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Abstract. When physics is expressed in a way that is independent of local choices of unit systems,
Riemannian geometry is replaced by conformal geometry. Moreover masses become geometric, appearing
as Weyl weights of tractors (conformal multiplets of fields necessary to keep local unit invariance manifest).
The relationship between these weights and masses is through the scalar curvature. As a consequence mass
terms are spacetime dependent for off-shell gravitational backgrounds, but happily constant for physical,
Einstein manifolds. Unfortunately this introduces a naturalness problem because the scalar curvature is
proportional to the cosmological constant. By writing down tractor stress tensors (multiplets built from
the standard stress tensor and its first and second derivatives), we show how back-reaction solves this
naturalness problem. We also show that classical back-reaction generates an interesting potential for scalar
fields. We speculate that a proper description of how physical systems couple to scale, could improve our
understanding of naturalness problems caused by the disparity between the particle physics and observed,
cosmological constants. We further give some ideas how an ambient description of tractor calculus could
lead to a Ricci-flat/CFT correspondence which generalizes the AdS side of Maldacena’s duality to a Ricci-
flat space of one higher dimension.

1. Introduction and Summary
One of the main puzzles of modern physics is undoubtedly the cosmological constant problem. It can be
viewed as a naturalness problem, as there are no known dynamical mechanisms that allow relaxation of
the huge particle physics vacuum energy density into the observed tiny acceleration of the universe [1]
(for more recent surveys see [2]). To date the only way to reconcile these two quantities, within local four-
dimensional field theory, is by a very unnatural fine-tuning. (Non-locally modified theories of gravity
might account for an effective scale-dependent gravitational constant that works as a high-pass filter,
becoming tiny in the far infrared limit [3].) From a general point of view this problem can be seen as a
problem of coupling between particle physics (that yields the vacuum energy density) and gravity, where
the vacuum energy density acts as a source: particle physics phenomena take place at microscopic scales
whereas the cosmological constant displays its effects only at enormous scales, since the cosmological
constant does not red-shift with the expansion of the Universe (as opposed to matter gravitational fluids).
In essence the cosmological constant is generated by ultraviolet features of the theory, through vacuum
diagrams, but manifests itself only in the far infrared, and only through gravitational couplings: particle
physics observables do not depend on it. In fact, in general, particle physics is formulated in a (flat)
non-dynamical background and therefore knows nothing about local rescalings of the metric.
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The standard description of particle physics in terms of a flat background could well underly our
lack of understanding of this apparently enormous hierarchy. In fact quantum effects (particle creation,
vacuum polarization) in de Sitter spacetime might be the reason for the smallness of the observed Hubble
rate [4] as they may lead to a screening of the particle physics vacuum energy density [5]. Hence, perhaps
one way to study the cosmological constant problem is to have a theory that manifestly incorporates the
effects of local scale transformations. Or more precisely, what may be needed is a formulation of physics
in terms of conformal geometry rather than Riemannian geometry. In that case, the flat particle physics
background would be replaced by a conformally flat class of metrics and the information of local scale
transformations would not be lost. To be sure, in this letter we do not purport to solve the cosmological
constant problem by taking this viewpoint, but we do show how it allows the solution of a naturalness
problem for a particularly interesting class of models with off-shell spacetime dependent mass terms. (It
would of course be very interesting to make contact with the approach described in [5].)

A fundamental principle of physics is that local choices of unit systems—local unit invariance—
could not possibly change the outcome of any physical measurement [6]. Therefore there must exist
a formulation of physics that makes this symmetry manifest. (A similar line of reasoning led Einstein
to postulate a theory of gravitation in terms of (pseudo)Riemannian geometry in order to manifest a
local coordinate invariance.) This simple idea led Weyl to a study of local metric transformations of the
form [8]

gµν 7→ Ω2(x)gµν , (1)

which are by now called Weyl transformations. There exist relatively few physical models that exhibit
this symmetry, notable examples include four-dimensional Maxwell theory, conformally improved
scalars, the massless Dirac equation and Weyl-squared gravity. In general, just as general coordinate
invariant theories typically require the introduction of a metric gµν(x) (roughly speaking the gauge field
for local translations), local unit invariant theories require a new gauge field called the scale σ(x), whose
value at differing spacetime points reflects the ratio of unit systems at those points. It can also be viewed
as a spacetime dependent Newton “constant”. In the physics literature, the scale σ(x) is often called a
dilaton or Weyl compensator [9, 10]. Under local changes of unit systems, the scale transforms as

σ 7→ Ω(x)σ .

In mathematical terms, the symmetry (1) implies that physics can be formulated in terms of conformal
geometry (the theory of conformal classes of metrics [gµν ] = [Ω2gµν ]). It is important to note that the
choice of gauge (local Weyl frame)

σ = κ
2
d−2 = M−1

Pl ,

both yields the standard description of physics with a constant value of the Newton constant (or
equivalently, Planck mass) and selects a distinguished (or “canonical”) metric from the double
equivalence class [gµν , σ] = [Ω2gµν ,Ωσ]; in other words the scale is precisely the field that defines
the gravitational coupling.

Without a tensor calculus for rapidly constructing Weyl invariant quantities, the above local unit
invariance principle would not be particularly enlightening. Fortunately, such a calculus already exists
in the mathematical literature and goes under the name “tractor calculus” [11, 12, 13, 14, 15]. It is
the mathematical machinery required to replace Riemannian geometry with conformal geometry as the
underpinning of physics. A particularly appealing implication is that in a description of physics that
manifests local unit invariance, masses are replaced by Weyl weights which measure the response of
physical fields to changes of unit systems. In particular, mass terms become spacetime dependent in
general gravitational backgrounds, yet constant when these backgrounds are Einstein. Unfortunately, the
constant of proportionality in the relationship between standard weights and masses is the cosmological
constant [6]. This yields a naturalness problem because extremely large numbers (weights) of order 1060

are required to compensate the smallness of the cosmological constant. We show however that, once
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back-reaction is taken into account, the problem is relaxed. Moreover, the mechanism we use is invisible
to the standard particle physics description in flat backgrounds.

Our computations rely on new results for stress-energy tensors: the four-dimensional stress tensor,
its trace, first and second derivatives plus couplings to gravity in fact form a six-dimensional, rank
two, symmetric tractor multiplet. Using this fact, we can write down a matter tractor stress tensor
TMN , and a gravity tractor stress tensor GMN (which subsumes the standard Einstein tensor) which
together give a system of coupled tractor equations describing back-reaction. In vacuum, the vanishing
of the gravity stress tensor correctly yields (conformally) Ricci-flat solutions, whereas the equation
GM
N −

1
d+2δ

M
N GR

R = 0 yields (conformally) Einstein spaces. These computations are presented in
section 3, while section 2 briefly reviews the conformal geometry and tractor description of physics.
Our solution to the above naturalness problem via back-reaction is given in section 4. The final section
contains some more speculative ideas how the classical framework we present can be applied to quantum
field theories, which generically contain scale anomalies. The appendix presents a rather interesting
analysis of the non-linear potential terms generated by a classical analysis of a simple scalar field toy
model.

2. Conformal Geometry and Physics
Tractor calculus is closely related to many developments in the physics literature such as the gauging
of spacetime algebra method applied to the conformal group [16], Bars’ two-time formalism [18] and
Boulanger’s conformal tensor calculus [19]. The key idea of tractor calculus is that (in four dimensions),
four-vectors should be elevated to six-vectors, an idea that harks back to Dirac’s formulation of conformal
systems in six dimensions [20]. These six-vectors, or in arbitrary dimensions d, (d + 2)-multiplets, are
required to transform under local scale transformations as

VM 7→ ΩwUMNV
N , UMN =


Ω 0 0

Υm δmn 0

−Υ2

2Ω −Υn
Ω

1
Ω

 . (2)

In these formulæ
Υµ = eµ

mΥm = Ω−1∂µΩ ,

and the special gauge transformation UMN is called a tractor gauge transformation. It defines sections
of a tractor vector bundle VM . The index M takes on d+ 2 values (+,m,−). It is extremely important
to realize that the lower block triangular form of the tractor gauge transformation UMN allows the tractor
vector VM to carry a weight w. This tractor weight will describe the mass of the field VM . This leads
to a general picture where geometric properties of tractors (their weight and tensor rank) will correspond
to physical properties (mass and spin) in generally curved spaces.

For the purpose of this paper, very few elements of tractor calculus will be needed, for a general
description we refer the reader to some of the original mathematics and physics papers [6, 21, 11, 12, 13,
14, 15]. Perhaps the most fundamental ingredient is the Thomas D-operator

DM =

 w(d+ 2w − 2)

(d+ 2w − 2)Dm

−(gµνDµDν + wP)

 ,

which maps rank k, weight w tractors to weight w − 1, rank k + 1 tractors. It is built from the tractor
covariant derivative

Dµ =

 ∂µ −eµn 0

Pµm ∇µmn eµ
m

0 −Pµn ∂µ

 ,

7th International Conference on Quantum Theory and Symmetries (QTS7) IOP Publishing
Journal of Physics: Conference Series 343 (2012) 012128 doi:10.1088/1742-6596/343/1/012128

3



(which transforms under Weyl transformations as Dµ 7→ UDµ U−1) and in turn the Schouten tensor
defined by the difference of Riemann and Weyl tensors via

Rµνρσ −Wµνρσ = gµρPνσ − gνρPµσ − gµσPνρ + gνσPµρ ,

and its trace P = Pµµ.
With no more than the above tractor machinery, we can describe gravity and bosonic theories in a

manifestly local unit invariant way. For example, the action for cosmological Einstein gravity coupled to
a massive scalar field is given by 1

S = −d(d− 1)

2

∫ √
−g
σd

[
I · I +

2λ

d(d− 1)

]
− 1

2

∫ √
−g

σd+2w−1
ϕ I ·Dϕ .

(3)

Here we have introduced the dimensionless combination of the cosmological constant and Newton’s
constant λ = κ

4
d−2 Λ as well as the scale tractor

IM =
1

d
DMσ = σ


1

bm

−1
d

[
P +∇.b+ b.b

]
 , bµ = σ−1∂µσ .

The scale tractor controls the coupling of matter to scale. Moreover it is tractor parallel

DµIM = 0 ,

exactly when the metric gµν is conformally Einstein. Its length I · I is therefore constant in this case. In
general however, the length of the scale tractor is Weyl invariant but spacetime dependent.

The action S above is Weyl invariant precisely when the scalar ϕ has weight w

S[gµν , σ, ϕ] = S[Ω2gµν ,Ωσ,Ω
wϕ] . (4)

Moreover the scalar equation of motion I ·Dϕ = 0 explicitly says[
− σ2gµν∇̃µ∇̃ν +m2

grav

]
ϕ = 0 .

The first term is the Weyl compensated scalar wave equation where the ∇̃µ denotes the Weyl
compensated covariant derivative (it acts on scalars as ∇̃µ = ∇µ − wbµ). The second term in the
scalar equation of motion is a “gravitational mass” term

m2
grav = w(d+ w − 1) I · I . (5)

If the gravitational background is taken on-shell and back-reaction is ignored, then the square of the
scale tractor I · I is constant and the above “mass-Weyl weight relationship” relates masses to weights
of tractors. In fact, it generalizes to all higher spins, and allows mass to be reinterpreted as weight [6].
However, since the constant of proportionality is of order of the cosmological constant this introduces an
unnatural tuning of weights to masses. We remedy this situation in the next sections by accounting for
back reaction.

1 The tractor metric ηMN =

0 0 1

0 ηmn 0

1 0 0

 is the SO(d, 2) invariant one and is also a weight zero, rank two tractor. We

denote the inner product of two tractors with the tractor metric by a dot, so A · B ≡ AMηMNB
N (not to be confused with a

period for the dot product of four vectors a.b = aµbµ).
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3. Tractor Stress Tensors
In the previous section, we saw that tractors were the natural language in which to formulate physics
in a way manifestly independent of local choices of unit systems. Once matter systems are coupled to
gravity, the natural way to present the field equations is a tractor generalization of Einstein’s equations,
along the lines of

GMN + λ ηMN = TMN , (6)

where GMN and TMN are symmetric tractor tensors built from the usual stress energy tensor and Einstein
tensor. Our first step is to construct a “tractor stress tensor” TMN , transforming correctly under Weyl
rescalings. A locally unit invariant description of the matter sector of a theory yields, in general, a Weyl
invariant action for the matter fields φi:

SMatter[g, σ, φi] = SMatter[Ω
2g,Ωσ,Fi(Ω, φi)] .

In this formula the transformation of the matter fields φi 7→ Fi(Ω, φi) is denoted by the some functionFi,
which can often be easily determined using tractor technology along the lines of [6]. For the following
arguments, its precise form is irrelevant.

The standard stress energy tensor of general relativity is given by

Tµν(g, σ, φi) = − 2√
−g

δSMatter

δgµν
.

Clearly, under Weyl transformations, it obeys

Tµν 7→ Ω2−dTµν .

Thus, the most natural ingredient of our construction will be the Weyl invariant stress tensor:

Tmn(g, σ, φi) = − 2√
−g

σdeµmeνn
δSMatter

δgµν
. (7)

It is worthwhile noting that the scale σ enters in Tmn in a non trivial way, and that the usual stress tensor
(apart from some powers of κ) is recovered once one chooses the canonical constant scale σ = κ

2
d−2 .

The tractor stress tensor we want to construct should contain various physical objects related to Tmn,
its trace T = Tmm, divergence ∇.Tm and so on. The only requirement needed to completely fix TMN is
Weyl covariance, namely

TMN 7→ UMR U
N
S T

RS , (8)

where the tractor gauge transformation is given by (2). Imposing this transformation law, we are able to
package Tmn, its trace and derivatives, into the following tractor stress tensor:

TMN =


0 0 1

dT

0 Tmn −1
d∇.T

m

1
dT −1

d∇.T
m T−−

 , (9)

with
T−− =

1

d(d− 1)

[
∇.∇.T +

∆T

d− 2
+ Pmn

(
dTmn − ηmnT

)]
.

These couplings of the stress tensor to the curvature are precisely those required to ensure that TMN is a
rank 2, weight zero, symmetric tractor tensor.
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Now, let us turn to the gravity side. Of course, exactly the same procedure as for the matter sector
applies. One starts by making any choice of gravitational theory with action principle built from the
metric. Then, by introducing the scale σ, one rewrites the theory in a locally invariant way:

SGravity[g, σ] = SGravity[Ω2g,Ωσ] .

Then one computes the tensor TmnGravity by exactly the same procedure as above with SGravity in the
place of SMatter and forms the tractor tensor TMN

Gravity. The equations of motion are then simply
TMN

Gravity + TMN = 0. Specializing to the case of the Einstein-Hilbert action, the gravity stress tensor
is minus the Einstein tensor, and the same applies to its tractor generalization in (6). An explicit
computation (by varying the action S = −d(d−1)

2

∫ √−g
σd

I · I) yields

Gmn = σ2 Gmn(σ−2g)

= σ2
{
Gmn(g) + (d− 2)

[
∇mbn + bmbn − ηmn

(
∇.b− d− 3

2
b.b
)]}

.

where Gµν is the standard Einstein tensor and the first line, of course, is the invariant tensor obtained
from it by Weyl compensating. The tractor Einstein tensor is therefore

GMN =


0 0 1

dG

0 Gmn −1
d∇.G

m

1
dG −1

d∇.G
m G−−

 ,

with G−− given by the analogous formula to T−− in (9). At the canonical choice of scale σ = κ
2
d−2 we

find

GMN (g, κ
2
d−2 ) = κ

4
d−2


0 0 1

d G

0 Gmn 0

1
d G 0 G−−(g, κ

2
d−2 )

 , (10)

where
G−−(g, κ

2
d−2 ) =

d− 2

d− 1
Pmn(Pmn − 1

d
ηmnP)− 1

d
∆P .

Vanishing of GMN (g, κ
2
d−2 ) is exactly Einstein’s equations in vacuum. For general choices of local unit

systems, GMN = 0, implies that the metric is conformally Ricci flat. Adding the cosmological term, so
that GMN + ληMN = 0, says the metric is conformally Einstein.

It is worth mentioning that the conformally Einstein condition can also be simply expressed as

DMIN = 0 .

Indeed, this relationship holds because the tractor Einstein tensor can be written as

GMN = σDMIN −X(MDN)I · I +
(d− 1)(d− 2)

2
ηMNI · I

− 1

(d− 1)(d− 2)2
XMXN

(
DRIS D

RIS
)
,

(11)

where XM =
(

0
0
1

)
is the Weyl-invariant weight one “canonical tractor.”

Finally, we have so far discussed variations with respect to the metric, but in a locally unit invariant
description of physics, one generally incorporates the scale field σ which must also be varied. However,
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for any locally unit invariant action S[g, σ] = S[Ω2g,Ωσ] we have δS[g, σ]/δσ = δS[σ−2g, 1]/δσ =

−
√
−g
σ Tµµ . Examining (9), we see therefore that the σ field equation is not a new relation but simply

implies2 TMM Gravity + TMM = 0. Specializing to cosmological Einstein gravity coupled to matter, this
field equation reads

GM
M + (d+ 2)λ = TMM , (12)

and will play a special rôle in our treatment of back-reaction in the next section.

4. Tractor Back-reaction
In section 2, we showed how local unit invariance implied that mass could be replaced with the more
fundamental geometric notion of weight. (To be precise the weight of a tractor field.) This has the
advantage that masses no longer need be defined in terms of quadratic Casimirs of the spacetime
isometries, but rather in terms of the geometric field content of the theory. This is extremely appealing,
because no recourse to backgrounds with special isometries is needed. The drawback of this approach
is the unnaturalness of the relationship between masses and weights (5), relying on the cosmological
constant to set fundamental mass scales. We now show how back-reaction immediately solves this
problem.

Consider the simplest case of a massive scalar field coupled to cosmological Einstein gravity (whose
tractor version of the standard action principle is given in (3)). The full equations of motion, including
back-reaction are

I ·D ϕ = 0 ,

GMN + ληMN = TMN .

In the lowest approximation, ignoring back-reaction, the solution of the second equation is an Einstein
metric with constant scalar curvature, or in tractor language, constant length scale tractor, I ·I = constant.
As explained in section 2, the first equation describes a standard massive scalar field in an Einstein
background with constant mass determined by the weight w of ϕ by (5). Once we include back-reaction,
we are faced with the above coupled set of equations, whose novel feature is that the mass term for the
scalar field is proportional to the spacetime dependent (but Weyl invariant) quantity I · I . Explicitly
(transcribing (4)) this reads

σ2gµν∇̃µ∇̃ν ϕ = w(d+ w − 1)I · I ϕ . (13)

However, in vacua, the length of the scale tractor is set by the trace of the tractor Einstein tensor (or in
commonplace language, the trace of the Einstein tensor is proportional to the scalar curvature). We must
therefore correct this relationship to include backreaction. To be precise, tracing (11) with the tractor
metric and using (12,9) we obtain

1

2
(d− 1)(d− 2)(d+ 2)I · I + (d+ 2)λ = TMM .

Hence

σ2gµν∇̃µ∇̃ν ϕ = −2w(d+ w − 1)

(d− 1)(d− 2)

[
λ − 1

d
T
]
ϕ .

In the canonical choice of scale we have

∆ϕ = −2w(d+w−1)
(d−1)(d−2)

[
Λ− κ

− 4w
d−2

d T (g, ϕ)
]
ϕ ,

2 One might be tempted to think that the Weyl invariance of S[g, σ] would imply vanishing of the stress energy trace as identity
(i.e., off-shell). However, since this invariance is achieved via compensating, in fact no new identity follows.
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(14)

where T (g, ϕ) is the trace of the standard stress tensor for this system. Something extremely important
has happened in this equation that makes it the central one of this paper: In a theory with a constant
mass term, the right hand side of (13) would not have been modified as it is above by back-reaction. The
tractor theory, on the other hand, coincides with the standard theory in the absence of back-reaction, but
cleverly replaces the cosmological constant Λ by

Λ −→ Λ− κ−
4w
d−2

d
T

in the back-reacting mass term.
Now let us recompute the mass-Weyl weight relationship to include back-reaction. For that, there

are two routes we could take. In fact this is a critical juncture of this paper. The first route is to insert
the trace of the matter stress tensor computed from the classical matter action. There is no way for
this computation to know about scales where particle physics takes place, so it is unlikely that it can
solve our naturalness problem. Nonetheless, the classical computation does generate a rather interesting
non-linear potential for the scalar field which is described in the appendix (a study of the effects of the
ϕ dependence of T (g, ϕ)). The second—more exciting—route is a phenomenological approach taking
into account quantum effects. Our observation is simple, namely, once we introduce a particle physics
scale into the problem (either by cutting off divergences at some characteristic scale, or augmenting the
toy-scalar field model with standard model fields), the expectation of the trace of the stress tensor will be
of the same scale. To investigate the leading order quantum effects of integrating out the gravity modes,
therefore, we must replace the trace of the stress tensor with its vacuum expectation value and find

m2
Back−reaction = −2w(d+ w − 1)

(d− 1)(d− 2)

[
Λ− κ−

4w
d−2

d
〈T 〉
]
.

This immediately solves our naturalness problem! No longer does the cosmological constant alone set
the scale of the mass term, but instead it appears in combination with a particle physics scale object – the
trace of the stress tensor. We emphasize that this should not be viewed as a solution to the cosmological
constant problem, but it is an example of a solution to a problem caused by the cosmological constant.

We close this section by noting that the above mechanism is germane to particles of arbitrary spin.
The idea is no different to above. In the work of [6], it was shown that massive, massless and partially
massless [22, 23, 24] fields of arbitrary spin s could be written in a manifestly unit covariant way using
symmetric, weight w tractors ϕM1...Ms of rank s. The equations of motion are simply

I ·DϕM1...Ms = 0 ,

D · ϕM2...Ms = 0 ,

I · ϕM2...Ms = 0 ,

ϕMM3...Ms
M = 0 . (15)

The last three equations are constraints (or generalized Feynman-type gauges for massless theories)
ensuring the correct propagating degrees of freedom. The first equation implies a Klein–Gordon equation
for the physical modes ϕµ1...µs (subject to∇µϕµµ2...µs = 0 = ϕµµ3...µsµ )

σ2gµν∇̃µ∇̃νϕµ1...µs = [w(w + d− 1)− s] I · I ϕµ1...µs .

This brings us to the starting point (13) for our discussion of the back-reacting massive scalar field. From
here the discussion proceeds exactly as above. Moreover, an analogous discussion for Fermi fields can
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be carried out, since a Weitzenbock type identity for those models yields again an equation of the above
Klein–Gordon type (see [6] for details). Finally, we make note that our analysis applies equally well to
massless and partially massless theories since they are described also by (15): Strictly massless theories
are obtained by setting the weight w to w = s− 2 while depth t partially massless theories (which enjoy
higher derivative gauge symmetries of order t) occur at w = s− t− 1 for 2 ≤ t ≤ s.

It is highly gratifying to see the first corrections due to back-reaction of the unit covariant description
of physical systems solve a naturalness problem introduced by the cosmological constant. It is natural
to speculate, that even deeper insights into how to handle the vast differences in scale between particle
and gravitational physics might follow from this viewpoint. To make inroads into this historically very
difficult problem, we must surely tackle the problem of quantization head-on in our approach. Therefore
we close this paper with some more speculative remarks about renormalization and scale anomalies.

5. Holographic Anomalies
So far we have concerned ourselves with an essentially classical, but manifestly unit invariant, analysis
of field theories. However, since Weyl and scale invariances are typically anomalous, it is extremely
interesting to apply our ideas to quantum field theories. In particular we close this paper by considering
renormalization theory, one of the key ingredients of quantum field theory. This discussion will
necessarily be both brief and somewhat speculative, but we cannot resist mentioning some very exciting
future directions for the tractor program.

Among the more stunning implications of Maldacena’s AdS/CFT correspondence [25] is the
formulation of renormalization group flows of boundary quantum field theories in terms of geometry of a
bulk theory of one higher dimension [26]. In particular, boundary Weyl anomalies appear as coefficients
of logarithms of the radial coordinate when attempting to perform expansion of the bulk metric away
from the boundary characterized by a conformal class of boundary metrics [27] In the mathematics
literature this is known as a Fefferman–Graham expansion [28] and the bulk metric (the AdS side of
the physics correspondence) is referred to as a Poincaré metric (in reference to the Poincaré disc as the
flat, Riemannian signature, model for these geometries). However, as we mentioned before, a persistent
theme in studies of Weyl invariance (dating back to Dirac [20]) is the importance of a (d+2)-dimensional
“ambient” spacetime. For conformally flat geometries this can be understood from the picture in figure 1
where (in Riemannian signature) it is shown how to obtain various conformally equivalent metrics from
slicings of a (d + 2)-dimensional lightcone. (In fact the entire conformally flat equivalence class of
metrics can be obtained this way.) Moreover, the embedding of Poincaré disc as a hyperboloid in
(d + 2)-dimensions is depicted in order to indicate the identification between its boundary manifold
and the conformal manifold described by lightlike rays. In fact this ambient description of conformal
manifolds extends to general conformal classes of metrics (as already described in the original work
of Fefferman and Graham [28]) and also yields an ambient description of tractor calculus. The key
idea being to endow the ambient space with a (d + 2)-dimensional Ricci flat metric gMN admitting a
hypersurface orthogonal homothety characterized by

gMN = ∇MXN .

There is no symmetrization on the right-hand side of this equation and XM stands for the covariant
components of homothetic vector field whose square vanishes on the curved generalization of a (d+ 2)-
dimensional lightcone. This picture suggests a Ricci flat/CFT correspondence in which renormalization
group flows become geometric in a space of two higher dimensions. Of course this idea is easier stated
than carried out. In particular an exact correspondence between Ricci flat “bulk” data and boundary
correlators is needed. Moreover, one would in principle need to control the quantization of the Ricci-flat
bulk. However, even though there is the complication of the extra constraint that the metric possess a
hypersurface orthogonal homethety XM in order to define the ambient lightcone, the absence of a bulk
cosmological constant may make the problem more amenable to a String Theory solution.
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Figure 1. Cutting a lightcone with a horizontal plane yields a sphere (with canonical metric induced
from the flat, Lorentzian ambient space). A diagonal plane gives flat space, and hyperbolic space comes
from a vertical one. The Poincaré model for conformal geometries can also be embedded in this picture.

There are two further approaches to quantization suggested by the ambient space picture. The first
is closely related to the original AdS/CFT approach, but formulated in a way that manifests local scale
invariance: An ambient space scalar σ subject to a unit weight condition XM∇M σ = σ, amounts to
a canonical choice of metric in the d-dimensional conformal class of metrics (the field σ is the ambient
version of the scale σ(x)). In particular, choosing σ so that the scale tractor is parallel and non-null
yields an Einstein manifold with non-zero cosmological constant. Then identifying this manifold with
the bulk theory one can try to construct a correspondence with a (d−1)-dimensional boundary conformal
field theory. Since the canonical bulk metric appears at constant values of the scale σ, it makes sense
to express bulk quantities as power series in σ. Again, one can study obstructions in this expansion to
obtain boundary Weyl anomalies [29].

The final ambient space approach is more radical than those above. The key idea is to realize that the
(d + 2)-dimensional lightcone depicted in 1 can be identified with the space of on-shell excitations
of massless systems. This is achieved by viewing the ambient space as a momentum space. This
identification was made completely explicit for a six-dimensional scalar field in the d-dimensional
conformally flat setting in [21]. In that work, it was also shown how to generalize the momentum
space side of this identification to curved space and general conformal classes of metrics. A welcome
byproduct of this approach was a novel derivation of tractor operators from generators of the conformal
group SO(d + 1, 3) of the ambient space itself. This duality suggests a far more general one in which
four dimensional physics is embedded in the momentum space of some six-dimensional theory whose
quantization controls that of our underlying four-dimensional theory.
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Figure A1. Behavior of kinetic and potential terms as a function of w. The circle ◦ denotes the value
of w corresponding to a mass saturating the Breitenlohner–Freedman bound. The value corresponding
to a conformally improved scalar field is denoted by c©.

Appendix A. Higher Order Classical Back-reaction
In this appendix we compute the higher order classical corrections to the equation of motion for a massive
scalar with a unit-covariant, scale tractor coupling to cosmological Einstein gravity. Starting from the
central equation (14), we must first compute the trace of the stress energy tensor. We find

T (g, ϕ) =
(d+ 2w)(d+ 2w − 2)

2d

[
− ∂µϕgµν∂νϕ+

2w(d+ w − 1)

d
Pϕ2

]
.

Firstly notice that the latter vanishes for w = 1 − d
2 ,−

d
2 . These weights correspond to having a scalar

field conformally coupled to gravity
∫
ϕ
(
∆ − (d−2)

2 P
)
ϕ. The first special weight is the engineering

dimension for the conformal scalar field in d-dimensions, whereas the second simply amounts to a trivial
field redefinition of the conformal scalar ϕ → ϕ/MPl. For generic weights the trace of the Schouten
tensor P can be computed in terms of ϕ from (12) which yields

T (g, ϕ) =
(d+ 2w)(d+ 2w − 2)

2d

c1Λϕ2 − ∂µϕgµν∂νϕ
1 + c2κ

− 4w
d−2ϕ2

, (A.1)

where c1 = 2w(d+w−1)
(d−1)(d−2) and c2 = w(d+2w)(d+w−1)(d+2w−2)

d2(d−1)(d−2)
. Note that both c1 and c2 are invariant under

w → 1− w − d.
Putting classical gravity on-shell (i.e. tree-level graviton exchange3) seems to generate rather

complicated non-linear scalar self interactions since the scalar equation (14) now takes the explicit form:

∆ϕ+ c1Λϕ+ c2κ
− 4w
d−2

∂µϕg
µν∂νϕ

1 + c2κ
− 4w
d−2 ϕ2

− c1c2κ
− 4w
d−2

Λϕ3

1 + c2κ
− 4w
d−2 ϕ2

= 0 . (A.2)

However this equation in fact follows by varying the simple non-linear sigma model action:

S =

∫ √
−g
[
− 1

2
G(ϕ) ∂µϕg

µν∂νϕ− U(ϕ)
]
, (A.3)

with sigma model metric and potential given by

G(ϕ) = 1 + c2κ
− 4w
d−2 ϕ2 , U(ϕ) = −c1

2
Λϕ2 .

Classical back-reaction has thus generated scalar interactions that are encoded in the above lagrangian.
By means of a field redefinition

G(ϕ)dϕ2 = dχ2 , (A.4)

3 Actually we are putting R(g) on-shell, but the as-yet unknown, dynamical, metric gµν still resides in the terms ∂µϕgµν∂νϕ
and ∆ϕ.
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one can generically put (A.3) in the form of a linear sigma model with a non trivial potential, i.e.

S =

∫ √
−g
[
− 1

2
∂µχ g

µν∂νχ+
c1

2
Λϕ2(χ)

]
.

The above field redefinition comes with a caveat: the kinetic term must have definite sign for all field
configurations. This is true only when c2 is positive which only holds for certain values of w. Another
interesting feature of the model is that the potential is only positive when −Λc1 > 0 which again holds
only for certain ranges of w. These ranges are depicted in figure A1. We do not perform a detailed
phenomenological analysis of this model here, but note that it is rather interesting to see the rich structure
introduced by this simple toy model.
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[15] A. Čap and A. R. Gover, Ann. Glob. Anal. Geom. 24, 231 (2003).
[16] M. Kaku, P. K. Townsend and P. van Nieuwenhuizen, Phys. Lett. B 69, 304 (1977); Phys. Rev. Lett. 39, 1109 (1977).
[17] P. K. Townsend and P. van Nieuwenhuizen, Phys. Rev. D 19, 3166 (1979). P. van Nieuwenhuizen, “From SU(3) to

Gravity,” Fortschritt für Y. Ne’eman, Gotsman and Tauber, Cambridge University Press 1985; in “Quantum Groups and
their Applications in Physics,” Varenna Lectures 1994, L. Castellani and J. Wess, IOS Press 1996.

[18] I. Bars, Phys. Rev. D 54, 5203 (1996) [arXiv:hep-th/9604139]; I. Bars, arXiv:hep-th/9809034.
[19] N. Boulanger, J. Math. Phys. 46, 053508 (2005) [arXiv:hep-th/0412314].
[20] P.A.M. Dirac, Ann. Math. 37, 429 (1936).
[21] A. R. Gover and A. Waldron, arXiv:0903.1394 [hep-th].
[22] S. Deser and R. I. Nepomechie, Phys. Lett. B 132, 321 (1983); S. Deser and R. I. Nepomechie, Annals Phys. 154, 396

(1984).
[23] A. Higuchi, Nucl. Phys. B 282, 397 (1987); Nucl. Phys. B 325, 745 (1989); J. Math. Phys. 28, 1553 (1987) [Erratum-ibid.

43, 6385 (2002)].
[24] S. Deser and A. Waldron, Phys. Rev. Lett. 87, 031601 (2001) [arXiv:hep-th/0102166]; Nucl. Phys. B 607, 577 (2001)

[arXiv:hep-th/0103198]; Phys. Lett. B 508, 347 (2001) [arXiv:hep-th/0103255]; Phys. Lett. B 513, 137 (2001)
[arXiv:hep-th/0105181]; Nucl. Phys. B 662, 379 (2003) [arXiv:hep-th/0301068].

[25] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].
E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150]. S. S. Gubser, I. R. Klebanov and
A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109]. Phys. Rept. 323, 183 (2000) [arXiv:hep-
th/9905111].

[26] J. de Boer, E. P. Verlinde and H. L. Verlinde, JHEP 0008, 003 (2000) [arXiv:hep-th/9912012]. E. T. Akhmedov, Phys.
Lett. B 442, 152 (1998) [arXiv:hep-th/9806217]. E. Alvarez and C. Gomez, Nucl. Phys. B 541, 441 (1999) [arXiv:hep-

7th International Conference on Quantum Theory and Symmetries (QTS7) IOP Publishing
Journal of Physics: Conference Series 343 (2012) 012128 doi:10.1088/1742-6596/343/1/012128

12



th/9807226]. L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, JHEP 9812, 022 (1998) [arXiv:hep-th/9810126].
J. Distler and F. Zamora, Adv. Theor. Math. Phys. 2, 1405 (1999) [arXiv:hep-th/9810206]. V. Balasubramanian and
P. Kraus, Phys. Rev. Lett. 83, 3605 (1999) [arXiv:hep-th/9903190]. S. Ferrara and M. Porrati, Phys. Lett. B 458,
43 (1999) [arXiv:hep-th/9903241]. M. Porrati and A. Starinets, Phys. Lett. B 454, 77 (1999) [arXiv:hep-th/9903085].
D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, JHEP 0007, 038 (2000) [arXiv:hep-th/9906194]. L. Girardello,
M. Petrini, M. Porrati and A. Zaffaroni, Nucl. Phys. B 569, 451 (2000) [arXiv:hep-th/9909047]. K. Skenderis and
P. K. Townsend, Phys. Lett. B 468, 46 (1999) [arXiv:hep-th/9909070]. O. DeWolfe, D. Z. Freedman, S. S. Gubser
and A. Karch, Phys. Rev. D 62, 046008 (2000) [arXiv:hep-th/9909134]. M. Bianchi, O. DeWolfe, D. Z. Freedman and
K. Pilch, JHEP 0101, 021 (2001) [arXiv:hep-th/0009156]. N. Hambli, Phys. Rev. D 64, 024001 (2001) [arXiv:hep-
th/0010054]. D. Z. Freedman and P. Henry-Labordere, “Field theory insight from the AdS/CFT correspondence,”
arXiv:hep-th/0011086.

[27] M. Henningson and K. Skenderis, JHEP 9807, 023 (1998) [arXiv:hep-th/9806087].
[28] C. Fefferman and C.R. Graham, “Conformal Invariants,” in Elie Cartan et les Mathématiques d’aujourd’hui (Astérisque,
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