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ABSTRACT. By a coprime commutator in a profinite group G we
mean any element of the form [z, y|, where z,y € G and (|z|, |y|) =
1. Tt is well-known that the subgroup generated by the coprime
commutators of G is precisely the pronilpotent residual v (G).
There are several recent works showing that finiteness conditions
on the set of coprime commutators have strong impact on the prop-
erties of 7, (G) and, more generally, on the structure of G. In this
paper we show that if the set of coprime commutators of a profi-
nite group G is covered by countably many procyclic subgroups,
then v, (G) is finite-by-procyclic. In particular, it follows that G
is finite-by-pronilpotent-by-abelian.
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1. Introduction

Let G be a profinite group. A commutator of the form [z, y], with
x,y € G such that (|z|,|y|) = 1, is called a coprime commutator of G.
It is well-known (and easy to see) that the subgroup generated by the
coprime commutators of G is precisely the pronilpotent residual v, (G),
that is, the minimal normal subgroup N < G with the property that
G/N is pronilpotent.

The present article continues the line of research showing that a
subgroup of a profinite group must have a very restricted structure
whenever a canonical set of generators of that subgroup is small. An
important illustration for this phenomenon is provided by the results
on conciseness of words (see [1l, @, 12}, 15]). The results show that for
many group-words w the verbal subgroup w(G) of a profinite group G
is finite whenever w takes only finitely many values in G. Moreover,
it is now known that for some words w the verbal subgroup w(G) of
a profinite group G is finite whenever w takes less than continuously
many values in G (see [11}, 13], 18], 21]).

One source of motivation for the present work is the following the-
orem obtained in [14]: Suppose that a profinite group G contains less
than continuously many coprime commutators. Then 7. (G) is finite.

There are several papers showing that whenever w-values in a profi-
nite group G are covered by finitely, or countably, many subgroups with
certain property the verbal subgroup w(G) almost has that property as
well (see [5, [6, 10, 16l 26]). In particular, it was shown in [5] that if
the set of commutators in a profinite group G is contained in union of
countably many procyclic subgroups, then the commutator subgroup
G’ is finite-by-procyclic.

The main result of this paper is as follows.

THEOREM 1.1. Let G be a profinite group and assume that the set of
coprime commutators of G is contained in a union of countably many
procyclic subgroups. Then v (G) is finite-by-procyclic.

The theorem admits a converse: if G is a profinite group such that
Yoo (@) is finite-by-procyclic, then the set of coprime commutators of
G is covered by countably many procyclic subgroups. This is because
a profinite group is covered by countably many procyclic subgroups if
and only if it is finite-by-procyclic (see [5, Proposition 2.12]).

Observe that if the set of coprime commutators of G is contained
in a union of only finitely many, say m, procyclic subgroups, then, in
view of [8], there is a finite normal subgroup N < 7 (G) such that the
order of N is bounded in terms of m only and 7 (G)/N is procyclic.
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However, in general it is not true that under the hypothesis of Theorem
the set of coprime commutators of G is covered by finitely many
procyclic subgroups.

Indeed, let p be an odd prime, C, the cyclic group of order p and
Z,, the additive group of p-adic integers. Set M = C), X Z, and observe
that M cannot be covered by finitely many procyclic subgroups while
it is covered by countably many ones. Let o be the automorphism of
M such that x* = z 7! for every x € M and let G = M(«). Then every
element of M is a coprime commutator in G and 7 (G) = M. Thus, G
is as in Theorem while v, (G) cannot be covered by finitely many
procyclic subgroups.

The following corollary of Theorem follows shortly.

COROLLARY 1.2. Let G be a profinite group and assume that the
set of coprime commutators of G is contained in a union of countably
many procyclic subgroups. Then G is finite-by-pronilpotent-by-abelian.

Thus, a relatively mild assumption on the set of coprime commu-
tators has strong implications for the structure of a profinite group.

2. Preliminaries

Our notation and terminology for profinite groups is standard; see,
for example, [23] and [28]. By a subgroup of a profinite group we
always mean a closed subgroup. A subgroup (topologically) generated
by a subset S is denoted by (S). Throughout, homomorphisms of
profinite groups are assumed to be continuous. Recall that centralizers
are closed subgroups, while commutator subgroups [B, A] = ([b,a] | b €
B, a € A) are the closures of the corresponding abstract commutator
subgroups. As usual, the Frattini subgroup of a group G is denoted by
O(@G).

In the first lemma we collect some standard facts about coprime
actions, which are immediate from the corresponding results for finite
groups; see for instance [19] Lemmas 4.28 and 4.29] and [17], Theorems
5.2.3, 6.2.2(iv) and 5.1.4].

LEMMA 2.1. Let A be a profinite group acting on a profinite group G
and suppose that (|G|, |A|) = 1. Then
(i) G =[G, A]Cc(A) and if G is abelian, then G = [G, A]xCg(A);
(i) G, A, 4] = (G, A];
(ili) Co/n(A) = NCG(A)/N for any A-invariant normal subgroup
N of G;
(iv) If A acts faithfully on G, then A acts faithfully on G/®(G) as

well.
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LEMMA 2.2. Let ¢ be a positive integer and G be a nilpotent group
of class at most c¢. Let x € G be an element such that " € Z(G) for

some positive integer n. Then x commutes with y"k1 foranyy € G.

Proor. Without loss of generality, given y € G, we can assume
that G = (x,y). We argue by induction on the nilpotency class ¢ of
G. If ¢ = 1, then G is abelian and there is nothing to prove. Assume
c>2andlet z = y”cfQ. By inductive hypothesis, the image of z in the
quotient G/7.(G) commutes with the image of x, and so [z, z] € 7.(G).
Since 7.(G) is central in G, we deduce that z € Z(G). By combining
this fact with the hypothesis that 2" € Z(G) we deduce that 1 =
(2", 2] =[x, 2]" = [z, 2"] = [z," '] and the result follows. O

LEMMA 2.3. Let G be a nilpotent profinite group. Suppose that
G/Z(Q) is finite-by-procyclic. Then G/Z(QG) is finite.

PROOF. Since G/Z(G) is finite-by-procyclic, there are elements
ai,...,as,b in G such that G = Z(G){ay,...,asb) and ay,...,a,
have finite order modulo Z(G). Therefore there exist positive integers
ni,...,ns such that a;* € Z(G) for 1 <i <'s. Let ¢ be the nilpotency
class of G. In view of Lemma we know that a; commutes with b -
for any 7. Then the element b(™-")"" commutes with each a; and with
b, so bmi-ms) ¢ Z(G). Note that aq, ..., as and b have all finite order
modulo Z(G). Therefore G/Z(G) is finite because it is nilpotent and

generated by finitely many elements of finite order. O

LEMMA 2.4. Let G be a finite-by-procyclic profinite group. Then G
has a finite characteristic subgroup N such that G/N is procyclic.

Proor. If G is finite, the result is obvious, so assume that G is
infinite. Since G is finite-by-procyclic, there exists a finite normal sub-
group M in G such that G/M is procyclic. Hence G' < M and it
is finite as well. Since G is finitely generated, the quotient G/G’ is a
finitely generated abelian group and so the torsion elements of G/G’
form a finite subgroup. It follows that the torsion elements of G' form
a finite subgroup, which we denote by N. Observe that N is charac-
teristic in G and G/N is procyclic. The proof is complete. 0

For a profinite group G we denote by 7(G) the set of prime divisors
of the orders of finite continuous images of G. For an element z € GG
we write 7(x) to denote 7((z)). If 7(G) C 7, then we say that G is a
pro-m group. Recall that Sylow theorems hold for p-Sylow subgroups
of a profinite group (see, for example, [28], Ch. 2]). If H is a subgroup
of G such that w(H) C 7, we say that H is a pro-m subgroup, or just
a m-subgroup.
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LEMMA 2.5. Let G be an abelian profinite group and let K be a Hall
subgroup of G. If K and G/K are both finite-by-procyclic, then so is
G.

PROOF. Since K is a Hall subgroup, G contains a subgroup L such
that G = K x L and (|K|[,|L|) = 1. Clearly, G contains a finite sub-
group N such that the images in G/N of both K and L are procyclic.
Since (|K|,|L]) = 1, it follows that G/N is a direct product of two pro-
cyclic subgroups of coprime orders. Therefore G/N is procyclic and
the lemma follows. O

For a profinite group G, we recall that v..(G) is the intersection of
the terms of the lower central series of G. It is clear that a finite group
G is nilpotent if and only if 7. (G) = 1. Therefore a profinite group G
is pronilpotent if and only if 7,,(G) = 1. By a well-known property of
finite groups 7. (G) is generated by all commutators [z, y], where z and
y have mutually coprime orders (see for example [27, Theorem 2.1]).
We also recall that the Fitting subgroup F(G) of a profinite group G
is the maximal pronilpotent normal subgroup of G.

LEMMA 2.6. Let G be a profinite group. Then the centralizer of
Yoo (G) is contained in the Fitting subgroup F(G).

PROOF. Set C' = Cg(V(G)) and note that v, (G)NC' is contained
in Z(C). Thus 7,,(C/Z(C)) = 1 and C/Z(C') is pronilpotent. It follows
that C' is pronilpotent too and so is contained in F(G). O

LEMMA 2.7. Let G be a profinite group and assume that G is finite-
by-pronilpotent. Then G is pronilpotent-by-finite.

PROOF. Let N be a finite normal subgroup of G such that G/N is
pronilpotent. Observe that the centralizer C (V) is open in G since
G/Cg(N) acts as a permutation group on N. Moreover Cg(N) is
pronilpotent. The result follows. O

For an element z of a group G, an Engel sink E(x) of x is a set such
that for every g € G all sufficiently long commutators [g, x,, ..., z]
belong to E(x), that is, for every g € G there is a positive integer
n(g,x) such that [g,, z] € E(z) for all n > n(g, z).

LEMMA 2.8. Let G be a finite group such that G = PA, where P
is a normal p-subgroup and A is a nilpotent p’'-subgroup. Assume also
that for any a € A the subgroup [P, a] is cyclic. Then every element of
G admits an Engel sink generating a cyclic subgroup.

PrOOF. We write E(z) to denote the minimal Engel sink of an
element x € G. Moreover, if K is a subgroup containing x write Ex (z)



6 COPRIME COMMUTATORS IN PROFINITE GROUPS

for the minimal Engel sink of x in K. Since G = PA, for any element
r € G we can write x = ya for some y € P and a € A. From the
fact that G/P is nilpotent, we deduce that E(z) is contained in P.
Moreover for any € G we have

E(z) = Ep@)(z) = Ep) ().

Note that [P, a] is normal in P{a), the quotient P{a)/[P, a] is nilpotent
and the image of z in P(a)/[P,a] is an Engel element in the quotient.
Thus Epy () is contained in [P, a]. By hypothesis [P, a] is cyclic and
so the Engel sink F(z) generates a cyclic subgroup, as desired. In
particular for any = € G, there is an element a € A such that [P, a] is
an Engel sink for x. 0

Next lemma makes use of the following theorem [4, Theorem 1.2]
about a finite group in which every element has an Engel sink gener-
ating a cyclic subgroup.

THEOREM 2.9. Let G be a finite group in which every element ad-
mits an Engel sink generating a cyclic subgroup. Then v..(G) is cyclic.

LEMMA 2.10. Let G = HA, where H is a normal abelian subgroup
and A is a pronilpotent subgroup such that (|H|,|A|) = 1. If [H,a] is
procyclic for any a € A, then v (G) = [H, A] is procyclic as well.

PROOF. In any finite continuous quotient ) of G' every element z
of @ admits an Engel sink E(x) generating a cyclic subgroup since a
minimal sink of x is contained in the image of [H,a] for some a € A.
In view of Theorem [2.9| we know that 7, (Q) is cyclic. Thus v, (G) =
[H, A] is procyclic, as desired. O

Recall that any prosoluble group G has a Sylow basis, that is a
family of pairwise permutable Sylow p;-subgroups P; of GG, exactly one
for each prime, and any two Sylow bases are conjugate (see [23], Propo-
sition 2.3.9]). The basis normalizer (also known as the system normal-
izer) of such a Sylow basis in G is T' = (), N¢(P;). If G is a prosoluble
group and 7' is a system normalizer in GG, then T is pronilpotent and
G = Yo (G)T (see [22] Lemma 5.6]).

The next lemmas are well-known in the case of a finite group (cf.
[25, 9.2.7] and |7, Lemma 2.4]) The profinite variations of those results
are straightforward using the standard inverse limit argument.

LEMMA 2.11. Let G be a prosoluble group such that v (G) is abelian.
If T is any system normalizer in G then v(G) NT =1 and T is a
complement of Voo (G).
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Recall that a profinite group G is metapronilpotent if and only if
Yoo (G) is pronilpotent.

LEMMA 2.12. Let G be a metapronilpotent group, P a Sylow pro-p
subgroup of ¥oo(G) and H a Hall pro-p’ subgroup of G. Then P =
[P, HJ.

LEMMA 2.13. Let G be a metapronilpotent group such that v (G)
is abelian. Then the intersection Vs (G) N Z(G) is trivial.

PROOF. Let T be any system normalizer in G. Since 7,(G) is
abelian, by Lemma we have 7,,(G) N'T = 1. The result follows
from the fact that Z(G) <T. O

We denote by FC(G) the FC-centre of a group G, that is, the set of
all elements g € G such that |g| is finite. Note that if G is a profinite
group, then FC(G) need not be closed so in this case we treat FC(G)
as merely a subset of G rather than a subgroup. An element of a group
G belonging to FC(Q) is called an F'C-element.

Next lemma makes use of the following theorem [3, Theorem 1.3]
that deals with profinite groups whose m-elements have restricted cen-
tralizers, that is when the centralizers of m-elements are either finite or
open.

THEOREM 2.14. Let w be a set of primes and G a profinite group in
which the centralizer of each m-element is either finite or open. Then
G has an open subgroup of the form P x Q, where P is an abelian pro-w
subgroup and Q) is a pro-m’ subgroup.

LEMMA 2.15. Let A be a profinite group acting on an abelian profi-
nite group M in such a way that (|A],|M|) =1 and [M,a] is finite for
any a € A. Then [M, A] is finite as well.

Proor. Without loss of generality we can assume that A acts on
M faithfully. Let B be an abelian subgroup of A and 7 = w(B). Note
that every m-element of M B is an F'C-element. Indeed, by hypothesis,
for any m-element x € M B we know that [M, x| is finite, so the index
[M : Cy(z)] is finite and [M B : Cpp(z)] is finite as well. In view of
Theorem M B has an open subgroup of the form P x @), where P is
an abelian pro-m subgroup contained in B and @ is a pro-n’ subgroup.
Observe that Q < Cjy(P) and so Cy(P) is an open subgroup in M
and normal in M B. Since M is abelian, we have M = Cy(P) x [M, P)]
and therefore [M, P| is finite. Since P is open in B, we can write
B = (P,by,...,bs) for some elements b; € B and a positive integer s.
Thus [M, B] = [M, P)[[;_,[M,b;] is finite, as desired.
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By Lemma [2.1fii) B acts on [M, B] faithfully and so B must be
finite. We have shown that every abelian subgroup of A is finite. Be-
cause of [29, Theorem 2] this implies that A is finite. Now the result
is obvious since [M, A] = [[,c4[M., a]. O

LEMMA 2.16. Let G be a profinite group such that the set of all
coprime commutators of G is contained in a union of countably many
procyclic subgroups, say C1,Cy,.... If M is a subgroup of G that en-
tirely consists of coprime commutators, then there is a positive index j
such that M N C; has finite index in M.

PROOF. Since by hypothesis the set of all coprime commutators of
G is covered by the countably many procyclic subgroups {C;};>1, the
subgroup M is covered by the countably many subgroups {M NC;}i>1.
By Baire’s Category Theorem [20], p. 200] there exists an integer j,
an element a € M and an open normal subgroup N in M such that
aN C MNCj. Thus N is contained in M NC}; and so M NC} has finite
index in M, as desired. U

We say that a subset X of a group G is normal if it is invariant
under the inner automorphisms of G.

LEMMA 2.17. Let X be a normal subset of a profinite group G and
assume that X 1is contained in a union of countably many procyclic

subgroups. Let x € X. Then the normalizer Ng({x)) has finite index
in G.

In the proof of the previous lemma we will use without explicit
reference the following fact: let H be a subgroup of a profinite group
K and let y be an element of K such that HY < H, then HY = H.
This is because if HY < H, then the inequality would also hold in some
finite image of K, which yields a contradiction.

PrRoOOF OF LEMMA 217 Let Cy,Cy,... be countably many pro-
cyclic subgroups whose union contains X. Let S; be theset of all g € G
such that 9 € C;, for © > 1. The sets .S; are closed and cover G. By
the Baire Category Theorem there exists an element a € (G, an open
normal subgroup 7' < ¢, and an index j such that a7" C §;. We claim
that 7" normalizes (). Indeed, by the definition of S; we know that
the elements x € C; for every t € T. In particular (z%) < C; and
so z belongs to (C;)* . Moreover (z*) < C; for every t € T and so
also (z*) = (z)! is contained in (C;)* " for every t € T. Since (C})*
is procyclic, we claim that (z)! = () for every t € T. For, let x, be a
generator of the Sylow pro-p subgroup of (z); note that both subgroups
(x,) and (x,)" are contained in a procyclic pro-p subgroup isomorphic
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to Z, or C,. for some positive integer k, because (C’j)‘f1 has a unique
Sylow pro-p subgroup containing both of them. Since for any two sub-
groups A and B of Z, or C, we have that either A < B or B < A,
we conclude that either (z,)! < (z,) or (x,) < (x,)". It follows that
(xp)t = (x,) for any t € T and for every p € 7({x)). Hence, (x)" = (z)
for any ¢ € T, as claimed. Therefore ' < Ng((x)) and, since T is open
in GG, the result follows. O

In the proof of the next lemma we use the well-known Schur’s The-
orem that if GG is a group whose center has finite index, then G’ is finite
([24], 4.12]).

LEMMA 2.18. Let G be a pro-p group such that G = AB, where A
and B are two infinite procyclic normal subgroups. Then G is abelian.

PROOF. Since (G is a pro-p group, an infinite procyclic subgroup of
G is just infinite. Note that both quotient G/A and G/B are abelian
and so G < AN B. In particular G’ is central in G. So if G is
nonabelian, then G’ must be a subgroup of finite index in both factors A
and B. Since G’ < Z(G), it follows that G is central-by-finite. In view
of Schur’s Theorem G’ is finite as well, which clearly is a contradiction
since GG’ is, for example, of finite index in A. We conclude that G must
be abelian and this completes the proof. U

3. Main result

Throughout this section G is a profinite group whose coprime com-
mutators are contained in a union of countably many procyclic sub-
groups and we want to show that . (G) is finite-by-procyclic. Note
that our hypotheses are inherited by subgroups and quotients of the
group G.

Before proceeding with the proof of Theorem [1.1| we make a general
observation that we will use throughout this section.

REMARK 1. Let K be a profinite group and N a finite normal sub-
group of K. Then vs(K) is finite-by-procyclic if and only if so is
Yoo (K/N).

In what follows we will use the following result that was already
mentioned in the introduction (see [5, Proposition 2.12]).

ProproOSITION 3.1. A profinite group K is covered by countably
many procyclic subgroups if and only if K is finite-by-procyclic.

LEMMA 3.2. Suppose G = HA, where A is procyclic, H is a normal
subgroup, and (|A|,|H|) = 1. Then [H, A] is finite-by-procyclic.
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PrOOF. Let A = (a). So [H, A] = [H,a] and without loss of gen-
erality, we can assume that H = [H,a], because H is normal and A
acts coprimely on H. Observe that the result holds if H is nilpotent.
Indeed, suppose H is nilpotent of class ¢. If ¢ = 1 and H is abelian,
then every element of H is a coprime commutator of the form [h,a]
for some h € H. It follows from the hypothesis that H is covered
by countably many procyclic subgroups and by Proposition it is
finite-by-procyclic, as desired. Assume now ¢ > 2. The image of H in
the quotient G/Z(H) is a nilpotent group of class less than ¢, so by
the inductive hypothesis, we know that H/Z(H) is finite-by-procyclic.
Hence, by Lemma 2.3 H/Z(H)] is finite and, in view of the Schur the-
orem, the derived subgroup H’ is finite as well. Moreover observe that
the quotient H/H' is abelian, so by induction it follows that H/H' is
finite-by-procyclic. Combining this with the fact that H’ is finite, we
conclude that H is finite-by-procyclic, as desired.

Let us deal now with the situation where H is not necessarily nilpo-
tent. Let C, Cy, ... be countably many procyclic subgroups containing
all coprime commutators of G. Set S; = {z € H | [z,a]| € C;} for every
1 > 1. The sets S; are closed and cover H. Hence by Baire’s Category
Theorem [20] p. 200] there is an open normal subgroup Ny of G, an
element b € H and a positive integer j such that (No N H)b C S;. Set
N = Nyn H. Observe that N is A-invariant. We have [nb, a] C C; for
every n € N. Using the formula [zb,a] = [z,a]’[b,a] € C;, we deduce
that [z, a]’ belongs to C; for every € N. Thus [z,a] € (C;)"" for
every z € N and so [N, a] C (C;)? is procyclic. Set C' = [N, a].

If C is finite, then a” is finite and so [N : Cy(a)] is finite as well.
Combining this with the fact that N is open in H we deduce that
Cp(a) is open in H. We claim that H is finite as well. Indeed, let L
be an open normal subgroup of H contained in Cy(a). By [2, Lemma
2.1(iv)] the subgroup L is contained in Z(H). Thus Z(H) has finite
index in H and, by Schur Theorem, H’ is finite. Then we can assume
that H is abelian and C' = [N, a] becomes a finite normal subgroup of
H. Passing to the quotient H/C we can also assume that N < Cy(a).
Since H = [H, a] is abelian we have Cy(a) = 1. Therefore N is trivial
and so H is finite, as claimed.

It remains to deal with the case where C' = [N, a] is infinite. Note
that C' is a normal subgroup in N since N is A-invariant. Set K =
(CH). We now prove that H/K is finite. Indeed, the image of N in
the quotient H/K = [H/K,a], say N, is contained in Cp/x(a). By
[2, Lemma 2.1(iv)] the image N of N in this quotient is contained in

Z(H/K). Thus Z(H/K) has finite index in H/K and, again by Schur
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Theorem, (H/K)' is finite. By passing to the quotient over (H/K)" we
can assume that H/K is abelian and N becomes trivial in this quotient.
Thus N < K and it follows from the openness of N in H that H/K is
finite, as desired.

Let Pi,..., P, be a-invariant Sylow p;-subgroups of H such that
H is generated by K and [P, a] for 1 < i < ¢ (cf. [2, p. 1341)).
Since H/K is finite, we can choose finitely many p-elements (possibly
over different primes p) z1,...,x,, each of the form [g;, a] for suitable
g; € P; such that H is generated by K and z1,...,x,. In what follows
we consider different cases depending on the properties of C.

Case 1: First assume that C' is torsion-free and recall that C' is
infinite procyclic. We will deduce from Lemma that K is abelian.
Indeed, K is nilpotent, being a product of finitely many normal pro-
cyclic subgroups. Moreover any Sylow pro-p subgroup of K is prod-
uct of procyclic infinite subgroups that commute with each other by
Lemma [2.18] Thus any Sylow pro-p subgroup of K is abelian and so
is K. Now we deduce from Lemma that H is central-by-finite.
Indeed, K is abelian and we have H = K (x1,...,zs). In order to see
that H is central-by-finite, it is enough to show that [K : Ck(x;)] is
finite, for any 1 < i < s, because, in view of that 7' = N{_,Ck(z;) has
finite index in K and so, using that H/K is finite, we get that 7" has
also finite index in H. Thus 7' < Z(H) and H is central-by-finite, as
desired. Therefore it remains to show that for any 1 <7 < s the index
[K : Ck(z;)] is finite. By Lemma [2.17] if X is the set of all coprime
commutators contained in H, then for any i we know that Ny ({z;))
has finite index in H. Therefore N ({x;)) has finite index in K as well.
Now set U; = Nk ((z;)) and consider V; = U;(z;). Observe that U; is
abelian since it is contained in K, so V; is nilpotent of class at most two
and (x;) is normal in V;. Note also that [H : U;] is finite and so [V} : Uj]
is finite too. Hence, there is a positive integer m such that 2" € U;. It
follows that ™ € Z(V;) because U; is abelian. By Lemma [2.2] the ele-
ment z; commutes with y™ for every y € V;. Therefore any element of
U™ commutes with z; and so U™ < Z(V};), in particular U™ < Ck(x;).
Observe that U, is a finitely generated abelian group, since K is finitely
generated (being product of finitely many procyclic subgroups) and Uj;
has finite index in K. Moreover also the quotient U; /U™ is finite since
it is an abelian finitely generated group whose generators have finite
order. We deduce that U™ has finite index in K so [K : Cx((z;))] is
finite, as desired.

Since H is central-by-finite, again by Schur Theorem, H’ is finite
and so we can assume that H is abelian. Therefore H = [H, a| consists
of coprime commutators and we deduce from Proposition that [H, a]
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is finite-by-procyclic. Note that in this case H is finite-by-(torsion-free
procyclic).

Case 2: Suppose now that C' is infinite procyclic and all Sylow
subgroups of C' are finite. Then K is nilpotent and all Sylow subgroups
of K are finite. Since K is open in H all Sylow subgroups of H are
finite as well. In view of Lemma we obtain that the elements
x1,...,2s belong to FC(H). Therefore K N Cy(xy,...,x,) is open in
H. Thus there is a subgroup M < K N Cg(xy,...,xs) that is open
and normal in H. Note that H = (K, z1,...,z,) and the subgroup
M centralizes x; for every i. Since K is nilpotent, say of nilpotency
class ¢, for any element h € H of the form h = ky, where k£ € K and
y € (x1,...,x5), we deduce that [M,h| = [M,k]. Moreover, for any
choice of elements hq,...,h. € H, with h; = k;y; where k; € K and
y; € (r1,...,xs), we have [M, hy,... h)) = [M,ky,..., k] = 1. Hence
M < Z.(H) and by Baer’s Theorem [24], Corollary 2, p. 113] v.41(H)
is finite. We can assume that H is nilpotent. By the nilpotent case
considered above we know that H/~v..1(H) is finite-by-procyclic and so
H is finite-by-(procyclic with finite Sylow subgroups) as desired.

Case 3: Finally we deal with the general case, that is when C
is infinite procyclic with possibly infinite Sylow subgroups. Write
C = Dy X Dy, where Dy is the product of all infinite Sylow subgroups
of C' and Dy is the product of all finite Sylow subgroups of C'. Set
K, = (D}') and Ky = (D) respectively. Observe that in the quo-
tient H/K; the image of C has all Sylow subgroups finite, so by Case 2
treated above, we know that H/Kj is finite-by-(procyclic with all finite
Sylow subgroups) and, similarly applying Case I to the quotient H/ K,
we obtain that H/K> is finite-by-(torsion free procyclic). Taking into
account that (|Ki|,|K3|) = 1, the direct product H/K; x H/K; is
finite-by-procyclic too and the same holds for H since it is isomorphic
to a subgroup of the direct product. This completes the proof. U

We shall be using the following theorem [14, Theorem 1.1] that
characterizes profinite groups containing less than continuously many
coprime commutators. This was already mentioned in the introduction.

THEOREM 3.3. A profinite group K is finite-by-pronilpotent if and
only if the cardinality of the set of coprime commutators in K is less
than 2%,

LEMMA 3.4. Suppose G = PA, where P is a normal pro-p subgroup
and A is a pronilpotent p'-subgroup. Then [A : Ca(P)] is finite.

PRrROOF. Note that the action of A on P is totally determined by
the action of A on [P, A] because C4(P) = Ca([P, A]) and [P, 4] =
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[P, A, A]l. Therefore we can assume that P = [P, A]. Moreover in
view of Lemma [2.1fiv) we can pass to P/®(P) and assume that P
is elementary abelian. Note that all the coprime commutators of G
are contained in P since G = PA and A is pronilpotent. From the
assumption that all coprime commutators are contained in a union of
countably many procyclic subgroups, we deduce that (by eventually
taking the intersection of P with the procyclic subgroups containing
the coprime commutators) the coprime commutators of G are contained
in countably many subgroups of order p since P is elementary abelian.
Thus there are only countably many coprime commutators in GG and,
by Theorem [3.3] the group G is finite-by-pronilpotent. In particular
Yoo(G) is finite. Since A is pronilpotent and [P, A] = P, we have
Yoo (G) = P, so P is finite. Taking into account that A/C4(P) acts
faithfully on P the result follows. O

LEMMA 3.5. Suppose G = PA, where P is a normal pro-p subgroup
and A is a pronilpotent p'-subgroup. Then [P, A] is finite-by-procyclic.

PROOF. As in the proof of the previous lemma, without loss of gen-
erality, we assume that P = [P, A]. In view of Lemma by passing
to the quotient G/C4(P), we can assume that A is finite. For each
a € A, by Lemma , the subgroup [P, a] is finite-by-procyclic. By
Lemma [2.4] for any a € A, the subgroup [P, a| has a finite charac-
teristic subgroup M, such that [P, a]/M, is procyclic. Then M, is a
normal subgroup of P. Let N, = Mf be the normal closure of M,
in G. Observe that N, is finite and the image of [P,a] in G/N, is
procyclic. Set N = [[,c4 N. and pass to the quotient G/N. In this
quotient the image of [P, a| is procyclic for each a € A. Therefore
in any finite continuous homomorphic image @) of G/N we are in the
position to apply Lemma [2.8 and obtain that any element of @ ad-
mits an Engel sink generating a cyclic subgroup. Then, in view of
Theorem [2.9] 750(Q) is cyclic for any finite continuous homomorphic
image @ of G/N. Thus 7, (G/N) is procyclic and, since N is finite,
we conclude that 7. (G) = [P, A] is finite-by-procyclic, as desired. [

We introduce another observation that will be useful in the subse-
quent arguments.

REMARK 2. In a profinite group K, giwen t € K and an open
normal subgroup N of K, any coset tN contains an element z such
that 7(2) is finite.

Indeed, set # = 7([K : N]) and write an element s € ¢tN in the
form s = zw, where z is a generator of the m-part of (s) and w is a
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generator of the 7’-part of (s). It follows that w € N, so sN = zN and
7(2) is finite.

For a set of primes 7 we denote by O, (K) the unique largest normal
pro-m subgroup of a profinite group K. Accordingly, if K is pronilpo-
tent we may write K in place of O, (K).

PROPOSITION 3.6. Suppose G = HA, where H and A are pronilpo-
tent subgroups, H is normal, and (|A|,|H|) = 1. Then [H, A] is finite-
by-procyclic.

ProOOF. Without loss of generality, we can assume that H = [H, A].
Note that if A is procyclic, then the result follows from Lemma[3.2] and
if H is a pro-p subgroup, then the result holds in view of Lemma [3.5]
Therefore the Sylow subgroups of H are finite-by-procyclic. We need
to show that all but finitely many of them are procyclic. Since a pro-p
group is procyclic if and only if its quotient by the Frattini subgroup is
cyclic, it follows that H is finite-by-procyclic if and only if H/®(H) is
so. Hence, by passing to the quotient G/®(H) we can assume that all
Sylow subgroups of H are elementary abelian. Moreover we can also
assume that all Sylow subgroups of H are finite. Indeed, given a Sylow
pro-p subgroup P of H, by Lemma the Sylow subgroup P = [P, A]
is finite-by-procyclic and so P is elementary abelian finitely generated
and then finite.

We need to show that all but finitely many Sylow subgroups of H
are cyclic. Suppose this is false and there are infinitely many noncyclic
Sylow subgroups in H. Let M be the product of all cyclic Sylow sub-
groups of H. It is enough to prove that the image of H in the quotient
group G /M if finite-by-procyclic because, then, by Lemma H is
finite-by-procyclic. So without loss of generality we may factor out M
and assume that all Sylow subgroups of H are noncyclic. Another fact
that we will use is the following: when necessary, we can factor out the
product of finitely many Sylow subgroups of H.

For any a € A, by Lemma the subgroup [H,a| is finite-by-
procyclic. Since H is pronilpotent and all Sylow subgroups of H are
abelian by assumption, we deduce that H itself is abelian and so each
subgroup [H,a] is abelian and entirely consists of coprime commu-
tators. Let C7,(C5,... the countably many procyclic subgroups that
contain all the coprime commutators of G. By Lemma [2.16] for any
a € A, there exists an index j(a) such that [H,a] N Cjq) is open in
[H,a] for any a € A. For any a € A set m, = [[H,a] : [H,a] N Cj(y)]
the finite index of [H,a] N Cj) in [H,a], for any a € A. Therefore
there is a finite set of prime 7, = m(m,) such that [H,,,a] C Cj(, for
any a € A. Consider now, for any a € A, the pair (7, j(a)) as defined
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above. Note that the set {(m,7) | 7 C P, |r| < 00,j € N*} is countable.
Now for any pair (7,j), where 7 is a finite set of primes and j is a
positive integer, set

S(ﬂ}j) = {CL - A | [Hﬂl,a] Q C]}

Let us show that the sets S, ;) are closed. Indeed, if b ¢ S, ;), then
there is p € 7’ such that [H,,b] € C;. Thus there is an open normal
subgroup N of G such that in G = G/N we have [H,,b] Z C;. Then
all elements of Nb do not belong to S, that is, A\ S(x;) is open
and so S(r ;) is closed, as claimed. The sets S ;) cover A, so in view
of Baire’s Category Theorem there exists an element a € A, an open
normal subgroup B in A, an index j and a finite set of primes 7 such
that aB C S(»;) and so we have [Hs,aB] C C;. By factoring out the
product of the finitely many Sylow subgroups of H corresponding to
the primes in 7, we can assume that [H,aB] C C; and that [H,aB] is
procyclic. Since [H,a] and [H, ab] are contained in C; for any b € B,
we claim that [H,b] C [H,a][H,ab] C C; for any b € B. Indeed, for
any b € B we have that the following holds: [H,a’] = [H,ab;] where
by = [a,b] € B and so [H,a’] C C; for any b € B. Observe that [H,d
and [H,a"] are both cyclic subgroups of the same order and both are
contained in C; that is procyclic. Therefore [H,a] = [H,a’] and we
deduce that [H,a| is b-invariant for any b € B. In particular [H,a] =
[H,a’] = [H,b7'][H,ab] C C; and so [H,b] C [H,a][H,ab] C C; for
any b € B, as desired. Hence [H, B] is contained in C; and so it is a
procyclic subgroup.

We can reduce to the case where [Cy(B), 4] is procyclic. Indeed,
H = [H,B] x Cy(B) and A = A/C4(Cy(B)) is finite. Moreover
[Cu(B), A] = [Cu(B),A] = [1,c4lCu(B),a). In view of Lemma
for any @ € A, we have that [Cy(B),a] is finite-by-procyclic and since
A is finite we can quotient out the finite parts of all the [Cy(B),al
and assume that [Cy(B),a] is procyclic for any a € A. By applying
Lemma [2.10| with Cy(B)A we deduce that [Cy(B), A] = 7o (Cu(B)A)
is procyclic, as desired.

So H is a direct product of two procyclic subgroups [H, B] and
[Cy(B), A]. Moreover, we can assume that 7([H, B]) = n([Cu(B), A]).
For, if 7([H, B]) and 7([Cy(B), A]) have finitely many primes in com-
mon, we can factor out the finite normal subgroup M obtained as prod-
uct of all the Sylow subgroups corresponding to the common primes
and in the quotient H/M all Sylow subgroups are procyclic and of co-
prime order, so H/M is procyclic and then H will be finite-by-procyclic,
a contradiction. If 7([H, B]) and 7([Cy(B), A]) have infinitely many
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primes in common, we can factor out the product of all Sylow sub-
groups corresponding to the primes that are not in the intersection
m([H, B])N7([Cu(B), A]). Thus, without loss of generality, we assume
that 7([H, B]) = n([Cu(B), A]).

Let my be the set of primes p such that the Sylow pro-p subgroup
of A is contained in B and set By = O (A). Denote by Ay the
unique complement of By in A. So A = Ay X By, where By < B
and 7(Ap) is finite. By Lemma if for any a € Ay the subgroup
[Cy(B),a] is finite, then the subgroup [Cw(B), Ao is finite and H
would be finite-by-procyclic, a contradiction. Therefore there is a € Ag
such that [Cy(B),a] is infinite. Set 0 = 7([Cy(B),a]). Note that
G/O,:(H) is still a counterexample to the lemma, so we can assume
that H = O,(H) and w(H) = o. Observe also that [Cy(B),a] =
[Cu(B), A] because they are both procyclic, [Cy(B),a] < [Cu(B), 4]
with 7([Cy(B),a]) = 7([Cu(B), A]) and all Sylow subgroups are cyclic
of prime order, so they must be equal. Moreover [H,a| is finite-by-
procyclic and so [H, B,a] must be finite, otherwise one gets a con-
tradiction since [Cy(B),a] is procyclic. Therefore we can factor out
[H, B, a] and assume that a centralizes [H, B]. If [H,b] is finite for all
b € B, then again by Lemma we deduce that [H, B] is finite, and
get a contradiction. Otherwise choose b € B such that [H, 0] is infinite.
Set T = w([H,b]). As done above we can now assume that H = O,(H).
Recall that H is the direct product of [H, B] and [Cy(B),a] and we
know that a centralizes [H, B]. Then also b centralizes [H,a], since b
is acting trivially on Cy(B) and [H,a] = Cyx(B). From the fact that a
centralizes [H, b] and b centralizes [H, a], it follows that [H, ab] contains
both [H,a] and [H,b|. Therefore [H,ab] is not finite-by-procyclic and,
in view of Lemma [3.2] this is a final contradiction. This completes the
proof. O

PROPOSITION 3.7. Suppose G is metapronilpotent. Then . (G) is
finite-by-procyclic.

PROOF. Set H = 7,(G). By passing to the quotient G/®(H)
we can assume that all Sylow subgroups of H are elementary abelian.
Moreover we can also assume that all Sylow subgroups of H are finite.
Indeed, given a Sylow p-subgroup P of H, by Lemmal[2.12] we have P =
[P, K|, where K is a Hall p’-subgroup of G. In view of Proposition
the Sylow subgroup P = [P, K/Ck(P)] is finite-by-procyclic, so P is
elementary abelian finitely generated and then finite. Once assumed
that all Sylow subgroups of H are elementary abelian and finite, we
need to show that all but finitely many of them are cyclic. Suppose
this is false and there are infinitely many noncyclic Sylow subgroups
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in H. As in the proof of Lemma (3.6, without loss of generality, we
can factor out all the cyclic Sylow subgroups of H and assume that
all Sylow subgroups of H are noncyclic. Moreover, we can factor out
O (H) whenever 7 is a subset of 7(H) such that 7(H) \ 7 is infinite.
This is because G is a counterexample to the proposition if and only if
G/O,(H) is. In particular, when necessary, we can also factor out the
product of finitely many Sylow subgroups of H.

Let A be any system normalizer in . Since H is abelian, by
Lemma we have G = HA and AN H = 1. Note also that A
is pronilpotent (see [23 Proposition 2.3.9]). We also have H = [H, A,
since H = 75(G). The centralizer C4(H) is a normal subgroup of G
and so H is finite-by-procyclic if and only if the image of H in the
quotient G/C4(H) is finite-by-procyclic. Therefore, without loss of
generality, by considering the quotient G/C4(H) we can assume that
A acts faithfully on H.

Set

U={(z,y); z € H, y € Asuch that (|z], |y|) = 1}.

Thus, U is the subset of H x A that consists of pairs of elements
of coprime orders. Moreover U is closed in the profinite topology of
H x A and it is covered by countably many closed subsets S;, where
S; = A{(x,y) € U | [z,y] € C;} and the C;’s are the countably many
procyclic subgroups that cover all coprime commutators in G. By
Baire’s Category Theorem at least one of those S; has non-empty in-
terior. Thus there exists a procyclic subgroup C'; open normal sub-
groups B < A and J < H, and elements ayp € A and hy € H such
that (|hol, |ao]) = 1 and [z,y] € C whenever x € hoJ, y € agB with
(||, ly]) = 1. Observe that J can actually be taken characteristic in
H because an open normal subgroup M of H contains all but finitely
many Sylow subgroups of H and the product of those Sylow subgroups
contained in M is indeed a characteristic subgroup of H.

In view of Remark [2] we can assume, without loss of generality,
that 7(ho) and 7(ag) are both finite. By factoring out finitely many
Sylow subgroups of H, corresponding to the finitely many prime di-
visors of |ap|, we can also assume that (|ao|,|H|) = 1. Since mw(ho)
is finite, the subgroup O, (H) is a finite characteristic subgroup,
being the product of finitely many noncyclic Sylow subgroups of H
corresponding to the prime divisors of |hg|. It follows that the cen-
tralizer Cq(Oxr(no)(H)) is open in G, say of finite index . Set now
By = Otx(ag)ur(ho)ur@)y (B) and observe that m(A) \ 7(By) is finite,
since it is contained in 7(ag) U m(ho) U w(l). Moreover By is a product
of Sylow subgroups of A.
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Write A = Ag x By. By factoring out the finitely many Sylow
subgroups of H corresponding to the primes in m(Ay) we can reduce
to the case where m(H) N7(Ag) = 0. Since Ay and H are pronilpotent
and of coprime orders, Proposition tell us that v (HAg) = Cy is
finite-by-procyclic. By Remark [I| we can factor out O, (H), where 7 is
the set of primes dividing the order of the finite part of Cjy and assume
that Cp is procyclic. Note that the hypothesis that all Sylow subgroups
of H are noncyclic still holds.

Next, we claim that whenever x € J and y € By with (|z|, |y|) = 1,
the commutator [z,y] belongs to C. Indeed, since A and H are both
pronilpotent and, by the definition of By, we have 1 = (|aol, |y|) =
(laol, [H]) = (lyl,|z]) = (lyl, |hol), we deduce that m(agy) = m(ao) U
7(y) and w(hor) C m(ho) U m(x). Then (|agyl|, |hox|) = 1. Note that
laoy, hox] € C and [agy, hoz| = [ag, z]Y[y, z|[ao, ho)¥[y, ho]. Now [ag, z] €
C, since [ag, hox] and [ag, ho] both are in C. Since J is characteristic
in H and A acts on H, we also obtain that [ag, x]Y € C. Finally since
[ag, ho] € C and By centralizes hqg (by the definition of By), we conclude
that [ag, hol¥ € C and [y, ho] = 1, therefore [y, ] belongs to C' whenever
x € J,y € Byand (|z|,|y|) = 1, as claimed.

It follows that v..(JBy) < C. Indeed, since J By is metapronilpo-
tent, in view of Lemma Yoo(JBy) is generated by commutators
of the form [b, j] with j is a p-element of J and b is a p’-element of
By. Since J has finite index in H, by factoring out the finitely many
Sylow subgroups of H corresponding to the prime divisors of [H : J],
we can now assume that v..(HBy) < C and set C; = 7.(HBy). Note
that H = CyCy. If C is finite, then 7, (G) is finite-by-procyclic and
we are done. Assume that C) is infinite and write C' = C; x C. Set
7 =7(C?). Since w(H) \ 7 is infinite we can factor out O, (H) assume
that Cl =C.

It follows that H = Cy x C'. Moreover 7(C') = m(Cy) because if one
prime p € m(C) and does not belong to 7(Cj), then the corresponding
Sylow subgroup of H would be cyclic and this leads to a contradiction
since we have assumed that all Sylow subgroups of H are noncyclic.
Furthermore we claim that C' < Cg(Ap) and Cy < Cy(By). Indeed,
on the one hand Ay acts on Cy x C' = Cy(Ap)[H, Ao], so C = Cy(Ay).
On the other hand By acts on Cy = [H, Ag] and 7 (CyBy) = 1 since

C = vo(HBy) = [H, Bo] = [Co x C, By] = 75 (CoBy) x C.
Therefore CyBy is pronilpotent and Cj is central in CyBy being the

cartesian product of normal cyclic subgroups of prime order. In par-
ticular Cp < Cy(By), as claimed.
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With these assumptions AgN B centralizes H. Indeed, if v € AgNB,
as (lapz|,|H|) = 1, then we have [H, apz] < C and [H, agz] < Cy, so for
any x € AgN B the element agz acts trivially on H because CNCy = 1.
In particular ag acts trivially on H and so does z, for any x € Ay N B.
Note that B = (BN Ap) x By and from the fact that BN Ay centralizes
H it follows that [H, B] = [H, By]. Since A acts faithfully on H, we
have Ag N B = 1. In particular Ay is finite because B is open in A.

Since Yoo(HBy) = 7Vo(HB) is procyclic, A has an open normal
subgroup B* which is maximal with respect to the property that B <
B* and v, (HB*) is procyclic. Let us summarize what we have: H =
C x Cy and 7(H) = 7(C) = w(Cy) with C = v.(HB) = v.o(HB").
Next we argue by induction on the index r of B* in A. If r = 1, then
B* = A and there is nothing to prove.

If r is prime, then we have A = (a) B*. Since B < B*, the element a
can be chosen inside Ay. Remark that v,.(HB*) = C and . (HAy) =
Cy. By the above argument, Ay N B* = 1 and so Ay = (a) while
B* = B. Set K =aB and

W = {(z,y); = € H, y € K such that (|z[,|y|) = 1}.

Thus, W is the subset of H x K that consists of pairs of elements of co-
prime orders. Note that W is closed and is covered by countably many
closed subsets T;, where T; = {(z,y) € W | [z,y] € C;}, where the C;’s
are the countably many procyclic subgroups that cover all coprime
commutators in G. Again by Baire’s Category Theorem at least one
of those T; has non-empty interior. Thus there exists a procyclic sub-
group Cs, open normal subgroups By < B and H; < H, and elements
by € B and hy € H such that [z,y] € Cy whenever x € hiHy, y € abyB;
with (|zl,|y|) = 1. As above, in view of Remark [2| we can assume that
m(aby) is finite and by factoring out the product of the finitely many
Sylow subgroups of H corresponding to the prime divisors of |aby| and
of the index of H; in H, we can also assume that H = Hy, the element
hy = 1 and (|abo|,|H|) = 1. Next we assume that [H, a] is infinite,
since if [H, a] were finite, then [H, Ay] = Cy would be finite and so H
would be finite-by-procyclic, a contradiction. Set 7o = w(H)\ 7 ([H, a]).
By factoring out O,,(H) we can also assume that 7(H) = «([H,al).
If [H,bo| is infinite, then we get a contradiction because [H,by| < Cy
and 7([H, b)) C n([H,a]) = w(H), so [H,aby| = [H,by|*[H,a] < CCy
would be non-procyclic but at the same time [H, aby] < Cy would also
be procyclic. Assume now that [H, by] is finite. By factoring out [H, by
we can also assume that [H,by] = 1. Then, on the one hand we have
[H, aby] < Cy; on the other hand we also have [H,aby| = [H,a] < Cp.
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Since H = Cy x C' and 7(Cy) = 7w(C), we deduce that Cy = Cy. There-
fore for any b € B; we have [H,abyb] = [H,ab] = [H,b|[H,a] < Cy.
Since also [H, a] < Cp, we deduce that [H, b] < Cj for any b € B;. Since
for any b € B; the commutator subgroup [H, b| is also contained in C'
and CoNC' = 1, we have [H, By| = 1. It follows that [H, B] = [H, B/ B,
and also [H, A] = [H, A/By]. Set w = w(A/By) and by factoring out
O.,(H) we can assume that (|H|,|A]) = 1. In view of Lemma [3.6] the
subgroup H is finite-by-procyclic, a contradiction.

Assume now that r is not a prime. Then A = AyB* and |Ay| is
not a prime. Since Ay is a finite nilpotent group, let A; be a normal
subgroup of prime index in Ay and let B = A; x B. Note that By is
normal in A and By acts on H. We apply the inductive hypothesis to
the action of By on H, since the index of B* in B, is smaller than the
index of B* in A, and deduce that ~..(H Bs) is finite-by-procyclic. In
view of Remark [2| we can also assume that v, (H Bs) is procyclic. Since
[H, By)] = C'is a maximal procyclic subgroup of H and 7. (HBj) <
Yoo (H Bz), we deduce that [H,Bs] = C. Hence, using the previous
notation, we conclude that By = B*. Taking into account that [A : By)]
is a prime, it follows that r is a prime. In view of the above, the proof
is now complete.

O

Recall that a group K possesses a certain property virtually if it
has an open subgroup with that property.

LEMMA 3.8. Suppose G is virtually pronilpotent. Then Vs (G) is
finite-by-procyclic.

PROOF. Let F' = F(G). We argue by induction on the index of
F in G. If G is pronilpotent there is nothing to prove. Assume that
|G : F] is at least two.

Suppose first that G/F has a proper normal subgroup H/F. By
induction, v (H) is finite-by-procyclic. In view of Remark || we can
assume that v..(H) is procyclic. Set K = 74(G). By induction
K /75 (H) is finite-by-procyclic. So G contains a normal subgroup N
such that 7(H) < N < K and N/v.(H) is finite while K/N is
procyclic. Note that v, (H) is normal in G and so G/Cg(Vo(H)) is
abelian. In particular v (H) < Z(G’). It follows that [N : Z(N)] is
finite and, by Schur Theorem, that N’ is finite. In view of Remark 1] we
can factor out N’ and assume that N is abelian, so K is metabelian.
Hence 74 (K) is contained in N. In view of Lemma we have that
Yoo (K)NZ(K) = 1 and 80 7o (K) is finite. Again in view of Remark
we can factor out 7. (K) and assume that K = v,,(G) is pronilpotent.
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Thus G is metapronilpotent and, by Lemma the subgroup Y. (G)
is finite-by-procyclic, as desired.

Therefore it remains to deal with the case where G = G/F is sim-
ple. If G is abelian, then G is metapronilpotent and the result follows
from Lemma B.7 We assume now that G is nonabelian. In view of

[17, Theorem 7.4.5], we know that for any prime ¢ € 7(G) there is

a nontrivial g-subgroup Q < G and a ¢-element @ € G such that
Q=[Qa. o )

Choose g € 7(G), a g-subgroup () < G and an element a € G as
above and suppose first that F is a pro-¢’ group. Let T be the full
preimage of Q(a) in G. Since T is prosoluble, T/F(T) is finite soluble.
From the case discussed above where G/F was not simple, we deduce
that 7. (7) is finite-by-procyclic. By Lemma [2.4] v, (T") contains a fi-
nite characteristic subgroup M such that .. (T") /My is procyclic. Then
M = M¢§ is a finite normal subgroup of G such that . (T)M/M is
procyclic. We quotient out M and assume that ., (7') is procyclic. Let
@ be a Sylow g-subgroup of T'. Since the group of automorphisms of a
procyclic group is abelian, 7" centralizes 7, (7"). Moreover Q) = [Q, al,
where (a)F is the full preimage of (@) in G. In particular @ is con-
tained in 77 and so @ centralizes 7o(T). By Lemma [2.6] since T
is procyclic-by-pronilpotent, we know that Cr (v (7)) is contained in
F(T). Thus we deduce that @ < F(T). Keeping in mind that F' is
a pro-¢’ group, we deduce that ) centralizes F. Since F' is normal in
G and @ < Cg(F), we obtain also that [G, Q] centralizes F'. There-
fore [G, Q)] is central-by-finite and, by Schur Theorem, [G, @]’ is finite.
We pass to the quotient G/[G,Q]" and assume that [G, Q)] is abelian.
Then G = [G,Q] and so G = [G, Q]F is prosoluble. Note that if F
is a pro-¢’ group, then the Sylow g-subgroup of 7. (G) is finite and
therefore, again by the case discussed above, we obtain that v..(G) is
finite-by-procyclic.

Finally we drop the assumption that F' is a pro-¢’ group. Write
F = Qo x Fy, where )y is the (unique) Sylow g-subgroup of F' and
Fy = O, (F). In view of the above the image of 7,,(G) in G/Qy is finite-
by-procyclic. The same is true with regard to the image of 7, (G) in
G /Fy: indeed, if F is a pro-q group, we choose a prime ¢ # p € 7(G),
a nontrivial p-subgroup P < G and a p’-element b € G such that
P = [P,b] and repeat the argument of the previous paragraph. Thus,
the images of 7, (G), respectively in G/Fy and G/Qy, both are finite-
by-procyclic with the respective procyclic sections of coprime orders.
The result follows. (l

LEMMA 3.9. The group G is pronilpotent-by-finite-by-pronilpotent.
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PRrROOF. Given any coprime commutator x € G, by Lemma[2.17the
subgroup N¢((z)) has finite index in G. Consider now an open normal
subgroup K contained in Ng((z)) and let e = e(x) = [Ng({x)) : K].
Then z¢ € K. Observe that for any g € G the procyclic subgroup
((z€)9) is normal in K and all the procyclic subgroups of such type
normalize each other. Now let M (x) be the subgroup generated by all
those normal procyclic subgroups of type ((z¢)?), for g € G. Since a
subgroup generated by normal procyclic subgroups is pronilpotent, it
follows that M (x) is a normal pronilpotent subgroup. So the subgroup
N = [l,e¢ M(x) is pronilpotent as well. In the quotient G//N any
image of a coprime commutator has finite order. Therefore G/N has
only countably many coprime commutators and so, by Theorem [3.3]
G/N is finite-by-pronilpotent. The result follows. O

LEMMA 3.10. The group G is finite-by-prosoluble.

PROOF. First we deal with the case where G is virtually pronilpo-
tent. Lemma tells us that 7. (G) is finite-by-procyclic and so G
is finite-by-prosoluble, as desired. In the general case, by Lemma [3.9
the group G is pronilpotent-by-finite-by-pronilpotent. We deduce from
the previous case that G is finite-by-prosoluble-by-pronilpotent and the
result follows. O

Now we are ready to complete the proof of Theorem which we
restate here for the reader’s convenience. We write F»(G) to denote
the second term of the upper Fitting series of G.

THEOREM 3.11. The group G is finite-by-procyclic-by-pronilpotent.

PROOF. In view of Lemma the group G is finite-by-prosoluble
and by Remark [1] it is sufficient to deal with the case where G is prosol-
uble. By Lemmal[2.7)a profinite group, that is finite-by-pronilpotent, is
actually pronilpotent-by-finite. Therefore Lemma [3.9 implies that G is
virtually metapronilpotent. Let 7 be the minimal number such that G
has a metapronilpotent normal subgroup of index j. We will argue by
induction on j. If 7 = 1, then G is metapronilpotent and the theorem
holds by Proposition [3.7

Assume now that 7 > 2 and use induction on j. Suppose first that
G/ F5(G) has a proper normal subgroup H/F5(G). By induction v (H)
is finite-by-procyclic. Since the finite part of v, (H) is characteristic in
G, in view of Remark |I| we can factor out it and assume that .. (H)
is procyclic. As observed in the proof of Lemma [3.8] this implies that
Yoo (H) < Z(G"). Moreover G/v.(H) is virtually pronilpotent since
the image of H in the quotient is pronilpotent and has finite index.
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Thus, in view of Lemma the quotient v, (G)/Veo(H) is finite-by-
procyclic. Using that v (H) < Z(G'), as done above in Lemma ,
we deduce that v, (G) is finite-by-procyclic and the result holds.
Next we deal with the case where G/F»(G) is simple. Since G is
prosoluble, we have necessarily that the index j is a prime and we
can write G = F3(G){a), for some element a € G. Since Fy(G) is
metapronilpotent, v, (F>(G)) is finite-by-procyclic by Proposition [3.7]
In view of Remark |I| we can assume that v, (F»(G)) is procyclic. This
implies that G’ N F5(G) centralizes 7o, (F2(G)), that is 7. (F2(G)) <
Z(G' N Fy(G)). Hence G' N Fy(G) is central-by-pronilpotent and, in
particular, pronilpotent. Observe that [G,a] < G’ N F5(G) and so
(G, a] < F(G). Since also 7o, (F2(G)) < F(G), we deduce that 7, (G) <
F(G) and so it follows that G/F(G) is pronilpotent, that is, G is
metapronilpotent. By Proposition the result follows.
O

We will now prove Corollary [1.2]

PrOOF OF COROLLARY [[.2l In view of Theorem|[L.1]7.,(G) is finite-
by-procyclic. By Lemma Yoo (G) has a characteristic subgroup N
such that v (G)/N is procyclic. Let C/N = Cg/n(7(G)/N). Since
the group of automorphisms of a procyclic group is abelian, it follows
that G/C is abelian. Moreover, by Lemma C/N is pronilpotent,
whence the result. U
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