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Understanding and controlling the charge density wave (CDW) phase diagram of transition metal
dichalcogenides is a long-studied problem in condensed matter physics. However, due to complex
involvement of electron and lattice degrees of freedom and pronounced anharmonicity, theoretical
simulations of the CDW phase diagram at the density-functional-theory level are often numerically
demanding. To reduce the computational cost of first principles modelling by orders of magnitude,
we have developed an electronic free energy machine learning model for monolayer NbSe2 that allows
changing both electronic and ionic temperatures independently. Our approach relies on a machine
learning model of the electronic density of states and zero-temperature interatomic potential. This
allows us to explore the CDW phase diagram of monolayer NbSe2 both under thermal and laser-
induced nonthermal conditions. Our study provides an accurate estimate of the CDW transition
temperature at low cost and can disentangle the role of hot electrons and phonons in nonthermal
ultrafast melting process of the CDW phase in NbSe2.

I. INTRODUCTION

In addition to having exceptional optical properties,
transition-metal dichalcogenides (TMDs) have gained a
lot of attention due to their complex phase diagram,
containing various charge-ordered phases, such as charge
density waves (CDW), superconductivity, and even signs
of order fluctuations [1, 2]. One notable example is
NbSe2, which supports both CDW and superconductiv-
ity already at ambient pressure [3, 4], while both can be
modified or quenched with an increase in applied pres-
sure or temperature [5, 6]. An interesting interplay be-
tween CDW and superconductivity was observed when
the number of layers in NbSe2 is varied from bulk up
to the monolayer limit [7, 8]. For instance, the value
for superconductivity temperature TSC drops from 7.2K
in bulk, to 3K in the monolayer [7]. The corresponding
modifications to the CDW phase when NbSe2 is thinned
down to a monolayer limit are not so clear, and are still
a matter of active debate [8–11]. Namely, while certain
experimental measurements suggest that the CDW tran-
sition temperature TCDW in the NbSe2 single layer is
TCDW = 145K, namely significantly increased compared
to the bulk [8, 10, 11], there are also reported experimen-
tal evidences that the CDW phase remains intact and
TCDW is close to the value of 33.5K as in the bulk [9]. In
order to resolve this controversy, a thorough quanatitive
and efficient computational study needs to be performed
that is able to incorporate all the relevant many-body
interactions ruling the CDW phase in NbSe2.
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Several theoretical studies have inspected the origin
of the CDW in NbSe2 and have clearly proven that
there are no electronic instabilities in NbSe2 that would
lead to the standard Peierls transition, while the CDW
order is induced mainly by the orbital-dependent and
anisotropic electron-phonon coupling [12–14], as also con-
firmed by the experiments [15, 16]. On top of that, an-
harmonic effects were shown to be important for the
proper and quantitative description of the CDW phase
transition [14, 17, 18]. Furthermore, ab initio anhar-
monic study based on stochastic self-consistent harmonic
approximation (SSCHA), which includes quantum and
thermal fluctuations at a non-perturbative level, reported
weak dimensionality effect in NbSe2, with TCDW = 59K
and 73K for bulk and monolayer, respectively [19, 20].
On the other hand, the results based on ab-initio and
path-integral molecular dynamics showed more stronger
dimensionality dependence with TCDW = 25 − 50K for
bulk, and TCDW = 75 − 100K for the monolayer [21].
With this, it is obvious that the dimensionality contro-
versy in NbSe2 is still not settled. Even though both of
these theoretical approaches are suitable to resolve this
issue, they are computationally demanding and it is not
easy to reach the numerical convergence.

A powerful approach to control the CDW state, as
well as to unravel the origin of CDW transition is laser-
induced ultrafast dynamics, where it is possible to sep-
arate electron and phonon contributions to the CDW
in time and with different excitation conditions [22–24].
Commonly, an ultrafast sub-picosecond rise or decay
of the signal in time-resolved photoemission and tran-
sient optical spectroscopy is attributed to the purely
electron-related origin of the CDW[25], such as excitonic
insulator [26], while slower picosecond dynamics to the
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phonon-driven mechanisms, namely electron-phonon and
phonon-phonon interactions [22]. Recent ultrafast time-
resolved measurements in NbSe2 reported a fast transient
electronic component, the existence of the CDW ampli-
tude phonon mode, melting excitation density, involve-
ment of strong electron-phonon coupling, and slow dy-
namics of order parameter [27–30]. These experimental
observations suggest an unconventional involvement of
various many-body interactions in photo-excited NbSe2,
however, so far there are no ab initio theoretical studies
that could provide a deeper insight and tackle electron-
and lattice-related fluctuation in non-thermal conditions.

Modelling phase diagrams of materials efficiently and
from first principles is a long-sought-after goal of com-
putational material science. Machine learning (ML) in-
teratomic potentials have recently reached the same ac-
curacy as the baseline density functional theory (DFT)
on which they are trained to predict total energies and
forces, while offering orders of magnitude faster evalua-
tion. Given that the training dataset samples the con-
figurational space well, one could, in principle, use the
resulting potential to efficiently model the phase diagram
of any material across pressures and temperatures. This
has been successfully demonstrated for a few materials or
classes of materials such as elemental systems [31], alloys
[32], high-entropy alloys [33], hybrid inorganic-organic
systems [34], and molecular crystals [35]. However, im-
portant features of the phase diagram of some materials,
such as CDW ordering, have not yet been modelled from
the first principles with ML interatomic potentials.

One of the limitations in the current machine learn-
ing interatomic potentials is that they are trained on
DFT data for fixed electronic temperature Tel. This
Tel is conveniently used to improve the convergence of
DFT calculation and different smearing methods exist,
from Fermi-Dirac smearing representing the real, but in
practice very large Tel up to methods that try to better
represent Tel ≈ 0 K case. However, Tel has an impor-
tant effect on the potential energy surface and, thus, the
phase diagram of NbSe2 and similar materials. One solu-
tion would be to train a separate ML for each electronic
temperature set by the Fermi-Dirac distribution. This is
highly impractical for modelling phase diagram as a func-
tion of temperature. Additionally, setting a low Fermi-
Dirac smearing temperature requires dense sampling of
the Brillouin zone, making DFT calculations computa-
tionally more demanding. Moreover, if one would study
the phase diagram under ultrafast laser conditions, ion
and electron temperatures have to be separately con-
trolled as light couples differently to electron and ion
subsystems.

To solve these general issues, and to resolve some of the
long-standing questions in the NbSe2 phase diagram, we
have constructed an ML model for electronic free energy
that enables independent control of both electron and
phonon temperatures. Our ML model is based on learn-
ing the Tel = 0 K ML interatomic potential from DFT
energies and forces and learning the ML model of the

electronic density of states at Tel = 0 K [36]. From these
two ML models it is then possible to calculate the elec-
tronic free energy potential for any Tel. We have used our
model to compute the phase diagram of NbSe2 as a func-
tion of electronic and ionic temperatures that compares
with previous DFT-based calculations at orders of mag-
nitude lower computational cost. In particular, for equi-
librium conditions we get TCDW ≈ 104K, which agrees
with ab initio molecular dynamics results [21] that sug-
gest a finite dimensionality effect in NbSe2. We have then
simulated response of NbSe2 to a short laser pulse within
the two-temperature model (TTM) based on DFT. Our
model reveals a strong exchange of energy between lattice
and electrons, which leads to sub-picosecond dynamics
of electron component, and long-lived phonon part. In
combination with the two-temperature ML interatomic
potential, we have shown that hot electrons can effi-
ciently melt the electron-phonon-driven CDW order in
NbSe2. These results introduce a fresh perspective on
the understanding of time-resolved measurements, show-
ing that it is not necessary to invoke additional ordering
mechanisms of purely electronic origin to explain the sub-
picosecond decay of the CDW-related signals.

II. MODELS AND METHODS

A. Theoretical model

To efficiently model finite electronic temperature ef-
fects, we use an approximation to the exact Helmholtz
electronic free energy that depends only on quantities at
Tel = 0 K. As shown in the Supplementary Material and
in Ref. [36], the Helmholtz electronic free energy of the
system with Nion ions and Nel electrons can be approxi-
mated by

F (R;Tel) ≈ E0(R; 0) + ∆F (R; 0, Tel) . (1)

where R = {R1, ...,RNion
} represents the set of ionic

coordinates of a given system (we will call R a structure
from now on), E0(R; 0) is the Tel = 0 K DFT energy
in its standard form [37] and ∆F (R; 0, Tel) is the finite
Tel correction to the Helmholtz electronic free energy,
constructed out of the ground state electronic density of
states (eDOS), which is defined as

g0(R; ϵ) =
∑

s,n,k

δ(ϵ− ϵ0s,n,k(R)) , (2)

where the sum runs over the spin projections s, bands
n, and k-points k. The force F n(R;Tel) on the n-th
ion, represented by the coordinates Rn, is given by the
negative gradient with respect to Rn of (1)

F n(R;Tel) = −∇Rn
F (R;Tel) (3)

and is given in the Supplementary Material.
The Helmholtz electronic free energy F (R;Tel) in this

approximation is fully determined by the Tel = 0 K
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ground state energy E0(R; 0) and the finite electronic
temperature correction (∆F (R; 0, Tel)) constructed from
the ground state eDOS g0(R; ϵ). Furthermore, the
ionic force F n(R;Tel) is determined by the gradients of
E0(R; 0) and the gradients of g0(R; ϵ).

The given approximation opens up the possibility to
construct an electronic free energy ML model using the
Tel = 0 K (ground state) DFT total energies (and forces)
and DFT electronic density of states that would be able
to predict the behaviour of a material at any electronic
temperature.

B. Training dataset

To construct the dataset we performed DFT calcu-
lations using the Vienna Ab initio Simulation Package
(VASP) software version 6.4.2 [38–42] with the Perdew-
Burke-Ernzerhof (PBE) functional [43]. For the plane-
wave basis set energy cutoff we used 270 eV which is
1.3 times larger than the default value for the VASP Se
and Nb pv pseudopotentials. To model Tel = 0 K, we
have used the Methfessel-Paxton scheme of order 1 with
a smearing of 0.0043 eV. To obtain accurate results, we
used fine sampling of the Brillouin zone of 93×93×1 for
the unit cell, and for the larger supercells it was scaled
accordingly. To collect data, we performed molecular dy-
namics with the Andersen thermostat [44] spanning tem-
peratures from 10 to 300 K and the Bayesian-learning al-
gorithm for on-the-fly machine learning as implemented
in VASP.
The dataset consists of 2452 different structures in to-

tal, with supercell sizes of 2× 2× 1, 3× 3× 1, 4× 4× 1,
6× 6× 1, 9× 9× 1, 6× 1× 1, 1× 9× 1, 12× 1× 1 and
2×9×1. The dataset was randomly split into 80% train-
ing and 20% test sets. Lattice constant for calculations
was 3.4715 Å. A small fraction of 3 × 3 × 1 structures
in the dataset were strained, with uniaxial strains in the
range of negative 1.8% to positive 1.2%.

C. Machine learning interatomic potential at

Tel = 0 K

The model for E0(R; 0) and its gradients was con-
structed with the message-passing atomic cluster expan-
sion (MACE) architecture [45, 46]. Most of the train-
ing hyperparameters were kept to the default values (see
Appendix A of [46]). To be able to accurately model
acoustic phonons, the cutoff radius was set to 8 Å and
we used 8 Bessel basis functions, 128 embedding channels
and lmax = 2, namely, we included equivariant messages
up to the second order. In the weighted loss function,
energy (λE) and forces (λF ) weights were set to 1 and
100, respectively. The model was trained for 2000 epochs,
with batch size of 5. 80% of the original structures were
taken as a training set, with 5% of them taken for the
validation set, and the other 20% of the original struc-

tures comprised a test set. Stochastic weight averaging
[47, 48] was performed for the last 20% of epochs, and in
this part of training λE weight was set to 1000 and λF

weight was kept at 100.

Figure 1. (a) A correlation plot between the VASP and
MACE energies evaluated on the test set. (b) A correlation
plot between the VASP and MACE forces per component
evaluated on the test set.

In Fig. 1 we show the correspondence between the
MACE and the VASP results for E0(R; 0) evaluated on
the test set. The performance metrics evaluated on the
test set are shown in Table I.

Table I. The performance of the MACE model evaluated on
the test set.

quantity MAE RMSE R2

energy 0.04 meV/atom 0.06 meV/atom 1.00

Fx 4.10 meV/Å 7.07 meV/Å 0.99

Fy 4.08 meV/Å 7.51 meV/Å 0.99

Fz 2.79 meV/Å 4.76 meV/Å 1.00
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The accuracy of <0.1 meV/atom and <10 meV/Å is
considered state-of-the-art [49]. However, CDW insta-
bility is related to acoustic phonons, which are typically
much harder to converge. We calculated finite-difference
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9x9x1
12x12x1

Figure 2. Comparison of the acoustic phonon dispersions for
different supercell sizes at Tel = 0 K in the harmonic approx-
imation between the MACE and VASP.

DFT phonon dispersions in the harmonic approximation
for different supercell sizes, as shown in Fig. 2. We used
the Phonopy code [50] with a finite difference step of
0.015 Å. Clearly, to converge the complete phonon dis-
persion, one would have to use supercells larger than
12 × 12 × 1 making DFT calculations expensive. This
points to long-range interactions in NbSe2, arising from
its two-dimensional nature, namely weak screening. As
discussed below in detail, the important instability that
gives rise to the CDW order between the Γ and M points
is already converged for the 9×9×1 supercell. The insta-
bility between M and K points is quickly removed with
anharmonic corrections and, therefore, is not of partic-
ular importance. Previous DFT-based works also used
supercells up to 9 × 9 × 1 [20] and therefore we aim to
reproduce these results with our ML potential.

The fact that interactions up to 9 unit cells (> 30 Å)
are important for converging acoustic phonons makes the
construction of machine learning interatomic potential
challenging, since typically a cutoff radius of 5-10 Å has
to be imposed. Actually, we are not aware of any trained
potential for this class of materials despite both the im-
portance of these materials and large increase of trained
potentials in recent years. Using the message-passing
and the relatively large initial cutoff of 8 Å as well as
including the data of large supercells, we have managed
to converge our machine learning potential to reproduce
DFT phonons, as shown in Fig. 2.

D. Machine learning electronic density of states at

Tel = 0 K

The model for eDOS g0(R; ϵ) and its gradients was
trained using a Kernel Ridge Regression (KRR) model
[51] as implemented in librascal [52], and Smooth Overlap
of Atomic Positions (SOAP) descriptors [53]. As in Ref.
[55] the ML model for the eDOS leverages a decomposi-
tion into local contributions from each ionic environment
specified by its ionic coordinates Ri

g0(R; ϵ) =
∑

Ri∈R

g0(Ri; ϵ)
(2)
=

∑

s,n,k
Ri∈R

δ(ϵ−ϵ0s,n,k(Ri)) . (4)

The Dirac delta distributions in (4) are approximated
by the Gaussian distributions, defined by the Gaussian
broadening hyperparameter gb.

δ(ϵ− ϵ0s,n,k(Ri)) →
1√
2πg2b

e
−

(ϵ−ϵ0
s,n,k

(Ri))
2

2g2
b . (5)

In this work, the value of gb = 0.01 eV was chosen.
For the construction of eDOS, we use a hyperparame-
ter dϵ = 0.00025 eV to control the discretization of the
energy grid. These two hyperparameters were set to low
enough values to ensure a detailed eDOS and a finely
discretized energy grid, whenever precise numerical inte-
gration is needed, see the Supplementary Material. In
Fig. S2 and Fig. S3 comparison between the approxima-
tion and the VASP results for the Helmholtz electronic
free energy for different values of gb and dϵ with Tel = 500
K are reported. As can be seen, the values we have cho-
sen for this work are the most suitable. Both of these
hyperparameters should be part of the hyperparameter
optimization process, but that would be computationally
too expensive.
Since all the terms in (1) and (3) are invariant to the

choice of zero energy in eDOS, there is freedom in the
choice of zero energy in the eDOS construction. We have
chosen to align the eDOS of every structure to its Fermi
energy, namely the Fermi energy is at ϵ = 0 eV for every
structure in the dataset. In the literature, there are other
options to align the eDOS, two examples are alignment
to the core electron eDOS [36] and the adaptive energy
reference [56]. We also performed our calculations using
alignment of the eDOS to the core electron eDOS, but
there were no noticeable differences in the results. Fur-
thermore, the cutoff radius for the SOAP descriptors for
this ML model was set to 7.6 Å after the Bayesian hy-
perparameter optimization process. Other relevant hy-
perparameters are given in the supplementary note S2.
Due to the high memory consumption of the full KRR

models, sparse KRR was used during the training of an
ML model for eDOS. The sparsification of ionic environ-
ments to construct the so-called active set (A) was per-
formed using the Farthest Point Sampling algorithm [57]
and the number of sparse ionic environments was also
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Figure 3. Results of the Tel = 0 K eDOS predictions for an ensemble of 10 models with the smallest errors (9) on the validation
set during the Bayesian hyperparameter optimization process using Optuna [54]. From left to right: (a) the best, (b) median
and (c) the worst predictions (with respect to the RMSE) on the test set. Red lines represent the baseline eDOS constructed
from the VASP data, green lines represent the eDOS predicted by the model chosen (%RMSE on the validation set of this
model is 14.49%) for the calculations done in III, blue lines represent the means of 10 models and light blue represents the
standard deviation of the 10 model predictions. Vertical dotted lines represent the Fermi energies. One can observe that the
largest deviations between the ML and DFT eDOS occur well beyond the Fermi level and are likely to impact calculations only
at extremely high temperatures.

part of the Bayesian hyperparameter optimization pro-
cess. There are 545 Se and 272 Nb ionic environments
in the active set. The eDOS of the i-th local ionic envi-
ronment Ri of a structure R can be expanded on a set
of positive-definite functions (kernel functions), using the
set A [58],

g0(Ri; ϵ) =
∑

Aj∈A

xj(ϵ)k(Aj ,Ri) , (6)

where with Aj ∈ A we note the j -th ionic environment
from the active set, xj(ϵ) are the weights of the model
and k(Aj ,Ri) are the kernel functions.
The kernel functions are defined using the SOAP

framework and are given in [53, 55]. SOAP power spec-
trum was raised to a power of ζ > 1, to effectively in-
clude higher-body order correlations, and ζ was part of
the Bayesian hyperparameter optmization process. In
this work, the value of ζ = 2 was used.

From the first equality in (4) and (6) we have

g0(R; ϵ) =
∑

Ri∈R

Aj∈A

xj(ϵ)k(Aj ,Ri) = k
T
RA · xA(ϵ) . (7)

From (7) we can conclude [55]

∇Ri
g0(R; ϵ) = (∇Ri

k
T
RA) · xA(ϵ) . (8)

From (8) we can see that in this model it is easy to ob-
tain the gradients of the eDOS with respect to the ionic
positions, and thus free energy forces, which is a great

advantage of this model. In our dataset we did not in-
clude any eDOS gradients, even though it could increase
the precision of the model. This is because the gradients
of the eDOS with DFT can be obtained only by finite
differences, making it expensive and inconvenient.
To evaluate the performance of the model during train-

ing and optimize the hyperparameters, we use the metric
proposed in [55]

%RMSE =

√
1
N

∑N

i

∫
(g̃0(Ri; ϵ)− g0(Ri; ϵ))

2dϵ
√

1
N

∑N

i

∫
(g0(Ri; ϵ)− g0(ϵ))2dϵ

× 100 ,

(9)
where N is the number of structures in the target set,

g̃0(Ri; ϵ) is the predicted and g0(Ri; ϵ) is the target 0 K

eDOS of the i-th structure (Ri) and g0(ϵ) is the mean of
the entire target set, given by

g0(ϵ) =
1

N

N∑

i

g0(Ri; ϵ) . (10)

As we can see, %RMSE is the root mean square error
(RMSE) of the prediction set normalized by the standard
deviation (STD) of the target set.
In Fig. 3, we show the results of an ensemble of 10

best-performing models in the Bayesian hyperparameter
optimization process. Even though we trained the whole
eDOS, for convenience, we only show the more challeng-
ing region around the Fermi energy. The performance
of the ”ML used” model from Fig. 3 on the test set is
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given in Table II. In [55] it was shown that %RMSE in-

Table II. The performance of the ”ML used” model from Fig.
3 on the test set.

model MAE RMSE R2 %RMSE

ML used 0.93 1/eV 4.48 1/eV 0.99 14.39%

creases as gb decreases, and in that work %RMSE ≈ 10%
was achieved for gb = 0.3 eV and %RMSE ≈ 20% for
gb = 0.1 eV, while we achieve %RMSE = 14.39% for
gb = 0.01 eV. In Fig. 3, one can also see that the models
sometimes predict negative values for the eDOS. Physi-
cally, this is impossible, but this is a consequence of the
fact that the KRR model, by its construction, does not
constrain eDOS predictions to be nonnegative.

E. Electronic free energy interatomic potential for

finite Tel

By combining the models from IIC and IID we con-
struct the full ML model for electronic free energy (1) and
corresponding forces (3). To evaluate the performance of
the full ML free energy potential we have randomly taken
one 3×3×1 structure from the test set and run VASP cal-
culations for five different electronic temperatures. The
correlation plots between the VASP and the full ML po-
tential are shown in Fig. 4. Performance metrics are
reported in Table III.

Table III. The performance of full ML potential evaluated on
a one 3 × 3 × 1 structure from the test set for five different
electronic temperatures.

quantity MAE RMSE R2

energy 0.13 meV/atom 0.17 meV/atom 1.00

Fx 12.80 meV/Å 17.29 meV/Å 0.99

Fy 27.24 meV/Å 39.84 meV/Å 0.97

Fz 55.04 meV/Å 71.29 meV/Å 0.93

One can observe that the free electronic energy is well
reproduced by our model for electronic temperatures in
the range of 100− 3000 K, with errors still considerably
lower than 1 meV/atom. Forces show slightly larger er-
rors, up to an order of magnitude larger than errors for
forces of Tel = 0 ML model. Still, the errors are well
below 100 meV/Å which is considered good for the ker-
nel based methods [36]. It can also be noticed in Fig.
4 that as the electronic temperature increases, the forces
become less accurate, which is also expected from the ap-
proximation in (3). It is also expected from the fact that
as Tel increases, DFT forces also have larger fluctuations.
The possible solutions to this are given in [36] and the
issue is addressed in more detail in Sec. III.
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Figure 4. (a) Correlation plot between VASP and full free
energy ML potential energies and (b) correlation plot between
VASP and free energy forces per component for five different
electronic temperatures calculated for one 3× 3× 1 structure
from the test set.

F. Modelling ionic temperature

In the previous subsections, we have presented the con-
struction of the full ML model for the free electronic en-
ergy depending on electronic temperature (Tel) based on
(1) and (3). To map a phase diagram, it is crucial to also
include the effects of ionic temperature. While effects
of ionic temperature can be modelled in several ways,
we choose to use the stochastic self-consistent harmonic
approximation (SSCHA) [59, 60] that is often used to
model CDWmaterials [20, 61] as it conveniently accounts
for anharmonicity at a non-perturbative level including
quantum and thermal fluctuations. Previously, NbSe2
was studied on the DFT level with SSCHA showing that
significant anharmonic effects are present [20], and these
results can serve as benchmark for our ML models. Since
SSCHA relies only on the energy and forces from any
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model, we can use it either with the Tel = 0 K MACE
model to reproduce previous DFT based results, or with
the full free electronic energy ML model.

Most of the SSCHA parameters were kept at their de-
fault values. Initial harmonic dynamical matrices for the
SSCHA calculations were obtained with Atomic Simula-
tion Environment [62, 63], with a finite difference step of
0.01 Å. Relaxation in SSCHA was performed with 500
configurations and, to generate ensembles, we have used
2000 configurations. To speed up calculations under laser
conditions, the number of configurations was decreased
to 250 and 1000, respectively. The meaningful factor was
set to 10−5. Both the dynamical matrix and the struc-
ture minimization steps were set to 0.05.

All SSCHA calculations were performed with the ran-
dom seed set to 0, to ensure reproducibility.

III. RESULTS AND DISCUSSIONS

In the following, we discuss the phonons dispersions as
a function of Tel and Tion and the CDW phase diagram
as a function of both temperatures. The signature of
the CDW phase is the existence of the imaginary phonon
mode in the acoustic phonon branch between Γ and M
points of the Brillouin zone. As discussed earlier, and
as in previous works [20], all calculations have been per-
formed for 9 × 9 × 1 unit cell that provides converged
acoustic phonons in the Γ-M path.

A. Phonon dispersions as a function of Tel

We have calculated the phonon dispersions in the har-
monic approximation as a function of electronic temper-
ature using the full free electronic enegy ML potential
and VASP-DFT. The full phonon dispersions are given
in Fig. S7, and the relevant acoustic phonons are given in
Fig. 5. As discussed above, at Tel = 0 K the two phonon
dispersions (from DFT and our model) are comparable,
as our MACE model is accurate. As expected, both DFT
and our model predict the stabilization of the imaginary
mode with increasing electronic temperature. Although
the behaviour with increasing Tel is similar, there are
some noticable differences. First, one can notice that
DFT predicts stabilization of the normal phase already
for Tel = 900 K, while in our model normal phase is ob-
tained only for Tel = 1200 K. There are two main reasons
for this difference in the temperature of transition: start-
ing approximations in the theoretical model (1) and (3),
and errors associated with ML models. To check the ac-
curacy of the approximation (1) in the theoretical model,
we have plotted in Fig. S1 the free electronic energy along
the CDW mode using the exact DFT eDOS. One can see
that for Tel = 500 K the approximation works well, but
as Tel increases there is a deviation and DFT gives higher
phonon frequencies. Still, the temperature of the CDW
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Figure 5. (a) Acoustic phonon dispersions calculated in the
harmonic approximation with DFT in 9 × 9 × 1 supercell.
(b) Acoustic phonon dispersions calculated in the harmonic
approximation with the full free electronic ML potential in
9 × 9 × 1 supercell.

transition between DFT and the approximation with the
correct eDOS is similar.

The second difference in phonon dispersions between
the DFT and ML model is the location of the minimum of
the imaginary mode (Kohn anomaly). In DFT, this min-
imum slightly shifts toward the M point as Tel increases,
while in the results of ML model it does not shift. How-
ever, this is an expected behaviour of the approximation
in the theoretical model. Namely, in DFT the shift in
position is due to the small changes in the parts of the
Fermi surface that give rise to the Kohn anomaly. In the
model, on the other hand, eDOS at Tel = 0 K is used, and
by construction it cannot capture the effects of changes
in the electronic structure.

Since, near the CDW transition, the square of the
phonon frequency ω2 can be approximated to depend
linearly on the temperature [20], in Fig. 6 we plot it
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Figure 6. Plot of the ω2 corresponding to the CDW instability
along the Γ-M path versus temperature. It includes the VASP
results, along with the results for the ensemble of 10 models
explained earlier (in black). Also, in red we show the model
with the minimal error (9) in the Bayesian hyperparameter
optimization process and in blue we show the model chosen
out of this ensemble that was used for the calculations in
this section. In orange we show the results of the SSCHA
calculations with Tel = 0 K.

for different models. We are plotting the ω2 of the insta-
bility along the Γ-M path. DFT predicts TCDW ≈ 892
K and the ML model used for the calculations (blue in
Fig. 6) predicts TCDW ≈ 1164 K. This model is cho-
sen such that out of the 10 best models according to
the %RMSE of the eDOS prediction on the validation
set, it gives TCDW closest to the one from DFT. The
model with the lowest %RMSE on the validation set gives
TCDW ≈ 1380 K. Since we have constructed the dataset
using the molecular dynamics to be used generally and
not only for phonon calculations, no emphasis was given
to particularly sample the configurations corresponding
to the CDW mode. Optimizing the ML model solely
based on the %RMSE across all structures does not nec-
essarily lead to optimal phonon predictions. While fine-
tuning the dataset and model hyperparameters could im-
prove the accuracy of phonons and TCDW to match the
limits of the underlying theoretical approximations, in
this work we prioritized model generality.

Even with the said discrepancies, our model gives qual-
itatively correct results at orders of magnitude faster
evaluation (for example, the calculations presented in
Fig. 5(a) took around a week using VASP with 64 MPI
processes on a CPU cluster, while the calculations with
our ML potential presented in Fig. 5(b) took only a
few minutes on a single CPU). It should also be noted
that TCDW and the corresponding CDW formation en-
ergy are sensitive to the calculation details and the DFT
settings [21, 64, 65]. In particular, the use of hybrid HSE
exchange correlation functional can increase the CDW
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Figure 7. Acoustic phonon dispersions calculated in the an-
harmonic approximation using the SSCHA with Tel = 0 K
and for different Tion in 9 × 9 × 1 supercell.

formation energy in NbSe2 by an order of magnitude [21],
while TCDW in TiSe2 is enhanced from around 1100K to
1900K when PBE is replaced with HSE functional [65].
This shows that our model has smaller differences in
TCDW compared to DFT, than the DFT approximations
itself.

B. Phonon dispersions as a function of Tion

In this subsection we report the acoustic phonon dis-
persions as a function of the ionic temperature using the
SSCHA and keeping Tel = 0 K, namely for these calcu-
lations, only the MACE potential for E0(R; 0) was used.
Anharmonic acoustic phonon dispersions are shown in
Fig. 7 and are comparable with the DFT-SSCHA calcu-
lations in Ref. [20]. Also, in Fig. 6 (orange line) it can
be seen that our calculations give TCDW ≈ 104 K, which
is somewhat higher than the previous SSCHA calcula-
tions that predicted TCDW ≈ 70 − 80K. Path-integral
and ab initio molecular dynamics simulations obtained
TCDW = 75− 100K [21], which is consistent with our re-
sults. The spread in values for DFT based results stems
from the difficulty in converging the results due to the
computational complexity of DFT for such calculations,
which is avoided in our approach. Our efficient ML model
for modelling the CDW phase diagram therefore suggests
that CDW in monolayer NbSe2 is enhanced compared to
the bulk case. In other words, our simulations are sup-
porting the conclusions of experiments in Refs. [8, 10, 11]
which suggest TCDW > 100 K, compared to the experi-
ment from Ref. [9] which suggested TCDW ≈ 33 K, close
to the bulk value.
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C. CDW under nonequilibrium conditions

An application of the full ML interatomic potential
as obtained with Eqs. (1) and (3) enables us to study
the phase diagram as a function of both Tion and Tel

as shown in Fig. 8. These calculations have been per-
formed using the SSCHA with fixed Tel, for which the
CDW phase still exists in the harmonic limit. For each
Tel, we vary Tion until we get TCDW in the same way as
was done in Fig. 6. In Fig. 8(a) we report the (Tion, Tel)
phase diagram, which illustrates how the effects of elec-
tron and lattice entropy can melt the CDW phase, where
obviously the latter is more dominant [20]. Nevertheless,
two important conclusions regarding the role of electronic
entropy emerge from this: (i) When trying to reach the
quantitative values of thermal TCDW it is important to
choose appropriately small Tel in the DFT calculations.
(ii) Hot electrons (high Tel) can efficiently melt the CDW
phase that originates from electron-phonon and phonon-
phonon interactions. Namely, it is commonly believed
that the ultrafast creation of hot electrons melts only
the electron-induced order such as the excitonic insula-
tor and the standard Peierls transition [22, 24]. For in-
stance, sub-picosecond decay of the CDW signals in time-
resolved measurements, which follows the increase of Tel,
is usually considered a fingerprint of the purely electronic
origin of the CDW[22, 24, 25, 28]. Here we show that this
can also be a fingerprint for phonon-related mechanism.
Namely, soft Kohn anomaly in CDW-bearing TMDs is
mostly induced by anisotropic electron-phonon scatter-
ings, which means that anharmonicity is electron in-
duced [14, 18, 66–68]. In NbSe2, instability of the acous-
tic phonon around the 2/3ΓM point is driven by the
electron scatterings between Nb-d states around Fermi
level [14], which are then diminished with elevated broad-
ening or high Tel [66].

To further corroborate this result, we perform TTM
simulations using the DFT input parameters [69, 70] (see
supplementary note S4) and combine them with our ML
model and SSCHA calculations [see Figs. 8(b)-(d)]. Con-
sidering that NbSe2 is a metal in normal state, we assume
that its electron thermalization time due to electron-
electron scattering is very fast (∼ 10 fs) and that the
hot Fermi-Dirac distribution with Tel is formed in a very
early stage of dynamics [70]. With this combination of
techniques, we mimic the laser-induced time-resolved dy-
namics, as in time-resolved photoemission [29] and tran-
sient pump-probe optical spectroscopy [28, 30]. In Fig.
8(b) we show the results of the TTM simulations (see
also Fig. S9), where we can see a very fast dynam-
ics of electron component of about 0.2 ps, which agrees
well with time-resolved photoemission results [29], and
it comes from the strong electron-phonon coupling of
λ = 1.3. For laser fluence, we chose F = 0.1 J/m2,
which was found to be a critical value above which the
CDW is melted in NbSe2 [30]. Further, in Fig. 8(c) we
show phonon dispersions of acoustic phonons with an-
harmonic corrections that correspond to three different

snapshots, namely combinations of (Tel, Tion), marked
in panel (b). From this it is obvious that the CDW is
melted by the time when Tel reaches a peak, meaning
slightly away from the zero time delay. In panel (d) we
additionally show hardening of the CDW-related mode
when Tion is kept fixed at the temperature of 46K, while
Tel is raised according to TTM as in panels (b) and (c).
By comparing these results and the one when Tion is var-
ied in time according to TTM, it is obvious that the CDW
is initially melted by hot electrons and that the timescale
of CDW decay will follow sub-picosecond electron exci-
tation timescale, i.e., Tel. Later on, in dynamics, the
CDW is further quenched by the elevated Tion beyond
TCDW ≈ 100K, which supports the observation that the
melting dynamics in NbSe2 is long-lived [30].

IV. CONCLUSIONS

In this work, we have constructed the first ML inter-
atomic potential for the monolayer NbSe2 with fairly low
errors on energies and forces. The relatively long range
of our potential made it possible to accurately capture
acoustic phonons that are connected with CDW order.
To model the effect of electronic temperature we have
also constructed an ML model of electronic density of
states that together with ML interatomic potential al-
lows for accurate model of electronic free energies and
forces, thus providing a full model capable of simulating
NbSe2 dynamics and phase diagram.

We have shown that our ML models can successfully
predict the CDW phase diagram of NbSe2 in agreement
with DFT at orders of magnitude lower computational
cost. With this model we obtain that the CDW tran-
sition temperature is 104K, which supports recent ex-
perimental claims that the CDW is enhanced for the
monolayer NbSe2. We then used our model to investi-
gate the CDW phase diagram as a function of both elec-
tronic and ion temperature that arise in the non-thermal
conditions such as under the short laser pulse. We show
that elevated electronic temperatures efficiently melt the
electron-phonon-driven CDW order, which is then long-
lived as the ionic temperature equilibrates due to the
electron-phonon coupling. Our results show that melting
of CDW in time-resolved measurements cannot be exclu-
sively assigned to the purely electronic origin of the CDW
as often assumed. This can be especially useful for CDW-
bearing systems, where time-resolved measurements are
often utilized for the disentanglement of purely electronic
and phonons origins to the formation of the CDW, such
as for understanding the timescales of excitonic insula-
tor and Jahn-Teller mechanisms in TiSe2 [23] and similar
TMDs.
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Figure 8. (a) CDW order as a function of Tion and Tel, where the black circles indicate the pairs of Tion and Tel after which
the CDW instability disappears; the shaded area is bounded by fitting the black data points to the equation TCDW(Tel) =

A tanh
√

1 − Tel/B [64], where A = 143 K and B = 836 K. (b) Results of a TTM for Tel and Tion; three pairs of Tel and Tion

are indicated, that are used in (c). (c) Acoustic phonon dispersions calculated using full interatomic ML potential with SSCHA
for three pairs of Tel and Tion indicated in (a) and (b). (d) Acoustic phonon dispersions calculated using the full interatomic
ML potential with SSCHA for the same Tel as in (c), but with Tion = 46 K kept fixed, as indicated in (a).
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Partay, N. Bernstein, G. Csányi, and G. Hart, Machine-
learned interatomic potentials for alloys and alloy phase
diagrams, npj Computational Materials 7 (2021).

[33] T. Kostiuchenko, F. Körmann, J. Neugebauer, and
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Learning the electronic density of states in condensed
matter, Phys. Rev. B 102, 235130 (2020).

[56] W. B. How, S. Chong, F. Grasselli, K. K. Huguenin-
Dumittan, and M. Ceriotti, Adaptive energy reference
for machine-learning models of the electronic density of
states, Phys. Rev. Mater. 9, 013802 (2025).

[57] Y. Eldar, M. Lindenbaum, M. Porat, and Y. Zeevi, The
farthest point strategy for progressive image sampling,
IEEE Transactions on Image Processing 6, 1305 (1997).

[58] C. Ben Mahmoud, Machine-learning the electronic den-

sity of states: electronic properties without quantum me-

chanics, Ph.D. thesis, EPFL, Lausanne (2023).
[59] R. Bianco, I. Errea, L. Paulatto, M. Calandra, and

F. Mauri, Second-order structural phase transitions, free
energy curvature, and temperature-dependent anhar-
monic phonons in the self-consistent harmonic approx-
imation: Theory and stochastic implementation, Phys.
Rev. B 96, 014111 (2017).

[60] L. Monacelli, R. Bianco, M. Cherubini, M. Calandra,
I. Errea, and F. Mauri, The stochastic self-consistent har-
monic approximation: calculating vibrational properties
of materials with full quantum and anharmonic effects,
Journal of Physics: Condensed Matter 33, 363001 (2021).

[61] J. S. Zhou, L. Monacelli, R. Bianco, I. Errea,
F. Mauri, and M. Calandra, Anharmonicity and Dop-
ing Melt the Charge Density Wave in Single-Layer
TiSe2, Nano Letters 20, 4809 (2020), pMID: 32496779,
https://doi.org/10.1021/acs.nanolett.0c00597.

[62] S. R. Bahn and K. W. Jacobsen, An object-oriented
scripting interface to a legacy electronic structure code,
Comput. Sci. Eng. 4, 56 (2002).

[63] A. H. Larsen, J. J. Mortensen, J. Blomqvist, I. E.
Castelli, R. Christensen, M. Du lak, J. Friis, M. N.

Groves, B. Hammer, C. Hargus, E. D. Hermes, P. C.
Jennings, P. B. Jensen, J. Kermode, J. R. Kitchin, E. L.
Kolsbjerg, J. Kubal, K. Kaasbjerg, S. Lysgaard, J. B.
Maronsson, T. Maxson, T. Olsen, L. Pastewka, A. Pe-
terson, C. Rostgaard, J. Schiøtz, O. Schütt, M. Strange,
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S1. APPROXIMATION FOR THE HELMHOLTZ ELECTRONIC FREE ENERGY

AND THE IONIC FORCES

We report the derivation of the approximation used for simulating the finite electronic

temperature effects. The idea is to use the 0 K density functional theory data to construct an

approximation for the Helmholtz electronic free energy to be able to efficiently simulate finite

electronic temperature effects. It is a modified derivation of the approximation developed

in Ref. [S1]. Firstly, we define the notation we will use. We start by considering an atomic

system with Nion ions and Nel electrons, where R = {R1, ...,RNion
} represents the set of

ionic coordinates and we let Tel to be the electronic temperature of the system. Fermi-Dirac

distribution is given by

f(x) =
1

ex + 1
. (S1)

In the following derivations, the temperatures in the superscripts indicate to which tem-

peratures do the eigenvalues that are used to construct desired quantities correspond, and

the temperatures in parentheses indicate at which temperatures the desired quantities are

evaluated.

We define occupation numbers as

fT1
i (T2)

(S1)
= f

(
ϵT1
i (R)− µT1(R;T2)

kBT2

)

, (S2)

where kB is the Boltzmann constant. In (S2) i -th occupation number fT1
i (T2) evaluated

at electronic temperature T2 is determined by the i -th Kohn-Sham eigenenergy ϵT1
i (R) cor-

responding to T1 and the chemical potential (Fermi level) µT1(R;T2) evaluated at T2 and

constructed out of the T1 eigenenergies. The chemical potential is determined by the con-

straint of conservation of the number of electrons in the system

Nel =
∑

i

fT1
i (T2) ∀ T1, T2 , (S3)

where the summation over i represents the summation over the spin projections s, bands n

and k-points k. Furthermore, in the limit T2 → 0+ we have

µT1(R; 0) = ϵT1
F (R) , (S4)

where we call ϵT1
F (R) the Fermi energy of the system at the electronic temperature T1, which

in the limit T1 → 0+ becomes the real Fermi energy of the system ϵ0F (R).
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Next, we define the electronic density of states (eDOS) at a electronic temperature T as

gT (R; ϵ) =
∑

i

δ(ϵ− ϵTi (R)) , (S5)

where δ(x) is the Dirac delta distribution. Using (S5) we have the standard correspondence

∑

i

→

∫

gT (R; ϵ)dϵ . (S6)

Using (S6) the equation (S3) can be written as

Nel =

∫

gT1(R; ϵ)f

(
ϵ− µT1(R;T2)

kBT2

)

dϵ . (S7)

The fermionic entropy in this notation is defined as

ST1(R;T2) = −kB
∑

i

[
fT1
i (T2) ln(f

T1
i (T2)) + (1− fT1

i (T2)) ln(1− fT1
i (T2))

]
. (S8)

For the electronic density, we have

ρT1(r;T2) =
∑

i

ρT1
i (r;T2) =

∑

i

fT1
i (T2)|ϕ

T1
i (r)|2 , (S9)

where ϕT1
i (r) is the i -th Kohn-Sham orbital at the electronic temperature T1 and r =

rxx̂+ ryŷ + rzẑ.

The Helmholtz electronic free energy of a system at the electronic temperature Tel, with

fixed number of electrons Nel and fixed volume V of the system is given by [S2]

F (R;Nel, V, Tel) ≡ F (R;Tel) = ETel(R;Tel)− TelS
Tel(R;Tel) , (S10)

where ETel(R;Tel) is the standard DFT energy defined as [S3]

ETel(R;Tel) = ETel

b (R;Tel)− ETel

dc (R;Tel) + Enn(R) . (S11)

In (S11) the first, so-called band-energy, term, is given by

ETel

b (R;Tel) =
∑

i

fTel

i (Tel)ϵ
Tel

i (R) . (S12)

The second term, the so-called double-counting term, is given by

ETel

dc (R;Tel) =
1

2

∫∫
ρTel(r;Tel)ρ

Tel(r′;Tel)

|r − r′|
drdr′ − EXC [ρ

Tel(r;Tel)](Tel)

+

∫

VXC [ρ
Tel(r;Tel)](r;Tel)ρ

Tel(r;Tel)dr , (S13)
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where EXC [ρ
Tel(r;Tel)](Tel) is the so-called exchange-correlation (XC) functional and

VXC [ρ
Tel(r;Tel)](r;Tel) =

δEXC [ρ
Tel(r;Tel)](Tel)

δρTel(r;Tel)
(S14)

is the XC potential. Finally, the last term in (S11) is the electrostatic energy between the

ions and is independent of Tel.

We start by taking the difference between the Helmholtz energies (S10) at the two different

temperatures, where some finite reference temperature T1 is taken to make the derivations

more consistent. All of the results will be based at T1 → 0+ and at the end we will let

T1 → 0+ everywhere. So, we start with

F (R;T2)− F (R;T1) = ET2
b (R;T2)− ET1

b (R;T1)− ET2
dc (R;T2) + ET1

dc (R;T1)

+�����Enn(R)−�����Enn(R)− T2S
T2(R;T2) + T1S

T1(R;T1) . (S15)

Now, the approximation consists of using a similar idea as in the Ref. [S4]. However, keeping

in mind that the results from [S4] are obtained for Tel = 0 K. The idea there was that even

at Tel = 0 K one can introduce occupational numbers like in (S9) as a mathematical tool

that enables to calculate variations with respect to occupational numbers, and at the end of

the calculations one lets those occupational numbers follow the Fermi-Dirac distribution at

Tel = 0 K, or in other words, occupational numbers can take only the values of 0 and 1. The

main result of that paper is the so-called Janak’s theorem, which states that from (S11) at

Tel = 0 K one has

δETel(R;Tel)

δfTel

i (Tel)

∣
∣
∣
∣
Tel=0

= ϵ0i (R) . (S16)

It is worth mentioning that Janak’s theorem has its thermal version [S5], but this is not

what this approximation aims to use. The variation with respect to occupational numbers

can be traced to the following idea

ψR(r; 0) ⇐⇒ ρ0(r; 0)
(S9)
⇐⇒ {f 0

i (0)}, {ϕ
0
i (r)} , (S17)

where ψR(r; 0) is the exact electronic wave function at 0 K. The first equivalence in (S17)

is due to the Hohenberg-Kohn theorem [S6]. In (S17) we want to emphasize that once we

have density functional description of the quantum many-body problem at 0 K given by the

Hohenberg-Kohn theorem, we can formally describe it using the occupational numbers and

Kohn-Sham orbitals, as implied by (S9), where we impose that those occupational numbers
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obey the Fermi-Dirac distribution at 0 K. This is the reasoning behind taking the variations

with respect to occupational numbers in (S16). It also allows one to treat the variations

with respect to occupational numbers and Kohn-Sham orbitals independently. So, the idea

is to treat the occupational numbers introduced in [S4] as objects with physical meaning to

capture the effects of changing the electronic temperature and to construct an approximation

for the Helmholtz electronic free energy. Using only the information we have at T1 → 0+,

we perform the following set of approximations

ρT2(r;T2) ≈ ρT1(r;T1) +
∑

i

δρT1(r;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1)) , (S18)

ET2
b (R;T2) ≈ ET1

b (R;T1) +
∑

i

δET1
b (R;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1)) , (S19)

ET2
dc (R;T2) ≈ ET1

dc (R;T1) +
∑

i

δET1
dc (R;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1)) , (S20)

T2S
T2(R;T2) ≈ T2S

T1(R;T2) . (S21)

The approximations given by (S18)-(S21) tell us that we approximate the quantites in (S18)-

(S20) using the perturbations in occupational numbers caused by change in temperature.

From (S17) and (S18) we have

ρT2(r;T2) ≈ ρT1(r;T1) +
∑

i

δρT1(r;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1))

= ρT1(r;T1) +
∑

i

(fT1
i (T2)− fT1

i (T1))|ϕ
T1
i (r)|2

=������

ρT1(r;T1) +
∑

i

fT1
i (T2)|ϕ

T1
i (r)|2

︸ ︷︷ ︸

(S9)

=ρT1 (r;T2)

−

�
�
�

�
�

�
�
�
�
��

∑

i

fT1
i (T1)|ϕ

T1
i (r)|2

︸ ︷︷ ︸

(S9)
= ρT1 (r;T1)

=⇒ ρT2(r;T2) ≈ ρT1(r;T2) . (S22)

Now, using (S18)-(S21) in (S15) we have

F (R;T2)− F (R;T1) ≈
∑

i

δET1
b (R;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1))

−
∑

i

δET1
dc (R;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1))− T2S
T1(R;T2) + T1S

T1(R;T1) . (S23)
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Also, we know that

δEnn(R)

δfT1
i (T )

= 0 . (S24)

Using (S24) in (S23) we have

F (R;T2)− F (R;T1) ≈
∑

i

δ
(
ET1

b (R;T )− ET1
dc (R;T ) + Enn(R)

)

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1))

− T2S
T1(R;T2) + T1S

T1(R;T1)

(S11)
=

∑

i

δET1(R;T )

δfT1
i (T )

∣
∣
∣
∣
∣
T=T1

(fT1
i (T2)− fT1

i (T1))− T2S
T1(R;T2) + T1S

T1(R;T1)

(S16)
=

∑

i

ϵT1
i (R)(fT1

i (T2)− fT1
i (T1))− T2S

T1(R;T2) + T1S
T1(R;T1) . (S25)

In conclusion, using (S10) and (S25) we approximate the Helmholtz electronic free energy

evaluated at a finite electronic temperature T2 as

F (R;T2) ≈ ET1(R;T1) +
∑

i

ϵT1
i (R)(fT1

i (T2)− fT1
i (T1))− T2S

T1(R;T2) . (S26)

Furthermore, as we have already mentioned, T1 was used just to have a more mathematically

consistent derivation, so we can finally write everything using T1 → 0+, where we also let

T2 = Tel

F (R;Tel) ≈ E0(R; 0) +
∑

i

ϵ0i (R)(f 0
i (Tel)− f 0

i (0))− TelS
0(R;Tel) . (S27)

We can write (S26) as

F (R;T2) ≈ ET1(R;T1) + ∆F (R;T1, T2) , (S28)

where we have defined

∆F (R;T1, T2) =
∑

i

ϵT1
i (R)(fT1

i (T2)− fT1
i (T1))− T2S

T1(R;T2) . (S29)

Or, using T1 → 0+ and the definitions from (S27) we have

F (R;Tel) ≈ E0(R; 0) + ∆F (R; 0, Tel) . (S30)

From (S6), (S8), and (S26) we have

F (R;T2) ≈ ET1(R;T1) +

∫

ϵgT1(R; ϵ)

[

f

(
ϵ− µT1(R;T2)

kBT2

)

− f

(
ϵ− µT1(R;T1)

kBT1

)]

dϵ

+ kBT2

∫

gT1(R; ϵ)s

(
ϵ− µT1(R;T2)

kBT2

)

dϵ , (S31)
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where s(x) is defined as

s(x) = f(x) ln (f(x)) + (1− f(x)) ln(1− f(x)) . (S32)

Or, using T1 → 0+ and the definitions from (S27), along with (S4), we have

F (R;Tel) ≈ E0(R; 0) +

∫

ϵg0(R; ϵ)

[

f

(
ϵ− µ0(R;T2)

kBT2

)

− θ(ϵ0F (R)− ϵ)

]

dϵ

+ kBT2

∫

g0(R; ϵ)s

(
ϵ− µ0(R;T2)

kBT2

)

dϵ , (S33)

where f 0(0) = θ(ϵ0F (R)− ϵ) was used.

In essence, this approximation exploits the idea from [S4] where the occupation numbers

are let to be fractional and have been used as a mathematical tool to derive Janak’s theorem.

But in this approximation they are treated as valid physical objects and are used to simulate

changes in temperature and to construct an approximation for the Helmholtz electronic free

energy. Inspecting the presented derivations, one can say that the approximation developed

is based on the following approximation fT2
i (T2) ≈ fT1

i (T2), which, as already said, means

that occupational numbers introduced in the Janak’s theorem were used to simulate the

effects of change in temperature. In conclusion, thermal effects are included by extrapo-

lating the 0 K density functional theory data to finite temperatures using the constructed

approximation for the Helmholtz electronic free energy. The main difference between this

derivation of (S33) and the one from [S1] is in the fact that here we did not use fT2
i (T2)

quantities explicitly, for which we do not have any information in this model.

Now, we can derive the expression for the force on the n-th ion F n(R;Tel) by taking the

negative gradient with respect to Rn of (S31)

F n(R;T2) = −∇Rn
F (R;T2) ≈ −∇Rn

ET1(R;T1)

−∇Rn

∫

ϵgT1(R; ϵ)

[

f

(
ϵ− µT1(R;T2)

kBT2

)

− f

(
ϵ− µT1(R;T1)

kBT1

)]

dϵ

− kBT2∇Rn

∫

gT1(R; ϵ)s

(
ϵ− µT1(R;T2)

kBT2

)

dϵ . (S34)

We start by calcuating

∇Rn

∫

ϵgT1(R; ϵ)f

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

dϵϵf

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ)

+

∫

dϵϵgT1(R; ϵ)
∂f

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
µT1(R;T2) , (S35)
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now we need an expression for ∇Rn
µT1(R;T2), which we get by taking the gradient ∇Rn

of

the expression (S7)

0 = ∇Rn

∫

gT1(R; ϵ)f

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

dϵf

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
g0(R; ϵ)

+∇Rn
µT1(R;T2)

∫

dϵgT1(R; ϵ)
∂f

∂µT1

(
ϵ− µ0(R;T2)

kBT2

)

=⇒ ∇Rn
µT1(R;T2) = −

∫
dϵf

(
ϵ−µ0(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ)

∫
dϵgT1(R; ϵ) ∂f

∂µT1

(
ϵ−µT1 (R;T2)

kBT2

) . (S36)

Now, by using (S36) in (S35) we have

∇Rn

∫

ϵgT1(R; ϵ)f

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

dϵϵf

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ)

+

∫
dϵ′ϵ′gT1(R; ϵ′) ∂f

∂µT1

(
ϵ′−µT1 (R;T2)

kBT2

)

∫
dϵ′gT1(R; ϵ′) ∂f

∂µT1

(
ϵ′−µT1 (R;T2)

kBT2

)

︸ ︷︷ ︸

≡ΣT1 (R;T2)

∫

dϵf

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ)

=⇒ ∇Rn

∫

ϵgT1(R; ϵ)f

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

dϵ
(
ϵ− ΣT1(R;T2)

)

× f

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ) . (S37)

In (S37) we have defined

ΣT1(R;T2) =

∫
dϵϵgT1(R; ϵ) ∂f

∂µT1

(
ϵ−µT1 (R;T2)

kBT2

)

∫
dϵgT1(R; ϵ) ∂f

∂µT1

(
ϵ−µT1 (R;T2)

kBT2

) (S38)

and we call it the average shift term. In the limit T2 → 0+, using (S4) and the the fact

fT1(0) = θ(ϵT1
F (R)− ϵ), we have

ΣT1(R; 0) =

∫
dϵϵgT1(R; ϵ)

∂θ(ϵ
T1
F

(R)−ϵ)

∂ϵ
T1
F

(R)

∫
dϵgT1(R; ϵ)

∂θ(ϵ
T1
F

(R)−ϵ)

∂ϵ
T1
F

(R)

=

∫
dϵϵgT1(R; ϵ)δ(ϵT1

F (R)− ϵ)
∫
dϵgT1(R; ϵ)δ(ϵT1

F (R)− ϵ)
= ϵT1

F (R)

=⇒ ΣT1(R; 0) = ϵT1
F (R) , (S39)

which in the limit T1 → 0+ becomes

Σ0(R; 0) = ϵ0F (R) . (S40)
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Now, we can calculate the following

∇Rn

∫

gT1(R; ϵ)s

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

dϵs

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
gT1(R; ϵ)

+

∫

dϵgT1(R; ϵ)
∂s

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)

∇Rn
µT1(R;Tel) . (S41)

Furthermore. we have

∂s

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)

=
∂s

∂f

∂f

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)

(S32)
=

(

ln

(
f

1− f

))
∂f

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)
(S2)
= −

ϵ− µT1(R;T2)

kBT2

∂f

∂µT1

(
ϵ− µT1(R;T2)

kBT2

)

.

(S42)

Now, by inserting (S42) into (S41), and using (S36) and (S38) we have

∇Rn

∫

gT1(R; ϵ)s

(
ϵ− µT1(R;T2)

kBT2

)

dϵ =

∫

∇Rn
gT1(R; ϵ)

[

s

(
ϵ− µT1(R;T2)

kBT2

)

+
ΣT1(R;T2)− µT1(R;T2)

kBT2
f

(
ϵ− µT1(R;T2)

kBT2

)]

dϵ . (S43)

Finally, by using (S34), (S37) and (S43) we arrive at

F n(R;T2) ≈ −∇Rn
ET1(R;T1)−

∫

dϵ∇Rn
gT1(R; ϵ)

[
(
ϵ− ΣT1(R;T2)

)
f

(
ϵ− µT1(R;T2)

kBT2

)

−
(
ϵ− ΣT1(R;T1)

)
f

(
ϵ− µT1(R;T1)

kBT1

)]

− kBT2

∫

dϵ∇Rn
gT1(R; ϵ)

[

s

(
ϵ− µT1(R;T2)

kBT2

)

+
ΣT1(R;T2)− µT1(R;T2)

kBT2
f

(
ϵ− µT1(R;T2)

kBT2

)]

. (S44)

Or, using T1 → 0+ and the definitions from (S27), along with (S4) and (S40), we have

F n(R;Tel) ≈ −∇Rn
E0(R; 0)−

∫

dϵ∇Rn
g0(R; ϵ)

[

(
ϵ− Σ0(R;Tel)

)
f

(
ϵ− µ0(R;Tel)

kBTel

)

−
(
ϵ− ϵ0F (R)

)
θ(ϵ0F (R)− ϵ)

]

− kBTel

∫

dϵ∇Rn
g0(R; ϵ)

[

s

(
ϵ− µ0(R;Tel)

kBTel

)

+
Σ0(R;Tel)− µ0(R;Tel)

kBTel
f

(
ϵ− µ0(R;Tel)

kBTel

)]

, (S45)

where f 0(0) = θ(ϵ0F (R)− ϵ) was used.
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Figure S1. Comparison of the approximation (S33) and the VASP results for the Helmholtz elec-

tronic free energy for four different electronic temperatures Tel. Calculations were performed along

the q = 2/3 ΓM CDW phonon mode in 3 × 3 × 1 supercell. For these calculations every eDOS

was constructed using the same hyperparameters as in the main text. Namely, gb = 0.01 eV and

dϵ = 0.00025 eV.

In Fig. S1, we show the comparison between the approximation (S33) and the VASP

results calculated along the q = 2/3 ΓM CDW phonon mode in 3× 3× 1 supercell.
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Figure S2. Comparison between the approximation (S33) and the VASP results for the Helmholtz

electronic free energy calculated for one 3 × 3 × 1 structure along the q = 2/3 ΓM CDW phonon

mode for Tel = 500 K, gb = 0.01 eV and four different dϵ hyperparameters.

In Fig. S2 we report the comparison between the approximation (S33) and the VASP

results for the Helmholtz electronic free energy calculated for one 3× 3× 1 structure along

the q = 2/3 ΓM CDW phonon mode for Tel = 500 K, gb = 0.01 eV and four different dϵ

hyperparameters. As can be seen, smaller values of dϵ result in better agreement between

the approximation and the VASP results.
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Figure S3. Comparison between the approximation (S33) and the VASP results for the Helmholtz

electronic free energy calculated for one 3 × 3 × 1 structure along the q = 2/3 ΓM CDW phonon

mode for Tel = 500 K, dϵ = 0.00025 eV and four different gb hyperparameters.

In Fig. S3 we report the comparison between the approximation (S33) and the VASP

results for the Helmholtz electronic free energy calculated for one 3× 3× 1 structure along

the q = 2/3 ΓM CDW phonon mode for Tel = 500 K, dϵ = 0.00025 eV and four different gb

hyperparameters. As can be seen, smaller values of gb result in better agreement between

the approximation and the VASP results.
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S2. SOAP AND KRR HYPERPARAMETER OPTIMIZATION

The ML model for the finite Tel part of the Helmholtz electronic free energy given by (S33)

depends on both SOAP and KRR hyperparameters. We have performed the hyperparameter

optimization of both of them at once using Optuna software [S7]. We have used TPESampler

[S8], which is a Bayesian algorithm for hyperparameter optimization. The optimization was

done in 100 steps, where in every step the training set was randomly split into temporary

training and validation sets in the ratio 80% to 20%. This splitting was done using a

different random seed in each step. We have kept test set comprised of 20% of the original

data untouched until the last inference on it to get the unbiased metrics about the models’

performance. The objective function during the optimization was given by Eq. (9) in the

main text and the goal was to minimize this objective function evaluated on the validation

set.

Hyperparameters we wanted to optimize were both SOAP and KRR ones, because this

system to our knowledge has not been treated within this workflow, so we could not find

SOAP hyperparameters that we could use as a starting point.

For constructing descriptors we have chosen the power spectrum SOAP representation,

within it we had to optimize the cutoff radius (7.6 Å), maximum radial (10) and maximum

angular (10) numbers [S9]. Furthermore, for representing ionic environments we have used

Gaussian type orbitals of constant width, which also was a part of optimization process (0.7

Å). To optimize the hyperparameters that control the smoothness of decay of the interactions

we have used radial scaling option [S10] and we optimized hyperparameters that come with

it (scale= 6.84 Å, rate=1.2, exponent= 1).

Regarding the KRR hyperparameters, we had to optimize the number of sparse ionic

environments out of total number of ions for each ionic species in our system. Since it would

take very long time to train models if we had taken these numbers of sparse environments too

big, we have chosen to optimize them in range from 0.5% to 1.25% of total number of ions for

each ionic species (Se: 545 ionic environments, Nb: 272 ionic environments). Furthermore,

there is a parameter that effectively includes higher than two-body interactions even when

we use power spectrum, namely to construct the kernels we take the dot product between

SOAP vectors and raise it to some power, called zeta (ζ = 2). The equation for weights

in KRR model is given by Eq. (11) in [S11]. A way to solve this equation in numerically
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stable way, as implemented in librascal, is to choose the most relevant eigenvalues of the

KA A matrix from the main text. This is controlled by threshold parameter (5.62× 10−12).

This method is similar to principal component analysis.

Above we have written in parentheses the values of all hyperparameters of the ”ML used”

model from the main text. After the minimization of the %RMSE on the validation set, the

0 20 40 60 80 100
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12.50

15.00

17.50

20.00

22.50

25.00

27.50

30.00

%
RM

SE

%RMSE of the validation set
minimum
10 minimums

Figure S4. Distribution of %RMSE evaluated on the validation set during the hyperparamter

optimization process.

models were trained again using the total training set and at the end evaluated on the test

set.

In Fig. S4 we report the distribution of %RMSE on the validation set during the hy-

perparameter optimization process. Also, the 10 minimal errors are shown in red (in green

we show the model with minimum %RMSE), those models were used to make an ensemble

explained in the main text.
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Figure S5. Plot of the Hausdorff distance used for selecting the number of relevant eigenvalues of

the KA A matrix for the ”ML used” model.
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Figure S6. Plot of the different regularization parameters and their %RMSE for the ”ML used”

model.
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In Figs. S5 we report the plot of the Hausdorff distance for ”ML used” model used for

selecting the number of relevant eigenvalues of the KA A matrix. Earlier explained threshold

parameter is the Hausdorff distance chosen from this plot.

In Fig. S6 we show %RMSE vs. regularization plot, that helps us to determine the L2

type regularization parameter from the KRR model. This plot was obtained by 5-fold cross-

validation and the minimum of this curve is taken as the best regularization parameter for

a given model. The plot given here also corresponds to ”ML used” model and the minimum

of the curve is at 10−7.

In literature one can also find a method [S12] where SOAP and KRR hyperpearameters

are optimized in separate phases. We have not used this method in this work.
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S3. PHONON DISPERSIONS IN THE HARMONIC APPROXIMATION

In Fig. S7 we report all of the nine phonon dispersions (three acoustic and six optical

branches) calculated in the harmonic approximation with both the VASP and the full inter-

atomic ML potential from the main text. One can see that optical phonon dispersions are

even in a better agreement between VASP and ML calculations.
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Figure S7. (a) All 9 phonon dispersions calculated using the VASP. (b) All 9 phonon dispersions

calculated using ML model from the main text.
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S4. TWO TEMPERATURE MODEL WITH DFT INPUT PARAMETERS

The energy flow between electron and phonon subsystems, represented with the corre-

sponding temperatures Tel = Tel(t) and Tion = Tion(t), can be simulated using the following

coupled equations [S13, S14]

∂Tel
∂t

=
I(t)

Cel(Tel)
−

G

Cel(Tel)
(Tel − Tion) , (S46)

∂Tion
∂t

=
G

Cion(Tion)
(Tel − Tion) . (S47)

The corresponding specific heats Cel(Tel) and Cion(Tion) are defined as:

Cel(Tel) =

∫ ∞

−∞

dεN(ε)ε
∂f(ε;Tel)

∂Tel
, (S48)

Cion(Tion) =

∫ ∞

0

dωF (ω)ω
∂n(ω;Tion)

∂Tion
, (S49)

where N(ε) is electron and F (ω) is phonon density of states. The electron-phonon relaxation

rate G is calculated from density functional perturbation theory (DFPT) and electron-

phonon calculations as

G =
πkB

ℏN(εF )
λ
〈
ω2

〉
∫ ∞

−∞

dεN2(ε)

(

−
∂f(ε;Tel)

∂ε

)

, (S50)

where λ is the total electron-phonon coupling strength,

λ = 2

∫

dΩ
α2F (Ω)

Ω
, (S51)

and ⟨ω2⟩ is the corresponding second moments of the phonon spectrum,

〈
ω2

〉
=

2

λ

∫

dΩΩα2F (Ω) . (S52)

Here α2F (Ω) is the Eliashberg function, which represents the strength of electron-phonon

coupling for each phonon energy Ω.

In addition, I(t) describes a femtosecond Gaussian pump pulse with fluence F and du-

ration tp,

I(t) =
2F

tp

√

log 2

π
exp

[

−4 log 2

(
t

tp

)2
]

. (S53)

All the input parameters needed for the above TTM equations (except F and tp) are ob-

tained from DFT and DFPT calculations as implemented in Quantum ESPRESSO (QE)

17



package [S15]. The electron-phonon coupling constants were obtained with Wannier inter-

polation of EPC matrix elements as implemented in the EPW code [S16–S18]. In order

to reduce the differences between the two type of calculations, here we chose the same

structural parameters for NbSe2 as the one used in VASP calculations of ML interatomic

potential. For the same reason, we used the PBE functional [S19]. The DFPT calculations

of the phonons were done on coarse grids of k = 24 × 24 × 1 and q = 6 × 6 × 1. We used

Fermi-Dirac smearing with a broadening of 1600K. For the electron-phonon calculations

within EPW, we use 11 maximally localized Wannier functions [S16] with the initial projec-

tions of d orbitals on Nb and p orbitals on the Se atoms. To calculate Eliashberg function

α2F (ω) we use a fine grids of k = 240 × 240 × 1 and q = 80 × 80 × 1. In Fig. S8 we show
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Figure S8. Theoretical results for Eliashberg function α2F (ω) (blue full line) and phonon density

of states F (ω) (orange dashed line) in NbSe2, with the corresponding value for the second moments

of the phonon spectrum
〈
ω2

〉
(red).

the results for α2F (ω) and phonon density of states F (ω). From this we get λ = 1.3 and

λ⟨ω2⟩ = 371meV. The obtained value of λ is in a good agreement with estimation from the

ARPES measurements, where the momentum-dependent λ is between 0.9 and 1.9 [S20], as

well as with the previous DFT-based calculation [S21]. Further, in Fig. S9 we show the time

evolution of electron and phonon temperatures as obtained with TTM and the DFT-derived

input parameters for two different values of fluence F . For pulse width we took tp = 30 fs,

18



which is very close to the experimental width [S21, S22]. For F = 0.05 J/m2 we get the

maximal values of Tel ≈ 600K and Tion ≈ 100K, while for F = 0.1 J/m2 we get the maximal

values of Tel ≈ 1000K and Tion ≈ 170K. Since we obtain that the CDW phase is melted

above Tion ≈ 100K and Tel = 800K, we consider that the critical value of fluence for melting

the CDW phase in NbSe2 is F = 0.05 − 0.1 J/m2, which agrees well with the pump-probe

optical spectroscopy measurements [S22].
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Figure S9. The results of the TTM calculations in NbSe2 when two different fluences are applied.
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Gaussian Process Regression for Materials and Molecules, Chemical Reviews 121, 10073

(2021), pMID: 34398616, https://doi.org/10.1021/acs.chemrev.1c00022.

[S12] S. K. Natarajan and M. A. Caro, Particle Swarm Based Hyper-Parameter Optimization for

Machine Learned Interatomic Potentials (2020), arXiv:2101.00049 [cond-mat.mtrl-sci].

[S13] F. Caruso and D. Novko, Ultrafast dynamics of electrons and phonons: from the two-

temperature model to the time-dependent Boltzmann equation, Advances in Physics: X

7, 2095925 (2022).

[S14] D. Novko, F. Caruso, C. Draxl, and E. Cappelluti, Ultrafast Hot Phonon Dynamics in MgB2

20

https://doi.org/10.1103/PhysRevB.106.L121116
https://doi.org/10.1103/PhysRev.137.A1441
https://doi.org/10.1103/PhysRev.137.A1441
https://books.google.hr/books?id=FzOTAwAAQBAJ
https://books.google.hr/books?id=FzOTAwAAQBAJ
https://doi.org/10.1103/PhysRevB.18.7165
https://doi.org/10.1143/PTP.111.339
https://arxiv.org/abs/https://academic.oup.com/ptp/article-pdf/111/3/339/5199393/111-3-339.pdf
https://doi.org/10.1103/PhysRev.136.B864
https://arxiv.org/abs/1907.10902
https://arxiv.org/abs/1907.10902
https://arxiv.org/abs/1907.10902
https://doi.org/10.48550/arXiv.2304.11127
https://doi.org/10.48550/arXiv.2304.11127
https://doi.org/10.1103/PhysRevB.87.184115
https://doi.org/10.1103/PhysRevB.87.184115
https://doi.org/10.1039/C8CP05921G
https://doi.org/10.1039/C8CP05921G
https://doi.org/10.1021/acs.chemrev.1c00022
https://doi.org/10.1021/acs.chemrev.1c00022
https://arxiv.org/abs/https://doi.org/10.1021/acs.chemrev.1c00022
https://arxiv.org/abs/2101.00049
https://arxiv.org/abs/2101.00049
https://arxiv.org/abs/2101.00049
https://doi.org/10.1080/23746149.2022.2095925
https://doi.org/10.1080/23746149.2022.2095925


Driven by Anisotropic Electron-Phonon Coupling, Phys. Rev. Lett. 124, 077001 (2020).

[S15] P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B. Nardelli, M. Calandra, R. Car,

C. Cavazzoni, D. Ceresoli, M. Cococcioni, and et al., Advanced capabilities for materials

modelling with Quantum ESPRESSO, J. Phys. Condens. Matter 29, 465901 (2017).

[S16] N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D. Vanderbilt, Maximally localized

Wannier functions: Theory and applications, Rev. Mod. Phys. 84, 1419 (2012).

[S17] J. Noffsinger, F. Giustino, B. D. Malone, C.-H. Park, S. G. Louie, and M. L. Cohen, EPW:

A program for calculating the electron–phonon coupling using maximally localized Wannier

functions, Comput. Phys. Commun. 181, 2140 (2010).
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