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We introduce for any exponent p> 1 the p-
curvature functional for rectifiable curves in the
two-dimensional sphere. We prove that this functional
is finite and agrees with the integral of the geodesic
curvature raised to the power p on curves whose
arc-length parameterization is in the Sobolev class
W2,p.

1. Introduction
This work is a first approach to the project of studying
the p-curvature of irregular curves in Riemannian surfaces
M. For a comprehensive introduction to irregular curves,
refer to [1–4].

In [2], the definition of total curvature TC(c) for a
rectifiable curve c as the supremum of the rotation of
inscribed polygonals was introduced.

An intrinsic theory of rectifiable curves with finite
total curvature in a Riemannian surface M was recently
developed by the first two authors in [5] and [6]
for the plastic case (p = 1). Here we want to address,
following [7], the elastic case (p> 1) for M = S

2, the unit
sphere in R

3. When the sectional curvature is positive,
the expected monotonicity formula fails to hold, see
remark 2.3. To obtain a good intrinsic notion of total
curvature TCM(c), we need to use the modulus μc(P)
of an inscribed polygonal P introduced in [1] that is
equal to the maximum of the geodesic diameter of the
arcs c determined by the consecutive vertices in P, see
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definition 2.1. By [8], it turns out that a representation formula holds for the total curvature of
piecewise smooth curves c:

TCM(c) =
∫

c
|kM(c)| ds +

∑
i

|βi|, (1.1)

where βi is the signed turning angle at the ith corner point of the curve c and kM = kM(c) is the
tangential part of the curvature vector at smooth points of c. We shall always consider the turning
angles ϑi = |βi| ∈ (0,π ).

The plastic case is completely different from the elastic one, even in the Euclidean setting.
Indeed, as we can see from equation (1.1), a curve with finite total curvature may have corner
points. In the elastic case, as it is pointed out in [7, §4b], if the total p-curvature is finite, the curve
turns out to be in the Sobolev space W2,p(I, Rn). Also in the spherical setting, a rectifiable curve in
S

2 of finite total curvature may have corner points, but as observed in remark 5.2, the curve in the
elastic case cannot have any corner points.

We recall that for general rectifiable curves with finite total curvature in a Riemannian surface
M, a representation formula for the total curvature holds true using the language of functions of
bounded variation, see [5]. Here, for p> 1 we obtain the expected Sobolev regularity.

(a) Results
We concentrate on studying the integral of the geodesic curvature raised to the power p for
rectifiable curves in the sphere S

2. We extend the results in [7] obtained by the first two authors in
the Euclidean setting.

Our main result is to obtain a geometric functional Fp(c) on a rectifiable curve c parametrized
by arc length that relies on the Sobolev regularity of the curve. It turns out that if Fp(c)<∞ the
curve is in W2,p(I, S2) and Fp(c) coincides with the integral of the p-power of the absolute value of
the geodesic curvature.

In the same spirit as Lebesgue–Serrin’s relaxed functional, we introduce the p-curvature
functional Fp(c) of rectifiable curves c in S

2 as

Fp(c) := inf
{

lim inf
h→∞

kp(Ph)
∣∣∣∣ {Ph} � c,μc(Ph) → 0

}
for p> 1,

where the p-rotation kp(P) of an inscribed polygonal P is obtained by distributing the turning
angles at corner points of P via an optimal curve γ (P) of locally constant geodesic curvature and
integrating its geodesic curvature raised to power p, see §3, definition 3.3 and appendix A.

Theorem 1.1. Let c : [0, L] → S
2 be a rectifiable and open curve in S

2 parametrized by arc length, and
let p> 1. Then

Fp(c)<∞ ⇐⇒ c ∈ W2,p([0, L], S2)

and in this case, there holds

Fp(c) =
∫

c
|kS2 |p ds =

∫L

0
||c̈�||p ds.

Here c̈� stands for the projection of the Euclidean second derivative vector of the curve c :
[0, L] → S

2 ⊆ R
3 onto the tangent plane Tc(s)S

2, see §2b(ii).

(b) Comments and further directions
The case of closed spherical curves can be treated in a similar way, taking account of
straightforward modifications. Comparing this work with [7], one can see that for an equilateral
approximating sequence {Ph} of a curve c : I → S

2 with side length � and turning angles ϑi, the
p-rotation behaves like in the Euclidean case, more precisely kp(Ph) ∼∑

i �
1−pϑ

p
i , see remark 3.4.

We expect that the same holds for curves in the hyperbolic plane and, more general, for curves in
CAT(k) two-dimensional Riemannian manifolds.
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In the proofs, we take advantage of local comparisons with planar curves obtained by means of
conformal images of pieces of the spherical curve. This argument can be extended to the case of a
curve in a Riemannian surface, but difficulties arise from how to define the p-curvature functional
on rectifiable curves.

2. Preliminaries

(a) Length and inscribed polygonals
Let M denote an immersed surface in R

3. We assume M smooth (at least of class C3) and closed,
our model case being M = S

2, the standard unit sphere in R
3. Also, we denote by dM the geodesic

distance on M, and by dR3 the Euclidean distance in R
3.

Let us consider an open curve c contained in M and parameterized by the continuous map
c : I → M, where I = [0, L]. We say that P is a polygonal curve inscribed in the curve c, say P � c, if
it is obtained by choosing a finite partition P := {0 = t0 < . . . < tk = L} of I, say P = P(P), such that
P(ti) = c(ti) for i = 0, . . . , k, and P|[ti ,ti+1] is a minimal geodesic arc of M that joins c(ti) to c(ti+1). The
length of the polygonal is

L(P) =
k−1∑
i=0

dM(c(ti+1), c(ti)).

The length L(c) of the curve c is defined by

L(c) := sup{L(P) | P � c},
and the curve c is said to be rectifiable if L(c)<∞. In that case, its arc-length parametrization
c(s) is Lipschitz continuous and hence, by Rademacher’s theorem, the derivative ċ exists almost
everywhere (a.e.).

Assume from now on that c(s) is the arc-length parametrization of a rectifiable and open curve
in M. For any inscribed polygonal P as above, we denote

meshP := sup
0≤i≤k−1

|ti+1 − ti| and mesh P := sup
0≤i≤k−1

dM(c(ti+1), c(ti)),

and the following definition goes back to Alexandrov–Reshetnyak [1].

Definition 2.1. The modulus μc(P) of P is the maximum of the geodesic diameter of the arcs of
c determined by two consecutive vertices in P, namely

μc(P) := max
i=1,...,k

max
s1,s2∈[ti−1,ti]

dM(c(s1), c(s2)).

We observe that there holds

mesh P ≤ meshP and mesh P ≤μc(P).

In general, we have meshP �≤μc(P), but supposing TCM(c)<∞, see definition 2.6, we have
that meshP goes to zero as μc(P) goes to zero. Moreover, taking Ph = P(Ph), where {Ph} is any
sequence of partitions of I such that meshPh → 0, by uniform continuity we get mesh Ph → 0 and
the convergence L(Ph) →L(c) of the length functional.

Definition 2.2. The Fréchet distance dF(c1, c2) between two rectifiable curves in M is the infimum,
over all strictly monotonic reparameterizations, of the maximum pointwise Euclidean distance
between them, see [9]. More precisely, if β1,β2 are reparametrizations of the interval I, we have

dF(c1, c2) := inf
β1,β2

max
t∈I

dR3 (c1(β1(t)), c2(β2(t))).

Since the surface M is smooth and compact, the convergence induced by dF is equivalent to
the one obtained by replacing dR3 with dM in the definition of Fréchet distance. Moreover, if {ch}
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is a sequence of rectifiable curves in M such that dF(ch, c) → 0 as h → ∞ for some rectifiable curve
c, then by lower semicontinuity

L(c) ≤ lim inf
h→∞

L(ch). (2.1)

(b) Total intrinsic curvature
In this section we focus on the plastic case and point out the different features between curves
in the Euclidean space and in an immersed surface in R

3. Moreover, we observe that for
surfaces with positive sectional curvature, the expected monotonicity formula on the rotation
of polygonals does not hold.

(i) Euclidean total curvature

In the Euclidean setting, given a rectifiable curve c in R
n and an inscribed polygonal P, we recall

that its rotation k∗
Rn (P) is the sum of the turning angles in (0,π ) between consecutive segments.

Remark 2.3. The following facts hold:

— if P and P′ are inscribed polygonals and P′ is obtained by adding a vertex in c to the
vertices of P, then k∗

Rn (P) ≤ k∗
Rn (P′);

— if c has finite total curvature, for each point p in c, small open arcs of c with an end point
equal to p have small total curvature.

For a proof of the first statement see [9, corollary 2.2]. The second statement follows from the
fact that the total curvature is the total variation of the tantrix (that is given by the a.e. derivative
of the arc-length parametrization of the curve c), a function of bounded variation.

By the above remark, starting with any polygonal P inscribed in the curve c and performing a
sequence {Ph} by adding vertices to P, we get that the rotation of Ph increases and the sequence
converges in length to the curve, if the mesh of the polygonals goes to zero. Then, the total
curvature can be defined as the supremum of the rotation of any polygonal sequence {Ph} with
mesh Ph → 0.

(ii) Geodesic curvature

Let M be an immersed surface in R
3 as above, and let c be a smooth and regular curve in M

parametrized by arc length. The Darboux frame along the curve c is the triad (t, n, u), where t(s) :=
ċ(s) is the unit tangent vector, n(s) := ν(c(s)), ν(p) being the oriented unit normal to the tangent 2-
space TpM and u(s) := n(s) × t(s), where × denotes the vector product in R

3, is the unit conormal.
Therefore, the tangent space Tc(s)M is spanned by (t(s), u(s)).

The curvature vector c̈ = ṫ(s) is orthogonal to t(s), and thus decomposes as

c̈(s) = kM(s) u(s) + kn(s) n(s),

where kM := c̈ · u and kn := c̈ · n denote the geodesic and the normal curvature of c, respectively, and
‘·’ is the scalar product in R

3. The projection kMu of c̈ onto the tangent bundle of M is an intrinsic
object, see [5], and for the sake of readability is denoted by c̈�. If the curve c is a geodesic on M,
we have kM ≡ 0, whereas in general

|kM| = |c̈ · u| = ||c̈�||. (2.2)

Only if there is any ambiguity regarding the curve under consideration, shall we explicitly write
kM(c(s)).
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(iii) Total (geodesic) intrinsic curvature

The (intrinsic) rotation k∗
M(P) of a polygonal P in M, where M is a Riemannian manifold, is the sum

of the turning angles in (0,π ) between the consecutive geodesic arcs of P. The following property
has been proved in [8] for curves in a generic Riemannian manifold.

Theorem 2.4. [8, theorem 3.4]. Let c be a regular curve in M of class C2, parameterized by arc length.
Then, for any sequence {Ph} inscribed in c such that meshPh → 0, one has

lim
h→∞

k∗
M(Ph) =

∫L

0
|kM(c(s))| ds.

As a consequence, for a rectifiable curve c supported in an immersed surface M in R
3 as above,

one is tempted to define its total intrinsic curvature as in the Euclidean case, i.e. as the supremum
of the intrinsic rotation k∗

M(P) computed among all the polygonals P inscribed in it. However, as
observed in [8], if M has positive sectional curvature, as e.g. M = S

2, the latter definition does not
work. In fact, if P, P′ � c, and P′ is obtained by adding a vertex in c to the vertices of P, then the
monotonicity inequality k∗

M(P) ≤ k∗
M(P′) holds true in general provided that M has non-positive

sectional curvature. Indeed, it relies on the fact that in this case the sum of the interior angles of a
geodesic triangle of M is not greater than π , see [8, lemma 4.1].

Example 2.5. In the case of the sphere M = S
2, if we take as c a parallel that is not a great circle

and P, P′ are inscribed polygonals such that P′ is obtained by adding a vertex to P, the other
inequality holds:

k∗
S2 (P)> k∗

S2 (P′) and k∗
S2 (P)>

∫
c
|kS2 | ds.

Actually, the good definition turns out to be the one introduced by Alexandrov–Reshetnyak in
[1] using the modulus μc(P) of a polygonal P inscribed in c.

According to definition 2.1, for ε > 0, we let

Σε(c) := {P � c |μc(P)< ε}.
Definition 2.6. The total intrinsic curvature of a curve c in M is

TCM(c) := lim
ε→0+

sup{k∗
M(P) | P ∈Σε(c)}.

Clearly, the above limit is equal to the infimum of sup{k∗
M(P) | P ∈Σε(c)} as ε > 0. Moreover,

arguing as in [10, proposition 2.1], for a polygonal P in M we always have

TCM(P) = k∗
M(P).

Most importantly, making use of a result by Dekster [11], as a consequence of [10,
proposition 2.4] one obtains:

Proposition 2.7. The total curvature TCM(c) of any curve c in M is equal to the limit of the rotation
k∗

M(Ph) of any sequence of polygonals {Ph} inscribed in c such that μc(Ph) → 0.

Proposition 2.7 fills in the gap given by the lack of monotonicity, yielding to the conclusion that
definition 2.6 involves a control on the modulus and not on the mesh, at least when the sectional
curvature of M fails to be non-negative.

As a consequence, by theorem 2.4 one infers that for smooth curves c in M one has

TCM(c) =
∫

c
|kM(c)| ds.

By [8, corollary 3.6], for piecewise smooth curves c in M one similarly obtains

TCM(c) =
∫

c
|kM(c)| ds +

∑
i

|βi|. (2.3)

In this formula, the integral is computed separately outside the corner points of c, where the
geodesic curvature kM is well defined, and the second addendum denotes the finite sum of the
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absolute value of the signed turning angles βi between the incoming and outcoming unit tangent
vectors at each corner point of c. Therefore, for piecewise smooth curves in M ⊆ R

3 parametrized
by arc length, we can rewrite equation (2.3) as

TCM(c) =
∫L

0
||c̈�(s)|| ds +

∑
s∈Jt

dS2 (t(s+), t(s−)), (2.4)

where c̈� is the tangential part of the second derivative of c(s), dS2 is the distance in the Gauss
sphere, Jt is the jump set of the bounded variation function t and t(s±) are the right and left limits
of t at the jump points.

Equality (2.3) shows that a rectifiable curve with finite total curvature may have corners in the
plastic case. In the elastic case, this is not true.

(c) Functional setting
We deal with Sobolev maps defined in an open interval I ⊂ R and taking values in the two-sphere
S

2. For any p> 1 and for k = 1, 2, we define the Sobolev class:

Wk,p(I, S2) := {u ∈ Wk,p(I, R3) | ||u|| = 1 a.e. on I}.

We shall work with curves c parametrized by arc length. If c : I → S
2 ⊆ R

3 is of class C2 and ||ċ|| ≡ 1,
the curvature kS2 (c(t)) coincides with the projection onto the tangent space to S

2 at c(t) of the
second derivative c̈, namely

|kS2 (c(s))| = ||c̈�(s)||, (2.5)

where c̈� = c̈ + c.
Therefore, asking for the covariant derivative ∇ċ ċ to be in Lp is equivalent to the curve being

in W2,p(I, S2).
We observe that, by standard Sobolev embeddings W2,p(I, S2) ↪→ C1(I, R3), i.e. a curve u ∈

W2,p(I, S2) is at least C1 smooth.

3. The p-curvature functional

(a) The p-rotation of polygonals
In this section, we deal with the definition of p-rotation for polygonals and of p-curvature
functional for rectifiable curves in the sphere S

2. We first recall how they can be defined in the
Euclidean case and then, we perform an analogous construction in the spherical setting.

(i) The Euclidean case

From a given polygonal P inscribed in an open curve c : I → R
n, the first two authors in [7]

construct a curve γ (P) that is piecewise smooth and it is related to P as follows: for each vertex of P,
we consider the lengths of the two adjacent edges, take half of the minimum of these lengths, and
construct a circular arc which is C1-joined to the polygonal curve at the points on the two edges
corresponding to this length. The idea is to redistribute the curvature measure of P concentrated in
the points {P(t1), . . . , P(tk−1)} along pieces of smooth curves with constant curvature, i.e. pieces of
circles.

Example 3.1. For a given α ∈ (0,π ), let P be the polygonal with a vertex in (0, 0) ∈ R
2 and given

by the two segments parametrized by (t, 0) and (t cosα, t sinα), where t ∈ [0, ε] for some ε > 0. The
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curve
γ (s) =

(
ε, ε tan

(α
2

))
+ ε tan

(α
2

)
(cos s, sin s),

where s ∈ [π/2 + α, 3π/2], coincides at order 1 with the end points of the two segments, see
figure 1. If ϑ := π − α is the turning angle, then

∫
γ

|kR2 | ds = ϑ and
∫
γ

|kR2 |p ds = ε1−pϑ tanp−1
(
ϑ

2

)
.

Then, for a given polygonal P inscribed in an open curve c : I → R
n, with edge length �, with

k + 1 vertices and with turning angles ϑi∈ (0,π ), for i = 1, . . . , k − 1, they define the p-rotation of P
as

kp(P) :=
k−1∑
i=1

(
�

2

)1−p
ϑi tanp−1

(
ϑi

2

)
.

It turns out that k1(P) = k∗
Rn (P) = TCRn (P), so this definition of p-rotation includes the definition

of total curvature for p = 1.

(ii) The spherical case

From now on, we consider the case of M = S
2.

We define a p-curvature functional on rectifiable spherical curves that gives a notion of total
p-curvature.

Given a rectifiable curve c : I :→ S
2 parametrized by arc length and an inscribed polygonal

P � c, using appendix A, we define the curve γ (P) as follows (see figure 2).

— Around every vertex P(ti), we look at the length of the edges of P that meet in the corner.
We start by looking at P(t1), let �0, �1 be the length of P|[t0,t1] , P|[t1,t2] , respectively. Let �1 =
min{�0, �1} and perform the construction given in appendix A on �1/2;
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Figure 2. Construction applied to a geodesic polygonal with k = 4. In red the curve c(t), in black the polygonal with vertices
{c(t1), c(t2), c(t3)}, respectively turning anglesϑ1,ϑ2,ϑ3 and in green the curve γ (P).

— repeat the construction on the next vertex P(t2), and so on, using as �i = min{�i−1, �i},
where �i is the length of the polygonal restricted to [ti, ti+1];

— take as γ (P) : [0, L] → S
2 the obtained curve where near to the corners we glue the

previous construction with the polygonal.

Notice that the curve γ (P) is automatically in the Sobolev class W2,1(I, S2).

Definition 3.2. Given a spherical polygonal P, we define the p-rotation of P as

kp(P) :=
∫
γ (P)

|kS2 |p dt.

If k − 1 is the number of interior vertices of P, the curve γ (P) that we have obtained is smooth
except for 2k − 2 points where it is C1. Moreover by [12], it turns out that

k1(P) :=
∫
γ (P)

|kS2 | dt =
∫L(γ (P))

0
||c̈P

�(s)|| ds,

where cP is the arc-length parametrization of the curve γ (P).
Here, it is no longer true, as in the Euclidean case, that k1(P) = TCS2 (P), but for sequences

{Ph} � c with μc(Ph) → 0, we have k1(Ph) ∼ TCS2 (c), see remark 3.4.
We define the p-curvature of the curve c as the Lebesgue–Serrin relaxed functional of

p-rotations of polygonals inscribed in the curve.

Definition 3.3. The p-curvature functional of a rectifiable curve c is defined as

Fp(c) := inf
ε>0

{
lim inf

h→∞
kp(Ph) : {Ph} ⊆Σε(c)

}
.
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It turns out that for an equilateral and open polygonal P with k edges of length � and turning
angles ϑ1, . . . ,ϑk−1, the p-rotation kp(P) is given by

kp(P) :=
k−1∑
i=1

2 arctan
(

Ψ (ϑi, �)
cos(ϑi/2) cos(�/2)

)
· 1
Ψ (ϑi, �)

· sinp(ϑi/2)
(cos(ϑi/2) sin(�/2))p−1 , (3.1)

where Ψ (ϑ , �) :=
√

sin2(�/2) + sin2(ϑ/2) cos2(�/2). For an explicit computation, see appendix A.

Remark 3.4. We observe that for small turning angles ϑi and side length �, the expression
of the spherical p-rotation of an equilateral polygonal P is almost identical to the expression of
the Euclidean p-rotation of a Euclidean polygonal with the same turning angles and side length,
namely

kp(P) ∼ 2
k−1∑
i=1

tanp
(
ϑi

2

)
sin1−p

(
�

2

)
∼

k−1∑
i=1

ϑ
p
i �

1−p.

This will be quantitatively used to prove theorem 5.1 through the local conformality of the sphere
to the plane explored in proposition 4.2.

4. Technical lemmas
The results of the following lemma are well known. However, to the best of our knowledge, we
are not able to give a specific reference for the formulas that we need, even for smooth curves.
The proof is an application of the rules of differential calculus.

Lemma 4.1 (Geodesic curvature via conformal maps). Let f : (M, g) → (N, g′) be a conformal map
between two-dimensional oriented Riemannian manifolds such that g′ = e2λg and let the curve γ : [0, L] →
M be C2 and u ∈ TγM the conormal.

Suppose that the image curve c := f ◦ γ : [0, L] → N is parametrized by arc length. Then if kM and kN

are the geodesic curvature of γ and c, respectively, for every t ∈ (0, L) there holds

kN(t) = e−λ(γ (t))(kM(t) − ∂uλ(γ (t))). (4.1)

Moreover, the arc-length element s(t) of the curve γ is given by

s(t) =
∫ t

0
e−λ(γ (τ )) dτ . (4.2)

Proof. By definition, the geodesic curvature of the curve c in N is defined as

kN = g′(∇′
ċ ċ, u′),

where u′ is the conormal in N such that {ċ(t), u′(t)} is an oriented basis of Tc(t)N and ∇′ is the
Levi-Civita connection on N. Now, via conformal changes, we have

eλ||γ̇ ||g = ||ċ||g′ = 1 and ||γ̇ ||g = e−λ,

and if u(t) is the conormal vector in M, then (df )γu is orthogonal to ċ and ||(df )γu||g′ = eλ. We use

u′ = e−λ(df )γu and by [13] there holds

∇′
(df )γ γ̇ (df )γ γ̇ = (df )γ (∇γ̇ γ̇ ) + 2γ̇ (λ)(df )γ γ̇ − g(γ̇ , γ̇ )(df )γ (∇λ), (4.3)

and
∇eλγ̇ (eλγ̇ ) = eλ(∇γ̇ (eλγ̇ )) = eλ(eλ∇γ̇ γ̇ + eλγ̇ (λ)γ̇ ),

so
∇γ̇ γ̇ = e−2λ∇eλγ̇ (eλγ̇ ) − γ̇ (λ)γ̇ .

Using equation (4.3) we get

∇′
ċ ċ = (df )γ (e−2λ∇eλγ̇ (eλγ̇ )) + γ̇ (λ)(df )γ γ̇ − g(γ̇ , γ̇ )(df )γ (∇λ).
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Finally, we compute the geodesic curvature kN on N as

kN = g′(∇′
ċ ċ, u′) = g′(∇′

ċ ċ, e−λ(df )γu)

= g′((df )γ (e−2λ∇eλγ̇ (eλγ̇ )) + γ̇ (λ)(df )γ γ̇ − g(γ̇ , γ̇ )(df )γ (∇λ), e−λ(df )γu)

= e−3λg′((df )γ∇eλγ̇ (eλγ̇ ), (df )γu) + e−λγ̇ (λ)g′((df )γ γ̇ , (df )γu)

− e−3λg′((df )γ (∇λ), (df )γu)

= e−λg(∇eλγ̇ (eλγ̇ ), u) + eλγ̇ (λ)g(γ̇ , u) − e−λg(∇λ, u)

= e−λ(kM − ∂uλ),

where we have used that g(γ̇ , u) = 0 and g(γ̇ , γ̇ ) = e−2λ. �

Our purpose is to use lemma 4.1 locally for a curve c : Iδ := [−δ, δ] → S
2∗, parameterized by

arc length, pushed forward from a curve γ : Iδ → R
2 by a conformal map f , where S

2∗ := S
2 \

{(0, 0, −1)}. More precisely, suppose that c(0) = (0, 0, 1) and define γ := f −1 ◦ c, where the map f
is a conformal change of the inverse of the stereographic projection in order to have λ(0, 0) = 0,
given by f : R

2 −→ S
2∗,

(x, y) �→
(

4x
4 + x2 + y2 ,

4y
4 + x2 + y2 ,

8
4 + x2 + y2 − 1

)
.

The map f is conformal with conformal factor

exp λ(x, y) = 4
4 + x2 + y2 .

We work with the stereographic projection since it is conformal and therefore it preserves
angles. In particular, a polygonal curve on S

2∗, inscribed in the curve c and consisting of two
geodesic segments meeting at c(0) with turning angle ϑ is mapped by f −1 to a polygonal curve
in R

2 whose edges meet at γ (0) with the same turning angle ϑ . Moreover, the image polygonal is
inscribed in the planar curve γ , which allows us to relate the turning angle at c(0) to the geodesic
curvature of γ by [7, theorem 5.3]. Finally, by means of lemma 4.1 we relate the geodesic curvature
of the curve c to the geodesic curvature of the curve γ . In [7, theorem 5.3], the curvature vector
of a curve in R

n, parametrized by arc length, is identified with the second derivative of the curve
itself. Concerning spherical curves, since this property no longer holds, we are not aware of a
direct way to relate the geodesic curvature to the turning angles of polygonal curves inscribed in
it.

We need to apply lemma 4.1 to curves c in the Sobolev class W2,p(Iδ , S2) and f : R
2 → S

2∗. In
order to do this, if ϕ is a smooth curve, there holds

∫
Iδ

kp
S2 (ϕ(t)) dt =

∫ δ
−δ

(
4 + x(t)2 + y(t)2

4
(kR2 (γ (t)) − γ (t) · u(t))

)p

dt,

where γ = f −1 ◦ ϕ = (x(t), y(t)) and u is the conormal. By the dominated convergence theorem, the
same formula holds for weak derivatives in W2,p(I, S2).

Proposition 4.2 (Arc-length parametrization). Fix c : Iδ = [−δ, δ] → S
2∗ a curve parametrized by

arc length such that c(0) = (0, 0, 1), and assume that c ∈ W2,p(Iδ , S2). Then, the arc-length parametrization
Γ (s) = (x̃(s), ỹ(s)) of the curve γ (t) := f −1 ◦ c(t) = (x(t), y(t)) has the same regularity of c and satisfies

∫
Iδ

kS2 (c(t)) dt =
∫L(γ )

0

(
kR2 (Γ (s)) + C

4 + x̃(s)2 + ỹ(s)2 Γ (s) · ũ(s)
)

ds, (4.4)

where C is a constant independent from the curve and u(t) is the conormal vector in Tγ (t)S
2 orthogonal to

γ̇ (t), and
Γ (s) := γ (ϕ(s)) and ũ(s) := u(ϕ(s)),

where s = s(t) ⇐⇒ t = ϕ(s).
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Moreover, there exists a non-negative real constant C := C(δ, f , p) and a positive constant C̃δ close to 1,
independent from the curve, such that

∫
Iδ

|kS2 (c(t))|p dt ≥ C̃δ

(∫L(γ )

0
|kR2 (Γ (s))|p ds − Cδ

∫L(γ )

0
|kR2 (Γ (s))|p−1 ds

)
. (4.5)

Proof. Observe that for t ∈ Iδ = [−δ, δ], the arc element is

s(t) :=
∫ t

−δ
e−λ(γ (t)) dt ≤

∫ δ
−δ

4 + x(t)2 + y(t)2

4
dt =L(γ ),

and if δ ≤ √
ε for some ε > 0, then δ ≤L(γ )/2 ≤ δ(1 + ε). By definition, we have ||Γ̇ || = 1 and ϕ′(s) =

eλ(Γ (s)). So, by changing variables we obtain

∫
Iδ

e−λ(γ (t))(kR2 (γ (t)) − ∂uλ(γ (t))) dt =
∫L(γ )

0
e−λ(Γ (s))(kR2 (Γ (s)) − ∂ũλ(Γ (s)))ϕ′(s) ds

=
∫L(γ )

0
(kR2 (Γ (s)) − ∂ũλ(Γ (s))) ds,

where in the second equality we have used that ϕ′(s) = eλ(Γ (s)).
Moreover,

∂ũλ(Γ (s)) = −1
2

eλ(Γ (s))Γ (s) · ũ(s),

and equation (4.4) holds.
Now, from equation (4.1), passing through the arc-length parametrization of the curve γ we

have
∫

Iδ
|kS2 (c(t))|p dt =

∫L(γ )

0
e(1−p)λ(Γ (s))|kR2 (Γ (s)) − ∂ũλ(Γ (s))|p ds

≥
∫L(γ )

0
e(1−p)λ(Γ (s))| |kR2 (Γ (s))| − |∂ũλ(Γ (s))| |p ds,

where we used the second triangle inequality.
We now observe that there exists a constant C̃δ > 1, that can change line by line, such that

C̃δ → 1 as δ→ 0, for which we can estimate

1

C̃δ
≤ eλ(Γ (s)) ≤ 1 and

δ

2
≤ ∂ũλ(Γ (s)) ≤ C̃δδ

2
.

Moreover, we postpone the proof of the following:

Lemma 4.3. For a, b> 0, there exists a real constant C := C(p)> 0 such that

|a − b|p ≥ ap − Cbap−1. (4.6)

We thus have for a.e. s ∈ (0,L(γ ))

| |kR2 (Γ )| − |∂ũλ(Γ )| |p ≥ min

{∣∣∣∣∣ |kR2 (Γ )| − C̃δδ
2

∣∣∣∣∣
p

,
∣∣∣∣ |kR2 (Γ )| − δ

2

∣∣∣∣p
}

≥ |kR2 (Γ )|p − C(p)
C̃δδ

2
|kR2 (Γ )|p−1,

and hence we readily obtain the inequality (4.5). �

We finally give:
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Proof of lemma 4.3. Dividing by bp both terms in inequality (4.6), we need to prove that there
exists a constant C such that

|t − 1|p ≥ tp − Ctp−1 ∀t> 0.

Now, the maps t �→ |t − 1|p − tp and t �→ tp−1 are continuous, on every compact set [0, m] with
m ∈ R

+, so there exists a constant Cm for which the inequality holds in [0, m]. To have that the
constant Cm does not blow up as m → +∞, we observe that the following limit exists:

lim
t→+∞

(t − 1)p − tp

tp−1 = −p.

Then, there exists a real constant C = supm∈[1,∞] Cm such that inequality (4.6) holds. �

5. Results
The aim of this section is to prove the following theorem.

Theorem 5.1. Let c : [0, L] → S
2 be a rectifiable and open curve in S

2 parametrized by arc length. Then

Fp(c)<∞ for some p> 1 ⇐⇒ c ∈ W2,p([0, L], S2),

and in this case, there holds

Fp(c) =
∫

c
|kS2 |p ds =

∫L

0
||c̈�(s)||p ds.

To prove this theorem, we split it into two theorems in which we prove an upper and a lower
bound on the integral of the geodesic curvature of the curve raised to the power p.

Remark 5.2. We first observe that the finiteness of the functional Fp(c) implies that the curve
has no corners. Indeed, suppose that the curve has a corner in c(t̄) with a turning angle ϑ , then we
construct a polygonal sequence {Ph} using partitions that contain t̄ − 1/h, t̄, t̄ + 1/h as consecutive
points for each h, for which

kp(Ph) ≥ hp−1(ϑ (h)
t̄

)p,

where ϑ (h)
t̄

is the turning angle in Ph(t̄). As h → +∞, we have ϑ (h)
t̄

→ ϑ and

hp−1(ϑ (h)
t

)p → +∞.

Then, the curve cannot have any corners if its p-curvature is finite.

(i) Upper bound
We start by proving the upper bound on the integral of the geodesic curvature raised to the power
p of a spherical curve with finite p-curvature.

Theorem 5.3. Let c be a rectifiable and open curve in S
2 parametrized by arc length such that Fp(c)<∞

for some p> 1. Then c ∈ W2,p([0, L], S2) and

∫L

0
||c̈�(s)||p ds ≤Fp(c)<∞.

Proof. Let IL := [0, L], where L :=L(c). By finiteness of Fp(c), we can take a sequence {Ph} of
polygonal curves inscribed in the curve c satisfying μc(Ph) → 0 and kp(Ph) →Fp(c). For each h,
let cPh : [0, Lh] → S

2 be the arc-length parametrization of the piecewise smooth and C1 curve γ (Ph)
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obtained by construction A.1, where Lh :=L(γ (Ph)), and let γh : [0, L] → S
2 be given by

γh(s) := cPh

(
sLh

L

)
.

By piecewise smoothness, apart from a finite set of points, one has

|kS2 (cPh (λ))| = || ¨cPh
�(λ)||

for λ ∈ [0, Lh] and

γ̈�
h (s) =

(
Lh

L

)2
¨cPh (λ) + cPh (λ)

for s ∈ IL, with λ= s(Lh/L). Therefore,

kp(Ph) :=
∫
γ (Ph)

|kS2 |p ds =
∫L

0

∥∥∥∥∥
(

Lh

L

)2
¨cPh (λ) + cPh (λ)

∥∥∥∥∥
p

dλ. (5.1)

Now, we have dF(γ (Ph), Ph) ≤μc(Ph) for every h, whereas dF(Ph, c) → 0. Since μc(Ph) → 0, we
obtain dF(γ (Ph), c) → 0, and hence by lower semicontinuity we infer that

L(c) ≤ lim inf
h→+∞

L(γ (Ph)).

Using the fact that L(γ (Ph)) ≤L(Ph) ≤L(c) for every h, we deduce that Lh → L. As a consequence,
recalling that kp(Ph) →Fp(c), by equation (5.1) we obtain

lim
h→∞

∫L

0

∥∥∥∥∥
(

Lh

L

)2
¨cPh (λ) + cPh (λ)

∥∥∥∥∥
p

dλ=Fp(c). (5.2)

We recall that each γ̇h is in the Sobolev space W1,1(IL, R3) by the construction made in §3a(ii).
Since p> 1, the sequence {γ̇h} converges strongly in W1,1 to some function v ∈ W1,1(IL, R3).

By using that {γh} converges to the Lipschitz function c strongly in L1(IL, S2), we obtain v = ċ
a.e.; hence, possibly passing to a (not relabelled) subsequence, {γ̇h} converges to ċ weakly in
W1,p(IL, R3). In particular, ċ ∈ W1,p(IL, S2) and {γ̈h} converges to c̈ weakly in Lp and, using that
the normal component is the curve c itself, we have that {γ̈�

h } converges to c̈� weakly in Lp, as
h → +∞.

Hence the curve c is in W2,p(IL, S2) and, by lower semicontinuity,
∫L

0
||c̈�(s)||p ds ≤Fp(c)<∞.

�

Remark 5.4. Suppose that the spherical curve parametrized by arc length c : IL → S
2 is in the

Sobolev class W2,p(IL, S2), so that the functional

J �→
∫

J
|kS2 (c(t))|p dt

is absolutely continuous. Then, for every ε > 0, there exists δAC := δAC(ε) such that if an interval
J ⊆ I is small, i.e. |J|< δAC, then ∫

J
|kS2 (c(t))|p dt ≤ ε.

Moreover, for every q ∈ [1, p], we have(
−
∫

J
|kS2 (c(t))|q dt

)p/q
≤ −

∫
J
|kS2 (c(t))|p dt,

and ∫
J
|kS2 (c(t))|q dt ≤ δ1−q/p

AC

(∫
J
|kS2 (c(t))|p dt

)q/p
≤ εq/pδ

(p−q)/p
AC . (5.3)
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(ii) Lower bound
Now, we are able to prove the following lower bound. The idea is to localize the Sobolev spherical
curve, use the comparison result given by proposition 4.2, and [7, theorem 5.3] for the Euclidean
comparison curve.

Theorem 5.5. Let c be a rectifiable and open curve in S
2 parametrized by arc length of class

W2,p([0, L], S2) for some p> 1. Then, for every ε > 0 small, there exists a polygonal Pε inscribed in the
curve c and a positive constant Cε such that μc(Pε) → 0, Cε → 1 as ε→ 0 and

Cεkp(Pε) − g(ε) ≤
∫L

0
|kS2 (c(s))|p ds<∞, (5.4)

where g(ε) → 0 as ε→ 0.
Therefore

Fp(c) ≤
∫L

0
|kS2 (c(s))|p ds. (5.5)

Proof. Fix ε > 0.
Step 1. We find upper and lower bounds on the length of the edges of an equilateral polygonal

inscribed in the curve c and we analyse the p-curvature functional of this polygonal.
We start producing an equilateral polygonal curve inscribed in the curve c. We observe that

there exists δ1 := δ1(ε) such that if the edges of any equilateral polygonal, inscribed in the curve,
have length � less than δ1, then

�(1 + ε) ≥ |ti+1 − ti| ≥ �. (5.6)

This is implied by the regularity of the curve c and using that it is parametrized by arc length.
Indeed, the curve c is 1-Lipschitz and

�= dS2 (c(ti), c(ti+1)) ≤ |ti+1 − ti|.

For the other inequality, we use that if (ti+1 − ti) → 0, then

dS2 (c(ti+1), c(ti))
|ti+1 − ti|

→ 1,

and by the uniform continuity of the metric derivative of the curve c, we have the existence of
such δ1.

Fix �̃= δ/2 where δ := min{δ1, δAC,
√
ε} and let k = k(ε) be the unique integer for which there is

a sequence of times 0 = t0 < t1 < · · ·< tk−1 < tk = L such that dS2 (c(ti−1), c(ti)) = �̃ for i = 1, . . . , k − 1
and dS2 (c(tk−1), c(tk)) = �̂≤ �̃. Then, we have a partition Pε of [0, L] of the form

Pε = {t0, . . . , tk}, Ii = [ti−1, ti] and |Ii| = �̃i,

where the constraint
k∑

i=1

�̃i = L, (5.7)

holds. If �̂= �̃, we end up with an equilateral polygonal on Pε choosing �= �̃. If this is not the
case, consider

� := max{l ≤ δ/2 : there exist 0 = t0 < t1 < · · ·< tk−1 < tk = L

such that dS2 (c(ti−1), c(ti)) = l ∀ i = 1, . . . , k},

where the maximum exists because we have fixed the number of edges k and the length � can be
obtained enlarging the length �̂ of the last edge and shrinking uniformly the length of the first
k − 1 edges. Notice that the length �must be greater than δ/3. Indeed, supposing by contradiction
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that � < δ/3, from inequality (5.6) and equation (5.7) we have the inequalities

k
δ

3
(1 + ε) ≥

k∑
i=1

�̃i = L ≥ (k − 1)
δ

2
+ �̃k

that makes �̃k negative, which cannot hold.
We observe that from �≥ δ/3 and k�(1 + ε) ≤ L, we obtain

k ≤ 3C̃εL
δ(1 + ε)

. (5.8)

Moreover, the obtained equilateral polygonal Pε := P(Pε) with turning angles ϑi in P(ti) = c(ti)
for i = 1, . . . , k − 1 has small angles ϑi if δ is small, indeed localizing around P(ti) and using
proposition 4.2 one has ϑi ≤ δ(1 + ε) and

tan
(
ϑi

2

)
≤ (1 + ε)

ϑi

2
.

We define as Ψ (�,ϑ) the continuous function

Ψ (�,ϑ) :=
√

sin2
(
�

2

)
+ sin2

(
ϑ

2

)
cos2

(
�

2

)
.

From � <
√

2ε, we have sin(�) ≥ �(1 − �2/6) ≥ �(1 − ε) and cos(�) ≥ (1 − ε).
From now on, we denote by C̃ε a constant that can change line by line such that C̃ε → 1 as

ε→ 0.
We first bound the p-rotation kp(P) of such polygonal from above, namely

kp(Pε) =
k−1∑
i=1

2 arctan
(

Ψ (ϑi, �)
cos(ϑi/2) cos(�/2)

)
· 1
Ψ (ϑi, �)

· sinp(ϑi/2)
(cos(ϑi/2) sin(�/2))p−1

≤
k−1∑
i=1

2
tanp(ϑi/2)

cos(�/2) sinp−1(�/2)
≤

k−1∑
i=1

2pC̃ε tanp
(
ϑi

2

)
�1−p,

whence we estimate

kp(Pε) ≤ C̃ε
k−1∑
i=1

�1−pϑ
p
i . (5.9)

Step 2. We bound from below the integral of the p-power of the geodesic curvature.
Letψ : [0, k�] → [0, L] be a reparametrization such thatψ(si) = ti andψ is affine in [si, si+1], with

ψ ′(s)|(si,si+1) = ti+1 − ti

si+1 − si
.

Following [14], we have

∫L

0
|kS2 (c(t))|p dt ≥

k−1∑
i=1

1
�

∫ �
0

(∫ψ(si+a)

ψ(si−1+a)
|kS2 (c(t))|p dt

)
da.

Using proposition 4.2, we compare the geodesic curvature of the localizing curves:

ci := c|[ψ(si−1+a),ψ(si+a)] ,

with the curvature in R
2 of the comparison curves Γi(s), namely

∫ψ(si+a)

ψ(si−1+a)
|kS2 (ci(t))|p dt =

∫L(a,i)

0
e(1−p)λ(Γi(s))|kR2 (Γi(s)) − ∂ũiλ(Γi(s))|p ds,
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where L(a, i) :=L(ci|[ψ(si−1+a),ψ(si+a)] ) ≤ C̃εδ. By using inequality (4.5), we obtain for every i = 1, . . . , k −
1 and a ∈ (0, �)

∫L(a,i)

0
e(1−p)λ(Γi(s))|kR2 (Γi(s)) − ∂ũiλ(Γi(s))|p ds

≥ C̃ε

∫L(a,i)

0
|kR2 (Γi)|p ds − Cδ

∫L(a,i)

0
|kR2 (Γi)|p−1 ds,

where C := C(ε, p) is a positive constant that is bounded as ε→ 0, that can change line by line, and
C̃ε → 1 as ε→ 0.

We denote by I1, I2

I1 :=
k−1∑
i=1

C̃ε−
∫ �

0

(∫L(a,i)

0
|kR2 (Γi(s))|p

)
da

and

I2 :=
k−1∑
i=1

Cδ−
∫ �

0

(∫L(a,i)

0
|kR2 (Γi(s))|p−1 ds

)
da.

We first deal with I1.
In the Euclidean setting, if the curve Γi is parametrized by arc length, then the curvature is

given by the norm of the second derivative Γ ′′
i (s) of the curve, i.e.

∫L(a,i)

0
|kR2 (Γi(s))|p ds =

∫L(a,i)

0
||Γ ′′

i (s)||p ds.

Applying twice the Jensen inequality and supposing ti+1 − ti ≥ ti − ti−1, we have

C̃ε−
∫ �

0

(∫L(a,i)

0
||Γ ′′

i (s)||p ds

)
da ≥ C̃ε−

∫ �
0

||Γ ′
i (ψ(si + a)) − Γ ′

i (ψ(si−1 + a))||p da

≥ C̃ε�1−p

∥∥∥∥∥
∫ �

0
(Γ ′

i (ψ(si + a)) − Γ ′
i (ψ(si−1 + a))) da

∥∥∥∥∥
p

≥ C̃ε�1−p
∥∥∥∥Γi(ti+1) − Γi(ti)

ti+1 − ti
− Γi(ti) − Γi(ti−1)

ti − ti−1

∥∥∥∥p
.

Finally, using [7, theorem 5.3], we have

C̃ε−
∫ �

0

(∫L(a,i)

0
||Γ ′′

i (s)||p ds

)
da ≥ C̃ε�1−pϑ

p
i .

Thanks to the conformality of the projection, the turning angles ϑi for i = 1, . . . , k − 1 are exactly
the turning angles of Pε and by inequality (5.9) there holds

I1 ≥ C̃ε
k−1∑
i=1

�1−pϑ
p
i ≥ C̃εkp(Pε).

Now, we prove that I2 ≤ g(ε) → 0 as ε→ 0.
By remark 5.4, we have ∫L(a,i)

0
|kR2 (Γi(s))|q ds ≤ εq/pδ(p−q)/p.

Then, using q = p − 1 we obtain

I2 =
k−1∑
i=1

Cδ−
∫ �

0

(∫L(a,i)

0
|kR2 (Γi(s))|p−1 ds

)
da ≤

k−1∑
i=1

Cδε(p−1)/pδ1/p.
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Summing over the index i and using inequality (5.8), we get

k−1∑
i=1

Cε(p−1)/pδ1+(1/p) ≤ Cε(p−1)/pδ1/p =: g(ε).

Then, combining we obtain

∫L

0
|kS2 (c(s))|p = I1 − I2 ≥ C̃εkp(Pε) − g(ε).

Now, inequality (5.5) follows taking the sequence {Pεh}, where εh is any sequence such that
εh → 0 and for each εh the polygonal Pεh is the one constructed before. �
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Appendix A. Construction of spherical bends
In this appendix, we explain how to construct from a given polygonal P with vertices P(ti) and
turning angles ϑi for i = 1, . . . , k − 1 a local bending curve around P(ti) that glues C1 with P near
to ti with constant geodesic curvature. Working locally, up to isometry, we can suppose that the
polygonal near P(ti) is given by

P(t) =
{

(−K sin t, S sin t, cos t) t ∈ [−δ, 0],

(K sin t, S sin t, cos t) t ∈ [0, δ],

where K := cosαi and S := sinαi, with αi = (π − ϑi)/2. We want to perform the construction only
on half of each geodesic segment with δ = �/2.

The idea of the construction is as follows: first we change coordinates on the sphere, via a
rotation, in order to have a simpler expression for the tangent vectors at the ending points of
the polygonal (the tangent vectors have zero vertical component). Then, we construct the parallel
joining the two endpoints of the polygonal: in these coordinates it is easier to compute the integral
of the p-power of the geodesic curvature of such constructed curve. Since such an integral is
invariant under isometries, we get the desired quantity.

Construction A.1. For any fixed length � ∈ (0,π ), we start with the localized polygonal curve:

P(t) =

⎧⎪⎨
⎪⎩

(−K sin t, S sin t, cos t) t ∈
[
− �

2 , 0
]

,

(K sin t, S sin t, cos t) t ∈
[
0, �2

]
,

where K := cosα and S := sinα, with α := (π − ϑ)/2 ∈ (0,π/2), since ϑ ∈ (0,π ). Then,

P′(t) =

⎧⎪⎨
⎪⎩

(−K cos t, S cos t, − sin t) t ∈
(
− �

2 , 0
)

,

(K cos t, S cos t, − sin t) t ∈
(

0, �2
)

.

Denote P± := P(±�/2) and v± := P′(±�/2), so that with s := sin(�/2) and c := cos(�/2) we have

P−=(Ks, −Ss, c), P+=(Ks, Ss, c), v−=(−Kc, Sc, s) and v+=(Kc, Sc, −s).
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We choose a rotation matrix R ∈ SO(3) with rotational axis e2 and angle β. With τ = cosβ and
σ = sinβ, we have

v−RT = (−(τKc + σ s), Sc, −(σKc − τ s)) and v+RT = ((τKc + σ s), Sc, (σKc − τ s)),

and choose β so that σKc − τ s = 0, i.e.

τ = Kc√
s2 + K2c2

and σ = s√
s2 + K2c2

.

This way, the rotated velocity vectors v±RT at the end points have zero third components. We
correspondingly have

P−RT = (x, −y, z) and P+RT = (x, y, z), x := τKs − σ c, y := Ss, z := σKs + τc,

so that explicitly

x = − S2sc√
s2 + K2c2

and z = K√
s2 + K2c2

.

We now choose the angle Φ ∈ (0,π/2) so that

cosΦ = z and sinΦ =
√

x2 + y2 = Ss√
s2 + K2c2

.

This way, we reduce to compute the integral of the pth power of the curvature of the parallel
γ (P) connecting the rotated points P±RT. For s0 ∈ (0,π/2) to be chosen, we set

γ (P)(s) = (− sinΦ cos s, − sinΦ sin s, cosΦ), s ∈ [−s0, s0].

By imposing that γ (P)(s0) = P−RT = (x, −y, z), we infer that sin s0 =
√

s2 + K2c2 and cos s0 = Sc.
Therefore, the curve γ (P) has length

L(γ (P)) = 2 arctan

(√
s2 + K2c2

Sc

)
· R, R = sinΦ.

Moreover, the geodesic curvature density of γ (P) is equal to the constant

kS2 = cotΦ = K
Ss

,

and we obtain
∫
γ (P)

|kS2 |p ds = 2 arctan

(√
s2 + K2c2

Sc

)
· Ss√

s2 + K2c2
·
(

K
Ss

)p
.

Replacing K = cosα = sin(ϑ/2), S = sinα = cos(ϑ/2), c = cos(�/2), and s := sin(�/2), we finally get
for every p ≥ 1 the quantity

Fp(�,ϑ) := 2 arctan
(

Ψ (�,ϑ)
cos(ϑ/2) cos(�/2)

)
· 1
Ψ (�,ϑ)

· sinp(ϑ/2)
(cos(ϑ/2) sin(�/2))p−1 ,

where

Ψ (�,ϑ) :=
√

sin2
(
�

2

)
+ sin2

(
ϑ

2

)
cos2

(
�

2

)
.
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