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ABSTRACT

Mejia-Rodriguez and Trickey recently proposed a procedure for removing the explicit dependence of meta-GGA exchange-correlation energy functionals E. on the
kinetic energy density 7. We present a simple modification to this approach in which the exact Kohn-Sham z is used as input for E,. but the functional derivative of ¢
with respect to the density p, required to calculate the potential term Jf d* 6Ey /67 (x")|,-67(r') /6p (), is evaluated using an approximate kinetic energy density
functional. This ‘half-way’ strategy ensures that the Kohn-Sham potential is a local multiplicative function (as opposed to the non-local potential of a generalized
Kohn-Sham approach) while preserving the inherent non-locality of the functional itself. Electronic structure codes can be easily modified to use the new method. We
validate it by quantifying the accuracy of the predicted lattice parameters, bulk moduli, magnetic moments and cohesive energies of a large set of periodic solids. An
unanticipated benefit of this method is to gauge the quality of approximate kinetic energy functionals by checking if the self-consistent solution is indeed at the

variational minimum.

1. Introduction

The exchange-correlation energy functional, E,., is an essential
component of the Kohn-Sham (KS) [1] formulation of density func-
tional theory (DFT) [2]. Knowledge of E,. allows for both the exact
electronic density and the total energy of a system of interacting elec-
trons in an external potential to be determined. In practice however, E,.
has to be approximated, the inevitable result of which is inexact den-
sities and energies. Consequently, much effort has been expended over
that past several decades on inventing ever more sophisticated ap-
proximations.

The simplest approximation for the unknown exchange and corre-
lation functional is the Local Density Approximation (LDA), in which
the functional is supposed to depend locally on the charge density. LDA
represents the zeroth order expansion of E,. in terms of electron density
gradients and constitutes the first rung of the so-called ‘Jacob’s ladder’
of density functional approximations [3]. On the second rung, the
Generalized Gradient Approximation (GGA), takes into account density
gradients [4], and satisfies more known properties of the exact func-
tional. However, because of the limitations of a semi-local functional
form, GGAs tend to be accurate for either energies or equilibrium
geometries, but not both [5]. The third rung of functionals, meta-GGAs,
were conceived to address this limitation by including the Kohn-Sham
kinetic energy (KE) density explicitly in their formulation [6-8]. This
choice originates with Becke [9] who found that the KE density
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emerged naturally in an gradient expansion of the exchange charge
density. Meta-GGA functionals are truly non-local because of the im-
plicit orbital dependence of the KE density on the density itself. This
additional flexibility also allows for more known exact conditions to be
satisfied. In fact, the strongly constrained and appropriately normalized
(SCAN) functional [10,11] satisfies all 17 known exact conditions that a
meta-GGA can.

For the spin unpolarized case, the meta-GGA exchange-correlation
energy is given by

Eclo, 7l = [ & ec(p®), IVo(®)], T(®))p(x),

where

pm =" IpmP @

is the density and

(W= T Ve P -
is the non-interacting, Kohn-Sham KE density, with ¢; being the ith
Kohn-Sham orbital of a state with N electrons. For its intended use, the
KE density is not an independent variable but rather an implicit func-
tional of the density, i.e. 7(r) = z[p](r). This functional dependence is
not arbitrary but means: “z is the KE density of that Kohn-Sham system
which reproduces p”. However, this dependency is rarely satisfied in
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practice because of the difficulty that arises when one has to determine
the exchange-correlation potential vy, as the functional derivative of E,.
with respect to the density:

OEx:[p, 7]
8p(r)

ot (r')
p P ©)

o [ oy Eletl

Ve (1) = 57 (r')

T

The last term requires the functional derivative of = with respect to p. This
is numerically difficult to perform and involves an approach similar to that
used for the optimized effective potential (OEP) method [12]. Instead,
codes typically calculate potentials determined from the derivative with
respect to the orbitals 8E,./8¢(r). Such an approach, however, produces a
non-local potential [13] and is referred to as generalized Kohn-Sham (gKS),
although this terminology is fairly broad. For example, a version of gKS
was defined exactly by Garrick, et al. [14] and requires adding a specified
fraction of Fock exchange. This is intended to justify certain types of hy-
brid functionals, but is clearly not applicable to the gKS used with meta-
GGA. A more relevant approach is to extend the defintion of DFT to in-
clude the exact kinetic-energy density (i.e. that of the fully interacting
system) as a genuinely independent variable, and demand that the Kohn-
Sham system reproduce both p and z; see Theophilou, et al. [15]. Never-
theless, this is not the intended use of SCAN and other meta-GGAs which
are strictly density-only functionals.

Thus we have a dilemma: the great intellectual effort expended to
satisfy as many exact constraints as possible is undermined by violating
a fundamental property of the KS potential, namely that it be a local
function in r. Yet the choice of 7 by the inventors of meta-GGA forces
the writers of electronic structure codes to have to deal with the diffi-
cult functional derivative, or avoid it altogether with gKS. A practical
consequence of this is the inability to fairly judge the performance of
meta-GGA functionals against their antecedents. For instance, one
cannot say definitively whether a particular meta-GGA functional is
better than a particular GGA if there is an error introduced by evalu-
ating the meta-GGA functional with gKS.

Mejia-Rodriguez and Trickey (MRT) neatly sidestepped this problem
by replacing the 7 determined from the orbitals via Eq. (2) with one ob-
tained from an approximate KE density functional [16-18]. This ‘deorbi-
talized’ meta-GGA was found to produce results of accuracy which were
comparable to that of the gKS method. This approach however, removes
the true non-locality of E,. and in effect reduces meta-GGA to a semi-local
GGA-like functional (albeit possibly with Laplacian terms [19]). Notably,
this is not the first attempt to produce an orbital-free meta-GGA functional
and approaches based on the Laplacian of the density [20] or other
parameters such as the density overlap regions indicator [21,22] have
been previously proposed in literature.

In the current work we adopt a ‘half-way’ strategy, in that we use the
KS orbital-derived 7 as input to the functional, but use an approximate KE
density functional to evaluate only the functional derivative in Eq. (3). We
term this approach ‘partial deorbitalization’ (PD) and find that even a
fairly primitive KE functional, like the Thomas-Fermi-von Weizsécker
(TFvW) gradient expansion [23], yields accurate results. This deorbitali-
zation scheme can be easily implemented in codes which already employ
the generalized Kohn-Sham version of meta-GGA. Partial deorbitalization
retains the ‘exact’ = for the energy but utilizes both the exact and ap-
proximate 7 for the potential, which favors situations in which the main
error is functional-driven rather than density-driven [24].

The self-consistent density determined in this way will not be
strictly variational, i.e. it may not equal to the lowest energy solution.
In fact, this will be demonstrated for the magnetic case later in the
article. The absence of a variational solution is not as great an en-
cumbrance as one may imagine: the WIEN2k code, for example, eval-
uates the energy of meta-GGA functionals with densities computed with
GGA [25]. Likewise, potential-only functionals like Becke-Johnson [26]
or Tran-Blaha [27] are not the variational minimum of a given energy
functional. Our approach at least has the possibility of being variational
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if the exact functional derivative is employed. However, as we show in
the Supplemental Material (SM), even using a fairly simple KE func-
tional such as TFvW, the atomic forces are acceptably close to the
gradient of the total energy.

All these approaches have their drawbacks: gKS because it treats p
and 7 as independent variables; deorbitalized meta-GGA because 7 is
calculated exclusively with an approximate KE density functional; and
partial deorbitalization because it is not variational. If, however, we are
committed to the principle of satisfying as many known exact con-
straints of DFT as possible, then we should insist that v,. be local in r.
By continuing to improve the approximations to both E,. and z, there is
no fundamental impediment on the path to exact Kohn-Sham via partial
deorbitalization.

2. Approximations

As will be demonstrated later, the method does not require a par-
ticularly sophisticated KE density functional for calculating the func-
tional derivative &7 (r')/dp(r) in Eq. (3). Here we choose to use the
gradient expansion of 7 with the TFvW terms [23] for the sake of ease of
implementation:

1 o(r)

2(o(x), o(1)) = %(3#)2/%5/3@ T @

where o(r) = | V p(r)|%. In this case, the second term in Eq. (3) becomes
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where wy (r) = SEy./87(r)|,.

The spin polarized case is a straight-forward extension to the un-
polarized case: the meta-GGA functional is generalized to the collinear
form

Exlp', pt, 7l 7] = fd3r exc (0! (1), p! (1), T (1), H(X)p (1),

where p'* and 7™ are the up- and down-spin density and KE density,
respectively. The total Kohn-Sham KE satisfies [28]

1 1
Lle', o'l = ETs[ZPT] + ETs[ZPL],

thus we will take spin-up KE density to depend exclusively on the spin-
up density [19], 7! [pT, pi](r) = TT[pT](r), and likewise for the spin-down
density. This implies that 5t'(r') /8p* (x)|1 = 7' (r") /8p' (¥)|,1 = 0. The
spin-up exchange-correlation potential, for example, is then given by

SE
+ &3 XC
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which can be easily approximated for the spin-polarized TFvW KE
density

#1611, o' (1)) = SN @), 401 0))
where o'(r) = | V p'(@)%
3. Computational Details

The goal of the following section is to evaluate the accuracy of our
partial deorbitalization strategy. We do so by validating its ab initio
predictions against a large number of experimental results. We also list
in the SM the computational outcomes of the previous work by MRT
[18], including both the results from their gKS and the fully deorbita-
lized meta-GGA simulations based on the r2SCAN [29,30] functional, in
order to compare against different strategies for deorbitalizing meta-
GGA. In the following, the results of MRT obtained with the plane-wave
based code VASP [31,32], PAW pseudopotentials [33], and the r2SCAN
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exchange and correlation functional' will be referred to as gKS. The
label FD will indicate “full deorbitalization” and in the present case
refers to the r2SCAN-L functional. The partially deorbitalized r2SCAN
meta-GGA results are instead labelled PD.

In order to compute equilibrium lattice parameters and bulk moduli
with high accuracy, we opt for a Full Potential (FP) description of the
electronic wave-functions with an APW basis [34]. This choice is ef-
fective for periodic systems but makes it difficult to compute the total
energy of isolated atoms owing to the growing number of plane-waves
required to describe the empty space between the atoms in the pro-
gressively larger supercells needed to suppress periodic image effects.
To overcome this problem, we also use a plane-wave basis set and
pseudopotentials for the estimation of the cohesive energies, where the
adoption of iterative diagonalization makes convergence possible.

The Elk code [35] version 9.2.1 is used to perform FP simulations.
Reciprocal space sampling is performed with at least a 17 x 17 x 17
Monkhorst-Pack grid. The basis is expanded up to Ryr|G + K|pax = 7.
The remaining parameters are set by the highq option.

For plane-wave simulations we use the Quantum ESPRESSO
package [36] and opt for norm-conserving pseudopotentials [37] gen-
erated with the PBE [4] exchange and correlation functional. The re-
ciprocal space sampling and the cut-off energy for the KS wavefunction
expansion have been converged in order to obtain better than 1 mRy/
atom accuracy in the total energy.

Estimation of atomic energies with meta-GGA requires further care. The
exponentially vanishing charge produces a problematic behavior in the
exchange and correlation potential across the self consistent cycles. There
are two options to improve the convergence. The first is to converge iso-
lated atom simulations with GGA (we used PBE) and later reuse the con-
verged electronic charge as the starting point of meta-GGA simulations (for
both gKS and PD). The alternative method consists of introducing a cut-off
for vanishing charge density that removes the ill-behaving contributions
from the exchange and correlation potential. This parameter can be con-
verged together with the remaining settings governing the basis expansion.
Numerically equivalent results are obtained with both approaches, when
convergence can be achieved. The details are reported in the SM.

Following MRT, the equilibrium lattice constants a, and bulk
moduli By at T = 0K were determined by calculating the total energy
per unit cell in the range Vy = 10% (where VO is the equilibrium unit
cell volume), followed by a twenty point fit to the stabilized jellium
equation of state (SJEOS) [17,38].

4. Results and discussion

The complete set of results obtained for the computation of the
equilibrium lattice parameters of 45 solids is presented, together with
statistical data analysis, in Fig. 1, where panels (a) and (b) report the
absolute and relative deviations. All absolute values are reported in
Table S1 of the SM. Values for gKS are taken from Ref. [18] while our
results for FD and PD are shown in the second and third columns of the
figure and in the fifth and sixth columns of the table. Finally, the re-
ference experimental data are based on zero-point corrected experi-
mental lattice constants, detailed in Ref. [40] and references therein.

FD and PD show similar trends and comparable agreement with respect
to experimental lattice parameters. Alkali metals are a notable exception,
where deviations by more than 2% are observed. This is indeed a known
issue with the SCAN family of functionals that originates from a poor de-
scription of the semi-core region of these elements, as explained in detail in
Ref. [41]. No clear indications of over-binding or under-binding can be
identified when considering at the whole set. Yet we note that FD and PD
show similar trends across the periodic table. The mean absolute deviation
(MAD) is 0.032 A, 0.033 A and 0.036 A for gKS, FD and PD respectively.

1 A complete description of the methodological details is provided in the
original reference.

Computational Materials Today 1 (2024) 100002

Z02f cs (3]

o$ . | R Rb .
u% | InSb InP Cs Rb nsp InAs i
S
| L .
=0.0F -
& L ]
S

N

=)

LN LN B B S S B B B S B

|
[\®)

(aprr — aexp)/ Aexp (%)
\S)

s (B)
K Rb
3 AUAgRb G
Fe BaV Ni Co v
NaF v

PD

Fig. 1. Visualization (violin plot and box plot) of the deviations from experi-
mental data of the predicted lattice parameter obtained with the different im-
plementations of meta-GGA. The upper(lower) panel gives absolute(relative)
deviations. The violin plots (transparent color) represent the data distribution
and are based on a Gaussian kernel density estimation implemented in seaborn
[39]. In the box plot, the boxes hold 50% of the data, with equal number of data
points above and below the median deviation (full black line). The whiskers
indicate the range of data falling within 1.5 X box-length beyond the upper and
lower limits of the box (from the first quartile to the third quartile). The
whiskers extend from the box by 1.5 X the inter-quartile range. Outliers be-
yond this range are indicated with circular makers and the solids’ labels are
reported on the right of each point.

The distribution of deviations is similar for the gKS, FD and PD schemes,
but it is noted that almost the same outliers are found in the upper part of
the box-plot for both gKS and PD meta-GGA, while additional outliers
appear on both sides of the distributions of Fig. 1(b) for FD and PD.

Fig. 2 reports the same statistical analysis for the bulk moduli of 43 cubic
systems.” All results are also tabulated in Table S2 of the SM and the ex-
perimental values are from Ref. [42,43]. The most significant discrepancies
are observed also in this case for alkali metals. Additional outliers are found
in transition metal elements, Cu and Au, and in wide-bandgap semi-
conductors (GaN and BN). The distribution of PD and gKS compare equally
well against the experiment, while FD is showing slightly worse perfor-
mance, as it can be appreciated from the box-plots of Fig. 2. The MAD for the
bulk modulus is 6.1, 9.7 and 6.2 GPa for gKS, FD and PD respectively.

The Kohn-Sham (KS) band gaps for selected insulators and semi-
conductors are shown in Table 1. The results obtained with PD are si-
milar to the ones produced by FD and in both cases the values are
smaller than those obtained with gKS. This systematic difference is a
well known property of the generalized KS theory and an accurate
analysis of this point is presented in Ref. [45]. The results of FD and PD
are instead obtained with a local potential and are therefore expected to
match the previous results of the optimized effective potential reported
in the last column of Table 1.

Cohesive energies are reported in Table 2 along with experimental
atomization energies from Ref. [17,48,47]. As already mentioned, these
results have been obtained with PW based simulations and in this case a
larger discrepancy between the ab initio predictions and the experiment
is observed, especially for transition metals. Notably, MRT results ob-
tained with the gKS approach are in slightly better agreement than our
gKS (first and third columns). This may be due to the adoption of norm

2 Fe and Co have been removed from the analysis to allow the comparison
with Refs. [18] where the Bulk modulus for these compounds is not reported.
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Fig. 2. Visualization (violin plot and box plot) of the deviations from experi-
mental data of the predicted bulk modulus obtained with the different im-
plementations of meta-GGA. See Fig. 1 and main text for details.

Table 1

Calculated Kohn-Sham band gaps in eV for 20 insulators or semiconductors in
the test set. PD and FD results are obtained with the Elk code. The gKS results
are from Ref. [44]. The last column reports optimized effective potential results
from Yang et al. Ref. [45] obtained with the Krieger-Li-Iafrate approximation
[46].

Solid Expt. gKS FD PD KLI (Ref. [45])
C 5.50 — 4.26 4.05 4.26
Si 1.17 0.79 0.74 0.45 0.78
Ge 0.74 0.31 0.14 0.045 —
SiC 2.42 — 1.60 1.30 —
BN 6.36 4.91 4.73 4.34 4.73
BP 2.10 1.47 1.40 1.12 1.52
AIN 4.90 4.95 3.60 3.28 —
AlP 2.50 1.95 1.77 1.43 —
AlAs 2.23 1.81 1.69 1.34 —
GaN 3.28 2.32 1.48 1.76 —
GaP 2.35 1.86 1.60 1.40 1.72
GaAs 1.52 0.96 0.34 0.29 0.45
InP 1.42 — 0.45 0.35 0.77
InAs 0.42 0.09 0.43 0.39 —
InSb 0.24 0.04 0.42 0.35 —
LiH 4.94 — 3.79 2.78 —
LiF 14.20 10.71 9.23 9.02 9.11
LiCl 9.40 7.52 6.55 5.99 —
NaF 11.50 7.44 6.40 6.04 —
NacCl 8.50 6.05 5.40 4.72 5.25

conserving pseudopotentials (missing nonlinear core corrections) in
place of the PAW formalism used in VASP [49,50]. The comparison
between PD and gKS simulations (third and fourth columns) is instead
showing perfect agreement, with the only exceptions being Al and Si.

Magnetic properties, reported in Table 3, are the most sensitive to
the choice of the deorbitalization scheme. It has indeed already ex-
tensively discussed how gKS leads to overhestimated magnetization in
transition metal elements [53,52,54]. On the other hand, FD and PD
improve the agreement with experimental results for the elemental
ferromagnets Fe, Co and Ni, and also predict the expected non-magnetic
ground state for vanadium. These align well also with the recently
published Laplacian level OFR2 meta-GGA functional [55].

The density of states for the four elemental solids obtained with LDA
and PD is shown in Fig. 3. Small differences in the densities of states of
the ground states can be appreciated. The plot shows that, relative to
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Table 2

Plane wave results: calculated cohesive energies in eV/atom. MRT data are
from Ref. [18] and have been obtained with a different set of pseudopotentials.
Experimental values are from Ref. [47,43,48] and references therein.

Expt. MRT This work
gKS FD gKS PD
Al 3.43 3.61 3.43 3.82 3.64
Ag 2.96 2.87 2.51 2.86 2.84
Ba 1.91 1.82 1.83 1.87 1.81
Ca 1.87 1.92 1.99 1.99 1.99
Ge 3.89 3.89 3.53 4.15 4.19
Ir 6.99 7.16 6.58 8.06 8.03
Na 1.12 1.04 1.02 1.07 0.99
Pd 3.93 4.17 4.72 4.16 4.11
Rh 5.78 5.49 5.23 5.30 5.30
Si 4.68 4.68 4.50 4.43 4.73

Table 3

Calculated magnetic moment (in pp) for a selection of ferromagnets and anti-
ferromagnets. gKS results are from Ref. [18] and Ref. [51]. Experimental results
are taken from Ref. [52] and references therein.

Solid Expt. gKs FD PD
Ferromagnets

Fe 1.98-2.08 2.63 2.27 2.26
Co 1.52-1.62 1.77 1.67 1.61
Ni 0.52-0.55 0.74 0.69 0.60
\' 0.00 0.03 0.06 0.0
Anti-ferromagnets

FeO 3.32-4.6 3.542 3.53 3.44
CoO 3.35-3.98 2.575 2.52 2.43
NiO 1.9-2.2 1.577 1.48 1.27
MnO 4.58 4.446 4.43 4.34

LDA, PD shifts the spin majority occupied states downward, while the
spin minority state energies are only slightly increased in all elements
but iron, where the effect is more pronounced but only in the con-
duction bands. The overall effect is very limited and indeed the re-
sulting magnetic moments are very close.

For the anti-ferromagnetic, insulating magnetic oxides FeO, CoO,
NiO and MnO the picture is more mixed. The atomic moment of MnO is
close to the experimental value and that of FeO lies within the ad-
mittedly broad range of measured moments. However, the moments of
CoO and NiO are underestimated by both gKS and PD approaches. This
has been attributed to strong correlation effects which are not fully
described even by meta-GGA functionals.

By calculating the total energy while keeping the moment con-
strained to a given value (referred to as a fixed spin-moment calcula-
tion), it can be ascertained if the self-consistent solution is truly var-
iational. The energy vs. moment for Fe, Co and Ni is plotted in Fig. 4
along with the moment from the corresponding self-consistent solu-
tions. As can be seen, the moments obtained self-consistently are gen-
erally smaller than the location of the minima of the curves (these
minima precisely match those of Tran et al. [52], who used GGA po-
tentials and SCAN total energies). At the energy minimum, the esti-
mates tend to the gKS prediction, not only for magnetic moments, but
also for the charge and spin densities (not shown). Notably, the energy
difference between the self consistent results and the energy minimum
is a rather small fraction (less than 10%) of the magnetic energy (dif-
ference between non-spin-polarized and ferromagnetic ground state).
This shows that, despite correcting the magnetic moments, the pre-
diction for the magnetic energy remains largely overestimated, a trend
evidenced by previous studies on the SCAN functional [52].

This inconsistency also implies that the calculations are not per-
fectly variational, which in turn implies, unsurprisingly, that the ap-
proximate KE functional is inexact. Fully deorbitalized functionals will
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Fig. 4. Energy vs. moment graphs for Fe, Co and Ni using the FP code with PD. The vertical lines indicate the moments obtained self-consistently.

not suffer from this inconsistency because the functional derivative is
determined from same KE functional as is used to evaluate the energy
(inexact though it is). Nevertheless, this mismatch does serendipitously
present us with a useful tool for determining the accuracy of approx-
imate KE functionals: simply check if the solution is at the energy
minimum. This is particularly useful because these calculations are for
real-world atomistic systems as opposed to simplified models. Magnetic
moments can be used as done here, but there are other possibilities: for
example testing if the Helmann-Feynman forces on the nuclei are
strictly zero at the lowest energy provides an alternative option to
confirm that the solution is at the variational minimum.

5. Conclusions

We have modified the deorbitalized approach introduced by MRT by
retaining the true Kohn-Sham KE density as input to any meta-GGA
exchange-correlation functional, while employing an approximate KE
functional for the functional derivative of r with respect to p. This

represents a simple route to keeping both E,. inherently non-local and
Vxc as a local operator in r. DFT codes which already have the gKS
version of meta-GGA implemented can be easily modified to accom-
modate this scheme. We find that even a relatively crude KE functional
like TFvW yields results which are, on the whole, at least as accurate as
competing approaches such as generalized Kohn-Sham or full deorbi-
talization. Furthermore, there is ample scope for improvement with
respect to both E,. as well as the KE functional. For example, KE
functionals involving the Laplacian of the density [28,19] could further
enhance the accuracy of method. Showing that the self-consistent so-
lution does indeed correspond to the energy minimum for solids and
molecules is a useful measure of the quality of the KE functionals in
real-world situations. Lastly, our method may be extended to the case of
non-collinear exchange-correlation meta-GGA functionals, at least two
of which have been developed recently [56,57]. Treating this type of
functional with partial deorbitalization will also require a general-
ization of the spin-dependent KE density functional to the non-collinear
case [58].
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