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Abstract

We outline mechanical effects of light—matter interaction inside hollow-core optical fibers. Starting
with quantized electromagnetic radiation, we demonstrate how dispersion, mode functions and
losses define an open quantum system and how subsequent Langevin equations can be used to
predict spatially-dependent vacuum forces. Conceptually, we reveal new, geometry-induced, forces
that have no equivalence in unbounded 3D space and, practically, show how the general spatial
dependence can be greatly approximated by free-space Ince-Gaussian modes: such that the forces
can be described analytically. By also considering the effects of drive and fluctuations, we provide
an extensive overview of both control and cooling within the limitations of a two-level atomic
system.

1. Introduction

With the introduction of photonic crystal fibers (PCFs) [1, 2], specifically those that exploit photonic
band-gaps [3, 4], optical confinement could be considered outside the limits of total internal reflec-
tion, and outside the limits of traditional geometries. In fact, without internal reflection, the central
glass medium is not needed at all [5, 6]. With this new-found void however, it was not long before

the concept of atomic gas-filled cells was introduced [7] and thus, intrafiber light-matter interaction
became a reality: with laser cooling and ultracold atomic trapping following afterwards [8, 9]. Therefore,
although optical forces have historically been observed since Kepler [10] and systematized since Maxwell
and Ashkin [11, 12], we outline how this new type of confinement changes things: such that, within the
limits of low saturation and a two-level atom, there is now the potential for miniaturizing cold atomic
laboratories.

This progress from cold atom laboratory to room-temperature cell did not happen in a vacuum, so
to speak. When considering optical atomic forces more generally, preeminent in the literature are the
first stopping of an atomic beam [13], three-dimensional cooling [14] and three-dimensional trapping
[15]. Practical milestones, like shortening the distance required for cooling [16] were also necessary, as
was, of particular relevance to this work, the introduction of geometrical constraints: primarily, efficient
cavity cooling [17-21]. Additionally, the current paper was preceded by work that allowed ultra low light
atom-optical interaction within a fiber [22], the field outside fibers [23, 24] and intrafiber spectroscopy
[25]. The trapping of ultracold atoms within and the efficient guiding of cold atoms throughout a hol-
low core system were particular milestones [9, 26], as was the loading of laser-cooled atoms [8, 27].
With the subsequent in-fiber cooling of atoms and molecules [28, 29] and even the beginnings of wave-
guide quantum electrodynamical (QED) with ‘giant’ atoms [30], the modern relevance of models for
fiber light-atom interaction is clear.

In this context, we consider the full QED approach, where both light and atoms are confined
quantum mechanically. This follows two early theoretical works that highlighted the direct impact of
geometry on known cooling effects. The first, highlights a mechanism for cavity-enhanced friction and
Doppler cooling, even in directions perpendicular to a resonator’s axis [31]. The second, postulates a
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new type of cooling whose origins can be directly attributed to a fiber-like geometry: dubbed a geomet-
ric resonance [32]. The current paper, explores this idea of geometric resonance, but where we must
now consider the modal decomposition in some depth. The radiative decomposition, while powerful

for describing forces on atoms in free space, is much more involved in bounded geometries. In fact, a
complete set of modes is, typically, unknown in analytical form, except for some specialized, idealized,
boundary conditions. Instead, we will demonstrate how an elliptical decomposition of the radiation field,
even without knowledge of the individual spatial functions, leads to an efficient description of atomic
dipole radiation inside a hollow-core fiber. Efficient, in that we arrive at analytically tractable forms of
the various optical forces, using only some generic characteristics of the modes.

There has been no fully quantum, rigorous model which would lead to a numerically tractable
description of the motion of unsaturated atoms under the mechanical effects of of light in a hollow-
core fiber. This is the motivation to expand our previous work on geometric resonance in fibers [32].
There, we showed how atoms in optical fibers could experience increased scattering rates near branch
thresholds, potentially enabling an undiscovered passive cooling mechanism. The great novelty of the
current work is the connection of a practical modal decomposition to the basic Heisenberg—Langevin
equations, which sets thus the foundations of a three-dimensional model. Beyond the technical advance-
ment, this new approach includes a consistent description of geometry-dependent mode loss and asso-
ciated noise, which leads us to resolving a difficult, previously unsolved, mathematical divergence on the
ground of the genuine regularizing physical mechanism. Notably, threshold broadening and light shifts
are now derived without introducing phenomenological parameters in the model. We present a com-
pletely new, geometry-induced, coherent, mean vacuum force that arises due to the spatial gradient of
the fiber-induced AC Stark shift, and in a remarkably concise form. Using the hydrodynamic limit, we
go far and beyond other works: considering cooling and heating within this full quantum model, and
separately in both drive and vacuum sources.

We also present, for the first time, an analytical profile model via Ince-Gaussian (IG) decomposition
that allows tractable, and convenient, mode gradients: efficiently expressing arbitrary fiber patterns. This
is a considerable boon when simulating mechanical and thermodynamic behavior. To illustrate this more
concretely we consider simple simulated dynamics, emphasizing how one might conveniently compute
trajectories that include noise and heating, extending established numerical integration techniques with
quantum diffusion coefficients. Leaving detailed analysis to a forthcoming paper, we include this simu-
lation, and source code, to highlight the future potential of this model, demonstrating that this complex
QED system is now computationally tractable and potentially experimentally relevant.

The remainder of this paper is structured as follows. First, we outline the overall electrodynamic
model (section 2): introducing the fiber-confined radiation and proposed mode function approximations
before considering how the geometry affects the atomic structure. These are then combined and presen-
ted as Heisenberg—Langevin equations of motion. The following section (section 3) considers the con-
sequences of this model, particularly with respect to induced threshold effects, the influence of driving
and subsequent atomic polarization. Section 4.3 derives and outlines the associated forces, highlighting
unusual effects that are particular to the fiber geometry. In particular, it considers the mean steady-state
forces due to drive and vacuum, complete with potential cooling terms, before considering contributions
to heating due to fluctuations. In section 5, we concisely illustrate how such a model could be imple-
mented simply, teasing the details for future work. Finally, we conclude in section 6.

2. A quantum electrodynamic model

2.1. Fiber-confined radiation

Fibers, by nature, are strongly geometric entities, confining the electromagnetic field in two dimen-
sions, while leaving it free to propagate along the fiber axis, z. From the outset therefore, we expect a
coordinate separation similar to that for free space, i.e. a transverse eigenvalue equation for modes with
wavenumber k, and angular frequency w:

wZ

Vi) = - (02 en) 5 ) e, o

This assumes that there is no divergence of the field and that the index of refraction, n(rr), and the
speed of light, ¢, are defined conventionally.

Whereas free space solutions are still relevant to the fiber core (section 2.2), it is the boundary with
the cladding that defines a fiber. Such is the case, there are a variety of physical techniques to inhibit this
coupling, all of which carry different refractive profiles, n(rr), and thus solutions to the eigenfuctions,
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f(rr), and their respective eigenvalue spectra, k% = w?/c? — k2. In general, the spectrum of the transverse
momentum, kr, is continuous, but organized into discrete branches according to the number of nodal
lines in the core, n. For weak confinement, i.e. when a large part of the mode function, f(rr), expands
into the dielectric part of the fiber, the eigenvalues also depend on w. In this case, there is no simple
analytical expression for the dispersion relation between the optical angular frequency w and the propaga-
tion constant, k,. The stronger the confinement however, the weaker the dependence of the eigenvalue
on w. Ultimately, in the perfect confinement limit, where the penetration of the radiation field into the
cladding material is negligible, the eigenvalues of equation (1) form a discrete set and are determined
solely by the geometry of the core. In such a case, the discrete set of eigenvalues represent threshold
frequencies, wih 4, which give the minimum energy for each allowed branch of propagating modes at

k, = 0. The simplified mode dispersion relation can then be expressed by

wn(k) = \Jwy, , + K, (2)

where, for convenience, we now abbreviate the axial wavenumber, k,, by k throughout. This is usually
considered a good model for metallic waveguides with little optical penetration (skin effect).

This can also be taken as an appropriate analytical approximation for PCF hollow core fibers in the
strongly confining limit even if the genuine dispersion relation may be different in principle, as the
eigenvalues of equation (1) slightly depend on the optical frequency, w, (k). For propagating modes far
above the threshold, k > wy, , /¢, the usual linear dispersion relation is retained. Note that this is the
typical case at the optical frequencies close to atomic resonances. In the critical region, for modes close
to threshold k — 0, the spectrum of modes and the actual form of the dispersion relation cannot be
resolved because these modes are spectrally broadened. The fiber loss, K, is defined as the extinction rate
per unit length and the decay of fiber mode amplitudes per unit time is thus influenced by propagation,

_ Kw, (k)

Kn (k) '

3)
That is, the damping rate of modes near the threshold (k — 0, w,(0) ~ wy, ,) diverges.

With this property of linewidth broadening of long-wavelength modes, the approach based on modes
strongly (perfectly) confined into the hollow core can be used consistently in the full range of propaga-
tion wavenumbers. The exponential decay of the field away from the core within the dielectric clad-
ding, on the scale of the wavelength, can be considered a loss of perfectly confined modes, and can
be taken into account via a single extinction rate, K. A threshold angular frequency can be defined
for each branch of modes on the basis of geometry. Far above threshold, the decay rate of the modes
approaches a constant: kK — cK, whereas the long-wavelength modes are very lossy, k =~ Kwy, ,/k — 00.
Much like the definition of modes within a linear Fabry—Pérot resonator, the scaling of the loss rate
defines then the extent to which discrete eigenvalues become Lorentzian spectra, which are ultimately
smeared together in the limit of weak confinement. Analogously, the continuous spectrum of eigenvalues
of equation (1) near a threshold is conceived as a broadened discrete resonance.

Fiber losses are generally low, i.e. on the order of dB/km, and are effectively negligible for short
fibers. For simplicity, we also assume K to be independent of the transverse branch index, #n. This
assumption is in line with the analogy of hollow core confinement with resonances in a linear cavity. In
this latter case, the linewidth is close to constant for longitudinal modes in a range where the reflectivity
of the mirrors does not depend significantly on the wavelength.

Loss plays an important role in the theory, as a natural regularization on both physical and math-
ematical grounds (figure 1). This is most relevant close to a threshold, where w,(k) — w;, wm, and so the
wavenumber vanishes, k — 0. These long wavelength modes then have diverging phase velocity and
loss rate but vanishing group velocity following from equation (2). Thus, a narrow bandwidth light
pulse, scattered off of an atom into these modes, does not propagate but sticks to the atom, creating an
unusual domain of interaction: one worthy of investigation.

Once the light is separated into confined (transverse) and propagating (longitudinal) components,
where modes are naturally discrete in two dimensions and continuous in z, annihilation and creation
operators can be associated with the modes:

[an (k.),at (k;)] = 8 (ks — k!) G- (4)

Here, n indexes each transverse mode, and the mode annihilation and creation operators, a and al are
functions of k, and, unusually, carry units of 1/4/[k] = /m. The electric field modes follow naturally:

3
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Figure 1. An overview of a photonic crystal fiber geometry and the associated loss mechanism.

E(t,) =E (1) +E (17) (5)

h 400 .y K .
—i\/; Xn:fn(rT)sn(rT) [ N a, (k) wTi)el¢n<r,k> dk+ He., ©)

where f, rr, e and A represent the transverse mode profile, transverse coordinate, polarization unit vec-
tor and cross-sectional area, respectively. Furthermore, we define the mode cross section by

-An - drTZ‘fn(rT)|27 (7)

where f,(rr) or A are peak normalized or normalized to ‘1), respectively, depending on the mode func-
tions used. We also choose to carry the complex components in the exponential phase, where ®,(r,k) =
®,(rr,z) + kz (real) for a general plane wave. A summary of the geometric details are presented in
figure 1.

2.2. Mode functions
The outline above is still somewhat abstract. What exactly are the mode profiles of hollow-core fibers?
Unfortunately, in a general hollow-core system, differing manufacturing processes, surface roughness and
other local details make a general answer prohibitively complicated. Using finite element analysis how-
ever (COMSOL with anisotropic perfectly matched layer)[33], we can gain insight into the most relevant
mode profiles.

Computationally, we assume the electric field to carry a standard mode profile:

B(r1,2) = fler)e, (rr)e ()" .

where K, and k,, are the mode loss and wavenumber, respectively, with common units (1 m). The mode
properties are obtained by numerically solving the so called curl-curl equation:

V x (V x E) — 2 (rr) (%)ZE:Q )

as obtained by decoupling the Maxwell equations. By applying a variational finite element procedure, the
following algebraic eigenvalue equation is obtained [34]:

([A] . ((K+ ik.) 5)2 [B]) (F} =o. (10)

Here, the eingenvector, {F}, is the discretized field vector, that is the numerical approximation of
fu(rr)e, (rr), and A and B are sparse and symmetric matrices. Solving this equation, we obtain the mode
profiles, a selection of which are presented in figure 2.

Here, we soon see strong deviation from the patterns of traditional, step-index fibers, which are often
modeled with Bessel beams. In contrast, the simulated profiles resemble beams more commonly seen
while propagating freely, albeit without expansion. In fact, the first few modes can be very well approx-
imated using Hermite—Gaussian (HG) functions (figure 3). Other modes however are more obviously

4
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Figure 2. A selection of realistic, numerically computed, fiber mode profiles. From top left to bottom right: LPy,1, LPy 1, LP; 1,
LPy 3, LP: 3, LP; 5.

‘ . )
0.6
' ' 0.2

Figure 3. A free-space modal approximation, absolute residual and simulated intensity profile on the same color scale.

elliptical, rather than rectangular or circular, and so, to treat the fiber mode profiles concisely, we con-
sider the IG family [35] (figure 4).

This family however, is not well known and can be more difficult to work with: which can lead to
lengthy programming. On the other hand, their modes can be broken down into finite, linear superpos-
itions of the more familiar HG ones, bounded by the mode number (physically, this constraint comes
from the need for a Gouy phase), N= [+ m:

IGY, = [T} HGY, (11)

where o € 0[dd], e[ven] is the parity and T is a numerical transformation matrix. Such is the case, indi-
vidual IG beams can be expanded as a limited sum of HG beams:

IG,, = > TwiHGY,, : VI € Ny, ¥m € Ny, N =1+ m, (12)
I,m
e.g.
IG(S),S = 0755HG4’1 — 0643HG2’3 + 0130HGO’5 (ﬁgure 5) .

5
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Figure 4. A comparison of the numerically predicted (upper) and analytically modeled (lower) mode profiles. From left to right,
the IG mode numbers and ellipticity are (1,0;1.4), (2,2;0.35), (4,2;0.1), (3,2;0.4), (4,2;0.35) and (5,5; 1.5).

A\F aie -
- LALLL .- -:-
.‘.‘. =0.755 01110 0.643 =ea +0.130 =

Figure 5. A seemingly complex, elliptically symmetric, mode can be concisely expressed by a superposition of only three rectan-
gularly symmetric (HG) modes.

We can therefore reasonably assume that the mode profile has the form

I4+m

fn(rT) = Zan,l,mHGl,m(rT)7 (13)

I,m

such that « is an arbitrary constant, either complex most generally or real in the main. Such a model
significantly simplifies subsequent calculations, as the modes’ spatial derivatives can now be extracted
with simple recurrence relations, i.e.

2 (VIHG 1w — <HG,p
an(rT) = Zan,l,m " ( o o ’ ) (14)

I - <\/EHGl,m71 - WLOHGz,m)

Unfortunately, there is a cost to this approach, as the cross-section of these modes varies with increasing
mode number and so this has to be taken into account. For fuller derivations, expansions and comments
on the scaling, see the relevant supplementary material.

2.3. Fiber-confined atoms

Fiber confinement does not simply affect the bare radiation: in our system, there are atomic gases and
so spontaneous emission too. Because of our choices above, in regards to quantization and loss, we can
actually now adapt the ‘usual’ approach to free space modeling [36, 37] to a fiber environment. In par-
ticular, our loss and normalization choices, as we will discover, mitigates divergences in key intervals.
The overall approach therefore will prove familiar to most, but where the new conditions yield inter-
esting surprises. The Hamiltonian, under electric dipole and rotating wave approximations, can then be

written:
H = Hgea + Ha + Haipole, (15)
Hyag =1 / +Oodkwn(k)&Tn(t,k)ﬁn(t,k), (16)
Hy = HwZ&Z, (17)
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Hdlpole = *lh 0+0 Z/ fn (rr)g,(k)el ("k)) dk+H.c. (18)

= IHZ/ fn(rT)gn(k)e_@”(r’k)) dk+H.c., (19)

where the approximation leading to the last line corresponds to the rotating-wave approximation, wa
is the atomic frequency, we have used the two-level Pauli operators and where g is the electric dipole
coupling. This is expressed by

~d wh (k)
gﬂ (k) - \/m An ) (20)

where d is the electric dipole moment along the field polarization and we have assumed aligned dipole
and field axes, in accordance with a linear polarizability model of the atom. The coupling has the

dimension [g,(k)] = @ Furthermore, the dipole moment can be, more intuitively, expanded in terms
of the natural linewidth, ~:

2 ye Ax wa(k)
gn(k)” = ——F =, (21)
4t A, wa
2
and where the resonant atomic cross section, A, = %

2.4. Heisenberg—Langevin equations of motion
With the basic model above, we use Heisenberg—Langevin-like equations to model a driven, open fiber
system with mode-dependent loss:

d

3 (0)(0) = = (iwn () + ki (K)) an (K) + 6 (8) (fu(er)gu(k)) e 700 + £, (220)
+oo
d%a( £) = —iwad(£) +26. ) /_ dk d, (k) (f;, (rr)gn (k) e FiEn 00 (22b)

where the quantum noise terms, ¢ ..» represent the fluctuations accompanying the fiber loss with rate
kn(k). The first equation can be formally integrated,

t—1
an(k, 1) = d(k, to)e™ GonFral)(=t0) 4 £ 1y (k) e—icb,,(r,k)/ 0 6(t— r)e @nB+rik)T g
0

t—to . .
n / dré, (1 7) e (n®+m)T (23)
0

noise

and then simplified, as the last term is integrated noise that plays no role in subsequent calculations
(assuming normal order products at zero temperature). Furthermore, without loss of generality, the
starting time can be zeroed: f, = 0 and the formal solution inserted into equation (22b), such that
the atomic evolution is described by an integro-differential equation that can be treated within the
Markovian (forgetful) approximation. Anticipating this approximation, we first move into the interac-
tion frame, & = Ge WAl

d ~ ~ +oo t ~
3002223 [ a0 [ ale— et bigr

+o0
+26.) / dk £, (r1) ga (k)e T (mR —lilwnB—wn)+rBlig (& 1) (24)

noise

Here, the second term has a mean value of zero and so, in practical terms, can also be conceptualized
as noise. The first term contains much of the essential physics and can be simplified further. Since the
spectral structure of the fiber modes form a one-dimensional broadband continuum around the atomic
resonance frequency, the integral over k, in the exponential el(“»=«(6)7 vanishes outside a very nar-
row time window around 7=0. In the interaction picture therefore, the atomic polarization does not
change during this short period, so 6(t —7) & 5(¢) can be taken out of the temporal integral, and we

7
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can use 26,(t) - 6(t) = —5(¢). The temporal integral can then be carried out, leaving an integral over k.
Finally, we also apply the low-saturation limit in accordance with the linear polarizability model of the
atom, (6, =~ —1/2) and so, in the spirit of the Markovian approximation, the evolution of the atomic
polarization can be approximated by a single quantum Langevin equation with a broadening and shift in
resonance due to the fiber modes:

%& ~ —6 [Tp(rr) +iAgp(rr)] — Ep(f,r)and (25a)

fn rr) gn(k)
T N2 Ao wm k ’ 25b
o= [ e +AW\knm asb

“+o00 2 k
r(rr) Z / dk A(i)A kAwA,ky (25¢)

o0

b =30 [ kR () G (1) P (s 25d)

The noise has a mean of zero, and its second-order correlation function can be approximated by a
unit pulse (i.e. white noise):

(€p (1,1) &0 (02,7) ~ 2T (r0) 5 (11 — 1) (26)

where the coefficient of the unit pulse can be directly derived from the definition of the fluctuation
operators (equation (25b)) by using equation (4), and the short correlation time (unit pulse) reflects
the Markovian approximation. The simplicity of the final result is in accordance with the dissipation-
fluctuation theorem, which is encoded in the close relation of the forms of the dissipation and noise in
equations (25b) and (25d), respectively.

3. Fiber QED

Although equation (254) may seem familiar to those who work with QED models—and the expectation
is that for large enough area of the hollow core, the rate of spontaneous emission is close to that in free
space—we subscript them here because they carry unique properties in the context of confined geomet-
ries. Considering our definition of fiber dispersion, equation (4),

Te(er) =23 fo)” [ " dkga(k)? (k)“f)Ak

. )2 > 2 Kw,(k)/k
f2;fn( T) /0 dkgn(k) (Kw,,(k)/k)er(wAfwn(k))z

_ ,_Y AA an rT /oo cKk (wtzh,n + Czkz) (27)

47ro.)A Kz( thn+czk2>+k2(w/\_\/‘m>2.

Or, in terms of angular frequencies:

1 2,2
R A Ay fn I‘T 00 W cK /Wi — Wi W
Cg(rr) = g dw,

T WA 2 2 2,1 2 2 2
Wit oyfwi —wi, | Rwi+ 5 (wi —wi,, ) (wa —wa)

o '7 AA fn *°
=27 wa Z (/w dewy Blwn(k); wthn)) : (28)

th,n

where

K
B(Wn;wth,n) = Wn ‘ . (29)

(cK)* + (1 — “) (wa — wn)’

Now that the induced line broadening is expressed as fraction of polynomials, the integrand can easily
be seen to have two key regimes: when the modes are close to atomic resonance and when they are close

8
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wh=w,—100y; cK=0.01T4 Wh=wy—24y; cK=0.01Ty4 wih=wa—4y; cK=0.01T4
6x10° 6x10° 6x10°
5x10° 5x10° 5x10°
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Figure 6. An overview of the integrand, B, of the vacuum-induced linewidth broadening (equation (29)) as the mode threshold
frequency approaches an atomic resonance. Here, the function is plotted within the future limits of integration, and the area
under the curve highlighted, for illustration. The value of cK is chosen for illustration and wa = 1 for numerical convenience.

to a threshold. Of particular interest, is when these two peaks converge (figure 6) and provide a signi-
ficant boost to individual modes that is not seen in free space. As long as the threshold frequency is far
from the atomic frequency however, |wy , —wa| > 7, the integral is dominated by the atomic resonance.
For most modes, with low index, the threshold is indeed far below the atomic frequency. In this case,
(1 —wf,,/wy) ~ 1 and only near-resonant modes, w, ~ wy, contribute: B(w,;wi,n) = B(w,;0) approxim-
ates a Lorentzian with a very narrow width, cK (figure 8).

Such is the case, the spontaneous emission rate is conveniently split into two terms,

Ie(rr) = Igo(rr) + e (rr)

Ey“c%zfn(jj 1 /w ” B(un(K)30) + ~ / " dun [Blan (B);0nn) — Bn(k0)] | 5 (30)

2 T th,n Wth,n

where the second term is, in general, negligible except for threshold effects, i.e. when wy, , = wa for indi-
vidual mode branches.

Considering the first term, this, in turn, can also be well approximated by a unit pulse around reson-
ance, allowing the integral to be performed explicitly:

2
[ro(rr) ~ v Aa anz(%)%ﬁ, (31)

where the spatial dependence of the spontaneous emission rate on the position, ry, can be estimated

to average out on summing up over many modes. For example, a typical ‘holey’ fiber, D = 50 um, sub-
ject to infra-red laser drive, A = 0.78 um, can have ~|2D/\]| ~ 128 modes along a central axis and so
~10000 transverse modes in total. With so many modes contributing to spontaneous emission, the radi-
ative environment is similar to that of free space when the atoms are not in the near vicinity of the
boundary. No significant spatial dependence remains. Since the density of modes tends to that of free
space in the large hollow core diameter limit, I'r is expected to be on the same order of magnitude as
the free space rate, . However, while the distribution of mode polarizations is isotropic in free space,
the propagation axis of the modes in a fiber breaks this symmetry. Therefore, the spontaneous emission
rate depends on the direction of the atomic dipole moment and can be different from ~. Thus, the bulk
contribution to the line broadening, I'gg, will be treated as a phenomenological parameter in the model.
The contribution of the second term, identified as a threshold effect, we address in the following section.

3.1. Vacuum threshold effects

Although the summation over many transverse modes above leads back to familiar, free-space mag-
nitudes, it is noteworthy that single vacuum mode branches significantly modify atomic properties on
their own, when w, happens to be close to, i.e. within +, a threshold frequency, wy, ,. This is a signi-
ficant departure from free-space environments and is a feature regardless of fiber diameter. In fact, this
concerns both the broadening and the shift of the atomic resonance due to vacuum modes.
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Figure 7. The spontaneous emission of a single, untypical mode. Here we see that a single mode can make a significant contri-
bution to the whole, when the threshold frequency is close to an atomic resonance. This mode was chosen by taking a rough
‘maximum’ value of the allowed mode profiles (0.047), given the beam waist and wavelength. The mean profile value is more
stable (actually the same for all modes),i.e. approximately 0.000 398.
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Figure 8. When the fiber threshold is negligible, the broadening function is simply a modified Lorentzian, with location and
scaling parameters, that is analytically tractable.

Continuing with the broadening, the conceptual separation of the emission rate, equation (30),
is further justified numerically: as the individual terms, both ‘bulk’ and ‘threshold’ effects, are now
integrable. In the first case, we approximated with a unit pulse and now, in the second term, the high-
frequency (UV) divergence of the prior integrals are countered by the subtraction of the wy, , =0 com-
ponent. This allows us to consider the relevance of single branches,

Cgu(rr) = %ﬁ—fﬁlfz) - dwy, [B(wn(k);wim ) — B(wa(k);0)] (32)

Wth,n

with respect to the overall vacuum emission.
The line shift (equation (25¢)) can be treated in the same way. There is a ‘bulk’ effect associated with

the many modes with threshold far below the atomic resonance. This contribution is close to homogen-
eous and is usually incorporated into the observable atomic frequency, wa, which is thus the renormal-
ized bare frequency. Keeping only the threshold effect,

As(rr) “‘Azf" / den [D(wn(k);winn) — D(wn (k);0)] and

271' WA
2 2 2 12
Wh (wn - wth,n) (wA - w”)

> (33)
EK2WE + (w% - wtzhm) (wa —wy)

D(wn(k);wth,n) =

Considering then the fiber effects as a whole, it is worth noting that although vacuum-induced line
changes are well studied phenomena, in practice they are usually negligible. Particularly, as experimental
references often include these effects within the reported numbers. In contrast, we see that threshold-
ing from the fiber geometry, as suggested in figures 7 and 9, can greatly amplify the effect, such that

10



10P Publishing New J. Phys. 27 (2025) 114102 T W Clark et al

Apn/y
&
(@]

400 -200 0 200 400

-6000 —-4000 -2000 0 2000 4000 6000

(Wth—wa)ly

Figure 9. An example of the vacuum-induced line shift (equation (33)) from a single mode as the threshold frequency is scanned
around the vicinity of an atomic resonance: where we have assumed that the fiber waist is 50 zm and that the mode profile value
per cross section is 0.05.

the atomic transition can be both broadened and shifted with respect to free space measurements. Thus,
we extend, on a rigorous QED basis, results first suggested in 2007 [32], and yet which remain exper-
imentally untested. Furthermore, we note that even the base prefactor above (figure 9) scales inversely
with the square of the fiber waist and so even bigger contributions can be expected. This follows from
equation (32):

A L
Anfalrr)” _ A wifa(R)? (34)
2r A, AT2WE =
constant mean
3.2. Drive
Having discussed a bare fiber system, let us consider the effects of adding the final component: a driving
laser. Whereas many modes could be coherently populated,

+oo
Flaipole =i / it (1, k)6 (ﬁ,(rT)gn(k)e_@”(r’k)) dk+ H.c.,

we consider a single mode, driven with mean field amplitude, «, and displacing quantum fluctuations.
There will then be an additional term in the Hamiltonian:

Hy = 6 ihQq(rr)" e 1Pt L H ¢, (35)

where the spatially-dependent Rabi-frequency and phase can be specified for traveling, Q(rr),, =
agarfar(rr)and @4, (r) = kz, or standing waves, Qq4,(r1) = agafar(rr) cos(kz)and Py, (r) = 0. Here, the
Rabi frequency incorporates the dipole coupling constant, the mode function of the driven mode and
the drive amplitude itself. The drive phase is considered to be separable: ®g4.(t,1) = —wqrt + Py, ().
Subsequently, there will be an extra term in the atomic equation of motion (equation (25a)):

d . -
T [Ce(rr) +iAp(rr)] — Qar(rp) el BeratPe®) — ¢ (g 1), (36)
where in the atomic frame, drive detuning contributes a time dependent phase. Considering the driving
frame instead, G = GelSwn,

d=_ = ; i@ (r) _ ¢
30="9 [Ce(rr) +i(Apadar + Ap(rr))] — Qar(rr) e — Ep(t,1). (37)
3.3. Atomic polarization
Having built up the main equation of motion, we now consider the atomic evolution. Of prime import-
ance, is the steady-state behavior, but, as we want to consider the noise properties, we first consider the
full solution:

11
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S50 =60+ 500

~ l’z
— §(t) = Celle=) 4 1) / g(t)e =gy, (38)

31

where C, f and g are arbitrary placeholders and we note that f is not time-dependent. Assuming the first
term to be transient, then the atomic polarization follows:

_er(rT)eiq)dr(r) =
~ - + X(t,r), 39)
Tr () +1 Bonar + Ar(rr)) | oo (

Qu

where the first term is the steady-state coherent atomic polarization due to pumping and the second, is
the time-integrated white noise.
The mean ground, steady-state, polarization is then

O 2
F}ZJ + (AwA,dr + AF)
and the fluctuations around the steady state are described by the second-order correlation:
2T (r
(E(t) S (B)) ~ r(rr) 5(th—1). (41)

Tr(rr)” + (Awaar + Ap(rr))’

Here, the approximation comes from replacing a narrow, peaked, function with the unit pulse on time
scales of the order of I';!, which is a good approximation for the timescales of atomic motion that we
will consider next. It is also worth noting that this correlation function exactly expresses the fluctuations
of the atomic polarization, i.e.

((

With these expressions for the atomic polarization, we can now consider the forces acting on the atomic
center-of-mass motion.

(1) = (6)) (5" ()= (61) ) = () = (1) (42)

Qu

4, Forces

The force that an electromagnetic field exerts on a moving atom can be calculated from the commutator
of the momentum operator and the total Hamiltonian (section 3.2): such that all modes, driven and in
vacuo, contribute. Formally, the commutation amounts to the gradient of the Hamiltonian with respect
to the atomic position, i.e.

F——VH

+m ~ ~ . ~ .
——iny / it (1, k)G (k)Y (fn(rT)e*@n@»k)) dk—Gihv (Q(rT)*eﬂ%(f)) tHe o (43)

drive

vacuum

An efficient way to calculate the gradient of the field profiles (figure 10) is thus central to any
practical force calculation. And so we turn to our analytical approximation of the mode functions
(equation (14)). With easy access to the spatial derivatives, we can then adapt the standard semiclas-
sical theory of laser cooling [38, 39], applicable to atoms above ultracold temperatures, where the atomic
center—of—mass motion can be considered a classical degree of freedom. The mechanical effects of the
field on the atom can then be simulated by means of a classical Langevin equation, which includes a
friction force and also the recoil-induced heating effect.

From the general expression above, we will derive three key terms of the Langevin equation. First
of all, the quantum mechanical mean, corresponding to the force acting on the atom at rest. Secondly,
for an atom moving slowly, the non-adiabatic response of the mean force to linear order in the velo-
city. This can yield a friction force on the atom. Finally, we will consider heating from quantum noise.
The internal atomic polarization, &, includes noise sources that give rise to forces with zero mean, but
non-vanishing second-order correlation function. By modeling this correlation by means of a classical
random force, with a matched diffusion coefficient, we gain a semiclassical view of the heating process.

12
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Figure 10. An example of the two-dimensional mode profile gradient, normalised with respect to the longitudinal intensity
(2V @ (1) |Qar (rr) ).

4.1. Mean steady-state force

In a driven system in free space, it is naturally the second term of equation (43) that dominates and so
the first component that we consider here. The first term of the force, the vacuum component, would
only contribute to the recoil heating as photons would be scattered from incoming laser light. In a fiber
however, remarkably, the vacuum does not just scatter photons into the other modes, but creates an
additional term that survives in the mean. Thus, we must explore both terms, below.

4.1.1. Drive
First considering the drive term, we expand equation (43) in the steady-state limit,

er(rT)
Dr(rr) +i(Auaar + Ap(rr))

<ﬁ>dr =il (VQ(rr)" — iV (r)Q(rr)") +He

h
Tr(rr)’ + (Auaar + Ae(rr))’
% [Lr(rr) (Va0 + V(1) 1926er) ) + (Aunar + Arer)) VIR
i (Te(rr) (V120en) =2V Q) 2r)") + (A e+ Ar(re))(V @arlr)° [2rr)

Ve (6)|2()) )| (44)

And so, in the limit of real Rabi frequencies and phases, the drive force simplifies to

(F) = < Z I 294 (1) e () PR (1)) + 9 (1 Qu(rr)] ) S (C(er)] (45)

where, for conciseness, we have combined the complex atomic line properties:
C(rr) =Tr(rr) +i(Auaar + Ap(rr)). (46)

Such an expression will be very familiar to those working throughout atomic physics. The overall form is
very similar to that for free-space, with the first term representing the radiation pressure and the second,
the gradient force. The fiber modifies these forces only via the general spatial dependence of the mode
profiles and through the fiber-induced light-shift and broadening.
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4.1.2. Vacuum field

It is of little surprise that the mean force of a driving laser, via the mode function, directly reflects the

fiber-imposed geometry of the electromagnetic field. What is remarkable, is that there is a further contri-

bution from the vacuum. Here, the mean does not vanish due to a non-trivial mechanical manifestation

of the vacuum threshold effect: something specific to a constrained geometry. This can be seen below.
Remaining in the atomic frame of reference, the mean vacuum force is given by

(Fue) = —ihy /7 :O (ah(K)5 ) ¥ (fuler)ga(k)e D) dk+ Hec, (47)

Expanding the field operator, equation (23), then reveals two distinct contributions: that from the
(atomically) ‘free’ field and that from the atomic ‘self-reaction’ This latter category then includes the
force at branch thresholds where the vacuum-induced AC-Stark shift is considerable:

(Fyac.) = (Fgree) + (Freact)

+o00
=i Y / <di(k7 to,r)6> (k™ (ﬁ(k)e_iq’”(r’k)>eiAwkv“_""(")’dk—kH.c. (48)
n Y TO0 N ——

temporal
operator
+oo k) +iA
—ih 616) gu(k) (VIf,]* — iV ®,(r, k Kn(—wk’Adk—FH.c. 49
S/ @'ur (v R 2 (49)
operator _\/_7/

not temporal

These terms have quite distinct features. The first term necessarily vanishes when the operator acts on
the ground state. The second term, having already temporally integrated over the atom-radiated field
with a forgetful (Markovian-like) approximation, can be transformed into an explicitly real form:

“+oo 2
5 _ E : ~t gn(k) 2
<Freact> =h . /_Oo <U U> Kn(k)z T Ai}k,A [Awk,AV‘fn| KV‘Pn(Lk)ﬁl} dk. (50)

If we assume only z-dependence in the spatial phase, then the second term of this expression disap-
pears: due to the symmetry of integrating over wavenumbers with both positive and negative compon-
ents. Furthermore, if we recognise the similarity with equation (33), then we arrive at a curiously concise
form for the self-reaction:

(Freact) = 1 (616) VAg(rp). (51)

Two things are immediately clear from this expression. First of all, we reiterate that in homogeneous free
space there is no such contribution to the mean force, Ar = 0, and so this vacuum effect is intimately
related to the geometric confinement, particularly the spectral structure of the modes. Secondly, this
unusual contribution is not necessarily negligible; it could in fact be a noticeable contribution to the
mean force in threshold domains, i.e. where wy, , = wa. Although such a force only becomes noticeable
when the atomic frequency is close to the threshold of a propagating branch, cf the resonance-like beha-
vior of the lineshift in figure 9, the fiber induced light shift inherits the spatial variation of the threshold
mode, Ap(rr) o f,(rr)?, which is typically a strongly modulated, high-index mode of the hollow-core
fiber. Thus, we predict an appreciable mean steady state vacuum reaction force acting on a laser-driven
atom within a hollow-core optical fiber.

This new force has no direct equivalent in free, 3D, space, but we can interpret it as a necessary
consequence of the geometry-induced light shift, equation (33), where the induced detuning is nat-
urally accompanied by an induced gradient force. It also worth noting however, that this threshold
force depends on atomic excitation, and so in practice, on external laser drive. In accordance with
equation (40), the explicit form of the mean vacuum reaction force, for a driven atom, is thus

= | Qe (rr)
Freact =h VA s 52
< > De(rr)’ + (Apadr+ Ap(rr))? rler) 52

with the extra quantum noise vanishing as expected: <EFT§:F> =0.

Having discussed the mean, steady-state, forces which are naturally important for mechanical traject-
ories, we now turn to explicitly thermodynamic effects, i.e. to atomic cooling and heating.
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4.2. Cooling

4.2.1. Drive

If atoms are moving quickly enough that their trajectory has to be taken into account, when consider-
ing spatially dependent effects, but slowly enough that we can consider a power series expansion in the
velocity, then we can turn to the hydrodynamic approximation. Therefore, rather than simply setting the
total time derivative to zero, as in the steady-state, we consider the transformation

d 0
d—t—>a—t+vA-V, (53)

while also expanding the atomic coupling in powers of velocity, i.e.

d

& (6) — (8 +va- V) ((6)p + () - Va...). (54)

ot

Therefore, (from equation (37)),

(gt TN V) (), 4+ (5) - varr) = = ((6) 0+ (&), -va...) ((rr) — Qurler)ei®=®). (55)

The mean steady-state limit is then recovered in the zeroth-order solution:

- 1

(0)p= _@Q<rT)drei¢dr(r)' (56)

For first-order in velocity,
Vo V() = —va-((rr)(d),, (57)

such that

(00 =~z Vi) (58)

The resulting, velocity-dependent, steady-state solution for a single atom is then

eiPar(r) (_ V((rr)
((rr)? ¢(rr)

such that the mean velocity-dependent force, in the hydrodynamic limit, follows (equation (43)):

(=it s o (55

<O':> ~ —@er(ﬁr)ei@d'(r) +Vva - =+ in)dr(r) + V) er(l‘T), (59)

— iV (r) — V) er(rT)} ) +H.ec
(60)

When the coefficient of the velocity, va, is negative, this is a friction force and so can be used to cool the
atoms. The Doppler-cooling effect, i.e. the one based on the variation of the scattering rate due to the
Doppler-shift of the resonance with respect to the drive laser, is included in this term up to linear order
in velocity. If we limit ourselves to real-valued field profiles then this simplifies further:

v.; VC(YT)_z_i . oy
* <<rT>2( o) 2V >) Qar( T)]

<F> —HV Dy, (r)

+ H.c., (61)

. 71 r iVC(rT) —1i r
+FlVer(l‘T) [VA C(rT)Z (V(bdr( )+ C(I‘T) V) er( T)

where we have assumed that the gradient of the atomic velocity and the double gradient of the phase
vanish. Unpacking the Hermitian conjugate, the full, real-valued, force can be written as

(R == 190 [y i (RO = 3(00%) Puler)* = 4RO Q) () T2 1) |

L
¢l

AV (1) [VA 5 (2 (RO = 3(0)?) Qurler) V(1) 4R S (0) Vﬂdr(rﬂﬂ

1
¢l
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ZQ(I‘ )2 x x 2 2 o o
HIVRa() = v (R +3(0)) (R(Q) = 3(0)) VI = <P (RO TRE) =3O V()
+1va(en) ZE - [PROSO VI - 16 (ROVIQ + 3O VRE) (62)

where the last two terms can be neglected away from thresholds. These terms account for the spa-
tial inhomogeneity of the fiber-induced lineshift and broadening. However, the broadening due to the
threshold can lead to a cooling mechanism via the Doppler-effect: an increased scattering rate into
the threshold branch modes from the drive can yield an enhanced velocity-dependent force which is
included up to linear order in velocity in the first term above. Previously, we predicted the seed of this
effect, under the name of geometrically enhanced cooling [32]. Here, we have extended and realized it
within a consistent QED theory, accounting fully for the vacuum effects near threshold.

For comparison with simpler, more familiar results, we can consider this expression in the limit of a
standing wave (no forward momentum) and away from threshold:

<ﬁ> ZESIC(IE) v <er(rT)2>

_ 4hVer(rT)|£|4 Va - [VQu ()R (Q) S (Q)). (63)

4.2.2. Vacuum

Within a two-level system, the force above carries the biggest contribution to cooling, but, as suggested,
the vacuum can also play a role. From equation (51), if we follow a similar procedure in vacuo, assum-
ing real Rabi profiles and phase, then we arrive at

e T (o B

|C(1‘T)|4
er(l‘T)z
va - V&4 (r)S(C(rr)) ——¢
+2 ar ()3 (C(rr)) )]

2
+2vp- VR (C(rr))° Qd(rT)] , (64)

<ﬁv> ~ BAg(rr)

|C(TT)|4

to 1st-order in the velocity. Again, we see that in the limit of free space (Ar = 0, then the vacuum aver-
ages to zero. Outside of this limit, close to a threshold frequency, the vacuum contribution is not just
non-zero, but potentially an appreciable factor, but which includes both cooling and heating terms,
depending on the particular circumstances.

In general, even away from threshold, singling out particular regions regarding heating and cooling
in the above equations is still not an easy matter and will be the core subject of a more targeted work. If
we consider the mean vacuum cooling (directly above) as an illustrative example however, then we can
highlight when each force term opposes atomic motion.

Mathematically, we identify cooling as when <1§1,> -vp < 0. In the first term therefore, cooling arises
when the effective detuning and atomic dot product has the same sign, e.g. blue-shifted effective detun-

ing, and the atom is moving into higher intensity. Notably, this provides cooling even in the absence of
a phase gradient, i.e. in the absence of optical momentum.

The second term resembles Doppler-like phase friction, but only cools when <I§V2> -vp < 0. Since the

other values are squares, then according to sign(ApS(¢(r7))va - V@4, (r)). Recalling equation (46), then
there is cooling when Ag(Ax + Ap)va - VOy,(r) < 0.

Following the same procedure, there is cooling in the third term when Apl'p(v,s - VI'F) <0, ie. near
a threshold mode, where the spatial intensity and so line broadening varies rapidly in space.

Overall, for positively induced fiber detuning, cooling dominates in the vacuum term near a
threshold mode when the atom ‘climbs uphill’ in the mode profile either due to increasing linewidth
or intensity or when the phase gradient, e.g. momentum, opposes motion. The terms do compete how-
ever, and only one of them can dominate depending on the spatial structure of the modes, whether it is
a standing or traveling wave, or the atomic and threshold detunings.

Specifically, the first term dominates the second when the relative intensity gradient per momentum
(phase gradient) is much bigger than the effective detuning per broadening. And the first dominates
the third when the relative intensity gradient dominates the relative linewidth gradient, i.e. away from
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the mode threshold edges. Likewise, the third term dominates when the relative linewidth gradient per
momentum is much greater than the effective detuning per broadening.

4.3. Heating

As with free-space, even when the component averages vanish, there are still practical effects from the
fluctuations. And fibers are no exception. In this context, heating can be treated as a momentum diffu-
sion process induced by a Langevin noise term in the classical equations of motion of the atomic center-
of-mass. The classical Langevin force is defined by means of a diffusion coefficient, D, which can be
matched to the quantum force auto-correlation function via the relation

<F~free(t1) o F~free(t2)> =~ Dfree . 5(t1 - t2)~ (65)

This correspondence of the recoil diffusion, Dy, to the force operator auto-correlation function relies
on the possibility of separating different time scales. The force auto-correlation proves to be a narrow
peaked function around #; — #, on the time scale of the internal dynamics of the electric dipole (i.e.
Q71 471). The relevant time scale of the atomic motion is the inverse of the recoil frequency which is
much slower than the internal dynamics. Therefore, t; and ¢, are practically identical on this time scale;
hence the approximation by a unit pulse, J, for the description of the fluctuating atomic motion. The
coefficient in front of a normalized narrow-peaked function of #; — #, defines Dgee. From the above
form, it follows that Dg.. can be directly obtained as the time integral of the force auto-correlation
function.

The force correlation can be taken in the steady-state of equation (37), assuming an immobile atom.
It can be expanded into an explicit form:

+

<F~free(t1) o F~free(t2)> = hz Z /

ny,np Y T

"k, /_ ™k, <&T [anz(o,kz)a,ﬁl (o,kl)] 5> g (K)g, (K2)

oo

<V ( : (kz)eifbuz(r,kZ)) oV (fn (kl)e_@"‘(r’kl)> e_i(Awkl,Atl_Awkz,Atz)e—ﬁltl—fiztz.
(66)

As the forces are vectors with three spatial components, the correlation is considered simultaneously

for all, 3 x 3, cases by using the dyadic product of vectors (denoted by ‘©’). Only the time differences,

| — b, are relevant, hence one can freely consider the times around ¢ ; ~ 0 and neglect the exponen-
tial decays with «. The commutator vanishes but for identical modes, i.e. n; = n; and k; = k;, reducing
the double sum and integral to single ones. The remaining summation over the modes is broadband and
flat around the resonance, Ak 4 =~ 0, hence only the region #; ~ t, contributes to the correlation. This
underlies the form given above in equation (65), that the force correlation function is tightly peaked
around t; = f,. The time integral can be performed in the spirit of the Markovian approximation, and
one obtains

+oo
Do =208(516) Y [ K7 (VA (e1)) + (V4 (5,0 ()
o [(VF,(r0) + (T, (k) o ()] 6 Auia)dk
~ 1 (615) (V) + knédfulen)) o [(Vf(er) + Ko er)] 2

n 2,2
n Wy wth,n

WA

where cky = \/w} — Wi 2. The summation over the transverse modes is similar to what we encountered
in the case of the spontaneous emission rate, I'r. That summation basically reduces to mode counting,
as all of the transverse branches provide a dissipation channel regardless of their index. In contrast, the
gradient here scales differently: the lower the index, the smaller the gradient. Thus, assuming strictly lin-
ear dependence of the gradient on the mode index (i.e. that the nodes split the space in the hollow core
more or less uniformly), the summation can be carried out:

1/3 1/4 1/2
Dpee = Bk 2T: (676) | 1/4 173 172 |, (67)
1/2 1/2 1
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where we used ky &~ wy/c.

Another source of heating are the fluctuations of the atomic polarization, described in equation (41),
which is translated to a fluctuation of the dipole force given in the second term of equation (43). Simple
replacement then leads to a diffusion coefficient:

(Far(tr) 0 Far(t:2)) ~ Dy, - 0(t; — 1)
1 " ~t =
. Dy =K <|Q(r)|2VQ(rT) o VQ(rr) + V&4 (r) o V(I)dr(r)> AR <0Jfg>7 (68)

T
where we used the steady excitation result, equation (40).This has a similar form to the recoil heating.
While the axial component is equal to that of the recoil diffusion, the gradient in the plane transverse to
the fiber axis is typically small. That is, diffusion from the drive force fluctuations in this plane is negli-
gible unless the driven mode has a high mode index, so

Dy ~ Ik 2T (615) (69)

o O O
S O O
— o O

for small numbers of modes.

Finally, note that the quantum fluctuations of the polarization also lead to heating, via the vacuum
force in equation (51). It can be derived from the force by calculating the temporal correlations of
E(t) o 676 while assuming Gaussian noise in 614

ZFp(rT)
FF(I‘T)Z + (AwA,dr + AF(rT))z

Dieact = h? (616) V Ap(rr). (70)
Such is the case, this diffusion coefficient is quadratically small in |Ag|/~, with respect to the recoil and
drive fluctuations. In most practical circumstances therefore, it will be negligible. Conceptually however,
in situations optimized for the enhancement of the vacuum threshold effects, this term could be a rich
subject of interest.

5. Demonstration and relevance

To illustrate the practicality of the theory above, we consider a simple simulation, as detailed using the
Wolfram programming language. Placing a single rubidium atom in the 2D profile of the optical field,
we can simulate its behavior through time, assuming that it is moving slowly enough that Newton’s law
of motion is appropriate. The optomechanical effects can then be naturally included in the force terms,
but where we have to manually implement an RK4 algorithm that allows us to consider changes on the
level of a single ‘step’ This is necessary due to the stochastic nature of the heating. It should be noted
that the parameters (figure 11) were chosen to be realistic and relevant for a common alkali neutral
atom, and readily available hollow-core PCFs [40].

Aside from being a proof-of-principle of the convenience of our model, one might wonder to what
extent a single atom’s evolution is meaningful. Directly speaking, the effects of a single atom have been
discussed in the context of a resonator [41] and so extending this discussion to a fiber geometry, seems
of interest in itself. More practically perhaps, for cold-atom manipulation, which is largely the motiv-
ation for this work [42], hitting the wall of the fiber marks the end of experiment (due to rapid and
unwanted thermalization). More practically still, leakage is a sincere concern for the more mainstream
hollow-core community.

As can be seen in figure 11, such a simple algorithm can still reveal complicated motions that are a
balance of cooling and heating while moving through a relevant, but arbitrary inhomogeneous profile.
Here, for the (practical) parameters outlined in figure 11, we expose three repetitions of the simulation,
presenting the trajectories from start to 1500 us: enough for two of the atoms to have ‘escaped’ In this
respect, we define the trapping time as the duration that the atom remained within the bounds of the
simulation, i.e. within a 50 um diameter and such that the velocity no longer updates appreciably. This
has practical meaning in that 50 um is a realistic hollow-core width. Under these simple conditions we
see the usual strong mechanical effects of the profile gradients and the effect of fluctuations in drastically
changing the observed paths. The result here, is not then great novelty but rather how conveniently the
simulation can be carried out. This is largely efficiently possible because of our analytical approach to
the spatial modes, that allows us to compile the spatial distribution and its derivative in advance. In par-
ticular, we model limits on the transverse trapping time from spatially varying diffusion, as an example
of something that is now easy to simulate while being extremely difficult to analytically predict.
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Figure 11. Example trajectories (using different colors) and atomic speed development, for the case of a Rb-87 atom undergoing
Newtonian motion. In the table, the symbols are used consistently with the prior and supplementary text. The extra symbols, xo,
¥0» Vx0> V30 and dt represent the initial position and velocity and time step, respectively.
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Figure 12. Running the simulation for various detunings and 50 repetitions, we see the stochastic effect of the heating and a cred-
ible increase in trapping time with detuning. Here trapping time is the duration that the atom remains away from the edge of the

Figure 12 provides something of a holistic sanity check for the simulations, recovering the approx-
imately quadratic scaling of free-space systems. Similarly, assuming recoil-limited loss and if we treat
trap loss as a random walk in energy driven by photon scattering, then we would expect the deviation
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to scale with the mean and so non-linearly with detuning. This is what causes the large uncertainties in
trapping time.

Therefore, we have demonstrated that the spatial field (and derivatives) can be calculated analytically,
and that the single atom trajectories can be calculated in small time steps for large durations on a mod-
est desktop machine. Since these calculations took less than a second using a naive algorithm, the model
should be scalable to larger atom numbers. Since this simulation is highly multi-dimensional and only
prototypical however, we will explore the particulars of the new forces, in another, more targeted paper.

In this regard, we might speculate as to how such effects might be measured in practice. Speaking
generally, there are various techniques to measure fiber atom temperatures: from basic, destructive,
time-of-flight, velocity-selective transmission spectroscopy. In particular, the peculiar shifts in reson-
ance frequency and broadening should be measureable for individual modes with aligned atomic and
threshold frequencies, i.e. particular high-order spatially transverse modes. Furthermore, asymmetries
in trapping potential that correlate with fiber geometry or net forces in nominally symmetric modes.

A further possibility would be to use narrow clock transitions, which are known to be sensitive to even
small AC Stark shifts: with vacuum effects detectable via frequency metrology. More specifically, since
the atom in the fiber scatters light into modes other than the driving mode, and that the scattered field
comprises fields in other branches, one can imagine that profile demodulation could separate scattered
light according to the position of the atom. Such a development would naturally be of interest to the
wider community.

6. Conclusion

In conclusion, we have presented a full QED model for a two-level atom traveling slowly through a
hollow-core optical fiber. Having introduced a new form for the loss that leads to soluble, consistent
equations and an analytical model for efficient calculation of mode profiles and their gradients, justi-
fied with respect to numerical simulation, we then constructed a suitable Hamiltonian. Evaluating this
Hamiltonian in the context of Heisenberg-Langevin equations, we highlighted the fiber-specific depar-
tures from the free-space results: in particular showing appreciable changes to the mechanics that arise
purely from the vacuum. Extending the model to include simple laser driving, we investigated the atomic
polarization and the resultant forces: both new and familiar. As well as the spectroscopic effects that
arise from being close to a geometric threshold, we considered the possible implications of heating and
cooling in a driven system and, finally, presented a simple simulation that combined all of these effects
and that demonstrated the potential in this approach. We expect these results to provide a foundation
for the development of many-atom and higher saturation models that will surely be of interest to the
flourishing field of intrafiber light atom interaction. Particularly, in the context of high-precision spec-
troscopy, compact optical clocks and quantum interferometry. Two immediate examples of this are the
Cryst® and V-MAG projects ([42, 43]), which work on cold-atom trapping and magnetic field detection,
respectively. Furthermore, having highlighted the existence of new vacuum-threshold effects and their
consequent forces, we hope to consider these effects in more detail: particularly their practical detection
and their performance in multilevel systems.
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