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1. Introduction
In this paper we prove the existence of integral solutions of the following differential equation

u'(t) € Au(t) + F(t,u(t)), for a.e. t € [0,T],

1.1
u(0) = g(u), -y

with nonlocal initial conditions in a Banach space (X, || -||). Here A : D(A) C X — X is an m-dissipative
multioperator while g : C([0,T]; X) — D(A) and F : [0,7] x X — X are a given map and a multimap,
respectively.

Starting from the seminal paper by Byszewski, [16], problem (1.1) has been widely investigated and the
literature on this topic can be divided in two main classes. In the first one, about semilinear problems, A is

linear and it generates a C semigroup. In the second, about fully nonlinear problems, A is a nonlinear
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m-dissipative operator and it generates a nonlinear semigroup according to the Crandall-Lidget definition
[19] (see also Definition 3.7). Among the results for semilinear problems involving a multivalued map F we
cite [7], [8], [9], [17], [30]. In particular, the multipoint condition appears in [14]. To our knowledge the case
when A is nonlinear and F' multivalued was first discussed in [2, Theorem 3.8]; there F is closed-valued and
lower semicontinuous in its second variable and A generates a compact semigroup. Subsequently, under the
assumption of the compactness of the semigroup generated by A, the existence of the solutions for (1.1)
with multivalued perturbations F has been extensively studied. See for instance [29], [35] and also [3], [18],
where the topological structure of the solution is also studied. Furthermore, the case when A = A(t) is a
family of maximal monotone operator was recently investigated in [6].

When A is a m-dissipative operator, the nonlinearity F' frequently satisfies some dissipative type con-
ditions, such as F(t,-) Lipschitz (see, e.g., [1], [34]), one sided Perron as in [12], or one sided Lipschitz,
see [13] and the recent result [27]. Furthermore, the assumption of uniformly convex dual for the Banach
space X, as in our paper, is a common practice. However, it’s worth noting that under Lipschitz conditions
on F ([1]), or additional requirements on the operator A such as compactness of the generated semigroup
([15] and [29]), or complete continuity ([27]), Banach spaces without uniformly convex dual can be con-
sidered. For instance, in Theorem 7.2.1 in [15] A is assumed to be a m-w-dissipative operator (a stronger
assumption than m-dissipativity), generator of a compact semigroup and F' is an almost strong-weak upper
semicontinuous multivalued map.

We decided to assume the uniform convexity of the dual of X, in order to analyze more general operators
A and nonlinearities F'. More precisely, compared to Theorem 7.2.1 in [15] we can consider a non necessarily
m-~w-dissipative operator that generates a non-compact semigroup and with weaker regularity assumptions
on F. Indeed, we consider that F is strong-weak upper Carathéodory (see assumptions (Hp),(H%)), a
weaker assumption than the one assumed in the cited theorem. For an example of a multivalued map that
is upper Carathéodory, but not almost upper semicontinuous see Example 4 in [5]. Moreover, we point out
that in most applications the natural framework is the space LP(2) with 1 < p < oo that has a uniformly
convex dual.

The motivation for these studies is that nonlocal Cauchy problems may have better effects in applications
than the classical initial value problem u(0) = ug. For example, it is used to represent mathematical models
for evolution of various phenomena, such as nonlocal neural networks, nonlocal pharmacokinetics, nonlocal
pollution and nonlocal combustion, see the monograph [28].

In this paper we assume that A is a m-dissipative operator generating an equicontinuous, but not neces-
sarily compact, semigroup. Our main goal is to prove the existence of solutions of (1.1) under very general
growth conditions on the nonlinear term F and on the nonlocal initial condition g. In particular, we have
F(t,-) Lipschitz with respect to a measure of non compactness (see condition (H#)). The growth condition
on F allows us to handle a class of nonlinear terms F which could exhibit superlinear growth, see Exam-
ple 4.8. Our main result is presented in Theorem 4.10. We note that in the case of F' having compact values,
the Lipschitz continuity assumed, for instance, in [1], constitutes a stronger condition than our Lipschitz
condition (H#), as detailed in Remark 4.5.

We solve (1.1) by introducing a suitable operator G : [0,1] x C([0,T]; D(A)) — C([0,T]; D(A)), such
that the fixed points of G(1,-) are integral solutions of (1.1). We construct an homotopy between the map
G at level 1, that is G(1,-), and the map G at level zero, i.e. G(0,-), that coincides with the zero function;
thus, by exploiting the properties of the index for condensing operators, we get the existence of at least one
integral solution of (1.1).

The Lipschizianity with respect to a measure of non compactness of the nonlinear term F', are used
also in [24] for single valued nonlinearities and in [34] for upper Carathéodory multimaps. In particular,
in [24] the equicontinuity of the semigroup is not required, but the nonlinearity is a single valued map
F: LY([0,7],X) — L'([0,T], X). The main novelty of our paper with respect to the cited results consists
in the fact that we assume more general growth conditions on the nonlocal function g and on the nonlinear
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term F'. Indeed, in both papers the map g and the nonlinear term F' are required to have a sublinear growth
condition with coefficients strictly smaller than one. Here, we are able to relax these growth hypotheses by
requiring the map g only to send a ball into itself and, by imposing the so called transversality condition,
see condition (H$) below, on the multimap F. We would like to point out the fact that we require the
transversality condition only for one element z € F(¢,z) and not for every z € F(t,x) as is usually done in
literature, for instance see again Theorem 7.2.1 in [15]. On the other side, to consider these general growths,
we are compelled to introduce the assumption of compactness of the values for the nonlinear term.

We will apply the existence result in Theorem 4.10 to the following class of partial parabolic differential
inclusions in a domain Q C R™ with smooth boundary 9}

ur € a Au(t,z) — Op(u(t,x)) — bu(t,z) + [f1(t,u(t, z)), f2(t,u(t,z))] nQr
Ou

a’u(tvx) € 8y(u(t,x)) inBQT

(1.2)

T
uv.s) = [ [ his,m, u(s,0) deds in©
0 Q

where Qr = Qx]0,T[, 9Qr = 90 x [0,T], d¢ is the subdifferential of ¢, Au(t,x) is the Laplacian of
0
u(t,-), a > 0 and 8—u(t,x) is the normal derivative of u(t, ) at x € 9f, see Theorem 6.1. Being A in a

subdifferential form, it is possible to prove that it is the generator of a nonlinear semigroup. We point out
the fact that, under the hypotheses required on (1.2), such semigroup it is not necessarily compact. We
provide, in particular, a simple example of map ¢ : R — R U {+o0}, whose subdifferential generates a non
compact semigroup, see Example 6.3.

The paper is divided into six sections. In Section 2 we recall the definition and the properties of the degree
for condensing operator. In Section 3 we give the notion of integral solution and we recall the definition and
the properties of m-dissipative operators and nonlinear semigroups. In Section 4 we formulate the problem
and we state the main result, i.e. Theorem 4.10. In Section 5 we prove the main result, while in the last
Section 6 we analyze the example presented above.

In the whole paper, we denote with || - ||, the norm in L?(2;R), 1 < p < oo, where ) is a domain in R",
n > 1, with || - |lo the norm in C([0,T]; X) and with B, (x) the ball in X of radius r > 0 and center x € X.

2. Index for condensing operators

First we briefly recall some useful properties of the multivalued operators (see e.g. [26]).
Let X and Y be two topological spaces.

Definition 2.1. A multimap F' : D C X — Y is said to be upper semicontinuous at = € D if for every
open set W C Y such that F(xz) C W, there exists a neighbourhood V(z) of z with the property that
F(V(z)) C W. It is said to be upper semicontinuous if it is upper semicontinuous at every point = € X.

Definition 2.2. A multimap F : D C X — Y is said to be

(a) sequentially closed: if for any sequences {z,} C D, {z,} C X, if x,, — x¢ and z, € F(z,), 2, — 20,
then zp € F(x);
(b) closed: if its graph is a closed subset of X x Y.

If X and Y are metric spaces (a) and (b) in the above definition are equivalent.

Definition 2.3. A multimap F': D C X — Y is said to be
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1. compact: if F(D) is compact in Y
2. quasicompact: if its restriction to any compact set K C X is compact.

Proposition 2.4. A closed quasicompact multimap with compact values F : D C X — Y is upper semicon-
tinuous.

Proposition 2.5. If Y is a Hausdorff topological space, an upper semicontinuous multimap with closed values
F:DCX —oY is closed.

Let now X be a real Banach space. We recall the notion of measure of non compactness.

Definition 2.6. Given a partially ordered set N, a function 5 : P(X) — N is said to be a measure of non-
compactness (m.n.c.) in X if 5(€6(Q)) = S(Q2) for all @ C X, where ©6(2) denotes the closed convex hull of
Q.

A m.n.c. § is called:

(i) monotone: if B(Qg) < B(21) for every Qy C Q; C X;
(ii) nonsingular: if f({z} U Q) = B(Q) for every z € X and Q C X
(iii) regular: when B(€Q) = 0 if and only if  C X is relatively compact.

The Hausdorff measure of non-compactness, defined as
X(Q) =inf{e: a1,..., 2, € X, Q C | Be(wi)},
i=1

is a typical example of monotone, nonsingular and regular m.n.c. Moreover by its definition

x| U 2| =x@ (2.1)
A€[0,1]

for every 2 C X.
In the space of continuous functions we consider the following measure of noncompactness (see Example
2.1.4 in [26])

V(@)= max (/({w)3) mode ()3 (2.2

where

Y{yntozi) = sup e “x{y(D)}21),
te[0,T)

with L > 0 a suitable constant and

od > 4) =lims max t1) — yn(ta2)|l-
mode({yn}nz1) Jimy sup 2 lyn(t) = yn(t2)ll
The ordering is induced by the positive cone in R? and v is a regular measure of non compactness.
We base our study of problem (1.1) on arguments related to the topological degree for upper-
semicontinuous and condensing multimaps with Rs values. We introduce in the following the definition
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of Rj set, of condensing multioperator and the notion of the topological degree we are going to use. We
refer to [4].

We say that a nonempty subset C of a metric space is contractible, provided there exist o € C and a
continuous map h : [0,1] x C — C such that h(0,z2) = z¢ and h(1,z) = z for every z € C; C is called
an Rs-set, provided there exists a decreasing sequence {C,,}72; of compact contractible sets such that
C=ny2,C,.

Let A be a topological space.

Definition 2.7. A multimap F' : D C X — X, or a family of multimaps G : A x D — X, is said to be
condensing with respect to a measure of noncompactness  (S-condensing) if for every bounded set 2 C D
the inequality

BF(Q) > BQ), or BG(AxR)) > BQ),
implies  relatively compact.

Let D C X be closed and convex. Let F' : D — D be an Rs valued, upper semicontinuous and (-
condensing multimap with respect to a monotone, nonsingular m.n.c. . Let U C D be open and the
boundary AU be fixed point free for F. In this case, one can associate to F' an integer defined as the index
of F' with respect to U, ind(F, D,U), with the following properties:

(i) Normalization property. If F = ug ¢ U, then

. 1 weU

ind(F,D,U) = {0 wo & U

(ii) Homotopy invariance. Assume that two upper semicontinuous S-condensing operators Fy : D — X
and Fy : D — X are homotopic, i.e. there exists an upper semicontinuous, condensing operator G :
[0,1] x D — X with Rs-values such that
(a) u ¢ G(\ u) for every A € [0,1] and u € OU;
(b) G(0,-)=F1, G(1,)=Fs.
Then

ind(Fy, D,U) = ind(F, D,U).

(iii) Ewistence. If ind(F,D,U) # 0, then F admits a fixed point, that is there exists w € U such that
u € F(u).

3. Definition of integral solutions
In this section we list some definitions, results and examples related to dissipative operators, duality

maps, and integral solutions for linear problems. We refer to [32] for more details.
Let (X, - ||) be a real Banach space and X* its dual, let z,y € X, h € R\ {0}, define

1
(z,y)n = o (Hx + hy||® — Hff||2) .

The limits (z,y)+ = limpo(z,y)n and (z,y)— = limppo(x,y), exist and are finite; the function (-,-)+ is
called the upper semi-inner product on X and (-,-)_ is called the lower semi-inner product on X. Denoting
with J : X —o X* the duality map, i.e.
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J(@) = {e* € X" [le* | x- = o] and (@) = |22}
we have that for every x,y € X, x £0
(#,y)4 = sup{(z",y): 2" € J(x)},
and
(z,y)- =inf{{(z*,y): 2" € J(x)},

see Lemma 1.4.3 and 1.4.2 in [32]. In particular, if X* is strictly convex then J is a single valued map, thus,
we have that

(.’L’,y>+ = (xay)* = <J((L‘),y>
Furthermore, if X is a Hilbert space then,
(x,y)+ = (ac,y)_ = (x,y)

If moreover X* is uniformly convex, as in this framework, then J is also continuous (see [20, Proposition
8.10]).

If €, is a bounded measurable subset of R", n > 1 and p €]1, +o00[, then X = LP(Q;R) endowed with
the usual norm is uniformly convex. So, since for every p €]1, +o0[ the dual of X is X* = L(9Q; R) with
% + % =1, we get that X = LP(Q;R), p €]1, +o0o[ has a uniformly convex dual.

Definition 3.1. A multioperator A : D(A) C X — X is called dissipative if
(1 — 22,51 —y2)- <0

for any z1, 29 € D(A) and y; € Axy, yo € Az, and m-dissipative if it is dissipative and for every A > 0 the
range of the operator I — AA is equal to X.

Example 3.2. Given an Hilbert space H and a proper lower semicontinuous convex function ¢ : H —
R U {40}, we recall that the subdifferential of ¢ at x is defined as

0¢p(x) :={z€ H : ¢(x) <d(y) + (x —y, z) for every y € H}.
Now, the multioperator A : D(A) C H —o H defined as

D(A)={z € H : d¢(x) # 0}
Az = —0¢(x)

is an m-dissipative multioperator, see Theorem 1.6.2 in [32].
Example 3.3. Let Q be a nonempty, bounded and open subset in R?, d > 1, with C? boundary ¥, let

p € [2,400),let A > 0,and let 8 : D(8) C R —o R such that —f is an m-dissipative operator, with 0 € D(f)
and 0 € 3(0). The p-Laplace operator A) : D(AY) € L*() — L?(Q) is defined as

p—2
Ou ) — MulP~2u,

0 ou
A, _ -
APU - Z 83’11‘ ( 8:@- 8.’L‘Z

=1
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0
D(AY) = {u € WhP(Q); Adu € L*(Q), —67“(:5) € B(u(x)) for a.a.z € z} :
p

the p-conormal derivative of u, u,,, being defined as

ou i ou |72 ou ( )
Uy = — = —-cos(n, €;),
oy, — | z; ox; !
in the above formula n is the unitary exterior normal to ¥ and {ey,es,...,eq} is the canonical base in R<.

It is possible to prove that the p-Laplace operator is an m-dissipative operator on L?(f2), see Example
1.5.4 in [32].
Notice that depending on the choice of the function 8 the condition

ou

~on, (x) € B(u(zx)) for a.a.z € X

incorporates the Dirichlet boundary conditions and the Neumann boundary conditions, see Remark 1.5.3
in [32].

Now consider the following quasi-autonomous differential inclusion
u'(t) € Au(t) + f(t), for a.e. t € [0,T), (3.1)

where A: D(A) C X — X is an m-dissipative multioperator and f: [0,7] — X is a given map. Several
notions of solution for (3.1) were introduced. We assume f € L!([0,7]; X) and consider the following one.

Definition 3.4. A function w : [0,7] — X is called an integral solution of (3.1) on [0,7] if u € C([0,T]; X),

u(t) € D(A) for every t € [0,T] and

lu(t) = 2] < flu(s) — =] +2 /(U(T) —z, f(T) +y)y dr

S

foreachz € D(A),y € Az and 0 <s<t<T.

In the whole paper a function u € C([0,T]; X), with u(t) € D(A), will be denoted by u € C([0,T]; D(A)).
In this framework the integral solution is unique.

Theorem 3.5. Let A : D(A) C X — X be an m-dissipative operator, let f € L'([0,T]; X) and x € D(A).
There exists a unique integral solution u : [0,T] — X of (3.1) on [0,T] satisfying u(0) = x.

In this framework also the concept of limit solution has been introduced. Under the assumptions of the
previous theorem the two definitions of solution are equivalent.

Lemma 3.6. Let A : D(A) C X — X be an m-dissipative operator, let f,g € L*([0,T],X) and u,v be two
integral solutions of the equation in (3.1) corresponding to f and g respectively. Then

[u(t) =@ < [[uls) —v(s)l| + / 1) = g(r)|l d,
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and

t

lu(t) = v@)* < [lu(s) —v(s)]I* + 2/(U(T) —o(7), f(7) = g(7))+ dr,

S

foreach0 <s<t<T.
Let C C X be a nonempty subset of X.

Definition 3.7. A family of functions {S(¢); S(¢t) : C — C,t > 0} is called a semigroup of nonexpansive
mappings on C' if

(1) 5(0) =

(2) (t+8) S(t)S(s);

(3) limy o S(t)x = x for every z € C;

(4) 5(t) — S@)yll < ||z — | for each 2,y € C and ¢ > 0.

Theorem 3.8. Let A: D(A) C X — X be an m-dissipative operator, then

n—oo

S(t)z = lim <I + %A) . (3.2)

exists for each x € D(A) and uniformly for t in any compact subset of Ry. In addition, {S(t)}i>0 is a

semigroup of non expansive mappings on D(A) and for each x € D(A) we have

[S(t)x — =|| < t|Ax],
where |Az| := inf{||ly|| : y € Ax}.
Definition 3.9. The semigroup {S(¢)}:>¢ is said to be equicontinuous if {S(¢)xz, * € D} is equicontinuous
at any ¢ > 0 for any bounded subset D C X, i.e. for every € > 0 there exists d(g) such that for every
t,s € [0,T], with |t — s| < d(¢) it holds

IS(t)x — S(s)z|| <e VaxeD.

We recall that for each x € D(A) the function u : [a, +00) — D(A) defined by u(t) := S(t — a)z, for each
t € [a,+00) is the unique integral solution of the Cauchy problem

{u’(t) € Au(t), a<t<+o0

Definition 3.10. Let S C R be a measurable subset. A subset D C L'(S, X) is called uniformly integrable if
for every € > 0 there is d(¢) > 0 such that 2 C S and u(2) < d(e) implies

/Hf(s)||ds<5 for all f € D,
Q

where p is the Lebesgue measure on R.
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Notice that, when S is compact, an uniformly integrable set D C L'(S, X) is also bounded. Moreover,
the following weak compactness criterion holds.

Theorem 3.11. Let D C L'([0,T]; X) be an uniformly integrable subset such that D(t) = {f(t),f € D} is
weakly relatively compact for a.e. t € [0,T]. Then D is weakly relatively compact in L*([0,T]; X).

Let z € D(A). We denote by K, : L*([0,7]; X) — C([0,T]; D(A)) the solution operator of (3.1), i.e. for
fe L[0T} X),

K.f =u, (3.3)
where u is the integral solution of (3.1) with u(0) = =.

Lemma 3.12 (Lemma 3.3 in [34]). If X* is uniformly conver and A is an m-dissipative multioperator
generating an equicontinuous semigroup, then for any uniformly integrable sequence {wy }3>; C L*([0,T]; X)

and relatively compact subset {x}72 | C D(A), we have

t

K Ewi)() k> 1}) < / x({wr(s) : k> 1})ds, t € [0,T),
0

where x is the Hausdorff measure of noncompactness.

Now we show an equicontinuity result for the solutions of (3.1). The result appeared in [25] in a special

case (see also [33]).

Lemma 3.13 (Lemma 3.5 in [3/]). If A generates an equicontinuous semigroup {S(t)}i>0, B C L*([0,T]; X)

is uniformly integrable and C' C D(A) is compact, then the set
IT = {u : u is the integral solution of (3.1) with u(0) =z, for some f € B and x € C}
is bounded and equicontinuous in C([0,T]; X).

Proof. At first we prove that IT is bounded.
Let u € II, so there exists f € B such that u = K, ) f with u(0) € C. Let now feBandu= Ku(O)?~
By Lemma 3.6, we have that

[u@I < llu(®) = @@l + [[a®)] < [lu(0) —u ()] +/||f(8) — F(s)llds + [[u(t)]

< Ifll + Ifll + @@ for every t € [0,T]

and then IT is bounded since B is uniformly integrable and hence bounded.
Now we prove the equicontinuity of II, i.e. we show that for every ¢ > 0 there exists §(¢) > 0 such that
for every 0 < s <t < T, |t — s| < d(e) it holds

lu(t) —u(s)|| <e for every u € IL
Let x € C. First we prove the equicontinuity of the set

H/:{U:Kxfa fEB},
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where K, is defined in (3.3).
Fix & > 0. By the uniform integrability of B, there exists v(¢) > 0 such that for every measurable subset
E C [0,T] with Lebesgue measure p(F) <+ it holds

/||f(r)|| dr <e for every f € B.
E
Consider s = 0. By the continuity of {S(¢)};>0 there exists 3(¢) > 0 such that for every ¢ € [0, 5(¢)]

IStz — x| <e.

Moreover, the unique integral solution of the following problem

{z'm € Az(t), for ae. t >0, 34

2(0) =z,

is given by z(t) = S(¢)x. By Lemma 3.6, we have that for every ¢ € [0, v(¢)]

Jut) = 2(B)] < [lu(0) = 2(0)[| + / 1f(s)ll ds <e,
0

uniformly with respect to f € B. Therefore, denoting with 6(¢) = min{v(e), 8(¢)}, for t € [0, (e)] we get

e

() = 2@ + [[2(t) = w(0)]

[u(t) — ()] < |
= [lu@®) — 2] + [[S(H)x -« < 2e,

uniformly with respect to u € II'.
Now let s > 0. Assume v = y(e) < s. Let u € II" and consider ¢, s € [0,T] such that |t — s| <. Assume,
without loss of generality, that ¢ > s. The unique integral solution w € C([s — v, T]; D(A)) of the problem

{w/(t) € Aw(t), foraet>s—r (3.5)

w(s —7) = uls =),

is given by w(t) = S(t — (s —))u(s — 7). By Lemma 3.6, we have that
[u(s) —w(s)|| < flu(s =) —w(s =) + / 1f(r)l dr <e,
and also 7
[u(t) —w()|| < [lu(s —7) —w(s =) + /t 1f ()]l dr < /3 1 ()l dr + /t 1f(r)]l dr < 2e.

Moreover, by the equicontinuity of the semigroup {S(¢)}+>0, applied to the bounded set
D ={z(t), zeI',t €[0,T]},

there exists B(¢) > 0 such that for every t,s € [0,T], with |t — s| < S(¢) we have that
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[S(t)n—S(s)nll<e VneD.

Notice that u(s — ) € D. Thus, considering as above §(¢) = min{~(¢),8(¢)}, for every t,s € [0,T] such
that |t — s| < d(g) we get

Ju(t) —u(s)[| < lJu(t) = w@)| + [Jw(t) —wls)]| + [[w(s) —uls)]]
3e 4 [1S(t — s +7)uls —7) = S(V)uls =) < 4e,

INIA

uniformly with respect to u € IT'.
Now we prove the equicontinuity of the set II. Let ¢ > 0. By the compactness of C, there exists {x;}}' ; C
C such that C' C U B(x;,¢). Moreover by Lemma 3.6,

1Kz f(t) = Ky f(B) < [l =yl for every z,y € D(A).

By the equicontinuity of the set II’ we have that there exists d, > 0 such that for every 0 < s <t < T,
[t —s] <6,

Thus, denoting with 6 = min{d,,, ¢ = 1,...,n} and letting € C, f € B and u = K, f, we obtain

() = u(s)l| = Ko f(t) = Ko (5)]
< NI (1) = Kan SO + 1K (8) — K S|+ 1K () — Ko f(5)]
< lle — @il + ¢ + s — o] < 3e,

uniformly with respect to uw € II. O
4. Problem statement

We consider the problem (1.1) in a Banach space (X, || - ||) with uniformly convex dual X*. We recall
that in this setting

(x,y)+ = (‘ray)* = <J(l‘),y>7

where J : X — X* is the duality map and we assume the following hypotheses on the problem (1.1).

(Hy) A: D(A) C X — X is an m-dissipative operator satisfying the following assumptions:
(Hg) A generates an equicontinuous semigroup;
(HY) D(A) is a convex subset of X.

(Hp) F :[0,T] x X — X satisfies the following assumptions:

(HY) for every z € X and every ¢ € [0,T], F(t,z) is a nonempty, convex, compact set;
(H}) for every z € X the map F(-,z) : [0,7] — X has a measurable selection;
(H%) for a.e. t € [0,T] the map F(¢,-) : X — X is X — X upper semicontinuous;
(H3) for every £ > 0, there exists a map ay € L*([0,7];R) such that

|E(t,z)]] < ap(t), fora.e. te[0,T]and every x € By(0);
(H%) there exists 8 € L([0,T]; R4) such that

x(F(t,D)) < B(t)x(D), for every bounded set D C X,
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where x is the Hausdorff measure of non compactness defined in Section 2;
H?%) transversality condition: there exist T € D(A), § € A(T), € > 0 and
F

7 > max {s, sup [|S(t)xT — ||, ||E}

t€[0,T]

such that for every x € X, r —e < ||z — Z|| < r and for a.e. t € [0,T] there exists z € F(t, z)
(possibly depending on t) such that

(J(x —T),Az+7) <0, forevery A € (0,1]. (4.1)
(Hy) g:C([0,T]; X) — D(A) is a compact and continuous map such that
lg(w) — 7| < v for every we C(0,T);X), Ju—7lo <,

where 7 and 7 are from (H3.).

Remark 4.1. If 0 € D(A) and 0 € A(0), in hypothesis (H3) we can consider T =7 = 0 and we can assume
(4.1) only for A = 1.

The uniform convexity of the dual X* implies that X is reflexive. Thus by Proposition 2.2 of [10] we get
the following result.

Proposition 4.2. Under the conditions (H}) — (H3.), for every ¢ € C([0,T]; X) the set
S, ={f € LY[0,T]; X), f(s) € F(s,q(s)), for a.e. s € [0,T]}
is a nonempty, closed and convex subset of L*([0,T]; X).
For A C X we denote by W.(A) the e neighbourhood of A4, i.e.
We(A)={z e X :d(z,A) <e}

where d(x, A) = inlf4 d(z,y). Now, denoting the Hausdorff metric by dg, i.e. for A, B C X
yeE

di(A, B) = inf{e : A C W.(B), B C W.(A)},

we will show some easy to check properties on the space X and on the multivalued map F : [0,T] x X — X
implying assumptions (H}) (H%) and (H%).

Remark 4.3. It is well known that if X is a uniformly convex Banach space, or if it is a reflexive Banach

space with a Frechét differentiable dual X*, then D(A) is convex (see [23, Remark 3.6]).
Remark 4.4. If F : [0,7] x X — X has weakly compact values, F(-,z) is measurable for every z € X,
F(t,-) is upper semicontinuous with respect to the weak topology for a.e. t € [0, T], then has a restriction

Fy:[0,T] x X — X, defined as

Fot,z) ={2x € X, zx = Ay1 + (1 — Nya, A € [0,1], 91,92 € F(¢,2)}
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that is measurable in the first variable, strong-weak upper semicontinuous in the second variable and that
has strongly compact values. Notice that Fy(t,z) C F(t,x) for every t € [0,T] and x € X, so it is possible
to obtain a solution of problem (1.1) considering F' replaced by Fy.

Remark 4.5. Trivially, if a multimap F : [0,T] x X — X is compact, satisfies (H#) with B(t) = 0.
Moreover, if F' has compact values and there exists a map 3 € L*([0,T]; X) such that

du(F(t,z), F(t,y)) < @)z -yl (4.2)

for a.e. t € [0,T] and every z,y € X, where dy is the Hausdorff distance, then the multimap F' satisfies
(H}).

Indeed, let t € [0,T], D C X be a bounded set, ¢ > 0 and S be a finite x(D) + e-net of D, i.e. for every
x € D there exists 7 € S such that

[z =9l <x(D) +e.

Thus, for every x € D and z € F(t,x) there exists z; € F(t,7) such that

Iz = z1ll < BE®) |z = yll < BE)(X(D) +¢).

Hence

F(t,D) C | F(t,y) + Bt)(x(D) +€)B1(0).
yeS

Now, since S is a finite set and F'(t,y) is compact, it follows that the set Uyes F(t,y) is a compact set.
Thus, by the subadditivity, regularity and semi-homogeneity of the Hausdorff measure of non compactness
we get

X(F(t, D) < x | | Ft,y) | +x (BE)((D) +2)B1(0) < B(t)(x(D) +¢),
yeS

and we obtain the claimed result by the arbitrariness of e.
Finally, by the additive properties of the Hausdorff measure of non compactness, a multimap F : [0, T] X
X — X, F = F + Fy, with F} a compact multimap and F satisfying (4.2) verifies (H#).

Here is an example of a map that is neither compact nor Lipschitz, but satisfies the hypothesis (H#).

Example 4.6. Consider in ¢5 the map f : By(0) = B1(0) defined as f(x1, x2,x3,...)=(y/1—|z||%, z1,22,...),
where /5 is the space of square-summable sequences with values in R. The map f is the sum of the
one dimensional mapping f1 : B1(0) — Bi1(0), fi(z) = (/1 —|zle,0,...,0,...) and the isometry
f2 : B1(0) — B1(0), fa(z1,22,23,...) = (0,21,22,...). Thus f1 is a compact map and f, is Lipschitz,
so the sum satisfies (H#), but does not satisfy (4.2) in z € €y with [|z|,2 = 1.

Furthermore, below we show an example of a compact map, thus satisfying (H#), but not necessarily
Lipschitz, which arises from applications, precisely in population dynamics, representing the mortality rate
of a population.

Example 4.7. Let Q@ C R™ be an open domain with regular boundary, X = LP(Q), p > 1 and h : [0,T] x
2 x R — R be a map satisfying



14 1. Benedetti et al. / J. Math. Anal. Appl. 539 (2024) 128484

(hy) for every u € R, h(-,-,u) : [0,T] x @ — R is measurable;
(ha) for every (t,x) € [0,T] x Q, h(t,z, ) : R — R is continuous;
(h3) there exists ¢ > 0 and b € R such that

|h(t,z,u)| <a+blul (tz,u)€l0,T]xQxR.

Then the operator f:[0,T] x LP(2) — LP(2)

£t 0) (@) = h umx/w@ds

Q

is a Carathéodory map, sending bounded sets into relatively compact ones and so satisfying assumptions
(H}), (H%) and also (H#) with 8(t) =

We will show now an example of a superlinear map satisfying the assumptions (H%) — (H#).

Example 4.8. Let 2 C R™ be an open domain with regular boundary, X = L?(Q2) and f : L?(Q2) — L?(Q)
defined as f(u) = ||ul|3 — bu with b > 0. Being the assumptions (H%) — (H3) trivially satisfied, we will
check only condition (H%). The map f is the sum of the maps f1 : L2(Q2) — L?(Q), fi(v) = |lul} and
fa: L2(Q) — L?(Q), fo(u) = —bu. Thus, f is the sum of the compact map f; and the Lipschitz map fa, so
satisfies (H#). Considering f the nonlinearity in (1.1), under condition H,4 we have that f may also satisfy
(H%.). For instance, we can choose T = § = 0, and A = 1, as in problem (6.2). Since L?(Q) is a Hilbert
space, we have that condition (4.1) reads as

(J(u), f(u)) = (u, f(w)) <0

/ )) d = / MM%+/(OPMQM£

< IUII lull2v/1€2] = bHu||2— [ull3(]lull2 \/IQ (rv[92]=0) <0

and we have that

b
provided r < ——
Q]

j

We want to prove the existence of at least one integral solution for the problem (1.1).
Definition 4.9. A function v € C([0,T]; D(A)) is said to be an integral solution to (1.1) if there exists
f e LY[0,T); X), f(1) € F(r,u(r)) for a.e. 7 € [0, T] such that u is an integral solution of (3.1) in the sense
of Definition 3.4 with u(0) = g(u).

The main result of this paper is the following.

Theorem 4.10. Under the assumptions (Hr), (Ha) and (Hy) there exists at least one integral solution of the
problem (1.1).

5. Existence results

In this section we prove the main result of the paper, i.e. the existence of at least one integral solution
for problem (1.1).
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First of all, to overcome the fact that for every x € X, r—e < ||z —Z|| < r, and a.e. t € [0,T], we assumed
(H3.) for at least one element of F(¢,z) and not for all elements of F(t,z), following a technique developed
in [11], we introduce an auxiliary multimap. More precisely, denoting by

Bi={ze€eE:r—e<|az—-7|| <r},
let B: X — X defined as

B(z) = {{ZGX c{J(x—=7), 2 +7) <0,YA€(0,1]} if »€ B (T),

X otherwise

where € > 0 and r > 0 are from (H?%). Set Fp: [0,T] x X — X, Fp(t,z) = F(t,z) N B(z). Notice that, by
(H%), F(t,z) N B(z) # 0 for every t € [0,T] and z € X, thus Fjp is well defined and it is clear that the
multimap Fp satisfies (H%) for every z € Fp(t,x). Moreover, Fj satisfies also (H%) — (H#). We prove this
assertion in the next proposition.

Proposition 5.1. The map Fp: [0,T] x X — X satisfies assumptions (H%) — (H%).

Proof. Tt is easy to see that the set B(x) is closed and convex for every « € X, therefore the set Fp(t,x) is
compact and convex for every ¢t € [0,T] and x € X. Notice that

Fa(ta) = { ZEFB2) = (J@ =) A2 +7) <0,¥A€ (0,1} if = € Bi(@),
e F(t,z) otherwise

Thus, for every x € X the map Fg(-,x) : [0,7] — X has a measurable selection. Indeed for ||z| < r —¢, or
|lz|| > r, it is true by (H) and for r — e < ||z — Z|| < r it is enough to define f : [0,7] — X as f(t) = z,
with 2z € F(t,z) from (H%).

Moreover for a.e t € [0,7] the multimap Fp : X — X is X — X™ upper semicontinuous. First of all we
will show that the multimap B is a sequentially closed multimap from X to X™. Indeed let z,, — z¢g and
Zn — 2o With z, € B(x,) for any n € N. We have the following cases:

1. there exists @ > 0 such that z,, ¢ B¢ for every n > 7.
In this case, we have also that z¢ ¢ B¢, so B(z,) = B(xzg) = X.
2. there exists m > 0 such that z,, € B for every n > n.
In this case, we have that r — e < [[zg — || < r. So, we have the following two subcases:
2.8 ||lxg—T|| =r—cor |z —T| =
In this case B(zg) = X and there is nothing to prove.
2br—e<|zo—T| <.
Recalling that in our setting, the duality map J : X —o X* is single valued and continuous we get

0> (J(zn —T), 20 +7) = (J(xo —T),A20 +7), VYV Ae(0,1].
It follows
(J(xo—T), A20+7) <0, VAe(0,1].

Hence zp € B(xo).
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Moreover, by Proposition 2.5, for a.e. t € [0,T] the multimap F(¢,-) : X — X is X — X™-closed. Therefore,
for a.e. t € [0,T], Fp(t,) : X — X is X — X"-sequentially closed as intersection of a X — X“-closed
multimap and a X — X"-sequentially closed multimap.

Clearly, for every x € X, Fg(t,z) C F(t,x), thus, by the monotonicity of the norm and of the Hausdorff
measure of non compactness, for every t € [0,T], © € X and every bounded set D C X it follows that

[FB(t, )| < [|F(E ),
and
X(Fg(t, D)) < x(F(t, D)),
thus, assumptions (H3) and (H#) are trivially satisfied. By (H3) and the reflexivity of the space X, Fj is
also X — X% quasi compact. Since, in a Banach space, the weak closure of a weakly relatively compact set
coincides with its weak sequential closure (see [21, Theorem 8.12.1, p. 549]), by Proposition 2.4, we have

that for a.e. ¢t € [0, 7], the multimap Fg(t,-) : X — X is X — X" upper semicontinuous. O

Consider the following auxiliary problem

{u’(t) € Au(t) + Fp(t, u(t)), for a.e. t € [0,T], 5.1)
u(0) = g(u)
Clearly, all solutions of (5.1) are solutions of (1.1).
Moreover, for every A € [0, 1], we consider the following family of problems
u'(t) € Au(t) + AFp(t,v(t)), for a.e. t € [0,T], (5.2)
u(0) = Ag(v) + (1 =M= '

where v € C([0,T]; X) is a given map.
5.1

By Propositions 5.1 and 4.2 the set

SB = {f e L'([0,T]; X), f(s) € Fp(s,v(s)), for a.e. s € [0,T]}

is nonempty, convex and closed for every v € C([0,T], X). Thus, by Theorem 3.5, the operator G : [0, 1] x

C([0,T); D(A)) — C([0,T); D(A)) defined by

G\, v) ={ue C([0,T); D(A)) integral solution of (5.2)},

is well defined. Recalling the definition of the operator K given in Section 3 and defining (A, v) : [0,1] X
C([0,T; X) — X, g(A\,v) = Ag(v) + (1 — M), we have that

G()\,’U) = {Kﬁ(A,v)(Af)a [ € Sf}

Clearly, a fixed point of the operator G(1,-) is an integral solution of (5.1) and so an integral solution of

(1.1).

Proposition 5.2. The operator G : [0,1] x C([0,T); D(A)) — C([0,T]; D(A)) is closed.
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Proof. Let {v,}>2, C C([0,T]; D(A)), A, € [0,1] and {u,}32, € C([0,T]; D(A)) with u, € G(An,v,) such
that v, = v, up, — win C([0,T]; D(A)) and A, = A we want to prove that u € G(\,v).

First of all, by the convergence of {v,}52; in C([0,T]; D(A)) we have the existence of a constant M > 0
such that

lon ()| < M for every ¢ e€[0,7] and for every n € N.

Denote with {h, }72; the sequence of functions hy, : [0,T] — X such that hy, € SF | u, = Kg(x, v,)(Anha).
By assumption (H3) we have that the sequence {h, }2°, is uniformly integrable, moreover by (H#)

X({hn(0)}21) < BEX{va () }2Z1) = 0.

Thus by Theorem 3.11, the sequence {h,, }°°_; is weakly compact in L*([0,T]; X), i.e. we can assume without
loss of generality that there exists hg € L([0,T]; X) such that h,, — hg. Moreover, by the continuity of the

map g we get that g(\,,v,) — g(A,v) in D(A). Denoting with w the solution corresponding to Ahy with
w(0) = g(\,v), i.e. w = Kg(x,)Aho, by Lemma 3.6 we have that

t

[un(t) —w(®)]|* < Hun(O)*w(0)||2+2/<J(un(T) — w(7)), Anhin () = Aho(7)) d7

0
t

= 9(An, vn) =g(A\ V)12 + ?/<J(U(T) — w(7)), Anhin () = Aho(7)) d7
0

+2 /(J(un(T) —w(1)) — J(u(r) —w(T)), Aphn(T) — Ao (7)) dT.
0

Notice that in our hypotheses J : X — X™* is a uniformly continuous operator on bounded subsets in X
and, by the strong convergence of u,, to u, we have

lim J(un (1) — w(r)) = J(u(t) — w(7)).

n—oo
Thus, by the boundedness of {\,} and {h,,} we have

lim 2/<J(un(7) —w(r)) — J(u(T) —w(T)), A\phn (T) — Aho(7)) dT =0, for every t € [0,T].

n—00
0

Moreover,
17 (u(t) = w(t)||x- = [lu(t) = w®)|| < |lullo + lwllo for every t € [0,T].

Thus, J(u(-) —w(:)) € L*([0,T], X*). So, by the weak convergence of h,, to ho in L*([0,T], X) and the
strong convergence of A\, to A in R, we get

t

nh_{l;o (J(u(r) — w(7)), \phn(7) — Mo (7)) d7 =0, for every t € [0,T].
0

Hence, we obtain that for every ¢ € [0, T
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lim ||un(t) —w(t)|* = 0.
n—00

Thus, by the uniqueness of the limit, we have w(t) = wu(t). To conclude, we have only to prove that
ho(t) € Fp(t,v(t)) for a.a. t € [0,T]. By Mazur’s convexity Theorem (see e.g. [22]) we have a sequence

km km
hm = Z /\mihm—&-ia )\mz > 07 /\mi =1
i=0 =0

satisfying A, — ho in LY([0,T]; X). Hence, up to subsequence, there is Ny C [0, T] with Lebesgue measure
zero such that h,,(t) — ho(t) and Fp(t,-) is ws.c for all t € [0,7]\ No. Fix to & Ny and assume, by
contradiction, that ho(to) ¢ Fp(to,v(to)). Since Fp(to,v(to)) is closed and convex, from the Hahn-Banach
Theorem there is a weakly open convex set V' O Fg(to,v(ty)) satisfying ho(to) ¢ V' . Since Fp(to,-) is
X — X" us.c., we can also find a neighbourhood Vi of hg(tg) such that F(tg,z) C V for all x € V.
The convergence v,,(tg) — v(tg) as m — oo then implies the existence of my € N such that v, (tg) € V3
for all m > myg. Therefore hp,(t9) € Fp(to,vm(to)) C V for all m > mg. The convexity of V' implies
that A, (tg) € V for all m > mg and, by the convergence, we arrive to the contradictory conclusion that
ho(to) € V. We obtain that ho(t) € Fg(t,v(t)) for a.a. t € [0,T]. O

Proposition 5.3. The operator G : [0,1] x C([0,T); D(A)) — C([0,T]; D(A)) is upper semicontinuous.

Proof. By Proposition 5.2, the operator G is closed. Thus, to get the upper semicontinuity of G, we will
prove that the operator G is quasi compact and we will apply Proposition 2.4. To this aim, let {v,}52, C
C([0,T); D(A)), {\n}52, C [0,1] be two convergent sequences and consider {u, 52, C C([0,T]; D(A)) with
Un, € G(An,vy). As before, denote by {h,}52; the sequence of functions hy, : [0,T] — X, h, € SP and by
{gn}52, C D(A) the sequence of functions defined as g, = g(An, vn). We observe that {g,} is a convergent

sequence, hence, applying Lemma 3.12, (H#) and (2.1), we have

t

X({ Ky, (Anhn)()}7%21) < /X({Anhn(S)}Zil)ds

0

x({un()}721)

/ (B ()}52,) ds < / B(s)x({va(s)}32) ds = 0.
0

0

IA

Thus, we have that v({un}pZ;) = supicpo 1 e L ({un(t)}22;) = 0. Furthermore, by Lemma 3.13
we have that {u,}>2, is a sequence of equicontinuous functions, thus modec({u,}52;) = 0. Getting
v({un}s2;) = (0,0). Obtaining the relative compactness of the sequence {u,}52; and thus that G is a
quasicompact operator.

Analogously, it is possible to prove that for every A € [0,1] and v € C([0,T]; D(A)), the set G(\,v) is
relatively compact. Moreover, by Proposition 5.2 it follows that for every A € [0,1] and v € C([0,T]; D(A)),
the set G(A,v) is closed and hence compact.

In conclusion, by Proposition 2.4 G is an upper semicontinuous multimap. O
Now we prove that G has Rs values following the same lines of the proof of [34, Theorem 3.1].

Proposition 5.4. The operator G : [0,1] x C([0,T); D(A)) — C([0,T); D(A)) has Rs values.

Proof. In Proposition 5.3 we have proven that G has compact values.
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Next we will show that G has contractible values, thus obtaining that G has Rs values. Let A € [0, 1],
v € C([0,T]); D(A)) and let C = G(\,v), fix f € SP and define h : [0,1] x C — C by

u(t), ift € 0,nT),

h(n,u)(t) = {ﬂ(t;nT,u(T)T))v if t € [T, ],

where u(+; %o, zo) is the solution of

w'(t) € Aw(t) + f(t) t € [to,T)
w(t()) = Xq-

Since u = Kg(x ) (Af) for some f € S5 we have h(n,u) = Kg()\’v)(/\f) with f:: X0 + ?X[UT,T] €SB
hence the range of h is contained in C. Indeed, let n € [0,1] and u € C, the map h(n,u) is a continuous

map and h(n,u)(t) € D(A) for every t € [0,T]. Now we prove that h(n,u) is a solution of (3.1).
For the cases 0 < s <t <nT and nT < s <t < T is trivial by the definition of v and u(-; nT,u(nT)).
So,let 0 < s <nT <t<T,xz€ D(A) and y € Az, we have

1A (n, u)(t) — =[|* = IIﬂ(t;tnT,U(nT)) — | < aT;nT, u(nT)) — «|?

2 / (J (@m0, w(nT)) — ), F(r) + ) dr

nT
i

= lu(nT) — z|* + 2 /(J(E(T; nT,u(nT)) — ), \f(r) +y) dr

nT
nT

< flu(s) I + 2 [ (u(r) = 2, Af () + g) dr

S

2 / (@0, u(T)) — ), \F(7) + ) dr
nT

= [|A(n, u)(s) —$\|2+2/<J(h(77,U)(T) — ), Mf(7) +y) dr.

S

We prove now that h is a continuous map. Let 11,12 € [0,1], n2 > 11 and vy, us € C.
For t € [0,m T

1A (01, ua) (#) = Bz, u2) ()| = flur(t) — uz()];

for ¢t € [m T, n2T], by Lemma 3.6, we have

[P (1, ua)(8) = h(nz, u2) ()| = [[a(t; mT, ui(mT)) - uQ(t)Ht

< ||u1(771(T))—uQ(mT)II+/IIT(S)—fz(S)IIdS

mT

By (H3) with £ = ||v||, we have that

1A (1, ua)(8) = h(nz, u2) ()| < [lur(mT) — ua(m D)l + 2[[vell L1 igy 790715
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for t € [T, T), again by Lemma 3.6, we have

1A (n1, ur)(t) — h(n2, ue)(®)]| = a(t; mT, ur(mT)) —w(t; n2T, uz(n2T)) ||
< a(n2TsmT, ui(mT)) — uz(n21)||

n2T
< [atn Tsm Ty (n ) — wa(m )l + [ 176) ~ fa(s) ds
mT
n2T
< Jur(n) — weln )| + [ 17(s) = fa(s) ds
mT

< lun(mT) —u2a(mT)|| + 2lvell 2 ny 7 mo1)-

Now, by the absolute continuity of the integral function of vy, for every € > 0 there exists v(¢) such that
for every E C [0,T] with Lebesgue measure p(FE) < y(¢) it holds

Q/W(s) ds <e.

E

Moreover, C being compact is an equicontinuous set of functions, thus for every e > 0 there exists 5(g) > 0
such that for every |t — s| < B(¢)

lu(®) —u(s)]| <e, V ueC.

Thus, for every € > 0, choosing 11,72 € [0, 1], n2 > n1 such that (n2 —n1)T < min{B(e),v(¢)} and uz,us € C
such that ||u; — uz|lo < & we obtain for every ¢ € [0, 7]

[A(n1,u1) () — h(nz2, u2)(t)]| < 2e,

hence the continuity of the map h.
Moreover, h(0,u) = Kg(x0)(Af), h(1,u) = Kg(r.)(Af) = u. Therefore, C' is contractible. O

We will prove that the operator G is condensing with respect to the measure of non compactness defined
in (2.2).

Proposition 5.5. The operator G : [0,1] x C([0,T]; D(A)) — C([0,T]; D(A)) is v-condensing.

Proof. Let L > 0 such that

t

q:= sup /e_L(t_s)B(s) ds < 1.
t€[0,T]
0
We notice that ¢ < 1 for every L > 0 sufficiently big.

The set Q@ C C([0,T]; D(A)) is bounded and such that

v(G([0,1] x Q) = v(Q),

we will prove that 2 is a relatively compact set.
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Let {w, }22; C G([0,1]x) be a sequence which realizes the maximum in the definition of v(G([0, 1] x2)),
ie.

V(G([07 1] X Q)) = (V(Wn)vadC(wn))'

Since {w, }52; C G([0,1] x Q), there exist {v,}32; C Q and {\,}>2; C [0,1] such that ||v,(¢)|]] < M for
some M > 0 and for every ¢ € [0,T], w, € G(An, vy,). Given the assumption that

v(G([0,1] x Q)) > v(Q)
and that v, C 2, we then deduce that
(v(wn), mode(wn)) = (7(va), mode(vn))
and, in particular
Y(wn) = y(vn).

Denote by {h,,}22, the sequence of functions hy, : [0,T] — X such that h, € SZ . By assumption (Hp)

X{n(9)}521)) < Bls)x({vn(s)}521) = e*Bs)e P x({vn(s)}nL)

el*B(s) sup e PEx({vn()}n2y)
£€l0,7]

et B(s)y({vn}oy)-

IN

By assumption (H3) we have that the sequence {\,h,}52; is uniformly integrable. Moreover, by the
compactness of g, it follows that the sequence {g,,}°2 ;, defined as g, = g(An, vp), is relatively compact in
D(A). Hence, applying Lemma 3.12 we have

x({wn(®)}321) = x({Kg, Anhn)()}721) < /X({Anhn(S)}Z":l)dS

/ X({hn(5)}52.1) ds

0

IN

t

7({7%}%0:1)/6[/56(8) ds.

0

IN

Now it follows that

Y({on}2n) < A{wn}ey) = sup e Px({un(8)}2)
t€[0,T]
< | sup / L= 3(s) ds | A({on}32y = g 7({m 2.

t€[0,T
0

Since ¢ < 1 we obtain v({v, }52;) = 0 and, as a consequence, y({w,}>2 ;) = 0. Furthermore, by Lemma 3.13
we have that {w,}$2, is a sequence of equicontinuous functions, thus mode({w,}32 ;) = 0. Getting
v(G([0,1] x ©)) = (0,0) and in conclusion v(Q2) = (0,0). O
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Notice that, by assumption D(A) is convex and, as a consequence, C([0,T], D(A)) is convex. Following
the notation of Section 2, let

D=X=0C([0,T],D(A) U ={ue([0,T),D(A)),: |lu(t) ~ 7| <rV¥tel0,T]}

with r > 0 and T from (H%). By Propositions 5.3, 5.4 and 5.5 we have that the map G(1,-) is upper
semicontinuous and condensing with Rs values. If there exists v € OU such that u € G(1,u) we get a fixed
point of the multioperator G at level 1 and thus a solution of Problem (1.1), i.e. the claimed result. So, we
can assume u € G(1,u) for every u € 9U. Thus, the index ind(G(1,-), X, U) is well defined.

Moreover, the unique integral solution of the problem

u'(t) € Au(t) t€[0,T)
u(0) ==

is given by u(t) = S(¢)z. Being r > ||S(t)T — T|| we have that S(¢)T € U. Thus, ind(G(0,-), X,U) =1
5.1. Proof of Theorem 4.10

We are able now to prove the existence of at least one mild solution of problem (1.1).

By Propositions 5.3, 5.4 and 5.5 we have that the map G is upper semicontinuous and condensing with R
values. In order to prove that the map G is an homotopy between the map G(0,-) = 0 and G(1, -) we have to
show that FixG(X, )NOU =  for every A € [0,1). Assume by contradiction that there is u € C([0,T], D(A))
with ||u — Z|lo = r and X € [0,1) such that u € G(\,u). Notice that A # 0, indeed G(0,u) = S(¢)T and by
assumption |S(t)Z — Z|| < r. Thus, we can assume \ € (0,1). Let ¢y € [0, 7] be such that ||Ju(to) — Z|| = 7.
Notice that to # 0. Indeed, since ||Z|| < r, it follows

Ju(0) - 7| = [Rg(u) + (1 - N7 - 7
= Xlg(u) ~ 7| <Ar <.

So, let ty € (0,T]. By the continuity of u we can find ¢; € (0, to] satisfying ||u(t1) —Z| = r and |Ju(t) —Z|| < r
for t € [0,¢1). In particular, corresponding to ¢ > 0 from (H3) there exists § > 0 such that

r—e<||u(t)—F <r

for every t € [t; — d,t1).
Let h € S5 such that u = Koxu) (Ah) and apply the definition of integral solution with 2 = 7 and y = 7.
We have

t1
r? = lu(tr) =7 < |lu(ts — 6) — 7| + 2 / (J(u(r) =), Ab(T) + ) dT
t1—98
< 7’2 =
ty

with —n = 2 / (J(u(t) = &), \h(T) + ) dr <0 by (H}), hence a contradiction. By the normalization and
t1—9
homotopy invariance property of the index we get

ind(G(1,-), X, U) = ind(G(0, ), X, U) =

Thus we obtain a fixed point of G(1,-), i.e. a solution of (5.1) and, as a consequence, a solution of (1.1).
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6. Applications

We will apply the existence result in Theorem 4.10 to the following class of partial differential inclusions
in a domain 2 C R™ with smooth boundary:

w € a Au(t, z) — dp(u(t,x)) — bu(t,z) + [f1(t, u(t, ), fo(t,u(t,x))] nQr
ou
——(t,z) € 9j(u(t,x)) in 02
o I ' (6.1)
w(0,2) = [ [ h(s, € uls,€)) dé ds in 0
/]

where Qp = Qx]0,T[, 0Qr = 9Q x [0,T], d¢ is the subdifferential of ¢, Au(t, z) is the Laplacian of u(¢,-),
0
a >0 and a—u(t, x) is the normal derivative of u(t,-) at x € 9.
1

We counsider problem (6.1) under the following assumptions:

(1) ¢ : R — R U {400} is a proper, convex, lower semicontinuous function such that
(1)) ¢(0) = 0= minp(s);
(1) for every v € L*(Q) g ov € L*(Q);
(2) 7:R — R is a nonnegative, convex, continuous function such that
(2:) 5(0) = min j(s);
(24;) there exists a constant C' > 0 such that

0<j(s) <C(1+5%), seR;

(3) fi,f2:[0,T] x R — R satisfy
(3:) fi(t,u) < fa(t,u) for every (t,u) € [0,T] x R;
(3;) for every u € R, fi(-,u) : R — R is measurable and fi(-,0) : R — R is continuous with

L= £,0)];
tgl[ggg]Iflh )E

(3:45) for every u € R, fo(-,u) : R — R is measurable and f»(-,0) € L1([0,T]);
(3iy) there exist ag > 0 and ag € L' ([0, T],R ) such that

|f1(taU1> - fl(t7u2)‘ < a1|u1 — U2

and

|f2(t, ur) — falt, u2)| < az(t)|ur — ual,

for a.e. t € [0, T] and for every uy,us € R;
(4) h:[0,7] x 2 x Q x R — R is such that
(4;) for a.e (t,€) € [0,T] x 2 the map h(t,-,§,): @ x R = R is continuous;
(44;) for every (z,u) € 2 x R the map h(-,x,-,u) : [0,7] x @ — R is measurable;
(4:i;) there exists a function n € L1([0,T],Ry), with |n]1 < Wll’ such that

|h(t, z, & u)] <n(E)(1+ |u|) for every (t,z,& u) € [0,T] x 2 x  x R.



24 1. Benedetti et al. / J. Math. Anal. Appl. 539 (2024) 128484

Il 1212 Lv/1€]
L—{nll112] " b —
solution u € C([0,T], L3(2)), with ||u(t)||2 < r for every t € [0,T].

Theorem 6.1. If b > «y, for every r > max{ }, the nonlocal problem (6.1) has a

Proof. Let X = L?(2). Consider the operators ® : X — R and ¥ : X — R U {+o00} defined respectively as

b(0) = [ plo(w)do

Q

and

%a/|Vv(m)\2d:c+a/j(v(x))dx, v e HY(Q),
Y(v) = Q 80

400 otherwise.

It is possible to prove that they are proper, convex, lower semicontinuous functionals with
D(®) = {ve L*(Q),povec L' Q) = L*(Q) D)= H(Q).
Notice that D(®) = L?(2), comes directly from assumption (1;;). Moreover, f € 0®(v) if and only if
v, f € L3(Q), f(x) € dp(v(x)), a.e. z € N

and 1 € 0¥ (v) if and only if

Y =—aAv inL*Q) and 0¢ i(t,x) +9j(v) in L*(0Q),

see [31, Example 2B, 2E, pp. 163-165] and [32, Example 1.6.2]. Furthermore, 0% + ¥ is m-accretive and

equal to (P + ¥), see [31, Example 2F, p. 167].
We write problem (6.1) as the following abstract problem

{ u'(t) € A(u(t)) + F(t,u(t)) te€]o,T]| 62)

u(0) = g(u)

where A = —9(® + ¥), the multimap F : [0, T] x L?(Q) — L2() is defined as F(t,u) = —bu+ G(t,u) with
G(t,u) = {v € L*() : IX € [0,1] such that v(z) = M1 (¢, u(z)) + (1 = N) f2(t, u(z))}

and g : L?(Q) — L*(Q)

T
O/SZhsxf, €)déds, x €.

By Theorem 1.6.1 in [32], we have that D(A) is a dense subset of D(¥ + ®), thus

D(A) = D(V + ®) = D(V) N D(®) = HL(Q) = L*().
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Clearly, m is a convex set and, since A is in the form of a subdifferential, by Theorem 1.6.2, Theorem
1.8.1 and Corollary 1.9.1 in [32], it is a m-dissipative operator generating an equicontinuous semigroup
{S(t)}+>0- So, the operator A : D(A) C L*(Q) — L*(Q) satisfies the assumption (Hy).

Now, we prove that the multimap F satisfies the properties (H%) — (H#) of Theorem 4.10. Notice that,
according to its definition, it is enough to show that G satisfies such properties.

Let u € L?(Q2) and t € [0,T]. We have that

/||f1 (t,u(@) |2 dz < 2/||f1 (tu(2) — At O)||2d33+2/||f1 (t,0)||2 d

IN

2a1/||u )12 dz + 2L2|0)] (6.3)

IN

2041||U||2 +2L%|),

thus f1(¢,u(-)) € L*(Q) and so the set G(t,u) is nonempty.
The set G(t,u) is compact. Indeed, since given {v,} € G(t,u), we have that there exists a sequence
{An} C [0,1] such that

vp(2) = A f1(t,u(z)) + (1= A\p) fa(t,u(z))  for ae. x € Q.

The sequence {),} has a convergent subsequence, \,, — . Thus, the corresponding subsequence, {v,, },
defined as

Un,, () = Apy fr(tw(@) + (1 = Any ) f2(t,u(z))  for ae. x € Q,

converges in L2(2) to v : Q — R defined as

v(z) = Mfi(t,u(x)) + (1 = N) fo(t,u(x)) for a.e. z € .

Reasoning as for fi(t,u(-)) we can prove that fo(t,u(-)) € L?(Q), getting v € G(t,u). Now, let € (0,1) and
consider vy, vy € G(t,u), we have that nu; + (1 —n)vy € L*(Q) as a convex combination of L?— functions.
Moreover it is easy to show that nv; + (1 — n)va € G(t,u), implying that G(t,u) is a convex set and so
condition (H%) is satisfied.

For every u € L%(Q), the function f{*:[0,T] — L?*(£2) defined as

@) (x) = filt,u(z)) for ae. x e

is a measurable selection of G(t,u). Indeed, by (6.3) we have for a.e. t € [0,7T] that fi(¢)(-) € L?(Q2) and, by
assumptions (3;;) and (3;,), for every g € L*(Q) the map gfi* € L*([0,T] x ). Hence, by Fubini’s Theorem,
the map

S (g fU () = / o(@) f1(t, ulx)) da

Q

is measurable. In conclusion, since L?(§2) is separable, by the Pettis measurability Theorem (see [31, Theorem
1.1, p. 103]), the map f{ : [0,T] — L?(Q) is measurable. Moreover, by previous reasonings we have that
fiv(t) € G(t,u) for a.e. t € [0, T]. Hence condition (H1) holds.

To prove assumption (Hz), let ¢ € [0,T]. Consider {u,} C L*(Q), u, — u and {v,} C L*(Q), v, €
G(t,up). The fact that v, € G(t,u,) implies that there exists a sequence {\,,} C [0, 1] such that



26 1. Benedetti et al. / J. Math. Anal. Appl. 539 (2024) 128484

Un(x) = A f1(t un(z)) + (1 = Ap) fo(t, un(x))  for ae. z € Q.

By the compactness of the interval [0, 1], we have that there exists a convergent subsequence {\,, }, An, — A,
moreover there exist a subsequence {uy, } a.e. convergent to u and a function ¢ € L?(2) such that

|tin,, ()] < €(x) for every k and for a.e. z € Q.
So, by the continuity of the maps fi(¢,-), fa(t, ), it follows that
U () = Ay f1(E Uy, (7)) + (1= M) fo(t Un,, (7)) = A1t u()) + (1= N) fo(t,u(z)), a.e. in Q.
Thus, we have

[Ang 1t uny (2) + (1= Any) fo b, uny (2)] < anlun, (2)] + [ f1(E 0)] + aa(t) [un, (2)] + | f2(2, 0)]

(a1 + az(t)l(x) + [ fi(t,0)] + [ f2(2, 0)].

ININA

Hence, by the Lebesgue Convergence Theorem, {v,, } converges in L?(Q2), obtaining that G(t,) is a quasi-
compact map. Moreover, notice that {v,, } converges to v, defined as

v(x) = M1t u(z)) + (1 = N) fa(t,u(x)) for a.e. x € Q,
hence v € G(t,u). Thus the graph of G(t,-) is closed in L?(2) x L?(Q). Finally, by Proposition 2.4, G(t, )

is w.s.c., then it is w.s.c. from L?(Q) to (L*(Q))v.
Now, let £ > 0, u € B,(0) and ¢ € [0,T]. For every v € G(t,u), by (3;,) we have

w3

J1o@P o= [t @) + (1= Vot u(@) d

<9 / (2t u(@) P + | ol u(@))2) da
Q
< 4/(|f1(t,u(w)) — A0 + |1 (4,0)) da
Q
4 / (fa(t, u(@)) = Fo(t,0)2 + | fa(t,0)?) da
< 4(a? + a3E)ulB -+ U (ORI + 4o 0) Pl
< 4(af + a3 (1) + 4(|f1(£, 0)]> + 4] f2(¢, 0)[*) |0,

thus, by conditions (3;;) and (3;;;), assumption (H3) is satisfied as well, with a, € L([0,T]), au(t) =
4(a2 + a2 (t))0% + AL + 4] f2(,0)2|Q], ¢ € [0, T).

Now we prove assumption (H#). Let t € [0,7], D C L?(f2) be a bounded set, by Remark 4.5 we have
that

X(f1(t, D)) < aax(D) and  x(fa(t, D)) < az(t)x (D).

Hence, by (2.1), we have

X<G<t’ D)) X (UAG[O,I]()‘fI(t,D) + (1 - )‘)fQ(tvD))

x(fi(t, D)) + x(f2(t, D)) < (a1 + a2(t))x(D),

ININ
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and then (H#) is satisfied, with 3(-) = a1 + a(-). In order to prove condition (H2), we recall that for
w € L*(Q) with |Jwl||, > 0, we have

uww»=/mow@%

Q

Moreover, 0 € D(A) and 0 € A(0). Indeed, since
Ip(x) ={z € R; p(x) < ¢(y) + (z — y)z, for every y € R}

and by (1;), 0 = ¢(0) = min ¢, we have that 0 € dp(0) and so 0 € 9®(0). Similarly by (2;), we can prove
that 0 € 95(0). So, since for v = 0, —aAv = 0, we have that 0 € 9¥(0) as well, obtaining the claimed
result. Moreover, we have that ||S(¢)0 — 0|| = 0. Indeed, by Theorem 1.8.1 [32], ||S(¢)0 — 0]] < ¢|A0| and
|40 = inf{[ly|l; y € A0} = 0.

Therefore, given r > ‘/lﬁ , for a.e. t €[0,1] and w € L*(Q), 0 < ||w|l, < 7

<ﬂmjﬁw»=/w®hww@M£

IN

Q

/\w(ﬁ)\(allw(é)l + 11, 0)]) d < anllw]3 + | 1(¢,0)][[wl|2+/12]
Q

arfwl3 + Llwl2/19.

<
Consequently,
(J(w), =bw + f1(t,w)) = (J(w), —bw) + (J(w), f1(t, w))
< el (= an)ljwlls = Ly/9]) <0
provided
i—m < lwllz2 < r.
“a

So assumption (H3%) is satisfied with T =7 = 0 and A = 1 (see Remark 4.1).

By the above reasonings the assumptions (H4) and (H%) — (H?) of Theorem 4.10 are satisfied. Moreover,
applying Proposition 4.1, Chapter 5 of [28], we have that g is a compact and continuous map from L?(Q2)
to L2(Q) = D(A). Finally, for every u € L?(Q) such that |Juljz < r

2 1/2

lg(w)le = /i/hmﬁ, ) dedt| da
0

Q
9 1/2

T
!!{n (1+ |u(€))) de dt| da
:\/@<0/ n(t dfdt+// t)u(&)| d dt

Q

< M|mmm+wmmmwn)
[ (1l 21 + Inllar/190) <.

IN
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Exploiting the fact that |||y < ﬁ (see condition (4;4;)), the last inequality holds for r sufficiently big.
Thus, also the assumption (Hg) holds and we get the claimed result. O

Remark 6.2. Notice that if ¢ : R — R is such that
0<¢(s)<D(1+s%), seR
for some constant D > 0, the assumption (1;;) is satisfied.
We will see now an example of an operator ® : X — R such that 0® does not generate a compact
semigroup. Hence, assuming a = 0 in problem (6.1), we obtain that the operator A = —9® generates an

equicontinuous non compact semigroup.

Example 6.3. Let K = {v € L?(Q) : v(z) > 0 a.e. x € Q} and

w0={0 ten

In this case D(®) = D(0®) = K and
o0 (u) = {w € L*(Q) : (u —v,w) >0, Yv € K}.
Thus, let £ > 0 we have that the level set
fue K:lullz + ®(u) <k} = Braq)(k)

is not relatively compact in X. Hence, by Proposition 2.2.2 in [32], the semigroup generated by d® is non
compact. In this case the map ¢ : R — R U {£o00} is defined as

so(v)z{o el

+o00 v <0

Remark 6.4. The function ¢ in Example 6.3 does not satisfy the property (1;;). However, such a condition
is only needed to guarantee that the nonlocal initial condition g : L?(2) — L?(£2) takes values in D(A). In
Example 6.3 this property can be alternatively obtained when assuming that h: [0,T] x Q@ x @ x R =+ R

has non negative values. Indeed, in this case, g(u) € K = D(®) = D(A) = D(A) for every u € L*(Q).
Acknowledgments

This research is carried out within the national group GNAMPA of INDAM.

The first author is partially supported by the Department of Mathematics and Computer Science of the
University of Perugia (Italy) and by the projects “Fondi di funzionamento per la ricerca dipartimentale -Anno
20217, “Metodi della Teoria dell’Approssimazione, Analisi Reale, Analisi Nonlineare e loro applicazioni” and
“Integrazione, Approssimazione, Analisi Nonlineare e loro Applicazioni”, funded by the 2018 and 2019 basic
research fund of the University of Perugia.



1. Benedetti et al. / J. Math. Anal. Appl. 539 (2024) 128484 29

References

[1] R. Ahmed, T. Donchev, A.I. Lazu, Nonlocal m-dissipative evolution inclusions in general Banach spaces, Mediterr. J.
Math. 14 (2017) 215.
[2] S. Aizicovici, M. McKibben, Existence results for a class of abstract nonlocal Cauchy problems, Nonlinear Anal. 39 (2000)
649-668.
[3] S. Aizicovici, V. Staicu, Multivalued evolution equations with nonlocal initial conditions in Banach spaces, NoDEA Non-
linear Differ. Equ. Appl. 14 (2007) 361-376.
[4] J. Andres, Topological principles for ordinary differential equations, in: A. Cabada, P. Drabek, A. Fonda (Eds.), Handbook
of Ordinary Differential Equations, vol. 3, Elsevier, Amsterdam, 2006, pp. 1-101.
[5] J. Appell, Multifunctions of two variables: examples and counterexamples, Banach Cent. Publ. 35 (1) (1996) 119-128.
[6] D. Azzam-Laouir, W. Belhoula, C. Castaing, M.D.P. Monteiro Marques, Multi-valued perturbation to evolution problems
involving time dependent maximal monotone operators, Evol. Equ. Control Theory 9 (1) (2020) 219-254.
[7] M.M. Basova, V.V. Obukhovskii, On some boundary-value problems for functional-differential inclusions in Banach spaces,
J. Math. Sci. 149 (4) (2008).
[8] I. Benedetti, N.V. Loi, V. Taddei, Nonlocal diffusion second order partial differential equations, Discrete Contin. Dyn.
Syst., Ser. A 37 (6) (2017) 2977-2998.
[9] I. Benedetti, L. Malaguti, V. Taddei, Nonlocal semilinear evolution equations without strong compactness: theory and
applications, Bound. Value Probl. 2013 (2013) 60.
[10] I. Benedetti, L. Malaguti, V. Taddei, Semilinear evolution equations in abstract spaces and applications, Rend. Ist. Mat.
Univ. Trieste 44 (2012) 1-18.
[11] I. Benedetti, N.V. Loi, L. Malaguti, Nonlocal problems for differential inclusions in Hilbert spaces, Set-Valued Var. Anal.
22 (3) (2014) 639-656.
[12] S. Bilal, O. Carja, T. Donchev, A.I. Lazu, Nonlocal problem for evolution inclusions with one-sided Perron nonlinearities,
Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 113 (2019) 1917-1933.
[13] S. Bilal, O. Carja, T. Donchev, A.I. Lazu, Nonlocal evolution inclusions under weak conditions, Adv. Differ. Equ. 2018 (399)
(2018) 1.
[14] A. Boucherif, Semilinear evolution inclusions with nonlocal conditions, Appl. Math. Lett. 22 (2009) 1145-1149.
[15] M.D. Burlica, M. Necula, D. Rosu, L.I. Vrabie, Delay Differential Evolutions Subjected to Nonlocal Initial Conditions,
CRC Press, New York, 2016.
[16] L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution nonlocal Cauchy problem,
J. Math. Anal. Appl. 162 (1991) 497-505.
[17] T. Cardinali, F. Portigiani, P. Rubbioni, Nonlocal Cauchy problems and their controllability for semilinear differential
inclusions with lower Scorza-Dragoni nonlinearities, Czechoslov. Math. J. 61 (136) (2011) 225-245.
[18] D-H. Chen, R-N. Wang, Y. Zhou, Nonlinear evolution inclusions: topological characterizations of solution sets and appli-
cations, J. Funct. Anal. 265 (2013) 2039-2073.
[19] M.G. Crandall, T. Liggett, Generation of semigroups of nonlinear transformations in Banach spaces, Am. J. Math. 93
(1971) 265-298.
[20] D.G. De Figueiredo, Lectures on the Ekeland Variational Principle with Applications and Detours, Tata Institute of
Fundamental Research, Bombay, 1989.
[21] R.E. Edwards, Functional Analysis, Theory and Applications, Holt, Rinehart and Wiston. Inc., New York, 1965.
[22] I. Ekeland, R. Temam, Convex Analysis and Variation Problems, North Holland, Amsterdam, 1979.
[23] J. Garcia-Falset, S. Reich, Integral solutions to a class of nonlocal evolution equations, Commun. Contemp. Math. 12 (6)
(2010) 1031-1054.
[24] J. Garcia-Falset, Existence results and asymptotic behaviour for nonlocal abstract Cauchy problems, J. Math. Anal. Appl.
338 (2008) 639-652.
[25] S. Gutman, Evolutions governed by m-accretive plus compact operators, Nonlinear Anal. TMA 7 (7) (1983) 707-715.
[26] M. Kamenskii, V. Obukhovskii, P. Zecca, Condensing Multivalued Maps and Semilinear Differential Inclusions in Banach
Spaces, Walter de Gruyter, 2001.
[27] A.N.A. Koam, T. Donchev, A.L. Lazu, M. Rafagat, A. Ahmad, One sided Lipschitz evolution inclusions in Banach spaces,
Mathematics 9 (2021) 3265.
[28] M. McKibben, Discovering Evolution Equations with Applications, Vol. I Deterministic Models, Chapman and Hall/CRC
Appl. Math. Nonlinear Sci. Ser., 2011.
[29] A. Paicu, LI. Vrabie, A class of nonlinear evolution equations subjected to nonlocal initial conditions, Nonlinear Anal. 72
(2010) 4091-4100.
[30] N. Papageorgiou, Existence of solutions for boundary value problems of semilinear evolution inclusions, Indian J. Pure
Appl. Math. 23 (7) (1992) 477-488.
[31] R.E. Showalter, Monotone Operators in Banach Space and Nonlinear Partial Differential Equations, American Mathemat-
ical Society, 1997.
[32] L.I. Vrabie, Compactness Methods for Nonlinear Evolutions, second edition, Pitman Monographs and Surveys in Pure and
Applied Mathematics, vol. 75, Longman, 1995.
[33] X. Xue, G. Song, Multivalued perturbation to nonlinear differential inclusions with memory in Banach spaces, Chin. Ann.
Math., Ser. B 17 (2) (1996) 237-244.
[34] L. Zhu, Q. Huang, G. Li, Existence and asymptotic properties of solutions of nonlinear multivalued differential inclusions
with nonlocal conditions, J. Math. Anal. Appl. 390 (2012) 523-534.
[35] L. Zhu, G. Li, Nonlocal differential equations with multivalued perturbations in Banach spaces, Nonlinear Anal. 69 (2008)
2843-2850.


http://refhub.elsevier.com/S0022-247X(24)00406-2/bib17EDE1EF65AA6B14BF5899F32C313B9Ds1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib17EDE1EF65AA6B14BF5899F32C313B9Ds1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibE747DA53867A2101C7047C7D1DF47175s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibE747DA53867A2101C7047C7D1DF47175s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib0F605BF69F46EF32329B878929344877s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5AAC5B56AA17B24C0E351CDCD19DDA80s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5AAC5B56AA17B24C0E351CDCD19DDA80s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib02254216324801A8211731781E7EB52Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib02254216324801A8211731781E7EB52Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib46DE1F966D055655B1D8B8E66C37059Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib46DE1F966D055655B1D8B8E66C37059Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA96ABB5B019E147DD29CF22B5B5462D6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA96ABB5B019E147DD29CF22B5B5462D6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibD23F3EC8B24ECB0CC466F261A2838A40s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibD23F3EC8B24ECB0CC466F261A2838A40s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib35AEDA7EE052E775465230E7A4805C51s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib35AEDA7EE052E775465230E7A4805C51s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib63096DDA566998BD751F2AAB74456A5Cs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib63096DDA566998BD751F2AAB74456A5Cs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib87E481D683A8C84DAAF381CA96D10C15s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib87E481D683A8C84DAAF381CA96D10C15s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibC47C17C51E6290BB8DC1FA32B63C5793s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibAF23328F08556113063B7DDEE85BFFD2s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibAF23328F08556113063B7DDEE85BFFD2s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4E3F4E3431C7D01A332F5BE79FF5F138s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4E3F4E3431C7D01A332F5BE79FF5F138s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibF24AA307C1BD203FA4512A3AC61875DCs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibF24AA307C1BD203FA4512A3AC61875DCs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5BC574A47246F122016869B32A6AA6F0s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5BC574A47246F122016869B32A6AA6F0s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibFCB1A0592B0C0AEE00896287088F84B6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibFCB1A0592B0C0AEE00896287088F84B6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib754A714804E5A436F722394A9315F8BFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib8C4FBD3848836D8A2E9153366F9847CAs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4B8C70AD3996FA58FED58D971800D828s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4B8C70AD3996FA58FED58D971800D828s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib774B2F150374B1581CA7B0FDABA7D7A2s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib774B2F150374B1581CA7B0FDABA7D7A2s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibDFCF28D0734569A6A693BC8194DE62BFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib61186DE9D7FB12199D915F8AD41E29F8s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib61186DE9D7FB12199D915F8AD41E29F8s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA6A9C443A4054B05C07C295A32C686B9s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA6A9C443A4054B05C07C295A32C686B9s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA565153DF227B0510B1C789D5CDC39ECs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibA565153DF227B0510B1C789D5CDC39ECs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib8CF0526E9AA44C8E77BE32B162C41EBFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib8CF0526E9AA44C8E77BE32B162C41EBFs1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5DBC98DCC983A70728BD082D1A47546Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib5DBC98DCC983A70728BD082D1A47546Es1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibB4DACA084AD9EABFC8DE231929477ED6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibB4DACA084AD9EABFC8DE231929477ED6s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4E51CE89637824CCDE8D4EE797B78151s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib4E51CE89637824CCDE8D4EE797B78151s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib02F748F550A7461CE97878CFE0B9F9B1s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bib02F748F550A7461CE97878CFE0B9F9B1s1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibD53106F43F77D1F19DD046E0AA90253As1
http://refhub.elsevier.com/S0022-247X(24)00406-2/bibD53106F43F77D1F19DD046E0AA90253As1

	Differential equations with maximal monotone operators
	1 Introduction
	2 Index for condensing operators
	3 Definition of integral solutions
	4 Problem statement
	5 Existence results
	5.1 Proof of Theorem 4.10

	6 Applications
	Acknowledgments
	References


