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Abstract

It is generally recognised that the present-value criterion should be preferred to the average-cost formulation in developing
lot sizing models. Despite the advantages of the present-value measure, average-cost lot sizing models are far more widely
applied. Because of the nature of the average-cost formulation, inventory carrying costs are evaluated according to a look-
back approach, relying on historical values. In this regard, a general misconception in the inventory management literature
concerned with average-cost models is that the unit stockholding cost rate should be established considering fixed ware-
house costs, which are costs that are, in the short term, independent of the inventory level. This paper develops arguments
supporting our belief that inventory carrying charges used in lot sizing models should take into account only those costs
varying with the inventory level in the warehouse, and that considering fixed warehouse costs leads to pitfalls when making
inventory replenishment decisions. To this aim, we first present an analytical treatment based on the classical Economic
Order Quantity (EOQ) model, as its full analytical tractability permits us to better discuss the problem we are interested in.
Finally, we present numerical experiments to assess the effect of the correct procedure to establish the unit stockholding cost
rate on inventory management decisions. These experiments are performed considering warehouse costs taken from some
industrial case studies presented in the literature.
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1 Introduction We cite, for example, the possibility to exploit economies
of scale, the need to cope with uncertainties in supply and

The management of inventories is a critical issue in almost ~ demand, and the opportunity of speculation, among others

every company. Inventories are fundamental to the vitality
of firms and to the health of entire modern economies (Silver
et al. 2017). The U.S. Census Bureau (2021) reports that
companies in the United States from the industrial, retail-
ing and merchant wholesale sectors held, on average, more
than $1.7 trillion (10') on stock between December 2010
and December 2020, which illustrates the enormous impact
inventory management has also on an economic level. There
are a number of reasons why organizations hold inventories.
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(Nahmias 2013).

Careful inventory management is crucial to a firm’s stra-
tegic viability (Zipkin 2000). Companies that use scientific
inventory management methods have a significant competi-
tive advantage in the marketplace (Nahmias 2013). These
methods are needed to answer two fundamental questions
related to inventories: (1) When should an order be placed?
And (2) how much should be ordered?

A number of mathematical models embodying specific
operating doctrines have been developed over the years to
address the previous questions — the Economic Order Quan-
tity (EOQ) model by Harris (1913) was the first attempt
in this regard. These (lot sizing) models require that a cost
(or a profit) function be identified, including all and only
those costs incurred in operating an inventory system and
that are affected by the operating doctrine itself (Hadley and
Whitin 1963).
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Virtually all inventory-related costs can be placed into
one of three categories: ordering cost, holding cost, and pen-
alty cost (Nahmias 2013). These costs can briefly be char-
acterized as follows:

e The ordering cost depends on the amount of inventory
that is ordered or produced, and, in general, it has two
components: a fixed component and a variable compo-
nent that depends on the ordered/produced amount.

e The holding cost, according to its classical definition,
includes all costs that are proportional to the amount of
inventory physically on hand at any point in time, and
it is characterised by a number of different cost items
(further details will be given later on in the paper).

e The penalty cost is the cost related to not having suffi-
cient stock on hand to satisfy a demand as it occurs, and
different interpretations of this cost are given depending
on whether an unmet demand is lost or backordered.

Quantifying these cost factors is very difficult. Cost meas-
urement is, in practice, a problem that has not been conclu-
sively solved yet (Silver et al. 2017).

Two alternative criteria can be used for measuring costs
and revenues in lot sizing models (Zipkin 2000): (i) the
present-value (or discounted-cost) and (i) the average-cost
approach. The inventory management literature recognises
that the present-value formulation is, in general, more appro-
priate to make inventory replenishment decisions (see, e.g.,
Andriolo et al. 2014; Grubbstrom and Thorstenson 1986;
Teunter et al. 2000). This evaluation is based, in particu-
lar, on the way these two approaches estimate the inventory
holding costs. Average-cost models measure these costs
adopting a look-back perspective. As observed by Zipkin
(2000), this means that the unit stockholding cost rate is
an average value extrapolated from historical data, and
it is therefore based on past holding costs resulting from
past order quantities. A further issue is that past data also
includes historical costs of shared resources across items,
mixing variable and fixed costs together. The present-value
criterion, as a look-forward methodology, overcomes the
previously discussed issues arising from the average-cost
measure. In fact, it accounts for the timing of payments and
permits to disclose what values to ascribe to products at
different stages of the production and inventory processes
(see, e.g., Grubbstrom 1980; Grubbstrom and Thorstenson
1986). As a result, the present-value formulation better
reflects the economic impact of alternative inventory poli-
cies (Zipkin 2000).

Despite the advantages of the present-value measure,
average-cost lot sizing models are far more widely applied
(Andriolo et al. 2014; Teunter et al. 2000; Zipkin 2000).
This may be due to several reasons (Zipkin 2000): (1) the
average-cost formulation was developed earlier, (2) it is

built on concrete, physical measures, such as the average
inventory, and (3) an explicit formula is available for sev-
eral cases (see, e.g., the classical EOQ model). Average-
cost models are also regarded as an approximation of their
counterpart developed according to the present-value crite-
rion, and the approximation is reasonably accurate in most
cases of practical interest (Zipkin 2000).

Since, as previously observed, average-cost lot sizing
models are quite attractive to practitioners and schol-
ars, research efforts aiming to improve the calculation
of the actual cost parameters for this class of models are
undoubtedly necessary. In this regard, the evaluation of
the inventory carrying charges needs particular attention.

Inventory management textbooks provide general
guidelines about how to calculate the unit stockholding
cost rate according to the traditional procedure charac-
terising the average-cost formulation of lot sizing models
(see, e.g., Hadley and Whitin 1963; Silver et al. 2017). To
the best of our knowledge, the only paper that proposes
a detailed procedure for establishing this cost parameter,
in a practical context, is the one of Azzi et al. (2014).
They presented a methodological framework to calculate
the stockholding cost rate based on approaches used by
industrial managers in practice. To compute the stockhold-
ing cost rate, the authors conducted case studies involving
ten industrial companies. The participants were assigned
to two equal-sized groups with each group using a spe-
cific type of warehousing system: a mainly manual or a
mainly automated/automatic warehouse. Each group was
then involved in discussions and brainstorming activities
aiming to understand how the unit stockholding cost rate is
calculated by the managers, in the respective contexts rep-
resented by the two groups. As a result of the brainstorm-
ing sessions with the two groups, the authors proposed two
different methodologies to compute the inventory carrying
cost rate each pertaining to one of the two warehousing
system categories considered in their work: approach A
deals with manual warehouses, while approach B concerns
automated/automatic warehouses.

The methodology Azzi et al. (2014) proposed is generally
in line with the recommendations given in classical inven-
tory management textbooks that explicitly state that the
costs of warehouses should be included in establishing the
inventory carrying costs (see Hartmann 2002, p. 397; Hadley
and Whitin 1963, p. 13; Johnson and Montgomery 1974, p.
19; Relph and Milner 2015, p. 21; Silver et al. 2017, p. 41;
Waters 1992, p. 19). We argue that warehouse costs are fixed
and independent of the inventory level in the short term,
and that including these (and other costs that do not depend
on the inventory level) in computing the inventory carrying
costs leads to pitfalls when making inventory replenishment
decisions (e.g., ordering more often, or a smaller quantity,
than actually required by the true optimal decision).
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In spite of the importance of the topic, to the best of the
authors’ knowledge, this issue has never been discussed in
the international inventory management literature dealing
with the average-cost formulation. We only identified a few
German textbooks that briefly argued that (fixed) costs that
do not depend on the lot size (such as warehouse costs)
should not be included in establishing the inventory carry-
ing costs, however without providing a more detailed discus-
sion of this topic (see, e.g., Bogaschewsky 1996, p. 1143,
Buscher et al. 2010, p. 158; Glock 2014, p. 90, Hahn and
LaBmann 1999, p. 358).!

The purpose of this paper is twofold. Firstly, we explain
why traditional procedures for calculating the unit stock-
holding cost rate, according to the traditional average-cost
measure, used in various textbooks and in the work of Azzi
et al. (2014) may distort the inventory control decision. Sec-
ondly, we show how the conventional procedure should be
modified, taking into account the methodology proposed by
Azzi et al. (2014), which seems to be the most comprehen-
sive one currently available in the literature.

The remainder of the paper is organized as follows. In
Sect. 2, we use analytical arguments to show how the tradi-
tional procedure to establish the unit stockholding cost rate
can distort inventory control decisions taking into reference
the classical EOQ model. In Sect. 3, we evaluate an adjusted
calculation procedure for the unit stockholding cost rate in
numerical experiments. Finally, Sect. 4 concludes the paper.

2 Theoretical analysis

To better illustrate the issue we want to point out, consider
the simplest deterministic lot sizing model, i.e., the classical
average-cost EOQ model, in the following. This model that
was originally proposed by Harris (1913) aims to find an
optimal order quantity that minimizes the sum of inventory
carrying and ordering costs. Extensions of Harris’ inventory
model are reviewed, e.g., in the works of Andriolo et al.
(2014) and Glock et al. (2014), which present, respectively,
a discussion of the evolution of lot sizing models, starting
from the basic one developed by Harris in 1913, and a sur-
vey of literature reviews, i.e., a tertiary study, in the context
of lot sizing. Our focus is on an item stocked in a manual
warehouse, but a conceptually similar analysis would result
if we considered an item stocked in an automated/automatic
warehouse. Note that we consider the classical EOQ model
because its full analytical tractability (i.e., the fact that a

! In a similar line of thought, Adam (2001), p. 478, argued that the
setup cost used in lot sizing models should only include cost com-
ponents that depend on the number of setups. Salaries that have to
be paid to workers independent of the number of setups performed
should not be included in establishing the setup costs.
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closed-form expression is available both for the optimal lot
size and for the minimum cost) permits us to better discuss
the problem we are interested in. Although the analytical
laws we develop are specific for the EOQ model, our argu-
ments are clearly applicable to any inventory control model,
and the outcomes of our analysis are plausibly of general
validity.

Let O, D, A, and v be the lot size, the demand per year,
the ordering cost per order, and the unit value, respectively.
According to approach A presented by Azzi et al. (2014),
we evaluate the carrying charge r, i.e., the cost in Euros of
carrying one Euro of inventory for one year, as follows:

N
r= zi=1 @i

5 T E 6]

where G, is the i th cost factor [€/year], B is the mean inven-
tory investment [€], e is the annual opportunity cost, and N is
the total number of cost factors [note that Azzi et al. (2014)
identify 20 cost factors for approach A, i.e., N = 20]. To
discuss the issue in the methodology proposed by Azzi et al.
(2014), consider, just as an example, the cost term related
to the annual building amortization charge, and let €; be
this cost term among the N factors (a different fixed cost,
independent of the inventory level in the warehouse, may be
considered; €; may also be regarded as the sum of all these
fixed costs). We rewrite Eq. (1) as follows:

Gi +Zfi i#i (Si
S 281,#1 te 2)

The unit stockholding cost rate, & [€/unit/year], of the
item under consideration is thus given by

N
(Sil + zi:l,i;ﬁil 6i te 3

h=vr=v

We can now use the EOQ formula to get the optimal order
lot, Q*, and the related minimum cost rate, & [€/year]:

2AD
h 9

K* = \/2hAD. (5)

Assume that the company renovates the warehouse.
This will lead to an investment, with consequent depre-
ciation, that impacts the carrying charge, r, and the unit
stockholding cost rate, &, as well if we follow the approach
of Azzi et al. (2014). In particular, after this investment
was made, we will have a new annual building amortiza-
tion charge, denoted by Eil with €; < @il. As aresult, we
will obtain a new carrying charge, 7, and unit stockholding

Q" = “
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cost rate, Z, that evidently are larger than in the initial con-
figuration, i.e., r <7 and h < h. The updated optimal lot
size and minimum cost rate are then, respectively,

§*=\/2A7D<Q*, ©)

] =1\/2nAD > 8. )

We observe that the increment in the minimum cost rate
is the result of larger optimal ordering cost per year and
optimal stockholding cost per year.

One may now want to examine how much the mini-
mum cost rate has increased, as a result of the larger unit
stockholding cost rate, which, in turn, originates from the
increment in €; . We can write h as follows:

< N
— _ G’il + Zi:l,i;&il (s:i
h=vi=y| —— +¢

B

N
A+C + X G

B 8)

N
é + (sil + Zi:l,i#il G,
B B

I
=
™

+ €

=V(}"A+r) =hA+h,

where we let A = Ei, =G, ra=A/B, and hy =vry. We
then have:

] = \/2hAD = \/24D(hy + 1), ©)

and

A* =R - & = \/27AD - V2hAD
= /24D (hy + h) — \/2ADh

V2ADh (10)

ha +h
=\/2ADh< A; —1>

= \/2ADh<\/1 + % - 1> < \/2ADh,,

where the last passage follows from the triangle inequality.

Note that we have A* < A or A* > A depending on the
specific combination of parameter values. In particular,
the equation A* = A has one solution for A = A; =0, irre-
spective of the other parameter values (this is a “trivial”
solution), and another (real) solution is obtained for

G, +YY G,

iy =i, “i

+ e,
B

1D
only if A, > 0. Then we have A* < A, forall A > max {0, A, }.
The property A* < A means that increasing €; by A leads to
an increment in the minimum cost rate less than A.

The fundamental point arising from the previous analy-
sis is that the above model does not adequately account for
increments in the fixed, inventory level-independent costs
that are included in the calculation of the unit stockhold-
ing cost rate, according to the methodology of Azzi et al.
(2014). This happens because the nature of these fixed costs
is incorrectly addressed by their methodology. In fact, as one
can intuitively deduce, these costs are paid independently
of the inventory level in the warehouse, and hence they
cannot hold any role in establishing the most efficient (or
most profitable) inventory policy. For example, the annual
building amortization charge, €; , considered in the previ-
ous discussion, is paid every year independently of whether
there is stock in the warehouse, or not. As a result, fixed,
inventory level-independent costs should be included as a
lot-independent cost term in the cost function of the adopted
inventory model. We revise the classical average-cost EOQ
model accordingly as follows.

Let N be the set of all cost factors [if we consider
approach A of the methodology in Azzi et al (2014), then
card(NV) = N = 20, where card() identifies the cardinality
of set A']. Let V be the set of cost factors that are fixed and
independent of the lot size and let N, = M\W,. The revised
carrying charge is

Zie/\@@i

7= 5 +e, (12)

= 2ADv 5 1oupy

A=A,

and then the revised unit stockholding cost rate is

~ ~ Zie./\/z(gi
h=vr=v B +e . (13)
Note that

~ Yien €+ 2w, G
1 2 +e€ ).

h<h=
v % (14)
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If we let € = Z,-e/\/] G,, i.e., € represents the total fixed

cost rate, we finally get the following cost rate formulation:
+~0

§=R0-= —+h2+(5 (15)

where € evidently is a Q-independent cost term that is paid
once every time unit and that does not affect the optimal
inventory policy. The lot Q* minimizing Ris given by

— 2A_D>Q*—‘/2A_D 16

and the corresponding minimum cost is

K = \/2hAD + 6. a7

Note that nothing can be said a priori regarding the rela-
tionship between Q" and K*. The specific combination of
parameter values affects the relative position of & with
respect to K.

Now, suppose that € is increased by a quantity A. The
updated minimum cost rate is

QF = \/2hAD + G + A. (18)

We thus get

A*=\/22AD+G+A—<\/22AD+(5>=A, (19)

In other words, increasing € by a quantity A inflates ] by
the same quantity A. This behaviour is evidently consistent
with the definition (or the nature) of fixed, inventory level-
independent cost.

We now make the following final observation. Consider
the case in which fixed, inventory level-independent costs,
G, are excluded by the model. Then, the optimal lot, in this
configuration, is exactly @*, as given in Eq. (16), and the
corresponding minimum cost rate is

& =\2MD=8&"-6. (20)

Hence, S%* is obtained translating & ,
dimension, by a value €.

One important contribution of Azzi et al. (2014) is that they
decompose the unit stockholding cost rate into a set of poten-
tial components depending on the nature of the warehouse,
i.e., whether it is manual or automated/automatic. The reader
is referred to their Table I, which shows cost structure A that
is relevant to a manual warehouse and cost structure B that is
relevant to an automated/automatic warehouse. Motivated by
the arguments presented in this work regarding the require-
ment to exclude fixed, inventory level-independent costs from

along the cost
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the calculation of the unit stockholding cost rate, the cost
structures presented by Azzi et al. (2014) can be sharpened
to differentiate fixed costs from variable (i.e., inventory level-
dependent) costs. A possible result of this classification is pre-
sented in Table 1. This table can thus be used to evaluate the
correct unit stockholding cost rate, ﬁ, and the total fixed cost
rate, €. Note that, depending on the specific context, some
costs denoted below as fixed could instead be variable and
dependent on the inventory level. For example, insurance fees
may depend on the quantity/value stocked and it may be pos-
sible to save some energy by reducing lighting in areas of the
warehouse not in use. Some of these peculiar cost factors are
marked with an asterisk in Table 1.

3 Numerical experiments

This section presents numerical examples to investigate the
effect of the adjusted procedure to evaluate the unit stock-
holding cost rate on inventory management decisions. These
experiments are carried out considering an item stocked in
a manual warehouse whose optimal lot size is obtained
through the classical EOQ model.

In this analysis, we consider five different inventory sys-
tems, each characterised by specific inventory carrying cost
charges. These five inventory systems are those presented by
Azzi et al. (2014) in their Table II. To make the comparison
as fair as possible, the demand rate, D [quantity unit/year],
the ordering cost per order, A [€/order], and the unit value,
v [€/quantity unit], are assumed identical for each industrial
case. Clearly, this assumption is not realistic, but we think
it is appropriate in this context given the goal of the experi-
ments. Moreover, the available data in Azzi et al. (2014) do
not include some fundamental parameters of the inventory
system such as the unit value, v. In particular, we assume

= 5000 unlts/year A = €250/order, and v = €200/unit.
We recall that Q* and & are the optimal lot size and the
minimum cost rate for the model with adjusted unit stock-
holding cost rate, ﬁ, while 0" and &* are the optimal lot size
and the minimum cost rate for the model with incorrect unit
stockholding cost rate, 4. The adjusted unit stockholding cost
rate, ﬁ, and the total fixed cost rate, €, are evaluated adopt-
ing the cost structure given in Table 1. We also introduce the
following measures:

pE, = =8 100, @1)
@*
PE, = % x 100. 22)

Equation (21) represents the percentage error in the
cost rate that results if the incorrect optimal lot, O, is used
instead of the correct optimal lot, Q*, in an inventory system
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Table 1 Cost structures including cost differentiation

Cost structure A

Cost structure B

Fixed costs Variable costs Fixed costs Variable costs

Floor space Direct labour Machines Product damage/depre-
ciation and deteriora-
tion

Energy* Obsolescence Racks Lost sales and backlog

Cleaning Product damage Control system

Surveillance Product depreciation Fire protection

Insurances* Product deterioration/ Aisle equipment

expiration
Taxes Stock list execution WHMS and HAS equipments

Material handling/storage equipments
WHMS? and HAS® equipments
Maintenance

Indirect labour and

Inspection and counting during the year
Remanufacturing

Repackaging and relabelling

Lost sales and backlog

(hardware and software)
Installation and testing
Training
Conveyor systems
Lands and building

supervision

Indirect labour
Supervision
Energy*

Maintenance

*Warehouse management system

“Handling system

whose operating cost is calculated with the correct proce-
dure. Equation (22) gives /Ehe percentage error between the
correct optimal cost rate, &, and the incorrect optimal cost
rate, &*. The results of these experiments are shown in
Table 2, where PE, and PE, are obtained by means of Eqs.
(21) and (22), respectively.

The experimental observations confirm the theoretical
results discussed in the previous section. We immediately
note the significant difference between the correct minimum
cost rate and the minimum cost rate corresponding to the
incorrect unit stockholding cost rate formulation. This sub-
stantial deviation is due to the inadequacy of the traditional
cost model in handling fixed warehouse costs. In this regard,
it is interesting to compare the columns relevant to € and
K*in Table 2. We recall that the incorrect optimal cost, &%,
includes ordering and stockholding costs. The stockhold-
ing cost component consists, in turn, of fixed and variable

warehouse costs. Hence, the difference between € and K*
makes evident that the incorrect cost model considerably
underestimates fixed warehouse costs.

To clarify this aspect further, Table 3 shows, for each
industrial case, the fixed component of the unit stockholding
cost rate used in the incorrect cost model. We denote this
cost component by /. Table 3 also shows A}, = hpQ*/2,
which is the average stockholding cost rate pertaining to
the fixed costs and corresponding to the incorrect optimal
lot. To facilitate the comparison, Table 3 includes the fixed
cost rate, €. The table illustrates that a substantial difference
between € and /. can occur. It thus becomes apparent that
the traditional cost model inadequately handles fixed ware-
house costs, and that these costs are heavily underestimated.

Given that the traditional methodology includes fixed
warehouse costs in the calculation of the unit stockholding
cost rate, we observe that 4 > 7. This leads to an optimal

Table 2 Results .of the G 7 h @* 0 & ]+ PE, PE,

numerical experiments [€/year] [€/unit/year] [€/unit/year] [ypi] [unit] [€/year] [€lyear] (%) (% x10%)
Case A 819,100.4 23.84 51.00 323.8 2214 826,820.5 11,291.6 0.68 7.22
Case B 460,569.9 25.18 44.70 315.1 236.5 468,504.0 10,571.2 0.70 4.33
Case C 150,100.0 37.64 45.54 257.7 2343 159,800.5 10,670.1 0.28 1.40
Case D 794,467.0 38.40 65.94 255.2 1947 804,265.0 12,839.4 045 6.16
Case E  260,407.0 35.16 43.98 266.7 238.4 269,782.5 10,4857 0.22 2.47
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Table 3 Comparison of the fixed warehouse costs for Cases A to E

(O hg h,

[€/year] [€/unit/year] [€/year]
Case A 819,100.4 27.16 3,006.7
Case B 460,569.9 19.52 2,308.2
Case C 150,100.0 7.90 925.5
Case D 794,467.0 27.54 2,681.2
Case E 260,407.0 8.82 1,051.4

lot size Q* that is smaller than the optimal lot size of the
adjusted model, @* We find that the percentage difference
between @* and Q* varies between a minimum of 9.1% in
Case C and a maximum of 31.6% in Case A. Because of
the specific parameter values adopted in these experiments,
and because earlier research has shown that the EOQ model
is quite robust to variations around the optimal lot size
(Stadtler 2007), the cost impact of using an incorrect lot
size is not particularly large: the smallest value observed is
0.22% (Case E) while the largest one is 0.70% (Case A). We
would like to pinpoint that the specific error values that came
up from the experiments are purely indicative, as we had to
assume both the value for some parameters and the inventory
model. We nevertheless believe that calculating the inven-
tory carrying charges correctly is important in inventory
control given the often large numbers of stock keeping units
that are held in inventory in practice. Errors that result from
an incorrect cost calculation procedure may accumulate and
unnecessarily drive up inventory carrying cost.

4 Conclusions

This paper provided arguments against an approach tradi-
tionally adopted in the literature for establishing the unit
stockholding cost rate in the context of average-cost lost siz-
ing models. In particular, we discussed why fixed warehouse
costs should not be included in the calculation of inventory
carrying charges.

We analytically developed our arguments considering the
classical EOQ model and referred ourselves to the method-
ology proposed by Azzi et al. (2014) to calculate the unit
stockholding cost rate, which, in our opinion, is the most
comprehensive methodology currently available in the lit-
erature, even though it is based on the traditional approach.
We then presented numerical experiments to assess the
effect of the correct procedure to evaluate the unit stock-
holding cost rate on inventory decisions. These experiments
were performed considering warehouse costs taken from
the industrial case studies presented by Azzi et al. (2014).
While the impact of incorrectly calculating the inventory
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carrying costs on the total cost of the lot sizing model may
be small (which clearly depends on the specific inventory
system parameters and on the inventory control policy), an
incorrect calculation procedure has the potential to distort
inventory management decisions given the large number of
stock keeping units (SKUs) that are held in stock in many
companies.

To conclude, our study demonstrated that the traditional
cost model does not correctly handle fixed warehouse costs,
and, in particular, it heavily underestimates them. Inven-
tory management decisions are consequently distorted, e.g.,
the company orders more often and/or in smaller quantities
than actually required by the true optimal decision. It is thus
strongly recommended to not include fixed warehouse costs
into inventory carrying charges, because this would lead to
suboptimal decisions.

Future researches may be devoted to an in-depth inves-
tigation into the impact of incorrectly calculating the unit
stockholding cost rate on inventory systems subject to ran-
dom demand, perhaps considering alternative inventory con-
trol policies. In addition, it may be interesting to analyse the
distortion resulting from wrong inventory carrying charges
in supply chain coordination mechanisms, such as the con-
signment stock agreement.
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