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the two species.

Keywords: Singular-degenerate parabolic equations; periodic solutions; a prior: bounds;
topological degree theory.

Mathematics Subject Classification 2010: 35K65, 35B10, 47H11

1450025-1


http://dx.doi.org/10.1142/S0219199714500254

G. Fragnelli et al.

1. Introduction

In this paper we consider a periodic system of singular-degenerate parabolic equa-
tions with delayed nonlocal terms and Dirichlet boundary conditions of the form

Ut — diV(|Vum|p72Vum) _ <a(x,t) _ /S)Kl(f,t)uz(f,t . Tl)df
+ [ Kateon?c e —myde) wt in
Q
v — div(| V0" 172V ") = (%c, 0+ | Kale (et - (11)

—/QKAL(f’t)UQ(f,t—m)df) vt in Qr,

u(z,t) =v(z,t) =0 for (z,t) € 9Q x (0,T),

u(-,0) =wu(-,T) and v(-,0)=wv(-,T)

and we look for continuous weak solutions. Here §2 is an open bounded domain
of RY with smooth boundary 0, satisfying the property of positive geometric
density, see [39], Qr :=Q x (0,T), T >0, 7; € (0,+00), the functions K;,a, and b
belong to L>°(Qr). The exponents p and ¢ belong to the interval (1,2), m >p, n>q
and s™ = |s|™"1s. Setting Au := div(|[Vu™[P~2Vu™) and | := (m — 1)(p — 1), the
operator Au becomes mP~! div(|u|'|Vu[P~2Vu), which is the operator considered
by Ivanov in [32-34]. According to the classification proposed in these papers, we
say that the first equation in (1.1) is of

1

p—1’

1
p—1’

(1) slow diffusion type if m >
(2) normal diffusion type if m =
(3) fast diffusion type if m < p%l.

Of course, analogous definition in terms of n and ¢ can be given for the second
equation in (1.1).

The aim of this paper is to extend the results of [25, 26], concerning the existence
of nonnegative, nontrivial periodic solutions, to a system of singular-degenerate
parabolic equations. To the best of our knowledge, this is the first result for the case
when 1 < p,q < 2, m > pand n > g, also in the case of a single equation. We recall
that the cases p,q > 2, m,n > land p = ¢ = 2, m,n > 1 were treated respectively in
(25, 26], see also [21, 22] for a system of anisotropic (p(z), ¢(x))-Laplacian parabolic
equations, with p(x),q(x) > 2 in Q, and m = n = 1. In the very recent paper [61],
the authors replace the nonlocal terms of (1.1) by [, K;(&, t)u(€, t)dE, for i = 1,3,
and [, K;(&,t)v(€,t)dE, for i = 2,4. By means of local conditions, different from
those proposed in [25, 26], the authors obtain the coexistence of the two species
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via a similar topological approach when p,q > 2, m,n > 1 and, thus, only the
slow and normal diffusion occurs, i.e. m(p —1) > 1,n(q¢ — 1) > 1. More precisely,
models for the interaction between two biological species sharing the same isolated
territory, with the interactions represented by means of the kernels K;,i = 1,2, 3,4,
were considered in related systems of doubly degenerate parabolic equations in
[25, 61] and in systems of porous medium equations in [26]. On the other hand,
some previous biological models found in the literature, see, e.g., [1, 2, 52, 51],
involve the p-Laplacian with p > 1 (and m = 1). Furthermore, we observe that
the equations of the system we consider treat all the possible types of diffusion:
slow, normal and fast, while in [25, 26, 61] only the slow and normal diffusions were

presented. In fact, as it can be easily checked, if p € (1, 1+2\/g) one can have all the

three types of diffusion, while if p € [1+2—‘/3, 2) only the slow diffusion is possible
under the condition m > p.

In the case of the fast diffusion and superlinear growth in u, v of the right-hand
sides, the solutions may blow up or vanish in some finite time depending on the
initial conditions as illustrated in [11, 40, 41, 46] and the references therein for the
simple equation obtained from the first of system (1.1) by letting p = 2, a > 0
constant and all the kernels K; = 0 (observe that in the case when p = ¢ = 2 no
restrictions on m,n are required, see Remark 2.2). If Q = RY for such equation
we have that the solution blows up for any initial condition in the case when the
superlinear growth in u is less than a certain critical exponent, see [46], and the
same occurs for doubly degenerate parabolic equations, see [47]. If the growth is
linear or sublinear we do not have blow up of any solution, see [41], hence solutions
exist for all £ > 0 and in the linear case, depending on the initial condition, they may
vanish in finite time or become unbounded as ¢ — +o00 and, thus, the considered
initial conditions cannot give rise to a periodic solution.

The choice of the sublinear exponents p—1 and ¢— 1, respectively, for v and v in
(1.1) is mainly technical since it depends on the topological method employed in the
paper, which is based on a priori bounds of the solutions. Indeed, this choice enable
us to establish the required a priori bounds on the solutions of the approximating
problem (2.1) in a uniform way with respect to the perturbation parameter ¢ > 0.
We remark that, if the diffusion is slow and © C RY is a bounded and open
domain, then we can allow a superlinear growth in u,v in order to have both
global existence solutions and periodic solutions, together with their L°°-estimates,
see [61, 8, 13, 14, 45, 48, 49, 57, 62-64] and the references therein. Due to the
singularity of the p,g-Laplacian, the way of proving the a prior:i bounds deeply
differs from that employed in [25, 26]. Moreover, in order to pass from the L2- to
the L*>-estimates, in Lemma 2.2 we have readapted Moser’s technique to the case
when 1 < p, g < 2. Moreover we have to impose the technical restriction m > p and
n > ¢ in order to get the gradient estimates in Lemma 2.4.

Due to their importance in different physical and other natural sciences such
as non-Newtonian fluid mechanics, flow in porous medium, nonlinear elasticity,
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glaciology, population biology, etc., degenerate and singular parabolic equations
have been the subject of extensive research in the last 25 years, with particular
emphasis on the study of regularity for nonnegative weak solutions. We mention
here, among many others, the papers [32-34, 53] and the monographs [17, 54]. In
particular, we refer to the very recent monograph [18] for a comprehensive treat-
ment of the Harnack inequality for nonnegative solutions to p-Laplacian and porous
medium equations. Moreover, the monograph [18] provides an historical presenta-
tion of the achievements in this research field and many references to the applica-
tions concerning the topics mentioned above.

The regularity results for the singular p-Laplacian are crucial for the appli-
cation of the topological degree approach used in this paper. Similar topological
methods are also employed to a great extent for the existence of nonnegative
periodic solutions of degenerate and doubly degenerate parabolic equations, see
(61, 45, 48, 62-64, 3, 9, 20, 30, 31, 38, 42, 44, 55, 56, 59, 60, 58, 67, 68, 65]. Nonlo-
cal models to study aggregation in biological systems with degenerate diffusion are
proposed in several papers, see [12, 43] and the references therein.

Moreover, we recall that the interest in studying the existence of periodic solu-
tions for degenerate and nondegenerate parabolic equations modeling biological and
physical phenomena relies in the consideration that the periodic behavior of certain
biological and physical nonnegative quantities is the most natural and desirable one,
see, e.g., [25, 26, 21, 22, 61, 57, 3, 31, 42, 56, 67, 68, 5-7, 29, 35, 50]. We also recall
the related problems faced in [23, 24] also for higher-order operators, and in [19]
forp=2and N = 1.

The paper is organized as follows. The goal of Sec. 2 is the proof of a coexistence
result based on the explicit knowledge of suitable a priori bounds on the L2-norms
of the solutions. The search for such bounds is carried on in Sec. 3. The reason to
split the argument in this way lies in the fact that our main coexistence conditions,
namely Assumption 2, are applicable regardless of any other assumption on the
terms of the equations. On the other hand, a priori bounds for the periodic solutions
are more easily obtained when we focus on specific situations like the competitive
(i.e. K9, K3 < 0) and cooperative (i.e. Ko, K3 > 0) cases and those in which K7, Ky
are bounded away from zero or not and other restrictions on the exponents of the
left-hand sides are imposed.

More precisely, in order to deal with the singular-degenerate system (1.1), in
Sec. 2 we introduce an approximating system (2.1) of nondegenerate-singular equa-
tions depending on a small parameter € > 0. Such equations satisfy structure con-
ditions which, for any >0, allow the use of well-known regularity results, i.e.
Holder continuity, from, e.g., [33, 34]; we will use this regularity to show that the
map which associates to any couple of functions (f,g) € L>®(Qr) x L>®(Qr) the
solution of the regularized system is a compact map from L>(Qr) x L=(Qr) —
L>(Qr) x L>®(Qr), see Lemma 2.1. Then, for ¢ > 0, the problem of showing
the existence of a nonnegative solution (u.,v:) to (2.1) is equivalent to showing
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the existence of a nonnegative fixed point of such a solution map. The way we
do this in Proposition 2.2 is based on the classical tools of the Leray—Schauder
topological degree: first, we establish uniform (with respect to € > 0) a priori
bounds, in this specific case in L>®(Qr) x L*(Qr), for all possible nonnegative
solutions of (2.1). Then, by the homotopy invariance of the topological degree,
Proposition 2.2 guarantees the existence of a solution (u.,v:) of (2.1) in a large
ball B C L>®(Qr) x L>®(Qr). Moreover, by means of suitable conditions on the
first positive eigenvalue of the p-Laplacian and on some estimates on the gradient
of convenient powers of u. and v. established in Lemma 2.4, we are able to prove
that ||uel|p~ and ||ve||L~ are bounded away from zero uniformly for ¢ > 0 small
enough, see Proposition 2.3. To conclude, by using the uniform bounds of (uc,v.)
in L*(Qr) x L*(Qr) and the consequent uniform Holder continuity of (u.,v.) in
Q7, we can pass to the limit as ¢ — 0 and show in Theorem 2.1 that (u.,v.), by
passing to a subsequence if necessary, converges to a solution (u,v) of (1.1) with
u # 0 and v # 0.

In Sec. 3, we give conditions on the kernels K;,7 = 1, 2, 3,4, of the nonlocal terms
that suffice for the existence of uniform a priori bounds in L?(Q7) x L?*(Qr) for
the solutions (ue,v:) of (2.1). By Lemma 2.2 these a priori bounds imply uniform
a priori bounds of (ue,v:) in L®(Qr) x L*®(Qr) and so, from now on, we can
proceed as outlined in Sec. 2 in order to apply Theorem 2.1. In terms of the biological
interpretations, system (1.1) is a model of the interactions of two biological species,
with density u and v respectively, disliking crowding, i.e. m,n > 1, see [50, 28, 27],
and whose diffusion involves, as in [1, 2, 52, 51], the singular p-Laplacian, i.e. 1 <
p < 2. The nonlocal terms [, K;(&, t)u*(&,t — 73)d€ and [, Ki(€, t)v* (€.t — 7)d€
evaluate a weighted fraction of individuals that actually interact at time ¢ > 0.
Nonlocal terms in biological models were first introduced in [16, 15]. The delayed
densities u,v at time t — 7;, that appear in the nonlocal terms, take into account
the time needed to an individual to become adult, and, thus to interact and to
compete. The conditions on K;,i = 1,2,3,4, have the meaning of competitive
systems if K; < 0,7 = 2,3, or of cooperative systems if K; > 0,7 = 2,3; on the
other hand, we always assume that K; > 0,7 = 1,4, to take into account the intra-
species competition. The term on the right-hand side of each equation in (1.1)
denotes the actual increasing rate of the population at (x,t) € Q7. Related results
are presented in the coexistence Theorem 3.1, which considers the coercive case, i.e.
K; > k; > 0,i = 1,4, and its consequences: Corollaries 3.1 and 3.2 for the coercive-
cooperative and coercive-competitive cases, respectively. In the noncoercive case we
prove Theorem 3.2 for competitive systems when the diffusion is slow or normal
for both the equations, and Theorems 3.3 and 3.4 under a stronger assumption on
m, p,n, q, but without any conditions on the sign of Ky and K3. Observe that these
results concerning the slow and normal diffusion are relevant for the considered
biological model, in fact the slow and normal diffusion are more realistic for the
biological models as pointed out in [33, 51, 64, 50, 27]. Finally, in Sec. 4, for a
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generalization of system (1.1) which consists in having any power o > 1 of u and
v in the nonlocal terms, we obtain, only in the competitive case, the coexistence
Theorem 4.1 and the related Theorem 4.2 for the coercive case and Theorem 4.3 for
the noncoercive case. Note that such a generalization of system (1.1) is a completely
new contribution with respect to [25, 26].

2. The Approximating Problem

Throughout the paper we will make the following assumptions.
Assumption 1.

(1) The exponents p, g, m,n are such that p,q € (1,2), m > p and n > q.

(2) The delays 7; € (0, +00), i =1,2,3,4.

(3) The functions a,b and K;, i = 1,2, 3,4, belong to L>*(Qr) and are extended
to Q xR by T-periodicity. Moreover, a,b and K;, i = 1,4, are nonnegative

functions and there are constants k;, k; > 0, ¢ = 2,3, such that
—k; < Ki(z,t) <k; fori=2,3,
for a.a. (z,t) € Qr.
We now recall the definition of weak solution to (1.1).
Definition 2.1. A pair of functions (u,v) is said to be a weak solution of (1.1)

it u,v € C(@r), u™ € LP((0,T); Wy(), v™ € LI((0,T); Wy'(2)) and (u,v)
satisfies

// <—uaa—(f + [Vu™[P2Vu™V e — auP "¢

+ Up—1¢/Q[K1(§7t)u2(§7t —71) — Ko (& )0 (&, — Tzﬂdf) dxdt =0

// <—Uaa—(f + Vo™ T2V Ve — bl ¢

+ Uq_ld)/g[—Kg(f, Hu? (€t — 13) + Ka(€, )02 (€t — 74)}d£) dzdt =0,

and

for any ¢ € C'(Qr) such that ¢(x,T) = ¢(z,0) for any z € Q and ¢(x,t) = 0 for
any (z,t) € 002 x [0,T7.

Here and in the following we assume that the functions ¢ — (-, t) and ¢ — v(-, 1)
are extended from [0,7] to R by T-periodicity so that (u,v) is a solution defined
for all t € RT.
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In order to study system (1.1) we now consider the following nondegenerate-
singular approximating p, g-Laplacian system

g—qj — div((e + mP~Lum=DE=DY 7y [P=27y)

= (a(xvt) _/ K1(§7t)u2(§7t - Tl)df
Q
+ [ Rate.06.0 - mya ) Q.
Q
00 divi(e 4 nt ) T2 ) 1)

= (b(x,t) +/S)K3(§,t)u2(g,t—73)d§

Q

u(-, t)]oa = v(-,t)|oq =0 for a.a. t € (0,T),

u(-,0) =u(-,T) and wv(-,0)=wv(-,T),

where € > 0. A solution (u,v) of (1.1) will be then obtained as the limit, for ¢ — 0,
of the solutions (ug,ve) of (2.1) with us,v. > 0. For this we give the following
definition.

Definition 2.2. A couple of functions (ue,v:) is said to be a generalized (weak)
solution of (2.1) if

ue € LP(0, T; Wy () N C(Qr), ve € LU0, T; Wy () N C(Qr)

and (ue,ve) satisfies

// ( —|—6|Vu|p 2VuVe + |[Vu™ P2 Vu™ Ve — aul ¢
T

+ Up*léb/Q[Kl(&t)Uz(f,t —71) — K (& ) (&t — Tz)]d§> drdt =0

// <—U——|—6|Vv|q VoV + Vo972V Ve — vl 1 ¢
T

* “qil“b/g[f@(é’ D0 (6t — 1) — K6, (€.t — Tgndé) et =0

for any ¢ € C*(Qr) such that ¢(x,T) = ¢(x,0) for any € Q and ¢(x,t) = 0 for
any (z,t) € 002 x [0,T].
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To deal with the existence of T-periodic solutions (u.,v.) of system (2.1), with
Ue, Ve > 0 in Qp, we introduce, for any € > 0, the map G¢ : [0,1] x L>(Qr) X
L=(Qr) — X, where X := LP(0,T; Wy P (Q) N L3(Q)) x LU0, T; Wy () N L2()),
as follows:

(0, f,9) = (ue,ve) = Ge(o, f, g)

if and only if (ue,v:) solves the following uncoupled problem:

é;_ttb — Ediv(|Vu|P*2Vu) — le(|V(O-uﬂ’L)|p*2v(o,um)) _ f in QT,

v

_ H q72 _ . n Q72 n _ .

o — € div([Vol""? Vo) — div([V(00")[**V(ov")) =g in Qr, )

u(-,t)|oa = v(-,t)|eq =0 for a.a.t € (0,T),

u(-,0) =u(-,T) and wv(-,0)=wv(-,T).

For any fixed o € [0,1] the operator A : X = LP(0,T; W, "(Q) N L3(Q)) — &/,
u +— ediv(|VulP~2Vu) + div(|V(ou™)[P~2V(ou™)), is hemicontinuous, strictly
monotone (and hence pseudomonotone), coercive and bounded. Thus, by [66, The-
orem 32.D], the map G. is well defined. Now, consider

f(e ) = (a— /Q Ki(&,7) a®(,- = m)d€ + /Q K (&) B(6, —T2)d§) o=t
and
9, f) = (b+ /Q K(&:-) a?(§, - — 7)€ — /Q Ka(&) (&, —u)df) A

where a and § belong to L>®(Qr). Clearly, if the nonnegative functions u.,v. €
L>=(Qr) are such that (ue,ve) = Ge(1, f(ue, ve), g(ue, ve)), then (ue,ve) is also a
solution of (2.1) (with u. and v. > 0) in Q7. Hence, the existence of a nonnegative
solution of (2.1) is equivalent to the existence of a fixed point (a, 3) of the map
(a,8) = Ge(1, f(a, B),9(cv, B)) with a and § > 0.

Let T. (o, o, B) := G (o, f(av, ), g(a, §)). By [33, Theorem 1.1; 34, Theorem 1.3]
we have the Holder estimate in the interior of Q1 of the solutions to (2.2). Moreover,
the property of positive geometric density of 912, the fact that the Dirichlet data
is Holder continuous and the periodicity condition ensure that one can obtain the
Holder estimate up to the parabolic boundary of Qr, see the comments to [33,
Theorem 1.1; 34, Theorem 7.1].

We will need the following result, which was proved in [26, Lemma 2.1] for the
p,q =2, m,n > 1, but whose proof is the same, so we omit it.

Lemma 2.1. Let (o, 3) € L®(Qr) x L™®(Qr) and let € > 0. Then T, : [0,1] x
LOO(QT) X LOO(QT) - LOO(QT) X LOO(QT)?(U7O‘7H) = T&(Uaaaﬂ) = (UE,UE) is
compact. Moreover u.,v. € C(Qr).

1450025-8



Periodic solutions for singular-degenerate parabolic equations

Our aim is to prove the existence of T-periodic solutions u.,v. € C(Qy) of
problem (2.1) with u., v > 0 in Qp, for all £ > 0 small enough, as positive fixed
points of the map («, 3) — T:(1,a, 3). As a first step we prove the following result.

Proposition 2.1. If the nontrivial pair (ue,v:) solves

(u,0) = Ge(o, f(uh,vT) + (1 = 0),g(u”,v") + (1 - 0)) (2.3)
for some o € [0,1], then

Ue(z,t) >0 and ve(xz,t) >0 for any (z,t) € Qr.

Moreover, if u. # 0 or ve # 0, then ue > 0 or ve > 0 in Qr, respectively.

Proof. Assume that (uc,v.) solves (2.3) with u. # 0 for some o € [0,1]. We first
prove that u. > 0. Multiplying the first equation of (2.2), where f(«, 3) is replaced
by f(ul,vt)+ (1 — o), by uZ := min{0, u.}, integrating over Q7 and passing to

g 7e

the limit in the Steklov averages (u:), € H(Qr—s), 6,h > 0, in a standard way
[39, p. 85], we obtain

é‘// | Ve P2V Vu_ —|—// |V (ou™)|P~2V (ou™)Vu_
T T
:// (1—o)u, <0,
T

by the T-periodicity of u. and taking into account that uX uZ = 0. Hence we obtain

5// [Vu_ [P < 5// |Vu|P~2VuVu_ + // IV (ou™) P2V (ou™)Vu_ < 0.
T QT T
Thus

// [Vu_ [P =0

1
0§/|u;|pdx§—/ |[Vu, |Pdx for all ¢,
Q Hp Ja

The Poincaré inequality gives

where 11, is the first positive eigenvalue of the problem
—div(|V2|P72Vz) = p|z[P72%z, z€Q,
z =0, x € 09,

(see, for example, [37]). Integrating over (0,7T), we have

o<// s |p<—//T|Vu€| )

which, together with the boundary conditions and the fact that u- € C(Qr),
implies u_ (x,t) = 0 for all (z,t) € Qp.

1450025-9
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Now we prove that ue > 0 in Q7. Since u. is nontrivial, there exists (zg, tg) €
2 x (0,T] such that u.(zg,to) > 0. Hence uc(z,t) > 0 for all (z,t) € Qr (see [10,
p. 3; 36]). In the same way, one can prove that v, # 0 implies v.(z,t) > 0 for all
({L‘, t) € Qr. O

The next lemma is crucial to prove Proposition 2.2 below.

Lemma 2.2. Let K > 0 and assume that u is a nonnegative T -periodic continuous
function such that x — u(x,t) € Wy P(Q) for all t € [0,T] and which satisfies

uy — ediv(|VulP~?Vu) — div(|Vu™ P2 Vu™) < KuP™!  in Q7.
Then there exists R > 0 such that

lullLe < R for alle > 0.

Proof. We follow Moser’s technique to show the stated a priori bounds. Multi-
plying
up — e div(|VulP~2Vu) — div(|[Vu™ P2 Vu™) < KuP ™

by u**!, with s > 0, integrating over Q and passing to the limit as ~ — 0 in the
Steklov averages uy, € HY(Qr_s), §,h > 0, we have

1 d S — m - m S
$+2EHu(t)\ LtEQ(Q) +/Q(5|Vu\p 2Vu + |[Vu™ P2 Vu™) Ve T da
< Ku(?)] SLtfP(Q) < Clallu(®)| 21132(9)

and thus

d
GOl + 5+ s+ 2 [ w002 7ups

< (s+ 2)C|m HU( Izt

s+2(Q)?
where C|q| 1= sup,>, K|Q|'~52. Since m, p > 1, it follows
s+2 s+2 / v m(p— ;)-%—s-%—l )
H ()HL8+2(Q [m( 1)_|_$_|_1 | U | x

1)Fs+1

d 542 p—1 p mp—Dtstl P
a0l + G+ 2 () [

IN

< G5 gy + (s + (s 2t [ W00 s
< Cloy(s + 2) w17 q)- (2.4)
For ¢ fixed and k= 1,2,..., setting
k
prp p(sk +2) M=+t
= 2pF -1, = =
S = 2p +p 1+m Qay, mp—1) ton+ 1’ Wi U P ,
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we obtain by (2.4)

d (sk +2) P
%H’LU ( )HLO%(Q) [ (p_ 1) + s, + 1]p||vwk(t)HLp(Q)
sptp
< Cloy(sk + 2)[Jwe(t )HLQE’Zéz (2.5)

Now, let us fix s > p such that the continuous Sobolev immersion W, * () C L*(2)
holds and observe that since s, — +o00, as k — +o00, there exists kg such that
ap € (1,s) for all k& > k. By the interpolation and the Sobolev inequalities, it
results

Ll < Cllen(®)1%: o | Vo150,

lwn ()l Lo () < Nwk (1T g llwn ()
(@)

for all k>ko. Here 0,=(s — ay)/[ax(s — 1)] and C is a positive constant.
A —1

Using the fact that Hwk(t)HLl(Q) = ||wr_1(t )HL% L(©) and defining zj, := sup,cp
|wk(t)|| Lok (02, one has

pog—1
(Ol Ty < Cllwna () 1;9% RG]

Pk119k

< Cuz, IVwe (1700
for all k > ko. Thus, by (2.5),

d .
O35 o

oy Setr (sk + 2)Jwk(t )H}ﬂikﬂ POk -1 7, =
< C\Q|(3k+2)||wk(t)||LaklEs;)2 T Clmlp—1) + i +(1}p k—1 s

sptp
oy ok
o] — C[wk(( )_Lla)kkfsk : 1 Ty A= (sk +2)Hwk(t)“iiﬁ
(2.6)
for all k > ko. By Lemma 2.3 and (2.6), one has
Jwr ()| Low @) < (C\kaﬂcm vty )T (2.7)
for all k > ko, where 1, : p(swé)l Z’;)((si’fpz))(l_ek) and My, := Clm(p—1)+ s+ 1]P.

By definition of xj and (2.7), we get
. < (Clo) Mi)™ 2y,
for all k > ko, with vy := pag_10k(si + 2)/[p(sk + 2) — ar(sk + p)(1 — 0x)].
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If z, < 1 along a sequence k,, — +00, then one has ||u||p~ < 1 by the very
definition of z; and the lemma is proved. On the other hand, assume x; > 1 for all
k > ko and observe that there exists ko such that, for all & > ko,

me < 1/(pf) and vy < g

Here 6 := (s — p)/[p(s — 1)]. Without loss of generality, assume ko = max{kq, ko}.
Then, there exists a positive constant A such that
z < (CloC)™ [m(p — 1) + sp + 1P >

2 k+1
< (CjC)™ (mp+ pp_ 1

PNk no <A % -
L1 >Ap 7 Tp_ 4
for all k£ > kqg. Thus

logp + ap—1log g1

k+1
logxy < log A+ +

k—ko—1 ¢ k k+1—1

<1+ > Hoz,” log A4 | k+1+ Z I o 1ogp
=1 =

i=ko+2 j=1

k—ko
+ H ag—j | log xy,. (2.8)
Jj=1
Since
1—m(p—1) |1 —m(p—1)|
ap =1+ 1+ )
y mp—1)+sp+1 2pk

Jj=1 j=1
- |1 —m(p—1)|
< Zlog(l—i— Sy
j=1
L=mp— 1D~ 4
— 2pk Zp]
j=1
|1—m(p—1)|
2(p—-1) '
which means that
i o 1 —m(p—1)
ap_i < Mp* with M = exp
[ o 2(p—1)

j=1
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Therefore, from (2.8) we obtain

log Pt 1o A
; F < log A Z gp Z iphti=t 4 phRoog Ty
=0 i=ko+2
logp p*—*o 1 —phho
< 9 m[ko(p—l)-f-?p—l]-i-log/lﬁ +pk kolog.%'ko

In fact, taking x = % in

it results

K P (k41 - L (ktl
Z P T ) —1)2 | pht2 TN AT Chot2 R0
o =12 p p p P

i=ko+2

Then, by (2.9), it follows

1-pk—ko  pF~
SV < A T e D2 1]
oS ko
m(p—1)+sp+1
Since zy = sup;eg [u(t)|ls, 12 " , we obtain
[u®)llLe@) < Hm [lu(®)]s,+2
k—oo
p 1_pk—ko _ pFTROFL o pk—kod1 (kg (p—1)+2p—1)
< li’rcnsup{A'"@*lH%“ 1—p x]:;(p 1’+5k+1p Sp=DZ(mp=Dts+1) }
— 00
=R VteR,

where R is a positive constant. Hence sup;cp [|u(t)[| (o) < R. It remains to prove
that R is independent of € as claimed. To this aim it is sufficient to prove that there
exists C' > 0, independent of ¢, such that zx, < C. In fact, by (2.5) with sg := sy,
it follows

m(p—1)+sg+1

H()Hso+z Lot oV v Pde

so+p
L80+2(Q [m(p — ]_) + 80 + 1]1) S ClQ‘(SO + 2)““( )HL30+2

(2.10)
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Moreover, we have

so+p
_ m(p—D+sq+l , s0t+2 s0+2
m(p—1)+s0+1 < |:/ (u P )pSO+P dx
Q

[[u(®)]

Leo+2(Q)
by Holder’s inequality with r = %ﬁ;m
assume that kg is chosen large enough such that the continuous Sobolev immersion

WyP(Q) C LP5eh () holds and, hence, we deduce that
[[u(®)]

for a positive constant Cy. Thus, using (2.10), one has

d So+2
—||u(t)||3oF2 t
el ooty + Colmp —1) + 0 & 1],,IIU( )l

. Now, without loss of generality, we can

m(p—1)+so+1 m(p—1)+sg+1
Lo0+2(Q) < G| Vu g

HLP(Q)

m(p—1)+so+1
L#0+2(Q)

< GO gy + o T [T
< Clay(s0 + D)) [ 2242 -
Hence
%Ha(t)\\zzﬁzm) < ()35 2 g (Cla (0 + 2) = MJu(@) |5 28,
where M := Wm. This inequality and Lemma 2.3 below imply that

[lu(t)]
Thus, there exists C' > 0, independent of &, such that
m(p—1)+sg+1

P
L#0+2(Q)

peota() < {C2Claylm(p — 1) + 50 + 1P} @0e0 Yt €R.

ko = supl|u(t)] <C,
teR

and this concludes the proof. O

Lemma 2.3. Let f:R — (0,+00) be a differentiable and T -periodic function; sup-
pose that there exist positive constants s, «, 3,y such that

F'@®) < 0B —vf),
forallt € R. Then B —~f*(t) >0 for all t € R.

Proof. By the periodicity and continuity of f, let ¢y be any point in which f
attains its maximum. Then we have:
a @ f/(tO)
B=af*t) =B —~f*to) =
f*(to)
Next, we show that the map I — G, : {1} x L= (Qr) x L>®(Qr) — L>*(Qr) x
L°(Qr) has the Leray—Schauder topological degree different from zero in the inter-
section of a sufficiently large ball centered at the origin with the cone of nonnegative
functions.
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From now on we make the following assumption.
Assumption 2. There exist two positive constants C, C5 such that
(1) for all € > 0 and all solution pairs (ue,v.) of
(u,0) = Go(L, fut,v%), glut, o)), (2.11)
it results

luellZ> < C1and Juell7z < Co, (2.12)

.1 koCo 1 k3Cy
mln{f//Taeg— T ,T//QTbeg—T}>O,

where kq, ks are as in Assumption 1(3), and, for any r > 1, e, stands for the
positive eigenvector associated to the first eigenvalue p, of —A, with Dirichlet
boundary conditions and normalized in such a way that |[e,||;r) = 1.

(2) we have:

Remark 2.1. The last assumptions, and in particular statement (2), will grant
the periodic coexistence, that is the existence of a T-periodic solution couple (u,v)
with u, v both nonnegative and nontrivial (see Theorem 2.1). Generally speaking,
the explicit knowledge of the a priori bounds C1, Cs is required to check the validity
of Assumption 2(2). This is the task we will devote ourselves to in the next section.
A notable exception is the case in which Ks, K3 are not negative (namely, the
cooperative case), since one can choose k, = ks = 0 and, thus, Assumption 2(2) is
readily satisfied regardless of the values of C7, Cs, if neither of the coeflicients a, b
is trivial.

The next result shows how we can pass from an L?-estimate to an L™ -estimate.
Proposition 2.2. There is a constant R > 0 such that
[uell oo, [lve]lLoe < R

for all solution pairs (uz,ve) of (2.11) with € > 0 sufficiently small. In particular,
one has that

deg((“?”) - Gs(l,f(u+,v+),g(u+,v+)),BR,O) =1

Proof. Assume u. # 0, thus u. > 0 and v. > 0 in Qp by Proposition 2.1. Multi-
plying by wu. the first equation of (2.1), integrating over Q and using the Steklov
averages (ug)n € HY(Qr—_s), 0, h > 0, see [39, p. 85], we obtain

1d

2ai | (whde+e /Q |V (ue)n Pz + mP~! /Q (ue)y" |V ()P
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< (am+ / Kz(ﬁ,t)(vs)i(f,t—m)d&) [ woras

< |o'~% (aLoo +/QK2(§,t)(va)i(§,t—Tz)d£> </Q(u€)idx)%

Thus
L4 [(u)idr + & o [V (ue)n|Pda +mP " [o(ue)" V|V (ue)p Pda
(fQ(UE)%de)E
<ot (nanm Rl [ <ve>i<s,t—72>d£). (2.13)

Since t — |lu(t)]|L2(q) is continuous in [0, T, there exist ¢; and ¢ in [0, 7] such that
2 . 2
t1)dx = t)d
st = g, f ot o

and

/uf(m,tg)dx: max /u?(x,t)dm.
Q Q

te[0,7)
Without loss of generality, by periodicity, we can assume that ¢; < t5. Then, inte-
grating (2.13) between ¢; and to and passing to the limit as h — 0, we find

to *% d
/ </ u?dx) — (/ ugdx) dt
t \Jo dt \Jo

T
<201 [ (lallm 4 1Kl [ o260 myac) a
0 Q
Thus

—-p 2-p

(/ uﬁ(x,tQ)dx> _ (/ ug(ac,tl)dx) < C(T|a|| o + | K|l 1Cs),
Q Q

where C := (2 — p)|Q|'~%. Hence

</ ug(x,tg)dx> < </ uﬁ(x,tﬂdw) + C(T|a||pe= + | K2||L=C5),
Q Q

or, equivalently,
2
max uZ(x,t)dx
te[0,T) /Q e(@:?)

2

<{(min / ui(x,wdx) +C(TGL°O+K2||L°°C2)} .
Q

te[0,T]

This implies that there exists a constant v > 0, independent of ¢, such that

2
t)dr < ~.
trerft%}%]/sz%(x’ Jdw <7

1450025-16



Periodic solutions for singular-degenerate parabolic equations

Otherwise, for all v > 0 there would exist € > 0 such that the corresponding solution
u. satisfies
2
< max ut(x,t)dx
v < max [ )

2
2—p

= 2o

<3 (min [ ) 4Ol + Kl Co)
te[0,T] Jo

Using the fact that ﬁ >1 and integrating the previous inequality on [0,7] for

sufficiently large -, one would have

2T < / / & 4+ OT(Ta]| g~ + | Kol 1= Ca),
T

that is u. is unbounded in L?(Qr), in contradiction with Assumption 2(1). Of
course, an analogous inequality holds for v..
Now, we have

Oou,
ot

— ediv(|Vue[P72Vue) — div(|Vu P2 Vu,)

< oo + || Ka| L 2(w,t)dx ) ub™?
(el + el s [ 20 w2

< (lall e + [ K2l Leey)ul ™, (2.14)
i.e.
Ou,
ot
where K := ||la||p~ + || K2| 7. By Lemma 2.2 we conclude that |u.||p~ < Ry
for some Ry > 0 independent of €. Analogously, ||ve||r~ < Rs for some constant
Ry > 0. Therefore it is enough to choose R > max{Ry, Ra}.
The previous calculations also show that any solution pair of

(U,'U) = Gs(l,pf(qu,v+)7pg(u+7v+))

with p € [0, 1] satisfies the same inequality (2.14). Therefore, the homotopy invari-
ance property of the Leray—Schauder degree implies that

deg((u,v) — Te(1,ut,v"), Bg,0)
= deg((uvv) - G5(17pf(u+7v+),pg(u+,v+))7 BRvO)

for any p € [0, 1]. If we take p = 0, using the fact that G. at p = 0 is the zero map,
we obtain

— ediv(|Vu[P72Vu.) — div(Vu™|Vu™[P~2) < KuP™'  in Qr,

deg((u,v) — Te(1,ut,v"), Bg,0) = deg((u, v), Br,0) = 1. |

In order to prove that the solutions (ue, v:) of (2.1) we are going to find are not
bifurcating from the trivial solution (0,0), the next estimate will be crucial.
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Lemma 2.4. Let s > 0 be such that

3<min{(p—1)(m—p) (q—l)(n—Q)}.

)

p q
Then, there exist two positive constants My and My such that

’ (p=D)(m=1)—s (g=H(n—-1)—s

Vus. 7° < M; and ’VUE et

S M27

Lp La

for all solution pairs (ue,ve) of (2.11) and € > 0 sufficiently small.

Proof. Let v := £=Dm=p)=ps -  Muyltiplying the equation

p—1
Ou,

S — ediv(|VaeP V) - div(Vul P2 Vur)

— (ate.t) - [ Kats.on(er—myae + [ Kale (et - rpas )

by u], integrating over )7 and passing to the limit in the Steklovy averages, by
the T-periodicity of u. we obtain

//T (Ve P72Vu v“'“L//TIVU P2V UVl
= //Tauzﬂ) 1 /0 (/Quwrp Y, t) dx) (/ Ki(&t)u (fat—ﬁ)d§> dt
+/0T </Q u3+p1(x,t)dx> (/Q Ko(&, )02 (€t — 72)d5> dt.

Now, since
// | Ve [P 2VuVu = 7// ul [ VuelP >0,
T Qr
then

_ p (p—1)(m—1)—s
p—1 p—1 -1 ||P
(Gt =) 19 Iz
:mefl // ugpfl)(m71)+'y—1|vu5|p
Sa// IVuslp*QVuEVuZJr// |Vul P2 Vul*Vu?
T Qr
T
< llal|z // uzﬂm_/ (/ u;’+p1(x,t)dx>
T 0 Q
(/ Kl f t —Tl)df)dt
+/ (/ ul TP (2, 1) dx) (/ Ky (&, t)v (§,t—7'g)d£)dt. (2.15)
0 Q
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Moreover, by the Holder inequality with 8 := p% >1 and the

Poincaré inequality, one has

1
(p=1)(m-1)=s \ 7
+p—1 1 P —
// ul TP < |Qr| ¥ (// ue "
T T

(p— 1)(
Iz,

L /1 (p=DOm-1-s
< Q7| (—) [Vue 777 ||2,. (2.16)
Hop

|QT|"'

Here (3’ is such that % + % = 1. Thus (2.15) and (2.16) imply

B p—1 (p=1)(m )=
e (Gept=) 17 e

N (p=1)(m—1)—s
Swhw@ﬂ”<_)lww -
Hp

_/OT (/Q uz+p1(x,t)dx> (/Q Ky (&, t)u(&,t —n)dg) dt
+/0T (/Q uz+p—1(x,t)da:> (/Q Kg(f,t)v?(g,t_TQ)df) . (2.17)

By assumptions, there are constants k; > 0, i = 2,3, such that Ki(z,t) < k; for
a. (z,t) € Qr. Thus, by (2.16), (2.17) and Proposition 2.2, we have

-1 p_l u(p 1);7:1 1)—
() 19 I

1 1 (p—1)(m—1) 5 N
Samw%ﬁumplmﬁwmﬁww
Hp

(p=D)(m=1)—s

<(aLm+%mm%@ﬂ%<;)|w% T
P

In particular,

(p—1)(m-1)—s

||V’LL5 Pt < Mla

[

where

(llallze + k2|Q|R2)|QT|B’ ( )%[(p —1)(m—1)—s]P PO-1)

M= i~ D 1= D(m —p) —p3]
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Analogously, one can prove that

(g—1)(n—1)—s

(Vo 7 ||, < My,
where
S
Ul + Rl QIR)IQr| ()3 (g = D(n = 1) =57 "
Here § and ¢’ are such that § := q% and % + % — 1. 0

Remark 2.2. Observe that in the case when p = ¢ = 2 a priori bounds for
IVul*|| L2, Vo2 2 have been obtained in [25] for sufficiently small € > 0 under
the conditions that m,n > 1, i.e. in the case of slow diffusion. Under the same con-
dition m,n > 1 a priori bounds for ||Vul*||r», ||[Vv?| L« have been obtained in [26]
when p, ¢ > 2, which again corresponds to the case of slow diffusion. Therefore the
assumptions m > p and n > ¢ are required in Lemma 2.4 only for the singular case
p,q € (1,2), which, as already noticed, allows the fast diffusion if p,q € (1, 1"’2—‘/3)
Finally, observe that, if p,¢ > 1, we have the fast diffusion when m < 1/(p—1) and
n < 1/(¢—1): to the best of our knowledge, this case is not treated in the existing
literature devoted to this problem.

The following result guarantees that the foreseen solutions (ue,v:) of (2.1) are
not bifurcating from the trivial solution (0, 0) as € ranges in (0, &g), where €q is such
that

. 1 EC2 1 ECI
0(C1, C2) :HHH{T//Tan—gOup—QT,T/QTbeZ—gouq——f‘T }>O,

(2.18)

where fip, tiq, €p, €q, ko and k4 are as in Assumption 2.
To this aim let

1 1
r.mlc@“%%ﬂﬁgc&W$ﬂﬂﬁs
0= y 5

D, D,

D2 D2

(foT begd — 50T“Q> : (foT beg — 50Tﬂq> :

where

1
m(p — 1)M p 1
( ) ! S) |QT‘F,

Dy = ||K K =L |V o
im IRl + WRalles + ol um Vel (o2

_ ~ DMy \"'
Dy = ||K K a=1) - (g ;
2 || 3HLl + || 4||L1 +quq HL ”veq”L <(q_ 1)(71—1) _ s |QT‘

and M;, Ms, s are as in Lemma 2.4. By (2.18), ro is obviously positive.
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Periodic solutions for singular-degenerate parabolic equations

Proposition 2.3. For all solution pairs (ue,v:) of (2.11) and all € € (0,e0), it
results

max{||uc| e, [ve]| Lo} = ro.

Moreover deg((u,v) — Te(1,u™,vT), B, 0) =0 for all r € (0,7q).

Proof. By contradiction, assume that for some r € (0,79) there exists a pair
(ue,ve) # (0,0) such that (ue,ve) = Ge(1, f(uf,vl), glut,vl)) with [|uc|pe < r
and ||ve]| L~ < 7. Assume that u. # 0 and take ¢ € C°(2). Since by Proposition 2.1
we have u:. > 0 in Qp, we can multiply the equation

Oug
ot

— ediv(|Vue P72 Vu.) — div(|Vul P2 Vu™)

= (a— / Ki(&, tyu(¢,t —m)dE + / Kz@,t)v?(f,t—n)df) u?~!
Q Q

by p ——, integrate over Qp and pass to the limit in the Steklov averages in order

to obtaln

_6//T o 1 div(|Vue [P Vue) — //T UZ): div(|Vul'[P~*Vul")
B // T #a- / Or ¢ () </Q Ky (& (&t — Tl)df)dxdt
+/QT o () (/Q Kz(é,t)vg(g,t—Tg)d§>dxdt, (2.19)

by the T-periodicity of u.. By the generalized Picone’s identity due to Allegretto—
Huan, see [4], one has

=/l
:a//T |Vu5|p_2Vu5V< e ) < a//T |Vol|P. (2.20)

Indeed, we have that

D p—1 P
Vi 90 (S5 ) <aivel (L1vanl) - -0 (L17ul)

P p—l
- (uiwuso +p (%IVM) <|V¢>I - §|VU6|)

< |Vol?,

= div(|Vue [P V)

since the function R 3 & + [¢|P is convex for p > 1.
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Moreover,

e

= div(Vu! | Vu[P72)

v (s

p—1 D __ AP p—1
el | A e
T Ue

:pmpfl/ (bp’lugp*l)(m*z)|Vu5|p72Vu€V¢
Qr
—mP(p—1) / PPulm D=1 gy, |P
Qr

< pllé? e | V|| P / / Vup luDm=2 (991
Qr

By (2.19)(2.21), it follows

/QT¢pa_/QT¢p(x) (/QK1(§7t)u§(f»t—71)d§)dxdt
+/QT (@) </S)K2(§’t)”§(f,t—Tz)df)dxdt

<ol Nem Vol [ up e [ p.
QT T

Taking ¢(z) = ¢;(x) — ep(x) in CF(2) as j — +oo and since € < £, one has

Il .0 /I L) ( RIS T1)d§) dudt
+ ], e ([t 026, - e

s e e | A e e By T
T T

Taking into account that [|e,||zrq) = 1, the previous inequality implies
// eba —egTpy
s
< [[ miout-ndit- [[ Kl et - rdca
Qr Qr

+ pller | e | Vep | g™ / /Q Vuelr lu-D0m=2 (299
T
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p—lugpfl)(m* )

Now we estimate the term foT V.| %) Since ||luc|| L~ < r, using

the Holder inequality, one has

// |Vu€|p—1u§p—1)(m—2) <rs // |vu€|p—1u§p—1)(m—2)—s
T T
p—1 (p— 1)(m1 H—s _—
\% r -
< — 1 — 3) //T [Vue |

(p=1)(m—-1)—

( >_s) R S /R CEY

Observe that (p — - 1) — s> 0, since, by assumption, s < (p —1)(m —p)/p <
(p—1(m—1). By Lemma 2.4, (2.22) and (2.23), it follows

[ ea ety < (il
T

- - 1M, Pt 1
K 2 p—1 v/ - m(p s
IRl + ol o Vel (R @l

< (IK1llze + Kzl + C) max{r?,r*},

— m M 1
where C := plleb ™| o || Vey | o (b )P |Qr |7

Thus, if max{r?,r*} = r2, then

1
ePa — eou, T 2
ro < <| foT k o ) <r,

Kol + [ Kz +C

which is a contradiction; analogously if max{r? r®} = r°. The same argument
applies if v, # 0. Fix any r € (0,79). The result above shows that

(U,U) 7é GE(Uaf(u+’U+) + (1 - U)7g(u+’v+) + (1 - U))a

for all (u,v) € 9B, and all o € [0, 1]. From the homotopy invariance of the Leray—
Schauder degree, we have

deg((u,v) — T.(1,u™,v"), B,,0)
= deg((u,v) — G (0, f(u™,v") +1,g(u™,v") + 1), B,.,0).
The right-hand side is zero since the equation
(u,v) = G (0, f(uT,vT) + 1, g(ut,vT) +1)

admits neither trivial nor trivial solution in B,., since r < rg. O

The next result is our general coexistence result for (1.1).

Theorem 2.1. Problem (1.1) has a T-periodic nonnegative solution (u,v) with
both nontrivial u,v.
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Proof. By Propositions 2.2 and 2.3 and the excision property of the topological
degree, there are R > r > 0, independent of e, such that

deg((uz,ve) — Ge(1, f(ul,vf), g(ul,v7)), BR\By,0) = 1,

for any £ € (0, &p).
Let us fix any € € (0,&¢). There is o9 = o¢(e) € (0,1) such that still

deg((uavva) - GE(va(u:ﬂ);r) + (1 - 0)79(’“:7”:) + (1 - U))7BR\§T70) =1

for all o € [0g,1], by the continuity of Leray-Schauder degree. This implies that
the set of solution triples (o, uc,v.) € [0,1] x (Bg\B,) such that

(e, ve) = Gey(o, f(ul,vl) + (1= 0),g9(ul vF) + (1 -0)) (2.24)
contains a continuum S, with the property that
S:N[{o} x (Br\B,)] #0 for all o € |09, 1].

Now, all the pairs (ue, ve) such that (1,ue,v:) € S; are T-periodic solutions of (2.1)
with (us,ve) # (0,0) and, hence, satisfy (2.12). Since the L?-norm is continuous
with respect to the L*-norm and S; is a continuum, for every v > 0 there is
o, € |00, 1) such that

luclz: < Cr+v and lve||zs < Co+v

for all (u.,v.) with (o,us,ve) € S and o € [0, 1]. Observe that, if (o, u.,v:) € S-
for o < 1, then u. and v, are positive solutions of (2.24). Moreover, if v is sufficiently
small, then we still have (C1 +v,C2 +v) > 0.

Now, setting

—1
_ m(p — 1)M; P 1
Ky = [||K1Ll+p||eg o eyl . ,

(p—1)(m—1) -

(g1 —-1) -

we can prove that, if v is sufficiently small, then

1
B n(qg—1)Ms 4 1
K, = [||K4Ll+q||ez 1||Loo||Veq||Loo( ) lQrl ],

e o > min d (LOCL 0 Cat )\ E (TOC1 41, Catv)*
e|| Loy | Lo = Kp , Kp 7
<T9(C1 —|-Z/,C2—|-z/))% <T9(Cl —|—y,C2_|_y))§}
) =\
K, K,

for all w.,v. such that (o,uc,v.) € S; and o € [0,,1). Indeed, let (u.,v:) be
a solution of (2.24). Arguing by contradiction, assume that [Juc||L~ < A, and
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proceeding as in the proof of Proposition 2.3 (recall that u. > 0 since (u., ve) solves
(2.24) with o < 1) we obtain the inequality

// eba — oppT < max{A\2, \J} K, + ky(Co + v).
T
Thus, if max{\2, A5} = A2, using the definition of 6, one has
T0(C1 +v,Cy+v) < // eba —eoppT — ko(Co +v) < MK,
T

that is

<T0(Cl o, Cy+ u))é o
KP

which is a contradiction with the definition of A, ; analogously if max{\2, A5} = \3.
The same argument shows that ||v.||p~ > ..

Now, if we let 0 — 1 and v — 0, we obtain that (2.1) has at least a solution
(ue, ve) such that ||ue||Loe, [|Ve||Lee > Ao, since S; is a continuum and A\, — Ao as
v — 0.

Finally, we show that a solution (u,v) of (1.1) with both nontrivial u,v > 0 is
obtained as a limit of (ue,v:) as e — 0, since \g is independent of e.

Since ., v. are Holder continuous in Q, bounded in C(Q) uniformly in e > 0
and the structure conditions of [33, 34] are satisfied for the equations of system
(2.1), whenever € € (0,&0), [33, Theorem 1.1; 34, Theorem 1.3] apply to conclude
that the inequality

8
[ue (21, t1) = ue(x2,t2))| < T(|a1 = 22]” + [t — ta] 7)

holds for any (x1,t1), (72,t2) € Qp, where the constants I' > 0 and 3 € (0,1)
are independent of ||uc||ze. The same inequality holds for v.. Therefore, by the
Ascoli-Arzela theorem, a subsequence of (u.,v.) converges uniformly in Qr to a
pair (u,v) satisfying

Ao < Jlullzes, vl < R.

Moreover, from (2.14) we have that u. satisfies the inequality

Ou,
ot
where K is a positive constant independent of e. Multiplying (2.25) by «[*, inte-
grating over Qp and passing to the limit in the Steklov averages (u.)p, one has

// [Vul']P < 6m// um_1|Vu5|p—|—// [Vul'|P
T Qr Qr

= 5// |Vu6|p_2Vu5Vu2”+/ VumVu | Vu™ P2
T Qr

— ediv(|Vue[P72Vu.) — div(|[Vu P2 Vu) < Kul™ in Qr, (2.25)
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cff,
T
M

(2.26)

by the T-periodicity of wu., its nonnegativity and its boundedness in L>*(Q7).
Here M is positive and independent of €. An analogous estimate holds for wv..
Thus the Sequences u™, v" are uniformly bounded in L?(0,T;Wy?(€)) and in

L9(0, T; Wy (Q)), respectlvely Thus, up to subsequence if necessary, (u,v") con-

5 )’ e
verges weakly in LP(0, T} W0 P(Q)) x L0, T; Wo’q(Q)) and strongly in C(Q7) x
C(@Qr) to (™, v™). In particular (u™,v™) € LP(0,T; Wy P(Q)) x L4(0, T; Wy (Q)).
We finally claim that the pair (u, v) satisfies the identities

0= // {—u%—f + | VU™ P2V u™ - Vo — auP 1

4P 1o / (K (6, (€, — 1) — Koo(E, )02 (6,1 — m)]d&}dagdt

0—// {—v + Vo972 Vo™ - Vo — bvi ™o

+ Yﬂ*lqs/ﬂ[—Kg(g, Hu?(€,t — 13) + Ky(&, )02 (€t — 74)]d§}dxdt,

an

for any ¢ € C*(Qr) such that ¢(z,T) = ¢(z,0) for any x € Q and ¢(z,t) = 0
for any (z,t) € 002 x [0,T], that is (u,v) is a generalized solution of (1.1). The
approach for doing this is standard, in the sequel we write it in detail for the
reader’s convenience. First of all, observe that

hma// |Vu|P?Vu. Ve = 0 (2.27)
s
for all test functions ¢. In fact, multiplying the equation

85;5 — ediv(|Vue P2 Vue) — div(|Vu P2 Vu™)

_ (a@,t) - /Q K (6, Ou2(E, ¢ — 71)dS + /Q Ko(€, )02 (6.~ w&) ur!

by u., integrating over Qr, using the T-periodicity of u. and its nonnegativity and
passing, as h — 0, to the limit in the Steklov averages (uc)n, we obtain

| eVucllt, = / / Vel
Qr
< é‘// |Vus|’”—|—mp_1 // ugm—1>(P—1>|st|P
T T
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< 6// [Vu,|? —|—// |Vu P2V u" Vu,
T Qr
<C

where C := (||a||p~ + ||K2||L<>OB2)|QT|1 SC% (recall that, by assumption, being
p <2, ||lue|lrr < |Qr|? l_5||u5HL2 <|Qr|* __\/Cl) Thus, by the Holder inequality,

=

|Vu5|p_2Vu€V¢’ g// 7 |Vue [P~ 1ev |V

< || ¥/eVuel|2rer |Vl
< YZNC|V||Lr — 0

as ¢ — 0, for all test functions ¢.
In what follows we will prove that

lir%// |vu;"|1’—2vu;"-v¢:// |Vu™P~2Vu™ - Vo, (2.28)
e QT T

for all test functions ¢. To this aim, observe that |[VuT[P~2Vu™ is bounded in
(L7 (Q7))N. In fact,

// ||Vu;"|p72Vu;"|ﬁ = // [Vul'|P < M,
QT Qr

as proved in (2.26). Thus there exists H € (L#(QT))N such that |Vum[P=2Vu™
weakly converges to H in (L#(QT))N as € — 0. Now, using (2.27), it is easy to
prove that

0—// { u—+H Vé —auP Lo

4Pl / (K (6, (€, — 1) — Kon(E, )0 (6.t — m)]d&}dagdt (2.29)
Q

for any ¢ € C*(Q) such that ¢(z,T) = ¢(z,0) for any x € Q and ¢(z,t) = 0 for
any (x,t) € 0 x [0, T] (and, by density, for any T-periodic ¢ € L?(0, T} Wol’p(Q)) N
C(Qr)). For this it remains to prove that for every ¢ € C1(Qr)

//T |Vu™[P2Vu™ - V¢ = /QT H-V. (2.30)

Consider the vector function H(Y') := |Y|P~2Y. Then
HY)=YP I+ (-2 YoV

is a positive definite matrix and, taken w € L?(0, T; W, *(Q)), there exists a vector
Y such that

0 < (H'(Y)(Vul* — Vw),Vul* — Vw) = (H(Vu*) — H(Vw), Vul* — Vw).
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The previous inequality implies

/ (IVul P2Vl — [Vl V) -Vl - w) > 0,
QT

for all w € LP(0, T; Wy P(R)), that is

// |[Vul*P — // |Vu™ [P=2Vu™ - Vw — // |Vw|P2Vw - V(u™ —w) >0

for all w € LP(0,T; Wy P()). As in (2.26), one has

f, e <o ], e, e
<// [a—/QKmf,t)uE(f,t—n)ds

+/ Ko (& )2 (&t — Tz)dé} uP T dadt.
Q

Thus, from the previous two inequalities, we obtain

// |vu;n|P*2vugl-Vw+// Vw2V - V(" — w)
</ o= [ ile 0ute.o - mae

+/ K2(§7 t)”g(f»t - 7—2)d§:| U§+m71d$dt.
Q
Letting ¢ — 0 and using (2.26), we have

// T[H -Vw + |[Vw|P2Vw - V(u™ — w))

<//T [a—/ﬂKl(g,t)uQ(g,t—ﬁ)dg

+ / Kg(f,t)vz(f,t—m)df] Pt drdt. (2.31)
Q

Observe that, being p > 1, Vu™ is also bounded in L'(Qr).
On the other hand, by density we can take u” = ¢ in (2.29) and obtain

/QTH.vum://T [a_/QKl(f’t)uz(f,t—n)dg

+/ K2(§7 t)vz (57 t— 7—2)d§:| up+m71dxdt.
Q
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This equality, together with (2.31), implies
0< // (H — |[Vw|P~2Vw) - V(u™ — w). (2.32)
T
Taking w := u™ — \¢, with A > 0 and ¢ € C1(Q7), we get
o< [[ (- 19wr <20V - 20) - Ve
T
Letting A — 0 yields
0< // (H — |Vu™[P~2Vu™) - Vo.
T

If in (2.32) we take w := u™ + ¢, with A > 0, ¢ € C1(Qr) and letting again A — 0,
then

// (H — |Vu™P2Vu™) - V¢ < 0.
T
Thus (2.30) holds and (2.28) is proved. O

Obviously, the previous result holds also for a single equation. In particular, we
have the following corollary.

Corollary 2.1. Consider the problem

up — div(|[Vu™[P=2Vu™) = <a(x,t) —/QK(é,t)uQ(g,t - T)df) uP~l in Qr,
u(x, t) =0 for (x,t) € 02 x (0,T),
u(" O) - U(',T),

(2.33)

and assume that

(1) the exponents p,m are such that p € (1,2) and m > p,

(2) the delay T € (0, 400),

(3) the functions a and K belong to L>=(Qr), are extended to 2 x R by T -periodicity
and are nonnegative for a.a. (z,t) € Qp,

(4) there exists a positive constant C such that for all e > 0 and all the nonnegative
solutions ues of

u=G:(1, f(u")),
it results
luellz- < C.
Then problem (2.33) has a T-periodic nonnegative and nontrivial solution.

Here G.(1, f(u™)) is defined as before.
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3. A Priori Bounds in L?(Qr)

In this section we apply Theorem 2.1 by looking for explicit a priori bounds in
L?(Qr) for the solutions of the approximating problem (2.1) in different situations.
More precisely, under different assumptions on the kernels K;,7 = 1,2, 3,4, which
model the interactions between the quantities u,v, we determine the constants
Cy,Cs of (2.12) in an explicit form. For this we consider two main different cases.
In the first one, which we call the “coercive case”, we assume that K;(z,t) >
k; > 0 aa. in @ for ¢ = 1,4. In the second one, the “noncoercive case”, we
allow the nonnegative functions K7, K4 to vanish on sets with positive measure. We
distinguish also between cooperative and competitive situations by imposing sign
conditions on K3, K3 having in mind the biological interpretation of model (1.1).

3.1. The coercive case
Theorem 3.1. Assume that
(1) Assumption 1 is satisfied,
(2) there are constants k; > 0,i = 1,4, such that
Ki(x,t) >k, fori=14,
for a.a. (x,t) € Qr, and k,k, > koks, where ko, k3 are as in Assumption 1,
(3) Assumption 2(2) is satisfied with
Tyl + Folblz)
kiky — kaks
o T(ksllallz~ + &y 1bllz>)
= —L .
E1E4 - k2k3

Ch =

)

(3.1)

Then problem (1.1) has a nonnegative T -periodic solution (u,v) with nontrivial u,v.

Proof. We just need to show that ||u.[|?. < C; and [jve]|2, < C5 for any solu-
tion (ue,ve) of (2.11). Then, assume u. # 0, thus ue > 0 and v. > 0 in Qr by
Proposition 2.1. Multiplying the inequality
Ou,
ot

— ediv(|Vue[P2Vue) — div(| Vel [P~2Vu™)

=< [llalle —/QKl(&t)ug(f,t—Tl)d§+/QK2(§»t)vf(§»t—Tz)df] ub™!

by u., integrating over £ and using the Steklov averages (u.), € H(Qr_s),9,
h > 0, we obtain

%% fQ(’U’E)%L +e fQ |V (ue)n|” +mP~! fQ(ua)imil)(pil) |V (ue)nl?
fQ(us)i

< (||a||Loo - [ e - e+ [ Kz(f,t)(vs)i(f,t—fz)d§>-
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Integrating the previous inequality over [0,T], and passing to the limit as h — 0,
by the T-periodicity of u., we have that
0 < (Tlallpe — kyllucllZz + kallve]IZ2)- (32)
The same procedure, when it is applied to the second equation of (2.1), leads to
0 < (TYIbll Lo — EgllvelZe + ks luc]Z). (3.3)

Hence, if u. #Z 0 and if v. # 0, by the positiveness of the right-hand sides of (3.2)
and (3.3), we have

koks ) T ko
1- == — vo + 2 ||b]| oo
( &@) Juellz2 < i, lall +E4HbHL ;

koks ) T k3
11— == — o+ —llal| e
( A k4> [[vellz> < i, 16| 2 +&1 lallze |,

for any € € (0,g¢) and the desired bounds follow since koks < k,k,. Obviously, if
v. = 0, then

T
luell7z < =llallz= < C1,
Ry
or if u. = 0, then

[vell72 < k—4HbHL°~° < Cs. 0

As an immediate consequence of the previous result we obtain the follow-
ing corollaries for the coercive-cooperative (see Remark 2.1) and the coercive-
competitive cases, respectively.

Corollary 3.1. Assume that

(1) Assumption 1 is satisfied with nontrivial coefficients a,b,
(2) 0 < Ki(x,t) fori=2,3, for a.a. (z,t) € Qr,
(3) there are constants k; > 0,1 = 1,4, such that

Ki(x,t) > k; fori=1,4,
for a.a. (x,t) € Qr, and kik, > koks, where ko, k3 are as in Assumption 1.
Then problem (1.1) has a nonnegative T -periodic solution (u,v).
Corollary 3.2. Assume that

(1) Assumption 1 is satisfied,
(2) Ki(z,t) <0 fori=2,3, for a.a. (x,t) € Qr,
(3) there are constants k; > 0,1 = 1,4, such that

Ki(z,t) >k, fori=14,
for a.a. (x,t) € Qr,
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(4) Assumption 2(2) is satisfied with

C) = EleaHLoo and Cs = szbHLoo.

Then problem (1.1) has a nonnegative T -periodic solution (u,v).

We observe that the condition koks < k,k, of Theorem 3.1 is crucial to establish
the a priori L?-bounds on the solution pairs (ue, v.) of (2.1). Roughly speaking this
condition guarantees that the terms in the equations that contribute to the growth
of the respective species do not prevail globally on those limiting the growth.

On the other hand, when the strict positivity of the functions K; and Ky is
relaxed, obtaining the needed a priori bounds becomes more difficult (at least with
our approach). In fact, we are able to obtain simple a priori bounds in the noncoer-
cive case when the system is competitive, provided that min{n(¢—1), m(p—1)} > 1,
i.e. when each equation of (1.1) is of slow or normal diffusion type. Otherwise, we
have to impose one more technical restriction, i.e. min{m%, ngjr—}} > 1 to obtain
a result like Theorem 3.1 with no sign condition on the functions Ko and Ks.

Obviously, Theorem 3.1 holds also for a single equation. In particular, we have

the following corollary.

Corollary 3.3. Consider the problem (2.33) and assume that

(1) the exponents p,m are such that p € (1,2) and m > p,

(2) the delay T € (0, +00),

(3) the functions a and K belong to L>°(Qr), are extended to ) x R by T-periodicity
and are nonnegative for a.a. (x,t) € Qr and there exists a constant k > 0 such
that

K(z,t) > k

for a.a. (x,t) € Qr,
(4) hypothesis (4) of Corollary 2.1 is satisfied with

¢ = lall~.

Then problem (2.33) has a T-periodic nonnegative and nontrivial solution.

3.2. The noncoercive case: The competitive system

Theorem 3.2. Assume that

(1) Assumption 1 is satisfied,
(2) ko = k3 =0, that is

Ki(z,t) <0 fori=2,3,
for a.a. (x,t) € Qr,
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(3) m,n,p and q are such that m > —— and n > % i.e. both the equations of
system (1.1) have slow or normal dzjj‘uswn
(4) Assumption 2(2) is satisfied with

2
) = |C2T|m <|Q|1< m(p —1>+1)”am)<w><ml>

—1,p
T D mpP=p
Hp

2
Cy = |Qr|F5t=D <|Q|1"( (q—1)+1)q||b||Loo>‘“’(”1’
2 — .

—1,q
TOGTD ni—1lq
Hq

Then problem (1.1) has a T-periodic nonnegative solution (u,v) with nontrivial

U, V.

Proof. As a first step we find the bound for the nonnegative solutions u.. Mul-

tiplying the first equation of (2.11) by w., integrating over Q1 and passing to the
limit, as h — 0, in the Steklov averages (u.)p, we obtain

m5 p mp=t1 )
( (p-1) +1> //TW“E |
< 5// |[Vu.|P + // |Vu™ P2 Vu" Vu,

< Nl o lluellZy
_r
< QU2 [lall oo luellF 2, (3.4)

by the T-periodicity of u. and the nonpositivity of the function K,

. Using the
Hélder inequality with r ;= m@Z1D+L

, and the Poincaré inequality, one has:

2
m(p—1)—1 m(p—1)+1
// Ug < |QT|m(p—l)+l <// u?(?1)+1)
Qr Qr

m(p—1)+1 2p
— |QrlFE T fue TP

m(p—1)—1 m(p— 1)+ ﬁ
< |QT| m(p—1)+1 —HVUE HLP .

Thus by (3.4) we get

2 m(p—1)—1 m(p— 1)+ ﬁ
[uellz2 < [Qr|™=DF \r/_ [

2
IQTIW B (IQII"( m(p —1)+1)’“IIaIIL<>o>m“’“+1 H EIIW

m(p— 1)+1 mp_lpp
P
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This implies

||U5H%2 <

2
Q|5 (ml o~ 1)+ Plal ) 7

G=D (=T mpP~Lpp
P
In an analogous way we obtain that

2

2, < |QT|m 1'% (n(g — 1) + 1)9||b|| g\ @ DD

||v5HL2 — 5 1.4 ,
PG na—1lq

if v, is a solution of the second equation of (2.11). O

The previous result still holds for a single equation.

Corollary 3.4. Consider problem (2.33) and assume that

(1) the exponents p,m are such that p € (1,2) and m > ﬁ7

(2) the delay T € (0, +00),

(3) the functions a and K belong to L>°(Qr), are extended to ) x R by T-periodicity
and are nonnegative for a.a. (z,t) € Qr,

(4) hypothesis (4) of Corollary 2.1 is satisfied with

c— IQTMM<Q|1 5 (m(p —1>+1)”||a||m>m

mp_lpp

(p—1)(m—1)

Hp

Then problem (2.33) has a T-periodic nonnegative and nontrivial solution.

1 q—l
3.3. The noncoercive case: min {mp_H, —q+1} >1

_& , Zﬁ} > 1, we are able to find explicit bounds (although
complicated) without any assumption on the sign of the functions Ks, K3, as shown

in the next result.

In the case that min{m2

Theorem 3.3. Assume

-1
p+1’ q+1} > 1, _
(2) Ki(z,t) > 0,i = 1,4 and K;(z,t) < kit = 2,3 for a.a. (x,t) € Qr and for
some positive constants k;, i = 2,3,
(3) Assumption 2(2) is satisfied with

(1) min{mZ&=

)

~ (- Dp-1)m-1) s [ R
O — \/T{ (q a +ﬂ‘q D(n—1)(p—1(m—1)—4
! (G—Dn—1)p-m-1)—47 """

_ (g=Dn—1)(p—1)(m—1) ,,:"}/
“ ﬁ{(q—n(n—l)(p—l)(m—l) o thT ’

(3.5)
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where

—1)(m—1)+2
ap 1= G 7 VD (2 ) v

p—1)(m—1)42 —D(n—1)42

p—D(m-1)+2 @=Dn-1+2
+Cp (p—1)(m—1) (2]{: C (a—1)(n—-1) )W(QT”b”?LM)(q—l)(n—l)?p—l)(m—l)’

(g=1)(n—-1)+2

ag = Cy ™ T @T||p]J3 ) GO0

(g=1)(n—-1)+2 (p=1)(m—1)+2

+Cq (g—=1)(n—1) (Qk C (p=1)(m—1) )W(QTHGH%OO)(q_l)(n_l)?p_l)(m_l)7

(p=1)(m—-1)+2 (g=1)(n—-1)+2

s — 2 -2 4
By = Cp PV (Qk Cy VY DD (2k;) @ DO DD |

(g=1)(n—-1)+2 (p=1)(m—1)+2

2 2 4
By = Cy Y (Qk Cp P Y@ Do ((2k,) DD (= D0m 1) |

Here

4

(P=D(m=1) \ p-—D(m-1)+2

)= [(p—1)(m—1)+2P|Q] 2 T .
pPmP=1(3 — p)uyp

and

4
(@=1(n=1) \ G=D(n=—DF2
C, = (la= Do - D+ 21O - TERERE )
qmI (3 — q)uq

Then problem (1.1) has a nonnegative T -periodic solution (u,v) with nontrivial u,v.

Proof. Let (u.,v:) be a solution of (2.11). We have, by the Poincaré inequality
and the Holder inequality with 7 = £=1(m=1)+2

()

(p=1)(m—-1)+2
2

IN

(p=1)(m—1) _ _
0 /ugp 1D)(m—1)+2
Q

1| e=bem-1 =D(m-1)+2
_|Q|1)1271/ |Vu5 P |P
Hop Q

IN

Integrating over [0, 7], we have:

T _ _
1 1) (m— (p=D)(m-1)+2
[ (L) R |\ R CE
0 Q Hp T

Now, we estimate the right-hand side of (3.8). Multiplying the first equation of
(2.11) by u2~P, integrating over Q7 and passing to the limit in the Steklov averages

(p—1)(m—1)+2
2

IN
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(ue)pn, we obtain by the T-periodicity of ue

e [(p— 1)(15— 1) +2]p//T P

< [ ' ol + B [ (et =] ([ o2)
< VOT (aLm+E2/Qv§(§,t—72)d§)2dtr VOT UJ@T
Thus

(p—1)(m—1)42
/ Vue PP
Qr

< M, [/OT (am +E2/Qv§<£,t—n>d§)2dtr [/OT (/Quzﬂ |

(3.9)

where M, := mp_11(37p)[(p_l)(rg_l)w]p. By the Holder inequality with s :=
(P*l)(Tfl)Jr? (

observe that s > 1 by the assumption on m and p) and by (3.8),
(3.9), it follows

T 2 (p=1)(m—1)—2 T
0 Q 0 O
T . 2
< C{[ / (nanm +h [ vi(f,t—m)ds) dt]
0 Q
T 27\ G=D=TE
() |
0 Q

where C), is the constant defined in (3.6). Therefore, setting U = fOT (fqud)?, V =

fOT( fQ v2)?%, and using the assumption m > p +1 , the last inequality implies

(p—1)(m—1)42 T _ 2 (Pfl)(mfl)
U <=0 / (am +k2/ v?)
0 Q

(p—1)(m—1)+2

< G 2T allf + 2K, V]TID

4
(=1 (m-—1)+2\ (-1)(m—-1)+2
2

p—1)(m—1)+2

( —
< G T (2T ][} ) TG o (2K V) T .

In an analogous way, we can show that

(a=D(n—-1)+2

V < Cg I (2T ||b][3 ) T 4 (2B,U) e,
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where Cy is the constant introduced in (3.7). Hence, it results

(p—1)(m—1)+2

U < Cp "0 (2T |la][}) TG 4 (2K5V) T |

p—1)(m—1)+2

< ¢, TV (o7 a3..) Tt

p=D(m-D+2 5 (a=D(n-1D+2

+C, PV (2k C, )WQT”Z)”?L“))<q—1><n—1>?p—1><m—1>

(p=1)(m=1)+2 (a=D(n=1)+2

fReamb i ALtk 2 92 4
+C, PP (2k Cy V0 Y ) o Dmn=1 (2k3U) @G- DG-De=D0m=1)

The last inequality has the form:

U<a+ ﬁU<q—1><r»—1>%p—1><m—1> , (3.10)

with  «,3>0. Since mm{mpﬁ, %}>1 the function f(U):=a +

4
BU @DH=Dr-Dn=1) is strictly concave, and then

U< f(U) < f(Uo) + f'(Uo)(U = Uy), (3.11)

(a=D(n=1)(p—1)(m

where Uy := Fla-Dn-Dp-1im= B . Using the fact that f(Up) = a+ Uy and (3.11),
one has

e R Al
g—n-1){p-1)(m-1)—

A final application of Holder’s inequality shows that |[u.||2, < T'/2U%2 = (4. The
argument for v. proceeds in a similar way. O

As a consequence of Theorem 3.3 one has the next corollaries for the cooperative
and competitive cases, respectively.

Corollary 3.5. Assume that

(1) mm{mp+1, q+1} > 1,
(2) Ki(z,t) >0 fori= 1,4, for a.a. (x,t) € Qr, and there are positive constants
ko, ks such that

0 < Ki(z,t) <k; fori=23,

for a.a. (x,t) € Qr,
(3) Assumption 2(2) is satisfied with C1 and Cy as in (3.5).

Then problem (1.1) has a nonnegative T -periodic solution (u,v) with nontrivial u, v.

Corollary 3.6. Assume that

(1) mm{mp_&, %} > 1,
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(2) Ki(z,t) >0 fori= 1,4, for a.a. (x,t) € Qr, and there are nonnegative con-
stants ko, ks such that

—k; < Ki(z,t) <0 fori=2,3,

for a.a. (x,t) € Qr,
(3) Assumption 2(2) is satisfied with

(p=1)(m—1)+2

Cy = (TC, "= (2T ||a][f.) T=00m=7 ) &

—D(n—1)4+2

Cy = (TC @D (9T b e )2) T B,
where C), and Cy are as in (3.6) and in (3.7).
Then problem (1.1) has a nonnegative T -periodic solution (u,v).

The proof of Theorem 3.3 suggests the following result when
min{mZ= +1’ }— 1.

Theorem 3.4. Suppose that assumptions (2) and (3) of Theorem 3.3 hold true. If,
in addition,

and

(p=1)(m—1)+2 (g=1)(n—-1)+2

Cp (p—1)(m—1) (2k C (g—1)(n—1) )(p_l)%m_l) (2E§)(q_l)(n_l)?p_l)(m_l) < 1’ (3.12)

then problem (1.1) has a nonnegative T -periodic solution (u,v).

Proof. First note that, if, for instance, n? =1, then (¢ —1)(n — 1) = 2, so that
the expression in (3.12) can be simplified. Now the proof proceeds as the one of

Theorem 3.3 up to inequality (3.10), which now reads
U <a+ pgU,

where [ is the left-hand side of (3.12). Since 5 < 1, we obtain the desired upper
bound on U. 0

Remark 3.1. Observe that the technique used to prove Theorem 2.1 (or Corol-
lary 2.1), and the a priori estimates in L?(Q7) can be adapted to prove analogous
results if we consider system (1.1) with p,q > 2, that is if we consider a double
degeneracy (or a single degenerate equation) as in [25], but with a p-linear term in
the right-hand side.
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4. A Generalization in the Competitive Case

The techniques used in the previous sections allow us to prove the existence of a
T-periodic nonnegative solution (u, v) with nontrivial u, v for the following system:

w, — div([Vum P2 V) = ( - [ Kttt - mye
Q
Q

vy — div(|[Vor[972V") = <b+/QK3(£,t)u°‘(f,t — 73)d§ (4.1)

_/QK4(§7t)va (§7t - T4)d£> vq71 in QT?
u(z,t) =v(x,t) =0 for (x,t) € 90 x (0,7T),

u(-,0) =u(-,7) and wv(-,0)=wv(,T),

where @ > 1, K;(t,2) < 0 (i = 2,3), and m,n,p,q, 7:(i = 1,2,3,4), a,b and K;
(i =1,4), are as in Assumption 1.

4.1. The coexistence theorem

As before, one can prove that Lemma 2.1 and Proposition 2.1 still hold for the
associated nondegenerate singular p-Laplacian problem

ug — div(e|Vul|P~2Vu + |[Vu™|[P~2Vu™)
= - K 9 o y U™ d
(a JRACOIIEENT:
+ / KQ(f,t)Ua(f,t — TQ)d§> uP~1 in QT,
Q
vy — div(e|Vo|?972Vo + |[Von[972Vo")
- <b+ [ Eate et - e
Q
- /52K4(§7t)va(§7t - T4)d£> vq71 in QT7

u(-,t)|oa = v(-,t)]an =0 for a.a. t € (0,7),

u(-,0) =u(-,T) and wv(-,0)=wv(-,T),

where € > 0 is small enough. Moreover the next result holds.

Proposition 4.1. There is a constant R > 0 such that

el Loe, Vel < R
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for all solution pairs (ue,ve) of
(u,0) = Ge(L, f(u™,0"), g(u™, 7)),
and all € > 0. In particular, one has that
deg((u,v) — Ge(1, f(u™,v"),g(u™,v")), Bg,0) = 1.
Here G¢ is defined as in Sec. 2 and:

fu™,vh) —<a_/K1§, V(6 — )
+ /Q Kale,) () (6 — ) dg) .
S (”/J%(@ )t (6 — )

_/ Ka(&,) (h)™(&, - — T4)d§) (7).
Q

Proof. By the first equation of (4.2), we have

Oug
ot

where K := ||a||p~. By Lemma 2.2, using the Steklov averages (u:), € HY(Qr_s),
0,h > 0, and the fact that (u.), converges to u. in L>®(Qr), we conclude that
|lucll e < Ry for some Ry > 0 independent of . Analogously, ||ve|L~ < Ry for
some constant Ry > 0. Therefore it is enough to choose R > max{R1, Ra}.
The second part of the proposition follows as in the proof of Proposition 2.2.
O

— e div(|Vue P2 Vu.) —div(Vu|[Vu™|P~2) < Kul™!,

From now on we make the following assumption.

Assumption 3. The functions a and b are such that

.1 // p kO 1 / k3Ch }
min { — ael — — bed — > 0.
{T - p T Or q T

Here ky, ks are as in Assumption 1(3), pp, g, €p and e4 are as in Sec. 2.

As before, take € in (0,£0), where £¢ is such that

0(Cy,Cy) = mln{ // aeh — oty — k202 / bet — copy — k:?erl} o
T Qr

Then, Lemma 2.4 and Proposition 2.3 still hold with

Ql? (2)H o = Him = 1) — 7l | 7

M= [m(p — D]P~[(p — 1)(m — p) — ps] ’

1450025-40



Periodic solutions for singular-degenerate parabolic equations

S
q(6—1)

Q217 (2)F[(g = 1)(n = 1) = s][Jb] 1
[n(g — D]~ (g — 1)(n — q) — gs]

M2 =

and

D1 Dl

1 1
ro 1= min (foT acp — 80TMP> ’ (foT aep — €0T”p> :

D2 D2

1 1
(foT bed — soTuq> o (foT bed — EOTMq> s

where 3, 3, 6, ', D1 and D5 are as in Sec. 2. Proceeding as in Theorem 2.1, one
can prove that the next coexistence result holds.

Theorem 4.1. Assume that there exist two positive constants Cy,Cy such that for
all e > 0 and all solution pairs (ue,ve) of (4.2) it results

uc)|fe <C1 and ve|[$a < Cs.

Then, problem (4.1) has a T-periodic nonnegative solution (u,v) with nontrivial
u,v.

Obviously, the previous result holds also for a single equation. In particular, we
have the following corollary.

Corollary 4.1. Consider the problem
ug — div(|Vum[P=2Vu™)
~ (o= [ Ko et- i) vt G,
Q
u(z,t) =0 for (z,t) € 002 x (0,T),
u('v 0) = u('v T)v

and assume that

(4.3)

(1) the exponents p,m are such that p € (1,2) and m > p,

(2) the delay T € (0, 4+00),

(3) the functions a and K belong to L>=°(Qr), are extended to QxR by T -periodicity
and are nonnegative for a.a. (z,t) € Qp,

(4) there exists a positive constant C' such that for all e > 0 and all solutions u. of

u = GE(17 f(u+))7
it results

[uellz < C.

Then problem (4.3) has a T-periodic nonnegative and nontrivial solution.
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4.2. A priori bounds in L*(Qr): The coercive
and the noncoercive cases

In this subsection we apply Theorem 4.1 by looking for explicit a priori bounds in
L*(Qr) for the solutions of (4.2) in the “coercive case” and in the “noncoercive
case”.

Theorem 4.2. Assume that

(1) Assumption 1 is satisfied,
(2) there exist constants k; > 0, i = 1,4, such that

Ki(z,t) > k; fori=1,4,

for a.a. (x,t) € Qr,
(3) Ki(x,t) <0 fori=2,3, for a.a. (z,t) € Qp,
(4) Assumption 2(2) is satisfied with

C) = EleaHLoo and Cs = szbHLoo.

Then problem (1.1) has a nonnegative T -periodic solution (u,v) with nontrivial u,v.

Proof. We just need to show that ||u.||?. < Ci and [Jve||$a < Cs for any solution
(ue,ve) of (4.2). Proceeding as in Theorem 3.1, one has

0 < (Tlallzee — kyllucl|ze)-

The same procedure, when applied to the second equation of (2.1), leads to
0 < (T[bll 2o — EyllvellTe),

Hence, we have

Tlla]lz= Tbll =

Hu5||%o‘ S k]_ and HUEH%a S k . O

Theorem 4.3. Assume that

(1) Assumption 1 is satisfied,
(2) Ki(x,t) <0 fori=2,3, for a.a. (z,t) € Qp,
(3) Assumption 2(2) is satisfied with

O ((m(p—l)+o¢)p||a||Loo>ﬁ
L= )

By ampP—1pp
P
O 0 <(n(q— 1)—|—a)qu(x,)—n(q1)
e —— = .
n(qg—1) and qq

q
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Here ko, k3, are as in Assumption 1. Then problem (1.1) has a T-periodic nonneg-
ative solution (u,v) with nontrivial u,v.

Proof. We just need to show that ||u.||¢a < C1 and ||v||$a < Cs for any solution
(ue,ve) of (4.2). Multiplying the first equation of (4.2) by u®~P*! integrating over
Q@ and passing to the limit, as h — 0, in the Steklov averages (uc )y, we obtain, as
in Proposition 2.2,

m(p—D+a
p— v PP
" ( (p—1) +a> //T| e |
<ea // u® HVu [P + // |Vu™ [P 2Vu" Vu
T T

< llallzee fJuc|[Ze,

by the T-periodicity of u. and the nonpositivity of the function K. Using the
Holder inequality, with r := m(%l)”‘, and the Poincaré inequality, one has:

m(p—1) ’VI(PS1)+0<
// u? S ‘QT| m(p—1)+a (// ug’t(p—l)—i-a)
Qr T

m(p—1)+a
|QT|WHU » ||m<p e

m(p—1) m(e=D+a T
S ‘QT|m(p—l)+a —||VU5 HLP .

Thus

o -1) mp-tta mr—DTa
lucllze < Qr|7550 (—WH ue HLJ

m(p—1) a
L Q[0 ((m(p— D +o<)P||aIIL°°> T T

Nm amp—1pp
P
This implies
% < Q7| ((m(p—1)+ a)P|lal|p= "> D
Sk = 'u;;n(gfl) ampflpp :

In an analogous way, we obtain that

Q| ((n(q 1)+ a)quoo)n(qa—m

o —1
n(a—1) an? q
Hq 1

[vell7e <

if v is a solution of the second equation of (4.2). |
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An immediate consequence of Theorems 4.2 and 4.3 is the following existence
result for a single equation.

Corollary 4.2. Consider the problem (4.3) and assume that

(1) the exponents p,m are such that p € (1,2) and m > p,

(2) the delay T € (0, +00),

(3) the functions a and K belong to L>=°(Qr), are extended to Q x R by T-periodicity
and are nonnegative for a.a. (x,t) € Qr,

(4) hypothesis (4) of Corollary 4.1 is satisfied with

T
¢ = gllallz~
ZfK(t,l’) ZE> O, or
o Q] ((m(p—l)—l—a)pa,;m)mu?—m

amP— 1pp

o
m(p—1)
P

if K(t,x) > 0.

Then problem (4.3) has a T-periodic nonnegative and nontrivial solution.

Proof. We just need to show that ||u.||¢a < C for a positive constant C. Pro-
ceeding as in Theorem 4.2 if K(¢,z) > k > 0 or in Theorem 4.3 if K(t,z) > 0,

Q| ((m(il’—l)-FOé)pHaHLw )ﬁ
m(p—1) ampP—1pp ’

one has that |ucl|¢a < ET—1||a||Loo or [|ucl|fa <

respectively. The thesis follows by Corollary 4.1. ' O

Remark 4.1. We underline the fact that the generalization presented in this sec-
tion can be extended to a single degenerate equation or to a double degenerate
system, namely when p,q > 2, as considered in [25].
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