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Abstract—This paper explores the use of data modulated by
a spectrally efficient frequency division multiplexing (SEFDM)
waveform for sensing. We first show that, if the presence of a
cyclic prefix is assumed in the transmitted signal, the problem
of multiple target sensing is tantamount to the detection and
estimation of an unknown number of complex two-dimensional
complex tones. Then, a novel iterative estimation method, based
on a maximum likelihood approach, is developed to solve the last
problem. Our simulation results evidence that SEFDM represents
a valid technical option over static or slowly varying channels,
and that the proposed method achieves a better accuracy-
complexity trade-off than other estimation techniques available
in the technical literature. In particular, our numerical results
show that, in various scenarios, the proposed method achieves a
15%-50% improvement in estimation accuracy with respect to
other techniques with a limited computational complexity.

Index Terms—Cyclic prefix, maximum likelihood estimation,
orthogonal frequency division multiplexing, spectral efficiency,
radar processing.

I. INTRODUCTION

IRELESS communication and radar sensing have been

advancing independently for many years, despite shar-
ing various similarities in terms of both signal processing
and system architecture. In the last few years, substantial
research efforts have been devoted to the design of wireless
systems able to perform communication and radar func-
tions jointly. The interest in such a class of systems, that
accomplish integrated sensing and communication (ISAC),
has been motivated by the advantages they offer in terms of
device size, power consumption, cost and spectral efficiency
(SE) with respect to traditional wireless systems in various
applications [1]. A crucial challenge in ISAC is the design
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of waveforms allowing to achieve good performance in both
communication and sensing under specific spectral and com-
plexity constraints [2]. In this context, one of the available (and
underexplored) options is represented by spectrally efficient
frequency division multiplexing (SEFDM) [3], a modulation
format closely related to orthogonal frequency division mul-
tiplexing (OFDM). In fact, similarly to OFDM, the SEFDM
format puts into practice the frequency multiplexing concept
by employing multiple subcarriers; however, unlike OFDM, it
improves SE by giving up the orthogonality constraint, i.e., by
increasing the spectral overlap among distinct subcarriers, to
allow more subcarriers in a given bandwidth. Unfortunately,
this advantage is obtained at the price of the unavoidable
introduction of inter-carrier interference (ICI) at the receive
(RX) side and, consequently, of a higher data detection
complexity. This has motivated the interest in developing
computationally efficient detection and decoding techniques
for mitigating the impact of ICI in SEFDM communication
systems [4], [5], [6], [7], [8]. Note that all these contributions
address the problem of data detection in SEFDM from a
communication perspective; in this manuscript, instead, we
focus on the use of SEFDM signaling for wireless sensing,
i.e., for estimating the range and radial speed of multiple
targets in place of the data symbols conveyed by the radiated
waveform.

While the use of the orthogonal counterpart of SEFDM
(namely, OFDM) has received significant attention in ISAC
(e.g., see [1], [2], [9], [10], [11], [12], [13], [14], [15], [16]),
no attention has been paid to the adoption of SEFDM for
similar purposes. Among these contributions, the work in [16]
offers an overview of single-input single-output (SISO) OFDM
radar techniques for target estimation, providing a unified
perspective on existing methods. In contrast, the present work
explores SEFDM from a sensing perspective, with the aim of
partially filling this knowledge gap. In particular, we analyze
its potential as a radar waveform and assess the inherent
trade-off between sensing performance and communication
efficiency according to the amount of compression introduced
in subcarrier spacing.

It is also worth mentioning that target detection and estima-
tion algorithms developed for passive sensing in OFDM-based
systems can be divided into direct and indirect methods. In
general, direct sensing methods estimate radar target param-
eters directly from the RX signal without compensating for
the communication payload. These approaches often rely
on computationally intensive compressed sensing techniques
[1]. Conversely, indirect sensing methods require an initial
estimation of the communication channel, which is then
used to subtract the contribution of the transmitted data
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symbols (e.g., see [9, Eq. (20)]). Indirect methods can be
further categorized into: 1) discrete Fourier transform (DFT)-
based or correlation-based methods [10]; 2) subspace methods
[11], [12]; 3) maximum likelihood (ML) based methods [13],
[14]. A common feature across the aforementioned tech-
niques is the use of an initial coarse estimate (typically
obtained through the periodogram method applied to range-
Doppler maps [15]), whereas the main differences among
them concern their refinement stage, where different signal
processing techniques are used to improve the target initial
estimates.

This paper is motivated by our interest in investigating
the use of SEFDM for radio sensing. For this reason, we
explore its application to the detection and estimation of
multiple targets, both in range and Doppler, within an ISAC
framework.

The scope of this manuscript is threefold. First, we develop
a simplified model for the received signal in a co-located SISO
SEFDM transceiver. In doing so, we account for the presence
of a cyclic prefix (CP), typically overlooked in SEFDM
studies, in the transmitted signal. Note that incorporating a
CP eliminates inter-symbol interference (ISI), significantly
easing channel estimation at the price of reduced SE. Second,
we exploit the above-mentioned signal model and develop
a novel approximate ML-based method for the detection
and estimation of multiple targets. This method, dubbed
Newton-based multiple cisoid refiner (NMCR), combines a
coarse initialization based on the periodogram method with
a Newton-based iterative refinement strategy that jointly opti-
mizes target parameters (for this reason, it belongs to the class
of indirect sensing techniques). Thirdly, we assess the accuracy
and computational requirements of the NMCR method in
multiple heterogeneous scenarios and we compare it with other
methods available in the technical literature. Our numerical
results lead to the conclusion that, in various scenarios, the
NMCR can achieve 15%-50% improvement in estimation
accuracy with respect to other techniques with reasonable
complexity.

The remaining part of this manuscript is organized as
follows. In Section II, the processing accomplished in a
SEFDM-based radar system is described, a simplified model is
developed for the received signal feeding the NMCR algorithm
and, based on this model, a simple method for the estimation
of the channel matrix is proposed. Section III is devoted to the
derivation of the NMCR algorithm and to the assessment of its
computational complexity. The NMCR algorithm is compared,
in terms of accuracy and complexity, with other estimation
algorithms in Section I'V. Finally, some conclusions are offered
in Section V.

Notation: Throughout this manuscript, the following nota-
tion is adopted:

1) (-)* and (-) denote the complex conjugate and the com-
plex conjugate transpose (Hermitian operator), respectively;

2) modg|[-] indicates the modulo B operator (where B is a
positive integer);

3) * denotes the linear convolution operator between two
signals or functions;

4) R{z} and I{z} indicate the real part and imaginary
part, respectively, of the complex variable z;

5) The symbols ® and @ represent the Hadamard product
and Hadamard division operators, respectively;
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Fig. 1. Representation of the sensing scenario in a SEFDM-based ISAC
system. In this case, sensing is accomplished by a wireless node that can
establish a communication link with one or multiple users. The presence of
targets of interests and other passive targets (scatterers) is explicitly indicated.

6) The symbol ® denotes the Khatri-Rao product operator;

7) Ey is the unitary DFT matrix of order V', whose element
(p,q) is exp(—j2mpq/V)/VV;

8) X £ [2,,.,] defines a matrix X of proper size and z, ,,
denotes the element appearing on its mth row and nth column;

9) y = vec(Y) defines an (M N)-dimensional column
vector resulting from the ordered concatenation of the columns
of the M x N matrix Y;

10) Iy is the identity matrix of order IV;

11) diag(xy) generates a diagonal N x N matrix having
the elements of the /N-dimensional vector X, on its main
diagonal;

12) YT 2 (YHY)"'YH is the Moore-Penrose pseudo-
inverse of matrix Y;

13) Tr{Y} defines the trace of the matrix Y.

II. SYSTEM AND SIGNAL MODELS

In this section, the overall processing required for the
sensing task in a SISO SEFDM-based ISAC system is briefly
described; in doing so, emphasis is put on the processing
at the RX side (which coincides with the transmit, TX, one
in a co-located system). For better clarity, our description is
divided into two parts. In the first part, the mathematical model
of the received signal in the presence of multiple targets is
developed and some essential assumptions on which it relies
are illustrated. In the second part, instead, we show how
channel estimation can be performed at the TX side of the
system; this is then used to generate the signal to be employed
for target detection and estimation.

A. Received Signal in the Presence of Multiple Targets

In the following, we take into consideration the transmission
of a single SEFDM frame, consisting of A consecutive
SEFDM symbols, over a slowly varying wireless channel.
We assume that the SEFDM frame incorporates both pilot
tones (for channel estimation and synchronization in digital
communications) and information data to be sent to a single
or multiple receivers at different locations. However, since
the receiver is assumed to be co-located with the transmitter
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Fig. 2. Baseband architecture of the considered SEFDM-based co-located radar system.

(i.e., monostatic sensing is employed), full knowledge of the
structure and content of the whole frame, and of the transmis-
sion frequency is available at the RX side; this information
is exploited by the SEFDM-based ISAC receiver for sensing
purposes only, as shown in Fig. 1. Note that, in the following,
we focus on a SISO radar architecture employed for estimating
the range and Doppler of multiple targets and assume perfect
timing synchronization at the RX side.! The exact spatial
localization of the detected targets would require the adoption
of multiple-input multiple output (MIMO) radar; however, this
issue is out of the scope of this manuscript.

In the following, we also assume that:

1) The mth transmitted SEFDM symbol (with m

0,1,...,M — 1) conveys the N-dimensional vector c%n
(™, ™™ T, containing N, channel symbols
(which belong to an M_-ary constellation) and (N — N,,) zeros
(associated with the suppressed subcarriers).?

2) Each SEFDM symbol contains a CP having size N,
lasting T¢;, s, and whose presence guarantees the absence of
IST among adjacent SEFDM symbols.

3) The same subcarrier compression parameter 0 < 8 < 1,
which is used to characterize the compression of the spectrum
occupied by the N subcarriers compared to OFDM, is adopted
for all the SEFDM symbols.

4) The spectrum P(f) of the pulse shaping filter, having
impulse response (IR) p(t), used in the signal generation stage
corresponds to a root of a raised cosine (RRC) filter with roll-
off factor a.

5) At the RX side, a filter matched to p(t) is employed.

The baseband architecture of the SEFDM-based radar sys-
tem considered in this manuscript is illustrated in Fig. 2.

Our derivation of the SEFDM signal model parallels that
provided in [17, Sec. II-A] for a single OFDM symbol. The

main difference is represented by the fact that the vector
c%") undergoes an order N fractional inverse discrete Fourier
transform (FrIDFT) of positive parameter 5 < 1 (note that,
if § =1, SEFDM coincides with OFDM); this produces the
N-dimensional vector

R

) o

(m)

2™ o (m)

(m)
ey TN

]T CN

=Fs (1)
' The presence of a frequency offset does not represent a technical problem
in this case, thanks to the fact that the TX and RX sides are co-located.
2Some subcarriers are deliberately suppressed to avoid out-of-band emis-
sions, reduce interference with adjacent channels, and comply with pulse
shaping constraints. Their use, as indicated in [17, Sec. IL.A], notably
simplifies receiver structure.

where Fy g is a square matrix of order N, whose (p, ¢)th

element is equal to exp(—;27pgB/N)/v/N. Then, ng,n) is
cyclically extended through a CP; for any m, the first N,
elements of the resulting (/N + N, )-dimensional vector :7{5\7'713
are generated as ™ I(HTZQNM, with k& € {—Ncp, —Nep +
1,...,—1}

Under t{le above assumptions, the complex envelope of the
transmitted signal for the considered SEFDM frame can be
expressed as (e.g., see [10, Eq. (1)] for OFDM)

=X

M-1
i=3 s(t —mT, xﬁg’”), )
m=0
where (see [8, Eq. (2)] and the related comments)
N-1
s(txn) & > akp(t — kTy/B), 3)
k=—Nep

T 2 NT,/j and T, is the channel symbol interval. The signal
in (2) is transmitted over a multipath fading channel, where
multiple propagation paths arise due to reflections from L
point-like objects in the environment. Among these reflectors,
some may correspond to actual targets of interest, while others
act as passive scatterers that contribute to the overall channel
response (e.g., see Fig. 1). The resulting channel impulse
response (CIR) is

L—1
h(t,7) 2 hy(t, ), (4)
=0
where
iNzl(t, T) £ a; exp(j2riyt) §(1 — 1) (5)

represents the CIR component associated with the [th target
(characterized by the gain a;, the delay 7; and the Doppler
shift 7). In the following, we assume that: a) the CIR
components are organized according to increasing delays, so
that 79 and 77,1 represent the minimum and maximum delays,
respectively; b) the parameters a;, 7; and v; do not change
over the entire frame (quasi-static channel). Note that, in this
context, the delay 7; and Doppler shift v, can be related to the
physical parameters of the Ith target, namely its range R; and
radial velocity v, since 7; £ 2R;/c and v, = 2f. v;/c, where
¢ denotes the speed of light and f. the carrier frequency.

Let us derive now the expression of the matched filter output
at the RX side when this filter is fed by r(t), i.e., the channel
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response to §(¢) (2). To simplify our developments, we first
evaluate the response

Fi(t) 2 5(t) % hy(t,7) * p*(—t), (6)

which is obtained when the [th target only is active (so that the
CIR is given by h;(t,7) (5)) and channel noise is negligible;
then, we account for the presence of multiple targets by
summing over [ and adding the noise contribution.

Following a similar approach as that illustrated in [16, Sec.
ILEgs. (4)-(7)], it can be proved that

M-—1
At) =Y FLm(t) 7
m=0

for t € (mNTg,(m + 1)NTy), with m = 0,1,...
here,

/8 N-1
i > 2 P(6)P* (b — 1)
N 2 l

- exp (j27r¢n(t — TZ)) exp(j2nyt), (8)
represents the contribution of the mth SEFDM symbol,
O nBAy, Ay £ 1/(NTy) is the subcarrier spacing,
a; = a; exp(—j2nvym) and ™) is the nth element of the
order N DFT of xg\’,n)

7:l,m (t) ==

x\7") 2 DFTx[x(V] = En x{. )
The signal 7(t) (7) is sampled at the instant t,,; =
Tr—1 + nLy/B + mNT', with n = 0,1,...,N + N, — 1

and 7" £ (Ty + T.p)/B. Then, the resulting sequence
{Fim.7 = Fi(tm.n)} undergoes CP removal; this produces the
new sequence {7, 5}, with

N-1 N
9 —(m . . 7
Tlm,s = Z;J st )exp(—]Zﬂ'nle)eXp (]27TTLN>

~di(fu) exp(j2mmfy, ). (10)
In the last expression,
i1 2 ayexp(—j2mN f, fr) VN, (an
frn 2B (12)
and A U
fu = BA, (13)

are the complex gain, the normalized delay and normalized
Doppler frequency, respectively, associated with the [th target,
and

da(f.,) = exp (j27rﬁf”l> (14)
N

represents a phase rotation, proportional to the sample index

n and to the normalized Doppler frequency, associated with

the /th target. For a given [, the samples {r; ,, »} are stored

in the M x N matrix?

R, 2 [rma) = (X@H)EL Dy, (15)

3The dependence of the matrix H; on the target parameters (d;, frs fup)
is not explicitly shown in (15) and in the following to ease notation.
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where
X & [)—((0) (1)

X X(Mfl)]T
N XN XN

(16)
is the M x N matrix collecting all the channel symbols
transmitted within a frame (see (9)), H; = [Him.5] is an
M x N channel matrix, with

Hy o 2 @ exp(—j2anfy,) exp(j2rmf,,) (17)

for any m and n, D; = diag(d;) is an N x N matrix and

dlé[dO(sz)vdl(sz)7'">dN71(fVL)]T (18)

is a N-dimensional vector, whose nth element is expressed by
14).
( F)inally, the overall RX signal matrix is obtained by sum-
ming the contributions that originate from all the point targets
and including the contribution of channel noise; this produces
the M x N matrix
L-1 L-1
R2Y R +W=) (XoH)EYD, +W,
1=0 1=0

19)

where W £ [w[m, n]] is the M x N matrix representing the
contribution of channel noise; in the following, it is assumed
that the elements of W are independent and identically dis-
tributed (i.i.d.) complex Gaussian random variables.

B. Channel Estimation

Given the received signal model in (19), the radar channel,
containing information about all reflectors in the considered
scene, can be estimated at the ISAC receiver, which is assumed
to be co-located with the transmitter (see Fig. 1).

First of all, R undergoes an order N DFT; this produces

L—1
Y=REy=) (XOH)E{D Ey+WEy.
=0

(20)

The last result can be simplified if we assume that all the
Doppler frequencies {v; } do not exceed the SEFDM subcarrier
spacing, i.e., that || < BAy for any [; this is equivalent
to assuming a limited channel variations, as usually done in
the study of OFDM-based sensing. In fact, under the last
assumption, EﬁDlE ~ = Iy for any [, so that (20) can be
rewritten as

Y=XoOH+W, 21
where
L—-1
H2 Z H, (22)
=0

represents the overall channel matrix and W £ WE . Since
the receiver is assumed to be co-located with the transmitter,
the data symbol matrix X (16) is known; consequently, an
estimate of H (22) can be obtained from (21) by evaluating®

H=YoX~H+W, (23)

where W 2 W © X is an M x N noise matrix.

As it can be easily inferred from (17) and (22), the elements
of H (23) form a 2D sequence consisting of L distinct complex
tones superimposed with noise. The parameters of each tone

4A conceptually similar symbol division approach has been proposed in the
context of OFDM-based radar systems (e.g., see [15, Eq. (5)]).
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provide information about the range, the radial speed and the
radar cross section of a specific point target. Consequently,
radar sensing can be performed by applying an algorithm for
2D harmonic retrieval to the matrix H (23), that collects the
available set of noisy measurements.

It is worth noting that, after the DFT operation, in (20),
the transformed noise matrix W still contains i.i.d. Gaussian
noise samples due to the unitary nature of the DFT operator.
However, when computing the element-wise division in (23),
the entries of W are divided by the known data symbols in X,
which belong to a modulation constellation (e.g., phase-shift
keying, PSK, or quadrature amplitude modulation, QAM). As
a consequence, the noise samples in the resulting matrix W
are no longer i.i.d. and their variances depend on the modulus
of the corresponding entries in X. On the one hand, when a
QAM modulation is used, the amplitude of the symbols varies,
leading to a non-uniform noise power across the matrix; this is
exacerbated in the case of SEFDM due to the intentional ICI.
This implies that the classical ML estimation metric, which
typically assumes i.i.d. noise, becomes suboptimal in both
OFDM and SEFDM. On the other hand, when a constant-
modulus constellation such as PSK is employed, all the
elements of X have the same magnitude, and the samples of
W retain a uniform variance, making the AWGN assumption
valid and preserving the optimality of the classical ML metric
when 8 =1 (i.e., in the OFDM case) only. A novel technique
for accomplishing this last task is described in the following
section, under the assumption of i.i.d. noise samples affecting
the channel estimates (23).

It is worth pointing out that the adoption of a CP in SEFDM,
similarly to OFDM, has an important impact on both SE
and estimation accuracy. In fact, on the one hand, the CP
reduces the overall SE. On the other hand, however, it makes
the adoption of the Fourier-based representation (8) possible
and eliminates ISI, thus allowing the straightforward channel
estimation procedure’ expressed by (23). Conversely, if the
CP was not employed, (8) would not hold and adjacent blocks
would interfere, so that the simple estimation method in (23)
would no longer be applicable; therefore, substantially more
complicated estimation methods would be required.

III. APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATION
OF CHANNEL PARAMETERS

This section is organized into two parts. In the former,
we develop a novel algorithm for estimating the set Sy =
{(@1, fu,s fr);l = 0,1,..., L — 1}, that collects the param-
eters of the L 2D complex exponentials contributing to the
channel matrix H (22). In the second part, we analyze the
computational complexity of the proposed method.

A. Derivation of the Proposed Algorithm
To begin, we rewrite the model (23) in vector form as

h2 vec(I:I) =h+w, (24)

where h £ vec(H) and W £ vec(W) are (M N)-dimensional
column vectors. Based on (17) and (22), the vector h can be
expressed as

h(a f;,f,) = B(f;.f,) a; (25)

SNote this procedure makes an accurate recovery of the channel matrix H
(22) possible in the absence of channel noise.
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here,
B(f-,f,) = Cy(f-) ® Cu(f)) (26)
is an (M N) x L matrix,
Cp(f) = [bo(f), bu(f), ... bp-1(£)]" 27
is a p x L matrix for any positive integer p,
b (£) £ [b2(f0)s b (f1), -+ ba(fr—1)]" (28)

is an L-dimensional column vector and b, (f;) £ exp(j27rxf;)
for any [. Moreover,

a2 [dg,dy,...,a45-1]7, (29)

fTé[fTo7fT17"'afTL71]T (30)
and

£, 5 (fuos fors oo fona)” 31)

are the L-dimensional column vectors collecting the complex
gains, the normalized delays and normalized Doppler frequen-
cies, respectively, t}}at characterize the considered channel.
Given the estimate h (24) of h, our goal is to determine its
inner structure by estimating L and Sy; this is equivalent to
solving the problem of target detection and estimation in a
SEFDM-based radar system, in which the [/th target is modeled
as a point target with parameters (G, fr,, fu,)-

For this reason, if L is known, the problem of target
estimation can be formulated as a ML estimation problem.
Specifically, given the observation vector h, we aim to esti-
mate the unknown target parameters (a,f;,f,), under the
assumption that the noise vector w in (24) is a realization of
a zero-mean circularly symmetric complex Gaussian random
vector with independent entries, having zero mean and vari-
ance o2. Given this assumption, the conditional probability
density function (PDF) of h, conditioned on the trial values
(a,f,,f,) of the mentioned unknown parameters, is

.= = 1 1 <7 2
p(h|a, f-,—, f,/) = W exp (—O%VHh — h(a, fTa fV)H 2 .
- (32)
The ML estimate (&, f,,f,) of (a, £, f,) is therefore achieved
by maximizing the likelihood function (32), as
(af,.f,) £ arg max p(h, |, &£, ).
af.,

x (33)
f,

Equivalently, since the exponential function, in (32), is mono-
tonically increasing, the ML estimation problem can be
reformulated as the minimization of the squared error appear-
ing in the same function. This easily leads to

(a,f.,f,) 2 arg min £(h|a,f,,f,), (34)
af f,
where
L(h|a,f,,f,)
A - - - - % FH
2m{(h-n@f.f))(h-nEEE) T 69

is a log-likelihood (LL) cost function for the optimization
problem (34). Given £, and f,,, the minimum of L(h|a,f,,f,)
with respect to a is obtained by 1) substituting the expression
of h(-,-,-) (25) in the RHS of (35), 2) taking the derivative
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of the resulting expression with respect to a, 3) setting it to
zero and 4) solving for a = a; this results in

a=B(f,,f,)h (36)
Unfortunately, given a = a, the minimization of (35) with
respect to £, and f, does not lead to a closed-form solution.
However, if a coarse estimate of both f. and f, is available, a
Newton-based method can be adopted to solve the optimiza-
tion problem in (34). This approach requires evaluating the

gradient vector and the Hessian matrix of £ (35) with respect
to the vector £ = [f7 £1]7

Proposition 1: The gradient vector and the Hessian matrix
of £ can be expressed as®

Ve(af) = -2 {m{a* © Bl (h-Ba)}"
. ~ T
»{a* o BE (h-Ba)}"| (37)
and as T U
fead) 2 g0y G9)
respectively; here,’
.
']:‘~ s é — == :2§R aall @ B~H x
o or, | s o (ByB; )
- (a"(h-Ba)"B; ¢ ) . (39)
S
UNNéf:2§R~~HG>BHf
Y5 | o0k | {@ane (BB,

~(a(h-Ba) By ;) |

V.. &| 0L
bl 8f,0f,,

—(a*(h-Ba) By ;)|

are L x L matrices. Moreover, Bf is an (M N) x L matrix,
whose [th column contains the part1a1 derivative of the Ith
column of B (see (26) with (f.,f,) = (fT,fu)), evaluated
with respect to f. Similarly, ]’:"ngj is a (MN) x L matrix,
whose Ith column contains the second-order derivative of the
lth column of B (26) evaluated with respect to f, and f,,.
Note that, thanks to the linearity property of the derivative,
the equality B = B L E holds.

and

(41)

Proof: The results illustrated in this proposition are proven
in Appendix A 0.

Given the previous results, an iterative procedure for esti-
mating the parameters a, £, and f, can be formulated as
follows:

1) Initialization-The initial values EO8 fT(O) and f"ﬁ‘” are
obtained through the 2D periodogram method,® that also

%The dependence of the matrix B (26) on the variables (f',—,f'y) is not
explicitly shown in the following to ease reading.

"Note that the dependence of the matrices Tz i , U 3y and Vt:m
the variable a is not explicitly shown to ease notation.

8The 2D periodogram method is dubbed 2D-FFT in the following.

f'u on
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generates an estimate L of L. This method is based on a
peak search on the 2D spectrum of H (23) and produces
L couples of 2D frequencies, associated with the delay and
Doppler of L targets. Here, we assume that all point targets are
sufficiently spaced along the delay and Doppler dimensions,
so that the peaks appearing in the 2D spectrum evaluated for
the received signal can be easily identified without ambiguity.
Under this condition,’an estimate'? L of L can be obtained by
adopting a proper detection threshold €;,;¢ in the evaluation of
the local maxima of the above mentioned 2D spectrum. Note
that this threshold is typically selected in a way to minimize
the detection of false (i.e., ghost) spectral components; for
instance, the generalized likelihood ratio test, QLRT, can
be been employed [18, Par. 4.6.1]). Tpen, the L estimated
2D frequencies are organized in the (2L)-dimensional vector
£ = [(fT(O))T(f,EO))T]T. Finally, the iteration index i is set
to 1.

2) Refinement procedure—An iterative procedure, consisting
of the following three steps, is executed.

2a) Complex amplitude update-The new complex ampli-
tude vector a(") is computed through (36) with (f.,f,) =
(fT(l_l), fﬁ"”), where f}(z_l) and fﬁ"” denote the estimates
of f; and f,, respectively, available at the end of the (i — 1)th
iteration.

2b) Frequency update—The new estimate

B = 0D L (A0 FOD) v, (a0, F0-D),

(42)
is computed; here, £() = [(fﬁ))T(f‘ﬁ"))T]T and 1 is a real
positive parameter representing the step size of the proposed
method. In our simulations, the step size p has been set to
one.!!

2¢) Convergence test—The quantity

AL® 2 (£ (R0, FO E0) — £ (k| a0V, 80D FiD)|
(43)

is evaluated (see (35)). Then, this last value is compared with

a proper threshold'? €. If AL() > ¢, the iteration index

1 is increased by one and, if ¢ < Ny, steps 2a)-2b)-2c¢) are

repeated Otherwise, the algorithm stops, and the quantities

a®), £ and ££” are taken as output.

The NMCR algorithm is summarized in Algorithm 1.

B. Computational Complexity Analysis

It is not difficult to show that the overall computational cost
of a single iteration of the refinement procedure of the NMCR
algorithm in the presence of L targets can be expressed as
O((L+ L?*) M N).

The proposed procedure requires an initial estimate of the
frequencies f. and f,. If the 2D-FFT method is used to

°If this condition is not met, closely spaced targets may cause partially
overlapped peaks, potentially resulting in an incorrect estimate of L or a
degraded initialization accuracy.

10For notational simplicity, in the following we assume L = L without
loss of generality. It should be noted, however, that the proposed algorithm
operates on the available estimate L, so its applicability is preserved even
when L # L.

"n principle, one could reduce the value of the step size p (for instance, it
could be halved) if no significant decrease in the value of £ (35) is observed
over two consecutive iterations.

2The threshold €;; can be selected using the same approach adopted for
the threshold employed for the initialization step, i.e., €inis-
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Algorithm 1 Newton-Based Multiple Cisoid Refiner (NMCR)

Input: The vector h (24), the detection threshold e;,;t, the
oversampling factors (Lp, L,) for the 2D-FFT method, the
parameter €;;, the step size u and the overall number of
iterations Nj;.
1 Initialization:
Evaluate the initial estimates a(®, fT(O),f,EO) and L by
applying the 2D-FFT method to h (24). Then, set the
iteration index ¢ to 1.
2 Refinement:
2a-Complex amplitude update: compute a(*) through (36)
with (£, 8,) = "D £07Y).
2b-Frequency update: Compute £() = [(£!
through (42).
2¢- Convergence test: Evaluate the quantity AL®) (43);
then, if AL® > ¢, the iteration index i is increased by
one and, if ¢ < Ny, steps 2a)-2b)-2c¢) are repeated.
Output: The estimates a(*), £ £ and I of a, £,.f, and L,
respectively.

compute this estimate, the complexity of the initialization is
O(Nap.prr), with (e.g., see [16, Sec. III-A.1,Eq. (26)])

N2D—FFT = MoNO 10g2(M0N0) —|— MQNO + LlOgQ(L), (44)

here, My & MLp, Ny £ NL,, whereas Lp and L, are the
so-called oversampling factors that are selected for the discrete
symplectic Fourier transform (DSFT) operation'? executed
along the rows and columns of H (23), respectively.

Therefore, the overall computational cost of the NMCR
algorithm is O(Nnmcer), With

Nxmcr 2 Nopprr + Nig(L + L) M N. (45)

IV. NUMERICAL RESULTS

In this section, we assess the accuracy of the NMCR
algorithm in six different scenarios and we compare it with
that achieved by the following four algorithms: 1) the 2D-FFT
method [9]; 2) a refinement procedure based on interpolation
of the 2D periodogram [19, Sec. IV-A]; 3) the approximate ML
method, based on alternating projections (APs), recently pro-
posed in [14]; 4) the expectation maximization (EM) algorithm
[14]. In the following, the last three methods are denoted 2D-
FFTi, AP-ML and EM, respectively. Note that such methods
have originally been developed in the context of OFDM, but
can be easily adapted to SEFDM.

The characteristics of the considered scenarios can be
summarized as follows (the ith scenario is denoted S¢ in the
following):

S1) This is characterized by a single target (ie., L =
1) having unitary amplitude Ay, and whose range R, and
velocity vy are random variables uniformly distributed in
[Runins Rmax] and [Umin, Umax], respectively; in our simula-
tions, [Rmin, Rmax] = [5,45] m and [Umin, Vmax] = [5, 50]
m/s have been selected.

S2) This is characterized by L = 2 targets. The parameters
(Ao, Ro,vo) of the first target are generated in the same way as

3Further details about the 2D-FFT method and its inherent DSFT process-
ing can be found in [16, Sec. III-A.1].
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those given for S1, whereas those of the second target, namely
(A1, Ry,v1) have been selected in a way that A; = 0.8 +
0.2a Ag, Ry = Ro+R Ryin and vy = vg+70 vpy, respectively;
here, & is a random variable uniformly distributed over the
interval [0,1], R and v represent the normalized spacing in
range and Doppler, respectively (both have been set to 3 in
our simulations referring to S2), and

¢ a_ B
2NBA;’ - 2Mf.T,

denote the range and velocity resolutions, respectively, for the
considered SEFDM-based radar system.

S3) This is characterized by L = 5 targets. The param-
eters (Ag, Ro,vp) of the first target have been generated in
the same way as S1; however, [Ruyin, Rmax] = [10,35] m
and [Umin, Vmax] = [30,50] m/s have been chosen in the
generation of Ry and vy. Moreover, the following choices
have been made for the lth target (with | = 1,2,3,4): 1)
R; = Ro+2l(a—0.5) Rpin; 2) v; = vo; 3) Ay, being generated
according to Swerling-3 model (e.g., see [20, Eq. (7)]), follows
a chi-square distribution with a mean value equal to Ag.

S4) This is characterized by L = 3 targets. The parameters
of the first target have been generated in the same way as S1.
Moreover, the following choices have been made for the Ith
target (with [ = 1,2): 1) A; = Ay = 1; 2) the target ranges
and velocities have been generated in the same way as S2, but
R =1.25 and © = 1.75 have been selected.

SS) This is characterized by a variable number of targets
L e{1,2,...,8}. The parameters of the first target have been
generated in the same way as S3, whereas those of the /th
target (with [ = 1,2,...,L — 1) have been produced in the
same way as S2, but R = o =1 have been chosen.

S6) This scenario is characterized by a couple of targets
(i.e., L = 2), whose physical parameters are generated in the
same way as S2; however, we have that: a) A; = 0.75, b)
R=2andc) o =2.

Note that the first three scenarios are characterized by a
variable SNR € [—20,10] dB,'* whereas the SNR has been
set to —5 dB in both S4 and S5, and to O dB in S6. The
selection of the scenarios described above can be motivated
as follows:

1) In S1, which is characterized by L = 1, target detection
and estimation are not affected by the potential spectral
leakage originating from the presence of multiple targets.

2) In S2, multiple targets are present, but leakage is negli-
gible, the targets being adequately spaced.

3) S3 is useful to assess the estimation accuracy in the
presence of an extended scatterer. In fact, in this case, the
targets have a common centroid (characterized by the param-
eters (Ao, Ro,vp)), share the same velocity and are closely
spaced in range. Moreover, the target amplitudes follow a
model typically used for extended targets.

4) S4 and S5 are characterized by multiple closely spaced
targets, each with a fixed SNR. In our analysis, S4 has been
specifically designed to examine the convergence behavior of
the proposed NMCR algorithm and compare it with other
iterative techniques, namely the AP-ML and EM algorithms.
To this end, the dependence of the estimation accuracy on the
number of iterations, employed in the frequency refinement

Rpin = Ubin (46)

141 all the considered scenarios, the impact of the CP on the evaluation
of the effective SNR has been considered.
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step of each method, has been assessed. Therefore, readers
should keep in mind that S4 provides insight into the stability
and robustness of the considered iterative procedures, high-
lighting how quickly and reliably each algorithm approaches
its steady-state performance. In contrast, S5 has been adopted
to assess the dependence of the computational complexity of
each method on the number of targets.

5) S6 has been considered to assess the impact of the
compression factor 8 on sensing performance. A change in
this parameter modifies the normalized delay and Doppler
frequency of each target, but does not alter the normalized
frequency resolutions, which are only determined by the
parameters M and N.

In our simulations, we have also considered an additional
scenario (denoted as S0), whose exclusive scope is the analysis
of the detection capability of the GLRT method employed
in the initialization step of all the considered algorithms
under different SNR conditions, number of targets, and tar-
get velocities. In fact, for this scenario, we have assessed
the detection probability Pp, i.e., the probability'” that the
estimated number of targets L coincides with the true one
L. The following assumptions have been made about the
targets: 1) L € {1,3,5}; 2) the parameters of the first
target are generated in the same way as S3, with velocity
values uniformly drawn within [0.9 Umean, 1.1 Umean]; 3) the
parameters of the remaining /th target (| = 1,2,...,L — 1)
are generated in the same way as S2. Moreover, the following
two cases have been considered:

Case 1 - The SNR is varied within the interval [—25, 10] dB
and the mean target speed vpean = 50 km/h is selected. This
case allows us to analyze the sensitivity of the GLRT to the
noise level for different values of L.

Case 2 - The SNR is set to 0 dB and the mean target speed
Umean 18 varied in the interval [50,1700] km/h. Results for
this case unveil the impact of target velocity on the GLRT
detection accuracy.

In all the considered scenarios, the following parameters
have been selected for the SEFDM modulation: 1) overall
number of subcarriers N = 64; 2) overall number of SEFDM
symbols per frame M = 32; 3) data symbol time 7y = 40 ns;
4) compression factor 8 = 0.8; 5) CP length N, = N/4; 6)
roll-off factor for the pulse p(t), & = 0.15; 7) carrier frequency
fe = 78 GHz; 8) (unless differently stated) cardinality of
the PSK constellation M. = 16. These choices entail that:
1) Ay = 390.625 kHz; 2) number of suppressed subcarriers
Ng. = 10 (see comments above [17, Sec. II-A,Eq. (17)]); 3) in
the first five scenarios, Ry;, = 7.5 m and vp;, = 18.7 m/s (see
(46)). Note also that, from a communication perspective, the
value selected for 3 in the first five scenarios has allowed us
to achieve a good trade-off between SE and data detection
complexity; in fact, reducing 8 improves SE but increases
the complexity of data detection due to the stronger impact
of intentional ICI [7]. From a sensing perspective, instead,
the value of [ influences the 2D resolution grid (i.e., the
range-Doppler map); in fact, selecting a smaller value for
this parameter entails a reduction in the spacing between
normalized delays and an increase in that between normal-
ized Doppler frequencies. This directly affects the achievable
estimation accuracy in multi-target scenarios, as it increases

I5The GLRT threshold €;y,;+ has been selected in a way to ensure a constant
false alarm probability Py, = 1073.
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the Cramér-Rao lower bound'® (CRLB) for range estimation,
while it lowers that referring to velocity estimation.

In our computer simulations, the estimation accuracy of
each algorithm has been assessed by evaluating the root mean
square error (RMSE) for target range (RMSER) and velocity
(RMSE,). In S1, S2, S3 and S6, the estimation accuracy
has been evaluated for all the considered algorithms. In S4,
instead, only the iterative techniques (i.e., NMCR, AP-ML
and EM algorithms) have been taken into consideration. All
performance metrics have been computed as averages over
103 Monte Carlo simulations. Finally, in S5, the computa-
tional complexity, expressed in terms of mega floating point
operations (MFLOPs), and execution time'” (ET), recorded in
seconds, have been assessed; note that these last two metrics
refer exclusively to the refinement step of each algorithm, with
the exception of the 2D-FFT method, which does not include
any refinement procedure.

In all our simulations, the following choices have been made
for the considered estimation algorithms:

1) The initial estimates have been generated by the 2D-FFT
algorithm; therefore, the same estimates feed the refinement
procedure of each of the considered methods.

2) The oversampling factors Lp = 4 and L, = 4 have
been chosen for Doppler and range estimation in the 2D-FFT
algorithm (so that M £ MLp =128 and Ny & NL, = 256;
see [16, Egs. (22),(23)], respectively).

3) Np, =9 and Np, =9 have been chosen for the refine-
ment grid in the Doppler and range domains, respectively;
this grid is employed by the AP-ML and the EM algorithms
(e.g., see [14, Eq. (30)] and [16, Sec. III-C.2 and III-C.4], and
related comments).

4) Ip = 7 and I, = 7 have been selected for the inter-
polation orders'® adopted in the Doppler and range domains,
respectively, by the 2D-FFTi algorithm. The numbers of inter-
polated points are M = 256 and N = 256 for the Doppler
and range domains, respectively.

5) Unless stated differently, Nj; = 10 iterations have been
executed by the NMCR algorithm for the refinement of the
frequency estimates provided by the 2D-FFT method.

6) N;; = 3 iterations have been executed by both the AP-
ML and EM algorithms (unless stated differently) for the
refinement of the frequency estimates provided by the 2D-FFT
method.

7) A unit value has been assigned to all the mixing coef-
ficients {ﬁl(z);l =0,1,...,L — 1} of the EM algorithm (see
[16, Eq. (91)] and related comments).

The values selected for the considered estimation algorithms
in our simulations are summarized in Table I.

The overall computational complexity orders of the fre-
quency refinement algorithms considered in our simulations
are listed in Table II. Note that the computational com-
plexities of the EM and AP-ML algorithms are provided in
[16, Table 2], whereas that related to the 2D-FFTi algorithm
can be found in [19, Egs. (137)-(138)].

16Some guidelines about the evaluation of this performance bound can be
found in Appendix B.

7The ET has been measured on a personal computer equipped with an i9
processor and 32 GB of RAM.

181n our simulations, the interp2 function, with 2D spline interpolation,
of Matlab R2024a has been always employed.
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TABLE I
VALUES OF THE PARAMETERS SELECTED IN OUR SIMULATIONS

Parameter Value / Description
Initial estimate source 2D-FFT output (common to all algorithms)
2D-FFT oversampling factors Lp=4,L =4
Refinement grid size (AP-ML, EM) Np, =9, Ng, =9
Interpolation orders (2D-FFTi) Ip=71=7
Interpolated grid sizes (2D-FFTi) M =256, N = 256
Step size & number of iterations (NMCR) = 1, Nj; = 10 (unless differently stated)
Number of iterations (AP-ML, EM) Nit = 3 (unless differently stated)
EM mixing coefficients Bl(i) =1,vle{0,1,..,L—1}
TABLE I

COMPUTATIONAL COMPLEXITY ORDER OF FREQUENCY REFINEMENT ALGORITHMS

Algorithm NMCR 2D-FFTi AP-ML EM
Initialization O(-) Nop.rrr (44) Nop.prr (44) Nop.prr (44) Nop.prr (44)
Refinement O(-)  Ny(L+L2)MN 2(IplLi+ MN)+LMN 8Ny (N, + Np,)(L2 + L)(MN)?2  LNjy M N(4Np, Np, + L)
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Fig. 3. Detection probability, Pp, achieved by the GLRT method in SO for: 1) SNR € [—25,10] dB and vmean = 50 km/h (left figure) and 2) SNR = 0 dB
and Ymean € [50, 1700] km/h (right figure). In both cases, L € {1,3,5} has been assumed.
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Fig. 4. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, NMCR, EM and AP-ML algorithms, in range (left figure) and velocity estimation
(right figure); S1 and a 16-PSK constellation are assumed. The CRLBs for range and velocity are also shown as references.

Some numerical results referring to SO are illustrated in —13 dB, with only a slight degradation as the number of
Fig. 3. These results show that: 1) the detection probability targets L grows; 2) at SNR = 0 dB, the detection probability
increases with SNR and approaches unity above approximately closely approaches unity up to about 1000, 800, and 600 km/h
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Fig. 5. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, NMCR, EM and AP-ML algorithms, in range (left figure) and velocity estimation
(right figure); S1 and a 16-QAM constellation are assumed. The CRLBs for range and velocity are also shown as references.
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Fig. 7. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, NMCR, EM and AP-ML algorithms, in range (left figure) and velocity estimation
(right figure) in S3. The CRLBs for range and velocity are also shown as references.

for L = 1, L = 3, and L = 5, respectively. Beyond these
values, Pp decreases as the mean target velocity increases,
with a more pronounced degradation as L gets larger. These
results highlight the inherent limitations of the SEFDM-radar
architecture under high-mobility conditions, as it also happens
in OFDM-based systems because of the stronger impact of ICI.

Some numerical results referring to S1 are provided in
Figs. 4 and 5, where the RMSER and the RMSE, charac-
terizing all the considered algorithms are shown; note that

Figs. 4 and 5 refer to the use of different constellations and,
in particular, to 16-PSK and 16-QAM, respectively. Based on
the results illustrated in Fig. 4, the following observations can
be made:

1) The 2D-FFTi, NMCR, AP-ML and EM algorithms are
substantially more accurate than the 2D-FFT, whose accuracy
is limited by the FFT bin resolutions in range and Doppler.
In fact, this algorithm does not include any frequency refine-
ment procedure and can only leverage oversampling in the
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Fig. 8. Root mean square error performance achieved by NMCR, EM and AP-ML algorithms, in range (left figure) and velocity estimation (right figure) in
S4. An SNR = —5 dB has been considered and the CRLBs for range and velocity are also shown as references.

evaluation of the 2D spectrum. This limits its complexity at
the price of worse estimation.

2) The interpolation adopted by the 2D-FFTi improves the
2D-FFT estimates by approximately a factor of 4 for an
SNR € [-5,10] dB with a limited increase in the compu-
tational complexity (this is due to the interpolation of a few
adjacent points in the 2D spectrum for each detected target).

3) The NMCR algorithm outperforms all the other tech-
niques in terms of both RMSEgr and RMSE,. At 5 dB, it
approximately achieves a 50% greater accuracy than both the
EM and AP-ML algorithms in estimating range and velocity.
Its trend follows closely that of the CRLB for an SNR not
higher than 5 dB in both range and velocity estimation.
Further numerical results have evidenced that the RMSE floor
developing for a large SNR can be reduced by increasing the
number of iterations carried out by the NMCR, at the price of
higher computational complexity.

4) The AP-ML and EM algorithms achieve similar accu-
racies, but the latter algorithm requires substantially lower
computational complexity. Note also that the accuracy of
these methods is limited by grid discretization and can be
improved by increasing the search grid size or the number of
iterations (at the price, however, of a substantial increase in
the computational complexity).

5) The computational complexity of the 2D-FFTi, NMCR,
EM and AP-ML algorithms is approximately 1.36, 1,66, 8.76
and 9613 times higher than that of the 2D-FFT method,
respectively.

Comparing the results of Fig. 5 with those shown in Fig. 4
leads to the following conclusions:

1) All the considered algorithms exhibit a general perfor-
mance degradation with respect to the PSK case, especially
at high SNRs, where the RMSEs deviate significantly from
the CRLB. This deviation is primarily due to the non-uniform
noise variance originating from the compensation of 16-QAM
symbols (see (23)); in fact, this compromises the optimality
of ML-based estimation techniques.

2) The NMCR algorithm outperforms the other techniques;
at 5 dB, it achieves approximately a 20% better accuracy than
both the EM and AP-ML algorithms in estimating range and
velocity. Even if its accuracy does not follow the CRLB as
closely as in the PSK case, it improves as the SNR increases.

Some numerical results referring to the accuracy achieved
by all the considered algorithms in S2 are shown in Fig. 6.
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Fig. 9. Computational cost (solid lines), in MFLOPs, and execution time
(dashed lines), in seconds, versus number of iterations, Nj¢, for the NMCR,
EM and AP-ML algorithms. S4 is considered.
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ET (s)
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Fig. 10. Computational cost (solid lines), in MFLOPs, and execution time
(dashed lines), in seconds, versus the overall number of targets, L, for the
2D-FFTi, NMCR, EM and AP-ML algorithms. S5 is considered.

From these results, it is clearly inferred that the performance
trend of all considered estimation techniques closely follows
those already illustrated in S1. This is mainly due to the
fact that the two targets detectable in S2 are well separated
in both range and Doppler domains. Note, however, that: 1)
the CRLB values are slightly different from the ones shown
for S1; 2) the NMCR algorithm achieves approximately a
35% better accuracy than the EM algorithm in range and
velocity estimation for an SNR = 5 dB; 3) the EM algorithm
marginally outperforms the AP-ML for the same grid size and
overall number of refinement iterations for SNR € [3, 10] dB.
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Fig. 11. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, NMCR, EM and AP-ML algorithms, in range (left figure) and velocity estimation
(right figure), versus compression factor 8 € [0.5, 1], for an SNR = 0 dB. S6 is considered, and the CRLBs for range and velocity are also shown as references.

Note that the last result is due to the differences in the cost
functions of the considered algorithms.

Some numerical results referring to S3 are provided in
Fig. 7, where the RMSER and the RMSE, characterizing all
the considered algorithms are shown. These results lead easily
to the following conclusions:

1) The RMSER curves for the 2D-FFT, 2D-FFTi and EM
algorithms exhibit a floor for an SNR higher than —12 dB; this
is due to the fact that the targets detectable in the considered
scenario have close ranges.

2) The performance of the AP-ML and the NMCR algo-
rithms in terms of RMSERr deviates from the CRLB for an
SNR lower than that observed in S2; this can be related
to the fact that targets in S3 are more closely spaced than
in S2. Moreover, the RMSER performance of the NMCR
algorithm shows an improvement of approximately 37% com-
pared to that achieved by the AP-ML algorithm for an
SNR = 5 dB.

3) The RMSE, curves for all the algorithms, except for that
referring to the 2D-FFT method, are very close and tend to
diverge from the CRLB since all the targets share the same
velocity (so that estimation accuracy is substantially affected
by spectral leakage).

Some numerical results referring to S4 are provided in
Fig. 8, where the dependence of RMSEgR and RMSE, on the
overall number of iterations is illustrated for all the considered
iterative algorithms; it is assumed that Ny, € {1,2,...,10}.
These results evidence that:

1) At the considered SNR, the AP-ML, EM and NMCR
algorithms achieve the CRLB after 4, 7 and 6 iterations,
respectively, for range estimation, and after 4, 6 and 7 iter-
ations, respectively, for velocity estimation.

2) The NMCR algorithm converges faster than the EM
algorithm in range estimation, but the opposite occurs in
speed estimation. This difference can be related to the distinct
cost functions!® involved in the estimation task of the two
considered algorithms. It is important to observe that, since the
NMCR algorithm stems from a ML approach, its capability

YFurther simulation results, not shown here, have evidenced that the
convergence behavior is also influenced by the choice of the algorithm
parameters, such as the step size p in the NMCR algorithm, and the mixing
coefficients {6;2)} in the EM algorithm, although these effects depend on the
specific scenario.

to closely reach the CRLB at sufficiently high SNR provides
strong evidence of reliable convergence.

3) As already mentioned above, since both the 2D-FFT and
2D-FFTi algorithms do not rely on multiple iterations to refine
their range and velocity estimates, their RMSE performance is
not shown in Fig. 8. However, for completeness, we mention
that the RMSE values achieved by the 2D-FFT algorithm are
approximately 0.92 m and 1.75 m/s for range and velocity,
respectively, in S4.

The dependence of the complexity metrics, namely the
computational cost (CC), expressed in MFLOPs, and the
execution time (ET), in seconds, on the overall number of
iterations is exemplified in Fig. 9, where the NMCR, EM
and AP-ML algorithms have been considered; S4 is con-
sidered in this case. These results lead to the following
conclusions:

1) The CC results, based on our assessment of the compu-
tational complexity, are consistent with the ET curves.

2) The NMCR and AP-ML algorithms require 0.82 and
2.90 - 10 MFlops (these correspond to 6.4 - 1073 and 2.44
seconds), respectively, to achieve the CRLB in the considered
scenario.”’ The last result is due to the fact that the AP-ML
algorithm makes use of a grid to refine the frequency estimates
and employs computationally intensive alternating projection
steps.

3) The complexity of the EM algorithm stays in the middle.

The dependence of the CC and ET on the overall number of
targets L is exemplified by Fig. 10. In this case, however, our
results refer to the refinement step only for each of the consid-
ered algorithms; consequently, they do not take into account
the complexity of the initialization step (i.e., of the 2D-FFT
algorithm employed for this task). Note also that the CC and
ET of the 2D-FFT algorithm remain constant at approximately
2.7 MFLOPs (see (44)) and 3.3 ms, respectively, for all the
considered values of L. The last values can be easily added to
the CC and ET appearing in Fig. 10 to assess, on average, the
overall CC and ET of each technique within the considered
range of L. From the results shown in Fig. 10 it is easily
inferred that:

20Do not forget that, in S4, the NMCR and AP-ML algorithms require 7
and 4 iterations, respectively, to achieve the CRLB.
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1) The 2D-FFTi and AP-ML algorithms exhibit the lowest
computational complexity and the highest one, respectively.

2) The NMCR and EM algorithms fall in between, but the
NMCR algorithm exhibits a noticeably lower complexity than
the EM algorithm.

Finally, some results unveiling the impact of the compres-
sion factor on the RMSE performance are illustrated in Fig. 11,
where 3 € [0.5,1] is assumed. These results show that:

1) The accuracy in range estimation improves as [3
increases, but the opposite occurs for speed estimation. This
result originates from the fact that a smaller 3 results in a
reduced spacing between normalized delays of the considered
targets, but in an increased spacing between their normalized
Doppler frequencies. These effects are also reflected in the
trend of the CRLB, which decreases for range estimation and
increases for Doppler estimation as 5 becomes larger.

2) The NMCR accuracy is very close to the CRLB for
both range and velocity at the given SNR and for all the
considered values of 5. When S = 0.5, the NMCR algo-
rithm achieves approximately 15% and 20% better accuracy
than the AP-ML algorithm in estimating range and velocity,
respectively.

3) The AP-ML and EM approach algorithms the CRLB for
B €10.75,0.95] in range estimation. Additionally, the AP-ML
performance is comparable to that of the NMCR algorithm in
velocity estimation for a [ greater than 0.85.

V. CONCLUSION

In this manuscript, the sensing problem for SEFDM sig-
naling with CP has been formulated and a novel iterative
method, based on a ML approach, has been developed to
solve it. Our method, dubbed NMCR, is initialized by means
of the 2D periodogram technique and exploits a novel 2D
frequency refinement procedure. Our numerical results show
that, in various scenarios, the NMCR method achieves a
better accuracy-complexity trade-off than other alternatives
available in the technical literature. In particular, in our simu-
lations, the NMCR algorithm has shown a superior accuracy,
with an improvement ranging from 15% to 50% at high
SNR values, and maintains its leading performance even at
low compression factors, outperforming the other considered
methods.

Our analysis has also unveiled some fundamental trade-offs
inherent to SEFDM signaling. In particular, it has shown that,
on the one hand, the use of a CP simplifies channel estimation
and mitigates ISI, but at the cost of a SE reduction. On the
other hand, reducing the subcarrier spacing improves SE, but
significantly increases ICI, making the SEFDM-based target
estimation problem more challenging even with constant-
modulus constellations such as PSK.

Moreover, our analysis has evidenced that, similarly to
OFDM, SEFDM exhibits poor performance over highly time-
varying channels; this may limit its applicability to very
high-Doppler scenarios and when the RX side is affected by
non-Gaussian noise.

Possible directions for future research include: 1) the exten-
sion of the proposed framework to MIMO radar architectures,
enabling joint range—Doppler—angle estimation and full target
localization; 2) hybrid waveform design for ISAC; 3) the
adoption of alternative non-orthogonal modulation formats that
are more robust to doubly-selective channels.
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APPENDIX

A. Gradient and Hessian of the LL Function

In this appendix, the derivation of the gradient (37) and
of the Hessian matrix (38) for the cost function £ (35)
is sketched. Before doing so, some basic properties of the
Dirac vectors as well as of the stacking operations are
illustrated. To this aim, we define: a) the L-dimensional
vectors X 2 [0, 21,...,221]7,y = [yo,y1,--.,yr_1] and
z = 20,21, -.,211] (the Ith element is denoted x;, y; and
21, respectively); b) the L x L matrix A £ [a; ] (its (I,1')th
element is denoted a;;/); c) the L-dimensional vector &, ,
called Dirac vector, having its [th element equal to unity and
its remaining (L — 1) elements equal to zero. Given these
definitions, the following properties can be proved (here, P:
indicates the ¢th property):

° PI:XTJLJ =x

[ PZZ(SLJ A(;L,l’ =apr

o P3:if zy=x;y, forany [, thenz=x0Oy

e P4:if a;y =z, yy, for any [ and I/, then A = xyT

Our derivations start with substituting the expression of
h(-,-,-) (25) in the RHS of (35) and evaluating the partial
derivative of the resulting expression with respect to the scalar
frequency F7, (with [ =0,1,..., L — 1); this yields

oL “(h-Ba)),

where BH is an (M N) x L matrix, whose [th column contains

the partlal derivative of the I/th column of B (see (26) with
(f,,f,) = (f,,£,)), with respect to f,,. The partial derivative
of £ (35) with respect to the scalar frequency f,, (with [ =

- —2§R{a 5,67, B (47)

i

0,1,...,L—1) can be computed in a similar way; this results
in
oL
g —za%{a 5067 B (h— Ba)} (48)
Afu,

where B; ¢, is an (M N) x L matrix, whose [th column contains
the partlal derivative of the /th column of B (see (26) with
(f,,f,) = (£.,£,)), with respect to f,,. Given the partial
derivatives in (47) and (48), the gradient vector V.(a,f)
(having length equal to 2L) can be obtained, since

<% oL oL oL
vﬁ(a7f)élaf 7af~ a-~-7af~ ’
T
oL oL oL 49)
0fvy 0fn Ofu,

Exploiting the property P1 in both (47) and (48) and the
property P3 in (49) easily leads to (37). i _

The evaluation of the (2L) x (2L) Hessian matrix H (&, f)
requires computing the partial derivatives of £ (35) with
respect to the couple of variables (fr, fr,), (fr,fu,)
(furs le,) and (f,,, fl,l, ). Following the same line of reasoning
as the one illustrated for the evaluation of the gradient of L,
it can be easily shown that

0L

afTLale/ { Ll Ll

o (h- Ba)}

+on{a"6,, 67, BY B;ﬁw dLyaf, (50)
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82/.: . ~
—— = = —on{als;, 67, BY . (h—Ba
001, { 10y Be g )}
+2§R{a 6LZ6L1B B 6“/6“/5} (51)
a2£ . N
= = _on{als; 67 ,BY . (h-Ba
afwaf'ru { LITL f"’f'r( )}
+20{a"5,, 07 BE B 81067 18) ()
and
2L
= — _onlafs, 67, h— Ba
T or {a6.067, BY ; ( )}

+ 2%{5H6L,l 57, BY BUSLJ, 5%, é}. (53)

Given equations (50)-(53), the (2L) x (2L) Hessian matrix
of H[;(a f) can be easily put in the form (38), by exploiting:
1) P1 for all the terms a 6“ and 5L » ain (50)- (53)

2) P1 for the terms 6L v B~ L (SL v B~ L

5L v B?v,ny and 6L,l’ Bgﬁ y, in (50), (31, (52) and

(53), respectively (here, y £ ﬁ - Ba); o
3) P2 for the terms 5T BHB~ o, 5EZBHB~ o,
6 B B 6“/ and JLlB B 5“/ in (50), (51) (52)

and (53) respectlvely
4) P3 and P4 in the resulting expressions.

B. Derivation of the Cramér-Rao Lower Bounds

In this appendix, the CRLB for the joint estimation of
the complex gains a (29), the normalized delays f. (30) and
the normalized Doppler frequencies f,, (31) associated with
L targets is derived. Note that the CRLBs referring to the
considered estimation problem have already been derived for
OFDM-based radar systems (e.g., see [12]); however, as far
we know, the same derivation for SEFDM-based co-located
radar systems has never appeared so far.

First of all, let us consider the model (24), that refers to L
distinct targets, and define the trial vectors a, f; and f, in a
similar way as a (29), f. (30) and £, (31), respectively.

The CRLBs we are interested in refer to the ML estimation
problem (34). If we assume that the elements of the noise
vector w, in (24), are Gaussian, mutually independent and
have zero mean and variance 0'3,, the CRLBs of all the
parameters of interest are represented by the diagonal elements
of the matrix

V=0l®&", (54)
where
oh (on\"
QLD ;] =2R — (= 55
[®;,5] 5\ 3 (55)
is the (2L) x (2L) Fisher information matrlx (FIM) computed

for the (M N)-dimensional row vector h 2 h” (&, f,,f,) (see
(25)). Note that, in (55), f 2 [f7, £7]7 is a (2L)-dimensional
column vector. Moreover, it is not difficult to prove that

oh
P, 56
o =[P, Q]", (56)
where P = [Po,f’l,...,f’L_l] and Q =
[Q0,Q1,...,Qr_1] are (MN) x L matrices containing
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the partial derivatives with respect to the delay and Doppler
parameters {f,,} and {f,,}, respectively. The Ith column of
P and Q can be expressed as (see (28))

P = (TN QB?v(fn)) @ bar(fi,),
Qi =aby(fr)® (TM O] BM(fu,)),

(57

(58)
respectively; finally, X x = [0, 27, ..., j2m(X —1)]%, for any
integer X.

It is worth emphasizing that the FIM in (55) includes
cross-terms requiring the evaluation of partial derivatives with
respect to heterogeneous parameters. In fact, substituting the
RHS of (56) in that of (55) yields

PHP PHQ
‘I’ZZ“{[QHP QHQH

The presence of the above-mentioned cross-terms results in a
dependence of the last matrix, and consequently, of the matrix
V (54), on the relative spacing between the normalized delays
and Doppler frequencies of the L targets. Consequently, even
when the actual range and Doppler values of the targets are
kept fixed, any change in the compression factor S (which
scales the normalized frequency grid) affects the values of
the normalized frequencies f, and f,, and thus modifies the
structure of the FIM and the resulting CRLBs. This justifies
the S-dependent behavior of the considered estimation bounds,
as discussed in the main text. In our work, all the above-
mentioned CRLBs have been evaluated numerically on the
basis of (54)-(59); in doing so, the expected value of each
random variable in the set {(d;, fr,, f,); {=0,1,...,L—1}
has been used.

(59)
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