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ABSTRACT. Given a smooth function U(¢,x), T-periodic in the first variable
and satisfying U (¢, z) = O(|z|®) for some « € (0,2) as |x| — oo, we prove that
the forced Kepler problem
i=— 1V, U(tz), zcR?
|z[3

has a generalized T-periodic solution, according to the definition given in the
paper by A. Boscaggin, R. Ortega, and L. Zhao [Trans. Amer. Math. Soc.
372 (2019), 677-703]. The proof relies on variational arguments.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this paper we investigate the existence of T-periodic solutions to the equation

. €T
(1) x:—W—FV,;U(t,x), x € R?,
where U : R x R? — R is a (smooth) function T-periodic in its first variable (for
some T > 0). A special interesting case occurs when U(t,z) = (p(t),x) for some
T-periodic forcing term p, which gives rise to the equation

x
|z[?

(2) i = +p(t), zeR2

As is well known, equation () models the motion of a massless particle z € R?
subject to the action of both the gravitational force and an external force with
potential U(¢, z); accordingly, it can be meant as a (time-periodically) forced Kepler
problem. In spite of its simple looking structure, such an equation possesses some
peculiar features making it a quite paradigmatic model for the methods of nonlinear
analysis and dynamical systems. In particular, as typical in problems of celestial
mechanics, the possibility for a solution to approach the collision set {x = 0} has
to be taken into account, leading to substantial difficulties.
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To the best of our knowledge, most of the results available up to now have been
proved in a perturbative setting, namely, for the equation

(3) i:—%ﬂvw(t,x), z € R,

with e small enough; see [2,[11],[13,[18-20] and the references therein. In such a
case, classical (i.e., without collisions) T-periodic solutions are found, for ¢ small
enough, near the ones of the unperturbed Kepler problem (e = 0), via perturbative
techniques. Also, this situation, however, is far from being trivial, since the peculiar
degeneracies of the Kepler problem rule out the possibility of using the standard
perturbation theory of completely integrable Hamiltonian systems. As a matter
of fact, one is typically led to assume some symmetry conditions on the potential
U(t, ), eventually ruling out the simple case of equation ([2)). We also mention the
paper [] in which the case ¢ large is considered.

As far as equation ({J) is concerned, some results were given in [27]. In that paper,
global variational methods are used, requiring the development of delicate action
level estimates for solutions approaching the origin. In order for this procedure to
work so as to prevent the occurrence of collisions, again some symmetry conditions
on the potential are imposed and equation (2 is left out from the analysis therein.

Recently, a different point of view has been proposed in [12], where a suitable
definition of a generalized solution to (Il) was given. We recall it below for the
reader’s convenience.

Definition 1.1. A generalized T-periodic solution to () is a continuous and T-
periodic function z : R — R? satisfying the following conditions:

(i) the set E, :={t € R: x(t) = 0} of collision instants is discrete,
(ii) for any open interval I C R\ E,, the function z is C*(I) and satisfies ()
on I,
(iii) for any to € E,, the limits

t 1 1
lim () and lim ( = |&(t)]* = ——
t=to |z(t)] t=to \ 2 |z (t)]
exist and are finite.

The possibility of considering solutions attaining the value z = 0 was already
discussed by various authors (see, for instance, [3|[BEL[31]). However, while in these
papers a generalized solution is just meant as an H'-function attaining the value
x = 0 on a zero-measure set (and solving the equation on the complementary set),
Definition [I.I] requires a precise behavior at the collisions instants: that is, both
the collision direction % and the collision energy 3|d(¢)[* — m are continuous
functions. As shown in [I2], this is a very natural definition of a solution for
equation (), since it corresponds to the notion of a solution provided by the well
known Levi-Civita regularization for the planar Kepler problem (see [34] for some
basic references about the theory of regularization in celestial mechanics and [24] for
an application of regularization techniques to a Kepler problem with linear drag).

Using Levi-Civita regularization together with a delicate bifurcation theory from
(fixed-energy) periodic manifolds of autonomous Hamiltonian systems [35], a uni-
versal existence result can be proved for equation [B)): precisely, with no assump-

tions (but the smoothness) on the potential U (¢, ), multiple generalized T-periodic
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solutions always exist provided that ¢ is small enough (see [12, Theorem 3.1] for a
more precise statement).

The aim of this brief paper is to extend at least the existence part of that result
to a nonperturbative setting. Precisely, we are going to prove the following theorem.

Theorem 1.2. Let U : RxR? — R be a C! function, T-periodic in the first variable
(for some T > 0); moreover, suppose that, for some C >0 and « € (0,2),

(4) |U(t,z)| < C(+|z|*), for every (t,z) € R x R,
Then, there exists at least one generalized T-periodic solution to ().

In particular, a generalized T-periodic solution to () exists, for any T-periodic
function p of class C'. Incidentally, we mention that the existence and multiplicity
of generalized T-periodic and quasi-periodic solutions to the one-dimensional forced
Kepler problem

X
= _W +p(t)v zeRY = [0,+OO),

was previously investigated in [251261[37], using the Poincaré—Birkhoff fixed point
theorem and KAM theory.

The proof of Theorem [[2 relies on a variational argument. This kind of apporach
has also been used for other equations in celestial mechanics; see, e.g., [213,5HI0LT4]
211123127, [281[32,833.[36] and the references therein. First, in Section [2] we minimize
the action functional associated with () on the weak closure of H!-loops with
nontrivial winding number around the origin: as is well known (see [22]), this
topological constraint provides the needed coercivity so that a minimum exists by
the direct method of calculus of variations. Then, in Section [B] we investigate the
behavior of the above found minimum near its possible collisions, so as to prove
that it corresponds to a generalized T-periodic solution according to Definition [[1]
The hardest part of this step is to show that the ingoing and outgoing collision
directions must coincide (that is, the existence of the first limit in condition (iii)):
we prove this via a blow-up analysis, eventually relying on a well-known action level
estimate for the direct and indirect Keplerian arc (see Lemma [B.3).

2. MINIMIZING THE ACTION FUNCTIONAL

In this section we prove the existence of a minimum, in a suitable class of func-
tions, of the action functional associated with (IJ).

To this end, for every continuous function z : [0, 7] — R?\ {0} such that z(0) =
x(T), we first denote by 7, the winding number of x around the origin, that is,
writing in polar coordinates z(t) = p(t)e?®, with p(t) > 0,

_ (1) - 6(0)
T 2T '
Denoting by HL the Sobolev space of H'-functions z : [0,T] — R? satisfying
x(0) = x(T), let us define
X.= {2z € Hp: 3ty €[0,T] such that 2(ty) =0},

X, ={ze€Hp:z(t)#0Vt€[0,T] and r, # 0},
and
X=X UAX,.
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304 ALBERTO BOSCAGGIN, WALTER DAMBROSIO, AND DUCCIO PAPINI

It is easy to see that X is sequentially weakly closed in H7.; moreover, in the set X
a Poincaré-type inequality holds true, as proved below (see also [22]).

Proposition 2.1. There exists K > 0 such that
T T

(5) / lz(t)|?dt < K / |E(t)|?dt ¥V x e X.
0 0

Proof. The result is well known if z € X,, since one can write z(t) = fti) %(s) ds
(with x(tp) = 0) and use the Cauchy—Schwartz inequality so as to easily prove ()
with K = T2,

As for X,., a little more work is needed. For any x € X, we introduce the
notation

fr— t = 1 t .
Tm trer[l(%\x()l, T tg[gg]lx()l,

let us observe that x,,, > 0, by definition of &,.. We write z = pe'?, with p = |z|, in
such a way that

i = pet + ipéew
and
2> = [l + p*10]%.

It is immediate so see that
T
(6) / ()2 dt < Ta2, < 2T (zas — wm)? + 2722
0

moreover, using the Cauchy-Schwartz inequality together with elementary esti-
mates, we can obtain

T T T ,
| wras [Cporaa, [ oopa
T 2 22 T 2
(7) > % (/O Ip(t)ldt> + (/0 9(t)|dt>

1 , 22 [T ?
> 1 wns — ) +Tm</0 |0(t)|dt>

Now, taking into account that x € X,., we infer that there exists k € Z, k # 0, such
that

\%

0(T) — 0(0) = 2k,

thus obtaining
T
/ |0(t)| dt > |0(T) — 0(0)| > 27 > 1.
0
From this relation and from (7l) we deduce that
T 1 5 1
(8) /0 ()% dt > T (xpr — )" + T z2,.

Comparing (8) with (6), we plainly conclude that (&) holds true with K = 272%. [
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Now, for every [a,b] C [0,T] let us define A,y : & — (—00, +00] by
Aoy (@) /b<1|'(t)2+ T (t))> it VoeX
ap)(T) = Sl — T TEX,
o o \2 ()]
and denote Ay = A r). From Proposition 21 and assumption (d]) we deduce that
there exist K’ > 0 such that

T i 2
Aq(z) > /O <% + %u(t)ﬁ - C|9c(t)|a> dt — OT

TrE@P 1 /
2/0 <T+ﬁ|x(t)|2> dt — (K' + O)T,

for every x € X. This inequality implies that Ap is coercive on X and, therefore,
we have the following.
Theorem 2.2. There exists x € X such that
A = min A .
r(x) = min Ar(y)

Of course, z is a classical solution of () if x € X,.

3. EXPLORING COLLISIONS

In this section we assume that the minimum z given by Theorem 2.2]lies in the set
X, and we prove that it is a generalized solution of (), according to Definition [Tl

To this end, we perform a study of the local behavior of x € X, near its collisions.
As in condition (i) of Definition [l let

E,={t€]0,T]: z(t) =0}
be the set of collision instants of z. From the condition
—00 < Ar(z) < 400

we deduce that E, has zero measure; taking into account that E, is closed, by the
continuity of x, we infer that [0,7] \ E, is the (at most countable) union of open
intervals (an,by), n > 0, and that z € C%(an, by,) satisfies

V= _% +V,U(t,x) Vte (anby) ¥Vn>0.
Defining
1 1
9) ha(t) = S|2(8)]* = Vte0,T]\ E,
2 |2(t)]
and

L) = gle(P Ve[0T,

it is immediate to see that in the open set [0,T] \ E, the so-called virial identity

(10)  L()=

F VLUt z(t), 2(t)) + 2k (t) V£ €[0,T]\ B,

holds true.
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3.1. The energy function and the number of collisions. The local study of
the energy function h,, defined in (@) near collisions moves from the relation

T Ty 1 - B T i
/0 |hr(t)|dt§/0 <§|x(t) +W)thT(x) /OU(t, (1)) dt.

which implies that h, € L'(0,T). In the next result (following a computation in
[16] dealing with the autonomous case), we show that the minimality of = implies
that h, can be extended to a continuous function in all [0, 7.

Proposition 3.1. Let x € X, be a minimizer of Ap in X. Then the energy hy
defined in @) belongs to W1(0,T) and, therefore, can be extended to a continuous
function in [0, T].

Proof. We already noted that h, € L*(0,T); hence, we just need to prove that h,
has a distributional derivative which is an L!-function.

To this end, let us fix an arbitrary ¢ € C°((0,7)) and, for A € R, define
G [0,T] = R by
(11) Va(t) =t+ Ap(t) Vitel0,T].
Since ¢ has compact support in (0,7), we deduce that ¥»(0) = 0 and ¥»(T) =T
and the condition

Ua(t) = 1+ Ap(t) Y te(o,T],
implies that there exists A\, > 0 such that ¢y is strictly increasing in [0,77], for
every A € [—A,, Ap]. As a consequence, for every A € [=A,, A,] we can define

zA(t) = x(Ya(t)) = z(t + Ap(t)) Vte[0,T];

from the previous discussion we also get z\ € X, for every A € [y, A,]. Hence,
from the minimality of = we deduce that

AT(:L‘) < AT(,T)\), Ve [_)‘LW)VPL
thus implying that the function

T (e 1

I(A)=Arp(zy) = + +U(t,za(t)) | dt ¥V A€ [=Ap, Ayl
0 2 ENG]

has a minimum in A = 0.

Our goal now is to show that I(\) is a C! function in a neighborhood of A = 0
and, thus, {/(0) = 0. By means of the change of variable s = ¢, (t), we plainly
obtain
(12)

0= [ (FOE Gt o+ o + 0 ) )
= —— s — s), (s —_—
0 2 A |z(s)] A Ay (s))
for every A € [=A,, Ap]. At this point some work is needed to show that it is
possible to differentiate under the integral sign. Defining

(13)  ga(s) = a(¥y (5)) = L+ Ap(05 (s)) Vs €[0,T], X€E[-Ap A,
we obtain

oyt

g
)

(14)  Z3(s) = p(¥3 () + A%y ()

Vsel0,T], Ae[Ap A
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On the other hand, from the relation
Uy H(s) H AUy () =5 Vs e[0.T], A€M A,

we deduce that

agi (s)+w((¢;1(8)))+A¢((w;1(s)))ag—§(s):0 Vse[0,T] A€ [-Ag A,
and

out o elwi'(e)

OA L+ Aa((3 ' (9))

Hence, from (4] we obtain

82 (9) (3 (5)))
L AG((¥3 ()

Therefore, taking again into account (I3, we deduce that there exist A, < Ay,
M € (0,1), and M’ > 0 such that

Vse0,T], A€ [-Ap Ayl

%92 () = gl ())

Vsel0,T], Xe =Xy A

995
o\

Now, recalling (IIl), a simple computation shows that

U<w;1<s>,x<s>>>

(15) lga(s)| > M, ’ (s)} <M Vsel0,T], Xe [—A;,Afp].

LN IO !
(”( S O] RN By

_ P o 1 FR() 100 e PO ) L
for every s € [0, 7] and A € [-A],, A[,]. From (I3), setting

My = O, M= Ut M; = QU (t
1= max (O], My= max [U(ta(s))l, Ms= max [0U(tx(s))

we deduce that

0 ('“S)'z Uy () + ! UGN 1(3”"5(3”) ’

o\ 2 [w()loa(r () Ay (s))
M (ac(s)lz L ) . <M1M3 . M'M2>7

= M2 2 [z(s)] M? M?2

(16)

for every s € [0,T] and A € [, \}]. Observing that the right-hand side in (8]
is an integrable function in [0, 7], from (I2) and (I6) we infer that I(\) belongs to

CH([=X,,)\]) and that

w0 N

oy [T (EOE a1 SR
v = | (T o) T o

(6, 2(5) Zo(5) 1 = U5 ), a(6)) )>d8’
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for every A € [—)\:0, )\:0]. In particular, also integrating by parts,

|z(s)]
T
:/O [ha(s)2(s) + (Vo U(s, 2(s)), @(s))p(s)] ds.

ro= | K'M? e —U<s,w<s>>>@(s)—atws,x(s)w(s) s

Recalling that I’(0) = 0, since A = 0 is a minimum point for I(A\), and that ¢ is an
arbitrary test function in C2°((0, 7)), this shows that

hm(t) = <vazU(ta J)(t)), j"(t)>7

in the distributional sense. To conclude the proof, it is sufficient to observe that
U eC'and i € L*(0,T). O

From Proposition Bl we deduce that h, is bounded in [0,T]; using this fact,
arguing exactly as in [29, Lemma 3|, from (I0) we conclude that collisions are
isolated, implying that E, is a finite set. Moreover, the continuity of h, also
implies that the second limit in condition (iii) of Definition [[] exists and is finite.

3.2. Asympotic directions near isolated collisions. In this part, via a blow-
up analysis, we study the local behaviour of the ratio /|| near a collision of z; to
this end, we use the classical asymptotic estimates near collisions due to Sperling
(see [30]), together with the comparison between action levels of solutions of the
unperturbed Kepler problem.

Let tg € (0,7) be a collision of z; if ¢ty = 0 or tg = T, the argument is the same,
replacing [0, T] by [—-T/2,T/2], by periodicity.

From the previous discussion we know that #j is isolated; as a consequence, there
exists ¢ > 0 such that

2(t)#£0 Vtel:=][tg—1tty+1], t#to.
From the classical paper by Sperling [30] it is known that there exist :C(:)t € R?, with
|zZ| = 1, such that

9
z(t) = i/;(t—to)z/?’xé +RE(t) Ve to,to+1],

(17)
z(t) = ¢ g(t—to)Q/?’xg + R (t) Ytel[tg—1t,to),
and
i(t) = ; \ g (t—to) Y3al + RY(t) Yte (to,to+1],
(18)
() = % \ g(t —to) YPag + R™(t) Y tE[to—1to),
for some R* € C(I;R?) NCY([to —t,t0) U (to, to + £]; R?) such that
+ ok
(19) tlir% % =0 and tg% % =0.
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Now, since by Proposition B.1] 4, can be extended to a continuous function in tg,
from (I0) we deduce that I is strictly convex in a neighborhood of #y; hence, for
every sufficiently small § > 0 there exist unique 0 < t[;i < t such that

|2 (to — t5)| = |z (to + 1) = 4,
(20)
lz(t)| <6 Vtels:=(to—t5,to+t]).

We observe that estimates () already imply that

(21) li l‘(t) +

1m =
oty |(t)]

=g

Therefore, in order to conclude our proof and show that the minimum z of the
action functional on X is a generalized solution in the sense of Definition [ I we
just need to show that xj = z, . This last fact will be obtained by showing that a
collision solution with z§ # x; cannot be a minimizer of the action in X. In fact,
we will prove that if aca' # x , then it is possible to modify x in a neighborhood of
the collision time ¢y and to obtain a noncollision path with a smaller action that
still belongs to X.

The first step in this argument is to estimate from below A[tofté_’tﬁt;](:c). The
comparison term involves the action relative to colliding parabolic Keplerian orbits.
More precisely, given a?(jf € R?, with |x0i| =1, let us define

9

i/;#/%g if ¢ >0,
9

i/;ﬁ/?’xg if t < 0.

It is easy to check that Co(t;xa,xsr) is a parabolic solution of the unperturbed
Kepler equation in the intervals (—oo,0) and (0, +00), having a collision at ¢t = 0;
moreover, taking sp > 0 such that

(22) Co(ts g 2g) =

9
(23) \ 55(2): :

it holds that

‘We then define

So 1. B 2 1 .
(24) Yo = / P ’Co(t;.’lf 7$+)’ +— | dt = 4\/@,
e \ 2 0770 |C0(t;x0 ,xaL)|
which actually does not depend on xg and is the action of {y(-; 2, zd) in [—so, So]

relative to the Kepler problem without forcing term. Then, we are able to prove
the following estimate.

Lemma 3.2. Let tg be a collision time for a minimizer x of Ar in X, and let tf;t,
zy, Co, s0, and @o be as in @0)-@4). If we set o5 = t5 /6°/2, then we have that

. 4 . A[tgft; ,to+t}'](x)
lim o5 =s9 and lim = -
60+ 50+ §L/2
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Proof. We employ a blow-up argument: for every § > 0 we define

1 t ot
(25) Z§(t) = SJI ((53/2t + tO) 5 for t € {—W, W] .

From the relations in (20]), recalling also that x has a collision in tg, we deduce that
the function zs satisfies

|25(=05 )| = lzs(o5 ) =1, 25(0) =0,
(26)

l2s(t)| <1 Vte (—o5,05).

Let us also observe that from (25) we deduce

A, - +(x) 1 to+t /1042
[to—t5 to+t71\ ) 1 |(1)] 1
5172 = 51/2/t ( > + 00| +U(t,z(t) | dt

o—ts

(27)

2 |25(t)] 7

—%5 95

Now, let us study the convergence of the sequence z; when § — 07. Now, from

([I@) and ([I8) we infer that

1 t
25(t) = i/gtz/%g + 5R+(53/2t+t0) Vite [0, W] :

9 1 t
25((‘,) = i/;t2/3x0 -+ SR_(63/2t+t0) Vf (S {—W70:| s

and

. 239713-&- 1/2 H+/53/2 t
Z5(t)—§\/;t /‘IO +5/R (5/t+t0) Vte O,m N

2 ,/9 : t
G(t) =3 i/;t—l/%o +0V2R (6% %t +19) Vite {—mﬂ),

where, taking into account (I9),

lim lRi(<53/2t +to) = lim 3/3 B 0 VteR
50+ 0 s—to (S — t0)2/3 ’
lim 0Y2R* (%2t + t9) = lim 1 R =0 VteR\{0}
550+ T S 113 (s —tg) /3 '

Therefore, we obtain that zs; converges to (o(+;zy, ) in H (R) and uniformly
on compact sets. Recalling ([22), ([23), and 28] and letting § — 0 in ([27)) we obtain

the thesis. O

The previous blow-up argument shows that a suitable rescaling of a minimizer
around a collision time converges to the parabolic collision solution of Kepler’s
problem (o(+;z , :Ear), given by (22), that joins two points z, in a prescribed time
interval of length 2so. However, if 2§ # z, there exist two collision-free Keplerian
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orbits, ¢} and €2, that join the same two points in the same time interval but with
a smaller action than pg. We collect this fact in the next result together with other
useful and known properties.

Lemma 3.3 ([21, Prop. 5.7]). For any z € R?, with |zZ| = 1 and = # z;,
there are two solutions & = £'(:; 2y, xd) : [—s0,50] = R?\ {(0,0)}, i = 1,2, of the
problem

(28) R

such that

(i) they parametrize two simple curves which are not homotopic to each other
in R\ {(0,0)} with ﬁzed endpoints; more precisely, the curve obtained by
the concatenation of €'(s;xg,xd) and €3 (—s;xy, 7)) is a Jordan curve
around the origin;

(i) their actions satisfy

) S0 fq 2 1
%(w&ﬁ) ::/_ <|§ (Qt)l + é‘z(t)|> dt < o, i=1,2

(iil) up to a suitable choice of the label i € {1,2}, they depend smoothly on xa—L;
namely, if tf — 2 asn — +oo, with |xo|t = 1 and xl # xy, then
E(say,alh) = E(my, xd) in C*([—s0, so]; R?).

The above solutions &' and 2 are usually called the direct and indirect Keplerian
arcs and the proof of their existence is typically attributed to Marchal (see [I7, Sec-
tion 5.2]). Nowadays, various proofs are available, at different levels of generality
(see [15L1211129,[33,[36]). In particular, their existence with the first statement is
proved in [I], while the estimate in the second statement is considered in [2I], Propo-
sition 5.7]. The third statement follows from the theorem of continuous dependence
on initial data as soon as one realizes that the initial speed & (—so) of the solutions of
(28) depend smoothly on zF. Tt is possible to use Lambert’s Theorem (see [I, Lec-
ture 5]) to find an explicit formula that links the energy H; of &' and |zg — x|
Indeed, Lambert’s Theorem states that the quantities £ := |£(—s0)| + |€(s0)] = 2,
At == 259 = 2v/2/3, ¢ == |£(s0) — &(—s0)|, and H := |£]> — 1/|¢| are functionally
dependent for the solutions of [28) and that their functional relation is the same
for all configurations of £(£sg) as long as ¢ and ¢ are kept constant. Therefore
one easily obtains that the energy H and, hence, the modulus of the initial speed
\f (—s0)| depend continuously on zE. As for the continuity of the initial speed versor

£(—s0)/|€(=s0)| one can use the arguments and the parametrization of the orbit of
the solutions of ([28) given in [2I, Appendix 2].

We can now conclude our argument by showing that the asymptotic directions

at a collision for a minimum of the action cannot be different.

Proposition 3.4. Let ty be a collision time for a minimizer x of At in X. Then
+ —
Ty =1 -

Proof. Let ¢ = a(tg + t5)/|z(to £ t5)|. If, by contradiction, we suppose that
rd # xy , then we have q; # g5 for all § > 0 sufficiently small. Thus, we can apply
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Lemma [3.3 and use the Keplerian arcs £'(-, g5, qgr) to modify z in a neighborhood
of ty and to obtain two different paths in the following way:

(t) ift e [0,to—t5) U (to+1t5,T],

yi(t) = (t—to _ , _
5(t) 5¢ <53—/20;q5,q3r> 1ft€[t0—t5,t0+t;r},

fori=1,2.

If = has other collisions than ¢, then both y} and y? belong to X. C X. On the
other hand, if ¢y is the only collision time for z, then, thanks to statement (i) in
Lemma [3.3] for each § > 0 at least one between y} and yg belongs to X, C A.
Straightforward computations show that

i + > _
Aoty to+15) b :/“5 s a)lP 1

- — ds
51/2 s 2 1€(s:q5 5 q7)

+
0'5 .
+ 52/ U (53/23 +to,§’(s;q§7q5+)) ds.

-0y

By Lemma [3:2] and statements (ii) and (iii) of Lemma 3.3 we deduce that

A[to—tg7to+t5+](yg) A[to—tg7t0+t5+](x)

: — (= 1 -

i, G < oo < oty S 12
Therefore, we have that A7 (y) < A7(z) for i = 1,2 and every ¢ sufficiently small,
which contradicts the minimality of x. O

ACKNOWLEDGMENT

We thank the referee for a careful reading of the paper and useful suggestions.

REFERENCES

[1] Alain Albouy, Lectures on the two-body problem, Classical and celestial mechanics (Recife,
1993/1999), Princeton Univ. Press, Princeton, NJ, 2002, pp. 63-116. MR 1974780

[2] Antonio Ambrosetti and Vittorio Coti Zelati, Perturbation of Hamiltonian systems with Kep-
lerian potentials, Math. Z. 201 (1989), no. 2, 227-242, DOI 10.1007/BF01160679. MR997224

[3] Antonio Ambrosetti and Vittorio Coti Zelati, Periodic solutions of singular Lagrangian sys-
tems, Progress in Nonlinear Differential Equations and their Applications, vol. 10, Birkhduser
Boston, Inc., Boston, MA, 1993. MR 1267225

[4] Pablo Amster, Julidn Haddad, Rafael Ortega, and Antonio J. Urefia, Periodic motions in
forced problems of Kepler type, NoDEA Nonlinear Differential Equations Appl. 18 (2011),
no. 6, 649-657, DOI 10.1007/s00030-011-0111-8. MR2861258

[5] Abbas Bahri and Paul H. Rabinowitz, A minimaz method for a class of Hamiltonian sys-
tems with singular potentials, J. Funct. Anal. 82 (1989), no. 2, 412-428, DOI 10.1016/0022-
1236(89)90078-5. MR987301

[6] Vivina Barutello, Davide L. Ferrario, and Susanna Terracini, Symmetry groups of the planar
three-body problem and action-minimizing trajectories, Arch. Ration. Mech. Anal. 190 (2008),
no. 2, 189-226, DOI 10.1007/s00205-008-0131-7. MR2448317

[7] Vivina Barutello, Susanna Terracini, and Gianmaria Verzini, Entire parabolic trajectories
as minimal phase transitions, Calc. Var. Partial Differential Equations 49 (2014), no. 1-2,
391-429, DOI 10.1007/s00526-012-0587-z. MR3148122

[8] Alberto Boscaggin, Arthur Bottois, and Walter Dambrosio, The spatial N-centre problem:
scattering at positive energies, Calc. Var. Partial Differential Equations 57 (2018), no. 5, Art.
118, 23, DOI 10.1007/s00526-018-1390-2. MR3830276

[9] Alberto Boscaggin, Walter Dambrosio, and Duccio Papini, Parabolic solutions for the planar
N-centre problem: multiplicity and scattering, Ann. Mat. Pura Appl. (4) 197 (2018), no. 3,
869-882, DOI 10.1007/s10231-017-0707-7. MR3802697

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=1974780
https://www.ams.org/mathscinet-getitem?mr=997224
https://www.ams.org/mathscinet-getitem?mr=1267225
https://www.ams.org/mathscinet-getitem?mr=2861258
https://www.ams.org/mathscinet-getitem?mr=987301
https://www.ams.org/mathscinet-getitem?mr=2448317
https://www.ams.org/mathscinet-getitem?mr=3148122
https://www.ams.org/mathscinet-getitem?mr=3830276
https://www.ams.org/mathscinet-getitem?mr=3802697

PERIODIC SOLUTIONS TO FORCED KEPLER PROBLEM IN THE PLANE 313

[10] Alberto Boscaggin, Walter Dambrosio, and Susanna Terracini, Scattering parabolic solutions
for the spatial N-centre problem, Arch. Ration. Mech. Anal. 223 (2017), no. 3, 1269-1306,
DOI 10.1007/s00205-016-1057-0. MR3594356

[11] Alberto Boscaggin and Rafael Ortega, Periodic solutions of a perturbed Kepler problem in
the plane: from existence to stability, J. Differential Equations 261 (2016), no. 4, 2528-2551,
DOI 10.1016/j.jde.2016.05.004. MR3505199.

[12] Alberto Boscaggin, Rafael Ortega, and Lei Zhao, Periodic solutions and regularization of
a Kepler problem with time-dependent perturbation, Trans. Amer. Math. Soc. 372 (2019),
no. 1, 677-703, DOI 10.1090/tran/7589. MR3968784

[13] Hildeberto Cabral and Claudio Vidal, Periodic solutions of symmetric perturbations
of the Kepler problem, J. Differential Equations 163 (2000), no. 1, 76-88, DOI
10.1006/jdeq.1999.3733. MR1755069

[14] Roberto Castelli, Topologically distinct collision-free periodic solutions for the N -center prob-
lem, Arch. Ration. Mech. Anal. 223 (2017), no. 2, 941-975, DOI 10.1007/s00205-016-1049-0.
MR3590669

[15] Kuo-Chang Chen, A minimizing property of hyperbolic Keplerian orbits, J. Fixed Point The-
ory Appl. 19 (2017), no. 1, 281-287, DOI 10.1007/s11784-016-0353-5. MR3625072

[16] A. Chenciner, Action minimizing solutions of the Newtonian n-body problem: from homology
to symmetry, Proceedings of the International Congress of Mathematicians, Vol. IIT (Beijing,
2002), Higher Ed. Press, Beijing, 2002, pp. 279-294. MR1957539

[17] Alain Chenciner, Symmetries and “simple” solutions of the classical n-body problem, XIVth
International Congress on Mathematical Physics, World Sci. Publ., Hackensack, NJ, 2005,
pp- 4-20. MR2227817

[18] Alessandro Fonda and Anna Chiara Gallo, Radial periodic perturbations of the Kepler prob-
lem, Celestial Mech. Dynam. Astronom. 129 (2017), no. 3, 257-268, DOI 10.1007/s10569-
017-9769-5. MR3709344

[19] Alessandro Fonda and Anna Chiara Gallo, Periodic perturbations with rotational symmetry
of planar systems driven by a central force, J. Differential Equations 264 (2018), no. 12,
7055-7068, DOI 10.1016/j.jde.2018.02.009. MR3779630

[20] Alessandro Fonda, Rodica Toader, and Pedro J. Torres, Periodic motions in a gravitational
central field with a rotating external force, Celestial Mech. Dynam. Astronom. 113 (2012),
no. 3, 335-342, DOI 10.1007/s10569-012-9428-9. MR2959086

[21] G. Fusco, G. F. Gronchi, and P. Negrini, Platonic polyhedra, topological constraints and
periodic solutions of the classical N-body problem, Invent. Math. 185 (2011), no. 2, 283-332,
DOI 10.1007/s00222-010-0306-3. MR2819162

[22] William B. Gordon, A minimizing property of Keplerian orbits, Amer. J. Math. 99 (1977),
no. 5, 961-971, DOI 10.2307/2373993. MR0502484

(23] E. Maderna and A. Venturelli, Globally minimizing parabolic motions in the Newtonian N -
body problem, Arch. Ration. Mech. Anal. 194 (2009), no. 1, 283-313, DOI 10.1007/s00205-
008-0175-8. MR2533929

[24] Alessandro Margheri, Rafael Ortega, and Carlota Rebelo, Dynamics of Kepler problem
with linear drag, Celestial Mech. Dynam. Astronom. 120 (2014), no. 1, 19-38, DOI
10.1007/s10569-014-9553-8. MR 3250827

[25] Rafael Ortega, Linear motions in a periodically forced Kepler problem, Port. Math. 68 (2011),
no. 2, 149-176, DOI 10.4171/PM/1885. MR2849852

[26] Carlota Rebelo and Alexandre Simdes, Periodic linear motions with multiple collisions in a
forced Kepler type problem, Discrete Contin. Dyn. Syst. 38 (2018), no. 8, 3955-3975, DOI
10.3934/dcds.2018172. MR3814360

[27] Enrico Serra and Susanna Terracini, Noncollision solutions to some singular minimiza-
tion problems with Keplerian-like potentials, Nonlinear Anal. 22 (1994), no. 1, 45-62, DOI
10.1016/0362-546X(94)90004-3. MR1256169

[28] Nicola Soave and Susanna Terracini, Symbolic dynamics for the N-centre problem
at negative energies, Discrete Contin. Dyn. Syst. 32 (2012), no. 9, 3245-3301, DOI
10.3934/dcds.2012.32.3245. MR2912076

[29] Nicola Soave and Susanna Terracini, Avoiding collisions under topological constraints in
variational problems coming from celestial mechanics, J. Fixed Point Theory Appl. 14 (2013),
no. 2, 457-501, DOI 10.1007/s11784-014-0174-3. MR3248567

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=3594356
https://www.ams.org/mathscinet-getitem?mr=3505199
https://www.ams.org/mathscinet-getitem?mr=3968784
https://www.ams.org/mathscinet-getitem?mr=1755069
https://www.ams.org/mathscinet-getitem?mr=3590669
https://www.ams.org/mathscinet-getitem?mr=3625072
https://www.ams.org/mathscinet-getitem?mr=1957539
https://www.ams.org/mathscinet-getitem?mr=2227817
https://www.ams.org/mathscinet-getitem?mr=3709344
https://www.ams.org/mathscinet-getitem?mr=3779630
https://www.ams.org/mathscinet-getitem?mr=2959086
https://www.ams.org/mathscinet-getitem?mr=2819162
https://www.ams.org/mathscinet-getitem?mr=0502484
https://www.ams.org/mathscinet-getitem?mr=2533929
https://www.ams.org/mathscinet-getitem?mr=3250827
https://www.ams.org/mathscinet-getitem?mr=2849852
https://www.ams.org/mathscinet-getitem?mr=3814360
https://www.ams.org/mathscinet-getitem?mr=1256169
https://www.ams.org/mathscinet-getitem?mr=2912076
https://www.ams.org/mathscinet-getitem?mr=3248567

314 ALBERTO BOSCAGGIN, WALTER DAMBROSIO, AND DUCCIO PAPINI

[30] H. J. Sperling, The collision singularity in a perturbed two-body problem, Celestial Mech. 1
(1969/1970), 213-221, DOI 10.1007/BF01228841. MR0258331

[31] Kazunaga Tanaka, A note on generalized solutions of singular Hamiltonian systems, Proc.
Amer. Math. Soc. 122 (1994), no. 1, 275-284, DOI 10.2307/2160872. MR1204387

[32] Kazunaga Tanaka, Noncollision solutions for a second order singular Hamiltonian system
with weak force (English, with English and French summaries), Ann. Inst. H. Poincaré Anal.
Non Linéaire 10 (1993), no. 2, 215-238, DOI 10.1016/S0294-1449(16)30219-0. MR1220034

[33] Susanna Terracini and Andrea Venturelli, Symmetric trajectories for the 2N-body prob-
lem with equal masses, Arch. Ration. Mech. Anal. 184 (2007), no. 3, 465-493, DOI
10.1007/s00205-006-0030-8. MR2299759

[34] J. Waldvogel, Fundamentals of regularization in celestial mechanics and linear perturbation
theories, in B. A. Steves, M. Hendry, and A. C. Cameron (Eds.), Extra-Solar Planets: The
Detection, Formation, Evolution and Dynamics of Planetary systems, CRC Press, 2010, 169—
184.

[35] Alan Weinstein, Normal modes for nonlinear Hamiltonian systems, Invent. Math. 20 (1973),
47-57, DOI 10.1007/BF01405263. MR0328222

[36] Guowei Yu, Periodic solutions of the planar N-center problem with topological constraints,
Discrete Contin. Dyn. Syst. 36 (2016), no. 9, 5131-5162, DOI 10.3934/dcds.2016023.
MR3541520

[37] Lei Zhao, Some collision solutions of the rectilinear periodically forced Kepler problem, Adv.
Nonlinear Stud. 16 (2016), no. 1, 45-49, DOI 10.1515/ans-2015-5021. MR3456745

DIPARTIMENTO DI MATEMATICA “GIUSEPPE PEANO”, UNIVERSITA DI TORINO, VIA CARLO AL-
BERTO 10, 10123 TORINO, ITALY
Email address: alberto.boscaggin@unito.it

DIPARTIMENTO DI MATEMATICA “GIUSEPPE PEANO”, UNIVERSITA DI TORINO, VIA CARLO AL-
BERTO 10, 10123 TORINO, ITALY
Email address: walter.dambrosio@unito.it

DIPARTIMENTO DI SCIENZE MATEMATICHE, INFORMATICHE E FISICHE, UNIVERSITA DI UDINE,
VIA DELLE SCIENZE 206, 33100 UDINE, ITALY
Email address: duccio.papini@uniud.it

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=0258331
https://www.ams.org/mathscinet-getitem?mr=1204387
https://www.ams.org/mathscinet-getitem?mr=1220034
https://www.ams.org/mathscinet-getitem?mr=2299759
https://www.ams.org/mathscinet-getitem?mr=0328222
https://www.ams.org/mathscinet-getitem?mr=3541520
https://www.ams.org/mathscinet-getitem?mr=3456745

	1. Introduction and statement of the main result
	2. Minimizing the action functional
	3. Exploring collisions
	3.1. The energy function and the number of collisions
	3.2. Asympotic directions near isolated collisions

	Acknowledgment
	References

