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A B S T R A C T

Elastic membranes are usually studied assuming material incompressibility. However, in several applications
they are made of compressible materials such as polymeric foams, hydrogels, and certain kinds of elastomers.
Only a few works attempted to incorporate volume changes into membrane problems, but with significant
limitations. The models proposed were designed for nearly incompressible materials and lacked a foundation in
experimental data, leading to results of limited value. In this work, we investigate the effect of compressibility
in membrane problems adopting a consistent model based on the real response of materials to large volume
changes. We consider three benchmark problems of nonlinear elasticity: (i) inflation of a circular flat
membrane; (ii) inflation of a thin-walled cylindrical tube; (iii) inflation of a thin-walled spherical balloon.
Four types of materials divided by increasing degree of compressibility are studied. The results indicate that
volumetric deformations have a significant impact on both the limit pressure and the deformed shape. The
proposed solutions represent benchmarks for developing new applications of compressible membranes made
of polymeric foams and hydrogels, playing an increasingly important role in engineering technologies.
1. Introduction

Numerous applications in various fields of engineering involve the
use of pressurized membranes. Because of the requirement to withstand
large elastic deformations, membranes for technological applications
are in most cases made of elastomers, polymeric foams, and hydro-
gels. Elastomeric membranes are widely used in electronics [1,2],
soft robotics [3–5], dielectric systems [6,7], and aerodynamics [8].
Flexible polyurethane foam membranes are employed for robust ca-
pacitive pressure sensors [9], sound absorption in acoustic engineer-
ing [10], separation processes [11], and dye removal [12]. Hydrogel
membranes find applications in medicine, environmental engineering,
sensing, and energy storage [13]. Membrane modeling plays a major
role also in biomechanics when dealing with soft tissues, such as
fingertip pulp [14], arteries [15,16], and fetal membranes [17].

Given the growing interest in daily life and innovative engineering
applications, recent studies have increasingly focused on modeling and
utilizing hydrogels and foam membranes. Hong et al. [18] formulated
a theory of the coupled mass transport and large deformations for
polymeric gels in the framework of hyperelasticity. Ding et al. [19]
presented equilibrium equations and implemented finite element anal-
ysis for inhomogeneous large deformations in temperature-sensitive
hydrogels. Their investigation underscored the versatility of hydrogel
membranes, demonstrating potential applications ranging from wound
healing to soft robotics. Ahearne et al. [20] employed the indenta-
tion method to characterize the viscoelastic properties of alginate and
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agarose hydrogel circular membranes. These membranes, serving as
models for soft biological tissues, have applications in tissue engi-
neering and regenerative medicine, with potential use in constructing
cornea, skin, and vascular tissues. Liu et al. [21] conducted a hypere-
lastic model study on instabilities in various polymeric gel membrane
structures under large deformations. The biocompatibility of these
membranes holds promise for applications in bioengineering and drug
delivery. In [22], two-component soft cellular polyurethane membranes
were utilized to reduce airflow in injured inflatable structures. The
authors introduced a self-repairing membrane system, suggesting sig-
nificant potential for extending functional integrity. Pientka et al. [23]
employed a flexible closed-cell polystyrene foam membrane for effec-
tive biohydrogen separation. Elele et al. [24] conducted experiments
on polymeric microfiltration membranes with pores, designed for water
treatment. These membranes, experiencing large strains and tempera-
ture cycles during operation, require careful evaluation of their ability
to withstand such elastic deformations.

In light of the preceding discussion, accurate nonlinear elastic mod-
els are increasingly essential for optimizing the potential of membranes
made from novel materials like polymeric foams, hydrogels, and elas-
tomers. Both polymeric foams and hydrogels exhibit significant com-
pressibility, even in the small strain domain [25–27]. Consequently,
accurate models for membrane technology should incorporate consid-
erations for material compressibility. On the other hand, elastomers
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are usually modeled in finite elasticity adopting the simplifying as-
sumption of incompressibility, based on the observation that their bulk
modulus is much larger than their shear modulus [28–31]. However,
experiments have revealed that under large deformations, they may
reach volume expansion up to 60% in simple tension and volume
shrinkage of 15% during volumetric compression [32–35], depending
on the composition of the rubber compound. Hence, it is necessary to
consider the compressibility of elastomers as well, acknowledging the
substantial volume changes observed under large deformations.

The prevailing models for hyperelastic membranes in the existing
literature primarily rely on the assumption of incompressibility. For
instance, the pioneering works on inflated circular membranes by
Treloar [36] and Adkins and Rivlin [37] considered incompressible
material models. Later works by Yang and Feng [38], DasGupta and
Patil [39], and Chaudhuri and DasGupta [40] investigated the finite
inflation of initially flat and pre-stretched circular membranes, assum-
ing an isotropic and incompressible Mooney–Rivlin material model. Fu
et al. [41], Ye et al. [42], and Mao et al. [43] analyzed the problem
of bulging in short and long hyperelastic tubes made of incompressible
material and inflated by internal pressure. Kyriakides and Chung [44,
45] performed experiments to observe the formation and propagation
of bulge in long cylindrical tubes under different axial loads. Alexan-
der [46], Mangan and Destrade [47], and Kanner and Horgan [48]
studied the equilibrium of pressurized spherical balloons composed of
incompressible and isotropic nonlinear elastic materials. The focus was
put on deriving analytical solutions for the investigation of the tensile
instability during inflation. Liu et al. [49], Patil et al. [50], and Yang
et al. [51] adopted incompressible neo-Hookean and Mooney–Rivlin
laws to study the contact mechanics of inflated membranes against rigid
and deformable substrates.

Some authors attempted to introduce material compressibility when
modeling hyperelastic membranes. Firouzi and Żur [52] developed a
total lagrangian finite element approach to solve equilibrium prob-
lems of compressible membranes. Pelliciari et al. [53] and Sirotti
et al. [54] provided approximate analytical solutions for circular mem-
branes made of compressible Mooney–Rivlin material. Chung et al. [55]
derived analytical solutions for hollow circular cylinders and spheres
under uniform internal pressure considering a particular compressible
foam rubber described by the Blatz-Ko material model. Selvadurai and
Suvorov [56] studied the inflation of poro-hyperelastic annuli adopting
a compressible material described by a second-order polynomial strain
energy density (SED).

The above works introduced volume changes in the mathemati-
cal formulations of hyperelastic membranes. However, they share the
following limitations. Firstly, the adopted volumetric SED functions
are designed for nearly incompressible elastomers, thus resulting in-
adequate for accurately describing the material response under large
volume changes. Moreover, these functions fail to meet all the criteria
for physical plausibility introduced by Doll and Schweizerhof [57]
and later extended by Moerman et al. [58]. Therefore, they are con-
sidered inappropriate for providing a physically-based description of
compressible materials. Secondly, the values of constitutive parameters
describing volumetric deformations are not based on experimental
measurements, leading to simulations that do not match real responses.
The absence of an experimental foundation is a critical concern that
compromises the capability of those models to faithfully represent
the behavior of hyperelastic membranes. Lastly, the effect of com-
pressibility on the mechanics of inflated membranes remains largely
unexplored. In our previous works [53,54], we attempted to provide
insights by varying parameters influencing compressibility, yet our
efforts lacked a robust physical basis. This limitation stems from the
fact that the modeling did not incorporate the separation of deviatoric
and volumetric contributions. Without such a distinction, the drawn
conclusions were of limited value. Additionally, inappropriate functions
were used to describe volume changes and they were not based on
2

experimental measurements. Consequently, there is an ongoing need to
investigate the influence of compressibility on the overall response of
membranes. The primary objective of the present work is to address the
described limitations, offering a comprehensive analysis of the effect of
compressibility in membrane problems.

The membrane model is developed by considering isotropic ma-
terials. The deviatoric–volumetric split of the SED is employed to
separate the contribution of volumetric deformations. The volumetric
SED adopted in this work was proposed in [35], and it was proven to be
accurate in reproducing experimental responses of rubber-like materials
subjected to both small and large volume changes. In order to study the
behaviors of real compressible materials, the constitutive parameters
of the volumetric SED are calibrated on experimental data of different
types of elastomers, foams, and hydrogels. The equilibrium solutions
for the following three cases are presented: inflation of a circular flat
membrane, inflation of an infinite thin-walled cylindrical tube, and
inflation of a thin-walled spherical balloon. The proposed solutions are
then implemented in numerical codes. The effect of compressibility
is analyzed and discussed by comparing these solutions with classical
solutions of membrane problems under the assumption of material
incompressibility.

The main innovations of the present work are summarized as fol-
lows. Firstly, in our previous studies on inflated membranes [53,54],
the straightforward formulation for incorporating compressibility en-
abled us to derive a simple explicit relation for computing the transver-
sal stretch of the membrane. However, when employing a more sophis-
ticated SED that captures real behaviors, the relation for transversal
stretch assumes an implicit form. This substantially raises the com-
plexity of the involved differential equilibrium equations, necessitat-
ing a novel approach for obtaining a solution. Therefore, we provide
an original numerical solution for the inflation of circular compress-
ible membranes, implemented in MATLAB and made accessible to
researchers. Secondly, we expand well-established elastic solutions for
inflating thin-walled cylinders and spherical balloons, introducing an
innovative aspect by incorporating compressibility with a grounded
physical basis. Lastly, the role of compressibility in membrane problems
is thoroughly investigated, considering real volumetric responses of
elastomers, foams, and hydrogels. Significant effects on instabilities
and limit pressure values are observed and discussed, emphasizing the
importance of the proposed models in the development of technologies
involving inflating rubber-like structures.

The paper is organized as follows. In Section 2 we summarize
the main concepts of compressible hyperelasticity and we present the
volumetric SED considered. In Section 3 we describe the materials
considered and we fit the material parameters to experimental data.
Section 4 reports the equilibrium solutions to the three membrane
problems studied in this work. Results are presented and discussed in
Section 5. Finally, conclusions are drawn in Section 6.

2. Compressibility in hyperelastic models

Elastic materials subjected to large deformations are typically stud-
ied in the framework of hyperelasticity, in which it is assumed the
existence of a strain energy function 𝑊 describing the material be-
havior [59,60]. In the case of isotropic materials [61], we write 𝑊 =
𝑊 (𝐼1, 𝐼2, 𝐼3) = �̃� (𝜆1, 𝜆2, 𝜆3), where 𝐼1, 𝐼2 and 𝐼3 are the principal
train invariants of the left Cauchy–Green deformation tensor 𝐁 = 𝐅𝐅𝑇 ,

being 𝐅 the deformation gradient, and 𝜆1, 𝜆2 and 𝜆3 are the principal
stretches. In the following, we focus on the case of 𝑊 written as a
function of the principal strain invariants. It goes without saying that
the expressions can be easily written in terms of principal stretches.

The assumption of material incompressibility is based on the ob-
servation that, in linear elasticity, the bulk modulus of rubber-like
materials is typically much larger than their shear modulus. In this case
the deformation is isochoric, namely 𝐽 =

√

𝐼3 = det 𝐅 = 𝜆1𝜆2𝜆3 = 1, and
the SED is a function of 𝐼 and 𝐼 only.
1 2
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On the other hand, in the case of compressible materials, the
SED is written as a function of all three invariants. In this case, a
convenient approach to separate the deviatoric (shape-changing) and
hydrostatic (volume-changing) contributions is to use the split of the
energy function [62,63]. The SED is written as

𝑊 = 𝑊𝑑
(

𝐼1, 𝐼2
)

+𝑊ℎ (𝐽 ) , (1)

where 𝐼1 = 𝐽−2∕3𝐼1, 𝐼2 = 𝐽−4∕3𝐼2, and 𝑊𝑑 and 𝑊ℎ are the terms respon-
ible for shape and volume deformations, respectively. Hereinafter, 𝐼1
nd 𝐼2 will be referred as deviatoric invariants.

The Cauchy stress tensor is expressed by 𝐓 = 𝐓𝐝 + 𝜎ℎ𝐈, where 𝐓𝐝 is
the deviatoric part of the Cauchy stress, 𝜎ℎ is the hydrostatic stress and
𝐈 is the identity tensor. The hydrostatic stress reads [64]

𝜎ℎ = 1
3

tr(𝐓) =
𝑑𝑊ℎ(𝐽 )
𝑑𝐽

. (2)

This relation allows an independent characterization of the volumetric
SED, 𝑊ℎ, from experimental tests involving volumetric deformations.
In particular, the relation between the stress and 𝑊ℎ in simple tension
becomes
1
3
𝜎1 = 𝜎ℎ =

𝑑𝑊ℎ(𝐽 )
𝑑𝐽

, (3)

where 𝜎1 is the principal Cauchy stress in the longitudinal direction.
The two lateral principal stresses are zero (𝜎2 = 𝜎3 = 0).

2.1. The strain energy function

The complete description of the response of a compressible material
requires the choice of both deviatoric and volumetric functions 𝑊𝑑
nd 𝑊ℎ. In this regard, in work [35] we carried out experiments
n elastomers and concluded that: (1) among the numerous forms of
𝑑 available in the literature (see, e.g., [65–68]), the Yeoh–Fleming
odel [69] seemed to give the best compromise between simplicity

nd accuracy for both small and large strains; (2) there was a lack of
ccurate volumetric SED functions for rubber-like materials, therefore
e proposed a new form of 𝑊ℎ. Given the above, in the present work
e adopt the Yeoh–Fleming model and the volumetric strain energy
roposed in [35] as 𝑊𝑑 and 𝑊ℎ, respectively.

The function proposed by Yeoh and Fleming reads

𝑑
(

𝐼1
)

= 𝐴
𝐵

(

𝐼𝑚 − 3
)

(

1 − 𝑒−𝐵(𝐼1−3)∕(𝐼𝑚−3)
)

− 𝐶10
(

𝐼𝑚 − 3
)

ln
(

1 −
𝐼1 − 3
𝐼𝑚 − 3

)

,

(4)

eing 𝐴, 𝐵, 𝐶10 and 𝐼𝑚 the constitutive parameters of the model.
he volumetric SED proposed by Pelliciari et al. [35] is expressed by
ℎ (𝐽 ) = 𝜅

[

𝐻 (1 − 𝐽 )𝛹𝑐 +𝐻 (𝐽 − 1)𝛹𝑡
]

, where 𝜅 is the bulk modulus
nd 𝐻 is the Heaviside step function. Functions 𝛹𝑐 and 𝛹𝑡 control
espectively the responses for volume shrinkage and expansion, and are
efined as

𝑐 (𝐽 ) =
1

𝛼1 + 𝛼2 − 𝛼3

[(

𝐽 + 𝐽 𝛼1+1

𝛼1 + 1
+ 𝐽−(𝛼2−1)

𝛼2 − 1
− 𝐽 𝛼3+1

𝛼3 + 1

)

−
(

1 + 1
𝛼1 + 1

+ 1
𝛼2 − 1

− 1
𝛼3 + 1

)]

,

𝛹𝑡 (𝐽 ) = (1 − 𝑞)
[

𝛽2𝑒𝛽1(𝐽−1) + 𝛽1𝑒−𝛽2(𝐽−1)

𝛽1𝛽2(𝛽1 + 𝛽2)
− 1
𝛽1𝛽2

]

+ 𝑞𝛽23 ln
(

cosh
(

𝐽 − 1
𝛽3

))

.

(5)

The model involves seven parameters in addition to the bulk modulus:
𝛼1, 𝛼2 and 𝛼3 that control the response in shrinkage; 𝛽1, 𝛽2, 𝛽3 and

that control the response in expansion. The use of the Heaviside
tep function allows an independent control of the two behaviors. The
ydrostatic stress is derived using Eq. (2).

Thin membranes are not capable of sustaining compressive stresses,
herefore they admit only tensile stress states. Consequently, the hy-
rostatic stress in such problems is always positive, which means that
3

the volume is only expanding (𝐽 > 0). Hence, from now on, in the
energy we consider only the term 𝛹𝑡 related to volume expansion and
we neglect the term 𝛹𝑐 responsible for volume contraction. Namely,

𝑊ℎ (𝐽 ) = 𝜅 𝛹𝑡 (𝐽 ) , 𝜎ℎ (𝐽 ) = 𝜅
𝑑𝛹𝑡
𝑑𝐽

. (6)

As a consequence, the constitutive parameters of the volumetric SED
reduce to four: 𝛽1, 𝛽2, 𝛽3 and 𝑞.

The complete response of the compressible material is described by
he combined SED, 𝑊

(

𝐼1, 𝐽
)

= 𝑊𝑑
(

𝐼1
)

+𝑊ℎ(𝐽 ), where 𝑊𝑑 and 𝑊ℎ are
expressed respectively by Eqs. (4) and (6).

3. Materials and parameter fitting

In this section we describe the materials considered in this study,
which are characterized by four different degrees of compressibility.
For each material, we present the experimental data obtained from
simple tension tests. The parameters of the strain energy function are
fitted to the experimental responses. In the parameter fitting, both the
cases of compressible and incompressible models are considered. This
is done because, in the following sections, we will present a compari-
son between compressible and incompressible responses in membrane
problems.

3.1. Description of the materials

In order to provide a comprehensive description of the effect of
compressibility, we define the following four types of materials: (I)
materials that are nearly incompressible for any magnitude of applied
strain; (II) materials that are nearly incompressible for small strains and
become compressible for large strains; (III) materials that are compress-
ible for both small and large strains; (IV) auxetic materials. As type I
materials, we consider the NR (natural rubber) and silicone analyzed
in the work [35]. As type II materials, we consider the EPDM (ethylene
propylene diene monomer) and NBR (nitrile butadiene rubber) from
work [35]. As type III materials, we study the polymeric foam and the
hydrogel tested in works [70,71], respectively. Finally, as a type IV
material, we consider the foam analyzed in [72].

We remark that our purpose is to shed light on the role of material
compressibility in thin membranes. We are aware that, for materials
of type III and IV, the assumption of incompressibility is inappropriate
from a theoretical standpoint. However, our goal is to study the dif-
ferences between compressible and incompressible models, which are
emphasized when the material is characterized by a marked compress-
ibility. We also note that we consider only data from simple tension
tests because our primary objective is not to conduct an accurate
characterization of the response of the materials to biaxial stress states,
which would necessitate data from experiments such as biaxial, equi-
biaxial or pure shear tests [73]. Instead, our focus is on highlighting
the role of volumetric deformations in membranes. Thus, calibrating
material response solely through simple tension testing suffices to
highlight its influence and distinguish differences from incompressible
and compressible models.

The experimental data of the aforementioned materials are repre-
sented in Fig. 1. For the sake of clarity, the longitudinal and hydrostatic
stress of types III and IV materials are normalized with respect to the
following values of Young modulus: 𝐸 = 650 kPa for the foam, 𝐸 =
1.9 kPa for the hydrogel and 𝐸 = 15 kPa for the auxetic foam. The black
curves in Figs. 1(d) and 1(e) represent the incompressible behavior,
expressed by 𝜆𝑦 = 1∕

√

𝜆𝑥. From Fig. 1(d), we notice that both NR and
silicone are nearly incompressible throughout the experiment. EPDM
and NBR are almost incompressible only in the region of small strains.
Figs. 1(e) and 1(f) show that the foam from [70] and the hydrogel
are compressible in the entire range of deformation, while the foam
from [72] exhibits an auxetic behavior.
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Fig. 1. Experimental data from simple tension tests: (a)–(c) nominal stress vs. stretch; (d)–(f) lateral vs. longitudinal stretches; (g)–(i) hydrostatic stress vs. volume variation. Details
on the experiments on elastomers can be found in [35]. The data of foam, hydrogel and auxetic foam were digitized respectively from Blatz and Ko [70], Urayama et al. [71],
and Choi and Lakes [72]. The values of Young modulus are 𝐸 = 650 kPa for the foam, 𝐸 = 1.9 kPa for the hydrogel and 𝐸 = 15 kPa for the auxetic foam.
F

.2. Model fitting

The constitutive parameters for NR, silicone, EPDM and NBR for
oth compressible and incompressible models had already been fitted
n [35]. In the present work, we consider such values of the model
arameters. Regarding the other materials, the parameters are fitted
s described in the following.

The equilibrium solution in simple tension is summarized in Ap-
endix A, in the cases of both incompressible and compressible models.
or incompressible models, the stress vs. strain relation is given by
q. (A.3). This relation was fitted to the longitudinal stress vs. stretch
ata using function FindFit in Wolfram Mathematica. The optimal
arameters of all the materials analyzed, including the elastomers, are
eported in Table B.2.
4

For compressible models, the fitting was performed in two steps.
irstly we calibrated the parameters of the volumetric SED (𝑊ℎ), suc-

cessively the parameters of the deviatoric SED (𝑊𝑑). The procedure was
the following:

(1) For each material, the bulk modulus 𝜅 was calibrated from the
initial slope of the 𝜎ℎ vs. 𝐽 data from simple tension tests. Then,
the hydrostatic stress 𝜎ℎ was fitted to the entire experimental 𝜎ℎ
vs. 𝐽 curve. In this way, volumetric model parameters 𝛽1, 𝛽2, 𝛽3
and 𝑞 were calibrated. This fitting was performed by means of
function FindFit in Wolfram Mathematica.

(2) The equilibrium solution in simple tension, described by Eqs. (A.1)
and (A.2), was fitted to the experimental data. In particular, the
above equations were written in a MATLAB code. Function fsolve
was employed to numerically solve the implicit equation between
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longitudinal and lateral stretches, Eq. (A.1). The stress vs. stretch
relation, expressed by Eq. (A.2), was fitted to the 𝑠𝑥 vs. 𝜆𝑥 data.
This was done by considering as objective function the sum of
squared residuals between analytical and experimental stress vs.
stretch curves, and performing the optimization in MATLAB with
function fmincon.

he optimal values of parameters for the compressible models are
iven in Table B.3. We remark that, as commonly happens in non-
inear optimization problems, multiple sets of parameters may yield
atisfactory fitting solutions. However, the advantage of splitting the
eviatoric and volumetric contributions is that the parameters involved
n 𝑊ℎ were calibrated independently. Subsequently, the remaining
arameters of 𝑊𝑑 were calibrated. Furthermore, all parameters have
hysical meanings, which guides us in obtaining reasonable values.

Fig. 2 shows the curves obtained from the incompressible and com-
ressible models. Since the elastomers were already analyzed in [35],
e report only the curves for materials of types III and IV (foam,
ydrogel and auxetic foam). The fitting curves for elastomers, namely
aterials of types I and II, can be found in Figs. 11 and 13 in [35].

igs. 2(a) and 2(b) show the normalized stress vs. stretch curves for
aterial types III and IV with incompressible model, respectively. On

he other hand, Figs. 2(c) and 2(d) show the normalized stress vs.
tretch curves in the case of compressible model. We observe that both
ncompressible and compressible models give accurate predictions of
he tensile stress response of the materials analyzed. For the compress-
ble model, Figs. 2(e) and 2(f) show that the description of the lateral
tretch is accurate, as well as the hydrostatic stress as a function of the
olume change (Figs. 2(g) and 2(h)).

Introducing the hypothesis of small strains, the equilibrium equa-
ions in simple tension can be linearized to obtain the following ex-
ressions of the elastic constants of linear elasticity:

=
18𝑘

(

𝐴 + 𝐶10
)

2
(

𝐴 + 𝐶10
)

+ 3𝑘
, 𝜈 =

3𝑘 − 4
(

𝐴 + 𝐶10
)

4
(

𝐴 + 𝐶10
)

+ 6𝑘
. (7)

The values of the Poisson’s ratio 𝜈 for each material considered are
reported in Table B.3. The values of 𝜈 for materials of type I and II
are very close to 0.5, proving they are almost incompressible at small
strains. On the contrary, materials of type III have a Poisson’s ratio
of 0.326 and 0.332, namely they exhibit significant volume changes
even at small strains. Finally, type IV material has a negative value of
Poisson’s ratio, showing the distinctive behavior of auxetic materials of
expanding laterally when subjected to longitudinal traction.

4. Equilibrium solutions for inflated membranes

In this section we present the three benchmark problems considered
in this work: (1) inflation of a circular flat membrane; (2) inflation
of an infinitely long thin-walled cylindrical tube; (3) inflation of a
thin-walled spherical balloon. A schematic representation of the three
problems is reported in Fig. 3. We present the equilibrium solutions for
a generic isotropic, compressible, hyperelastic material described by a
strain energy function 𝑊 . We develop the solutions for a SED written
as a function of the principal strain invariants, 𝑊 = 𝑊

(

𝐼1, 𝐼2, 𝐼3
)

, since
this is the case of most hyperelastic models. In this circumstance, the
derivatives with respect to the principal stretches are computed with
the chain rule:
𝜕𝑊
𝜕𝜆𝑖

= 2𝜆𝑖
(

𝑤1 +
(

𝜆2𝑗 + 𝜆
2
𝑘

)

𝑤2 + 𝜆2𝑗𝜆
2
𝑘𝑤3

)

, 𝑖, 𝑗, 𝑘 = 1, 2, 3 (8)

here 𝑤𝑗 = 𝜕𝑊 ∕𝜕𝐼𝑗 , with 𝑗 = 1, 2, 3. In case of the combined SED,
𝑊

(

𝐼1, 𝐽
)

, the derivatives of 𝑊 with respect to the principal strain
invariants 𝐼1, 𝐼2 and 𝐼3 are computed with the chain rule. To study
the effect of compressibility, the solutions for compressible membranes
presented in this section will be compared with the solutions for
incompressible membranes, which are recalled in Appendix D.
5

.1. Circular flat membrane

We consider a circular flat membrane with radius 𝐿 and thickness 𝐻
see Fig. 3(a)). We define a cylindrical coordinate system (𝑅,𝛩,𝑍) with
rigin in the central point of the membrane. The membrane is inflated
nder a uniform lateral pressure 𝑝 and we assume the deformation is
xisymmetric. A generic material point 𝑃 ≡ (𝑅,𝛩, 0) moves to 𝑃 ′, with
oordinates (𝑟, 𝛩, 𝑧). The principal directions of stretch correspond to
he meridians, the latitudinal lines, and the normal to the deformed
urface. The principal stretches are 𝜆1 =

√

𝑟′2 + 𝑧′2, 𝜆2 = 𝑟∕𝑅, and
𝜆3 = ℎ∕𝐻 , where ℎ is the thickness of the membrane in the deformed
configuration and the prime denotes differentiation with respect to 𝑅.
The principal Cauchy stresses are given by

𝜎𝑖 =
1

𝜆𝑗𝜆𝑘
𝜕𝑊
𝜕𝜆𝑖

, 𝑖, 𝑗, 𝑘 = 1, 2, 3. (9)

The membrane assumption 𝜎3 = 𝜕𝑊 ∕𝜕𝜆3 = 0 leads to the following
relation for 𝜆3:

𝐺
(

𝜆1, 𝜆2, 𝜆3
)

= 𝜕𝑊
𝜕𝜆3

= 𝑤1 +
(

𝜆21 + 𝜆
2
2
)

𝑤2 + 𝜆21𝜆
2
2𝑤3 = 0, (10)

which allows to compute the transversal stretch 𝜆3 for each pair
(

𝜆1, 𝜆2
)

.
Eq. (10) yields an explicit expression for 𝜆3 only in specific cases

of limited practical interest. Indeed, an explicit expression for 𝜆3 can
be obtained only for simple material models and without splitting
the SED function into deviatoric and hydrostatic contributions. For
instance, in [53,54] we modeled compressibility by adding the Charlet–
Geymonat function [74] to a two-term Mooney–Rivlin model, deriving
an explicit relation for 𝜆3. However, due to its mathematical simplicity,
this model fails to accurately represent the true response of elastomers
to large volume changes. Moreover, without splitting the SED function,
both deviatoric and hydrostatic terms contribute to the response to
volume deformations, making it impossible to characterize the volu-
metric behavior of the material. Therefore, we derive the solution for
the most general case, where Eq. (10) is implicit and the computation
of transversal stretch 𝜆3 requires numerical methods.

The principal stress resultants per unit length are computed as 𝑇𝑖 =
𝜆3𝐻𝜎𝑖, with 𝑖 = 1, 2. The equilibrium equations in radial and normal
directions read
𝑑𝑇1
𝑑𝑟

+ 1
𝑟
(𝑇1 − 𝑇2) = 0,

𝐾1𝑇1 +𝐾2𝑇2 = 𝑝,
(11)

where 𝐾1 = (𝜆′1𝜂−𝜆1𝜂
′)∕(𝜆21

√

𝜆21 − 𝜂
2) and 𝐾2 = (

√

𝜆21 − 𝜂
2)∕(𝜆1𝜆2𝑅) are

the principal curvatures, with 𝜂 = 𝑟′. Substituting the expressions for
𝑇1, 𝑇2, 𝐾1, and 𝐾2 into Eq. (11), the following system of differential
equations is obtained:

𝜆′1 =
𝜉0 + 𝜉1𝑤1 + 𝜉2𝑤2 + 𝜉3𝑤3

𝑤1 +𝑤2𝜉4 +𝑤3𝜉5 +
𝜕𝑤1
𝜕𝜆1

𝜆1 +
𝜕𝑤2
𝜕𝜆1

𝜆1𝜆22 +
𝜕𝑤2
𝜕𝜆1

𝜆1𝜆23 +
𝜕𝑤3
𝜕𝜆1

𝜆1𝜆23𝜆
2
2

,

𝜆′2 =
𝜂 − 𝜆2
𝑅

,

𝜂′ =
𝜂𝜆′1
𝜆1

+
2𝜁1𝜆2

(

𝜆21 − 𝜂
2) − 𝜙𝜆2𝜆21

√

𝜆21 − 𝜂
2

2𝜁2𝜆21𝑅
,

(12)

where 𝜙 = 𝑝𝑅∕𝐻 and, for the sake of clarity, the following quantities
were defined:

𝜉0 = 𝜆21
𝜕𝑤1

𝜕𝜆2

(

𝜆2 − 𝜂
)

+ 𝜆21
𝜕𝑤2

𝜕𝜆2

(

−𝜂𝜆22 − 𝜂𝜆
2
3 + 𝜆

3
2 + 𝜆

2
3𝜆2

)

+ 𝜆21𝜆
2
3𝜆

2
2
𝜕𝑤3

𝜕𝜆2

(

𝜆2 − 𝜂
)

,

𝜉1 = 𝜂𝜆2 − 𝜆21,

𝜉2 = −2
𝜕𝜆3
𝜕𝜆2

𝜂𝜆3𝜆
2
1 + 2

𝜕𝜆3
𝜕𝜆2

𝜆2𝜆3𝜆
2
1 − 𝜂𝜆2𝜆

2
1 + 𝜂𝜆2𝜆

2
3 + 𝜆

2
2𝜆

2
1 − 𝜆

2
3𝜆

2
1,

𝜉3 = −2
𝜕𝜆3 𝜂𝜆2𝜆3𝜆

2 + 2
𝜕𝜆3 𝜆2𝜆3𝜆

3 − 𝜂𝜆2𝜆2𝜆2 + 𝜆2𝜆2𝜆2, (13)

𝜕𝜆2 1 2 𝜕𝜆2 1 2 1 3 1 3 2
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Fig. 2. Results of model fitting in case of incompressible and compressible models for material types III and IV. Stress vs. stretch plots for incompressible, (a) and (b), and
compressible models, (c) and (d). For the compressible model, the plots of 𝜆𝑦 vs. 𝜆𝑥 and 𝜎ℎ∕𝐸 vs. 𝐽 are shown respectively in (e) and (f), and (g) and (h). Solid and dotted lines
represent model fitting and experimental data, respectively. The model fitting for elastomers, namely material types I and II, is shown in Figs. 11 and 13 in [35].
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Fig. 3. Schematic representation of the three membrane problems analyzed in the present work: (a) inflation of a circular flat membrane; (b) inflation of an infinitely long
hin-walled cylindrical tube; (c) inflation of a thin-walled spherical balloon.
𝜉4 = 2
𝜕𝜆3
𝜕𝜆1

𝜆1𝜆3 + 𝜆22 + 𝜆
2
3,

𝜉5 = 2
𝜕𝜆3
𝜕𝜆1

𝜆1𝜆3𝜆
2
2 + 𝜆

2
3𝜆

2
2,

1 = 𝑤1 + 𝜆21𝑤2 + 𝜆23
(

𝜆21𝑤3 +𝑤2
)

,

2 = 𝑤1 + 𝜆22𝑤2 + 𝜆23
(

𝜆22𝑤3 +𝑤2
)

.

he derivatives of 𝜆3 with respect to 𝜆1 and 𝜆2 can only be computed
umerically by means of the implicit function theorem, namely

𝜕𝜆3
𝜕𝜆1

= −
𝜕𝐺∕𝜕𝜆1
𝜕𝐺∕𝜕𝜆3

,
𝜕𝜆3
𝜕𝜆2

= −
𝜕𝐺∕𝜕𝜆2
𝜕𝐺∕𝜕𝜆3

. (14)

The derivatives of 𝑤1, 𝑤2 and 𝑤3 with respect to 𝜆1 and 𝜆2 are
computed with the chain rule

𝜕𝑤𝑖
𝜕𝜆𝑗

=
3
∑

𝑘=1

𝜕𝑤𝑖
𝜕𝐼𝑘

(

𝜕𝐼𝑘
𝜕𝜆𝑗

+
𝜕𝐼𝑘
𝜕𝜆3

𝜕𝜆3
𝜕𝜆𝑗

)

, 𝑖 = 1, 2, 3 and 𝑗 = 1, 2. (15)

The system of equilibrium equations (Eq. (12)) represents an initial
alue problem that must be integrated along the radius of the mem-
rane, with the additional condition 𝜆2 (𝐿) = 1 that must be satisfied at

the outer boundary. The system requires a numerical integration, which
was performed in MATLAB by means of function ode45. The radius was
discretized in steps 𝑑𝑅 = 𝐿∕1000 and the integration was performed
starting from the pole, with initial condition 𝜆1 = 𝜆2 = 𝜂 = 𝜆0, to
the outer boundary, where the additional condition 𝜆2 (𝐿) = 1 must be
satisfied. The steps are the following: (i) the initial condition at the pole
𝜆0 and a guess value 𝑝0 for the pressure are set; (ii) the corresponding
transversal stretch 𝜆3 is computed solving numerically Eq. (10) with
𝜆1 = 𝜆2 = 𝜆0; (iii) quantities 𝜕𝜆3∕𝜕𝜆1, 𝜕𝜆3∕𝜕𝜆2, 𝜕𝑤1∕𝜕𝜆1, 𝜕𝑤1∕𝜕𝜆2,
𝜕𝑤2∕𝜕𝜆1, 𝜕𝑤2∕𝜕𝜆2, 𝜕𝑤3∕𝜕𝜆1 and 𝜕𝑤3∕𝜕𝜆2 are computed from Eqs. (14)
and (15); (iv) the values of 𝜆1, 𝜆2 and 𝜂 at the next point of the domain
are computed from Eq. (12); (v) steps (ii), (iii) and (iv) are repeated
for each point along the domain until 𝜆2 = 1. The value of 𝑅 at which
𝜆2 = 1 is denoted by 𝑅∗; (vi) in general, the initial guess value 𝑝0 will be
different from the correct pressure 𝑝 and thus 𝑅∗ will be different from
𝐿. However, system (12) is invariant when a scaling factor is multiplied
to 𝑅 [75]. Hence we choose 𝛾 = 𝐿∕𝑅∗ as scaling factor and we compute
the correct value of pressure as 𝑝1 = 𝑝0∕𝛾 = 𝑝0𝑅∗∕𝐿; (vii) perform
again the numerical integration with the correct value 𝑝1, obtain the
correct stretches profiles 𝜆1 and 𝜆2 and the deformed coordinates 𝑟 and
𝑧; (viii) repeat this procedure for different initial conditions 𝜆0 to derive
the entire pressure curve. The solution obtained with this procedure for
compressible materials was validated by means of finite element (FE)
7

simulations carried out on COMSOL, described in Appendix C.
For each material, we had to define the maximum stretch 𝜆0,𝑚𝑎𝑥
to apply at the pole as initial condition. This choice required atten-
tion in order to avoid a level of deformation higher than the one
attained during the parameters calibration. Since the parameters were
calibrated on uniaxial tensile tests, a natural choice for the value of
𝜆0,𝑚𝑎𝑥 would be the maximum longitudinal stretch 𝜆𝑥,𝑚𝑎𝑥 reached in
the experimental tests. However, since membrane inflation is a biaxial
problem, the overall strain state would differ substantially from the
case of uniaxial tension. Therefore, a global measure of deformation
seems more appropriate. To this aim, we assumed the first deviatoric
invariant 𝐼1 as measure of deformation. Thereby, we set 𝜆0,𝑚𝑎𝑥 so that
𝐼1 computed at the pole of the membrane matched the value of 𝐼1 at
the end of the uniaxial tensile test. The choice of 𝐼1 is supported by
the observation that it is the only independent variable of the Yeoh–
Fleming model. This approach guarantees that the range of reliability
of the fitted model parameters is never exceeded. The maximum stretch
𝜆0,𝑚𝑎𝑥 determined with this approach is adopted also for the inflation
of the cylindrical tube and the spherical balloon, described in the
following.

4.2. Infinite thin-walled cylindrical tube

We now consider the inflation of an infinitely long, thin-walled
cylindrical tube. In the undeformed configuration, the tube has uniform
thickness 𝐻 and radius 𝐿 (see Fig. 3(b)). During inflation, we assume
that the axial stretch at infinity is kept fixed to unity and the deformed
configuration is axially symmetric. The deformed radius can remain
constant (uniform solution) or vary along the axial direction (bifurcated
state). During the uniform solution, also called primary state, the tube
expands uniformly in the lateral direction. The axial stretch remains
equal to unity over the whole domain and the length of the tube is
fixed, whereas the axial force acting along the tube varies with pressure
in order to keep the length fixed. Under these conditions, bifurcation
can take place even when the pressure increases monotonically [76].
In the bifurcated state, the axial stretch varies along the bulge profile
but it tends to unity moving away from it. Following the work by Fu
et al. [41], we briefly present the uniform solution and the bifurcation
condition for this problem.

A generic material point 𝑃 ≡ (𝐿,𝛩,𝑍) is mapped into 𝑃 ′, with
coordinates (𝑟 (𝑍) , 𝛩, 𝑧 (𝑍)). The meridional, latitudinal, and normal di-
rections are the principal directions of strain, and the principal stretches
read 𝜆1 =

√

𝑟′2 + 𝑧′2, 𝜆2 = 𝑟∕𝐿, and 𝜆3 = ℎ∕𝐻 . Here the prime denotes
differentiation with respect to 𝑍. The principal Cauchy stresses are
given by Eq. (9). The membrane assumption 𝜎 = 𝜕𝑊 ∕𝜕𝜆 = 0 gives
3 3
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again Eq. (10), which relates the transversal stretch 𝜆3 to 𝜆1 and 𝜆2.
The equilibrium equations are [77]

1
ℎ
𝑑
(

ℎ𝜎1
)

𝑑𝑍
+ 𝑟′

𝑟
(𝜎1 − 𝜎2) = 0, (16)

𝜎1
(

𝑟′′𝑧′ − 𝑟′𝑧′′
)

(

𝑟′2 + 𝑧′2
)
3
2

−
𝜎2𝑧′

𝑟
(

𝑟′2 + 𝑧′2
)
1
2

+
𝑝
ℎ

= 0. (17)

We define the normalized pressure �̄� = 𝑝𝐿∕𝐻 and assume that the
ube remains uniform far away from the origin with a constant radius
∞. Thus, as 𝑍 → ±∞, we have: 𝑟 → 𝑟∞, 𝑟′ → 0, 𝑟′′ → 0, 𝑧→ 𝑍, 𝑧′ → 1,
1 → 1, and 𝜆2 → 𝑟∞∕𝐿. The pressure 𝑝 is determined from Eq. (17) as

�̄� = 1
𝜆2,∞

𝜕𝑊
𝜕𝜆2

(∞)
, (18)

here the superscript (∞) means evaluation at 𝜆1 = 1 and 𝜆2 =
∞∕𝐿 = 𝜆2,∞. Eq. (18) determines the �̄� vs. 𝜆2,∞ curve in case of uniform
nflation.

The numerical solution was obtained by defining in MATLAB a
ector of values of 𝜆2,∞, ranging from 1 to 𝜆0,𝑚𝑎𝑥. For each value of
2,∞, Eq. (10) is expressed as 𝐺

(

1, 𝜆2,∞, 𝜆3
)

= 0 and it was numerically
olved using MATLAB function fsolve. The solution provided the value
f transversal stretch 𝜆3 that satisfies the membrane assumption. The
btained value of 𝜆3 was substituted into Eq. (18) to compute the
orresponding pressure.

As 𝜆2,∞ increases the uniform solution may reach a bifurcation point
fter which a bulging/necking of the tube takes place. The bifurcation
ondition reads [41]

2,∞

(

𝜕𝑊
𝜕𝜆2

(∞)
− 𝜕2𝑊
𝜕𝜆2𝜕𝜆1

(∞)
)2

+ 𝜕2𝑊
𝜕𝜆21

(∞)
(

𝜕𝑊
𝜕𝜆2

(∞)
− 𝜆2,∞

𝜕2𝑊
𝜕𝜆22

(∞)
)

= 0.

(19)

When computing the second derivatives 𝜕2𝑊 ∕𝜕𝜆𝑖𝜕𝜆𝑗 , the dependence
f 𝜆3 on 𝜆1 and 𝜆2 must be taken into account, writing

𝜕2𝑊
𝜕𝜆𝑖𝜕𝜆𝑗

=
3
∑

𝑘=1

𝜕2𝑊
𝜕𝜆𝑖𝜕𝐼𝑘

(

𝜕𝐼𝑘
𝜕𝜆𝑗

+
𝜕𝐼𝑘
𝜕𝜆3

𝜕𝜆3
𝜕𝜆𝑗

)

, 𝑖, 𝑗 = 1, 2 (20)

here 𝜕𝜆3∕𝜕𝜆𝑗 are given by Eq. (14). The value of 𝜆2,∞ = 𝑟∞∕𝐿 satisfy-
ing Eq. (19) determines the critical radius that leads to the bifurcated
solution. The bifurcation point was determined using MATLAB. Eq. (19)
was solved by means of function fzero, which searched iteratively the
solution starting from an initial value of 𝜆2,∞. For each iteration, before
omputing Eq. (19), the corresponding value 𝜆3 was determined solving
(

1, 𝜆2,∞, 𝜆3
)

= 0 with function fsolve and the derivatives of 𝑊 with
espect to the stretches were computed.

.3. Thin-walled spherical balloon

We consider a thin-walled spherical balloon of initial radius 𝐿 and
hickness 𝐻 (see Fig. 3(c)). We assume that during the inflation the
alloon retains its spherical shape. Due to the symmetry of the problem,
ach point is subjected to equibiaxial extension. The deformation is
omogeneous and the principal stretches are 𝜆1 = 𝜆2 = 𝜆 = 𝑟∕𝐿 and
3 = ℎ∕𝐻 , where 𝑟 and ℎ are respectively the deformed radius and
hickness. The equilibrium equations, Eq. (11), reduce to [78]

=
𝑝𝑟
2ℎ
, (21)

where 𝜎 is the principal Cauchy stress acting in the deformed plane.
Substituting Eq. (9) into Eq. (21), we obtain the relation for the
normalized pressure �̄� = 𝑝𝐿∕𝐻

�̄� = 4
𝜆
[

𝑤1 +
(

𝜆2 + 𝜆23
)

𝑤2 + 𝜆2𝜆23𝑤3
]

. (22)

The membrane assumption, defined by Eq. (10), reduces to

𝑤 + 2𝜆2𝑤 + 𝜆4𝑤 = 0. (23)
8

1 2 3
This equation allows us to compute the transversal stretch 𝜆3 for each
value of 𝜆. In particular, a list of values for 𝜆 ranging from 1 to 𝜆0,𝑚𝑎𝑥
was defined and the above equation was numerically solved using func-
tion fsolve in MATLAB. The numerical value of 𝜆3 was then substituted
into Eq. (22) to compute the corresponding value of pressure.

For increasing values of 𝜆, the uniform spherical solution can
bifurcate into an asymmetrical pear-shaped configuration. However,
Haughton and Ogden [79] showed that the bifurcation always occurs
after the maximum pressure is reached. For this reason, we did not
focus on the bifurcation condition for spherical balloons.

5. Results

In this section we compare the results of incompressible and com-
pressible models in the inflation of circular membranes, thin-walled
cylindrical tubes and spherical balloons. We remark that the goal of
this section is to analyze and discuss the effect of compressibility on the
response of thin membranes. To this aim, we consider the constitutive
parameters calibrated in Section 3.2 from simple tension tests. The
parameters of incompressible and compressible models gave nearly
equal responses in terms of stress vs. stretch in simple tension (see
Fig. 2). In the following, we present the corresponding results for the
three membrane problems described above. Eventual differences in the
response are to be attributed to compressibility and will be discussed
in detail.

5.1. Circular flat membrane

For each material, the numerical solution for flat circular mem-
branes under inflation was derived according to Section 4.1. The results
in terms of pressure vs. deflection curve, deformed shape and pressure
vs. volume curve are presented in Fig. 4 for elastomers (types I and
II), and Fig. 5 for material types III and IV. The deformed shapes
displayed in the second column of the above figures are related to the
configuration at the maximum pressure �̄� from the compressible model.

As expected, from Fig. 4 we notice that incompressible and com-
pressible models for materials of type I give very similar responses.
This is due to the fact that volume deformations are small and thus
the contribution of the volumetric strain energy is almost unnoticeable.
However, materials of type II show sensible discrepancies between in-
compressible and compressible solutions. In case of EPDM, the pressure
vs. deflection curve exhibits a limit pressure followed by a softening
branch. The effect of compressibility occurs particularly near the limit
point, which is the point of most interest from a practical standpoint.
On the other hand, NBR shows a monotonic trend in the pressure
vs. deflection curve, and the effect of compressibility increases as the
deformation increases.

Another comparison may be done in terms of deformed shape
corresponding to the maximum pressure. In practical applications,
membranes are generally inflated in pressure control, namely by apply-
ing increasing internal pressure. Hence, for a given value of pressure,
the deflection, if not the entire deformed shape, is of much interest.
In view of this, Figs. 4(h) and 4(m) display the deformed shapes at
maximum pressure. It is clear that, despite the error in terms of pressure
is modest, a significant discrepancy in the deformed shape occurs when
a wrong assumption on the compressibility of the material is made. This
means that large errors in the prediction of the deformed shapes can
be expected when modeling type II materials with the assumption of
incompressibility. This consideration plays a crucial role in applications
such as contact mechanics, where accurate predictions of the deformed
shapes are required.

In a few cases, the inflation may be performed in volume control.
Hence, the third column of Figs. 4 and 5 shows the pressure vs.
volume curves. We notice a direct correspondence between the pressure
vs. volume curves and the pressure vs. deflection curves for all the
materials considered. Regarding type II materials, Figs. 4(i) and 4(n)
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Fig. 4. Inflation of a circular flat membrane. The results are shown for (a)–(c) NR, (d)–(f) silicone, (g)–(i) EPDM, (l)–(n) NBR, in terms of normalized pressure �̄� = 𝑝𝐿∕𝐻 vs.
deflection 𝛿 = 𝛿∕𝐿 curve, normalized deformed shapes (�̄� = 𝑟∕𝐿, �̄� = 𝑧∕𝐿) and normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. volume 𝑉 = 𝑉 ∕

(

𝜋𝐿3) curve. For each material, the deformed
shape corresponds to the value of maximum pressure on the compressible curves.
show that for a given volume, the incompressible model gives a good
prediction of the pressure. Hence, in case of inflation in volume control,
the assumption of incompressibility remains acceptable for type II
materials.

For what concerns materials of type III and IV, Fig. 5 shows that
the predictions of incompressible and compressible models are very
different. These materials are compressible even in the range of small
strains. Accordingly, both pressure vs. deflection and pressure vs. vol-
ume curves start to deviate at low values of 𝛿 and 𝑉 . Relative dif-
ferences up to 13% are observed in the maximum pressure and 44%
9

in the deflection. It goes without saying that for these materials the
assumption of incompressibility is totally unacceptable.

We remark that the above comparison was presented to show the
effect of compressibility in bidimensional problems, starting from the
same response in simple tension. In conclusion, the most interesting
results are observed for type II materials. Even if in simple tension they
exhibit volume changes only for large deformations, in the membrane
problem significant differences between compressible and incompress-
ible models arise in the range of moderate deformations. Moreover, this
range coincides with the limit pressure point (when present), leading to
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Fig. 5. Inflation of a circular flat membrane. The results are shown for (a)–(c) foam, (d)–(f) hydrogel, (g)–(i) auxetic foam, in terms of normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. deflection
̄ = 𝛿∕𝐿 curve, normalized deformed shapes (�̄� = 𝑟∕𝐿, �̄� = 𝑧∕𝐿) and normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. volume 𝑉 = 𝑉 ∕

(

𝜋𝐿3) curve. For each material, the deformed shape
orresponds to the value of maximum pressure on the compressible curves.
f
p
m

t
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e
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mportant consequences in practical applications. Note that, except for
ype I materials which show almost identical responses, the inflating
ressure for compressible models is always lower than the inflating
ressure for incompressible models.

.2. Infinite thin-walled cylindrical tube

The results of the inflation of infinite thin-walled cylindrical tubes
re obtained by solving Eq. (18) for each material type, and are
isplayed in Fig. 6 in terms of pressure vs. deflection curves. Since
he solution is uniform (the tube expands laterally homogeneously), the
eformed shape is completely described by parameter 𝜆2,∞ and the only
ifference between incompressible and compressible models is in the
nflating pressure.

Regarding type I materials, a discrepancy between the compressible
nd incompressible models appears only for large deformations, when
he materials start to show small volume changes (see Fig. 1(d)).
n particular, Fig. 6(a) shows that the incompressible model for NR
ubber overestimates the final pressure by 7%. Hence, even for a mate-
ial that is nearly incompressible for any magnitude of deformation,

non-negligible discrepancy between the two models is found. For
aterials of type II, III and IV the differences increase and occur
10
or moderate deformations. Again, when the material exhibits a limit
ressure point, the error between compressible and incompressible
odels concentrates in that area.

As the inflation increases, the tube reaches a critical stretch 𝜆2,𝑐 that
riggers the bifurcated state and the appearance of a bulge. This point is
rucial for practical applications and is determined by Eq. (19). As Fu
t al. [41] showed for incompressible materials, if

(

𝜕2 𝑊 ∕𝜕𝜆21
)(∞) >

the bifurcation can take place only when the inflating pressure is
ncreasing. Since the sign of

(

𝜕2 𝑊 ∕𝜕𝜆21
)(∞) does not depend on the

volumetric part of the SED, this holds also for compressible materials.
Therefore, bifurcation takes place before the limit pressure regardless
of material compressibility. The critical stretches computed by Eq. (19)
for both compressible and incompressible models are shown in Table 1,
along with the stretches corresponding to the limit pressure. Note
that when the material exhibits a limit pressure (EPDM, foam, gel
and auxetic foam), the critical stretch of the compressible model is
always greater than the critical stretch of the incompressible one. On
the contrary, when the material response is monotonic, the opposite
happens. Ultimately, in case of compressibility the bifurcation points
slightly vary quantitatively but they do not differ qualitatively from
the incompressible case.
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Fig. 6. Uniform inflation of an infinite thin-walled cylindrical tube. The results are shown for (a) NR, (b) silicone, (c) EPDM, (d) NBR, (e) foam, (f) hydrogel and (g) auxetic
foam. The curves are represented in terms of normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. uniform stretch 𝜆2,∞ = 𝑟∞∕𝐿.
Table 1
Inflation of thin-walled cylindrical tubes: values of stretch at bifurcation 𝜆2,𝑐 and stretch at limit pressure 𝜆2,𝑝𝑚𝑎𝑥 . When 𝜆2,𝑐 is reached, the uniform
solution shifts to the bifurcated state. The values are reported for all the materials considered, for both compressible and incompressible models.

Type I Type II Type III Type IV

NR Silicone EPDM NBR Foam Hydrogel Auxetic foam

Compressible 𝜆2,𝑐 1.60 1.68 1.48 1.45 1.46 1.33 2.33
𝜆2,𝑝𝑚𝑎𝑥 / / 1.61 / 1.54 1.36 2.41

Incompressible 𝜆2,𝑐 1.63 1.70 1.45 1.52 1.39 1.30 2.15
𝜆2,𝑝𝑚𝑎𝑥 / / 1.55 / 1.45 1.32 2.45
11
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a

Fig. 7. Inflation of a thin-walled spherical balloon. The results are shown for (a) NR, (b) silicone, (c) EPDM, (d) NBR, (e) foam, (f) hydrogel and (g) auxetic foam. The curves
re represented in terms of normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. stretch 𝜆 = 𝑟∕𝐿.
5.3. Thin-walled spherical balloon

The results of the inflation of a spherical balloon are obtained by
solving Eqs. (22) and (D.9) for compressible and incompressible models
respectively, and are displayed in Fig. 7. Comparing the pressure vs.
deflection curves from the three equilibrium problems (Figs. 4, 5,
6 and 7), we notice that the spherical balloon exhibits the greatest
12
discrepancies between the incompressible and compressible models.
This is particularly evident for materials of type III and IV, for which
the compressibility is more pronounced. Differences up to 18% in the
maximum value of internal pressure are observed (see Fig. 7(f)).

The above results may be explained by considering the different
strain and stress states in each problem. In the inflation of a spherical
balloon, the principal stretches 𝜆 and 𝜆 are equal to each other
1 2
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Fig. 8. Comparison between EPDM and NBR inflated spherical balloons. Figs. (a), (b) and (c) respectively show pressure vs. stretch, nominal stress vs. stretch and relative
discrepancy in pressure and stress curves between compressible and incompressible models for EPDM. Figs. (d), (e) and (f) depict the corresponding curves for NBR. For a spherical
balloon, the stress state is equibiaxial and therefore the discrepancy in pressure curves and nominal stress curves coincides. Major discrepancies are observed near the limit point
region in the pressure vs. stretch curves, which corresponds to the transition region between linear and nonlinear behavior in the stress vs. stretch curves.
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and the body is under equibiaxial tension. Among the three problems
considered, this stress state differs the most from the one in simple
tension, where the parameters of both compressible and incompressible
models were calibrated to obtain the same response. Thus, it seems
reasonable that in this problem compressible and incompressible mod-
els show the greatest differences. On the other hand, in the uniform
inflation of a cylindrical tube, 𝜆2 increases whereas 𝜆1 remains always
qual to 1. The principal stress 𝑇1 is much smaller than 𝑇2 and this

condition is relatively similar to the stress state in simple tension. For
this reason, since their parameters were calibrated to obtain the same
uniaxial response, the compressible and incompressible solutions are
more similar compared to the case of inflated balloons. Finally, the
inflation of a circular flat membrane is an intermediate case. At the
pole the stress state is equibiaxial with 𝜆1 = 𝜆2 and 𝑇1 = 𝑇2, but
t the outer boundary 𝜆2 = 1 and the stress state is closer to the
ne in simple tension. In fact, the differences between compressible
nd incompressible models appear greater than those of the cylindrical
ube, but lower than those of the spherical balloon.

In conclusion, the results obtained showed that compressibility
lays an important role in the overall response of membrane structures
ubjected to inflation. We remark that the results in terms of transversal
tretch were not presented because, from a practical point of view, it is
f no interest in bidimensional problems. Obviously, major differences
ould be observed in materials of types III and IV, while material types
and II would exhibit relatively lower ones (as can be deduced from
igs. 1(d)–(f)).

.4. Further considerations

In light of the results shown above, some further considerations
n the effect of compressibility in inflated membranes can be drawn.
s a general observation, a common trend of maximum discrepancy
etween compressible and incompressible models is observed around
13

f

he limit point region. To provide an insight into this behavior, it is
onvenient to consider the inflation of a spherical balloon, where the
rincipal stretches 𝜆1 and 𝜆2 are equal at every point, resulting in an

equibiaxial stress state. Fig. 8 shows the pressure vs. stretch, nominal
stress vs. stretch and relative discrepancy between compressible and
incompressible models in the pressure and stress curves of EPDM and
NBR. As indicated by Figs. 8(c) and 8(f), the discrepancies between
the two models in the pressure and stress curves are identical. In fact,
considering Eq. (21) with 𝜎 = 𝑠∕(𝜆𝜆3), ℎ = 𝜆3𝐻 and 𝑟 = 𝜆𝐿, the relation
etween the nominal stress and the pressure is

= 𝜆2𝐿
2𝐻

𝑝, (24)

amely the pressure and the nominal stress are proportional by a factor
ndependent of compressibility. The limit point region in the pressure
urves aligns with the transition region between linear and nonlinear
ehavior in the stress vs. stretch curves. This specific region exhibits
he major discrepancy between stress computed from compressible
nd incompressible models, thereby leading to a more pronounced
iscrepancy in the pressure curves. The marked discrepancy in nominal
tress between compressible and incompressible models observed in
his region can be explained by the high rate of change in stiffness
pecific to this area.

The inflation of cylindrical tubes and the inflation of circular mem-
ranes are increasingly complex problems. In particular, in the latter
ase the stresses vary at each point radially along the membrane.
iscrepancies in the nominal stress between compressible and incom-
ressible models are still primarily responsible for discrepancies in the
ressure curves, but further phenomena like limit point instability now
lay an important role in the membrane response. Fig. 9 compares the
esponse of EPDM and NBR rubbers in the case of a circular membrane,
howing the deformed shapes and the volume change along the radius
or increasing values of deformation. In the case of EPDM, the pressure
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Fig. 9. Comparison between EPDM and NBR inflated circular membranes. Figs. (a), (b) and (c) respectively show pressure vs. deflection curves, deformed shapes and volume
changes in the domain for EPDM, while Figs. (d), (e) and (f) depict the corresponding curves for NBR. In the case of EPDM, the �̄� vs. 𝛿 curve exhibits a limit point that triggers
an unstable softening branch. Correspondingly, the deformed shape shows lateral expansion, and the volume change starts to decrease at the outer boundary of the domain. In
the case of NBR, the �̄� vs. 𝛿 curve is monotonic, and the change in volume increases with deformation throughout the domain.
urve exhibits a limit point, where the discrepancy between compress-
ble and incompressible models is maximum, followed by a softening
ranch, where the two models converge to the same curve. The limit
oint triggers an instability characterized by a lateral expansion, as
ndicated in Fig. 9(b). Fig. 9(c) shows how, after the limit point, the
hange in volume starts to decrease at the outer boundary. Therefore,
s the deformation increases, in the outer region compressibility has
ess effect since the change in volume reduces. On the contrary, in the
ase of NBR the limit point is not reached. The pressure is monotonic
nd the volume change continues to increase in the entire domain
f the membrane (see Fig. 9(f)). Accordingly, the relative discrepancy
etween compressible and incompressible models slightly increases as
he deformation increases. In conclusion, when limit point instability
ccurs, the effect of compressibility tends to reduce along the unstable
oftening branch.

. Conclusions

Existing models for highly deformable membranes primarily focus
n incompressible or nearly compressible materials. In the present
ork, we investigated the effect of material compressibility on the me-

hanics of inflated membranes. We proposed a novel numerical solution
or the inflation of circular membranes and extended well-established
lastic solutions for thin-walled cylindrical tubes and spherical bal-
oons. We considered experimental data of compressible elastomers,
olymeric foams, and hydrogels. To the best of our knowledge, this
s the first comprehensive analysis of membrane problems considering
eal behaviors of materials with large volumetric deformations.

The results showed that compressibility may sensibly affect the
esponse of inflated membranes. Despite these problems being ad-
ressed under the assumption of two-dimensional solid, volumetric
14
deformations play a significant role. It is demonstrated that incom-
pressible models are generally unsuitable and may lead to significant
errors in predicting limit pressure and deformed shape. Therefore,
the presented numerical solutions establish benchmarks for advancing
the modeling and utilization of foam and hydrogel membranes in
engineering technologies. Additionally, the applicability of the pro-
posed models extends beyond conventional materials, including highly
stretchable membrane-type metamaterials [80–83]. As a future step, we
aim to strengthen the findings of this work through an experimental
investigation on polymeric foams and hydrogel membranes.
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Appendix A. Equilibrium solution in simple tension

The compressible isotropic material is defined by a stored energy
function 𝑊 (𝐼1, 𝐼2, 𝐼3). We set the reference system 𝑥, 𝑦, 𝑧, with 𝑥 being
the longitudinal axis of the solid. The nominal stresses are indicated by
𝑠𝑖 and the true stresses by 𝜎𝑖, with 𝑖 = 𝑥, 𝑦, 𝑧. The lateral stresses 𝑠𝑦 and
𝑧 are both identically zero. The lateral stretches 𝜆𝑦 and 𝜆𝑧 are equal
o each other.

The equilibrium solution in simple tension reads [84]

1 +
(

𝜆2𝑥 + 𝜆
2
𝑦

)

𝑤2 + 𝜆2𝑥𝜆
2
𝑦𝑤3 = 0, (A.1)

𝑥 = 2𝜆𝑥
(

𝑤1 + 2𝜆2𝑦𝑤2 + 𝜆4𝑦𝑤3

)

, (A.2)

here 𝑤𝑗 = 𝜕𝑊 ∕𝜕𝐼𝑗 , with 𝑗 = 1, 2, 3. For each value of longitudinal
tretch 𝜆𝑥, the lateral stretch 𝜆𝑦 is computed by solving Eq. (A.1),
hich is in general an implicit equation. Then, the nominal stress 𝑠𝑥

s computed from Eq. (A.2) and the true stress by 𝜎𝑥 = 𝑠𝑥∕𝜆2𝑦.
In the case of incompressible model we have that 𝐽 = 1, from which

t follows that 𝜆𝑦 = 1∕
√

𝜆𝑥. The equilibrium equation reduces to

𝑥 = 2

(

1 − 1
𝜆3𝑥

)

(

𝜆𝑥𝑤1 +𝑤2
)

. (A.3)

Appendix B. Optimal values of model parameters

Tables B.2 and B.3 present the parameters obtained from the fitting
15

described in Section 3.2.
Appendix C. Finite element simulations

The FE simulations on circular inflated membranes were carried out
in software COMSOL Multiphysics version 6.0. The model was created
using the 3D membrane interface and a stationary study was carried
out. The circular membrane was generated by defining a circle in a
work plane. The diameter of the circle was set to 30 mm and the
thickness to 1 mm. The edges of the membrane were fixed. The flat
membrane in the undeformed configuration had no transverse stiffness.
Thus, a small tensile prestress was necessarily applied by introducing
an external in-plane force of 0.1 N/m. Note that this prestress was
negligible compared to the stress values arising during the simulation.

The membrane was discretized in a fine mesh, as shown in
Fig. C.10(a). The deviatoric invariant 𝐼1 was introduced as variable
and the compressible hyperelastic material model was defined. In
particular, the combined SED is 𝑊

(

𝐼1, 𝐽
)

= 𝑊𝑑
(

𝐼1
)

+ 𝑊ℎ(𝐽 ), where
the deviatoric and volumetric contributions are expressed respectively
by Eqs. (4) and (6). The expression of the SED was written in the user-
defined hyperelastic material. The membrane was subjected to inflation
by applying a pressure load that increased linearly in a quasi-static
manner. Fig. C.10(b) shows the deformed configuration of the circular
inflated membrane.

The sole purpose of the FE simulations was to validate the numerical
solution proposed in Section 4.1. Hence, for the sake of clarity, we
present the results only for one material for each of the four types.
In particular, the following materials were considered: silicone, EPDM,
foam by [70] and auxetic foam by [72]. The results of the simulations
are presented in Fig. C.11 and show that the proposed numerical
solution matches well the FE result.

Appendix D. Equilibrium solutions for incompressible membranes
under inflation

In the following, we derive the solution of each membrane problem
studied in this work considering an incompressible material. Under
the assumption of material incompressibility every deformation is iso-
choric, namely the material cannot experience volume changes. The
strain energy function is dependent on 𝐼1 and 𝐼2 only, 𝑊 = 𝑊

(

𝐼1, 𝐼2
)

,
nd the principal Cauchy stresses are given by

𝑖 = 𝜆𝑖
𝜕𝑊
𝜕𝜆𝑖

− 𝑃 , 𝑖 = 1, 2, 3 (no summation), (D.1)

where 𝑃 is the internal pressure due to the incompressibility constraint.
The transversal stretch 𝜆 is related to the principal stretches by 𝜆 =
3 3
Table B.2
Optimal parameters of the incompressible Yeoh–Fleming model for the materials considered in this work. The fitting was performed on the
stress vs. stretch data in simple tension. If applicable, the units are in MPa.

NR Silicone EPDM NBR Foam Hydrogel Auxetic foam

𝐴 0.27 0.43 0.29 1.28 0.033 0.89 × 10−4 −0.147
𝐵 0.078 1.72 × 10−3 7 × 10−3 2.16 × 10−3 0.001 0.0377 −1.026
𝐶10 0.09 0.49 0.44 2.74 0.06 0.34 × 10−3 0.149
𝐼𝑚 0.02 2.96 1.49 2.94 2.13 2.48 1.32
Table B.3
Optimal parameters of the compressible SED proposed in [35] for the materials considered in this work. The fitting procedure is described in
Section 3.2. The last line shows the values of the corresponding Poisson ratio 𝜈, computed by Eq. (7). If applicable, the units are in MPa.

NR Silicone EPDM NBR Foam Hydrogel Auxetic foam

𝐴 0.258 0.417 0.313 1.31 0.0516 1.37 × 10−4 −0.258
𝐵 0.074 4.32 × 10−3 0.03 7.82 × 10−3 0.0101 0.0187 −1.088
𝐶10 0.121 0.397 0.373 2.59 0.065 3.73 × 10−4 0.27
𝐼𝑚 0.628 2.92 1.3 2.93 2.50 2.714 2.45
𝜅 710 670 490 410 0.5956 0.0027 0.0019
𝛽1 7.09 5.03 2.23 4.18 2.34 7.08 4.58
𝛽2 69.25 68.86 9.05 14.03 31.7 17.22 2.18
𝛽3 13.14 × 10−4 1 × 10−4 6.88 × 10−4 13.76 × 10−4 0.321 0.0764 0.0954
𝑞 0.723 0.461 0.974 0.953 0.327 0.751 0.65

𝜈 0.499 0.499 0.498 0.491 0.326 0.332 −0.712
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Fig. C.10. FE model of the circular inflated membrane in COMSOL. (a) Membrane mesh in the undeformed configuration. (b) Deformed membrane after the application of the
pressure load. The compressible SED, 𝑊

(

𝐼1 , 𝐽
)

= 𝑊𝑑
(

𝐼1
)

+𝑊ℎ(𝐽 ), was introduced as a user-defined hyperelastic material.
Fig. C.11. FE validation of the proposed solution for the inflation of circular compressible membranes. The results are shown for (a) silicone, (b) EPDM, (c) foam and (d) auxetic
foam. The curves are represented in terms of normalized pressure �̄� = 𝑝𝐿∕𝐻 vs. displacement 𝛿 = 𝛿∕𝐿.
1∕
(

𝜆1𝜆2
)

. Using this relation and the membrane assumption 𝜎3 = 0,
the internal pressure 𝑃 is determined and the principal Cauchy stresses
reduce to

𝜎𝑖 = 2
(

𝑤1 + 𝜆2𝑗𝑤2

)

(

𝜆2𝑖 −
1

𝜆2𝑖 𝜆
2
𝑗

)

, 𝑖, 𝑗 = 1, 2. (D.2)

We remark that the incompressible Yeoh–Fleming model is given by

𝑊
(

𝐼1
)

= 𝐴
𝐵

(

𝐼𝑚 − 3
) (

1 − 𝑒−𝐵(𝐼1−3)∕(𝐼𝑚−3)
)

− 𝐶10
(

𝐼𝑚 − 3
)

ln
(

1 −
𝐼1 − 3
𝐼𝑚 − 3

)

,

(D.3)
16
and the derivatives with respect to 𝐼1 and 𝐼2 are

𝑤1 = 𝐴𝑒−
𝐵(𝐼1−3)
𝐼𝑚−3 +

𝐶10

1 − 𝐼1−3
𝐼𝑚−3

, 𝑤2 = 0. (D.4)

D.1. Circular flat membrane

The principal stress resultants 𝑇1 and 𝑇2 read

𝑇𝑖 = 2𝐻
(

𝑤1 + 𝜆2𝑗𝑤2

)

(

𝜆𝑖
𝜆

− 1
3 3

)

, 𝑖, 𝑗 = 1, 2. (D.5)

𝑗 𝜆𝑖 𝜆𝑗
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Substituting these relations into the equilibrium equations, Eq. (11), the
following governing system of differential equations is obtained:

𝜆′1 =
𝑤1𝜓1+𝑤2𝜓2+

𝜕𝑤1
𝜕𝜆2

𝜓3+
𝜕𝑤2
𝜕𝜆2

𝜓4

𝑅𝜆2
(

3𝑤1−
𝜕𝑤1
𝜕𝜆1

𝜆1+
(

3𝑤2−
𝜕𝑤2
𝜕𝜆1

𝜆1+𝜆41
(

𝑤1+
𝜕𝑤1
𝜕𝜆1

𝜆1
))

𝜆22+𝜆
4
1

(

𝑤2+
𝜕𝑤2
𝜕𝜆1

𝜆1
)

𝜆42
) ,

𝜆′2 =
𝜂 − 𝜆2
𝑅

,

𝜂′ =
𝜂𝜆′1
𝜆1

−
𝜙𝜆51𝜆

4
2

√

−𝜂2 + 𝜆21 + 2𝜆1
(

𝜂2 − 𝜆21
) (

𝑤1 +𝑤2𝜆21
) (

𝜆21𝜆
4
2 − 1

)

2𝑅𝜆1𝜆2
(

𝑤1 +𝑤2𝜆22
) (

𝜆41𝜆
2
2 − 1

) ,

(D.6)

here 𝜙 = 𝑝𝑅∕𝐻 and, for the sake of clarity, the following quantities
ere defined:

1 = 𝜂𝜆42𝜆
3
1 − 3𝜂𝜆1 − 𝜆32𝜆

5
1 + 3𝜆2𝜆1,

2 = −𝜂𝜆42𝜆
5
1 − 𝜂𝜆

3
1 + 𝜆

5
2𝜆

5
1 + 𝜆

3
2𝜆1,

𝜓3 = −𝜂𝜆32𝜆
5
1 + 𝜂𝜆2𝜆1 + 𝜆

4
2𝜆

5
1 − 𝜆

2
2𝜆1,

𝜓4 = −𝜂𝜆51𝜆
5
2 + 𝜂𝜆1𝜆

3
2 + 𝜆

5
1𝜆

6
2 − 𝜆1𝜆

4
2.

(D.7)

In this case the integration is more straightforward than the compress-
ible model because the transversal stretch is simply determined by the
incompressibility constraint. Thus, it does not need to be computed
numerically at each step. Ultimately, the integration reduces to the
following steps: (i) set an initial condition 𝜆0 at the pole and a guess
value 𝑝0 for the pressure; (ii) integrate system (D.6) for increasing
values of 𝑅, until 𝜆2 = 1. The value of 𝑅 corresponding to 𝜆2 = 1 is
denoted by 𝑅∗; (iii) scale the guess value 𝑝0 by the factor 𝛾 = 𝐿∕𝑅∗ to
obtain the correct pressure, 𝑝1 = 𝑝0∕𝛾 = 𝑝0𝑅∗∕𝐿; (iv) integrate again
system (D.6) with the correct pressure to obtain the stretches profiles;
(v) repeat the procedure for different initial conditions 𝜆0 to build the
pressure curve.

D.2. Infinite thin-walled cylindrical tube

In the case of an incompressible material, the pressure curve relative
to uniform inflation is written as

̄ =
2
(

𝜆42,∞ − 1
)(

𝑤(∞)
1 +𝑤(∞)

2

)

𝜆42,∞
, (D.8)

where �̄� = 𝑝𝐿∕𝐻 is the normalized pressure, 𝑤(∞)
1 and 𝑤(∞)

2 are the
derivatives of 𝑊 with respect to 𝐼1 and 𝐼2 evaluated at 𝜆1 = 1 and
𝜆2 = 𝜆2,∞ = 𝑟∞∕𝐿.

The bifurcation condition maintains the formal expression of Eq.
(19). We remark that since the transversal stretch 𝜆3 is given by
1∕

(

𝜆1𝜆2
)

, the computation of 𝜕2 𝑊 ∕𝜕𝜆21, 𝜕𝑊 ∕𝜕𝜆2, 𝜕2 𝑊 ∕𝜕𝜆22 and
𝜕2 𝑊 ∕𝜕𝜆1𝜕𝜆2 is straightforward.

D.3. Thin-walled spherical balloon

In this case the principal stretches are equal, 𝜆1 = 𝜆2 = 𝜆, therefore
𝜆3 = 1∕𝜆2. The equilibrium equation reduces to the explicit relation

�̄� = 4
(

𝜆−1 − 𝜆−7
) (

𝑤1 + 𝜆2𝑤2
)

, (D.9)

with �̄� = 𝑝𝐿∕𝐻 .
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