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Abstract
Rotating squares auxetic metamaterials have the peculiar feature of a negative Poisson’s ratio.
This work proposes and examines how an innovative variable arcs fillet solution, at the
interconnection regions between the rotating units, improves the structural response of a
titanium alloy-based rotating squares metamaterial. Through a 2D finite element (FE) model of
the auxetic structure, we investigated and optimized two fillet configurations: first, a double
circular arcs profile; second, a combined elliptical and circular arc fillet. According to the FE
results, the optimal configuration of the combined elliptical and circular arc fillet allows an
overall 3% elastic strain of the metamaterial, with a Poisson’s ratio (PR) equal to ca. −1. In
order to assess the deformation behavior of the proposed metamaterial, we performed a tensile
test on a prototype of the optimal solution, 3D printed in Onyx material. The experimental
displacement field of the specimen, measured through digital image correlation, exhibited
excellent agreement with the FE predictions, with a PR equal to ca. −1 up to a 3% overall strain.

Keywords: auxetic metamaterials, rotating squares, 3D-printing, titanium alloy, digital image
correlation, FE optimization

(Some figures may appear in colour only in the online journal)

1. Introduction

Negative Poisson’s ratio (NPR) materials, also known as
auxetics [1–7], exhibit the counter-intuitive property of
expanding laterally upon the application of a uniaxial tensile
strain and other advanced functionalities [8] including higher
shear stiffness [9], indentation resistance [10, 11], energy dis-
sipation [12, 13], fracture toughness [14] and synclastic beha-
vior [15]. These systems fall under a class of structures with
‘negative’ properties which include also metamaterials pos-
sessing negative thermal expansion [16–18] and stiffness [19].
Auxetic structures have been widely studied throughout the
years [20–24] and have been proposed for use in a number
of applications, particularly in the biomedical [25, 26], per-
sonal protection [27] and electronics sectors [28, 29]. The
unusual mechanical behavior of these materials originates
primarily from their geometry, which makes auxeticity scale-
independent. Based on deformation mechanisms and their
geometry, three main classes of auxetic structures can be iden-
tified: re-entrant structures [30, 31], chiral structures [3, 32,

33] and rotating rigid unit structures [34–37]. In particular,
the rotating squares system, first proposed by Grima et al [38],
was extensively studied in recent years [39]. The NPR mech-
anism proposed by Grima [38], consists of rotating squares
connected through simple hinges at the vertices, that is com-
pletely described by the following two geometrical paramet-
ers: the length of the unit, l, and the angle,θ (see figure 1).
This mechanism ensures that when the system is loaded, the
squares rotate, either contracting or expanding the overall sys-
tem depending on whether a compressive or tensile load is
applied. As a result of this mode of deformation, the sys-
tem exhibits in-plane isotropy with a Poisson’s ratio of −1.
Rotating squares systems have also been designed and man-
ufactured using single-material systems, where the idealized
‘joints’ in the original model [38], were replaced by fused
interconnections between the square units. The stiffness and
the auxeticity of these systems depend strongly on the type of
connection between the rotating squares.

The interconnection regions of these systems are subjected
to large stress concentrations during loading, which makes
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Figure 1. Representative unit cell (RUC) of rotating squares model.

them unsuitable for large strain deformations in the case of
systems made from materials with an inherently low strain
tolerance. Stress concentrations at the interconnection regions
for rotating units auxetic systems also remarkably limit the
fatigue life for these types of structures [40]. As reported in the
work of Tang et al [41], which focused on polymeric materi-
als fabricated via direct-laser cutting, the amount of permiss-
ible strain on the rotating squares system is related to the peak
elastic stress in the interconnection regions. Thus, to improve
the global strain tolerance of these systems some form of geo-
metric optimization is required in these regions [42]. This is
particularly pertinent in the case of metal-based auxetic sys-
tems, where the material reaches the plastic region at very
low strains. The majority of works found in literature con-
cerning the design of titanium alloy-based auxetic metama-
terials for use in biomedical devices such as implants and
scaffolds have focused mainly on the design, fabrication and
characterization of ligament-based structures [43] while there
have also been other studies on re-entrant [44], chiral [45] and
triangle-square-wheels metallic auxetic systems [46]. On the
other hand, there are very few studies centered on the design of
metal-based rotating unit systems. As highlighted by Kolken
et al [8], simple design and fabrication solutions for the rotat-
ing structures manufactured via additive manufacturing have
yet to be fully investigated, especially 3D printing metallic
structures made of titanium alloy. The present work focused
on the design, optimization and validation of a metallic rotat-
ing squares system with NPR, with particular attention to the
shape of the interconnecting regions of the rotating units. The
main aim of this work is to reduce the maximum von Mises
stress, while keeping the PR of the structure at ca. −1 and
maximizing the effective Young’s modulus. Inspired by the
solution of variable notch radius proposed by Sorrentino et al
[47] and Pedersen et al [48], we propose the use of a variable
arcs fillet at the interconnection regions of the rotating squares.
Specifically, we implemented a 2D finite element (FE) model
of the structure and the analysis involved two steps: in the first
step, we optimized a double circular arcs profile at the inter-
connection regions, while in the second step, the investigation
focused on a combined elliptical and circular arcs shape at the
interconnection regions. According to the numerical results, a
combined elliptical and circular arcs fillet allows the system

to reach a global elastic strain equal to 3%, whilst maintaining
a PR equal to ca. −1. In particular, we highlight that a global
elastic strain of 3% is significantly higher than the allowable
elastic strain of the titanium alloy [49]. To further investigate
this optimized solution, we built a sample in Onyx through
3D printing and performed a tensile test by measuring the dis-
placement field of the specimen through digital image correl-
ation (DIC). The experimental results confirmed that the PR
of the specimen was equal to ca.−1 for strains up to 3%, in
accordance with the FE predictions. Thanks to the peculiar fil-
let geometry, the proposed solution significantly reduces stress
concentrations at the interconnection regions, combined with
an easy manufacturing compared to others fillet solutions from
the literature [41, 42]. This fillet geometry can be applied both
in case of vibration dampening problems and for morphing
airfoil applications of aerospace wings [50, 51].

2. The variable arcs fillet geometries

The present work investigated the 2D rotating squares mech-
anism shown in figure 1. In order to avoid the struc-
tural limits of the region that connects the squares, the
focus is on identifying the optimal shape of the intercon-
necting regions of the rotating units. Two solutions are
investigated in this work: first, a double circular arc fil-
let (figure 2(a)) and second, a fillet that combines an ellipt-
ical arc and a circular arc (figure 3(a)). For both solutions,
there are two geometrical parameters that define the RUC of
the rotating square model (figures 2(a) and 3(a)): the length
of the square lattice, L, and the angle between the rigid
units, θ:

L= 2L0 (1)

θ = 180◦ − γ (2)

where L0 is the side length of a quarter of the RUC (i.e. a
rotating square), and γ is the supplementary (internal) angle
of the structure. For each solution proposed here, figures 2(b)
and 3(b) show in detail the geometric configuration of a rotat-
ing square, corresponding to a quarter of the RUC: D repres-
ents the side length of the rigid square, while l1 = D/2 is the
side length of the simulated structure that when periodically
repeated gives the unit square. l3 and l2, identify the start points
of the fillet. Figures 2(c) and 3(c), show a close-up view of
the two variable arcs fillet geometries proposed in this work
that characterize each simulated structure, where s represents
the width of the ligament at the interconnection region. Spe-
cifically, the double arcs shape solution in figure 2(c) connects
the ligament to the square with a double circular arcs fillet
(radius R1 and R2). To build this geometry, tangency condi-
tions are imposed in four points: between the smaller arc,R2,
and the perimeter of the simulated structure (i.e. points ‘a’ and
‘b’ in figure 2(c)), and between the two arcs of the fillet (i.e.
points ‘c’ and ‘d’ in figure 2(c)). Consequently, the dimen-
sions l2 and l3 (figure 2(b)), depend on the side length, l1, of
the simulated structure and from the radii R1 and R2. Similarly,
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Figure 2. RUC of the rotating squares system with double circular
arcs profile at the interconnection regions (a), unit cell (b), detailed
fillet geometry at the interconnection regions (c).

the solution in figure 3(c), connects the ligament to the simu-
lated structure through an elliptical arc combined with a cir-
cular arc fillet: A and B in figure 3(c) are the two semi-axes

Figure 3. RUC of the rotating squares system with a combined
elliptical and circular fillet profile at the interconnection regions,
unit cell (b), detailed fillet geometry at the interconnection
regions (c).

of the elliptical arc, while R2 is the radius of the circular arc.
In this case, the tangency conditions applied are: between the
circular arc,R2, and the perimeter of the simulated structure
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(a) 

(b) 

Figure 4. Details on the FE model mesh with double circular arc
fillet (a) and for the combined elliptical and circular fillet solution at
the interconnection regions (b).

(i.e. points ‘a’ and ‘b’ in figure 3(c)), and between the elliptical
arc and the circular arc (i.e. points ‘c’ and ‘d’ in figure 3(c)).
As for the previous case, the dimensions, l2 and l3 (figure 3(b))
are then expressed as a function of the side length, l1, of the
simulated structure minus the dimensions of the elliptical and
circular arc.

3. The FE model analysis

In order to investigate the structural response, we implemen-
ted a 2D FE model of both the structures proposed in the pre-
vious section, using the commercial FE software Abaqus 6.20
[52]. Taking advantage of the highly symmetric nature of the
rotating square system, the system was simulated as a quarter
of the RUC [53] (see figures 2(b) and 3(b)). A fixed width
for the thinnest section of the interconnecting region was used
for all simulations, s= 1mm. The mesh consists of 2D plane-
stress elements, with quadratic formulation (CPS8 [52]). Fol-
lowing a mesh convergence analysis, the average element side
length in the interconnecting regions was set equal to 0.05mm
(with about 20 elements in the thinnest part of the connection),
while an average side length equal to 0.1mm was used for the
remaining part of the model. Figure 4 shows a detail of the
mesh refinement on the ligament region for the double circu-
lar arc solution (figure 4(a)), and for the combined elliptical
and circular fillet solution (figure 4(b)).

Since we focused on the maximum equivalent elastic stress
in the auxetic system, the material used was that of an iso-
tropic elastic titanium alloy material (Ti6Al4V) produced by
selective laser melting (SLM) [49]. Specifically, the model
applies a Young’s modulus, E, equal to 110 000MPa, and a
Poisson’s ratio, ν, equal to 0.3; and considers a maximum
allowable stress (i.e. yield stress), Rs, equal to 1013MPa [49].
Focusing on the unit square of the RUC with double circu-
lar arcs profile at the interconnection regions, figure 5 shows
the boundary conditions and the applied load for the double
circular arc solution. The rotating unit cell is simply suppor-
ted in the nodes on the bottom edge (sbh in figure 5) and on
the left edge (slv in figure 5) of the cell. In order to imple-
ment the periodic symmetry of the unit square of the RUC,
the nodes on the right edge (srv in figure 5) were coupled for
equal displacement in the x-directions [53, 54]. The system
was loaded through the application of a displacement,uy, on
the upper edge nodes (sth in figure 5). This displacement was
proportional to the side length of the unit square, according to
the following relationship:

uy = L0 εy (3)

where εy = 3% is the global strain applied on the unit square
in the y-direction. The same loading method was also applied
for the combined elliptical and circular fillet systems.

Thanks to the inherent geometric symmetry of the structure,
these boundary conditions are identical the PBCs and has been
validated by comparison with the simulation of an entire RUC
under PBCs using the Abaqus plug-in by Omairey et al [55].

To evaluate the mechanical response of the system, we per-
formed a nonlinear static analysis [53], and calculated the
effective Poisson’s ratio, v∗yx, and the effective Young’s Mod-
ulus, E∗

y , of the auxetic structure, assuming unit thickness,
using:

v∗yx =−ux
uy

(4)

and

E∗
y =

∑
RFy,i
L0εy

(5)

where ux is the horizontal displacement of the nodes on the
right vertical ligament (srv in figure 5) and RFy,i is the reaction
force in the y-direction of the ith node in the loaded edge lig-
ament (sth in figure 5). In addition, the maximum von Mises
stress in the system, σmax

vm , was also measured.

3.1. The double circular arcs shape optimization

The first analysis focused on the design and optimization
of a rotating squares auxetic system with a double circular
arcs profile at the interconnection regions (figure 2(a)). Since
the structure under investigation has a Poisson’s ratio lower
than −0.95, due to its intrinsic configuration, the optimiza-
tion problem aimed to: (a) minimize the maximum von Mises
stress, σmax

vm , in the structure (usually occurring in the intercon-
nection regions); (b) maximize the effective Young’sModulus,

4



Smart Mater. Struct. 30 (2021) 035015 A Sorrentino et al

Figure 5. 2D FE model of the rotating squares system with prescribed periodic boundary conditions (PBCs).

Figure 6. Optimization workflow.

E∗
y , of the system, while maintaining an effective Poisson’s

ratio, v∗yx lower than −0.95. Thus, the optimization problem
can be defined as:

min
σmax
vm

E∗
y

(6)

s.t.v∗yx <−0.95 (7)

where equations (6) and (7) represent the objective function
and the constraint of the optimization problem, respectively.
In order to find the optimal radius of the two arcs and the cor-
responding dimensions of the rotating unit, we implemented
an ad-hoc, automated shape optimization procedure that com-
bines a genetic algorithm with a parametric, 2D FE model
of the auxetic mechanism. Assuming a constant unit width
for the ligament at interconnection regions, (s= 1mm), the
shape optimization problem involves four design variables: the

angle θ, the two radii, R1 and R2, and the length, l2, of the
simulated cell (figure 2(b)). Considering the overall dimen-
sions of the structure and the fixed unit width, s, of the ligament
in the interconnection region, the constraints on the fillet radii
were 1mm< R1 < 10mm and 1mm< R2 < 10mm, respect-
ively. The constraints on the length of the simulated cell and
on the angle of the rotating unit cell were 1mm< l2 < 10mm
and 20◦ < θ < 160◦, respectively. It is easy to observe that the
length of the rotating square, 2l1, and the length of the RUC
quarter of the system, L0 (see figure 2), are a function of the
design variable l2. In addition, the value of the second dimen-
sion of the rotating unit, l3, can be simply retrieved from the
length, l1, of the rotating square and of the two angles, θ and γ
(figure 2). The shape optimization problem was implemented
through the commercial optimization software VisualDOC 8.0
[56], which managed the nonlinear stress analysis through the
FE software Abaqus 6.20: in order to set-up a completely auto-
matic optimization procedure, the FE model was parametric
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Table 1. Specification of the optimization problem for the case of
double circular arc fillet.

Geometry
fillet Design variables

Objective
function Constraints

Double
circular arc

20◦ < θ < 160◦

1mm< l2 < 10mm
1mm< R1 < 10mm
1mm< R2 < 10mm

minσmax
vm
E∗y

εy = 3%
l3 ≥ s
v∗yx <−0.95

and described using the Python language scripts [57]. Figure 6
shows the design workflow of the shape optimization problem,
which is similar to the optimization workflow described in the
work of Sorrentino et al [47].

The shape optimization problem involves the following
four steps. First, the optimization software assigns trial values
to the four design variables and checks the feasibility of the
rotating squares model, by verifying the following constraint:

l3 ≥ s (8)

where s= 1mm, represents the minimum length in the auxetic
mechanism. Second, the optimization software sends the
design variables (θ, R1, R2 and l2) to the Abaqus software,
where the input Python language script automatically gener-
ates the model and solves the analysis. Third, an input Python
script reads the result file from the FE model and stores in a
report file the following three variables: first, the displacement
of the unfixed vertical edge of the system, ux, second, the reac-
tion forces in y-direction on all the nodes in the loaded edge
ligament, RFy, and third, the maximum von Mises stress on
the system, σmax

vm (see section 3). Fourth, the optimization soft-
ware receives back this report file, extracts the objective func-
tion and the constraint defined as in equations (6) and (7), and
compares these values with the ones from the previous itera-
tion, where, E∗

y and v
∗
yx, were calculated as shown in equations

(4) and (5). The optimization process described above iterates
until the optimal solution is achieved. Specifically, we used
a penalty-constrained particle swarm optimization algorithm
[58] to manage the optimization problem, with a number of
particles, n, equal to 30. Thus, the optimization problem can
be defined as shown in table 1.

3.2. The combined elliptical and circular arcs shape
optimization

The second step of thework investigates the deformation beha-
vior of a rotating squares auxetic metamaterial with a double
arc fillet at the interconnection regions by replacing the first
circular arc (R1 in figure 2) with an elliptical shape solution
where, A and B, represents the major and minor semi-axes of
the elliptical arc, respectively (figure 3). As for the case of
double circular arc fillet solution, the analysis aims to: first,
minimize themaximumvonMises stress in the structure, σmax

vm ;
second, maximize the effective Young’s modulus, E∗

y , of the
system, while keeping an effective Poisson’s ratio, v∗yx, ca.−1.
Thus, we fixed the width of the ligament at interconnection

regions, s, equal to 1mm (see section 2). The global strain
and the stiffness of the auxetic mechanism are affected by the
side length of the rotating unit, D, by the angle between the
squares, θ, and by the stiffness at the interconnection regions,
which depends on the semi-axes of the elliptical arc, A and B
(figure 3). As shown in the works of Grima et al [38, 59], for a
Poisson’s ratio, v∗yx, equal to −1, the effective Young’s modu-
lus of the system, E∗

y , increases by reducing the simulated cell
length, l1, for fixed values of θ (see figure 3). Specifically, if
we choose small values of l1 and θ, a further increase of the
stiffness of the system can be obtained by reducing the dimen-
sions of the two semi-axes of the elliptical shape fillet, A and
B [47, 48]. Thus, the simulated cell length, l1, the semi-axes of
the elliptical arc, B, and the angle θ, were set equal to [38]:

l1 = 14mm

B= s= 1mm

θ = 20◦ (9)

Given the above assumptions, the variables of the optimiza-
tion problem were two: first, the major semi-axis of the ellipt-
ical shape, A and second, the radius of the circular arc, R2

(figure 3). Specifically, the value of l1 equal to 14 mm, allows
to vary the major semi-axes of the elliptical arc, A, up to relat-
ively large values while keeping the relevant auxetic response
of the rotating mechanism [59]. Given the complexity of the
geometry, the optimization was split in two steps: first, we
fixed R2 to a 1mm value and found the A semi-axis that
maximizes the stiffness of the auxetic material and provides
an effective Poisson’s ratio equal to −1, for a global elastic
strain up to 3%. Specifically, we investigated four levels of the
semi-axis A, from 12mm to 6mm. Second, from the optimal
solution found in the first step, we examined the effect on
the stress concentration at the interconnection regions of the
radius of the circular arc, R2. For this step, the four levels
of the radius fillet investigated vary from 1mmto 4mm. The
nonlinear static analysis performed was the same described
in section 3. For each configuration evaluated in both steps,
the optimization procedure calculated the effective Poisson’s
ratio, v∗yx, the effectiveYoung’smodulus of the system,E∗

y , (see
equations (4) and (5)), and the maximum von Mises stress,
σmax
vm . Table 2 summarize the optimization problem defined

above.

4. Numerical optimization results

Table 3 reports the optimal dimensions of the rotating units and
of the ligaments at the interconnection regions for the two fillet
geometries investigated through the FE analysis in section 3,
with the first row showing the double circular arcs profile (see
figure 2) and the second row, the combined elliptical and cir-
cular fillet solution (see figure 3), for a fixed width of the lig-
ament, s= 1mm.

With reference to the combined elliptical and circular shape
fillet (step 1 of the optimization procedure in section 3.2), the
diagram in figure 7 shows the value of normalized peak von
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Table 2. Specification of the optimization problem for the case of combined elliptical and circular arcs solution.

Geometry fillet Step Design variables Objective function Constraints

6mm< A< 12mm εy = 3%
1 R2 = 1mm l1 = 14mm

B= 1mm
A= 6mm θ = 20◦

Combined elliptical and
circular arcs

2
1mm< R2 < 4mm

minσmax
vm
E∗y

v∗yx <−0.95

Table 3. Optimal dimensions of the unit cell and of the two fillet geometries investigated.

Geometry fillet l1 (mm) L0 (mm) θ (mm) R1 (mm) R2 (mm) A (mm) B (mm)

Double circular arc 22.7 48.2 20 6 1 / /
Combined elliptical and circular fillet 14 31.6 20 / 4 6 1

Figure 7. Normalized peak von Mises stress, σmax
vm /Rs, and normalized effective Young’s Modulus, E∗

y /E, of the auxetic structure with the
corresponding value of the objective function, J (i.e. σmax

vm /E∗
y in table 2); for different levels of the major semi-axes of the elliptical arc, A,

for the combined elliptical and circular shape fillet.

Mises stress, σmax
vm /Rs, and the normalized effective Young’s

modulus of the system, E∗
y/E, as a function of the variation

of the major semi-axis of the elliptical arc, A, for a fixed R2 =
1mm. Similarly, the diagram in figure 8 relates the normalized
peak von Mises stress and the normalized effective Young’s
modulus of the system to the radius of the circular arc, R2,
for fixed A= 6mm (step 2 of the optimization procedure in
section 3.2). Specifically, the auxetic geometries in figures 7
and 8 show an effective PR, v∗yx, very close to −1, which is
due to its intrinsic configuration.

Additionally, figures 7 and 8 report the value of the optim-
ization function (i.e. σmax

vm /Rs in table 2), defined as J.
Table 4 compares the mechanical properties and the max-

imum von Mises stress,σmax
vm , for a global strain, εy = 3%, of

the optimal metamaterial configurations identified through the
FE analysis: E∗

y and v∗yx were calculated using equations (4)

Table 4. Mechanical properties of the two fillet geometries
investigated.

Geometry fillet v∗yx (adm) E∗
y (MPa) σmax

vm (MPa)

Double
circular arc

−0.99 42.70 > Rs

Combined
elliptical and
circular fillet

−0.99 31.22 864

and (5), and Rs = 1013MPa is the yield stress of the titanium
alloy [49].

Figure 9 shows the vonMises stress contour acting on a unit
cell, with a close-up view of the ligament: figure 9(a) refers
to the optimal double circular arcs, while figure 9(b) to the
combined elliptical and circular shape fillet.

7
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Figure 8. Normalized peak von Mises stress, σmax
vm /Rs, and normalized effective Young’s Modulus, E∗

y /E, with the corresponding value of
the objective function, J (i.e. σmax

vm /E∗
y in table 2); for different levels of the circular arc, R2, for the combined elliptical and circular shape

fillet with fixed A.

5. Experimental validation

The experimental validation focused on the combined
elliptical and circular arc shape solution (figure 3), since,
according to the analysis in sections 3 and 4, it provides the
best structural response.

5.1. Prototype development

Using the optimal dimensions of the RUC reported in the
second row in table 3, we built a prototype composed by a
3 × 3 RUC system, giving and overall 190mm× 190mm side
length. In order to have a plane response, the structure thick-
ness in the out-of-plane direction was equal to 10mm. Since
the deformation behavior of the structure is independent from
its material, we manufactured the prototype using a fused fil-
ament fabrication Markforged® 3D printing machine in Onyx
material (figure 10(a)): the specimen included a top and bot-
tom plate to ensure an equal deformation all over the width of
the structure.

5.2. Test procedure

The prototype was uniaxially stretched using a Galdabini SUN
500 electromechanical testing machine with a 5 kN load-
cell, controlled by a PC equipped with the proprietary soft-
ware Graphwork [60]. The quasi-static tensile test applied a
5.7mm stroke to the sample at a rate of 1mm min−1, which
corresponds to an overall global strain of the sample equal

to 3%. In order to evaluate the Poisson’s ratio of the struc-
ture, we measured the displacement field of the central RUC
of the sample (figure 10(b)) using a Dantec Dynamics Digital
Image Correlation system and analyzed the response through
the ISTRA 4D software.

5.3. Experimental results

Figure 11 compares the initial configuration (figure 11(a)) with
the final configuration (figure 11(b)) of the central RUC of the
sample (figure 10) where, ∆Ly and ∆Lx, represent the axial
and the transverse elongation of the RUC, respectively, and
where, L, is the original side length of the central square lattice.

By tracking the displacement components (axial and trans-
verse direction) of the eight marker points on the RUC, one
on each end of the eight ligaments of the central RUC (green
dots in figure 10(b)), the DIC calculated the Poisson’s ratio of
the sample. Thus, the average strains in y and x directions are
computed as follow [61]:

ε̄y =
1
2

[(
Yi1 −Yi3

)
−
(
Y01 −Y03

)(
Y01 −Y03

) +

(
Yi2 −Yi4

)
−
(
Y02 −Y04

)(
Y02 −Y04

) ]
(10)

and

ε̄x =
1
2

[(
Xi5 −Xi7

)
−
(
X0
5 −X0

7

)(
X0
5 −X0

7

) +

(
Xi6 −Xi8

)
−
(
X0
6 −X0

8

)(
X0
6 −X0

8

) ]
(11)
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Figure 9. Von Mises stress contour for the case of double circular arcs profile (a) and for the combined elliptical and circular shape
solutions at the at the interconnection regions (b).

where Y0j and X
0
j represent the y and x-coordinates of the points

in the initial configuration (figure 11(a)), and Yij and X
i
j the cor-

responding y and x-coordinates of the same points in the final
configuration (figure 11(b)). Then, we calculated the experi-
mental Poisson’s ratio, v∗yx, namely:

v∗yx =− ε̄x
ε̄y

(12)

In this regard, table 5 compares the numerical and exper-
imental effective Poisson’s ratio for the optimal rotating unit
system with the combined elliptical and circular fillet solution
at the interconnection regions.

6. Discussion

The optimal dimensions of the rotating unit with a combined
elliptical and circular arcs shape fillet are significantly smaller
than the ones of the double circular arc shape solution, with a

Table 5. Comparison between the numerical and experimental PR
of the optimal auxetic system found with a combined elliptical and
circular fillet shape.

v∗yx(adm)

Geometry fillet FE DIC

Combined elliptical and circular fillet −0.99 −1.01

side length of a quarter of the RUC, L0, equal to 31.6mm and
with a length of the simulated structure, l1, equal to 14mm (see
table 3). This gives a RUC which is 34% smaller than the one
with the double circular arc solution, that allow its application
in a large number of engineering applications. For both the
solutions investigated, the optimization procedure suggests an
angle, θ, between the rotating units, equal to 20◦, correspond-
ing to the lower bound of the domain defined in the optimiz-
ation analysis (see sections 3.1 and 3.2). The small value of
θ found in the first optimization analysis (i.e. for the case of
double circular arcs), supports the assumptions made in the

9
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(a) (b) 

Figure 10. Experimental prototype tested (a) and central RUC with the points used for tracking the displacements (b).

(a) (b) 

Figure 11. Initial (a) and final (b) configuration of the central RUC.

second optimization step (i.e. for the case of combined double
arcs solution), in accordance with the theoretical models from
the works of Grima et al [59].

Three observation can be made from table 4. First, the
effective Poisson’s ratio, v∗yx, of the two optimized auxetic
structures proposed is very close to −1, which corresponds
to the maximum PR achieved from the theoretical predictions
[38, 59]. In addition, in order to increase the PR of the struc-
ture, we need to remove material from the semi-rigid part
of the squares [62], and at same time, consistently reduce

the dimensions of the rotating units: this leads to obtain a
structure similar to a chiral systems. As shown in table 2, the
auxetic behavior of the system is not affected by the type of
connections between the rotating squares for both the shape
fillet solutions investigated. Second, table 4 highlights that the
effective Young’s modulus, E∗

y , differs between the two geo-
metries: 42.70MPa for the double circular arc shape solution,
and 31.22MPa for the combined elliptical and circular arcs
shape. Three are the geometrical factors that affect the value of
E∗
y : first, the side length of a quarter of the RUC, L0; second, the

10
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angle θ; third, the variable arcs fillet dimensions (see figures
2 and 3). Specifically, for the case of the double circular arc
fillet, the value of the L0 is determined by the values of the two
radii of the double circular fillet, R1 and R2 (see section 3.1),
that cause an increase of the Young’s modulus (see table 2).
Otherwise, for the case of the combined elliptical and circu-
lar arcs solution with a L0 = 31.6mm, the dimensions of the
elliptical arc, A and B, cause a sharp reduction of the Young’s
modulus E∗

y (see table 2). With regard to the angle θ, the FE
predictions suggest that the lower this angle, the lower the
effective Young’s modulus and the peak elastic stress of the
structure: this allows to decrease the dimensions of the auxetic
configuration. Third, table 4 shows that only in the combined
elliptical and circular arcs solution the peak stress is lower
(864MPa) than the elastic limit of the of the titanium alloy
(Rs = 1013MPa [49]). Instead, for the case of double circular
arc shape solution, the allowable global elastic strain of the
structure is nearly equal to 1.26% of its original length, which
is less than half of the elastic strain achieved with the com-
bined elliptical and circular solution. As shown in figure 7, the
higher the major semi-axes of the elliptical arc, A= 12mm,
the lower the values of the normalized effective Young’s mod-
ulus (with E∗

y = 15.61MPa), and of the normalized peak von
Mises stress, with σmax

vm equal to 355MPa. On the other hand,
by decreasing the value of A up to 6mm, the value of E∗

y
increases up to a value of 31.22 MPa, with a peak of the
stress, σmax

vm = 864MPa. Figure 8 points out that, for a fixed
configuration of the elliptical arc, the radius of the second
arc, R2, does not affect the auxetic response of the system,
nor the peak stress: however, this circular fillet has a bene-
ficial effect to avoids sharp corners on the geometry which are
difficult to manufacturing, and to reduce the mass of the sys-
tem. Moreover, for all the auxetic architectures investigated in
figures 7 and 8, the value of the objective function, J, equal
to σmax

vm /E∗
y ; is nearly the same. However, the higher the value

of the minor semi-axis of the elliptical arc, B, for fixed val-
ues of l1, the higher the values of the effective Young’s modu-
lus and of the peak stress, also for the case of A = 12 mm.
This fact highlights that there are multiple combinations of
the geometrical parameters that allow to obtain similar mech-
anical properties with different geometrical dimensions of the
shape fillet. As onemay observe, the stress contours in figure 9,
highlight a stress concentration in the interconnection regions,
which act as compliant joint and allow to obtain the pecu-
liar kinematic response of the proposed auxetic structure. By
comparing the initial and final step of the test in figure 11,
it clearly appears the auxetic response of the prototype with
the optimal configuration proposed in table 3 (combined ellipt-
ical and circular arcs). In addition, as reported in table 5, the
experimental PR obtained through the DIC analysis was equal
to ca. −1 for strains up to 3% of the structure, in accord-
ance with the FE results, and with the theoretical predictions
found from the literature [39, 63] for ideal rotating squares
metamaterials.

On the whole, the proposed combined elliptical and cir-
cular arcs fillet solution for the interconnection regions,
allows for a PR − 1, grants a noticeable stress reduc-
tion with an improved strain tolerance, and can be easily

manufactured. This structure also has a relatively higher stiff-
ness in comparison to ligamented auxetic structures, such as
chiral and re-entrant honeycomb. Furthermore, it is worth not-
ing that the fillet solution proposed here involves a trade-
off between metamaterial stiffness and strain tolerance, i.e.
one can improved the Young’s modulus of the system at the
cost of lowering the maximum allowable deformation. It also
evident from figure 10 that the fillet geometry which per-
mits high deformation has design characteristics which are
similar to that found in an anti-tetrachiral honeycombs [32].
This means that in order to improve the strain tolerance of
the overall system while retaining high stiffness, one must
endeavor to produce an interconnection geometry which is
partially a ligament and a ‘joint’ at the same time. Finally, the
same combined elliptical and circular fillet shape solution can
also be applied both to different planar rotating (semi-)rigid
structures, such as rectangles, rhombi and triangles or to
3D rotating units with cubes or prismatic units [63–65].
This finding potentially opens up a wide range of engineer-
ing applications, especially in case of vibration dampening
problems and for morphing airfoil applications of aerospace
wings [50, 51].

7. Conclusions

The present work investigated the mechanical behavior of a
metallic rotating square auxetic metamaterial with a Poisson’s
ratio of −1. Rotating square auxetic systems are known to
have higher stiffness than ligament-based auxetic structures,
however they are also characterized by large concentrations
of stress at the at the interconnection regions which makes
them unsuitable for large strain deformations. The work pro-
posed and optimized an innovative variable arcs fillet shape
solution at the interconnection regions of the rotating units:
first, a double circular arcs profile, second, a combined ellipt-
ical and circular arc fillet shape. In order to evaluate the effect-
ive mechanical properties of these structures, we implemented
a 2D FE model of the system made of titanium alloy mater-
ial Ti6Al4V produced by SLM. The numerical results show
that only a combined elliptical and circular arc fillet solu-
tion allows the system to reach a global elastic strain equal
to 3% while maximizing the effective Young’s Modulus of the
system, with a PR equal to ca. −1. A sample of the optimal
solution was also manufactured through 3D printing in Onyx
material. The sample was tested with a tensile loading device
and DICmeasurements were performed. The experimental PR
obtained through the DIC measurements was equal to ca. −1,
in accordance with the FE results.
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