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Featured Application

The proposed framework enables direct time-domain simulation of electromagnetic emis-
sion from antenna devices, including the full near-to-far field transition. The approach
is applicable to the design of dipole and monopole antennas, antenna arrays, and other
radiating structures for which accurate near-field characterization is critical, and it of-
fers a starting point for numerical tools that do not rely on wave-equation reductions or
eigenfunction expansions.

Abstract

The dipole antenna is one of the oldest and most widely used devices in electromagnetic
engineering, yet the behavior of its near-field during emission remains only partially
captured by classical models. In the source-free region surrounding the arms, the vacuum
Maxwell–Heaviside equations provide an insufficient number of configurations to describe
the transient through which a bound signal becomes a freely propagating wave. We revisit
the model equations, introducing an extended formulation in which an auxiliary velocity
field complements the electromagnetic fields. Similarly to plasma physics, the outgoing
signal is treated as an electromagnetic fluid carrying a charge density. As the far field is
concerned, the resulting system admits an exact family of spherical free-wave solutions
that follow the rules of geometrical optics. The near-to-far field transition also acquires
a concrete dynamical description, thanks to the introduction of the pseudocharge, which
is a charge-like density identified with the divergence of the electric field. In addition, a
pressure-like potential, vanishing in the far field, tracks the conversion between bound
and radiating energy. The approach is illustrated on a standard dipole antenna through
direct numerical simulation of the full coupled system. The results suggest a unified
analytical and computational pathway for antenna modeling, with natural extensions to
more complex geometries and other radiating devices.

Keywords: dipole antenna; near field; electromagnetic radiation; Maxwell–Heaviside
equations; fluid dynamics; geometrical optics; numerical simulation

1. Introduction
The dipole antenna has been, for more than a century, one of the central devices of ra-

dio engineering, and it continues to serve as the building block for a wide variety of modern
radiating structures [1,2]. Contemporary research continues to expand this family of radiat-
ing and wavefront-shaping structures, with recent examples including three-dimensionally
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printed polarization-division metadevices, ultra-wideband Vivaldi antenna arrays, and
programmable coding metasurfaces [3–5]. Multi-dipole antenna arrays also find use in
biomedical contexts, where the powers and phases of the individual dipoles are optimized
to concentrate the electromagnetic energy for localized tumor heating [6,7]. Classical antenna
analysis approaches the simple dipole problem through well-established tools. Hertzian
multipole expansions, retarded potentials, and numerical methods such as the method
of moments (MoM) [8,9] provide predictions of radiation patterns, input impedance, and
current distributions on the conductor. These techniques are often built around asymptotic
formulae based on the decomposition into divergence-free vector eigenfunctions.

A specific mathematical feature motivates a closer look at the governing equations. In
a source-free region, the vacuum Maxwell–Heaviside system requires ∇ · E = 0. However,
exact outgoing waves compatible with the rules of geometrical optics [10]—the kind of
solutions one would wish to use as idealized carriers of antenna radiation—do not in
general satisfy this constraint, as can be verified by direct computations [11–13]. This
tension is usually resolved in practice by accepting a small-divergence error that decays
faster than the signal itself and is therefore negligible for engineering purposes. From
a modeling standpoint, however, it suggests that the source-free vacuum formulation
might be more constrained than the physics of antenna radiation requires, and that an
extended equation model could remove the problem without altering any empirically
established conclusion.

Although the far-field behavior is mathematically not well implemented, engineering
design is not very much affected. The near-field region, by contrast, remains conceptually
more delicate. In the immediate neighborhood of the arms, the signal retains a strong con-
nection to the feeding geometry, where the circulating current requires that the divergence
of the electric field is not zero. A detailed description of the mechanism by which a signal
bound to a conductor becomes a radiating wave is the subject of the present work. The
scope of this paper is therefore deliberately focused to provide a self-contained field-level
description of the near-to-far transition, formulated at the level of the governing equations
and illustrated by direct numerical simulation, complementing the existing analytical and
computational toolkit and opening a natural path toward the modeling of more complex
radiating structures.

The electromagnetic fields E and B are coupled to an auxiliary velocity field V and
other scalar quantities. Among the latter, we find a pressure potential p, which can actually
be transformed into physical forces—for example, in the study of the radiation pressure
of an electromagnetic phenomenon on a material obstacle [14,15]. This mechanical aspect
of the model is not merely formal: it underlies experimental techniques such as optical
and magnetic tweezers [16,17], in which strongly localized electromagnetic fields trap and
manipulate microscopic particles through the forces that they exert. These techniques have
been extended to hold and move a broad range of objects, from individual viruses and
bacteria to living cells and single biological molecules [18–20]. Because light carries linear
and angular momentum, the same fields can also exert torques and drive controlled rotation,
so that forces have been used up to the limits of the nanoscale [21–23]. Related force-
measurement techniques, including magnetic tweezers, extend this mechanical control to
the single-molecule regime, and the breadth of these methods is documented in several
reviews [24–27]. Such effects are usually described phenomenologically, whereas the
present framework may account for them at the field level, although this is not the subject
of this article. This endows the electromagnetic field with a genuine Newtonian character.

Our choice is inspired by the treatment of plasma dynamics in classical electrodynam-
ics [2] and, more broadly, by ideal magnetohydrodynamic models [28–30]. The framework
builds upon a longer-running line of work on extended electrodynamic models [13,31,32],
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to which the present paper contributes with a focused treatment of the dipole antenna prob-
lem. Since we have stated that the condition∇ · E = 0 is too restrictive, we will assume that
the electric field can have nonzero divergence even in vacuum. We would then introduce a
scalar quantity ρ, called pseudocharge, which accompanies the signal emission for its entire
evolution. This will be proportional to ∇ · E and will be treated in the equations as a real
moving charge, although there are no effective particles present. Coupling with the Euler
equations for fluids also requires the introduction of a pseudomass ρm, that is, a virtual mass
density in the complete absence of massive physical particles. Previous attempts have
been made [33,34] regarding the design of an antenna with high directivity. In that case,
the model was not fully implemented, and issues related to the stability of the numerical
method and the imposition of boundary conditions were not addressed with due care.

It should be stressed that the resulting model is not a numerical method for the
Maxwell–Heaviside equations but a distinct system of governing equations, and this has
a consequence for the way it is to be validated. Standard Maxwell-based solvers, such as
FDTD, finite elements, or the method of moments, assume a divergence-free electric field
in source-free regions. A direct comparison between our approach and the more usual ones
would contrast different governing equations rather than different approximations, and
it would not constitute an equivalent validation. Moreover, the departure from Maxwell
persists arbitrarily far from the source. As shown in Section 4, even the free-wave regime
retains a nonzero divergence and does not satisfy the standard Maxwell–Heaviside system.
The model is therefore assessed against the exact free-wave solutions of the extended system
and by direct numerical simulation, rather than by benchmarking against a divergence-
free solver.

The rest of this paper is organized as follows: Section 2 presents the mathematical
framework, i.e., the extended system of partial differential equations and its covariant
derivation starting from a classical stress-energy tensor. Section 3 discusses the famous
Hertzian solution simulating an infinitesimal dipole. It is shown that, in proximity of the
axis, the wave-fronts depart from the spherical shape. In contrast, Section 4 introduces a
family of free-wave solutions, consisting of exact mathematical expressions satisfying both
the rules of geometrical optics and the extended system of model equations. Section 5
(Materials and Methods) sets up the canonical dipole-antenna problem and describes the
numerical discretization of the full system of differential equations. Section 6 reports the
numerical experiments based on direct time-domain simulation. Additional comments and
considerations are reported in Section 7. Section 8 presents the concluding remarks.

2. The Differential Model
We introduce a system of partial differential equations coupling the electromagnetic

fields to an auxiliary velocity field. This will extend the classical Maxwell–Heaviside set
of equations for electrodynamics. In order to proceed, let E and B denote the electric and
magnetic fields, and let V denote a vector field with the dimension of a velocity. The auxil-
iary field V is understood as the local direction along which electromagnetic information
is transported; in the simplest cases, it aligns with the Poynting vector E× B, but this
identification is not assumed a priori, and such arbitrariness is one of the characteristics of
the method.

We define the scalar
ρ = ∇ · E, (1)

which will be called pseudocharge. To be more precise, note that ϵ0ρ, where ϵ0 is the vacuum
permittivity, has the dimension of a density of charge per unit of volume. Note that here the
electric field is supposed to have the dimension [M1Q−1L1T−2]. Furthermore, let us also
introduce the two scalar quantities ρm and p. The former has the dimension of a density
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of mass per unit of volume; the latter can be interpreted either as energy density per unit
of volume or as a pressure density per unit of surface. No assumption is made a priori
about the sign of ρ, ρm, or p. It is appropriate to make a clarification on the physical state
of these quantities. They are not intended as new directly measurable observables, and
this is not a deficiency of the model. Already, in classical electromagnetism, the divergence
∇ · E is not a directly accessible local quantity: it is reconstructed from spatial derivatives
of the field, and any probe introduced to sample it perturbs the very field being measured.
Moreover, ρ and ρm are not relativistic invariants. They depend on the choice of the metric
space. In particular, in that generated by the phenomenon itself, through the solution of
Einstein’s equations, ρ vanishes [13,32]. The role of ρ and ρm is therefore to complete the
field-level description of the electromagnetic phenomenon in a physically consistent way,
as the covariant derivation below makes explicit, rather than to name quantities to be
measured in isolation.

The full set of model equations reads

∂E
∂t

= c2∇× B− ρ V,
∂B
∂t

= −∇× E, ∇ · B = 0, (2)

ρm
DV
Dt

= −ϵ0 ρ (E + V× B)−∇p,
∂ρm

∂t
+∇ · (ρm V) = 0, (3)

∂p
∂t

= ϵ0 ρ E ·V, (4)

where c is the speed of light in vacuum and D/Dt = ∂t + V · ∇ denotes the substantial
derivative. The first two relations in (2) are the Ampère and Faraday laws, respectively.
The source term in Ampère’s equation takes the form ρV. Here, we add the contribution of
pseudocharge by treating it as a current, even though there are no real charges in motion.
The third relation in (2) is the solenoidal constraint on the magnetic field, consistent with the
empirical absence of magnetic monopoles. The first relation in (3) is the Euler momentum
balance, which includes a Lorentz-type forcing term; the second is the mass-continuity
equation for ρm. Equation (4) governs the evolution of the potential p; its form follows
from the energy balance, as discussed below. Taking the divergence of the first equation in
(2) and using ∇ · (∇× B) = 0 automatically yields the continuity equation

∂ρ

∂t
+∇ · (ρ V) = 0, (5)

which expresses the conservation of pseudocharge. Instead, taking the scalar product of
the first equation in (2) with ϵ0 E and of the second with ϵ0 c2 B, and combining the results,
yields the energy relation

∂E
∂t

= −ϵ0

(
c2∇ · (E× B) + ρ E ·V

)
, (6)

where E = 1
2 ϵ0 (|E|2 + |cB|2) is the electromagnetic energy density. The term∇ · (E× B) is

the divergence of the Poynting vector. The additional term ϵ0ρ E ·V represents a sort of
exchange between electromagnetic and mechanical forces. It disappears at the far field,
bringing the discussion back to more classical canons.

In order to justify that the system (2)–(4) is physically acceptable, we show its deriva-
tion starting from a classical stress-energy tensor. Working with four vectors in the system of
coordinates xα = (ct, x, y, z), with a space-time metric gαβ of signature (+,−,−,−), let Fαβ
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denote the classical electromagnetic field tensor [35,36]. The electromagnetic stress-energy
tensor takes the standard form

Uαβ = −gγδ Fαγ Fβδ +
1
4 gαβ Fγδ Fγδ. (7)

Introducing the velocity four-vector Vα = (c,−V), Vα = gαβVβ, and the corresponding
tensor

Mαβ = ρm Vα Vβ − gαβ p, (8)

with the form of a mass tensor recalling a dust of particles for a perfect fluid, we set

Tαβ = Mαβ − ϵ0 Uαβ. (9)

The covariant version of the model equations is then obtained by computing the four-
vector divergence

∇βTαβ = 0, α = 0, 1, 2, 3. (10)

We check this in the Minkowski metric, with ∇β = (∂t/c,∇). For α = 0, (10) reads

c
[

∂ρm

∂t
+∇ · (ρm V)

]
− 1

c

[
∂p
∂t
− ϵ0 ρ E ·V

]
−
[

ϵ0

c
∂E
∂t

+ ϵ0 c∇ · (E× B) +
ϵ0

c
ρ E ·V

]
= 0, (11)

where we have added and subtracted the term (ϵ0/c)ρE ·V. Relation (11) is consistent with
the mass continuity equation in (3), the pressure Equation (4), and the energy relation (6).
The components α = 1, 2, 3 of (10) combine into the vector relation[

− ϵ0

(
∂B
∂t

+∇× E
)
× E

]
+

[
ϵ0

(
∂E
∂t
− c2∇× B + ρ V

)
× B

]

−
[

ϵ0 c2 (∇ · B)B
]
−
[

ρm
DV
Dt

+ ϵ0 ρ (E + V× B) +∇p
]
= 0, (12)

where we have added and subtracted the term ϵ0ρV× B. This is consistent with (2) and
with the Euler equation in (3).

We now discuss some special cases. Setting p = 0, ρm = 0, and ρ = 0 in (1) and (2)–(4),
we recover the classical vacuum system

∂E
∂t

= c2∇× B,
∂B
∂t

= −∇× E, ∇ · E = 0, ∇ · B = 0, (13)

in the form customarily referred to as the Maxwell–Heaviside equations. The system (13)
is, strictly, the reformulation proposed by O. Heaviside [37] of J. C. Maxwell’s original
system (pp. 161–175, 281–512, [38]) and [39], but commonly attributed to Maxwell.

A second simplification is of particular interest. Setting p = 0 and ρm = 0 but allowing
ρ ̸= 0, the system (2)–(4) reduces to

∂E
∂t

= c2∇× B− ρ V,
∂B
∂t

= −∇× E, E + V× B = 0, ∇ · B = 0. (14)

Following [31,32], we refer to the solutions of (14) as free waves. They collect all electromag-
netic phenomena that develop according to the rules of geometrical optics. We provide
further explanations for this choice. The algebraic constraint E + V× B = 0 in (14) implies
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that E is orthogonal to both B and V pointwise. The vector field V turns out to be constant
in magnitude, with a norm equal to the speed of light: |V| = c. As a consequence, it is
perfectly lined up with the Poynting’s vector. If, for example, V = ∇Ψ (that is, the velocity
field is a gradient), the relation |∇Ψ| = c corresponds to the stationary eikonal equation [10],
which rules the propagation of fronts in classical optics (this is VαVα = 0 in the framework
of general relativity). In this regime, since the term E ·V vanishes identically, the energy
balance in (6) reduces to the standard Poynting theorem. The classical relation |E| = |cB|
(connected to the impedance of free space) also follows from the equations. Free waves
thus describe electromagnetic phenomena propagating transversally at the speed of light
along rays determined by V, in consistency with geometrical optics. As a final remark,
we note that Equation (14) is Lorentz-invariant [31,32]. This also includes the equation
E + V× B = 0, making the concept of a free wave observer-independent.

3. Hertzian Waves
In the study of the propagation of electromagnetic signals, the corresponding wave

equations are usually derived. This is very easy in vacuum using the equations in (13). A
little calculus allows us to recover the following vector wave equation for the electric field:

∂2E
∂t2 = c2∆E, ∇ · E = 0. (15)

The same is valid for the magnetic field. For example, the coupling with B can occur via
boundary conditions. Note that the divergence relation must be maintained, so we find
ourselves with four equations with three unknowns (the three components of E). Although
it is better to be suspicious about problems where the number of relationships is greater
than the unknowns, there are sometimes magic solutions where all requests are fulfilled.
This is the famous Hertz’s solution (see [40,41], or [10], p. 81), which satisfies both the
vector wave equation and the divergence constraint. It is obtained from eigenfunctions of
the vector Laplacian in spherical coordinates (r, θ, ϕ), with r ≥ 0, 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π.
For symmetry reasons, there is no dependency on ϕ, but the functions explicitly depend
on r (involving Bessel spherical functions) and θ (involving Legendre polynomials). A
representative example, for a single monochromatic mode of frequency ω/2π, is

E =

(
2 cos θ

r2

( sin ω(ct− r)
r

+ ω cos ω(ct− r)
)

,

sin θ

r

(ω cos ω(ct− r)
r

+
( 1

r2 −ω2
)

sin ω(ct− r)
)

, 0
)

. (16)

The field B (not reported here) has only the component relative to the angle ϕ. At a
given time, the lines of force of this configuration are shown—for instance in [42], p. 340.
They seem to fit perfectly with the infinitesimal dipole antenna problem, where the arms
collapse into a single point. However, this approach reveals several inconsistencies, as
discussed below.

The fields travel radially at the speed of light departing from the origin. The azimuth
intensity behaves like sin θ, as is usually observed in this kind of radiation (see also (18)).
Note that the electric field also contains a radial component, which means that it is not
perfectly transverse to the direction of propagation. For any fixed r, a direct analysis
shows that the non-radial component prevails on the radial one when approaching the
vertical axis (i.e., θ = 0 or θ = π). This implies that the shape of the wave-fronts, or
more exactly the envelope of the lines of force, is not a sphere. Although information at
some distance from the source appears to spread along concentric spheres, the overall
behavior is different from a topological viewpoint. Indeed, in order to keep the condition
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∇ · E = 0, the wave-fronts bend in proximity of the vertical axis. It is easy to realize that, in
3D, these are toroidal surfaces. Technically, Hertzian waves are not spherical waves. We see
no possibility of recognizing any kind of Huygens principle in this behavior, as the rules
of geometrical optics are disregarded. A discussion on the limits of geometrical optics is
provided for example in (Section 3.1.4, [10]), It is important not to confuse (as often happens)
the envelope of the lines of force with the contour lines of the intensity of the electric field.
Graphically, their behavior is similar, but their meaning is completely different.

Other solutions, related to so-called multipole radiation, are obtained by summing
up more eigenfunctions. In [11], a suitable expansion is found with the aim of satisfying
specific boundary constraints and improving the behavior of Poynting’s vectors when r
is large. However, inconsistent behavior persists in a layer near the vertical axis, as well
as near the origin [12]. An alternative approach followed by many authors is to introduce
the potentials

B =
1
c
(∇×A), E = −1

c
∂A
∂t
−∇Φ. (17)

In this way, the two equations ∂B/∂t = −∇× E and ∇ · B = 0 are automatically satis-
fied. Without going into technical details, the potential-based approach does not eliminate
the problems seen so far. The solutions obtained by the so-called “retarded potential” suffer
from the same anomalies.

Since the behavior discussed here can be explained with the help of slight adjustments,
while remaining within the so-called “limits of the model”, we could simply stop our
analysis here with the trivial conclusion that the Maxwell–Heaviside model is imperfect.
However, as we will see in this article, things can be drastically improved by implementing
the right corrections. As extensively documented in [13], the Maxwell–Heaviside model
imposes too many constraints (more equations than unknowns), making the solution space
excessively small and insufficient to describe even the simplest applications. The main
argument is that the relation ∇ · E = 0 cannot be enforced, for example, in the vacuum
space between two (non-pointwise) bodies whose charge varies with time (or they are in
motion, relative to each other). This is exactly what happens in the case of the antenna arms
subjected to alternating negative and positive differences of potential. Conversely, there are
no problems regarding the equation ∇ · B = 0. This means that we could also talk about
density of charge in regions of the space where physical charges are missing. In this case,
we say that we are in the presence of pseudocharge.

In Figure 1, we provide three examples where pseudocharge must be present: The
first one is a spherical wave (or any other shape topologically isomorphic). Electromagnetic
fields (orthogonal to each other) propagate along the radial direction and lay on the local
tangent plane of the surface. As they move away from the central source, they decrease in
intensity in accordance with energy conservation arguments. As mathematically shown
in [13], there is no chance to enforce the condition ∇ · E = 0, regardless of the arrangement
of the fields. A wave like this is almost entirely “made” of pseudocharge. A similar situation
occurs for the case of plane parallel fronts (central picture in Figure 1). We can arrange the
magnetic field in such a way as to satisfy ∇ · B = 0, but there is no hope to do the same
for the electric field. The only acceptable solutions in this case are plane waves of infinite
transverse extent, which clearly do not exist in nature. This certifies the impossibility
of modeling photons using the classical electrodynamics equations. The third example in
Figure 1 shows the distribution of the electric field outside a dielectric body that changes its
charge. For symmetry reasons, if the body is spherical, there is no production of magnetic
field. It is easy to prove that the equations in (15) cannot hold at the same time [43].
For instance, E = ( f (t)/r2, 0, 0), where f is any given function, is divergence-free but
does not solve the wave equation. Conversely, solutions of the wave equation cannot
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be divergenceless. The only way out of this dilemma is to hypothesize the presence of
time-dependent pseudocharge around the dielectric. Details are available in [13]. The study
of bodies that emit longitudinal waves (such as the last one mentioned above) has emerged
since the time of N. Tesla’s experiments with high-voltage coils [44,45]. The modeling of
these radiations remains a topic to be fully investigated.

Figure 1. Three examples of electromagnetic emissions that cannot satisfy the condition ∇ · E = 0:
(left) a spherical wave carrying a transverse signal; (centre) a train of plane wave-fronts of finite
transverse extent; (right) a purely longitudinal exterior field from a spherical source whose charge
varies in time.

4. Other Exact Solutions: Free Waves
Let us return to the first case shown in Figure 1 and provide a classic example of

spherical wave, satisfying the rules of geometric optics (the Huygens principle, for instance).
We already know that it is essential to reject the hypothesis of zero divergence as far as the
electric field is concerned. We have

E =

(
0,

sin θ

r
sin ω(ct− r), 0

)
, B =

(
0, 0,

sin θ

cr
sin ω(ct− r)

)
. (18)

This displacement is reported in almost all textbooks on electrodynamics and antenna
design. Unfortunately, we have∇ · E ̸= 0, so the full set of Maxwell–Heaviside equations is
not fulfilled. The decay of the divergence as r tends to infinity is like 1/r2, i.e., it fades faster
than the signal. This quantity can therefore be neglected in applications. Similarly, it can be
verified that E does not satisfy the wave equation. One usually falls into the following trap:
the second component of E satisfies the scalar wave equation. However, we are dealing
with vectors in spherical coordinates. The Laplacian of a vector is not the Laplacian of
its components in this case. Therefore, the expression in (18) cannot be a solution of the
Maxwell–Heaviside model in vacuum.

If we do not take into serious consideration the presence of pseudocharge distributed
within the wave (with positive and negative values compensating each other), any attempt
is doomed to fail. This brings us to the model (14), which allows ρ to be different from
zero. By defining V = (c, 0, 0), the displacement (18) satisfies the full set of equations.
The pseudocharge multiplied by V becomes the current term in Ampère’s equation. The
electromagnetic fields are orthogonal to each other and transverse to the spherical front.
Poynting’s vector has the same direction as V. Moreover, we have the eikonal equation
|∇Ψ| = c, with Ψ = cr. The relation E + V× B = 0 now becomes a geometrical constraint
that confirms the orthogonality of the triplet E, B, V and guarantees the well-known condi-
tion |E| = |cB|, which can be related to the impedance of the free space (about 377 Ω). Even
having ρ ̸= 0, the principle of conservation of charge is preserved. In fact, the continuity
Equation (5) guarantees the conservation of pseudocharge.
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The expression in (18) is a particular case of the more general form

E =

(
0,

f (θ)
r

g(ct− r), 0
)

, B =

(
0, 0,

f (θ)
cr

g(ct− r)
)

, (19)

where f and g are arbitrary functions. With V = (c, 0, 0) this also solves the system (14). We
are therefore in the presence of spherical waves where we can freely modulate the behavior
in both the azimuthal and radial directions. This freedom is not accessible in the context of
Hertzian waves, where a combination of eigenfunctions constrains the transverse and radial
behavior, thus providing a rather limited number of solutions (from the dipole we move
directly to the quadripole, without all the nuances of the intermediate cases). Within the
context of (19), the only way to get a solution satisfying ρ = 0 is to impose f (θ) = 1/ sin θ,
causing a singularity to occur along the vertical axis. Clearly, this hypothesis is inapplicable.
Finally, we have already stated that the 3D vector wave equation is not available now.
However, by denoting by u the θ-component of the electric field (or the ϕ-component of
the magnetic field), we get

∂2(ru)
∂t2 = c2 ∂2(ru)

∂r2 , (20)

which is a 1D scalar wave equation where u is shifting along the axis individuated by V.
This is true independently of f and g. The above considerations further strengthen the
approach that we are following. The model (14) also allows us to introduce photons as actual
portions of plane electromagnetic waves, without resorting to any approximations. As
described in [31,32], this opens the way to the interpretation of quantum mechanics in
classical terms, although this is a topic that we will not address here.

Note that a sort of wave equation is hidden in formulation (14). In fact, assuming that
Lorenz’s gauge holds,

∂Φ
∂t

+ c ∇ ·A = 0, (21)

we get

c
(

∂A
∂t

+ c2∆A
)
=

(
∂Φ
∂t

+ c2∆Φ
)

V. (22)

In the Maxwell–Heaviside model, the two terms are both zero—a condition that is not
necessarily imposed in our case. Note also that Hertzian solutions are built with the
assumption that A is lined up with the z-axis, which is not the path that we are following
here, where we instead have cA = ΦV (i.e., A is lined up with V), a condition that looks
more physical.

When free waves meet an obstacle, it is necessary to resort to the most complete
model (2)–(3). Note that we have not removed the Hertzian waves (ρ = 0) from the
panorama but have embedded them in a larger space. Thus, even in the framework
of simple applications, the assumption ρ ̸= 0 is not just a theoretical trick but a real
necessity. We therefore invite the reader to accept possible explanations regarding the
operating mechanism of antennas in the light of a solid theory in which non-solenoid
electric fields are possible even in a vacuum.

5. Materials & Methods
We are ready to deal with the case of a signal radiating from a realistic dipole. Let

us remember that this problem has been around for decades without yet having found a
convincing solution. The study of the previous section teaches us how to obtain perfect
spherical wave-fronts (or similar isomorphic shapes) without any approximation. These
are useful for describing waves traveling in the far field. The idea now is to solve the full
set of Equations (2)–(3), subjected to suitable boundary conditions that are imposed at the
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arms of the antenna (the so-called “feeding”). The study is carried out in the cylindrical
coordinates system (r, ϕ, z), r ≥ 0, 0 ≤ ϕ < 2π, ∀z. We assume that there is no dependency
on the variable ϕ. The vector fields will take the special form E = (E1, 0, E3), B = (0, B2, 0),
V = (V1, 0, V3). Therefore, with the addition of the scalars p and ρm, we have seven
unknowns, namely, E1, E3, B2, V1, V3, p, and ρm.

An initial velocity field Vinit is provided. This is specified later on (see (33)). The other
initial quantities are set to zero (the antenna is off). They will change in time through the
imposition of the boundary constraints along the antenna arms and by assuming that the
signal decays to zero at the far field. Note that V does not have to be zero at a distance but
must instead have a norm equal to c, since it is responsible for transferring information at
the speed of light. This observation is one of the key points of our approach, which clearly
distinguishes between the message actually conveyed and the way in which it is conveyed.
This distinction is not present in the Maxwell–Heaviside model. Note also that |V| is
generally equal to c only for free waves, so we expect that in the near field Vinit will change
with time. This should not be surprising since, as reiterated in [13], there are numerous
explicit examples showing that, even when solving the wave Equation (15), information
can be carried at speeds other than that of light. For example, there are electromagnetic
waves that rotate inside cylinders or toroids, where the velocity varies depending on the
distance from the center of rotation. In other words, the presence of the constant c in the
equations does not guarantee, even in the simplest cases, that the signal transfer must occur
at the speed of light. Let us also observe that the relation ∇ ·V = 0 is not requested.

Based on the assumptions on the fields, we can start by computing the divergence:

ρ = ∇ · E =
∂E1

∂r
+

E1

r
+

∂E3

∂z
. (23)

Going ahead, we can update p according to (4):

∂p
∂t

= ϵ0ρ E ·V = ϵ0ρ (E1V1 + E3V3). (24)

For this, we can use Vinit and the values of p on the antenna, which will be made explicit
later. Then is the turn of Faraday’s equation:(

0,
∂B2

∂t
, 0
)
=

∂B
∂t

= −∇× E =

(
0,

∂E3

∂r
− ∂E1

∂z
, 0
)

, (25)

followed by Ampère’s law for the pseudocharge:(
∂E1

∂t
, 0,

∂E3

∂t

)
=

∂E
∂t

= c2 ∇× B− ρV

=

(
−c2 ∂B2

∂z
− ρV1, 0, c2

(∂B2

∂r
+

B2

r

)
− ρV3

)
. (26)

We proceed with Euler’s equation:(
∂(ρmV1)

∂t
, 0,

∂(ρmV3)

∂t

)
=

∂(ρmV)

∂t

= −(∇ ·V)(ρmV)− (V · ∇)(ρmV)− ϵ0ρ (E + V× B)− ∇p

= −
(

∂V1

∂r
+

V1

r
+

∂V3

∂z

)(
ρmV1, 0, ρmV3

)
−
(

V1
∂(ρmV1)

∂r
+ V3

∂(ρmV1)

∂z
, 0, V1

∂(ρmV3)

∂r
+ V3

∂(ρmV3)

∂z

)
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−ϵ0ρ
(

E1 −V3B2, 0, E3 + V1B2

)
−
(

∂p
∂r

, 0,
∂p
∂z

)
. (27)

Here, we used the continuity equation for ρm in order to write

∂(ρmV)

∂t
=

D(ρmV)

Dt
− (V · ∇)(ρmV) =

Dρm

Dt
V + ρm

DV
Dt
− (V · ∇)(ρmV)

=

(
∂ρm

∂t
+∇ · (ρm V)− ρm∇ ·V

)
V + ρm

DV
Dt
− (V · ∇)(ρmV)

= −(∇ ·V)(ρmV)− (V · ∇)(ρmV)− ϵ0ρ(E + V× B)−∇p. (28)

In this way, on the right-hand side, we get a relation for the unknown ρmV instead of
V. The reason for this choice lies in the fact that, in the ρmDV/Dt formulation, ρm can
be zero without V being zero, making the calculation of this latter vector impossible. If
we consider D(ρmV)/Dt instead, the quantity ρmV can vanish even if V ̸= 0, avoiding
divisions by zero. Thus, if |ρm| is sufficiently small, V is left unchanged. As a matter of
fact, free waves are characterized by having ρm = 0 and p = 0; however, V must not
vanish, since it satisfies |V| = c. Troubles of this type have also emerged in the study of the
scattering of electromagnetic waves in the presence of an obstacle [14,15], where the model
was slightly different from that considered here. Finally, before starting the cycle again, we
use the continuity equation for the mass

∂ρm

∂t
= −∇ · (ρm V) = −

(
∂(ρmV1)

∂r
+

ρmV1

r
+

∂(ρmV3)

∂z

)
. (29)

The new value of V is recovered by the division (ρmV)/ρm, provided these two terms are
not too small.

The next task is to propose the boundary constraints. The emitting device is going
to be the segment [−d/2, d/2] in the direction of the vertical axis. It has a very small gap
at the origin, and the two arms are supplied by two independent conducting wires. It is
customary to assume that the current I at the ends of the antenna is zero. For |z| > d/2,
the signal is supposed to be zero. The electromotive force turns out to be proportional to I
along the arms, and it depends on the resistance R of the supplying wires. It takes opposite
values near the origin, showing a discontinuity for z = 0. The electric field thus generated
is more intense in the small gap between the two conductors. Note that our device is not
infinitesimal. The following is the expression that we suggest for the vertical component
E3 of the electric field:

f (t, z) = sin(2πct/λ)
sin
(
π(d− 2|z|)/λ

)
sin(πd/λ)

, |z| ≤ d/2, t ≥ 0, (30)

where λ is the wavelength of the feeding signal and ν = c/λ is its frequency. This as-
sumption is rather standard [2]. The function f in (30) satisfies the one-dimensional
wave equation

∂ f
∂t

= −c sign(z)
∂ f
∂z

=⇒ ∂2 f
∂t2 = c2 ∂2 f

∂z2 , (31)

consistent with the assumption that the current in the conductor flows at the speed of
light. For feeding signals of the form (30), different values of the ratio λ/d correspond to
different operating regimes of the antenna. The case λ = 2d corresponds to the so-called
quarter-wave dipole, in which each arm has length d/2 = λ/4; this is the configuration
most commonly used in practice. The case λ = d is excluded because the denominator
in (30) vanishes. At this frequency, the second harmonic reflects back from the endpoints to
the feed point and the antenna does not radiate. Further cases of interest include λ = 2d/3,
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the third harmonic, and λ = 4d/5, which yields a pattern with marked directionality in the
z = 0 plane.

On the z-axis, the electric component E1 vanishes by axial symmetry. As far as B2

is concerned, more investigation is needed. Prescribing E3 as the feeding signal, and
simultaneously enforcing B2 = 0 on the arms, imposes both the incoming and the out-
going characteristic of the hyperbolic system, introducing inconsistency (see the obser-
vations in Section 7). We may therefore replace the condition B2 = 0 on the arms by the
impedance-type relation

B2 =
τ

c
E3, |z| ≤ d/2, r = 0, (32)

where τ is a dimensionless coefficient with |τ| < 1. The limit |τ| → 1 corresponds to perfect
matching to an outgoing cylindrical wave. The characteristic variable E3 − sgn(τ) c B2

vanishes on the boundary, and the wave leaves the antenna without reflection. The limit
τ = 0 recovers the classical perfect-electric-conductor condition B2 = 0, which is well
posed only in the presence of additional dissipative mechanisms that absorb the otherwise
reflected characteristic. Intermediate values 0 < |τ| < 1 represent a partially reflecting but
well-posed boundary, consistent with a conductor of finite surface impedance. The sign of
τ is fixed by the orientation of the reference frame so that (32) corresponds to an outgoing
rather than an incoming characteristic. From the standpoint of hyperbolic PDE theory,
the case |τ| ̸= 1 corresponds to a contact discontinuity [46]. These situations are classically
smeared by artificial viscosity, which resolves the discontinuity at the price of dissipation.

The velocity field is initialized with magnitude c at every point. Explicitly,

Vinit =



(
c r√

r2 + (z− d/2)2
, 0,

c (z− d/2)√
r2 + (z− d/2)2

)
, z > d/2,

(c, 0, 0), −d/2 ≤ z ≤ d/2,(
c r√

r2 + (z + d/2)2
, 0,

c (z + d/2)√
r2 + (z + d/2)2

)
, z < −d/2.

(33)

This is illustrated on the left-hand side of Figure 2. This initial guess is made based on
what is expected to be the displacement of the light rays. Later, the velocity field changes
periodically over time, without stabilizing, and a snapshot is visible on the right-hand side
of Figure 2.

The pseudocharge ρ = ∇ · E, defined in (23), is nonzero both inside the antenna arms,
where the current flows, and in the vacuum region surrounding them, where the field
configuration near the time-varying source cannot be divergence-free. Along the antenna
arms, the initial velocity field (33) takes the radial form V = (c, 0, 0), while the electric field
is purely axial, with E1 = 0 and E3 prescribed by the feeding signal (30). Consequently,
E ·V vanishes along the arms and, according to Equation (24), it is consistent to impose
p = 0. Slightly away from the arms, the orthogonality of E and V is partially broken, E ·V
is generally nonzero, and the pressure p evolves accordingly. The pressure-like potential
tracks the exchange between bound and radiating energy during the transient, and this
is the mechanism by which the extended framework accommodates the non-transversal
character of the field in the immediate neighborhood of the emitting structure.
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Figure 2. Initial velocity field Vinit defined in (33) (left) and velocity field V at t = 2 (right), following
the dynamics of the Euler equation.

As far as the pseudomass density is concerned, we assume that on the feeding antenna
is proportional to the absolute value of the pseudocharge density, namely,

ρm = Mq ϵ0 |ρ|. (34)

where Mq is a suitable constant (see the comments in Section 7) that has the dimensions of
mass divided by charge. A rough justification for this relationship is that, in the presence
of an accumulation of charges, a corresponding concentration of masses occurs in a pro-
portional manner. Note that ρ and ρm have a behavior described by the derivative of the
function in (30) and, therefore, exhibit a discontinuity at the antenna endpoints. Inside the
computational domain, the pseudomass evolves according to the conservation law (29),
while the relation (34) only prescribes the value injected at the source. The absolute value
|ρ| guarantees that ρm is non-negative, consistent with its interpretation as a mass-like
density. Similar constitutive relations were already considered in the framework of the
extended electromagnetic model developed in [31,32], where the pseudomass was related
to the pseudocharge through a proportionality constant. In the present work, however, the
relation is used exclusively to set up the boundary data.

The expected qualitative behavior can be summarized as follows: In the immediate
neighborhood of the arms, the electric and magnetic fields are not yet mutually in phase.
As we move from the arms, the electromagnetic energy released by the feeding signal is
partially stored in the pressure-like potential p. As the signal moves far away from the
antenna, p decreases, and the orthogonality of (E, B, V) is progressively restored. At this
point, the transient period is finished, and the fields approach a free-wave configuration
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in which the following relations are satisfied: p and ρm vanish, |V| → c, V aligns with
the Poynting vector, and |E| = |cB| as the impedance of free space requires. The length
of the antenna arms is a critical parameter in this process. For appropriate values of λ/d,
the geometric set-up ensures that the transient couples efficiently to the free-wave regime,
so that the signal detaches from the antenna and propagates outward; for values poorly
matched to the arm length, part of the energy remains bound to the structure, and the
radiation efficiency is reduced.

The initial boundary value problem defined in this section is solved numerically in
Section 6, which presents direct time-domain simulations of the full coupled system and
demonstrates, in particular, the transition from the near-field regime, in which p and ρm

are nonzero, to the free-wave regime characterizing the far field.

Numerical Scheme Adopted

The system (23)–(29) is discretized on a uniform two-dimensional grid in the cylindri-
cal coordinates (r, z). We implement the Lax–Wendroff scheme [47] for the electromagnetic
fields and an explicit upwind Euler method with artificial viscosity for the velocity part.
The computational domain is the rectangle [0, Rmax]× [−Zmax, Zmax] in the (r, z)-plane,
discretized with nr grid points in the radial direction and nz points in the axial direction:

ri = i ∆r, i = 0, . . . , nr − 1, zj = −Zmax + j ∆z, j = 0, . . . , nz − 1, (35)

with uniform spacings ∆r = Rmax/(nr − 1) and ∆z = 2Zmax/(nz − 1). The axis of sym-
metry r = 0 coincides with the first grid column. The computational domain is chosen
larger than the physical region of interest, so that a sponge layer technique (as explained
in Section 7) can be applied without affecting the simulation in the vicinity of the an-
tenna. This is done to avoid reverberation from the outflow boundary. The time step
is chosen according to the Courant–Friedrichs–Lewy condition for the two-dimensional
hyperbolic system

∆t = ν · ∆tmax, ∆tmax =
min(∆r, ∆z)

2
√

2 c
, (36)

where ν ∈ (0, 1] is a safety factor.
We first collect the three electromagnetic components into the vector U = (E1, B2, E3),

so that the system (23)–(26) takes the form

∂U
∂t

+ A
∂U
∂r

+ C
∂U
∂z

= P U, (37)

with coefficient matrices

A =

V1 0 0
0 0 −1

V3 −c2 0

, C =

0 c2 V1

1 0 0
0 0 V3

, P =

−V1/r 0 0
0 0 0

−V3/r c2/r 0

. (38)

The Lax–Wendroff update of (37) is constructed from a second-order Taylor expansion
in time, with spatial derivatives approximated by centered differences. Denoting by Un

i,j
the approximated solution at grid point (i, j) and time step n, and introducing the quantity
λ = ∆t/h with h = min(∆r, ∆z), the scheme reads

Un+1
i,j =

(
I − λ2 (A2 + C2)

)
Un

i,j + Lr[Un] + Lz[Un] + Lrz[Un] + S [Un], (39)

where the operators on the right-hand side are defined as

Lr[U] = 1
2 λ A (I + λA)Ui+1,j − 1

2 λ A (I − λA)Ui−1,j, (40)
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Lz[U] = 1
2 λ C (I + λC)Ui,j+1 − 1

2 λ C (I − λC)Ui,j−1, (41)

Lrz[U] =
λ2

8
(AC + CA)

(
Ui+1,j+1 + Ui−1,j−1 −Ui−1,j+1 −Ui+1,j−1

)
. (42)

The contribution, necessary to preserve second-order consistency in the presence of the P U
term in (37), is defined as

S [U] = ∆t
(

P + 1
2 ∆t P2)Ui,j − 1

4 λ ∆t (AP + PA) (Ui+1,j −Ui−1,j)

− 1
4 λ ∆t (CP + PC) (Ui,j+1 −Ui,j−1). (43)

Formula (39) is applied at all interior grid points 1 ≤ i ≤ nr − 2, 1 ≤ j ≤ nz − 2.
Here follows the description of the algorithm: The pressure potential is advanced by a

first-order explicit step applied directly to (24):

pn+1
i,j = pn

i,j + ∆t ϵ0 ρn
i,j
(
En

1 Vn
1 + En

3 Vn
3
)

i,j, (44)

where the pseudocharge is recomputed at each time step from the current electromagnetic
fields by finite-difference approximations of (23). The momentum equation is discretized
in conservative form using the variables

M1 = ρmV1, M3 = ρmV3, (45)

rather than the velocity components themselves. At each time step, the pseudomass is first
advanced through an explicit discretization of the continuity Equation (29), namely,

ρ n+1
m = ρ n

m − ∆t∇· (ρmV) n = ρ n
m − ∆t∇·M n, (46)

where M = (M1, 0, M3). On the antenna segment, the boundary condition (34) is imposed.
The momentum variables are subsequently advanced as follows:

Mn+1
1 = Mn

1 − ∆t (Dn
1 + Ln

1 + Gn
1 ),

Mn+1
3 = Mn

3 − ∆t (Dn
3 + Ln

3 + Gn
3 ),

where for k = 1, 3, Dn
k collects the advective contributions, discretized by first-order upwind

differences; Ln
k denotes the Lorentz forcing −ϵ0ρ(En +Vn ×Bn)k, evaluated pointwise; and

Gn
k represents the pressure-gradient contribution ∂k pn, discretized by centered differences.

Finally, the velocity field is recovered from

V n+1 =
M n+1

ρ n+1
m

, (47)

whenever
|ρ n+1

m | > ρtol,

where ρtol > 0 is a prescribed positivity threshold. At grid points where the pseudomass
falls below this threshold, the velocity field is left unchanged, in order to avoid division
by values close to zero. This situation naturally occurs in the free-wave regime, where the
pseudomass is zero while the velocity retains magnitude c.

There are two stabilization mechanisms applied during each time step. The first one is
the exponential sponge layer applied in the annular region:

{(r, z) :
√

r2 + z2 > Rsp},
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where Rsp > 0 is the sponge inner radius, as discussed in Section 7. The sponge suppresses
reflections at the computational boundary by absorbing outgoing waves in the outer layer
of cells. The second stabilization mechanism is a five-point isotropic diffusive filter. For the
electromagnetic fields, the last computed values Fn+1

i,j , with F = E1, B2, E3, are replaced by

Fn+1
i,j ← (1− α) Fn+1

i,j +
α

4
(

Fn+1
i+1,j + Fn+1

i−1,j + Fn+1
i,j+1 + Fn+1

i,j−1
)
, (48)

with α ∈ (0, 1). A similar diffusive regularization is also applied to the variables p, V1, V3,
with a possibly different diffusion parameter.

Boundary points are handled as follows: On the axis r = 0, Dirichlet boundary
conditions are imposed as specified in some paragraphs above. On the three outer
boundaries—right (i = nr), top (j = nz), and bottom (j = 1)—approximate characteristic
boundary corrections are applied to the electromagnetic subsystem. These corrections
are based on the characteristic structure associated with the propagation speeds V1 ± c
on the radial boundary and V3 ± c on the upper and lower boundaries. One-sided finite
differences are used in the normal direction.

6. Results
We show the results of an experiment employing the scheme described in Section 5.

The simulations were performed using the following parameters, which are intended to be
academic, without going into the engineering details of a real device. Of course, in the pres-
ence of realistic data, the experiment could be reproduced without major difficulties. The
speed of light, the antenna length, and the vacuum permittivity are normalized to c = 1,
d = 1, and ϵ0 = 1, respectively. The computational domain is [0, Rmax]× [−Zmax, Zmax],
with Rmax = 6 and Zmax = 6, and is discretized by nr = 121 and nz = 241 uni-
formly spaced grid points. This yields the mesh sizes ∆r = Rmax/(nr − 1) = 0.05 and
∆z = 2Zmax/(nz − 1) = 0.05. The time step satisfies the CFL condition

∆t = ν ∆tmax, ∆tmax =
min(∆r, ∆z)

2
√

2 c
,

with safety factor ν = 0.1, giving ∆t ≃ 1.77× 10−3. The simulations were carried out up to
the final time T = 5.

The pseudomass prescribed on the antenna satisfies ρm = Mq ϵ0 |ρ|. In the simulations,
the normalization Mq ϵ0 = 1 was adopted, so that the imposed boundary condition simply
became ρm = |ρ|. This choice is certainly unrealistic. In fact, we expect Mq ϵ0 to be very
small, given that the contribution of pseudomass should play a minimal role in evolution.
However, this allows us to better observe the dynamic behavior of the velocity field. The
threshold used for the recovery of the velocity field was ρtol = 10−1, so that the velocity
was updated only where |ρm| > ρtol.

Numerical stabilization was provided by two complementary mechanisms. The elec-
tromagnetic fields were regularized through the five-point diffusive filter described in
Section 5 using the diffusion coefficient αEM = 0.10, whereas the variables (p, V1, V3) were
regularized by an explicit Laplacian diffusion step with αmech = 0.05. Finally, outgoing
waves were absorbed by an exponential sponge layer occupying the outer nsponge = 8 grid
cells, corresponding to Rsp = Rmax − nsponge∆r, with damping coefficient σmax = 8/∆t.

In Figure 3, we give some snapshots of the evolution of the electric field. Remember
that the source is not pointwise. The signal actually emerges by following the contours of
the antenna. The evolution at a certain distance coincides with what is expected from a
spherical wave, and this concerns both the electric and magnetic fields to the same extent.
It is important to note that what is shown is not only the behavior of the periodic regime
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but also includes a transient period in which the wave tends to settle. In fact, the device
is not powered at the beginning. Consequently, both the electric and magnetic fields are
initially zero. In this simulation, we chose τ = 0 in (32), so B continued to remain zero at
the boundary and, therefore, out of phase with respect to the E there. Miraculously, the
fields found themselves in phase a short distance from the emitter, exactly reproducing the
behavior of a free wave. We can realize this property by examining the one-dimensional
graphs of Figure 4, where the electric and magnetic fields on the axis z = 0 are reported. As
can clearly be seen, E and B are completely out of phase near the origin, but they quickly
find a perfect harmony as they move away. As expected, their intensity damps with the
distance. To evidentiate this behavior, we also plotted in Figure 4 the quantity |E + V× B|,
which is equivalent to

∣∣∣|E| − |cB|
∣∣∣ when E ·V = 0 and |V| = c. This tends to decay far

from the source, confirming that the wave is actually transverse and follows the rules of
geometrical optics.

Figure 3. Snapshots of the electric field magnitude |E| superimposed on the arrow plots (E1, E3), at
times t = 0.66, 1.33, 2.0, 2.66, 3.33, 4.0.
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Figure 4. One-dimensional sections of the fields at z = 0 for times t = 0.66, 1.33, 2.0, 2.66, 3.33, 4.0. We
can see the intensity of the vertical component of the electric field E3 (blue graph) and that of −B2

(red graph; the sign has been switched to emphasize the fact that the electric and magnetic fields
assume the same phase at a distance from the source). Moreover, we report the quantity |E + V× B|
(black dashed line). In the initial moments, at the the far right, this last quantity is exactly zero, since
the wave has not yet reached the final point. Later, it becomes different from zero, albeit remaining
rather small. By enlarging the computational domain, we expect the phasing to be completed at
some distance.

Figure 5 shows the distributions of the pseudocharge ρ (left), the pseudomass ρm

(center), and the pressure field p (right) at time t = 4. Both ρm and p are only relevant in the
neighborhood of the antenna, where they are meaningful in the near- to far-field transition
process. The pseudocharge ρ takes positive and negative values with zero average (see the
reinterpretation of the Gauss theorem given in (49)). From the theoretical viewpoint, it is
never equal to zero, but the magnitude decreases as 1/r2, so it can actually be confused
with a free-divergence Maxwellian wave. In this regime, the entire set of equations becomes
linear and reflects the behavior of standard electrodynamics. This confirms once again
that what is proposed here is an extension of the usual model that is not in conflict with
already-known notions.

Finally, we can say something about the behavior of the velocity field (see also Figure 2).
This does not stabilize at a constant displacement but continues to oscillate slightly in a
neighborhood of the antenna, following the periodicity of the signal. This behavior is more
or less evident depending on how the various parameters are set. At a distance from the
source, where ρm and p are zero, V is not modified, thus indicating the direction of the rays
of a spherical wave that propagates respecting Huygens’ principle.
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Figure 5. Distribution of the pseudocharge ρ (left), the pseudomass ρm (center), and the pressure p
(right) at time t = 4. The last two quantities are confined in a neighborhood of the antenna and are
practically zero away from the source, indicating the transition from the near-field dynamics to the
free-wave regime.

Further numerical data are not significant for the validation of the model, as they are
strictly linked to the numerical techniques used. By its construction, the model ensures
the conservation of energy and pseudocharge; however, the choice of the discretization
parameters h, ∆t, and the parameters related to artificial diffusion does not allow a perfect
preservation of these quantities. As reiterated several times in this article, the choice of the
numerical method is marginal. We are not, in fact, proposing a specific technique for a
given problem; we simply chose one of the most popular ones to verify the capabilities of
the physical model. Other experiments, not reported here, where the frequency is varied
with respect to the length of the dipole, confirm what is already known about the behavior
of radio signal emission. On the other hand, the purpose of this paper is not to provide
a broad case history but to give the preliminary basis for more serious simulations to be
carried out in the future on known, or less known, devices.

7. Further Remarks
In Section 2, we introduced the extended system (2)–(4) recovered from conserva-

tion arguments. The scalar ρ = ∇ · E acquires the role of a charge-like density, called
pseudocharge. The auxiliary velocity field V is understood as the local carrier of electro-
magnetic information, ρm is identified with a sort of mass-like density, and the scalar p
tracks the exchange between bound and radiating energy during transients. In the classical
formulation (13), the scalar ∇ · E vanishes in every source-free region, and the presence of
any nonzero divergence of the electric field is unambiguously associated with a physical
charge distribution. The extended system (2)–(4) relaxes this identification: the quantity ρ

defined in (1) may be locally nonzero in regions where no real charges are present, with
its evolution governed by the conservation law (5) and its effect on the electromagnetic
fields entering through the ρV term in (2). Actually, the quantity ρV plays the role of an
effective current density in the Ampère equation. The three elementary configurations of
Figure 1 illustrate why the extended formulation is a natural rather than exceptional feature
of electromagnetic radiation. In each of these three cases, a direct calculation shows that no
choice of the electromagnetic fields satisfies ∇ · E = 0 in the source-free region. Conversely,
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each admits a solution of the extended system (2)–(4) in which ρ is locally nonzero but
globally neutral, as made precise below.

A simple Gauss-type result states that the pseudocharge integrates to zero over the
transverse support of a free wave. This result is consistent with the empirical content of
Gauss’s law at the macroscopic level. We check it here in the case of the spherical wave. A
direct computation of ρ = ∇ · E from the field expression (19) yields the following for any
f and any g:

ρ =
1

r2 sin θ

∂

∂θ

(
f (θ) sin θ

)
g(ct− r).

Using r2 sin θ as the Jacobian in spherical coordinates (r, θ, ϕ), the volume integral
factorizes as ∫

Ω
ρ dV = 2π

∫
I

(∫ π

0

∂

∂θ

(
f (θ) sin θ

)
dθ

)
g(ct− r) dr = 0, (49)

for any time t, where Ω = I × [0, π]× [0, 2π] and I is any interval in the radial direction.
The inner integral evaluates to

[
f (θ) sin θ

]π

0 = 0, regardless of f , which proves the claim.
The result has a direct physical reading. A localized free-wave packet may carry nonzero
charge-like density at every point of its support, but the total density enclosed in any
spherical shell vanishes. The role of the pseudocharge is to allow the local configuration of
the fields some additional flexibility compared with a totally free-divergence constraint.

The auxiliary field V is interpreted as the local carrier of electromagnetic information:
at each point, it indicates the direction along which the signal is propagating. For free
waves, one finds that |V| = c holds pointwise and V aligns with the Poynting vector E×B.
Outside the free-wave regime, when ρm or p is nonzero, V is not requested to preserve the
magnitude or remain aligned with the Poynting vector. Its evolution is governed by the
Euler-type equation in (3), coupled to the electromagnetic fields through the Lorentz-type
forcing ϵ0ρ(E + V× B). The distinction between the electromagnetic information and the
carrier that transports it is a structural feature of the model: it is the velocity field that carries
the optics content, while the electromagnetic fields E and B record the physical observable.

The scalar ρm plays a role analogous to that of a fluid mass density in classical contin-
uum mechanics. In principle, ρm may also be locally nonzero in regions where no material
carriers are present. In the applications, the continuity equation has been replaced by a
direct constitutive relation between ρm and ρ, namely, ρm = Mqϵ0 |ρ|. This setting is a
constitutive choice, motivated by some considerations: First, the absolute value in (34)
guarantees the positivity of ρm, consistent with its interpretation as a mass density. Second,
this form of closure is continuous with the identification proposed in [31,32] between ρm

and the rest-mass density of elementary charged particles in the subatomic regime. In that
context, the coefficient Mq is identified with the ratio between the electron rest mass and
the unitary elementary charge, which makes Mqϵ0 extremely small. In the antenna regime
considered in the present paper, the parameter Mq is treated as a free modeling coefficient,
and the equality ρm = Mq ϵ0 |ρ| is only imposed at the boundary.

More generally, the coefficients of the model (such as the ratio λ/d between wavelength
and antenna length, the reflection parameter τ, and the coefficient Mq, as well as the
relative permittivity ϵr, the relative magnetic permeability µr, the internal resistance of
the conducting wires, etc.) can be freely chosen, so that the framework is not tied to
a specific device but describes a whole class of dipole configurations. For this reason,
the simulations are reported in normalized units. In fact, the aim here is to establish the
model, not to design a particular antenna. We have checked (and the experiments are not
reported here for simplicity) that when the frequency is not matched to the antenna length,
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all of the familiar behaviors of the classical dipole appear, including radiation efficiency
and directivity. A complete case study, reporting engineering figures of merit, is a natural
application of the framework but is outside of the scope of the present work. This generality
is not limited to varying the parameters of a single dipole. Being formulated at the level
of the governing equations, the model can be addressed to the study of other radiating
structures. In principle, even antenna arrays, for example, can be accommodated through
an appropriate specification of the source and boundary data.

The scalar p evolves through (4) with a source ϵ0 ρ E ·V. In a free-wave regime, the
orthogonality of the triplet (E, B, V) ensures that E ·V = 0. Setting p = 0 in such a regime is
therefore consistent with the equations. Outside the free-wave regime, E ·V may be nonzero,
and p evolves as a scalar potential tracking the local exchange between electromagnetic and
mechanical energy. Two situations in which this exchange is physically significant deserve
mention: The first is the near-field region of an emitting antenna, in which the electromag-
netic fields are still bound to the feeding geometry, and the orthogonality of (E, B, V) is
broken. The scalar p is nonzero there. The second is the exterior of a time-varying charge
distribution whose emission is purely longitudinal (the third configuration in Figure 1).
Radiation pressure [48,49] and related phenomena, in which electromagnetic energy is con-
verted into mechanical energy upon interaction with matter, are naturally accommodated
within this framework. In terms of energy, the extended formulation suggests a natural
scalar combination of electromagnetic, kinetic, and potential contributions:

T = ρm c2 − 1
2 ϵ0
(
|E|2 + c2|B|2

)
− p. (50)

In a pure free-wave regime, where ρm = 0 and p = 0, T reduces to the (minus) classical
electromagnetic energy density E .

The boundary condition B2 = (τ/c) E3 adopted in Section 5 is closely related to
a body of classical work on the electromagnetic boundary conditions at conductor sur-
faces. The question has received a systematic treatment in the engineering and applied
physics literature. Maxwell himself (pp. 161–175, 281–512, [38]) and ref. [39] provided
some foundational results. Heaviside [37] extended this framework through an analy-
sis of the energy current along a conductor. J. J. Thomson [50], examined moving fields
at conductor surfaces in detail. A quantitative treatment of the boundary condition on
a conductor of finite conductivity at fixed frequency was developed in the 1940s. The
Shchukin–Leontovich impedance boundary condition was introduced in [51]. The under-
lying asymptotic derivation, based on the smallness of the skin depth compared to the
surface radius of curvature, appeared earlier in [52]. A comprehensive modern treatment
covering the full hierarchy of approximate boundary conditions, together with rigorous
error estimates, is given in [53]. The Shchukin–Leontovich condition is also discussed in the
standard textbook treatment of macroscopic electrodynamics [54]. Other related references
are [55–59]. The impedance-type boundary condition (32) used in the present paper falls
within the Shchukin–Leontovich surface impedance tradition. Here, the condition is formu-
lated directly in the time domain, with a real constant τ rather than a frequency-dependent
complex impedance.

Since a numerical solver must work on a bounded computational domain, the trunca-
tion of the physical domain to a finite box introduces the possibility of spurious reflections
at the artificial boundary that propagate back toward the antenna and contaminate the so-
lution in the “region of interest”. This difficulty is addressed here through the combination
of two strategies: an enlarged computational domain, and an absorbing layer, the sponge,
applied in the outer portion of the computational domain, which damps outgoing signals
before they reach the farther boundary. Thus, the actual computational domain on which
the numerical scheme operates is chosen strictly larger than the region of interest. Inside the
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sponge region {
√

r2 + z2 > Rsp}, where Rsp is given, each field is damped multiplicatively
at every time step:

Fn+1
i,j ← Fn+1

i,j exp
(
−σ(ri, zj)∆t

)
, σ(r, z) = σmax

(√
r2 + z2 − Rsp

Rdom − Rsp

)2

, (51)

where Rdom =
√

R2
max + Z2

max and σmax is a given coefficient. A wave entering the sponge
experiences a gradually increasing absorption rather than a sudden step. The sponge
layer is closely related to the absorbing-layer strategies widely used in computational
electromagnetics and fluid dynamics [60–62].

8. Conclusions
The dipole antenna, despite its long history, still poses modeling challenges in the

near-field region, where a bound signal detaches from the conductor and becomes a freely
propagating wave. The vacuum Maxwell–Heaviside system supplies too few configura-
tions to describe this transient, since exact outgoing waves compatible with geometrical
optics need not to satisfy ∇ · E = 0. We have addressed this by extending the model
with an auxiliary velocity field V, a pseudocharge ρ = ∇ · E, a pseudomass ρm, and a
pressure-like potential p, so that the outgoing signal is treated as an electromagnetic fluid
carrying a charge-like density. In the far field, the extended system (2)–(4) reduces to an
exact family of spherical free-wave solutions obeying the rules of geometrical optics, as
presented in Section 4. The near-to-far transition acquires a concrete dynamical description:
the pressure-like potential p tracks the conversion between bound and radiating energy
and vanishes once the wave propagates freely.

A distinctive feature of the approach is that the nonlinear system is integrated directly
in time, without solving wave equations or computing eigenfunctions. The divergence
and charge-conservation conditions are respected by construction rather than imposed as
external constraints that the evolution may subsequently violate. Eigenfunction expan-
sions, such as the one leading to the Hertz solutions (16), satisfy the vanishing-divergence
conditions in vacuum but are poorly suited to the region close to the antenna, where ∇ · E
cannot be expected to vanish.

From a physical standpoint, a large amount of energy is generated almost pointwise
in the small gap between the two arms, and it remains bound to the conductor until the
signal is completely released. The arm length governs how cleanly this detachment occurs.
The potential p enforces the conservation of total energy (see (50)): it is nonzero during
the transition, when B is still developing and out of phase with respect to E, and vanishes
once the wave carries all of its energy freely. Upon impact with a physical body, such a
wave can perform work by converting part of its electromagnetic energy into mechanical
energy, which lays a foundation for relating electrodynamics to Newtonian forces, albeit
through possibly very small conversion factors [15,48]. One of the most important features
is that the device is initially turned off and is successively activated by a signal. This means
that both the time transient and asymptotic periodic behavior of the generated wave are
simulated, and this represents an improvement over the most commonly used approaches.

The framework has been illustrated on a standard dipole antenna through direct
time-domain simulation of the full coupled system, suggesting a unified analytical and
computational pathway for antenna modeling.
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