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Abstract

We consider the Lorentz force equation

4 (L) =q(E(t,x)+ix B(t,x)), xeR3,

dt \ /1= x2/c?

in the physically relevant case of a singular electric field E. Assuming that E and B are T -periodic in time
and satisfy suitable further conditions, we prove the existence of infinitely many 7 -periodic solutions. The
proof is based on a min-max principle of Lusternik-Schnirelmann type, in the framework of non-smooth
critical point theory. Applications are given to the problem of the motion of a charged particle under the
action of a Liénard-Wiechert potential and to the relativistic forced Kepler problem.
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1. Introduction

According to the principles of electrodynamics [17], the motion of a slowly accelerated
charged particle under the influence of an electromagnetic field is ruled by the Lorentz force
equation

d mx . 3
E<T|2/02>:q(E(t,x)+x><B(t,x)), x eR’, (1.1)

where m is the mass of the particle, ¢ is its charge and c is the speed of light; moreover, the
electric and magnetic fields £ and B are provided by the potentials V and A via the usual
relations

E(t,x)=—V,V(t,x) — A(t,x),  B(t,x)=curl A, x). (1.2)

As well known (see, for instance, [13]) equation (1.1) is formally the Euler-Lagrange equation
of the action functional

T T
2 % (1)]2 X
mc- | 1—,/1— 2 dt+ | g(=V(t,x@)+ A(t,x(t)) - x(¢)) dt.
0 0

In spite of this, and probably due to the lack of smoothness of the kinetic part of the above
functional, a systematic investigation of equation (1.1) with the tools of critical point theory has
been initiated only very recently. More precisely, in [3,4] a rigorous variational formulation in the
space W1 is introduced, allowing for the use of non-smooth critical point theory in the version
developed by Skulzkin [22], and, as a consequence, several existence and multiplicity results are
given for solutions of equation (1.1) with either Dirichlet or periodic boundary conditions (see
also [14,15] for the use of topological techniques). However, in both the papers the physically
relevant case of singular electric and magnetic fields is not taken into account.

The aim of the present paper is to provide a contribution in this direction. To this end, we take
advantage of a recent research [8] dealing with the equation

4 (L) = -V, V(t,x), xeR? (1.3)

dt \ /1 — &/

which is a version of (1.1) in the plane with A =0 and ¢ = 1. More precisely, in [8] equation (1.3)
with a singular potential V given by V (¢, x) = —a/|x| — U(¢, x) (with o > 0), is considered,
namely

d mi L VUG x) e R? (1.4)
— ] =—a— X)), X . .
di \ /1 []2/2 7

Let us point out that the motivation given in [8] for the above equation was not coming from
electrodynamics, but rather from relativistic celestial mechanics: indeed, equation (1.4) is inter-
preted as a simple model, in special relativity, for the motion of a particle in a forced Kepler
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potential (see, for instance, [2,9] as well as the references in [7]). Of course, however, this can be
of interest also in the context of electromagnetism and, actually, this interpretation is even more
natural, since a rigorous treatment of the theory of gravitation should require the framework of
general relativity: we refer to [16, Problem 34.3] for an interesting discussion and comparison
about Kepler and Coulomb problems from the relativistic point of view.

By using minimization and min-max arguments in the framework of non-smooth critical point
theory, it is proved in [8] that, for any external perturbation U, non singular and T -periodic in
time, equation (1.4) has infinitely many T -periodic solutions and, in particular, at least two T -
periodic solutions of winding number k around the origin, for any integer k£ # 0. Of course, such
aresult deeply relies on the presence of the singularity x = 0 for the potential V, which produces
anon-trivial topology for the domain of the action functional: the set of 7T'-periodic paths winding
k times around the origin is nothing but a connected component of the domain, and each of them
(but the one with k = 0) carries at least two periodic solutions of (1.4). Let us emphasize the
universal character of this result, meaning that no assumptions on U (besides its smoothness) are
needed: this is ultimately a consequence of the fact that a periodic path x winding around the
origin with bounded velocity (since |x| < ¢) is a priori-bounded.

In this paper, we provide a sort of generalization of the result in [8] applying to the Lorentz
force equation (1.1). More precisely, we assume g > 0 and we consider an electrostatic potential
V < 0 defined in a set 2 of the form

Q={(t,x)eRxR>: x#r;(t),¥j=1,...,N}, (1.5)

where the functions rq,...,ry : R — R3 are T -periodic (for some T > 0), of class C I with
I7i lloo < c and such that r;(¢) # r;(t) for every t € [0, T] and i # j. Moreover, we assume that
V has a Keplerian blow-up at the boundary of 2 (cf. assumption (V) in Section 3) and that the
magnetic potential A satisfies the global condition

/

|A(t, x)| 5—%V(t,x), V(t,x) €, (1.6)

for some «’ € (0, 1). Under these conditions, if both A, V and their derivatives tend to zero at
infinity, we prove that (1.1) has infinitely many T -periodic solutions (cf. Theorem 3.1).

Let us point out that the structure of the singularities of V, described via the set €2, is modeled
on the relevant case of Liénard-Wiechert potentials (cf. [17, §14.1] and Section 4), corresponding
to the motion of a charged particle under the effect of N moving charged particles g1, ..., gn.
In this situation, the functions rq,...ry are the motions laws of the particles generating the
potentials and V and A are given by

N

c dmweg 1 —ni(ti,x) - Bi(t) |x —ri(t)|’

Vit x) = qi 1 1 ﬂ-(z)—m (x) = x —ri(t)
T ey T— i, %) - Bi(w) Ix — ()] = =T o
and
N
A([,X)ZZ,B:'([[) qgi 1 1
i=1
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where t; =1;(t, x) is the so-called retarded time (see (4.2) in Section 4). In particular, let us notice
that condition (1.6) is satisfied since || ||cc < ¢, foreveryi=1,..., N.

As a second application of our main result, going back to the relativistic celestial mechanics
framework, we can prove the existence of infinitely many 7'-periodic solutions for the relativistic
forced Kepler problem in the space

+ VXU(I5 x)’

d mx X RS
— ) =—a— X s
dt \ /1 —|x12/c2 |x|?

when U > 0 and U — 0 for |x| — +00 together with its gradient (cf. Theorem 4.2 in Section 4).
In particular, this provides a partial generalization of the result given in [8] for the planar case
mentioned above.

For the proof of Theorem 3.1 we use a variational approach, combining arguments from both
[3,4] and [8]. More precisely, we consider the functional 1 : W}’OO — (—00, +00] defined as

T T

I _ 2 |X(t)|2 .
xX)=fme|1—/1-— 2 dt+ [ g(=V(t,x(@))+ A, x(t)) - x(¢)) dt,

0 0

whenever x belongs to the subset A C W;’OO of paths without collisions (that is, (¢, x(¢)) € Q
for every t € [0, T'], where Q2 is as in (1.5)) and ||X| 0 < ¢, and extended to +oco otherwise. This
functional satisfies the structural assumption of Skulzin non-smooth critical point theory and its
critical points give rise to 7-periodic solutions of equation (1.1); moreover, it is well-behaved
near collisions, in the sense that if x,, approaches the boundary of A, then I (x,) — +00. These
properties can be proved by using arguments already developed in [3,4,8] and are collected in
Lemma 3.4.

On the other hand, however, due to the three-dimensional setting, the approach of [8] based
on the winding number cannot be used and a different strategy to achieve both existence and
multiplicity has to be developed. In particular, inspired by classical results available in the setting
of classical mechanics [1], we detect periodic solutions via a min-max principle of Lusternik-
Schnirelmann type. For this, two main issues have to be faced. On one hand, we prove that
the functional / satisfies a weak form of the Palais-Smale condition at any level ¢ > inf/ =0,
cf. Lemma 3.5. On the other hand, we show that the proper domain of the action functional /
contains compact subsets of arbitrarily large category, allowing us to define the min-max levels

c¢j= inf sup/(x), jeN,

AeFjxeA

where F; is the family of compact subsets of the domain of / having category at least j, cf.
Lemma 3.6; moreover, ¢; > 0 for any j > 3, cf. Lemma 3.7. Then, taking advantage of the gen-
eral min-max principle for non-smooth functionals proved in [8] (cf. Theorem 2.5 in Section 2),
we can prove that for j > 3 the number c; is a critical level for the action functional. This would
ensure the existence of infinitely many periodic solutions to equation (1.1) provided a sequence
of distinct critical levels c¢; exists, a fact which however seems hard to be established in general.
Thus, adapting the arguments in the proof of [4, Th. 1] we prove that whenever two critical levels
coincide, the corresponding critical level carries infinitely many critical points. From this, we
deduce that the functional / has infinitely many critical points.
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To the best of our knowledge, a technique of this type seems to be completely new in a
non-smooth setting and we think that the general Lusternik-Schnirelmann min-max principle we
introduce can be of independent interested.

After the preprint of this paper was published on arXiv, two related investigations about the
use of variational methods for the Lorentz force equation with a singular Coulombian potential
appeared. The first one is the paper [5], where the existence of at least one periodic solution is
proved using a non-smooth mountain pass theorem; the second one is the preprint [6], finding
infinitely many periodic solutions via a Lusternik-Schnirelmann principle as in our paper. Differ-
ently from [5,6], we allow multiple singularities which are also moving and affect the magnetic
field, too, as in the paradigmatic case of Liénard-Wiechert potentials.

The plan of the paper is the following. In Section 2, we describe the abstract variational
setting and we provide the non-smooth min-max principle of Lusternik-Schnirelmann type (The-
orem 2.6). In Section 3 we state and prove our main result (Theorem 3.1). Finally, in Section 4
we provide the above mentioned applications: the motion of a charged particle under the influ-
ence of periodic Liénard-Wiechert potentials (Theorem 4.1) and the perturbed relativistic Kepler
problem (Theorem 4.2).

2. An abstract result
In this section, we present a result on the existence of infinitely many critical points for non-
smooth functionals with singularities. More precisely, as in [8] we are concerned with functionals
of the form described in the following assumption.
Assumption 2.1. [ : X — (—o00, +00] is a functional which can be decomposed as
1) =¢(x)+Px), VxeX,
where, denoting by Dy ={x € X : ¥ (x) < +oo} and Dgp ={x € X : P(x) < +00},
1. Dy isopenin X and D; = Dy N Do # U;
2. ¥ : X -> RU {400} is convex and lower semi-continuous; moreover, i is continuous on
any nonempty compact set A C X such that sup 4 v is finite;
3. &: X - R U {400} is locally Lipschitz continuous in Dg, i.e. every x € D¢ has a neigh-
borhood in which @ is Lipschitz continuous;
4. for any sequence {x,} in D; such that dist(x,, d Dp) — O, it holds that 7 (x,)) — +o0.
We now recall some basic definitions from [20, §3.2].
Definition 2.2. Let / : X — (—00, 400] satisfy Assumption 2.1.
1. A point x € Dy is a critical point of I if

Oz —x)+ ¥ (@) —¥(x) >0, VzeX,

where

O(w +tu) — P(w)

CDO(x; u) = limsup ;

w—x,t—0F
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2. A Palais-Smale (abbreviated PS-) sequence for I at level c is a sequence {x,} in X such that
I(x;) = cand

D0 (xn; 2 — X)) + ¥ (@) — ¥ () = —€nllz—xall, VneN, zeX, (2.1)
for some sequence €, — 0.
Remark 2.3. The functional ® in Section 3 is actually of class C in its domain D¢ and, thus,
@0 (x; u) = dd(x)[u].

We decided to present this more abstract section in the setting of nonsmooth calculus since, on
one hand, the assumption ® € C'(Dg) does not really simplify the argument and, on the other,
locally Lipschitz functionals immediately appear as soon as one considers some truncation of a
C! functional.

We also need to consider the following weak form of the Palais-Smale condition, as introduced
in [3].

Definition 2.4. Let / : X — (—o00, 400] satisfy Assumption 2.1 and assume that there exists
a Banach space Y such that X C Y with continuous embedding. The functional 7 is said to
satisfy the weak Palais-Smale condition at level c if for every PS-sequence {x,} in X such that
I(x,) — c, there exist x € X and a subsequence {x;,,} such that x is a critical point of I with
I(x) =c and x,, — x in the Y-topology.

The existence of infinitely many critical points for a functional of the form 7 is obtained using
a general non-smooth min-max principle, together with the Lusternik-Schnirelmann category.
For the readers convenience, we recall here the definition and basic properties of the category
(cf. [1]) and the min-max principle we use (established in [8] as a generalization of [18, Theo-
rem 3.1]).

Given M C X, the category of A C M relative to M, denoted by caty (A, M) is the least
integer k, if it exists, such that

ACAIU...UAg,

where A; C M is closed and contractible in M, for every i =1, ..., k. The category is infinite if
such a least integer does not exist. The category satisfies the following properties, which will be
used in many situations:

(P1) if AC B C M, then caty (A, M) <caty(B, M);

(P2) if AC M C N, thencatx(A, N) <catx(A, M);

(P3) if A, BC M, thencatx(AU B, M) <catx(A, M)+ catxy(B, M);

(P4) if A C M isclosed and ¢ € C(A, M) is a deformation (i.e. it is homotopic to the inclusion
tga:A— M), then caty (A, M) <caty(¢(A), M).

Theorem 2.5. [8, Th. 2.4] Let I = + ® be a functional satisfying Assumption 2.1, let B be a
closed set in X and F be a family of compact sets in X such that:
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(1) F is homotopy stable with extended boundary B, that is, for each A € F and each continu-
ous deformation n € CO([O, 11 x X, X) such that

n(t,x)=x, V(t,x)e ({0} xX)U(o0,1]x B), and n([0,1] x A) C Do,
one has that n({1} x A) € F;

(2) c:=infpeFsup,cq I (x) < 4o00;
(3) there exists a closed set F in X such that

(ANF)\B#§, VAeF. and  supl<infl.
B

Then, for any sequence {A,} in F such that lim,_, oo sup, I = c, there exists a PS-sequence
{x,} C X at level ¢ such that dist(x,, A,) — 0. If moreover infr I = c, then also dist(x,, F) —
0.

We are now in a position to state our result. For every integer j € N, let us define

Fj={A C Dg : A compact, caty(A, Do) > j}. 2.2)
Moreover, let
ci= inf supI(x), 2.3)
! AeFj xeA

for every j € N such that F; is not-empty. Then, we are able to prove the following result.

Theorem 2.6. Let [ = + ® be a functional satisfying Assumption 2.1 and the weak Palais-
Smale condition at each level ¢ > infI. Moreover, let us assume that there exists jo € N such
that

(i) F; #0, forevery j = jo

(ii) ¢j < o0 forevery j = jo

(iii) cj, > inf1.

Then, the functional 1 has infinitely many critical points. More precisely:

(al) c; is a critical level of 1, for every j > jo

(a2) whenever cj, = cj, for some jp > j1 = jo, then the functional I has infinitely many critical
points at level cj,.

Proof. (al) Let us fix j > jo. We claim that the assumptions of Theorem 2.5 with B =0, F =

X and F = F; are satisfied. Indeed, assumption (1) is a consequence of property (P4) of the

category. Moreover, assumption (2) is guaranteed by (ii) and assumption (3) is trivially fulfilled
since

(ANF)\B=A+#0, VAeF,
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and

B=¢ — supl=—oc.
B

Hence, we can apply Theorem 2.5 to obtain the existence of a PS-sequence at the level ¢; > ¢, >
infI. Since [ satisfies the weak Palais-Smale condition at levels greater than inf/, we deduce
that there exists a critical point at level c;.

(a2) The argument here follows closely the one in [4, Theorem 1], with three main changes. The
first one is that our functional & is singular and locally Lipschitz continuous, instead of being
even and in C'(X). The second is that we use the Lusternik-Schnirelmann category instead of
the Krasnoselskii genus, a fact which is, however, linked to the first difference. Finally, we use
item 2 in Assumption 2.1, which is weaker than the continuity of ¥ on its proper domain Dy,
required in [4].

Concerning the weak PS-condition, we denote | - ||y the norm in Y (see Definition 2.4) and
we set By(x,r) ={u € X : |lu — x|y < r} which is open in X also w.r.t. the stronger topology
induced by || - ||

By contradiction, let us assume that / has only n € N critical points at level ¢ :=¢;, =cj,,

which we label x1, ..., x,, and let » > 0 be such that the sets By (x,,, 2r) are pairwise disjoint
and contained in D¢ (the closure is taken w.r.t. the norm || - | of X, if not otherwise specified).
We define

Np:BY(xlvp)U”.UBY('xl’lsp)v VIO>07

and observe that, arguing by contradiction and using the weak PS-condition, there exists € €
(0, %) such that, foreach x € I '([c — €, c + €]) \ N,, there is &, # x such that

Y(E) — Y () + °(x, & —x) < —ellE —x]. (2.4)

Let A € F, be chosen in such a way that

supl <c+e.
A

In particular, A C Dy and sup, I = max4 I since ¥ is bounded on A and, thus, continuous in A
by Assumption 2.1. The set B = A \ N, is compactin X and B € Fj,, since

n
J1 < j» <catx(A, Do) < catx(B, Do) + caty (U By (xp, 2r), D<b> =caty(B,Dg) +1

m=1

by (P3). As a consequence we have

c<max/] <max/l <c+e.
B A

We apply Ekeland variational principle (see also [4, Lemma 1(iii)]), to the map IT: F; —
]—, 00 + o] such that IT(A) = sup, 1, since Fj; is complete w.r.t. the Hausdorff metric
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dy(A, B) = max{supdist(a, B); supdist(b, A)}
acA beB

and IT is lower semi-continuous w.r.t. the same metric. Then, we obtain C € F, such that

max / <max/
C B

dg(B,C) <+ e <r (2.5)
suplzmgxl—ﬁdﬁ(c, D), VDeFj.
D

In particular, C N N, =@ and the set S = {x € C : ¢ — € < I (x)} is contained in I Y ([c—e€,c+
€]) \ N, and is compact in X.
Since the mapping

(x1,22) > ¢ (Ex) — P (x1) + D (x2: & — x2) + Vell&r — x1|

is upper semi-continuous in X x D¢ (by [10, Proposition 2.1.1]) and negative for x; = x, = x €
S by (2.4), for each x € S there is a positive §, < ||, — x|| such that Bx(x, 8,) C D¢ and

$ED) — )+ D0 (x +hi & —u) < —ell& —ull, VueBx(x,8), he Bx(0,8,).

Since S is compact, there exist yi,...,y, € S such that S C By U --- U By, where By =
Bx (yr,8y,), 1 <k < £. We observe that &, ¢ By, by construction, and, thus, we can fix some
positive § < min{d¢ /2, &y, , dist(§y,, By NC):1<k<{), where 8¢ := min{dist(x, dDg) : x €
c} > 0since C C Dg by (2.5).

Let us denote by n, nr : C — [0, 1] (1 < k < £) continuous functions such that

dist(x, C \ By)

1 if1I - ifxeB,NC
(x) = 1 x) ¢ and i (x) = Zi:l dist(x, C'\ By)
0 ifI(x)<c—¢

0 if x € C\ By

so that Zi:l Ny = 1 on §. Let us consider the function g : [0, 1] x C — X defined by

Nk (x)
€y, — x|

¢
t8n(x)2 ﬂk() x+t8n(x)27nk(j) &y
< ey — 2 gy, — 2]

B, x) =i (x) :=x +t8n(X)Z €y, — X)

which is continuous and satisfies || 8;(x) —x|| <8 < é¢ for all (¢, x) € [0, 1] x C by construction.
As a consequence f; is a deformation of C in D¢ (observe that By is the identity on C) and
D = B1(C) belongs to Fj, by property (P4).
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From the estimate

4 4
Nk (x) Nk (x)
1) _— 1
’"(X)Zusyk—xn Do Aera P DU

k=1 k=1

we deduce that B;(x) is a convex combination of x, &y, ..., &y, and, hence,

V(i) < [1 —r6n<x>Z e ”} e +t8n(x)z ).
Yk k= Yk

On the side of &, by Lebourg’s theorem [10, Theorem 2.3.7] for each x € C there exists 7 =
T(x) € (0,1) and ¢ € 3P (B;(x)) such that (B (x)) — P(x) = (¢, B1(x) — x), where 0P (x) is
the generalized gradient of ® at x (see [10, §2.1]). Hence, we have

Nk (x)

o8,
AT (Br(x); &y, —x)

D(B1(x)) — D(x) < BO(B (x); Bi (x) — x) < dn(x) Z

by [10, Propositions 2.1.1-2]. As a consequence we can estimate

4
I(ﬁl(x))f[l—Sn(x)Z nk()”}/f(x)+3n(x)z Dy e,
k k=

1€y, 1§y, — x|l
Nk (x) 0
+(1>(x)+5n(X)Z ——®7(B:(x); &y, — x)
gy, — x|
¢
= 1)+ 010 Y = e — ) + 0B o6y ).
gy, — x|
Now, by construction, ||8; (x) — x|| <& <4y, forall k =1, ..., £, which implies that

Y(Ey) — ¥ () + D0 (Br(x); &y —x) < —elEy, —xll, VxeBi, k=1,...,L
Therefore, we have

14
I(B1(x) < I(x) = Sn(x)v/e Y m(x) < I(x) = dn(x)v/e, VxeSs.

k=1

On the other hand, if x € C \ S, we have n(x) =0and I (B1(x)) =1(x) <c —€.
We can choose xo € C such that 7 (B1(xg)) =max /(B1(C)) =max (D) > csince D € Fj,.
As consequences we have that xp € S and

c=max =1(f1(x) <1(x) = §n(x0)+/€ < I(xp),
and, thus, n(xo) =1 and
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max I < I(xg) — 8+/€ <max ] — 8+/€ <max I —dy(C, D)+/€,
D C o

which is a contradiction with (2.5). O
3. The main result

In this section we state and prove our main result for the Lorentz force equation

d X
— | ——=—— | = E(, x) + % x B(t, x), x e R3, (3.1
dr <¢1 - |fc|2/c2>
where, as usual,
E(t,x)=—-V,V(t,x) — 9;A(t, x), B(t,x) =curl, Az, x). (3.2)

Notice that, without loss of generality, we have normalized the charge-to-mass ratio to 1 (while,
on the other hand, we prefer to keep track of the value ¢ of the speed of light).

As already mentioned in the Introduction, our main interest is in covering the case when the
potential V is singular. More precisely, we assume that the singularities of V are described by
N functions rq,...,ry : R — R3 which are T -periodic (for some 7 > 0), of class C!, with
I7illoc < c, and such that r;(¢) # r;(¢) for every t € [0, T] and i # j. Accordingly, we settle
equation (3.1) on the open domain

Q={(t,x)eRxR>: x#r;@t),¥j=1,...,N}.
The following result holds true.

Theorem 3.1. Let us assume that V : @ — R and A : Q — R3 are of class C', T-periodic in the
first variable, and satisfy the following conditions:

(V) V(t,x) <O for every (t,x) € Q and there exist k > 0 and § > 0 such that, for every i =
1,...,N,

V(t,x)<-— V (t,x) € Q such that |x —r; ()| < §; 3.3)

lx —ri(0]
(AV1) there exists k' € (0, 1) such that

/

A )| < ——V(t,x), Y (t,x) e
C
(AV2) it holds that
Jim (V@014 VeV 620+ 3 AG 0] feurl A, 1)) =0,
X|[— 00

uniformly in t € R.
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Then, equation (3.1) has infinitely many T -periodic solutions.

Remark 3.2. Notice that the potential A can be either regular or singular: however, in this last
case, the behavior of A near the singularities has to be consistent with assumption (AV1). Let us
observe that the case A =0 is allowed.

Remark 3.3. Let us point out that assumption (AV?2) can be replaced by

lim ([V(#, %)+ VeV, x)| + | Dy A(t, x)|) =0,
[x]—00

uniformly in # € R. Indeed, the condition

lim (|[VeV(t,x)+ 8,A, x)| + |curl A(t, x)|) = 0, (3.4)
[x]—00

uniformly in ¢ € R, is used to prove the validity of the weak Palais-Smale condition (cf. the
proof Lemma 3.5 and, in particular, formula (3.12), which in turn is obtained from (3.11) using
the expression for d® given by (3.9)). When assuming, instead of (3.4), the condition

lim (|VyV(#,x)|+|DxA(t, x)|) =0,
|x]—o00

uniformly in ¢ € R, then the same conclusion can be obtained using (3.8) instead of (3.9) in
formula (3.11). We prefer to suppose (AV2) because it can be verified in a more direct way in the
application to Liénard-Wiechert potentials (cf. (4.11) and (4.12)).

The rest of the section is devoted to the proof of Theorem 3.1, which follows from the abstract
result Theorem 2.6.

So, let us first describe the variational setting; in what follows, we take advantage of results
given both in [3] (where, however, V and A are not allowed to be singular) and in [8] (where
A =0, but V is singular). Let us consider the Banach space

X= {x e W0, T: R3) : x(0) :x(T)} ,

endowed with its usual norm |x| = ||X]lco + [[X|lco- We define the functional ¢ : X —
(—o00, +0o0] as

T

e
[e(r-yi-E55 e it <
V(x) = ¢

+o00 otherwise.
According to the notation of Section 2, we thus have
Dy ={xeX:|illoo=c).
Moreover, we consider the open subset of X
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A={xeX:(t,x)eR, Vtel0,T]}
and we define ® : X — (—o0, +0o0] as
T
/(—V(l,x(t)) + A, x(@))-x(@))dt ifxeA;
d(x) =
+00 otherwise,

so that D¢y = A. Finally, we define the action functional 7 : X — (—o00, 400] as
I(x)=¥(x)+P(x), VxelkX,

and we recall the notation D; = Dy N De.
For further convenience, we observe that assumption (AV 1) implies that

—V(t,x(@®) +x(t) - Alt,x(t)) > (1 —«") (=V(t,x()), VYxeDtel0,T], (3.5)
and then, by assumption (V),

T
d(x) =/(—V(t,x(t)) +3%(t) - Alt,x(1)) dt >0, YxeDj. (3.6)
0

Taking into account that s > 0 and that / = +oc outside Dy, we deduce that
I(x)>0, VxelX. 3.7

In the next Lemma, we show that this functional satisfies the structural Assumption 2.1 of
Section 2 and that, moreover, its critical points correspond to classical T-periodic solutions of
the Lorentz force equation (3.1).

Lemma 3.4. The functional I satisfies Assumption 2.1 and the functional  is lower semicontin-
uous with respect to uniform convergence, namely: if x € X and {x,} is a sequence in D, such
that x, — x uniformly on [0, T], then x € Dy and

Yx) < lim_iirlgcljl/f(xn).

Moreover, each critical point x € Dy of I satisfies |x(t)| < c for everyt € [0, T] and corresponds
to a classical T -periodic solution of equation (3.1).

Proof. Most of the above statement has been already proved in [8, Proposition 3.2] (and, in
turn, in corresponding results in [3]); notice indeed that the functional ¥ is the same as the one
considered therein, while @, despite the presence of the magnetic term, is still of class C ! on the
open set Dgp = A, with
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T
41 = [ (=T:VEx0) 50+ AC3@) 50+ (DGO E0) - 50)) dr.
0

(3.8)
cf. [3, Lemma 1] (in the above formula, the term (D, A)” x is meant as the product of the trans-
pose of the Jacobian matrix Dy A with the (column) vector x). Notice that, by integrating by
parts,

T T

T
/A(t,x(t)) () dt = —/a,Aa,x(r))-y(r)dr - /(Dan,x(r))fc(r))~y<r>dr
0

0 0

From this, together with the identity

(DL A, x ()T 2(1) - y(1) = (DA, x())E (1)) - (1) = (5 (1) x curl A, x(1))) - y (1),

we can rewrite d ® in the equivalent form

T
dd(x)[yl= / (=VxV(t,x(®)) — 8 A(t, x(1))) - y(1) + (X (1) x curly A(z, x(1))) - y(1)) dt.
0

(3.9)
Using this formula, and recalling (3.2), the fact that critical points of I give rise to classical
T -periodic solutions of equation (3.1) can be proved with the very same arguments of [8, Propo-
sition 3.3] (see also [3, Theorem 2]).
The only point which requires a bit of care is the proof of the property of blow-up on the
boundary (that is, item 4 of Assumption 2.1), for which we give the complete details. At first, we
notice that

0De=X\A={xeX:3ie{l,...,N} Tt e[0,T]: x(tp) =ri(t0)}.

So, let us consider a sequence {x,} in Dy such that d,, := dist(x,, dDg) — 0 and, accordingly,
let y, € 9 Dg be such that ||x, — y,|| < 2d,. Since ||x, |0 < c for any n, we find that

Villoo <+ Iyn — Xnlloo ¢+ llyn —Xpll <c+dy <c+1
for n large enough. Moreover, since y, (t,) =r;, (t,) forsome ¢, € [0, T]and i, € {1, ..., N}, we
have

yn —riylloc < Qe+ DT

and thus the sequence {y, } is bounded in X. Since ||x,, — y, || < 2d,, the sequence {x;,} is bounded
in X as well. Therefore, the Ascoli-Arzela theorem yields the existence of a continuous function
z such that, up to subsequence, x, — z and y,, — z uniformly on [0, 7']. Hence, z(0) = z(T')
and z(#p) = ri, (tp) for some 1y € [0, T'], limit point of the sequence #,, and iy € {1, ..., N}, limit
point of the sequence i,,. Moreover, passing to the limit in the Lipschitz-continuity condition
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1Xn(12) —xp(t1)| < clta —11],  forevery t;,12 € [0, T],

we easily see that z € Dy C X. Hence, the function z — r; is Lipschitz continuous and so

; 1
— dt= .
0/ 2O — ] T

Therefore, by (V) and (AV1) and using Fatou’s lemma we obtain
T

T
liminf/(—V(t,xn(t))—i—A(t,x,,(t)) - Xn (1)) dt zlimj&f/(_(l — k) V(t,x, (1)) dt
0

n——+00
0

T T
1
> (1 —«") [ liminf (—V (¢, x,(2))) dt > 1—//1"f7dt
> ( K)O/nlgligo( (@, xn(2))) dt >k ( K)O lim inf o () — ra ()]

T
1
=k(1—«) | ———dt = .
“ ”)0f|z<r>—ri0(r>| e

Since 0 < ¥ (x,,) <mc2T, we finally conclude that 7 (x,) — +o00 as desired. O

Let us now notice that
inf/ =0.
X

Indeed, we have already observed that I > 0, cf. (3.7). Moreover, for a sequence x,(t) = &,
with |§,| — +oo we readily see, by assumption (AV2), that I (x,) = ®(x,) — 0. With this in
mind, the next result ensures that the functional 7 satisfies, at each level ¢ > inf I = 0, the weak
Palais-Smale condition, according to Definition 2.4 with Y = L*°(0, T).

Lemma 3.5. The functional I satisfies the weak Palais-Smale condition at each level ¢ > 0.

Proof. Let {x,} C X be a Palais-Smale sequence at level ¢ > 0; incidentally, let us notice that
{x,n} C Dy, since otherwise I (x,,) = +oc. The proof will be divided in two steps.

At first, we show that the sequence {x;} is bounded in L (and, thus, in X). To see this, let us
write X, = %, + X, where %, = & [ x, and [} %, dt = 0. Since [|¥nlloc = [l |0 < ¢, We have

that ||X, [|oo is bounded. So, assuming by contradiction that ||x, || is not bounded yields, up to
subsequences, |X,| — +00. Then |x,(¢)| > |x,| — ||Xn|lco and so

mlin |x, (8)] = +o0. (3.10)
Choosing z = X, in (2.1), we obtain
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dO(x) =X, + ¥ () — v (xp) = —€ullXall, VneN, (3.11)

that is, using (3.9),

Y (xn) < €, l1X, |l

T
+ / (Vi V(t, x(t)) + 0: A(t, x,(2))) - Xn (1) + (X (t) x curl, A(2, x,(2))) - Xu (1)) dt.
0

(3.12)

Therefore, recalling the boundedness of ||X,|l0, (3.10) and assumption (AV2) we obtain
Y (x,,) = 0. On the other hand, for the same reasons ®(x,) — 0 and so

Y (xp) =1(xp) — P(xy) — ¢ >0,

a contradiction.

As asecond step, we show that the boundedness of {x,} implies the existence of a subsequence
{xn,} converging in L*°(0, T) to a critical point x of the functional I at level ¢ (that is, the
condition required in the definition of weak Palais-Smale condition at level c). For this, we
combine the arguments used in the proof of [8, Proposition 3.5] with the ones in the proof of [3,
Lemma 5]. O

We now consider the sets F; and the min-max levels c¢; defined respectively in (2.2) and (2.3)
and we turn to the proof of the validity of assumptions (i)-(ii)-(iii) of Theorem 2.6.
At first, we deal with (i)-(i1).

Lemma 3.6. For every integer j > 1, it holds that:

i) Fj #9,
(i) ¢j < +o0.

Proof. We first prove that (i) holds when there is only one curve r; of singularities. To this aim,
we make use of the following auxiliary open sets in Ct = {x € C([0, T], R3) : x(0) = x(T)},
endowed with the topology of uniform convergence:

A ={xeCr:x(t)£r(t), Ytel0,T]
Ag={xeCr:x(t)#0, Yte[0,T])

and of the continuous and dense immersion ¢ : X — Cr. We have that X N A; = ¢~ '(A) and
that ¢|xna, : X N Ay — Ay is a homotopy equivalence by [21, Theorem 16]. Since the affine
isometry x — x — r1 maps A onto Ao, we have that its composition with ¢|xna, provides a
homotopy equivalence between X N A1 and Ag. Using [12, Corollary 2.8], we deduce that the
cup length in Z, of A¢ is infinite. Since the cup length is a homotopy invariant, we infer that
X N A1 contains compact sets with arbitrarily large category by [11, Lemma 2.9].

Now, we are going to show that, for each j > 1, there exists a compact A C A N Dy, such that
caty (A, A) > j; this will imply both (i) and (ii), since our functional v is bounded in Dy,. We
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just showed that there exists a compact A| C A1 such that caty (A1, AjNX) > j.Foreach A > 0
and x € X we define x) =r; + A(x —r1) and observe that x), € AjN X ifandonlyifx € AjN X.
We set A, = {x) : x € A1} which is compact and homeomorphic to A so that

caty (Ap, A1NX)=catx(A;,A1NX)>j ViA>0.
Now, let § :==min{|r () —r;(®)|:t €[0,T], j=2,..., N} > 0. Since
lxx —rill = Alx — || < Adist(r;, Aj) <400 VxeAjandV A >0,
for A < 6/ dist(r1, A1) we have that A, C A and
caty (A, A) > catx (A1, A1 NX)>j
by property (P2). On the other hand, we have that

¢ = lI71lleo

%3100 < I71lloo +AllX —Filloo <c Vxe€eAp ifA< — .
maXyeA, I — 71lloo

Hence, if A > 0 is small enough we have that A, C Dy N A and A, € F;. O

Finally, we prove that (iii) of Theorem 2.6 is satisfied with jo = 3 (while it can be shown that
Cl=C= 0).

Lemma 3.7. It holds that c3 > 0.

Proof. Suppose by contradiction that c3 = 0, that is

inf sup/(x)=0.

AeF3xeA
Then, for every n € N there exists A, € F3 such that
1
0<sup I(x) <-—.
X€eA, n

Of course, A, C Dj. Hence, taking into account that / = ¢ + ®, with ¢ >0 and ® > 0 in Dy
(cf. (3.6)), we get

1 1
0<y(x)<— and 0<P(x)<-—-, VxeA,. (3.13)
n n

In particular, noticing that

T
1
W(X)szli(t)|2dt, VxeA,,
0
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we obtain

2
[1X[lp2 <4/ =, VYxe€A,, (3.14)
n

and so, from Sobolev inequality (see, for instance, [19, Proposition 1.3]),

T
If(l)li\/6—, VxeA,, t€[0,T], (3.15)
n

where we have written as usual x(¢) = x + x(¢), with x = % fOT x(t)dt.
Now, we claim that, fixed an arbitrary constant R > 0 with the property that

R
max{|r;(t)|: t€[0,T], i=1,...,N} < 7

(3.16)
there exists n* € N such that, for every n > n*,
xeA, = |x(®)]>2R, Viel0,T]. (3.17)
Indeed, let * be defined by
G =inf{—-V(t,x): t€[0,T], |x| <3R, (t,x) € Q}

and observe that t* > 0 by assumption (V); moreover, let n* € N be such that

i 1 2T
n*>max | ——, = ). (3.18)
(1—x)*T  R?

Assume now by contradiction that there exist n > n*, x € A, and ty € [0, T'] such that |x(tp)| <
2R. Then, from (3.14) we infer that

T
2T
lx ()] < [x(10)] +f|5€(t)|dt < lx()| +/ P Viel0,T],
0

and hence from (3.18) we deduce that |x ()| < 3R, for every ¢ € [0, T']. Therefore, recalling (3.5)
and (3.13), we have

T
n—l* >d(x)>(1—«) /—V(t,x(t))dt >(1—-«)*T,
0

which contradicts (3.18).
At this point, we notice that from (3.15) and (3.18) it follows that

X(®)| <R, VxeA, tel0,T]
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Hence, taking into account (3.17) we deduce that, for every n > n*,

x€A, = |T+(—NI()|>=R, Viel0,T], VAel0,1]. (3.19)

In particular, recalling (3.16), x + (1 — A)x € A for every x € A,, and A € [0, 1]. Hence, the map
H:[0,1] x A, — A given by

HM,x)=x4+(1—-21)x
provides a deformation in A of A, into A}, = H(1, A,). Hence, by property (P4) of the category,
caty (A,, A) <catx(A), A). (3.20)
On the other hand, we observe that, setting
E={xeA :x(t)=cwith|c| > R},
from (3.19) we have that A, C E C A. Hence, from properties (P1) and (P2) of the category,
catX(A;, A) <catx(E, A) <catx (&g, B). (3.21)

The set E is clearly homeomorphic to R3\ Bg(0) (with Bg(0) the open ball of radius R) and so
caty (E, E) = 2. Hence, (3.20) and (3.21) yield

caty (An» A) =< 27
contradicting the fact that A, € F3. O

From Lemmas 3.4, 3.5, 3.6 and 3.7 we deduce that all the assumptions of Theorem 2.6 are
satisfied and then Theorem 3.1 is proved.

4. Applications

In this section, we give some applications of our main result.

The first one deals with the motion of a charge under the effect of the electric and magnetic
field generated by N moving charges.

For the second one, we move to the interpretation of equation (3.1) in relativistic celestial
mechanics, dealing with the motion of a particle in a perturbed Kepler potential.

4.1. The Liénard-Wiechert potentials

Les us consider the motion of a charged particle with m /g = 1 under the effect of N moving
electric point charges.

We denote by g1, ..., gy the moving charges and by ry, ..., ry their trajectories, which we
assume to be C2 functions ri:R— R3, T -periodic and such that |7 (¢)| < c forevery ¢ € [0, T']
and r;(t) #r;(t) forevery t € [0, T] and i # j (cf. Section 3). Let us now set, fori =1,..., N,
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7i(t) .
Bi(t) = , Yrel0,T],i=1,...,N,
C

and observe that

[1Billoo < 1. 4.1
Moreover, we define n; : 2 — R3 by
x —ri(t)
nit,x)=—"—, V(t,x) €
lx —ri (0)]
and #; : © — R by the implicit relation
1
t,'=l‘—;|x—}’,‘(l‘,')|. (4.2)
It is well-known that, for every i = 1, ..., N, the number ¢; is the retarded time. The existence

and uniqueness of a solution of (4.2) for a fixed (¢, x) € Q is a standard fact in special relativity
and it can be proved by means of a plain implicit function argument, which also implies that #; is
a function of class C!. Moreover, the periodicity of r; implies that #; is T-periodic as a function
of the time variable ¢.

The Liénard-Wiechert scalar and vector potentials generated by the point charge source g;,

i=1,..., N,acting on a charge at the point (¢, x), are given, respectively, by
j 1 1
Vit,x) = —L 4.3)
drweg 1 —mi(ti, x) - Bi(ti) lx —ri(t;)]
and
Ai(I,X)=MVi(LX), 4.4)
¢

where #; = t;(f, x) and &g is the vacuum permittivity. For future reference, let us recall that the
corresponding electric and magnetic fields are given by

Ei(t,x)=

qi ni (i, x) — Bi(t;) 1
dreg \ y? (1 —ni(t, x) - Bi (1)) |1x —ri(0)]?

+

i (ti, x) x (i (1, x) — Bi () x Bi (4;)) 1 )
c(1—ni(t;, x)- Bi(1;))3 lx —ri@))’

where y; = 1/4/1 — |B;|? is the Lorentz factor, and

Bi(t,x) =

nil ) g, (4.5)
C

respectively (cf. [17, §14.1]).
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Let us notice that V; and A; (and then E; and B;) are well-defined in Q2: indeed, from (4.2)
we first deduce that

x—ri(tj)) =0 <+<— t=t,

thus implying that (¢, x) = (;, r; (¢;)), which is impossible if (¢, x) € Q. On the other hand, if
(t, x) € 2 we have

[ni (¢, %) - Bi ()| < 1Billoo

and then, by (4.1),

I —ni(ti,x)- Bi(ti) = 1 = |Billoc > 0. (4.6)

We are now in a position to state our result on periodic motions under Liénard-Wiechert
potentials.

Theorem 4.1. In the above setting, let us assume that g; <0, for everyi =1,..., N. Let

N N
Vitx)=) Vilt.x), Alt,x)=)_ Ai(t.x), (4.7)

i=1 i=1
for every (t,x) € 2, where V; and A;, i = 1,..., N, are given in (4.3) and (4.4), respectively.

Then, the corresponding Lorentz force equation (3.1) has infinitely many T -periodic solutions.

Proof. The result follows from Theorem (3.1). We need to show that V and A satisfy assump-
tions (V), (AV1) and (AV2).

As far as (V) is concerned, the assumption ¢g; < 0, for every i = 1,..., N, implies that
V(t,x) <0, for every (¢, x) € Q2. Moreover, from (4.2) and the definition of 8; we deduce that

ct—t)=|x —ri@)| = |x —ri@®| 4+ |ri() =ri (@) = |x =ri@O| +cl|Billc(t — 1), (4.8)
thus implying

|x —ri(®]

T E TR

Using this estimate in (4.8), we infer

|x —ri (# x —ri(H)].

)I<;I
1 =1lBille

This relation, together with (4.6) and the sign assumption on the charges, implies that

qi 1

V' ta =< EENE
A Py
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for every (z,x) € Q2. Recalling that V;(¢,x) <O, for every (t,x) € 2 and j=1,...,N, we
conclude that

qi 1
Vie,x)=Vit,x)+ Y Vit,x)<— ——
! ; / 4req |x —ri(0)]

for every (¢, x) € Q. This proves the validity of (3.3) with k = max{x; : i =1,..., N}, k; =
—q;/4meg and § > O arbitrary.

The validity of (AV1) is an immediate consequence of the definition of A; given in (4.4).
Indeed, (AV1) is satisfied with

K" =max{||Billoc: i =1,..., N}

(observe that «” < 1 by (4.1)).

Finally, we pass to the proof of the validity of (AV2), first observing that (1.2) implies that
(AV?2) can be written as

| lgnioo(lV(t,X)HIVxE(l,X)IJrIB(t,X)I):O, 4.9)

uniformly in € R. Forevery i =1, ..., N, from (4.6) we infer that

—dgi 1 1
[Vi(t, x)| < ,
4meo 1 —1Billoo X —ri(ti)]

for every (¢, x) € Q2. Now, defining
®=max{|r;(#)|: teR, i=1,...,N},
it is immediate to see that the set E = {(f,x) e R x R?: |x| > ® + 1} satisfies E C Q and that

—qi 1 1
[Vit, )] <
4reg 1 —[Billoo x| — O

, Y(t,x)e, [x|>0+1,
thus implying

lim |Vi(t,x)|=0, Vi=1,...,N, (4.10)
|x|—>4o00

uniformly in # € R. Taking again into account (4.6), the fact that »;, 8; and f; are bounded and
the definition of ®, we deduce that there exists Z’ > 0 such that

q A 1 1
|E,-(t,x)|§4 , Y(,x)eQ, |x|>0+1.

i +
meo (1= [1Billoc)® \Ix|=© = (Jx| - ©)?

This proves that

lim |Ei(f,x)|=0, Vi=1,...,N, 4.11)
|x|—+o00
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uniformly in ¢ € R. Finally, from (4.5) and (4.11), recalling that »; is bounded, we infer

lim |Bi(t,x)|=0, Vi=1,...,N, 4.12)
[x]—+o00

uniformly in ¢ € R. From the fact that (4.10), (4.11) and (4.12) hold for every i = 1,..., N,
recalling (4.7), we can conclude that (4.9) is fulfilled. O

4.2. The forced relativistic Kepler problem

Let us consider the equation

d mi VU@ eR? (4.13)
— ) =—a— ,X), X R .
dt \ /1 |5]2/c2 7

interpreted as the relativistic Kepler problem (m, o > 0), perturbed by an external force.
The following result holds true.

Theorem 4.2. Let U : R x R? — R be a C! function, T-periodic in the first variable, satisfying
U(t,x) > 0 forevery (t,x) € R x R3 and

| ‘lirg U, x)|+ VU, x)|) =0, (4.14)

uniformly in t € R.
Then, equation (4.13) has infinitely many T -periodic solutions.

Proof. The result follows from Theorem 3.1. Indeed, let us first observe that here Q = {(z, x) €
R x R3: x £0},

1
Vi(t,x) = —ﬁ — UG, A =0, Y(tx)e

Then, from the sign condition on U we plainly deduce that (V) (with x = 1 and arbitrary § > 0) is

satisfied. Moreover, assumption (AV1) is trivially fulfilled since A = 0. Finally, from assumption
(4.14), we infer that

lim (V@ x)|+ VeV, x)|)=0,
x| —+o00

uniformly in 7 € R. Recalling again that A = 0, this proves the validity of (AV2). O
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