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Abstract
We develop and analyze an inexact regularized alternating projection method for non-
convex feasibility problems. Such a method employs inexact projections on one of
the two sets, according to a set of well-defined conditions. We prove the global
convergence of the algorithm, provided that a certain merit function satisfies the
Kurdyka-Łojasiewicz property on its domain. The method is then specialized to the
class of affine rankminimization problems,which includesmatrix completion as a spe-
cial case. We approximate the truncated Singular Value Decomposition of the matrix
that has to be projected by means of a Krylov solver, and provide suitable stopping
criteria for the Krylov method complying with the theoretical inexactness conditions.
The information needed to implement such stopping criteria do not require an extra
computational effort as they are a by-product of the Krylov method itself and avoid the
so called oversolving phenomena. Results of the numerical validation of the algorithm
on matrix completion problems are presented.

Keywords Affine rank minimization · Alternating projection · Inexact projection ·
Krylov subspaces · Matrix completion

B Stefania Bellavia
stefania.bellavia@unifi.it

Simone Rebegoldi
simone.rebegoldi@unimore.it

Mattia Silei
mattia.silei@unifi.it

1 Dipartimento di Ingegneria Industriale (DIEF), Università degli Studi di Firenze, Viale G.B.
Morgagni 40, 50134 Florence, Italy

2 Dipartimento di Scienze Fisiche, Informatiche e Matematiche, Università degli Studi di Modena
e Reggio Emilia, Via Campi 213/B, 41125 Modena, Italy

3 Dipartimento di Matematica e Informatica (DIMAI), Università degli Studi di Firenze, Viale
G.B. Morgagni 65, 50134 Florence, Italy

4 INdAM Research Group GNCS, SIMAI-Optima Activity Group, Rome, Italy

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10589-026-00806-z&domain=pdf
http://orcid.org/0000-0002-3691-7836
http://orcid.org/0000-0001-6127-4417


30 S. Bellavia et al.

1 Introduction

This paper is concernedwith regularized alternating projectionmethods for computing
a point in the intersection of two nonconvex sets A and B, namely

find x such that x ∈ A ∩ B A, B ⊂ R
n . (1.1)

The alternating projection method (APM) dates back to the seminal paper [1] by von
Neumann in 1950. Starting from a point in the first set, APM generates a sequence
of points by alternately projecting onto the two sets. The method converges globally
when A, B are convex [2], and a rich literature has been devoted to the convergence
analysis of APM in the convex case [2–6]. When one of the sets is nonconvex, APM
converges only locally and further hypotheses on the sets and their intersection are
required [7–11].

1.1 Contribution of the paper

We focus on a regularized variant of APM (RAPM) proposed in [12], for which
global convergence holds even in the case of nonconvex sets. RAPM requires exact
projections on both sets; hence, it is not applicable when the projection on one of the
sets is exact, while it is not possible or too expensive to compute the exact projection
onto the other set. We design a theoretically well-founded inexact variant of RAPM,
denoted by iRAPM, that allows to use inexact projections on the latter set. Inspired
by [13–15], we introduce suitable conditions that the inexact projection has to satisfy
in order to preserve the theoretical properties of the exact counterpart RAPM.

Our main motivation for this study lies in the application of alternating projection
methods to Matrix Completion (MC) problems and, more generally, affine rank min-
imization problems, which consist in finding a matrix Z ∈ R

n1×n2 of minimum rank
that satisfies a given system of linear equations:

min rank(Z),

s.t. A(Z) = b,
(1.2)

whereA : Rn1×n2 → R
q is a linear map and b ∈ R

q . Problem (1.2) encompasses the
MC problem, system identification and control problems, Euclidean embedding, and
collaborative filtering [16].

Assuming to know the sought rank of the matrix Z , say r , we reformulate the affine
rank minimization problem as the problem of finding a matrix in the intersection of
two sets: the set C of matrices satisfying the linear constraints and the rank level set,
that is, the nonconvex set Cr of matrices of rank less than or equal to r . Then, we
specialize APM, RAPM and iRAPM to this latter class of problems. First, we show
that the two sets C and Cr satisfy the assumptions that guarantee the convergence of
the three methods, thus providing a theoretical support to the employment of APMs
for solving affine rank minimization problems. Second, we focus on the computa-
tion of the projection onto the rank level set, namely the truncated Singular Value
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Decomposition (SVD) of the matrix that has to be projected. This is carried out by an
iterative method, with an inherent truncation error. In the large scale setting, this is an
expensive task and iterative Krylov methods are used [17] in order to avoid full matrix
factorizations. Suitable stopping criteria for this inner iterative process are therefore of
crucial importance in order to save Krylov inner iterations, while preserving the same
convergence properties as RAPM. We propose novel stopping criteria for the Krylov
method that comply with the theoretical conditions imposed in iRAPM. The informa-
tion needed to implement such stopping criteria does not require extra computational
effort as it is a by-product of the Krylov method itself.

Some numerical experiments on matrix completion problems to validate the con-
vergence results, the proposed stopping criteria and the performance of the studied
methods will be also shown.

1.2 Related works

Early general results on inexact APM schemes in [18] emerge naturally from the
convergence theory of the exact algorithm, but their application to common feasibility
problems is not investigated. In the works [19, 20], inexact APMs are proposed for
problems where, similarly to our setting, the projection onto one of the two sets can be
computed exactly while the other projection is inexact. On the one hand, in [19], the
authors propose an APM where the projection onto one of the sets is approximately
computed by means of the conditional gradient method. On the other hand, in [20],
inexact projections are considered onto two possible sets; the set of the solution of
mixed equations and inequalities and a certain smooth manifold given by the image
under a nonlinear map of an open set containing the iterates. Inexact projections are
also considered in [21] where the author proposes a theoretical inexactness criterion
based on normal cones. We also highlight that both [20] and [21] consider easy to
project onto the rank level set since the projection of a matrix Z is given by its
truncated SVD. Our point of view is different, as the computation of the SVD is
expensive and inherently inexact, and differently from [21], we provide inexactness
conditions and corresponding stopping criteria for the inner Krylov solver that can be
implemented without any additional cost, allowing for the reduction of computational
times. Such criteria are inspired by the works [15, 22, 23], where implementable
inexactness conditions for computing proximal maps are considered in the context of
inexact forward–backward algorithms. Unlike these previous works, we cannot rely
on the convexity of the sets involved in problem (1.1); for that reason, our definition
of inexact projection will be slightly more restrictive.

The APM is widely applied to the Matrix Completion problem under different
names. For example, the Expectation-Maximization method is used in statistics for
parameters estimation with missing data, and, when data have amatrix structure, some
of its variants are equivalent to APM [24]. In the context of denoising and recovering
missing data in time series, the Cadzow’s algorithm is well studied [25]. It consists in
wrapping the time series in a Hankel matrix, applying an SVD truncation to denoise
the data, and imputing themissing values. In its basic form, it consists in alternating the
same two steps of APM. Note that the convergence results for RAPMwhen applied to
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the rank affine minimization problem provide also a theoretical support to regularized
variants of the above approaches.

1.3 Outline

The paper is organised as follows. After an introduction to APM and RAPM given
in Sect. 2, the iRAPM is proposed and its convergence analyzed in Sect. 3. Then, the
method is specialized to the affine rank minimization problem in Sect. 4, where the
new stopping criteria for the Krylov method used to compute the truncated SVD are
presented, see Sects. 4.2 and 4.3. In Sect. 5, numerical results on matrix completion
problems are provided showing that the inexact approach is more efficient than the
exact counterpart.

2 Preliminaries

In this section, we first introduce the notations and basic definitions used in the present
work.Then,we recall theAPMandRAPMalgorithms and state theirmain convergence
results in the case when one of the two sets is nonconvex.

2.1 Notations and basic definitions

The symbol ‖ · ‖ denotes either the standard Euclidean norm on R
n or the Frobenius

norm on R
n1×n2 , depending on the context. Analogously, 〈·, ·〉 denotes either the

Euclidean or the Frobenius inner product. Given two vectors x, y ∈ R
n , we will use

the notation (x, y) as a shorthand for (xT , yT )T . Given a non-empty, closed subset
A ⊆ R

n , the indicator function ιA : Rn → R̄ is given by

ιA(x) =
{
0, if x ∈ A

+∞, otherwise,

where R̄ = R ∪ {+∞,∞} is the extended real numbers set.
Given a function f : Rn → R̄ and a set A ⊆ R

n , argmin
x∈A

f (x) denotes the set of

global minimum points of f over the set A. The projection operator PA : Rn ⇒ R
n

onto the set A is defined by

PA(x) = argmin
y∈A

1

2
‖y − x‖2 = argmin

y∈Rn

1

2
‖y − x‖2 + ιA(y).

We say that A ⊆ R
n is prox-regular at a point x̄ ∈ A if PA is single-valued around x̄

[21, Definition 2.6]. A set A ⊆ R
n is called semialgebraic if it assumes the form [26]

A =
p⋃

i=1

q⋂
j=1

{x ∈ R
n : fi, j (x) = 0, gi, j (x) < 0}, (2.1)
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where fi, j , gi, j : Rn → R are polynomial functions for all 1 ≤ i ≤ p, 1 ≤ j ≤ q.
Likewise, a function f : Rn → R̄ is called semialgebraic if its graph is a semialgebraic
subset of Rn × R.

Given a proper, lower semicontinuous function f : Rn → R̄, the proximal operator
of f is denoted by prox f : Rn ⇒ R

n and defined as

prox f (x) = argmin
y∈Rn

1

2
‖y − x‖2 + f (y).

Note that, for any non-empty, closed subset A ⊆ R
n , we have PA(x) = proxιA

(x).
Let f : Rn → R̄ and x̄ ∈ dom( f ). The Fréchet subdifferential and the limiting

subdifferential of f at x̄ are defined, respectively, as the sets [27, Definition 8.3]

∂̂ f (x̄) =
{
w ∈ R

n : lim inf
x→x̄,x 
=x̄

f (x) − f (x̄) − (x − x̄)Tw

‖x − x̄‖ ≥ 0

}
,

∂ f (x̄) = {w ∈ R
n : ∃ xk → x̄, f (xk) → f (x̄), wk ∈ ∂̂ f (xk) → w as k → ∞}.

A point x̄ ∈ R
n is said to be stationary for f : Rn → R̄ if 0 ∈ ∂ f (x̄). We denote with

‖∂ f (x)‖− = infv∈∂ f (x) ‖v‖ the lazy slope of f at x .
Given a matrix G ∈ R

n1×n2 , we denote its Singular Value Decomposition (SVD)
as

G = U�V T ,

where U ∈ R
n1×n1 , V ∈ R

n2×n2 are orthonormal matrices and � ∈ R
n1×n2 is the

rectangular diagonal matrix whose diagonal entries σ1, . . . , σmin(n1,n2) are the singular
values of G. We will assume that the singular values are in decreasing order, that is,
σi ≥ σi+1, i = 1, . . . ,min(n1, n2) − 1. Given 1 ≤ r ≤ min{n1, n2}, we also
consider the following partitions of matrices U , V , �: U = [U1 U2], V = [V1 V2],
and � = diag(�1, �2), with U1 ∈ R

n1×r ,U2 ∈ R
n1×(n1−r), V1 ∈ R

n2×r , V2 ∈
R
n2×(n2−r), �1 ∈ R

r×r , �2 ∈ R
(n1−r)×(n2−r). With these partitions we can write

G = U1�1V
T
1 +U2�2V

T
2 = [G]1 + [G]2. (2.2)

The matrix [G]1 = U1�1V T
1 is the truncated SVD to the first r singular values, and

in the following we will refer to it as r -truncated SVD.

2.2 Alternating projectionmethods for nonconvex feasibility problems

Given two non empty, closed subsets A ⊆ R
n , B ⊆ R

n , we consider the feasibility
problem (1.1) and the related minimization problem

argmin
(x,y)∈Rn×Rn

L(x, y) ≡ 1

2
‖x − y‖2 + ιA(x) + ιB(y). (2.3)
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34 S. Bellavia et al.

The classical alternating projection method (APM) for solving (1.1) was first pre-
sented by J. von Neumann [1]. Such a method can be seen as the standard alternating
minimization (or Gauss-Seidel) method applied to problem (2.3), where the function
is cyclically minimized with respect to each block of variables, while keeping the
other one fixed. Then, given y0 ∈ B, it generates two sequences {xk}k∈N ⊆ A and
{yk}k∈N ⊆ B defined as follows:

xk+1 ∈ argmin
x∈Rn

L(x, yk) = argmin
x∈Rn

1

2
‖x − yk‖2 + ιA(x) = PA(yk) (2.4)

yk+1 ∈ argmin
y∈Rn

L(xk+1, y) = argmin
y∈Rn

1

2
‖xk+1 − y‖2 + ιB(y) = PB(xk+1) (2.5)

Although global convergence of method (2.4)–(2.5) to a solution of problem (1.1)
holds whenever A and B are convex, the same property can not be guaranteed in the
casewhere either one of or both sets are nonconvex [11, 28].On the other hand, the local
convergence properties of APM in the nonconvex setting have been investigated under
additional assumptions on the sets of interest. In [9], the authors prove the local linear
convergence rate ofAPMwhenever two smoothmanifolds intersect transversally. This
result is further generalized in [10] for any two sets intersecting transversally, provided
that at least one of them is superregular at an intersecting point. In [7] (see also the
subsequent work [8]), the authors remove the superregularity assumption and prove
the local linear convergence of APM by only requiring transversality (or a slightly
weaker version of it). We note that, in practice, checking whether transversality holds
requires the knowledge of a point in the intersection, even for semialgebraic sets [8, p.
1648]. In [11], the authors prove the local convergence of APM at a sublinear rate, by
assuming that the two sets intersect separably and at least one of them is σ−Hölder
regular, with σ ∈ [0, 1). Although the convergence rate in [11] is weaker than those
obtained in [7–10], the separable intersection condition automatically holds when the
sets are semialgebraic [11, Theorem 3], which is the case of interest for affine rank
minimization problems (see Sect. 4 for an in-depth analysis).

The definitions of separable intersection and Hölder regularity, as well as the local
convergence result derived in [11], are reported below.

Definition 2.1 [11, Definition 1] Two sets A and B intersect separably at x̄ ∈ A ∩ B
with exponent ω ∈ [0, 2) and constant γ > 0 if there exists a neighbourhood U of x̄
such that, for any points a ∈ A, b ∈ PB(a), a+ ∈ PA(b), b+ ∈ PB(a+) belonging to
U , the following condition holds

〈b − a+, b+ − a+〉 ≤ (1 − γ ‖b+ − a+‖ω)‖b − a+‖‖b+ − a+‖.

Definition 2.2 [11, Definition 2] Let σ ∈ [0, 1). The set B is σ−Hölder regular with
respect to A at b∗ ∈ A∩ B if there exists a neighborhood U of b∗ and a constant c > 0
such that for every a+ ∈ A∩U and b ∈ PB(a+)∩U , setting r = ‖a+ −b+‖, one has

B(a+, (1+c)r)∩{b ∈ PA(a+)−1 : 〈a+−b+, b−b+〉 >
√
crσ+1‖b−b+‖}∩B = ∅,
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An inexact alternating projection method… 35

where B(a+, (1 + c)r) denotes the ball of center a+ and radius (1 + c)r .

Theorem 2.1 [11, Theorem 1, Corollary 4] (Local convergence) Suppose B intersects
A separably at x̄ ∈ A ∩ B with exponent ω ∈ (0, 2) and constant γ > 0. Assume
also that B is ω/2−Hölder regular at x̄ with respect to A and constant c <

γ
2 . Then

there exists a neighborhood V of x̄ such that any sequences {xk}k∈N and {yk}k∈N
generated by (2.4)–(2.5) with y0 ∈ V converges to a point b̄ ∈ A ∩ B. Furthermore,

‖xk − b̄‖ = O(k− 2−ω
2ω ) and ‖yk − b̄‖ = O(k− 2−ω

2ω ).

In [12, 29], the authors investigate on the convergence of a regularized modification
of APM, obtained by proximal modification of the two alternating steps. Given two
strictly positive sequences {λk}k∈N and {μk}k∈N, the regularized APM generates two
sequences {xk}k∈N ⊆ A and {yk}k∈N ⊆ B such that:

xk+1 ∈ proxλk L(·,yk )(xk) = argmin
x∈Rn

1

2
‖x − yk‖2 + 1

2λk
‖x − xk‖2 + ιA(x),

yk+1 ∈ proxμk L(xk+1,·)(yk) = argmin
y∈Rn

1

2
‖y − xk+1‖2 + 1

2μk
‖y − yk‖2 + ιB(y).

By means of some easy algebraic manipulations, we can interpret the points xk+1

and yk+1 as projections onto A and B, respectively, of weighted means of the current
iterates, i.e.,

xk+1 ∈ PA

(
1

λk + 1
xk + λk

λk + 1
yk

)
, yk+1 ∈ PB

(
1

μk + 1
yk + μk

μk + 1
xk+1

)
.

The regularized APM (RAPM) is sketched in Algorithm 1.

Algorithm 1 Regularized Alternating Projection Method (RAPM)[12, 29]

Choose (x0, y0) ∈ A × B, 0 < λ− < λ+, 0 < μ− < μ+, {λk }k∈N ⊆ [λ−, λ+], {μk }k∈N ⊆ [μ−, μ+].
For k = 0, 1, . . .

Step 1 Compute xk+1 ∈ PA

(
1

λk+1 x
k + λk

λk+1 y
k
)
.

Step 2 Compute yk+1 ∈ PB

(
1

μk+1 y
k + μk

μk+1 x
k+1

)
.

In [12], the authors carry out a convergence analysis forRAPMin the nonconvex set-
ting, by just assuming that the function L satisfies the so-called Kurdyka-Łojasiewicz
inequality, which is reported below for the reader’s convenience.

Definition 2.3 Let F : Rn −→ R̄ be a proper, lower semicontinuous function. The
function F is said to have the Kurdyka-Łojasiewicz (KL) property at x̄ ∈ dom(∂F) if
there exist υ ∈ (0,+∞], a neighborhood U of x̄ and a continuous concave function
φ : [0, υ) −→ [0,+∞) with φ(0) = 0, φ ∈ C1(0, υ), φ′(s) > 0 for all s ∈ (0, υ),
such that

φ′(F(z) − F(x̄))‖∂F(z)‖− ≥ 1,
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for all z ∈ U ∩ {z ∈ R
n : F(x̄) < F(z) < F(x̄) + υ}. If F satisfies the KL property

at each point of dom(∂F), then F is called a KL function.

The convergence results proved in [12] are reported in Theorem 2.2 for the reader’s
convenience. Unlike APM, the RAPM algorithm shows both local and global conver-
gence, and its convergence rate depends on thegeometrical shapeof the desingularizing
function φ in Definition 2.3.

Theorem 2.2 [12, Corollary 3.1, Theorem 3.4] Let {xk}k∈N and {yk}k∈N be the
sequences generated by Algorithm RAPM.

(i) (Global convergence) If the function L defined in (2.3) is a KL function, then either
‖(xk, yk)‖ → ∞, or the sequence {(xk, yk)}k∈N converges to a stationary point
of L.

(ii) (Local convergence) Suppose that the function L defined in (2.3) has the KL prop-
erty at a point (x̄, ȳ) and that ‖x̄− ȳ‖ = min{‖x− y‖ : x ∈ A, y ∈ B}. If (x0, y0)
is sufficiently close to (x̄, ȳ), then the whole sequence {(xk, yk)}k∈N converges to
a point (x∞, y∞) such that ‖x∞ − y∞‖ = min{‖x − y‖ : x ∈ A, y ∈ B}.

(iii) (Rate of convergence) Suppose that {(xk, yk)}k∈N converges to a point (x∗, y∗) ∈
A × B and that the function L defined in (2.3) has the KL property at (x∗, y∗)
with φ(t) = ct1−θ , being c > 0 and θ ∈ [0, 1). Then, if θ = 0, the sequence
{(xk, yk)}k∈N terminates in a finite number of iterations; otherwise, we have

‖(xk, yk) − (x∗, y∗)‖ =
{
O(τ k), for some τ ∈ [0, 1), if θ ∈ (0, 1

2 ],
O (

k−(1−θ)/(2θ−1)
)
, if θ ∈ ( 12 , 1).

3 An inexact regularized alternating projectionmethod

In this section, we propose an inexact version of Algorithm RAPM, which is designed
for solving the feasibility problem (1.1) whenever the projection onto B is costly or
does not admit a closed-form implementation. After presenting the method in full
detail, we discuss its practical implementation and analyze its convergence in a non-
convex scenario. Regarding the latter aspect, we prove the convergence of the iterates
to a stationary limit point of the function L and investigate on the convergence rates
of the distance to the limit, by assuming that a specific merit function related to L
satisfies the KL property on its domain.

3.1 The proposedmethod

We call our proposed method iRAPM—inexact Regularized Alternating Projection
Method. iRAPM alternates between an exact (regularized) projection onto A and an
inexact (regularized) projection onto B, generating two sequences {xk}k∈N ⊆ A and
{yk}k∈N ⊆ B. At each iteration k ∈ N, given xk, yk and two positive parameters
λk, μk , the next iterate xk+1 ∈ A is computed as an (exact) projected point of the
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convex combination (xk + λk yk)/(λk + 1) onto A, i.e.,

xk+1 ∈ PA

(
1

λk + 1
xk + λk

λk + 1
yk

)
,

whereas the next iterate yk+1 ∈ B represents an inexact projection of the point (yk +
μk xk+1)/(μk + 1) onto B. In order to introduce the inexactness criteria, we let Qk+1

be the function defined as

Qk+1(y) := 1

2μk
‖y − yk‖2 + L(xk+1, y) − L(xk+1, yk). (3.1)

Let us denote with ykreg the point (y
k +μk xk+1)/(μk +1). Then, we can conveniently

write Qk+1 in (3.1) as

Qk+1(y) = 1

2μk
‖y − yk‖2 + 1

2
‖xk+1 − y‖2 − 1

2
‖xk+1 − yk‖2 + ιB(y)

= (1 + μk)

2μk
‖y − yk‖2 − 1

2
‖y − yk‖2 + 1

2
‖xk+1 − y‖2

− 1

2
‖xk+1 − yk‖2 + ιB(y)

= (1 + μk)

2μk
‖y − yk‖2 + 〈xk+1 − yk, yk − y〉 + ιB(y)

= (1 + μk)

2μk
‖y − yk‖2 + 1 + μk

μk

〈
μk

1 + μk
(yk − xk+1), y − yk

〉
+ ιB(y)

= (1 + μk)

2μk

∥∥∥∥y − yk + μk

1 + μk

(
yk − xk+1

)∥∥∥∥
2

− (1 + μk)

2μk

∥∥∥∥ μk

1 + μk
(yk − xk+1)

∥∥∥∥
2

+ ιB(y)

= (1 + μk)

2μk

∥∥∥y − ykreg

∥∥∥2 − (1 + μk)

2μk

∥∥∥yk − ykreg

∥∥∥2 + ιB(y), ∀ y ∈ R
n,

(3.2)

where the first equality follows from the form of L given in (2.3), the third and fifth
are both due to the application of the basic relation ‖a+b‖2 = ‖a‖2+‖b‖2+2〈a, b〉,
and the sixth follows by using the definition of ykreg . Hence the set of minimum points
of Qk+1 is the projection set of ykreg onto B. Letting ŷk+1 ∈ PB(ykreg), we observe
that the value Qk+1(ŷk+1) assumes negative or null sign, since

Qk+1(ŷk+1) = min
y∈Rn

Qk+1(y) ≤ Qk+1(yk) = 0. (3.3)
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Then, given a prefixed tolerance parameter ζ ∈ (0, 1], iRAPMcomputes an approx-
imate projection yk+1 ∈ B such that the following conditions are satisfied:

Qk+1(yk+1) ≤ ζQk+1(ŷk+1) (3.4)

‖yk+1 − ŷk+1‖ ≤
√

−
(
1 − ζ

ζ

)
Qk+1(yk+1), (3.5)

We report iRAPM in its entirety in Algorithm 2.

Algorithm 2 inexact Regularized Alternating Projection Method (iRAPM)

Choose (x0, y0) ∈ A × B, 0 < λ− < λ+, 0 < μ− < μ+, {λk }k∈N ⊆ [λ−, λ+], {μk }k∈N ⊆ [μ−, μ+],
ζ ∈ (0, 1].

For k = 0, 1, . . .

Step 1 Compute xk+1 ∈ PA

(
1

λk+1 x
k + λk

λk+1 y
k
)
.

Step 2 Compute yk+1 ∈ B such that (3.4)–(3.5) hold.

Some comments on the inexactness conditions (3.4)–(3.5) employed inAlgorithm2
are in order.

• Condition (3.4) is well defined due to (3.3). Furthermore, Qk+1(yk+1) ≤ 0 and if
ζ = 1, the point yk+1 belongs to the (exact) projection set of ykreg onto B; otherwise,
if ζ ∈ (0, 1), yk+1 represents an appropriate approximation that is “sufficiently
close” to a point of the projection set. The parameter ζ controls the approximation
level of the iterates yk+1; the closer ζ is to 1, the closer yk+1 is to the projection
set, whereas the closer ζ is to 0, the coarser yk+1 is as an inexact projection.
Condition (3.4) has been frequently used for computing inexact projections [13,
14] and inexact proximal points [23] in the convex setting;

• A bound similar to the one in (3.5) is automatically satisfied if condition (3.4)
holds and B is convex; indeed, in this case, we can combine the 1+μk

μk
−strong

convexity of Qk+1 and (3.4) to obtain

‖yk+1 − ŷk+1‖ ≤
√

2μk

1 + μk
(Qk+1(yk+1) − Qk+1(ŷk+1))

≤
√

−2μk(1 − ζ )

(1 + μk)ζ
Qk+1(yk+1). (3.6)

However, if B is not convex, then Qk+1 is not strongly convex and condition
(3.5) needs to be numerically imposed in order to guarantee the convergence of
Algorithm 2.

• In Fig. 1, we present an example showing that the two inexactness conditions
(3.4)–(3.5) may be independent one of each other whenever B is nonconvex.
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Fig. 1 One-dimensional example showing that the two inexactness conditions (3.4)–(3.5) are independent
one of each other in the nonconvex case

Let A = [0, 2] ⊆ R and B = [0, 1] ∪ [2, 3] ⊆ R. Note that B is the union of
two disjoint intervals, hence it is nonconvex. Given (x0, y0) = (0, 3) ∈ A × B,
λ0 = 1,μ0 = 10 and ζ = 1

2 , it is easy to show that x0reg = 3
2 , y

0
reg = 18

11 ≈ 1.6364,
and ŷ1 = 2. In the figure, the red solid parabola represents the function Q1(y)
for y ∈ B, whereas the red dotted parabola is its extension for y /∈ B obtained by
neglecting ιB(y),
the cyan solid line is the right-hand term of condition (3.4), while the green dashed
and magenta dash-dotted lines represent the left and right-hand sides of condition
(3.5), respectively.
In this case, the minimum of Q1 is attained at a point ŷ1 that is different from
y0reg . The subintervals of B satisfying conditions (3.4)–(3.5) are represented as
cyan and green segments on the horizontal axis, respectively. We see that there
are no points of B to the left of y0reg that satisfy condition (3.5). This means that
there exists a point y ∈ B such that it satisfies condition (3.4) but not condition
(3.5), showing that the second condition does not automatically follow from the
first one in the nonconvex case. Conversely, the cyan interval on the right interval
is strictly included in the green one, which implies that the first condition does
not immediately follow from the second one. Furthermore, in these settings, it is
possible to show that condition (3.4) is also independent of the bound (3.6), which
would hold if the set B were convex, as discussed in the previous bullet.
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3.2 Practical computation of the inexact projections

We now discuss how we can practically implement the regularized inexact projection
appearing at Step 2 of Algorithm 2. At first glance, it looks like enforcing the inexact-
ness conditions (3.4)–(3.5) requires the knowledge of the projection set of ykreg onto
B, which we assumed we do not have access to. Nonetheless, we show how to get rid
of such an information and still compute a point yk+1 ∈ B satisfying (3.4)–(3.5).

3.2.1 Enforcing condition (3.4)

The following discussion is borrowed from [14, Sect. 2.1.1], which in turn revises a
procedure that has been formerly proposed in [13]. By employing the form of Qk+1

given in (3.2), we can easily rewrite the inexactness condition (3.4) as

‖yk+1 − ykreg‖2 ≤ ζ‖ŷk+1 − ykreg‖2 + (1 − ζ )‖yk − ykreg‖2. (3.7)

Condition (3.7) is identical to the concept of feasible inexact projection of ykreg onto

B relative to the point yk ∈ B and forcing parameter ζ ∈ (0, 1] with respect to
the norm ‖ · ‖, which is proposed in [14, Definition 2] for convex sets. According to
[14, Sect. 2.1.1], it is possible to define a practical procedure for computing a point
yk+1 satisfying (3.7) if there exist two computable, iteration-dependent sequences
{c�}�∈N ⊆ R, {w�}�∈N ⊆ B complying with the following conditions

c� ≤ ‖ŷk+1 − ykreg‖2, ∀ � ∈ N (3.8a)

lim
�→+∞ c� = ‖ŷk+1 − ykreg‖2 (3.8b)

lim
�→+∞ w� = ŷk+1. (3.8c)

More precisely, the following result holds. The proof, in the context of inexact projec-
tion onto convex sets is given in [14, Sect. 2.1.1]; we report the proof in the appendix
for sake to completeness and to enlighten that the result is valid also if B is not convex.

Lemma 3.1 Let {c�}�∈N ⊆ R, {w�}�∈N ⊆ B be two sequences complying with (3.8a)–
(3.8b)–(3.8c). Then, there exists �̂ ∈ N such that

‖w� − ykreg‖2 ≤ ζc� + (1 − ζ )‖yk − ykreg‖2, ∀ � ≥ �̂, (3.9)

which implies that condition (3.4) holds with yk+1 = w� for � ≥ �̂.

Proof See Appendix A.1. ��
The above procedure has been previously applied only to convex sets with a spe-

cific structure [13, 14]. In Sect. 4, we show how we can find the sequences {c�}�∈N,
{w�}�∈N for computing inexact projections over the rank level set Cr = {Z ∈ R

n1×n2 :
rank(Z) ≤ r}, which is nonconvex.
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3.2.2 Enforcing condition (3.5)

We can implement condition (3.5) whenever we have at our disposal a vanishing
sequence {a�}�∈N ⊆ R representing an upper bound for the quantity ‖w� − ŷk+1‖, i.e.

‖w� − ŷk+1‖ ≤ a�, lim
�→∞ a� = 0. (3.10)

In this case, the following result holds.

Lemma 3.2 Let {w�}�∈N ⊆ B and {a�}�∈N ⊆ R be sequences complying with (3.8c)
and (3.10), respectively. Then there exists �̃ ∈ N such that

Qk+1(w�) < 0, a� ≤
√

−
(
1 − ζ

ζ

)
Qk+1(w�) ∀� ≥ �̃, (3.11)

which implies that condition (3.5) holds with yk+1 = w� for � ≥ �̃.

Proof If yk ∈ PB(ykreg), one can always set w� = yk and a� = 0 for any �, so that
conditions (3.8c), (3.10) and (3.11) are trivially satisfied for all � ∈ Nwith ŷk+1 = yk .
Then, without loss of generality, we assume that yk /∈ PB(ykreg). Since y

k /∈ PB(ykreg),
we have Qk+1(ŷk+1) < 0 by definition of Qk+1. Then, since condition (3.8c) holds
and Qk+1 is a continuous function on B, we have

lim
�→∞ Qk+1(w�) = Qk+1(ŷk+1) < 0.

Then, for any 0 < ε < −Qk+1(ŷk+1), there exists �ε > 0 such that

0 < −Qk+1(ŷk+1) − ε ≤ −Qk+1(w�), ∀ � ≥ �ε.

Likewise, due to the right part of (3.10), there exists �̃ ≥ �ε sufficiently large such
that

a� ≤
√(

1 − ζ

ζ

)
(−Qk+1(ŷk+1) − ε) ≤

√
−

(
1 − ζ

ζ

)
Qk+1(w�̃), ∀ � > �̃

so that (3.11) is met and the inexactness condition (3.5) holds with yk+1 = w� for
� ≥ �̃. ��
Once again, it is possible to compute a sequence {a�}�∈N ⊆ R complying with (3.10)
if B is the rank level set; see Sect. 4 for the details.
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3.2.3 Computation of points satisfying (3.4)–(3.5)

Lemma 3.1 and Lemma 3.2 provide us with an implementable procedure for com-
puting a point yk+1 satisfying simultaneously the inexactness conditions (3.4)–(3.5)
employed in Algorithm 2. Indeed, given three sequences {c�}�∈N, {w�}�∈N, {a�}�∈N
complying with (3.8a)–(3.8b)–(3.8c)–(3.10) at any given iteration k ∈ N, we compute
such sequences until the occurrence of the first iteration �̄ satisfying

⎧⎨
⎩

‖w�̄ − ykreg‖2 ≤ ζc�̄ + (1 − ζ )‖yk − ykreg‖2

a�̄ ≤
√

−
(
1−ζ
ζ

)
Qk+1(w�̄).

(3.12)

Such a procedure is well-defined thanks to Lemmas 3.1 and 3.2. Then, the inexact
projection complying with (3.4)–(3.5) is given by yk+1 = w�̄.

3.3 Convergence analysis

In the following, we prove the convergence of the iterates sequence generated by
Algorithm 2 towards a stationary point of L , and derive some convergence rates on the
gap between the iterates and their limit point. Our analysis is inspired by [12] and will
be carried out by assuming that a certain merit function related to L is a KL function.
The presence of an inexact projection complying to conditions (3.4)–(3.5) leads to
some major changes in the convergence proof of Algorithm 2 in comparison to the
one available in [12].

For our purposes, we introduce the merit function F : Rn ×R
n ×R → R defined

as

F(x, y, ρ) = L(x, y) + 1

2
ρ2. (3.13)

Our analysis relies on the following set of properties, which hold for the sequences
generated by iRAPM and involve both the objective function L and the related merit
function F .

Lemma 3.3 Let {(xk, yk)}k∈N be the sequence generated by Algorithm 2 and let
{ŷk}k∈N be any sequence with ŷk+1 ∈ PB(ykreg) for all k ∈ N. Furthermore, define
the sequences {dk}k∈N, {γk}k∈N and {ρk}k∈N such that, for all k ∈ N,

dk =
√

‖(xk+1 − xk, yk+1 − yk)‖2 − Qk+1(yk+1), (3.14)

γk = −
(
1 − ζ

ζ

)
Qk+1(ŷk+1), (3.15)

ρk =
√

1

μk−1
‖ŷk − yk−1‖2 − 2

(
1 − ζ

ζ

)
Qk(yk). (3.16)

The following statements hold true.
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(i) We have

‖(xk+1 − xk, yk+1 − yk)‖ ≤ dk,
√

−Qk+1(yk+1) ≤ dk, ∀ k ∈ N. (3.17)

(ii) There exists a > 0 such that

L(xk+1, yk+1) + ad2k ≤ L(xk, yk), ∀ k ∈ N.

(iii) We have

L(xk+1, yk+1) ≤ F(xk+1, ŷk+1, ρk+1) ≤ L(xk, yk) + γk, ∀ k ∈ N. (3.18)

Furthermore lim
k→∞ ρk = lim

k→∞ γk = 0, and

lim
k→∞ ‖ŷk+1 − yk+1‖ = 0. (3.19)

(iv) There exists b > 0 such that

‖∂F(xk+1, ŷk+1, ρk+1)‖− ≤ bdk, ∀ k ∈ N. (3.20)

Proof See Appendix A.2. ��
Remark 3.1 Item (ii) of Lemma 3.3 shows that the function values {L(xk, yk)}k∈N
monotonically decrease along the iterations, although yk+1 is computed inexactly. An
analogous property is also proved for the RAPM algorithm, see [12, Lemma 3.1(i)].

The bound in Item (iv) is a modification of the relative error condition used in the
analysis of iterative algorithms under the KL property, which for the RAPM algorithm
is written as [12, Eq. (24)]

‖∂L(xk+1, yk+1)‖− ≤ b‖(xk+1 − xk, yk+1 − yk)‖, ∀ k ∈ N.

Differently from [12], we bound the norm of the subdifferential of the merit func-
tion F in place of L , at the point (xk+1, ŷk+1, ρk+1) rather than at the actual iterate
(xk+1, yk+1); furthermore, the norm is bounded with a term proportional to dk in
place of the norm ‖(xk+1 − xk, yk+1 − yk)‖. These differences are due to the fact
that the inexactness conditions (3.4)–(3.5) do not provide any useful information on
the subdifferential of Qk+1 at the point yk+1, while combining the optimality of ŷk+1

and conditions (3.4)–(3.5) we obtain (3.20). Similar bounds in the literature have
been obtained for inexact proximal–gradient methods adopting analogous inexactness
conditions, see e.g. [15, 23].

The bounds in item (iii) are needed to bridge the gap between the actual objective
function L and the merit function F , whereas the limit in (3.19) is needed to guarantee
that the KL inequality is applicable to F at the point (xk, ŷk, ρk) and that each limit
point of {(xk, yk)}k∈N is stationary for L (see the upcoming proofs of Lemma 3.4 and
Theorem 3.6).
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Let us define the set of all limit points of the sequence {(xk, yk)}k∈N, namely

�∗(x0, y0) = {(x∗, y∗) ∈ A×B : ∃ {k j } j∈N ⊆ N s.t. (xk j , yk j ) → (x∗, y∗)}. (3.21)

Analogously, �∗(x0, y0, ρ0) denotes the set of all limit points of the sequence
{(xk, yk, ρk)}k∈N. By Lemma 3.3(iii), we have that ρk → 0. Then, we can write
�∗(x0, y0, ρ0) as

�∗(x0, y0, ρ0) = �∗(x0, y0) × {0}. (3.22)

The following lemma anticipates the main convergence result and contains some basic
properties related to the set �∗(x0, y0, ρ0).

Lemma 3.4 Suppose that {(xk, yk)}k∈N is bounded. The following statements hold
true.

(i) �∗(x0, y0, ρ0) is non-empty and compact.
(ii) There exists L∗ ∈ [0,∞) such that

F(x∗, y∗, 0) = L(x∗, y∗) = L∗, ∀ (x∗, y∗) ∈ �∗(x0, y0).

(iii) We have

lim
k→∞ dist((xk , yk , ρk),�

∗(x0, y0, ρ0)) = lim
k→∞ dist((xk , ŷk , ρk),�

∗(x0, y0, ρ0)) = 0.

Proof (i) Since {(xk, yk, ρk)}k∈N is bounded, the set �∗(x0, y0, ρ0) is nonempty. As
it is a countable intersection of compact sets, the set is also compact [30, Lemma 5].

(ii) By Lemma 3.3(ii) and the continuity of the function L on the set A × B, it
follows that there exists L∗ ∈ R such that

lim
k→∞ L(xk, yk) = L(x∗, y∗) = L∗, ∀ (x∗, y∗) ∈ �∗(x0, y0). (3.23)

Then, recalling the definition of F yields the expected result.
(iii) Since {(xk, yk)}k∈N is bounded andbydefinitionof�∗(x0, y0) and�∗(x0, y0, ρ0),

we have

lim
k→∞ dist((xk , yk), �∗(x0, y0)) = lim

k→∞ dist((xk , yk , ρk),�
∗(x0, y0, ρ0)) = 0.

Since (3.19) holds and {(xk, ŷk)}k∈N is bounded, we also conclude that

lim
k→∞ dist((xk, ŷk, ρk),�

∗(x0, y0, ρ0)) = 0.

��
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We are now ready to state the main convergence result for the sequence generated
by iRAPM, under the assumption that the sequence itself is bounded and F is a KL
function. The statement is analogous to the one obtained in Theorem 2.2(i) for the
RAPM algorithm. Before stating and proving our result, we require the following
uniformized version of the KL property.

Lemma 3.5 [30, Lemma 6] Let F : R
n → R̄ be a proper, lower semicontinuous

function and � ⊂ R
n a compact set. Suppose that F satisfies the KL property at each

point belonging to � and that F is constant over �, i.e. F(z) = F̄ ∈ R for all z ∈ �.
Then, there existμ, υ > 0 and a continuous concave function φ : [0, υ) −→ [0,+∞)

with φ(0) = 0, φ ∈ C1(0, υ), φ′(s) > 0 for all s ∈ (0, υ) such that

φ′(F(z) − F̄)‖∂F(z)‖− ≥ 1, ∀ z ∈ �̄ (3.24)

where the set �̄ is defined as

�̄ = {z ∈ R
n : dist(z, �) < μ and F̄ < F(z) < F̄ + υ}. (3.25)

Theorem 3.6 Let {(xk, yk)} be generated by Algorithm 2. If the function F given in
(3.13) is a KL function, then either ‖(xk, yk)‖ → ∞, or {(xk, yk)}k∈N converges to a
stationary point of L.

Proof By Lemma 3.3, it follows that Algorithm 2 is a special case of the abstract
descent algorithm described in [15, Condition 3]. Then, one could apply [15, The-
orem 5] to deduce the thesis. For the sake of completeness, we report a simplified
convergence proof especially tailored for Algorithm 2. Assume that the sequence
{(xk, yk)}k∈N generated by Algorithm 2 is bounded. Let {dk}k∈N and {ρk}k∈N be
defined as in Lemma 3.3, and L∗ as in Lemma 3.4. By Lemma 3.4(i)–(ii), the function
F is constant and equal to L∗ over the compact set � = �∗(x0, y0, ρ0), therefore we
can apply Lemma 3.5. In what follows υ,μ, φ, �̄ are defined in Lemma 3.5, a, b in
Lemma 3.3.

Lemmas 3.3(iii), 3.4(iii) and equation (3.23) guarantee the existence of a positive
integer k0 such that

L(xk, yk) + γk < L∗ + υ, dist((xk, ŷk, ρk),�
∗(x0, y0, ρ0)) < μ, ∀ k ≥ k0.

(3.26)
Without loss of generality, up to a translation of the iteration index, we can assume
k0 = 0.

Since {L(xk, yk)}k∈N is a monotone nonincreasing sequence and L∗ is its limit (see
Lemmas 3.3(iii) and (3.23)), we have L(xk, yk) ≥ L∗ for all k ≥ 0, which implies
that φ can be applied to both values L(xk, yk) − L∗ and L(xk+1, yk+1) − L∗. Then,
one can define the following quantity

φk = b

a
(φ(L(xk, yk) − L∗) − φ(L(xk+1, y(k+1)) − L∗)), ∀ k ≥ 0. (3.27)
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Since φ is a monotone increasing function and {L(xk, yk)}k∈N a monotone nonin-
creasing sequence, we have φk ≥ 0, for all k ≥ 0. Let us show that the following
inequality holds:

2dk ≤ φk + dk−1, ∀ k ≥ 1. (3.28)

If dk = 0, inequality (3.28) holds trivially. Otherwise, for any iteration index k ≥ 1
such that dk > 0 and using Lemma 3.3(ii)–(iii), we can write

L∗ ≤ L(xk+1, yk+1) < L(xk, yk) ≤ F(xk, ŷk, ρk) ≤ L(xk−1, yk−1) + γk−1,

which, in view of (3.26), implies that (xk, ŷk, ρk) ∈ �̄. Then, combining the KL
inequality related to the function F at (xk, ŷk, ρk) with Lemma 3.3(iv) yields:

φ′(F(xk, ŷk, ρk) − L∗) ≥ 1

‖∂F(xk, ŷk, ρk)‖−
≥ 1

bdk−1
. (3.29)

By employing the concavity of the function φ, we obtain

φ(L(xk, yk) − L∗) − φ(L(xk+1, yk+1) − L∗) ≥ φ′(L(xk, yk) − L∗)(L(xk, yk)

− L(xk+1, yk+1)) ≥ ad2k
bdk−1

,

where the latter inequality follows by applying Lemma 3.3(ii)–(iii), the monotonicity
ofφ′ and (3.29). By recalling the definition ofφk in (3.27), the above inequality implies
d2k ≤ φkdk−1. Now taking the square root of both sides and using the inequality
2
√
uv ≤ u + v on the right-hand side we get inequality (3.28). By summing (3.28)

over k = 0, . . . , K and taking the limit for K → ∞, following the same arguments
as in [15, Theorem 5], we easily get

∞∑
k=0

dk < ∞. (3.30)

Finally, by combining (3.30) and (3.17), we conclude that
∑∞

k=0 ‖(xk+1 − xk, yk+1 −
yk)‖ < ∞. Hence the sequence {(xk, yk)}k∈N converges to a point (x∗, y∗) ∈ A× B.

Since {(xk, yk)}k∈N converges to (x∗, y∗) and {ρk}k∈N converges to 0 (due to
Lemma 3.3(iii)), we have (xk, yk, ρk) → (x∗, y∗, 0); furthermore, thanks to (3.19)
and the continuity of F in A × B, it also follows that (xk, ŷk, ρk) → (x∗, y∗, 0)
and F(xk, ŷk, ρk) → F(x∗, y∗, 0). Finally, by summing the inequality (3.20) for
k = 0, . . . , K , taking its limit for K → ∞ and recalling that {dk}k∈N is summable
(see (3.30)), we get

∞∑
k=0

‖∂F(xk, ŷk, ρk)‖− < ∞ ⇒ lim
k→∞ ‖∂F(xk, ŷk, ρk)‖− = 0.
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To summarize, the sequence {(xk, ŷk, ρk)}k∈N satisfies the following limits:

lim
k→∞(xk, ŷk, ρk) = (x∗, y∗, 0), lim

k→∞ F(xk, ŷk, ρk) = F(x∗, y∗, 0),

and
lim
k→∞ ‖∂F(xk, ŷk, ρk)‖− = 0.

Then, it satisfies the hypotheses of [31, Lemma 2.1], which ensures that 0 ∈
∂F(x∗, y∗, 0). Since ∂F(x∗, y∗, 0) = ∂L(x∗, y∗) × {0}, it follows 0 ∈ ∂L(x∗, y∗),
i.e., (x∗, y∗) is a stationary point of L . ��

Inspired by [32], we now investigate the convergence rate of {(xk, yk)}k∈N when
the merit function F given in (3.13) satisfies the KL property at the limit point (x∗, y∗)
with φ(t) = ct1−θ , with c > 0, θ ∈ [0, 1[. Similarly to the result obtained for the
RAPM algorithm (see Theorem 2.2(iii)), the convergence rate of iRAPM depends on
the value of θ appearing in the desingularizing function φ.

Theorem 3.7 Suppose that {(xk, yk)}k∈N converges to a point (x∗, y∗) ∈ A × B .
Additionally, assume that F defined in (3.13) satisfies the KL property at (x∗, y∗)with
φ(t) = ct1−θ , with c > 0, θ ∈ [0, 1). Then the following convergence rates hold.

(i) If θ = 0, the sequence (xk, yk) terminates in a finite number of iterations.
(ii) If θ ∈]0, 1

2 ], there exists C > 0 and τ ∈ (0, 1) such that

‖(xk, yk) − (x∗, y∗)‖ ≤ Cτ k . (3.31)

(iii) If θ ∈] 12 , 1[, there exists C > 0 such that

‖(xk, yk) − (x∗, y∗)‖ ≤ Ck− 1−θ
2θ−1 . (3.32)

Proof (i) If θ = 0, then φ(t) = ct and φ′(t) = c for t ∈ [0, υ). By contradiction,
assume that there exists an infinite subset K ⊆ N such that (xk+1, yk+1) 
= (xk, yk)
for all k ∈ K . From Lemma 3.3(i), this means that dk > 0 for all k ∈ K , where dk
is given in (3.14). By using the same reasoning as in the proof of Theorem 3.6, we
conclude that (xk, ŷk, ρk) ∈ �̄ for all k ∈ K . Then, for all k ∈ K , the uniformized
KL property (i.e. Lemma 3.5) applies as follows

‖∂F(xk, ŷk, ρk)‖− ≥ 1

φ′(F(xk, ŷk, ρk) − L∗)
= 1

c
, ∀ k ∈ K . (3.33)

By combining (3.33) with (3.20), we get dk−1 ≥ 1
bc ∀ k ∈ K and Lemma 3.3(ii) yields

a

b2c2
≤ L(xk−1, yk−1) − L(xk, yk), ∀ k ∈ K ,

which is absurd since the right-hand side of the inequality is converging to zero. Then
item (i) follows.
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(ii)–(iii) If θ ∈ (0, 1), then let (x∗, y∗) ∈ A × B be the unique limit point of
{(xk, yk)}k∈N. By summing inequality (3.28) for all indexes k, k + 1, . . . , K with
k < K , we get

2
K∑

�=k

d� ≤
K∑

�=k

φ� +
K−1∑

�=k−1

d�. (3.34)

Due to the definition of φk in (3.27) and the nonnegative sign of the desingularizing
function φ, one can also write the inequality below:

K∑
�=k

φ� ≤ b

a
φ(L(xk, yk) − L∗). (3.35)

By applying inequality (3.35) to (3.34), we get

2
K∑

�=k

d� ≤ b

a
φ(L(xk, yk) − L∗) +

K−1∑
�=k−1

d�.

By passing to the limit for K → ∞ and letting

�k =
∞∑

�=k

d�, ∀ k ∈ N,

we finally obtain

�k ≤ b

a
φ(L(xk, yk) − L∗) + �k−1 − �k, ∀ k ∈ N. (3.36)

Let �̄ ⊆ R
n be defined as in the proof of Theorem 3.6. Since (xk, ŷk, ρk) →

(x∗, y∗, 0), we can assume without loss of generality that (xk, ŷk, ρk) ∈ �̄ for all
k ≥ 0. Then, the following inequalities hold

φ′(L(xk, yk) − L∗) ≥ φ′(F(xk, ŷk, ρk) − L∗) ≥ 1

‖∂F(xk, ŷk, ρk)‖−
,

where the first inequality follows from (3.18) and the monotonicity of φ′, whereas the
second one is the application of Lemma 3.5 at the point (xk, ŷk, ρk). Recalling that
φ(t) = ct1−θ yields

c(1 − θ)(L(xk, yk) − L∗)−θ‖∂F(xk, ŷk, ρk)‖− ≥ 1,

and by rearranging terms in the previous inequality and applying Lemma 3.3(iv), we
get

(L(xk, yk) − L∗)θ ≤ c(1 − θ)‖∂F(xk, ŷk, ρk)‖− ≤ bc(1 − θ)dk−1
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= bc(1 − θ)(�k−1 − �k).

Hence, the previous inequality guarantees the existence of a positive constant q > 0
such that

φ(L(xk, yk) − L∗) ≤ q(�k−1 − �k)
1−θ
θ .

Then, inequality (3.36) leads to

�k ≤ bq

a
(�k−1 − �k)

1−θ
θ + �k−1 − �k, ∀ k ∈ N. (3.37)

Any nonnegative sequence {�k}k∈N complying with an inequality of form (3.37)
converges to zero with rate either O(τ k), τ ∈ (0, 1) or O(k−(1−θ)/(2θ−1)), depending
on the value of θ , see the proof of [32, Theorem 2]. By Lemma 3.3(i) and the triangular
inequality, it is immediate to verify that �k ≥ ∑∞

�=k ‖(x�+1 − x�, y�+1 − y�)‖ ≥
‖(xk − x∗, yk − y∗)‖. Hence, the sequence {‖(xk − x∗, yk − y∗)‖}k∈N shares the same
convergence rates as {�k}k∈N and the proof is complete. ��

4 Application to affine rankminimization

In this section, we focus on problem (1.2). Assuming that the rank r of the sought
matrix Z is given, the affine rank minimization problem can be formulated as

find Z ∈ R
n1×n2 such that Z ∈ C ∩ Cr , (4.1)

where

C = {Z ∈ R
n1×n2 : A(Z) = b}, (4.2)

Cr = {Z ∈ R
n1×n2 : rank(Z) ≤ r}. (4.3)

Since C is an affine subspace, the projection onto it reduces to a least squares problem;
however, in applications such asMatrix Completion [33], it consists in trivial element-
wise operations on the matrix. Then, in the following, we consider the projection onto
C as known in closed form and cheap to compute. Regarding the projection onto the
set Cr , we can rely on the truncated SVD of the matrix we would like to project, as
the well-known result by Eckart and Young [34, Theorem 2.4.8] states that, given a
matrix G ∈ R

n1×n2 with r < rank(G) ≤ min{n1, n2}, the nearest matrix of rank r to
G (with respect to ‖ · ‖) is given by the r -truncated SVD; using the notation given in
(2.2) we can write

PCr (G) = [G]1 = U1�1V
T
1 . (4.4)

We now establish the prox-regularity of Cr at any matrix of rank r and the semial-
gebraicity of C and Cr . These properties allow us to prove the convergence of APM,
RAPM and iRAPM when applied to affine rank minimization problems.

Lemma 4.1 [21, Proposition 3.8] The set Cr is prox-regular at all points X̄ ∈ R
n1×n2

with rank(X̄) = r .
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Lemma 4.2 The sets C and Cr are closed semialgebraic subsets of Rn1×n2 .

Proof Note that the set C is an affine subspace, as it is defined by a finite number
of affine equations. Hence, C complies with the definition of semialgebraic set of
R
n1×n2 given in equation (2.1). Likewise, given I ⊆ {1, . . . , n1}, J ⊆ {1, . . . , n2},

we denote with ZI J the submatrix of Z obtained by keeping the rows and the columns
with indexes in I and J , respectively. Observe that

rank(Z) ≤ r ⇔ det(ZI J ) = 0, ∀I ⊆ {1, . . . , n1}, J ⊆ {1, . . . , n2},
s.t |I | = |J | = r + 1.

The function det : R(r+1)×(r+1) → R is polynomial with respect to the elements of
Z . Therefore we can conclude that Cr is a semialgebraic set, as it is defined by a finite
number of polynomial equations. ��

4.1 Convergence results

We now specialize the convergence properties of APM and RAPMdescribed in Sect. 2
and iRAPM proposed in Sect. 3 when applied to the affine rank minimization problem
(4.1). We first need to adjust the notation. The Euclidean norm naturally becomes
the Frobenius norm, the sets A and B are now C and Cr , respectively, the alternating
projection methods generate two sequences {Xk}k∈N, {Y k}k∈N of matrices and the
“regularized” points are defined as follows:

Xk
reg = 1

1 + λk
Xk + λk

1 + λk
Y k, Y k

reg = μk

1 + μk
Xk+1 + 1

1 + μk
Y k . (4.5)

Then, the function L in (2.3) takes the form

L(X ,Y ) = 1

2
‖X − Y‖2 + ιC(X) + ιCr (Y ).

From the analysis carried out in [11] (see Theorem 2.1) and the analytical properties
of the sets C and Cr , we easily derive the following result for APM applied to the
feasibility problem (4.1).

Corollary 4.3 Suppose that there exists X̄ ∈ C ∩ Cr such that rank(X̄) = r . Let
{Xk}k∈N ⊆ R

n1×n2 and {Y k}k∈N ⊆ R
n1×n2 be the sequences generated by APM with

A = C and B = Cr . Then {Xk}k∈N and {Y k}k∈N locally converge to a matrix Z ∈
R
n1×n2 with Z ∈ C∩Cr with rates ‖Xk−Z‖ = O(k− 2−ω

2ω ) and ‖Y k−Z‖ = O(k− 2−ω
2ω )

for some ω ∈ (0, 2).

Proof Lemma 4.2 ensures that C and Cr are closed semialgebraic subsets of Rn1×n2 ,
and every semialgebraic set is subanalytic, see e.g. [26, p. 1208]. Since C, Cr are closed
and subanalytic, it follows that they intersect separably with ω ∈ (0, 2) [11, Theorem
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3]. Being Cr prox-regular at X̄ by Lemma 4.1, it follows that Cr is σ−Hölder regular
with respect to C at X̄ for any σ ∈ [0, 1) and any arbitrarily small constant c [11,
Corollary 3]. Then, the hypotheses of Theorem 2.1 hold, and the thesis follows. ��

Likewise, the following Corollary follows for RAPM when applied to (4.1).

Corollary 4.4 Let {Xk}k∈N ⊆ R
n1×n2 and {Y k}k∈N ⊆ R

n1×n2 be the sequences gen-
erated by RAPM (Algorithm 1) with A = C, B = Cr .
(i) Either ‖(Xk,Y k)‖ → ∞, or the sequence {(Xk ,Y k)}k∈N converges to a stationary

point of the function L.
(ii) Let (X̄ , Ȳ ) be any point such that ‖X̄ − Ȳ‖ = min{‖X − Y‖ : X ∈ C, Y ∈ Cr }.

If (X0,Y 0) is sufficiently close to (X̄ , Ȳ ), then the whole sequence {(Xk,Y k)}k∈N
converges to a point (X∞,Y∞) such that ‖X∞ − Y∞‖ = min{‖X − Y‖ : X ∈
C, Y ∈ Cr }.

(iii) Suppose that the sequence {(Xk,Y k)}k∈N converges to (X∗,Y ∗) ∈ C × Cr . Then,
{(Xk,Y k)}k∈N satisfies one of the following: it terminates in a finite number of
iterations; it converges with a linear rate of the form (3.31); it converges with a
sublinear rate of the form (3.32).

Proof The function L is given by the sum of three semialgebraic functions, which
implies that L is itself semialgebraic [30, Example 2]. Furthermore, L is a semialge-
braic function that is continuous on its closed domain, which implies that it satisfies
the KL property at any point with φ(t) = ct1−θ , being c > 0 and θ ∈ [0, 1) two
parameters depending on the given point [26, Theorem 3.1]. Hence, the thesis follows
by applying Theorem 2.2 with the choice A = C, B = Cr . ��

In analogy with Corollary 4.3, we can be more precise on the convergence rate of
RAPM for affine rank minimization problems if we assume that the iterate sequence
converges to the intersection of the two sets. In particular, we state and prove the
following Corollary, which is, to the best of our knowledge, new, and whose proof
employs a result on inf-projection taken from [35] in combination with a property
holding for subanalytic sets [11].

Corollary 4.5 Suppose that the sequence {(Xk,Y k)}k∈N generated by RAPM (Algo-
rithm 1) converges to (X∗, X∗) with X∗ ∈ C ∩ Cr . Then, there exists θ ∈ ( 12 , 1) such

that ‖(Xk,Y k) − (X∗, X∗)‖ = O(k− 1−θ
2θ−1 ).

Proof We let m : Rn1×n2 → R ∪ {∞} be defined as the inf-projection

m(X) = 1

2
min
Y∈Cr

‖X − Y‖2 + ιC(X).

Since C and Cr are both subanalytic sets andm has the form 1
2d

2
Cr +ιC , where dCr (X) =

minY∈Cr ‖X −Y‖2, it follows thatm is subanalytic [11, Proof of Theorem 3], which in
turn yields thatm satisfies theKLproperty at any point X with desingularizing function
φ(t) = Cmt1−θm , beingCm > 0 and θm ∈ [0, 1) [26, Theorem 3.1]. Furthermore, [11,
Lemma 3] implies θm is strictly greater than 1

2 for any function of the form 1
2d

2
Cr + ιC .
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Next, we rewrite the function m as

m(X) = min
Y∈Rn1×n2

(
1

2
‖X − Y‖2 + ιC(X) + ιCr (Y )

)
= min

Y∈Rn1×n2
L(X ,Y ). (4.6)

Let us also denote with M the following set-valued function

M(X) = argmin
Y∈Rn1×n2

L(X ,Y ). (4.7)

We observe that the hypotheses of [35, Theorem 3.1] hold, indeed:

• If X̄ ∈ C ∩ Cr , then M(X̄) is single-valued and M(X̄) = {X̄}.
• ∂L(X ,Y ) 
= ∅, ∀ X ∈ C, ∀ Y ∈ Cr .
• The function L is lower-bounded with respect to Y locally uniformly in X , which
means that, for all X̄ ∈ R

n1×n2 and for all α ∈ R, the lower-level sets Lα,X =
{Y ∈ R

n1×n2 : L(X ,Y ) ≤ α} are uniformly bounded in a neighbourhood of X̄ .
Indeed, note that

‖Y‖ ≤ ‖Y − X‖ + ‖X‖ ≤ √
2α + ‖X‖, ∀ Y ∈ Lα,X .

Then, if X ∈ B(X̄ , ε), namely X belongs to the ball of center X̄ and radius ε, it
follows that the sets Lα,X are uniformly bounded by C = √

2α + ‖X̄‖ + ε for all
X ∈ B(X̄ , ε).

Therefore, we can apply [35, Theorem 3.1], which states that, if X̄ ∈ C ∩ Cr and L
satisfies the KL property at the point (X̄ , X̄) with desingularizing function φ(t) =
Ct1−θ , then the inf-projection m defined in (4.6) satisfies the KL property at X̄ with
θm = θ . As θm must be strictly greater than 1

2 , we conclude that the KL exponent θ

of L at (X̄ , X̄) is also greater than 1
2 . At this point, the thesis follows by applying

Theorem 2.2(iii) with the choice A = C, B = Cr , and (x∗, y∗) = (X∗, X∗). ��
For our proposed iRAPM applied to (4.1), we can prove the following convergence

result.

Corollary 4.6 Let {Xk}k∈N ⊆ R
n1×n2 and {Y k}k∈N ⊆ R

n1×n2 be the sequences gener-
ated by iRAPM (Algorithm 2) with A = C, B = Cr . Then either ‖(Xk,Y k)‖ → ∞, or
the sequence {(Xk,Y k)}k∈N converges to a stationary point (X∗,Y ∗) ∈ C × Cr of the
function L. In the latter case, the sequence satisfies one of the following: it terminates
in a finite number of iterations; it converges with a linear rate of the form (3.31); it
converges with a sublinear rate of the form (3.32).

Proof Since the merit function

F(X ,Y , ρ) = L(X ,Y ) + 1

2
ρ2, (4.8)

is the sum of two semialgebraic functions, it follows that F is itself semialgebraic;
furthermore, F is continuous on its closed domain. Hence, by [26, Theorem 3.1], F
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satisfies the KL property at any point with φ(t) = ct1−θ , being c > 0 and θ ∈ [0, 1).
Then the thesis follows by applying Theorems 3.6–3.7 to Algorithm 2 with the choice
A = C, B = Cr . ��

As done for RAPM, we also specify the convergence rate of iRAPM when the
iterates sequence converges to an intersection point.

Corollary 4.7 Suppose that the sequence {(Xk,Y k)}k∈N generated by iRAPM (Algo-
rithm 2) converges to (X∗, X∗) with X∗ ∈ C ∩ Cr . Then, there exists θ ∈ ( 12 , 1) such

that ‖(Xk,Y k) − (X∗, X∗)‖ = O(k− 1−θ
2θ−1 ).

Proof Letting Z1 = (X ,Y ), Z2 = ρ and Z = (Z1, Z2), the function F given in
(4.8) can be seen as a block separable sum of the form F(Z) = F1(Z1) + F2(Z2),
where F1 = L and F2(Z2) = 1

2 Z
2
2. Note that F1 satisfies the KL property at any point

X̄ ∈ C ∩ Cr with exponent θ > 1
2 (see proof of Theorem 4.5), whereas F2 has the

same property with exponent 1
2 . By [36, Theorem 3.3], we conclude that F has the

KL property at any point X̄ ∈ C ∩ Cr with exponent θ > 1
2 . Finally, the thesis follows

by applying Theorem 3.7(iii) to Algorithm 2 with the choice A = C, B = Cr , and
(x∗, y∗) = (X∗, X∗). ��

4.2 Inexact projection

In the following, we fix k ∈ N and let Y k
reg be the matrix to be projected and defined in

(4.5), Ŷ k+1 any matrix belonging to the projection setPCr (Y k
reg), and Yk+1 the inexact

projection satisfying (3.4)–(3.5).
As outlined in Sect. 3.2, the accuracy requirements in (3.4)–(3.5) can be enforced

without the knowledge of the exact projection provided that it is possible to define two
sequences of scalars c�, a� and a sequence of matrices W � satisfying (3.8a)–(3.8c)
and (3.10). Then, the inexact projection is given by W �̄, where �̄ is the first iteration
such that (3.12) is met. In this section, by exploiting the Lanczos process [17, 37], we
are going to show how to compute an approximation of the r -truncated SVD of Y k

reg
that represents an inexact projection satisfying (3.4)–(3.5). We first briefly describe
how the Lanczos method works.

4.2.1 The Lanczos method

We employ the Lanczos procedure for approximate the r largest singular values of the
matrix Y k

reg ∈ R
n1×n2 . Given an integer �with r ≤ � ≤ min{n1, n2}, such a procedure

uses Lanczos bidiagonalization, also known as Paige-Saunders bidiagonalization [38],
to find two orthonormal matrices P�+1 ∈ R

n1×(�+1), Q� ∈ R
n2×�, such that

PT
�+1Y

k
regQ� = B� =

⎛
⎜⎜⎜⎜⎝

α1
β2 α2

β3
. . .
. . . α�

β�+1

⎞
⎟⎟⎟⎟⎠ ∈ R

(�+1)×�.
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If we consider the columns partitioning P�+1 = [p1, . . . , p�+1] and Q� =
[q1, . . . , q�], the column vectors p j , q j are the so-called Lanczos vectors and can be
built by recurrence, starting from two vectors q0, p1; indeed the following recurrence
holds for � = 1, 2, . . . :

α�q� = (Y k
reg)

T p� − β�q�−1 (4.9)

β�+1 p�+1 = Y k
regq� − α� p�, (4.10)

where α�, β� are chosen such that the Lanczos vectors have unitary norm. Moreover,
we can rewrite the recurrence in matrix form as:

Y k
regQ� = P�+1B� (4.11)

(Y k
reg)

T P�+1 = Q�B
T
� + α�+1q�+1e

T
�+1, (4.12)

where e�+1 is the (�+1)-th vector of the canonical basis. Given the bidiagonal matrix
B� at hand, its SVD B� = UB�BV T

B can be cheaply computed and the following
matrix G� ∈ R

n1×n2 is defined

G� = P�+1B�Q
T
� = P�+1UB︸ ︷︷ ︸

Ũ�

�B︸︷︷︸
�̃�

V T
B QT

�︸ ︷︷ ︸
Ṽ T

�

= Ũ��̃�Ṽ
T
� , (4.13)

where �̃�∈ R
(�+1)×� is a rectangular diagonal matrix whose diagonal entries

σ̃1,�, . . . , σ̃�,� can be seen as approximations of the largest � singular values σ1, . . . , σ�

of Y k
reg . Note also that the first � singular values of B� and G� are the same and G�

has min{n1, n2} − � extra null singular values. With the aim of approximating the
r -truncated SVD of Y k

reg , using the notation (2.2), we write

B� = (UB)1(�B)1(VB)T1︸ ︷︷ ︸
=[B�]1

+ (UB)2(�B)2(VB)T2︸ ︷︷ ︸
=[B�]2

= [B�]1 + [B�]2,

with (UB)1 ∈ R
(�+1)×r , (UB)2 ∈ R

(�+1)×(�+1−r), (VB)1 ∈ R
�×r , (VB)2 ∈

R
�×(�−r), �1 ∈ R

r×r , �2 ∈ R
(�+1−r)×(�−r). Then, using the notation G� =

[G�]1 + [G�]2, where [G�]1 = P�+1[B�]1QT
� and [G�]2 = P�+1[B�]2QT

� , we can
truncate the decomposition in (4.13) and define

[G�]1 = P�+1(UB)1︸ ︷︷ ︸
Ũr

(�B)1︸ ︷︷ ︸
�̃r

(VB)T1 Q
T
�︸ ︷︷ ︸

Ṽ T
r

= Ũr �̃r Ṽr .

In case there exists ĵ ∈ {1, . . . , �} such that α ĵ = 0, the algorithm breaks down and

σ̃ j , j = 1, . . . , ĵ are exact singular values of Y k
reg and Vĵ is an invariant subspace [17,

Chapter IV]. If β�+1 = 0, then from the equations (4.11)–(4.12) it follows that

Y k
reg

�
U� = V�B

�
� (1 : �, 1 : �)
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Y k
regV� = U�B�(1 : �, 1 : �),

where B�(1 : �, 1 : �) denotes the matrix given by the first rows of �. Thus

Y k
reg

�
Y k
regV� = Y k

reg
�
U�B�(1 : �, 1 : �) = V�B

�
� (1 : �, 1 : �)B�(1 : �, 1 : �).

It follows that the singular values of σ(B(1 : �, 1 : �)) are exact singular values of
Y k
reg .
The preceding discussion indicates how singular values estimates can be obtained

via the Lanczos method, but it reveals nothing about the approximation quality of the
singular values and the corresponding singular vectors. We refer to [34, Sect. 10.4]
and references therein for the convergence results of the Lanczos procedure. Here,
we highlight the following properties that are crucial for our analysis, in the common
situation where the algorithms does not beak down for null α j or β j :

• in exact arithmetic the method has finite termination; indeed, when � =
min{n1, n2}, the SVD in (4.13) is the exact SVD of Y k

reg . However, the proce-
dure is generally implemented as an iterative procedure due to round-off errors
and to avoid to perform a large number of steps;

• the inexact singular values σ̃i,� approximate the corresponding σi from below [17,
Th. 6.4];

• letting (UB)�+1, j be the last element of the j-th column of UB , as shown in [37],
we have that

min
σ∈σ(Y k

reg)
|σ − σ̃ j,�| ≤ |α�+1||(UB)�+1, j |. (4.14)

• the singular values σ̃1,�, . . . , σ̃�,� of G� computed by the Lanczos method are
distinct, independently on the singular values distribution of the matrix Y k

reg , as
they are the singular values of the bidiagonal matrix B� with nonzero entries, see
[39, Theorem 2.5].

Remark 4.1 Weadd some details for the casewhenY k
reg has a cluster of singular values.

(i) When the matrix Y k
reg has multiple singular values, i.e. σi = σi+1 = · · · = σi+ j

with j ≥ 1, 1 ≤ i ≤ min{n1, n2} − j , the Lanczos method approximates at most
one singular value of the cluster; in otherwords it acts, theoretically, exactly as if all
singular values of Y k

reg were simple [40]. To approximate all or some of the copies
of a multiple singular value, one possibility is to use a Block-Lanczos method with
a block size greater than j , which requires prior knowledge of the distribution of
the singular values of Y k

reg [40]. However, this information is usually unavailable.
In the following we will assume that all the singular values of Y k

reg are distinct as
assumed in [41].

(ii) In finite arithmetic the presence of clusters causes numerical stability problems
and the appearance of spurious singular values, called doppelgangers [37].

In the classic implementations [37], the index � is adaptively increased in order to
reach the desired accuracy in the approximation of the first r singular values, using the
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error bound given in (4.14), that is based only on a byproduct of the Lanczos method.
In the next subsection, we show that also the accuracy requirements (3.12) in iRAPM
can be checked with no extra computational cost using information already provided
by the Lanczos process.

4.2.2 Inexactness criteria

Let us assume that the Lanczos method does not break-down. LettingG� be the matrix
given in (4.13), note that its first � singular values are σ̃1,�, . . . , σ̃�,�, while the remain-
ing are zero. Although the singular values σ̃i,�, i = 1, . . . , �, are well-defined only for
� = 1, . . . ,min{n1, n2}, we can artificially set σ̃i,� = σi , i = 1, . . . ,min{n1, n2} for
� > min{n1, n2}. Note that σr+1 > 0, otherwise Y k

reg belongs to Cr and we do not
need to compute the projection. For any � > r , we let κ� > 0 and define the sequences

W � =
{

[G�]1, if � ≤ min{n1, n2},
[Y k

reg]1, if � > min{n1, n2} (4.15)

c� =
min{�,n1,n2}∑

i=r+1

σ̃ 2
i,�, (4.16)

a� =
{

κ�‖Y k
reg − G�‖ for � ≤ min{n1, n2},

0 for � > min{n1, n2} . (4.17)

In the following, we show that these sequences satisfy (3.8a)–(3.8c) and (3.10), with a
positive κ� whose expression depends on the singular values of G�. Therefore we can
run the Lanczos process until the occurrence of the first iteration �̄ satisfying (3.12)
with W �, c�, a� given in (4.15)–(4.17).

Lemma 4.8 Let σ̃i,�, i = 1, . . . , �, denote the singular values of G�. The sequences
(4.15) and (4.16) satisfy conditions (3.8a)–(3.8c).

Proof Let σi , i = 1, . . . ,min{n1, n2}, denote the singular values of Y k
reg . From [17,

Theorem 6.4], we have that σ̃i,� ≤ σi for all � < min{n1, n2}, and from the finite
termination of the method we have σ̃i,� = σi for � ≥ min{n1, n2}. Then,

c� =
min{�,n1,n2}∑

i=r+1

σ̃ 2
i,� ≤

min{�,n1,n2}∑
i=r+1

σ 2
i ≤

min{n1,n2}∑
i=r+1

σ 2
i = ‖Ŷ k+1 − Y k

reg‖2, ∀ � ∈ N,

lim
�→∞ c� = lim

�→∞

min{�,n1,n2}∑
i=r+1

σ̃ 2
i,� =

min{n1,n2}∑
i=r+1

σ 2
i = ‖Ŷ k+1 − Y k

reg‖2.

Then, (3.8a) and (3.8b) holds. Condition (3.8c) follows by the definition of W � in
(4.15). ��
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Lemma 4.9 Let σi , i = 1, . . . ,min{n1, n2}, denote the singular values of Y k
reg and

assume that all the positive σi are distinct. Let σ̃i,�, i = 1, . . . , �, denote the singular
values of G�. Then, the sequences given in (4.15) and (4.17) satisfy condition (3.10).

Proof The limit in (3.10) holds by the finite termination of the Lanczos algorithm and
the definitions in (4.15) and (4.17). We now show that the inequality in (3.10) holds.
We limit ourselves to the case � < min{n1, n2}, as otherwise the thesis holds by (4.15)
and (4.17). For simplicity, we omit the index k and let m = min{n1, n2}. Using the
notation given in (2.2), we consider the block partitions

Yreg = [Yreg]1 + [Yreg]2, G� = [G�]1 + [G�]2. (4.18)

Then, we have that Ŷ k+1 = [Yreg]1 and W � = [G�]1. The SVD of Yreg and G� can
be written as

Yreg = UYregdiag(σ1, . . . , σm)V T
Yreg , G� = UG�

diag(σ̃1,�, . . . , σ̃�,�, 0, . . . , 0)V
T
G�

.

Given b1 ≥ 0 and b2 ≥ 0, we observe that the SVD of [Yreg]1 + b1[Yreg]2 and
[G�]1 + b2[G�]2 are
[Yreg]1 + b1[Yreg]2 = UYregdiag(σ1, . . . , σr , b1σr+1, . . . , b1σm)V T

Yreg

[G�]1 + b2[G�]2 = UG�
diag(σ̃1,�, . . . , σ̃r ,�, b2σ̃r+1,�, . . . , b2σ̃�,�, 0, . . . , 0)V

T
G�

.

Let us first consider the case σ̃r+1,� > 0. Then, we have:

[Yreg]1 = PCr ([Yreg]1 + b1[Yreg]2), ∀ b1 ∈ [0, σr/σr+1) (4.19)

[G�]1 = PCr ([G�]1 + b2[G�]2), ∀ b2 ∈ [0, σ̃r ,�/σ̃r+1,�). (4.20)

Note that by assumption σr
σr+1

> 1; it also holds σ̃r ,�
σ̃r+1,�

> 1 as the singular values of
G� are distinct by construction (see Sect. 4.2.1). Equation (4.19) yields

‖[Yreg]1 − ([Yreg]1 + b1[Yreg]2)‖2 ≤ ‖[G�]1 − ([Yreg]1 + b1[Yreg]2)‖2.
The above inequality implies

‖[G�]1 − [Yreg]1‖2 + ‖b1[Yreg]2‖2 − 2〈[G�]1 − [Yreg]1, b1[Yreg]2〉 ≥ ‖b1[Yreg]2‖2,
which yields

1

2b1
‖[G�]1 − [Yreg]1‖2 − 〈[G�]1 − [Yreg]1, [Yreg]2〉 ≥ 0. (4.21)

Using (4.20) and following a similar reasoning as before, we get

1

2b2
‖[Yreg]1 − [G�]1‖2 − 〈[Yreg]1 − [G�]1, [G�]2〉 ≥ 0. (4.22)
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By summing up (4.21) and (4.22), we obtain:

0 ≤
(

1

2b1
+ 1

2b2

)
‖[Yreg]1 −[G�]1‖2 −〈[G�]1 −[Yreg]1, [Yreg]2 −[G�]2〉. (4.23)

Recalling that [Yreg]2 = Yreg − [Yreg]1 and [G�]2 = G� − [G�]1, we have:

−
(

1

2b1
+ 1

2b2

)
‖[Yreg]1−[G�]1‖2 ≤ 〈[Yreg]1−[G�]1,Yreg−G�〉−‖[Yreg]1−[G�]1‖2,

which implies

(
1 − 1

2b1
− 1

2b2

)
‖[Yreg]1 − [G�]1‖2 ≤ 〈[Yreg]1 − [G�]1,Yreg − G�〉.

Thanks to the fact that σr
σr+1

and σ̃r ,�
σ̃r+1,�

are both greater than 1, there always exist b1, b2

such that
(
1− 1

2b1
− 1

2b2

)
>0. Using the Cauchy-Schwarz inequality, we have:

(
1 − 1

2b1
− 1

2b2

)
‖[Yreg]1 − [G�]1‖ ≤ ‖Yreg − G�‖. (4.24)

Then, we let b1 = 1, b2 ∈ (1, σ̃r ,�/σ̃r+1,�) and define the value κ� in (4.17) as

κ� =
(
1
2 − 1

2b2

)−1
. From (4.24), we have:

‖[Yreg]1 − [G�]1‖ ≤ κ�‖Yreg − G�‖ = a�,

and the first part of (3.10) is verified.
Let us now consider the case σ̃r+1,� = 0. In this case it holds [G�]1 = G�. Using

[Yreg]2 = Yreg − [Yreg]1, (4.21) and adding and subtracting G�, we get:

− 1

2b1
‖[Yreg]1 − G�‖2 ≤ 〈[Yreg]1 − G�,Yreg − G�〉 − ‖[Yreg]1 − G�‖2,

which yields

(
1 − 1

2b1

)
‖[Yreg]1 − G�‖2 ≤ 〈[Yreg]1 − G�,Yreg − G�〉.

By using the Cauchy-Schwarz inequality, we have

(
1 − 1

2b1

)
‖[Yreg]1 − G�‖ ≤ ‖Yreg − G�‖.

Setting b1 = 1 and taking κ� = 2 in (4.17) we can conclude that the first part of (3.10)
is verified and the proof is complete.
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��
Corollary 4.10 Let σi , i = 1, . . . ,min{n1, n2}, denote the singular values of Y k

reg

and assume that all the positive σi are distinct. Let W �, c� and a� be defined as in
(4.15)–(4.17) and �̄ such that W �̄, c� and a�̄ satisfy (3.12). Then, Y k+1 = W �̄ satisfies
(3.4)–(3.5).

Proof Lemmas4.8 and 4.9 ensure that the sequences {W �}, {c�} and {a�} defined in in
(4.15)–(4.17) satisfy conditions (3.8a)–(3.8c) and (3.10). Then, by Lemmas 3.1 and
3.2, it follows that Y k+1 = W �̄ satisfies (3.4)–(3.5). ��

In Lemmas4.9 and 4.10 we assumed that the positive singular values of Y k
reg are

distinct, however the Lemma still holds under the weaker assumption that the first r
singular values of Y k

reg are distinct. We remark that the following three scenarios hold
in case we have sd < min{n1, n2} distinct singular values:
• The first r+1 singular values of Y k

reg are distinct: in this case, the previous analysis
holds by replacing min{n1, n2} with sd;

• The first r singular values of Y k
reg are distinct and σr = σr+1: the previous analysis

still holds by replacing min{n1, n2} with sd and taking b1 = 1; however, since
in this case the projection is not unique, one needs to fix one r -truncated SVD
decomposition of Y k

reg , define [Y k
reg]1 as such rank-r truncated SVD, and then

observe that [Y k
reg]1 belongs to the projection’s set PCr (Y k

reg).
• The first r singular values are not distinct: if sd > r , the method computes a rank r
matrix while if sd < r it computes a rank sd matrix. Unfortunately, in both cases
the computed matrices are not approximations of the exact projection of Y k

reg . This
is inherit in Lanczos method and does not depend on the inexact projection. In this
case, a block-Lanczos method could be useful, provided the blocks are sufficiently
large.

4.2.3 Computation of the right-hand side of the stopping criteria (3.12)

In the previous section we have proved that we can employ the stopping criteria (3.12)
for the Lanczos process, with W �, c� and a� given in (4.15)–(4.17). However, such
criteria require to compute additional quantities, in particular the Frobenius norms
‖W � − Y k

reg‖ and ‖G� − Y k
reg‖. We show that these two quantities can be computed

without additional cost as a byproduct of the Lanczos process.
We start recalling few useful relations. By (4.11) it follows PT

�+1Y
k
regQ� = B� and

by (4.13) we have G� = P�+1B�QT
� . Moreover, since the columns of P�+1 and Q�

are orthonormal, it holds:

pTi p j = 0, 1 ≤ i, j ≤ � + 1, i 
= j, (4.25)

qTi q j = 0, 1 ≤ i, j ≤ �, i 
= j, (4.26)

(I − P�+1P
T
�+1)pi = 0, 1 ≤ i ≤ � + 1. (4.27)

Adapting [42, Proposition 3.3], in the next Lemma we show that ‖Y k
reg − G�‖2 can

be computed by recurrence exploiting the entries of B�.
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Lemma 4.11 Let us denote ω� = ‖Y k
reg − G�‖2 and let α�, β�+1 be given in (4.9)–

(4.10). Then,
ω�−1 = ω� + α2

� + β2
�+1.

Proof For the sake of simplicity, we omit the index k. From (4.12) we have:

Yreg − G� = Yreg − P�+1B�Q
T
� = Yreg − P�+1P

T
�+1Yreg + α�+1P�+1e�+1q

T
�+1

= (I − P�+1P
T
�+1)Yreg + α�+1 p�+1q

T
�+1. (4.28)

We observe that:

(I − P�+1P
T
�+1)Yreg = (I − P�P

T
� )Yreg − p�+1 p

T
�+1Yreg. (4.29)

Then, (4.28), (4.29) and (4.9), yield:

ω�−1 = ‖Yreg − G�−1‖2 = ‖(I − P�P
T
� )Yreg + α� p�q

T
� ‖2

= ‖(I − P�+1P
T
�+1)Yreg + p�+1 p

T
�+1Yreg + α� p�q

T
� ‖2

= ‖(I − P�+1P
T
�+1)Yreg + α�+1 p�+1q

T
�+1 + β�+1 p�+1q

T
� + α� p�q

T
� ‖2

= ω� + ‖β�+1 p�+1q
T
� + α� p�q

T
� ‖2 + 2〈(I − P�+1P

T
�+1)Yreg

+ α�+1 p�+1q
T
�+1, β�+1 p�+1q

T
� + α� p�q

T
� 〉.

By using (4.25), (4.26), and (4.27), it follows that the Frobenius inner product is null.
In addition, both p�+1qT� and p�qT� are rank-one matrices and the vectors p�+1, p�

and q� are unitary vectors, then ‖p�+1qT� ‖ = 1, ‖p�qT� ‖ = 1 and ‖β�+1 p�+1qT� +
α� p�qT� ‖2 = α2

� + β2
�+1 and the thesis follows. ��

The following Lemma shows the relationship between ‖Y k
reg − W �‖2 and ‖Y k

reg −
G�‖2.
Lemma 4.12 Let σ̃i,�, i = 1, . . . , �, denote the singular values of G�. Then we have

‖Y k
reg − W �‖2 = ‖Y k

reg − G�‖2 +
�∑

i=r+1

σ̃ 2
i,�.

Proof We omit the iteration index k, for the sake of simplicity. We recall that
W � = [G�]1, in addition (4.18) holds and [G�]2 = P�+1[B�]2QT

� , where [B�]2 =
(UB)2(�B)2(VB)2. Then:

‖Yreg − W �‖2 = ‖Yreg − [G�]1‖2 = ‖Yreg − G� + [G�]2‖2
= ‖Yreg − G�‖2 + ‖[G�]2‖2 + 2〈Yreg − G�, P�+1[B�]2QT

� 〉.

We can show that the Frobenius inner product is null. Indeed, by rewriting Yreg −G�

as in (4.28), we have:
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〈Yreg − G�, P�+1[B�]2QT
� 〉

= 〈(I − P�+1P
T
�+1)Yreg + α�+1 p�+1q

T
�+1, P�+1[B�]2QT

� 〉
= 〈(I − P�+1P

T
�+1)Yreg, P�+1[B�]2QT

� 〉 + α�+1〈p�+1q
T
�+1, P�+1[B�]2QT

� 〉
= tr

(
Y T
reg(I − P�+1P

T
�+1)P�+1[B�]2QT

�

)
+ α�+1tr

(
q�+1 p

T
�+1P�+1[B�]2QT

�

)
.

(4.30)

The first term in (4.30) is null by (4.27), while the second, for the properties of the
trace, becomes tr

(
QT

� q�+1 pT�+1P�+1[B�]2
)
and then it is null for (4.26). On the other

hand, by the definition of Frobenius norm, we have ‖[G�]2‖2 = ∑�
i=r+1 σ̃ 2

i,�. Then,
the thesis follows. ��

5 Numerical illustration

In this section, we provide numerical tests which illustrate the behaviour of the iRAPM
procedure. We focused on the Matrix Completion (MC) problem, which consists in
recovering a matrix M ∈ R

n1×n2 from the knowledge of a subset of its entries;
namely, the entries with indexes in the index set � = {(i, j) : Mi, j is known}. In the
following, we will write (M)� ∈ R

n1×n2 to denote the matrix obtained by keeping
the entries of M with indices in � and setting to 0 the others, and analogously for
(M)�̄ ∈ R

n1×n2 with �̄ the complement of�. Without further constraints, there exists
an infinite number ofmatrices Z ∈ R

n1×n2 that complywith the condition Zi, j = Mi, j

for all (i, j) ∈ �. On the other hand, in most applications, one can assume that the
matrix to be recovered has low rank, for more details, see [33]. Problems that can be
approached with MC arise in various fields, such as recommendation systems [43],
image reconstruction [44], and data imputation [45, 46].

Then, the MC problem is generally formulated as the affine rank minimization
problem

min rank(Z)

s.t. (Z)� = (M)�
. (5.1)

This is a combinatorial optimization problem that requires a worst-case exponential
running time.

In the literature, problem (5.1) has been approached in different ways, for example,
replacing the rank function with a convex function like the nuclear norm [33], that
is, the sum of the singular values of the matrix, or reformulating it as Semidefinite
Programming Problem [47].

We are interested in reformulating theMC problem as the feasibility problem (4.1).
In fact, given an estimate r of the rank of the sought matrix, we can reformulate it as
the problem of finding a matrix in the intersection of the rank level set and the set of
matrices that match the observed entries, i.e.:

find Z ∈ R
n1×n2 such that Z ∈ C ∩ Cr , (5.2)
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where

C = {Z ∈ R
n1×n2 : Zi, j = Mi, j , ∀ (i, j) ∈ �}, (5.3)

Cr = {Z ∈ R
n1×n2 : rank(Z) ≤ r}. (5.4)

As the function that associates M with (M)� is a linear map, C is an affine set and the
projection onto it is given by

PC(Z) = (M)� + (Z)�̄. (5.5)

The inexact projection onto Cr in iRAPM is computed via the Lanczos method
described in Sect. 4.2, equipped with the stopping criteria (3.12), while in APM and
RAPM we use the standard stopping criterion based on the bound (4.14). We note
that also in APM and RAPM the projection is not exact; however, we expect it to be
more accurate than in iRAPM, more expensive and not justified to preserve the overall
convergence behaviour.

For all the three methods under investigation, our implementation of the Lanczos
procedure is based on the PROPACK code by Larsen [37] available at http://sun.
stanford.edu/~rmunk/PROPACK/. In iRAPM we replaced the stopping criteria based
on (4.14) with the stopping criteria (3.12) with W �, c� and a� given in (4.15)–(4.17).

In (4.17), whenever σ̃r+1,� > 0, we take κ� =
(
1
2 − 1

2b2

)−1
where b2 = γ + (1 −

γ )σ̃r ,�/σ̃r+1,� with γ = 10−4, and κ� = 2 otherwise. This latter case never occurred in
our numerical experimentation. For the exact variants (APM and RAPM), the classic
stopping criteria were used with default tolerance equal to 16εm , where εm denotes the
machine precision. For all the other settings of the PROPACK implementation (starting
vector, reorthogonalization level and method) we maintained the default values in all
three methods except for the update of the Krylov dimension (see next paragraph). We
refer the reader to the code available at the cited url for details.

The following numerical results were obtained by implementing the algorithms in
MATLAB 2021 and running them on a laptop equipped with an Intel� CoreT M i5-
7200U CPU@ 2.50 GHz and 8 GB of RAM. Some figures were plotted using Python
scripts.

5.1 Projection operators: computational costs

Before presenting the numerical results, we analyze the computational costs of the
projection operators involved in the MC problem (5.2).

As observed above, projecting onto C consists in an element-wise replacement and
can be computed in n1n2 operations. On the other hand, the projection onto Cr via the
Lanczos method described in Sect. 4.2 has two main parts that concur to the final cost:
updating the Lanczos vectors (4.9)–(4.10), and checking the criterion (4.14) for APM
and RAPM (the criteria (3.12) for iRAPM, respectively).

The Lanczos procedure requires at each iteration two matrix–vector products, that
is, O(n1n2) operations. Then, assuming that the final Krylov subspace dimension at
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the k-th outer iteration is �̄k , the final cost for building the Krylov subspace is of the
order O(n1n2�̄k).

The standard criterion (4.14), employed in APM and RAPM, requires to check r
inequalities at most, then it costs O(r) each time that the stopping criterion is checked.
The evaluation of the two Frobenius norms required in the criteria (3.12) in the iRAPM
procedure can be significantly reduced exploiting Lemmas 4.11 and 4.12. In fact, the
two norms can be computed as follows:

‖Y k
reg − G�‖2 = ‖Y k

reg−G0‖2 − ∑�
i=1 α2

i − ∑�+1
j=2 β2

j ,

‖Y k
reg − W �‖2 = ‖Y k

reg − G�‖2 + ∑�
i=r+1 σ̃ 2

i,�.
(5.6)

where G� is given in (4.13). Then, using (5.6), the inexact criteria require to compute
the Frobenius norm ‖Y k

reg − G0‖, whose cost is O(n1n2), only once at the beginning

of the Lanczos procedure, 3�̄k − r sums and the check of only 2 inequalities. Then,
in all the alternating projection approaches under investigation, the cost of checking
the stopping criteria is dominated by the cost of the Lanczos iterations, and we can
conclude that, at a generic iteration k, the projection onto Cr costs O(n1n2�̄k).

We stress that the strategy for increasing the dimension of the Krylov subspace
has a crucial impact on the final cost of the projection onto Cr . The PROPACK code
implements an adaptive strategy to reduce the number of criteria checks. This strategy
can result in selecting unnecessarily large values of �̄k . In our implementation of the
three alternating projection methods, we chose to check the stopping criteria at each
Lanczos iteration in order to select the minimum Krylov dimension for which the
criteria are satisfied.

5.2 Experiments onmatrix completion

For our experiments, we consider two different types of matrices: random Gaussian
matrices of rank r obtained as M = LRT ∈ R

n1×n2 , where L ∈ R
n1×r , R ∈ R

n2×r

are matrices whose entries are sampled from a normal distribution, and the r -truncated
SVD of the grayscale 512× 512 lake image, see Fig. 2 (left). We choose n1 = n2 =
512 for the Gaussian matrices, and in both cases we choose r = 30. Then, we built
the Gaussian matrices and truncated the image accordingly.

The Gaussian matrices and the truncated image have different singular value distri-
butions as illustrated in Fig. 2 (right), where we clearly see that the singular values of
the truncated image decade faster than those of the Gaussian matrix. Then, this choice
of the matrices allows us to test iRAPM against different singular value distributions.

The set � is built sampling q entries uniformly at random, where the number of
observed entries q is chosen such that the ratio q/((n1+n2−r)r) = 2.6 in both cases.
We consider the choice X0 = (M)�, Y 0 = PCr (X0) as starting points for RAPM and
iRAPM, while APM only needs Y 0. We compare the performance of the methods by
performing a prefixed number of iterations k f = 200. In this way, we can observe the
effective saving of inexact projections in iRAPM along iterations while comparing the
final reconstruction error.
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Fig. 2 Truncated lake image (left) and normalized singular values of a Gaussian matrix (blue circles) and
of the truncated image (red squares) (right)

Two metrics are considered to monitor the performance of the methods:

e�(Y k) = ‖(M)� − (Y k)�‖
‖(M)�‖ , (5.7)

emse(Y
k f ) = ‖M − Y k f ‖2

n1n2
. (5.8)

The former measures the error on the observed entries along the iterations, while the
latter is the mean squared error on all the entries at termination and it measures the
quality of the final reconstruction.

As a measure of the overall computational cost needed to reach iteration k and to
compare the three approaches under investigation, we consider the quantity

cost(k) =
k∑

i=1

(�̄i − r),

as at each iteration k, the Lanczos process is started with a Krylov subspace of dimen-
sion r , then we can obtain computational saving only reducing �̄k −r . In Tables 1 and
2 we provide statistics of the three considered methods; for the regularized methods
we used λk = μk = 16 and iRAPMwas tested with different values of ζ in (3.12). The
reported statistics are the means over 5 random runs. Columns 3 and 4 show the values
of the two metrics (5.7) and (5.8) at termination, and we also report in brackets the
standard deviation of the mean-squared error. Finally, column 5, reports the quantity
cost(k f ). As a first comment, we observe that the choice of ζ in iRAPM does not
seem to be critical, and any value smaller than 10−3 provides an overall reduction of
the computational cost as the dimension of the Krylov subspaces employed in iRAPM
is generally smaller than those employed in RAPM.
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Table 1 Gaussian matrices: statistics of the runs, maxit = 200

Method ζ e� emse cost(k f )

APM 2.968e−06 3.309e−09 (5.609e−09) 836

RAPM 7.638e−06 1.733e−08 (2.378e−08) 870

iRAPM 1e-09 8.229e−06 2.101e−08 (3.046e−08) 715

iRAPM 1e-07 8.105e−06 1.889e−08 (2.462e−08) 713

iRAPM 1e-05 8.204e−06 2.054e−08 (2.925e−08) 712

iRAPM 1e-03 7.606e−06 1.699e−08 (2.307e−08) 728

Table 2 lake image: statistics of the runs, maxit = 200

Method ζ e� emse cost(k f )

APM 5.009e−04 1.606e−06 (8.758e−07) 1654

RAPM 7.785e−04 3.092e−06 (1.374e−06) 1722

iRAPM 1e-09 5.633e−04 2.061e−06 (1.118e−06) 956

iRAPM 1e-07 5.181e−04 1.733e−06 (1.089e−06) 969

iRAPM 1e-05 5.056e−04 1.609e−06 (1.388e−06) 936

iRAPM 1e-03 7.652e−04 2.934e−06 (1.520e−06) 1244

Fig. 3 Mean value and min-max band (over 5 runs) of e� along the iterations. Gaussian matrices (left) and
truncated lake (right)

In Figs. 3-5 we report information on the behavior of the procedures along the
iterations in a single run. In the experiments we chose ζ = 10−7 for iRAPM. In
the case of the Gaussian matrix, we generated it fixing a random seed equal to 1.
Similarly, the mask � was generated fixing a random seed equal to 1 both for the
Gaussian matrix and the image lake. In Fig. 3, we plot the average over all the
runs of the metric (5.7) versus the iterations (line), while the colored bands represent
the minimum-maximum range of the metric. In the remaining two figures we focus
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Fig. 4 For each method, cost(k) over the corresponding quantity for APM. Gaussian matrices (left) and
truncated lake (right)

Fig. 5 Number of inner iterations �̄k along outer iterations and number of singular values that satisfy the
criterion (4.14). Gaussian matrices (left) and truncated lake (right)

on a representative single run: in Fig. 4 we plot for each method the ratio between
cost(k) and the corresponding quantity for APM. This way, we compare the effective
computational costs of RAPM and iRAPM as a fraction of the cost of APM. The plots
in Fig. 5 show two different quantities: the solid lines represent �̄k versus the iterations,
while the dashed lines display the number of singular values that satisfy the criterion
(4.14), i.e. the number of singular values computed by iRAPM that are approximated
with the standard accuracy requirement.

Focusing on the Gaussian matrices, we observe that RAPM and iRAPM are com-
parable in terms of accuracy and only slightly worse than APM. This is outlined in
the statistics in Table 1 and in Fig. 3. Figure 4 clearly shows that RAPM and APM
require approximately the same computational effort, while the saving provided by
the use of the new accuracy requirements (3.12) in iRAPM is relevant in the first
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phase of the convergence history (the first 20 iterations), while from the 20th iteration
onward the savings settle around the 15%. This is also evident in Fig. 5 where we can
see that iRAPM employes Krylov subspaces of dimension lower than 40 in the first
20 outer iterations, while higher dimensions are needed by RAPM and APM. On the
other hand, we observe that the Lanczos procedure provides accurate singular values
in the final phase of the convergence history employing Krylov subspaces of dimen-
sion slightly larger than r ; this behaviour can be ascribed to the fact that Y k

reg becomes
closer and closer to a rank r matrix, and ideally, in case of rank r matrices, the Lanczos
process stops with � no greater than r + 1 [17]. It is also interesting to observe that
the approximated singular values used to compute the projection in iRAPM are, as
expected, less accurate than in RAPM and APM, except for approximately 50 consec-
utive outer iterations starting from the 100th, and fewmore isolated ones. However, the
overall convergence behavior and the final accuracy are comparable to those of APM
and RAPM, showing that the standard criterion, except when the iterates are close to
the sought solution, yields to the oversolving phenomena, i.e. the singular values are
approximated with an accuracy higher than those needed for the convergence of the
overall procedure.

Concerning the lake image, as before, the performances of the three methods are
comparable in terms of accuracy, but this time iRAPM achieves an error similar to
APM outperforming the RAPM variant. Figure 4 (right) shows that in this case the
saving of the inexact approach in term of computational cost is evenmore relevant than
in the case of Gaussian matrices. Indeed, in the first iterations, saving is over the 50%,
and later on the savings are approximately the 40%. From Fig. 5, we can observe that
the number of singular values satisfying (4.14) is less than r along the whole process.
This confirms the oversolving phenomena noticed for the Gaussian matrices.

The experiments offer different insights on the behavior of alternating projection
approaches and of iRAPM. First, all the considered methods manage to approximate
the sought matrix with good accuracy and the error on the known entries steadily
decreases along the iterations. Second, it is evident the reduction in the overall com-
putational cost provided by iRAPM. Remarkably, this computational saving is also
obtained on the realistic case of the lake image.

6 Conclusions and perspectives

We have introduced an inexact regularized alternating projection method for comput-
ing a point in the intersection of two nonconvex sets. Inexact projections on one of the
two sets are allowed. The convergence properties of the methods have been proved
in a general setting and then specialized to affine rank minimization problems. For
the latter class of problems the inexact projection on the rank level sets amounts to
compute an approximate r-truncated SVD. Suitable accuracy requirements and corre-
sponding stopping criteria for the Krylov inner solver have been proposed. Numerical
results on matrix completion problems showed that the inexact method is in general
less expensive than the exact counterpart. We observed that the savings in compu-
tational cost are concentrated in the first phase of the convergence process. Then, it
could be of interest to devise an adaptive strategy for choosing the parameter ζ that
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rules the inexactness level. A further extension is to devise adaptive strategies for the
rank selection when the rank is unknown.

Appendix A Additional proofs

A.1 Proof of Lemma 3.1

If yk ∈ PB(ykreg), one can always set w
� = yk and c� = ‖yk − ykreg‖2 for any � ∈ N,

so that conditions (3.8a)–(3.8c) and (3.9) are trivially satisfied for all � ∈ N with
ŷk+1 = yk . Then, without loss of generality, we assume that yk /∈ PB(ykreg). Hence,
there holds ‖ŷk+1 − ykreg‖2 − ‖yk − ykreg‖2 < 0. First, we prove that there exists
�ε ∈ N such that

ζ(c� − ‖yk − ykreg‖2) − (‖ŷk+1 − ykreg‖2 − ‖yk − ykreg‖2) > 0 ∀ � ≥ �ε. (A1)

Indeed, by (3.8b), we have

∀ ε > 0, ∃ �ε > 0 : c� − ‖ŷk+1 − ykreg‖2 > −ε, ∀ � ≥ �ε.

Setting ε = 1−ζ
ζ

(‖yk − ykreg‖2 − ‖ŷk+1 − ykreg‖2) > 0, we have that there exists
�ε ∈ N such that

ζ(c� − ‖ŷk+1 − ykreg‖2) > −(1 − ζ )(‖yk − ykreg‖2 − ‖ŷk+1 − ykreg‖2)

that yields (A1). Now, we show that there exists �̂ ≥ �ε such that (3.9) holds. Indeed,
it holds

‖w� − ykreg‖2 = ‖w� − ŷk+1‖2+‖ŷk+1− ykreg‖2+2〈w� − ŷk+1, ŷk+1− ykreg〉, (A2)

and we observe that there exists �̂ ≥ �ε such that, for all � ≥ �̂, it holds

‖w� − ŷk+1‖2 + 2〈w� − ŷk+1, ŷk+1 − ykreg〉 ≤ ζ(c�̂ − ‖yk − ykreg‖2)
−

(
‖ŷk+1 − ykreg‖2 − ‖yk − ykreg‖2

)
≤ ζ(c� − ‖yk − ykreg‖2) −

(
‖ŷk+1 − ykreg‖2 − ‖yk − ykreg‖2

)
, (A3)

where the former inequality holds given that the left-hand side is converging to zero
(see (3.8c)) and the right-hand side is positive (see (A1)), whereas the latter inequality

is a consequence of (3.8a)–(3.8b) that ensures c�̂ < c�. By plugging (A3) into (A2)
we obtain (3.9). Applying (3.8a) to (3.9) yields

‖w� − ykreg‖2 ≤ ζ‖ŷk+1 − ykreg‖2 + (1 − ζ )‖yk − ykreg‖2,

which is equivalent to condition (3.4) with yk+1 = w�.
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A.2 Proof of Lemma 3.3

Item (i).We recall that Q(yk+1) ≤ 0 due to equations (3.3) and (3.4). Then, from the
definition of {dk}k∈N in (3.14), we obtain the thesis.

Item (ii). We observe that the inexactness condition (3.4) can be reformulated by
means of the following equivalences

Qk+1(yk+1) ≤ ζQk+1(ŷk+1) ⇔ Qk+1(yk+1) ≤ Qk+1(ŷk+1) − 1 − ζ

ζ
Qk+1(yk+1)

⇔ ‖yk+1 − yk‖2
2μk

+ L(xk+1, yk+1) ≤ ‖ŷk+1 − yk‖2
2μk

+ L(xk+1, ŷk+1) − 1 − ζ

ζ
Qk+1(yk+1).

(A4)

Since ŷk+1 ∈ PB((yk + μk xk+1)/(1 + μk)), we have ŷk+1 ∈ proxμk L(xk+1,·)(yk),
which yields

1

2μk
‖ŷk+1 − yk‖2 + L(xk+1, ŷk+1) ≤ L(xk+1, yk). (A5)

By applying the previous inequality to (A4), we obtain

1

2μk
‖yk+1 − yk‖2 + L(xk+1, yk+1) ≤ L(xk+1, yk) − 1 − ζ

ζ
Qk+1(yk+1). (A6)

Writing Qk+1(yk+1) as in (3.1) and rearranging the terms of (A6) yields

1

2μk

(
1 + 1

ζ

)
‖yk+1 − yk‖2 − Qk+1(yk+1) +

(
1 + 1

ζ

)
L(xk+1, yk+1)

≤
(
1 + 1

ζ

)
L(xk+1, yk).

By dividing both terms of the previous inequality by a factor 1 + 1/ζ and summing
the term 1

2λk
‖xk+1 − xk‖2, we get

1

2μk
‖yk+1 − yk‖2 + 1

2λk
‖xk+1 − xk‖2 −

(
ζ

ζ + 1

)
Qk+1(yk+1) + L(xk+1, yk+1)

≤ 1

2λk
‖xk+1 − xk‖2 + L(xk+1, yk) ≤ L(xk, yk),

where the second inequality follows from xk+1 ∈ proxλk L(·,yk )(xk) and the definition
of proximal operator. By observing that λk ≤ λ+ and μk ≤ μ+, we arrive to

1

2μ+
‖yk+1−yk‖2+ 1

2λ+
‖xk+1−xk‖2−

(
ζ

ζ + 1

)
Qk+1(yk+1)+L(xk+1, yk+1) ≤ L(xk , yk ). (A7)
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Then the thesis of item (ii) follows from (A7) by setting a = min{1/(2μ+), 1/(2λ+),

ζ/(ζ + 1)} and recalling the definition of dk in (3.14).
Item (iii). The left-hand side of (3.18) follows immediately from (A4) by recalling

the definition of F in (3.13) and {ρk}k∈N in (3.16). Regarding the right-hand side, we
sum γk given in (3.15) to both sides of (A5), thus obtaining

F(xk+1, ŷk+1, ρk+1) ≤ 1

2μk
‖ŷk+1 − yk‖2 + L(xk+1, ŷk+1) + γk

≤ L(xk+1, yk) + γk ≤ L(xk+1, yk)

+ 1

2λk
‖xk+1 − xk‖2 + γk ≤ L(xk, yk) + γk,

where the first inequality follows from Qk+1(ŷk+1) = miny∈Rn Qk+1(y) ≤
Qk+1(yk+1), and the last one holds by xk+1 ∈ proxλk L(·,yk )(xk) and the definition
of proximal operator. We observe that the sequence {γk}k∈N is non-negative due to
(3.3). Furthermore, by summing (A7) for k = 0, . . . , K , it follows that

1

2μ+

K∑
k=0

‖yk+1 − yk‖2 + 1

2λ+

K∑
k=0

‖xk+1 − xk‖2 +
(

ζ

ζ + 1

) K∑
k=0

−Qk+1(yk+1)

≤ L(x0, y0) − L(xK+1, yK+1).

By taking the limit over K → ∞ and recalling the definition of a, we get

a
∞∑
k=0

‖xk+1 − xk‖2 + ‖yk+1 − yk‖2 − Qk+1(yk+1) < ∞. (A8)

As a result, the sequence {−Qk+1(yk+1)}k∈N is summable and, thanks to the inexact-
ness condition (3.4), we have that {−Qk+1(ŷk+1)}k∈N is also summable. Then, (3.19)
holds due to condition (3.5), and {γk}k∈N is summable, which yields limk→∞ γk = 0.
Furthermore, it holds limk→∞ ‖yk+1 − yk‖ = 0 by (A8). Then, by applying the tri-
angular inequality, we conclude that limk→∞ ‖ŷk+1 − yk‖ = 0 and consequently
limk→∞ ρk = 0. Hence, the thesis of item (iii) follows.

Item (iv). Since the subdifferential of the sum of two functions, one of which
is continuously differentiable, is given by the sum of the two subdifferentials [27,
Exercise 8.8], it is possible to write the following equivalences

xk+1 ∈ proxλk L(·,yk )(xk) ⇔ 0 ∈ (xk+1 − yk) + ∂ιA(xk+1) + 1

λk
(xk+1 − xk),

ŷk+1 ∈ proxμk L(xk+1,·) ⇔ 0 ∈ −(xk+1 − ŷk+1) + ∂ιB(ŷk+1) + 1

μk
(ŷk+1 − yk).
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Hence there exist wk+1
1 ∈ ∂ιA(xk+1) and wk+1

2 ∈ ∂ιB(ŷk+1) such that

wk+1
1 = −(xk+1− yk)− 1

λk
(xk+1− xk), wk+1

2 = (xk+1− ŷk+1)− 1

μk
(ŷk+1− yk).

The subdifferential of L at any point (x, y) writes as ∂L(x, y) = {x − y + ∂ιA(x)} ×
{y − x + ∂ιB(y)}, see e.g. [12, Proposition 2.1]. Then, if we define the vectors

vk+1
1 = xk+1 − ŷk+1 + wk+1

1 = − 1

λk
(xk+1 − xk) − (ŷk+1 − yk),

vk+1
2 = ŷk+1 − xk+1 + wk+1

2 = − 1

μk
(ŷk+1 − yk),

the vector vk+1 = (vk+1
1 , vk+1

2 ) belongs to the subdifferential of L at (xk+1, ŷk+1).
By setting κ− = min{λ−, μ−}, the norm of vk+1 can be upper bounded by proceeding
as follows

‖vk+1‖ =
∥∥∥∥
(

− 1

λk
(xk+1 − xk ) − (ŷk+1 − yk ), − 1

μk
(ŷk+1 − yk )

)∥∥∥∥
=

∥∥∥∥
(

− 1

λk
(xk+1 − xk ), − 1

μk
(yk+1 − yk )

)
+

(
−(ŷk+1 − yk ), − 1

μk
(ŷk+1 − yk+1)

)∥∥∥∥
≤ 1

κ−

∥∥∥(xk+1 − xk , yk+1 − yk
)∥∥∥ +

∥∥∥∥
(

−(ŷk+1 − yk+1), − 1

μk
(ŷk+1 − yk+1)

)∥∥∥∥
+

∥∥∥−
(
yk+1 − yk , 0

)∥∥∥ ≤
(
1 + 1

κ−

)
‖(xk+1 − xk , yk+1 − yk )‖ +

√
1 + 1

κ2−
‖ŷk+1 − yk+1‖

≤
(
1 + 1

κ−

)
‖(xk+1 − xk , yk+1 − yk )‖ +

√√√√−
(
1 + 1

κ2−

)(
1 − ζ

ζ

)
Qk+1(yk+1), (A9)

where the last inequality follows from condition (3.5). Finally, we observe that the
subdifferential of the function F defined in (3.13) can be written as ∂F(x, y, ρ) =
∂L(x, y) × {ρ}. Hence, since the vector vk+1 ∈ R

n belongs to the subdifferential
∂L(xk+1, ŷk+1), we have that (vk+1, ρk+1) ∈ ∂F(xk+1, ŷk+1, ρk+1), and the norm
of such subgradient can be upper bounded as

‖(vk+1, ρk+1)‖ ≤ ‖vk+1‖ + |ρk+1| ≤
(
1 + 1

κ−

)
‖(xk+1 − xk, yk+1 − yk)‖

+
√√√√−

(
1 + 1

κ2−

)(
1 − ζ

ζ

)
Qk+1(yk+1) +

√
1

μk
‖ŷk+1 − yk‖

+
√

−2

(
1 − ζ

ζ

)
Qk+1(yk+1)

≤
(
1 + 1

κ−
+ 1√

κ−

)
‖(xk+1 − xk, yk+1 − yk)‖
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+
√
1 − ζ

ζ

(√
1

κ−
+

√
1 + 1

κ2−
+ √

2

)√
−Qk+1(yk+1),

where the second inequality is due to (A9) and the definition of {ρk}k∈N in (3.16),
whereas the third one follows by employing the triangular inequality and the inexact-
ness condition (3.5). Then, the thesis of item (iv) is obtained by applying (3.17) to the
previous inequality.
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