®) (kD — xRy 50 g5,
Proof. The proof of this theorem follows the one of [20, Theorem 1]. []

Remark 1. It is worth to detail when condition (10) can practically be met. In their work [20], the authors show that condition (10)
can be satisfied provided that the objective function is convex. Here we take a step further and we clarify how to guarantee condition
(10) in the non convex setting. Indeed, since VF is L-Lipschitz continuous and D, € M u We have

Fx® D) 4 Rx® D) < Fx®) + Rx®) + VF(x®)T (x*+D — x00) 4 %llx(k“) —x® 12 4 Rx*HDY = Rx®))

Lo ksl) 2 Lokt _ (2
+ —Ix -x - —lx —-x
2a, Il I, 2a, Il I,

an
< FG®) + RGP + VE ()T (x*+D — x By % [x®HD —x @3, + REHD) - R(x®)

Lot (2 Lot (2
+ —||x - X - —|Ix —-x
20, Il I, . Il I,

where the first inequality follows from the Lipschitz-continuity of VF and the second is a consequence of D, € M,,. Consequently,
given the definition (5) we can write

Py < p(x®) 4+ O (xk+D) + % <L/4 - aik> [l — X, .
By adding and subtracting e(x®)" (x*+1) — x®)), we obtain

P(X(k+1)) < P(x(k)) + h(k)(x(k+l)) + e(x(k))T(x(kH) _ x(k)) + % <L/4 _ ai) ||x(k+1) _ x(k)”%k_,_
7 kD ’

—ae(xR)

T 1 1 1
< P(x®) + A0 (xETDy 4 o(x®)" (xEFD — 0y 3 <L;4 - —+ :> [Ix*HD — X3, +
k [
NN
+ S 1,

< P04 10 (x+ D) 4 o0 (4D _ 00y 4 % <LM _1, ;) D O 4
O«

5
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a
+ S lle O (12)

D) _ (k)
a

where the inequality —@e(x®)" < % [lx(e+D — x(k)llf)k + glle(x("))llf)k has been used. Thus, by considering the conditional

expectation in both members, it is possible to find a value of a;, <@ < LL” such that Lu — aL + % < 0 (for example a; = g) and we
k

can write

E(P(HHD)|F) SE(P(xP) -+ h0 (xkD; x00) 4 o (x0T (et _ 500 ) 4 %E(Me(x("))nﬂf’k).

Hence, if @ < L_1,4 and E(|le(x®)||?|F,) < &, where Y, &, < oo, then condition (10) is satisfied.

Theorem 2 state the conditions which ensure that any limit point of the sequence {x*)} generated by (4) is a stationary point for
(1) almost surely.

Theorem 2. Let {x¥)} be the sequence generated by the method (4) with [E(||e(x(k))||2 | ) <€, where {€,} is a non-negative sequence
such that lim;_, €, =0, a; € [a,al,a >0 and D, € M”. Moreover, suppose that the condition (10) is satisfied for any x© e dom(P).
Then any limit point of the sequence {x¥} is stationary for problem (1) a.s.

Proof. The proof of this theorem directly follows [20, Theorem 2] by accounting for the scaling matrix D, and the bounds on its
eigenvalues. []

The last theorem of this section shows that if the objective function is convex, then the sequence {x()} obtained by (4) almost
surely converges to a solution of problem (1).

Theorem 3. Let {x¥)} be the sequence generated by the method (4) with [E(lle(x(k))ll2 | F,) <€, where {€, } is a deterministic non-negative
and non-increasing sequence such that 3, /e, <+co, @y € [¢,a],a >0 and Dy € M,,, u > 1. Moreover, suppose that

D, =(1+&)Dy 13)
where the deterministic sequence {{; };cn satisfies the following conditions

+0o0

{Cdken CRyg, D Gk < +oo. 14
=0

Finally, suppose that condition (10) is satisfied for any x© € dom(P) and the function F is convex. Then the sequence {x®} converges to
a solution of problem (1) a.s.

Proof. Let x* € X*. Since ka(x“‘) —x® ) — g\ (x1) € 9R(x*D), it holds that
[47%

1 B T
R(y) > R(x®**+D) + — (x("> —x®D —q Dy (x(k))) Dy (y—x*D), vyeRr‘
k

It follows that, Vy € R9,
T
(D xNT p, (y — x*+Dy > o (R(x(k+1>) — R+ gp, (x*)" (x*HD - y)) : (15)
For y = x* the previous inequality gives
D _ xUNT D (% — x 0 4 50 _ 3kt Dy > o (R(x("“)) ~ RO+ gy, (x(k))T(x(kH) — x4 5o _ x*)) )
As a consequence, we obtain the following relations:
T
D = N D (6 = 50 2 (REHD) = RO+ gy, ) 0 = ) ) 3 04D = 02
T
+ o8y, (x(k)) (x(k+1) _ x(k))
. T
> (R(x(k+l)) — R(x*) + F(x®) — F(x*)) + ake(x(k)) (% — x*)+
+ [|x®HD — 50 ||%,k + @ (VF(x®) + e(x®)T (x*+D — xK)y
= (RGD) = R + P(®) = P(xe)) + [IxEHD —x O, +

+ ake(x(k))T(x(k) —-x*)+ ak(VF(x(k)) + e(x(k)))T(x(k“) - x(k))
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>y (R(x(k+1)) — R(x(k))) + [|x®+D — x(k)lli)k + (xke(x(k))T(x(k) - x)+
+ a (VF(x®) 4+ e(x®)T (x kD _ xK)y, (16)

where the second inequality follows from the convexity of F and the last inequality follows from the fact that P(x®) — P(x*) > 0.
From a basic property of the Euclidean norm? and (16) we can write

40 =, = 4D =X O x — 2 =284 - X Dy - x0)

16) ,
< D = x O + 1x® = XN, = 2a (RGEHD) = R)) = 21130 —x @1, +
T
—2a,e(x®)" (x® — x*) = 20, (VF(x®0) 4 e(x®))T (x*+D — x®)y
k k

= Ix® - "3, - 2a,e(x®) (x® — x*) = 2a,e(x @) (xKHD — 50y 4
- 2ay <R(x<k+1>) — R(x®) + VF(xW)T (x*+D) — (0 4 i [|x{HD — x® ||§)k>
=] x® - x* ||%)k —2a (h(k)(x(k“)) + e(x(k))T(x(k“) - x(k))) - 2ake(x(k>)T(x(k) —-x%)
e (h<’<>(x<’<+1>) +e(xnT (xt+D _ x(k))) —2ae(x ¥ (x®) — x),
This inequality combined with assumption (13) allows to state that
D =t < (U Gl ® = x| =2 (AOGED) + o9 4D - x0) ) — 2 e(x ) (6P = 1)

_lle™)12
gt
VEk

y — T
<A+ Gl ® =513, =2 (AOGED) + () (D - x0) ) 4

+ @y fegllx® - x*|?
(k)y112
. — T —|le(x
S+ — x| =28 (KOGED) 4 o) (D ) gleDI”

Vex

- 2
+apyfepl|lx® - x*”D,H

a = T _llex®)|1?
=L+ Gy +auy/e)lx® = x5, ~2a (h<")(x<"+”)+e(x<">> G —x<">)) +a

VEk
where the second inequality follows from the fact that for any a,b € R? and € > 0 it holds that —2a” b = ||a/e||> + ||€b||*> — |la/e +

eb||? < |la/e||* + ||eb||*. Taking the conditional expectation with respect to the c-algebra F, and recalling that the sequences {g,}
and {(, } are a priori fixed, we obtain

5

— — T
E (I =1, 175) < (0 Gy + el = w13, = 20 (9 GED) 4 o) (04D = 200 F ) +

+ /€.
By combining this last inequality and part i) of Theorem 1 together with Lemma 1 where y, = {;,_; + ap+/€;, we can state that the

sequence {[|x® —x*||p,  }ren converges a.s. Since Dy_; € M,,, {[|x*) —x*||} gy converges a.s. too. The proof can be concluded as
the one of Theorem 3 in [20]. [

Condition (13) states that the sequence { D, },cy asymptotically approaches a constant matrix [29, Lemma 2.3]. In Section 3 we
discuss how to satisfy condition (13) in practice.

Remark 2. We conclude this section by noting that under the hypotheses of Theorem 3, a convergence rate result analogous to that
of [20, Theorem 4] also holds for the sequence {x*)} generated by the method (4). Starting from inequality (16), the proof follows
as in [30, Theorem 4].

3. Practical implementation

In this section, we detail how to select the hyperparameters defining iteration (4), namely the sequences {a},{D,} and {N,},
to practically realize the theoretical conditions stated in Theorems 1-3. Algorithm 1 lists the main steps of the proposed method.

2 Nla=bl% +11b—cli3 - lla—cll3 =2(a— b)" D(c = b), Va,b,c eR".
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Selection of the sample N « (STEP 1.) To guarantee that the theoretical assumption (10) holds in the practice, the condition

+oo
E(leGOIP | Fo) e D e < +oo a7
k=0
must be satisfied. However, inequality (17) involves the computation of VF(x*)). As a consequence, we need to consider an
approximate criterion that exploits the sample’s variance. In more detail, since for an arbitrary i € N} [31, pg. 183]

1 1
E(Slle I3 1 7i) < o, EUVAGE) = VEGONIL 1 7). (18)
as a practical counterpart of (17), one could consider
®)y . 1 ®)y _ k)2
) = % IV£,G69) = gpr CODIE <712, 19
k

where the right-hand side of (18) has been approximated by the sample’s variance, borrowing similar strategies as exploited in
[16,20]. As a result, the variance is controlled by a vanishing nonnegative sequence y;&;, where the positive scalar y; needs to
be adapted to the problem at hand to control the variance, especially at the beginning of the iterative process. In this work, we
instead control the variance by the upper bound

(20)

(k) .
V' :=min y]ek,l

using fi, §, € (0, 1), positive constants y, y,, any nonnegative sequence {£, } ,y such that ), £, < +oo, and the running statistics
of the sample variance from the previous iteration

VD =g 2w (= gV, 57D

2
(k—1) _ (k=2) _ (k=1)y _ 1/ (k=1)
VED = V8 4 (1= gy (Vg D) = VD)

var var

. —(k) . . . . .
As a result, the upper variance bound V' accounts for outliers along the iterative process due to the running statistics. In
addition, it vanishes in the limit and thereby guarantees that (17) holds in the limit. Whenever

—(k
Vi, (0 <7 @1)

is not satisfied, the sample size N, is increased as outlined in STEP 1 of Algorithm 1. Note that we use an upper bound for the
sample size N, in practice to account for limited hardware resources. Additionally, it is worth mentioning that our algorithm
provides the flexibility to reduce the sample size. In STEP 4, we decrease the attempt value for the next sample size by a factor
of 6, compared to the current size. In STEP 1, if necessary, the sample size can be increased to ensure that inequality (21) is
satisfied at each iteration.

Selection of the scaling matrix D, (STEP 2). According to the hypotheses of Theorem 2 the sequence of the scaling matrices { D, }
must fulfill the following condition

(D CM,, u>l (22)

In practice, given u > 1, a possibility to realize a sequence { D, } satisfying condition (22) is to define the scaling matrix D, as
the diagonal matrix

D, = diag (min (y,max <d<k>, i) >> (23)

where d® is a proper vector. Inspired by the preconditioner employed in [32], we fix

24

for

g =p1g" " + (1 - pgn, 1)
g8 = pogliV + (1= B)(gn, (xX*) —g®) +e,

where f,,, €(0,1), e >0, 2© and gg; are null vectors and the vector squaring is intended element-wise.
In order to ensure stronger convergence results (Theorem 3), the sequence of the scaling matrices { D, } must satisfy an additional

assumption:
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+oo
Dip1 2+ 8Dy, {&k} SRy, ZCk <+oo.
k=0
A possibility to fulfill this condition (see [33]) is to impose

+oo
{D}EM,, . where yz=l+vk, {vk} CRy, ka<+oo. (25)
k=0
As a consequence, D, can be defined as in (23)-(24), but instead of u and 1/, the diagonal entries must be bounded by y;, and
1/ .

Selection of the learning rate o; (STEP 3.) In order to ensure the validity of condition (10) we need to act on the learning rate
ay, as shown in Remark 1. In particular, a proper bound on the learning rate should be imposed: a < LL” Since the Lipschitz
constant L is not always known we suggest estimating it employing an adaptive procedure. Firstly we recall that, given the
sub-sampled function

=2 Y £ 26)

K ieN,

and since g, is L-Lipschitz continuous, the following inequality

1
ka(x(kH)) < ff‘fk (x(k)) +gNk(x(k))T(x(k+l) _ x(k)) + %”x(kﬂ) _ x(k)”%)k 27)

holds for all a < LL” [33, Lemma 6]. As a consequence, we consider (27) to realize a line search strategy to achieve the bound for
the learning rate sequence practically. A similar approach has been also exploited in [15,20,34] in the non-scaled framework.
However, differently from [15,20,34], the line search proposed in this paper exploits a relaxed version of inequality (27). Indeed
we force @, to satisfy the following inequality

1
ka(x(kH)) < ka(x(k)) + gNk(x(k))T(x(k+l) —x®y 4 5 [lx®+D x(k)”%)k + 17 (28)
k

where {7, } is a non-negative summable sequence. In view of (27), it is always possible to find a; such that condition (28) is
satisfied. Accordingly, the line search at STEP 3 of Algorithm 1 is well defined. Hereafter we clarify why the presence of the
sequence {7, } can be seen as a parameter inducing a non-monotone behavior to the line search. By adding R(x**D) — R(x))
to both sides of inequality (28) and recalling that g, (x*)) = VF(x®) + e(x¥), it holds that

ka(x(k+l))+R(x(k+l)) < ka (x(k))+R(x(k))+h(k)(x(k+l))+e(x(k))T(x(kH) _x(k))+1.k_ (29)

Thanks to (8), we can conclude that inequality (28) is equivalent to a non-monotone decrease of the sub-sampled objective
function. Indeed, since {7, } is supposed to be a summable sequence, a stricter decrease of the sub-sampled objective function
can be ensured as the number of iterations increases. We also note that the non-monotone line search mimics the step size
annealing techniques frequently applied in the training of deep learning models. Indeed the presence of 7, promotes larger
learning rates during the initial iterations and reduces them as the optimization process approaches a (local) minimum point.
Finally, we observe that inequality (29) can be thought of as a practical counterpart of condition (10). In (10) a summable “error”
term is allowed: for this reason, we believe that inequality (28) could better reflect the nature of the theoretical requirement
(10) with respect to (27). From the practical point of view, we consider the sequence

o
7 = 730k £ (30)

k= ;—Nk

using 73 > 0, 6, = min < Var (ka(x(k))>,E) with & > 0, and

3= V2erf12p - 1.
With this selection of 7;, we take into account the lack of precision in the current approximate objective function f, (x®).
Indeed the quantity % is an approximate width of the confidence interval around f, (x®) with o, being the sample standard
k

deviation and y; the corresponding p quantile of the Gaussian distribution N (0, 1). Finally, in view of N; < N, where N >0,
(see STEP 4. of Algorithm 1), we remark that the following inequality holds

o
T < yB—E ke (31)
VN
and hence {7} },cy is summable if also {g,};<y is a summable sequence. The particular values for ¢ and N are detailed in
Section 4.
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Algorithm 1 Variable metric Prox-LISA.

Given0<a<a,0<N<N,5>0, §;,p,,6,,6, €(0,1), 7,,7,,73 >0, and a nonnegative sequence {&; };en» EZ: £, < +oo. Select initial values x) € R?, a; € (2, @),
—()
VO =0 =0,V " =y, null vectors g©,g¥) €R?, and N, = N.

FOorR k=1,2,...
STEP 1. Sample selection

choose a sample N, of size N, and compute its gradient g: (x*)) and variance Vy, (x*).

—(k)
[FVyG®)<V orR N2N
THEN go to STEP 2.

. NV, )
ELSE set N, =mm{N,max { —5— N, + 1}} and go to STEP 1.
4
STEP 2. Update running statistics and scaling matrix

Compute the running statistics of the variance estimate and update the variance upper bound

VO =g vED 4 (1 - gV, (x*)

V0 = BV +(1 = p) Vi ) = VO

var var

—(k+1) . y® v\
|4 :mm<ylsk,q+yz lfﬂ§>’

and the gradient estimate

8% =p1g% " + (1= gy, %)

gM = grg%D + (1= B8y, — gW(x))?

to compute the diagonal scaling matrix D, according to (23).
STEP 3. Step size selection

Let x® = proxfkR(x("’ — . D;' g, (x1)), and 7 as in (30).
k
IF

< = 1 <l
T G Ly ) g0, GO EY = x4 =159 =20, 41,

a

THEN go to STEP 4.
ELSE set a;, < 6,a, and repeat STEP 3.
STEP 4. Sample and step size prolongation

Set xk*D =x® o, | =min (E,max(:—f,g)), and Ny, = max(|N;6,],N)

END FOR

4. Numerical experiments

In this section, we evaluate the performance of the proposed proximal scaled stochastic gradient methods, denoted by Prox-
LISA-VM. We compare our method to stochastic gradient descent (SG) and proximal LISA (prox-LISA) [20] on binary classification
tasks using simple convex statistical models. In addition, we consider more challenging multi-class image classification problems by
learning deep neural networks using Prox-LISA-VM and compare its performance to the Adam [35] and Adabelief [32] optimization
schemes.

Throughout all numerical experiments, the following hyperparameters are used for Prox-LISA-VM. We set the positive and
summable sequence ¢, to

k2
£ =exp <_ﬁ>

for ¢ > 0 due to a slower initial decrease compared to exp(—k). In practice, we set o2 = using the maximal number of

K
21og(1/100)
steps K. Likewise, we set the scaling factor of the £, -sequence to y; = 10* and y, = 4 for determining the sample size. The scaling

factor for the non-monotone line search is set to

r3=V2ert'2p - 1),

to reflect the p = 0.75 quantile of the N, sample’s objective values. We use the smoothing parameters g, = 0.9, f, = 0.999 to estimate
the running statistics, and € = 10716, which are also the default parameters in [32]. To fulfill the constraint for the line search, we
choose a large enough upper bound & = 10° for the o, sequence and set @ = 1070 and @ = 10'°. Finally, we set the learning rate
factors of the line search §; =6, = %

10
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Table 1
Features of the data sets considered in the convex binary
classification setting.

Data set d N training set N test set
MNIST 784 60000 10000
w8a 300 44774 4975
CHINAO 132 16033 1604
GISETTE 5000 6000 1000
IJCNN1 22 49990 91701
RCV1 47236 20242 10000

4.1. Convex setting

We consider the optimization problem arising in training binary classifier, with the form

N
. .1
min, P() = min Z},fi(x) + Al
where A > 0 is the regularization parameter, 1 = % where N is the number of samples in the training set.
We consider six data sets and two different convex loss functions. Table 1 shows the details of the six data sets and the number of
samples of both the training and the testing sets. The data sets w8a, GISETTE, IJCNN1, RCV1 can be found in the same repository,>
whereas MNIST* and CHINAO® are available online. In particular, we adapt MNIST for the binary case. The two classes are the even
and odd digits.

We built linear classifiers corresponding to two different convex loss functions. By denoting as &; € R? and ¢ ; € {1,—1} the feature
vector and the class label of the i-th example, respectively, the loss function F(x) assumes one of the following forms:

« logistic regression (LR) loss:

N
_1 —el'x].
F(x)—ﬁglog[l+e : ]

« square loss (SL):
1 N
_ T \2.
F(x)= N ;=E1(1 =& x5

In this section, we compare the behavior of:

* Prox-SG;
 Prox-LISA (as defined in [20]);
2 2
* Prox-LISA g, =exp (—2%) (as in [20] but using £, = exp (—2% ));

* Prox-LISA-VM.

For the Prox-SG method, we consider a fixed sample size N, = B and a decreasing learning rate sequence. In particular, for all the

_ _ 100a;
test problems, we set B =50 and a; = T

select the initial learning rate as a; = a,,, -'N, where ,p is the best-tuned value for the initial learning rate found for Prox-SG with
B = 1. We remark that the value for «,, has been obtained through time and resource-consuming procedure of repeated trials. For
all the other methods we consider N; = N =32 and a; = le — 5. Furthermore, to fulfill the assumptions required for the stronger

, j 20, where «, is the initial learning rate and j denotes the counter of the epochs. We

convergence guarantees of Theorem 3, we use v, = @. We recall that for Prox-LISA the sequence &, has been fixed as 100 - 0.999%
in [20]. To determine whether the benefits achieved by applying Prox-LISA-VM result solely from the selection of a new sequence
£, we also consider the original version of Prox-LISA but with the sole variation being the selection of ¢,.

In Figs. 1-2, we report the average graph of the optimality gap. We refer to these as average graphs since we conducted the test
five times using different pseudo-random number generators, and the displayed graphs represent the averaged results. In stochastic
contexts, it is good practice to analyze different realizations to get statistically robust and meaningful outcomes. The x-axis represents
the epochs, where an epoch can be defined as a single pass through the training set. On the other hand, the y-axis represents the

3 https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/.
4 https://yann.lecun.com/exdb/mnist/.
5 https://www.causality.inf.ethz.ch/home.php.
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Table 2

Accuracy for all the data sets with Logistic Regression loss function.
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MNIST w8a CINAO GISETTE IJCNN1 RCV1
mean  0.8988  0.9062 0.9210  0.9818 0.9206 0.9572
std 0.0004 0.0011 0.0024 0.0047 0.0024 0.0048
min 0.8961 0.9053  0.9168  0.9757 0.9113 0.9422
max 0.9006  0.9079  0.9239  0.986 0.9232 0.9668
Table 3
Optimality gap for all the data sets with Logistic Regression loss function.
MNIST w8a CINAO GISETTE IJCNN1 RCV1
mean  0.0049  0.0036  0.0024  0.0194 0.0006 0.0121
std 0.0013  0.0011 0.0001 0.0043 0.0004 0.0036
min 0.0032 0.0020 0.0014 0.0137 0.0002 0.0092
max 0.0077  0.0061 0.0052  0.0275 0.0024 0.0168
Table 4
Accuracy for all the data sets with Square Loss function.
MNIST w8a CINAO GISETTE IJCNN1 RCV1
mean 0.8936 0.8919 0.9196 0.9789 0.9108 0.9468
std 0.0009  0.0085  0.0017  0.0026 0.0003 0.0038
min 0.8906  0.8899  0.9148  0.9732 0.9101 0.9422
max 0.8964 0.8947 0.9221 0.984 0.9119 0.9631
Table 5
Optimality gap for all the data sets with Square Loss function.
MNIST w8a CINAO GISETTE IJCNN1 RCV1
mean  0.0027  0.0009  0.0024  0.0577 0.0003 0.0137
std 0.0003 0.0002 0.0001 0.0028 0.0001 0.0021
min 0.002 0.0005  0.0014  0.0211 0.0001 0.0103
max 0.0034  0.0024  0.0052  0.0639 0.0007 0.0148

values of the optimality gap. To obtain a good estimate of P* we performed Prox-SG for 3000 epochs. As Figs. 1-2 show, the proposed
method outperforms the others in six out of twelve cases, demonstrating the significant acceleration of the learning process in the
analyzed binary classification scenarios. In the remaining tests, where the improvement is less evident, it is worth noting that the
proposed method exhibits comparable performance to existing methods from the literature.

4.1.1. Ablation of hyperparameters

To evaluate the impact of the different hyperparameters of Prox-LISA-VM, we conducted an ablation study. Specifically, we
examined the following parameters: N € {10,32,64}, 6; € {1/2,2/3}, 6, € {1/2,2/3}, v, € {3,4,5}, and y; € {0.60,0.75,0.9},
resulting in a total of 108 hyperparameter configurations. Tables 2-5 list the mean and the standard deviation of the final accuracy
(on the test set) and the final value of the optimality gap (on the training set) over the 108 configurations. Moreover, the minimum
and the maximum values obtained for both the accuracy and the optimality gap are also provided. The results of this ablation
study provide strong evidence that the algorithm maintains stability across a range of settings for these hyperparameters. This
robustness is further confirmed by the fact that in all the proposed numerical experiments, we kept the same configuration for all the
hyperparameters.

We excluded the hyperparameters f,, f,, and e from the ablation study. This decision was made because we opted for standard
values for these hyperparameters, which align with the recommendations for Adabelief. The remaining parameters (@, a, c) were not
subjected to ablation. These parameters play a critical role in the theoretical results of our approach, although their values do not
significantly impact the algorithm’s performance. Particularly we select & = 10719, @ = 10'° and & = 10° to force that they are never
attained by a; and o, throughout the iterative process.

4.2. Non-convex setting

Let D= {¢,¢; }i’i | denote the training data set consisting of inputs &; € R” and corresponding one-hot encoded class labels {; € AC,
where AC = {¢ € R : ¢, >0, ZCC: | § =1} is the unit simplex. Further, let G : R"XR? — A be a (deep) neural network that predicts
a distribution over class labels £, € A for a given input £ € R" and is parameterized by x € R¢. Then, every component f; : R? - R
of the corresponding empirical risk reads as

12
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MNIST

Optimality gap

10°

Prox-SG
== === Prox-LISA
«+ Prox-LISA ¢, = exp(—k?/207)

e Prox-LISA-VM

CINAO

Optimality gap

Prox-SG

=+ Prox-LISA
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Epochs
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w8a
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1 =: Prox-LISA

Prox-LISA ¢, = exp(—k?/207)

e Prox-LISA-VM
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0 Prox-SG
1 = Prox-LISA
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Optimality gap

Prox-SG
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sssssssn Prox-LISA & = eap(—k?/20?)
= Prox-LISA-VM

Epochs

Fig. 1. Binary classification with the Logistic Regression function on 5 different trials.
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Fig. 2. Binary classification with the Square Loss function on 5 different trials.



P. Cascarano, G. Franchini, E. Kobler et al. EURO Journal on Computational Optimization 12 (2024) 100088

MNIST, Simple CIFAR-10, ResNet18 TinyImageNet, ResNet18
2
2
10714
0.10 Lod
5.5
0.08 1.44
5.0
1.24 [
 0.06 4.5
4
g 1.0 1.0+
& 0.04+
3.51
0.8+
0.02 3.01
0.6
2.5
0.00 T T T T T T T T T T
100.00 90 48
99.75 88 164
99.50 864
444
L 99257 81
] 1
2 99.00-
8 82
<
98.75 404
801
98.50 4
734 38
98.25
764 / 36
98.00 T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5 0 1
epoch —+— Prox-LISA-VM —== Adam —— AdaBelief epoch

Fig. 3. Training and test loss as well as test accuracy for the considered non-convex multi-class classification problems.

fi(x) =2(G(;, x), 8,

where #: A® x A® > R, is the cross-entropy loss, i.e.

C
£¢.0 ==Y & log).

c=1

In this setting, we evaluate our optimization method for the following non-convex optimization problems:

+ MNIST Simple: In this case we use a simple feed-forward network to classify grayscale images of size 28 x 28 (n = 784) of the
MNIST data set into the depicted digit (C = 10). In detail, the neural network G consists of two layers that successively perform
a convolution, ReLU activation function, and 2 X 2 max-pooling using 64 and 32 feature channels, respectively. A final fully
connected linear layer along with a softmax activation function maps the intermediate features to predictions ¢, i

CIFAR-10 ResNet18: For this problem, the CIFAR-10 data set [36] is used, which consists of 60 000 RGB-images of size 32 x 32
(n=3072) belonging to C = 10 different classes. The training set and the test set contain 50 000 and 10 000 images, respectively.
We use the ResNet18 [37] model as neural network G, which contains d = 11 169 162 trainable parameters. To avoid any side
effects due to batch normalization, we removed those layers from the model.

TinyImageNet ResNet18: For the last test, the same neural network as in the previous setting (ResNet18) is used. However, we
consider a more challenging image classification problem using the TinylmageNet data set [38], which is a reduced version of
the well-known ImageNet data set [39]. In detail, the TinyImageNet data set consists of 100 000 train and 10 000 test RGB images
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Fig. 4. Sample size N, and step size a; over the epochs for the three considered non-convex deep learning problems.

of size 64 x 64 (n = 12 288), which depict instances of C =200 categories. In this case, the number of trainable parameters of
the neural network is 11 266 632.

To minimize the effect of overfitting, we utilize weight decay regularization in all cases, that is R(x) = %||x||§. For the three different
setting A is set to 1 X 107%, 5x 1074, and 1 x 1074, respectively. As the lower bound for the sample set size, we used N = 32 for the
MNIST and CIFAR-10 data set and N = 64 for the TinyImageNet data set to account for the increased initial variance.

In all tests, we compared our algorithm with the Adam [35] and Adabelief [32] optimization schemes, which already proved its
competitiveness to the standard stochastic gradient descent schemes. For both algorithms, we used a fixed sample size N, = N and
set the initial learning rate to 2.5 x 10~ and reduced it to 1 x 10~° using cosine annealing. The remaining hyper-parameters are set
to the default values. This setup led to the fastest convergence for all three considered problems.

Fig. 3 depicts for all three considered problems from top to bottom the sampled training loss f Ny (x), the loss on the test set,
and the accuracy on the test set as a function of epochs. Given the stochasticity of the sampling, all the metrics are averaged over 5
different runs, as in the convex setting. Concerning the training loss, Prox-LISA-VM shows a faster decrease rate compared to Adam
and Adabelief, especially for the TinyImageNet data set and in the initial phase. However, the overall accuracy is comparable for
both methods across the different problems. We highlight that for Prox-LISA-VM no selection of the learning rate is required; only a
reasonable selection of the lower bound of the sample size N is necessary to allow a reliable estimation of the sample’s statistics.

The average sample size N, along with the average step size @, across 5 different runs is depicted in Fig. 4. In all tests, we observe
that the sample size is increasing and decreasing. For the MNIST data set the sample size has a tendency to increase toward the end,
while for the CIFAR-10 and TinylmageNet data set the sample size is only slightly larger initially and at the end. The plots of the step
sizes in the second row show similar behavior in all three tests; there is an initial increase followed by a decrease of about an order
of magnitude toward the end of the iterative process. This decrease originates from the reduced non-monotonicity of the line search
due to a decreasing £, sequence.

Finally, we would like to compare the computational complexity of the different algorithms. While Prox-SG, Adam, and Adabelief
only require the estimation of a sample’s objective and gradient, Prox-LISA-VM requires the estimation of the objective value and
gradient for every sample to determine the sample size N;. However, the computational complexity of both tasks is the same for a
given sample size. Moreover, the experimental results demonstrate that Prox-LISA-VM performs comparably to the state-of-the-art if
epochs, which do account for the varying sample size, are considered. Further, the average number of backtracking steps in the line
search procedure was at most 2 for all considered problems. Thus, the computational complexity of Prox-LISA-VM is similar to the
related methods.
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5. Conclusions

In this paper, we presented a variable metric approach for preconditioning stochastic gradient directions in conjunction with an
automatic sample size selection to control the variance of stochastic gradient directions for regularized empirical risk minimization
problems. We developed conditions for the sequence of variable metrics to ensure convergence in convex and non-convex settings.
Various numerical experiments demonstrated that the proposed method performs equally well or even outperforms state-of-the-
art methods on challenging binary and multi-class classification problems. Moreover, our proposed method only requires a rough
selection of the sample size lower bound and no further hyperparameters need to be adapted due to the utilization of a non-monotone
line search criterion.
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