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We investigate the role of framing in a family of 1=24 Bogomol'nyi–Prasad–Sommerfield (BPS) Wilson
loops in Aharony-Bergman-Jafferis-(Maldacena) theory, which define flows between 1=6 BPS and the 1=2
BPS superconformal fixed points. We analyze in perturbation theory how framing affects both the expectation
values of these operators and the correlation functions of local insertions on the defect, as well as its interplay
with renormalization group flow and the g-theorem. We obtain a nontrivial identity between the one-point
function of the defect stress tensor and a Q-exact correlator, which establishes a direct link between scale,
superconformal invariance, cohomological equivalence and framing. This analysis confirms that framing one
preserves supersymmetry and cohomological equivalence of operators at the quantum level, establishing a
precise match with localization predictions. Finally, we propose a holographic interpretation of framing at
strong coupling, identifying it with a coupling to the background B-field in the dual string theory.
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I. INTRODUCTION

Supersymmetric Wilson loops define superconformal
defect field theories, introducing one-dimensional extended
objects that preserve part of the ambient supersymmetry
and conformal invariance. As such, they offer a powerful
framework to probe nonperturbative dynamics, symmetry
breaking, and renormalization group flows in quantum field
theories.
In three-dimensional Chern-Simons-matter theories,

particularly in ABJ(M) (Aharony-Bergman-Jafferis-
(Maldacena)) theory, supersymmetric Wilson loops are
especially interesting due to their rich structure and deep
connections to supersymmetric localization, integrability,
and the anti–de Sitter/conformal field theory (AdS/CFT)
correspondence [1]. They provide a fertile ground for exact

computations and for exploring the interplay between
geometry, topology, and quantum dynamics in gauge/string
duality.
Among the various supersymmetric loop operators in ABJ

(M) theory, a particularly rich family is provided by the 1=24
Bogomol'nyi–Prasad–Sommerfield (BPS) Wilson loops [2].
These depend on a set of complex parameters which, despite
supersymmetry, develop nontrivial beta functions quantum
mechanically. These trigger a supersymmetric RG flow
which interpolates continuously between UV and IR super-
conformal fixed points, which are the known 1=6 BPS and
1=2 BPS configurations. Thus, this flow captures a network
of defect RG flows and unifying several previously studied
operators within a single framework.
The interpolating Wilson loops are cohomologically

equivalent, differing by a Q-exact deformation under a
shared supercharge Q. This equivalence suggests that their
expectation values should coincide at the quantum level,
provided supersymmetry is preserved throughout the regu-
larization and renormalization procedure. However, a well-
known subtlety arises in the context of Chern-Simons
theory [3]: The noninvariance of the theory under a change
of the trivialization of the normal bundle. This translates
into the possibility of introducing a nontrivial framing
phase which can be used to restore topological invariance
at the quantum level and, in some schemes, to regularize
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short-distance singularities in the Wilson loop. This pro-
cedure, which effectively displaces the integration contour to
a nearby nonintersecting loop, introduces a framing depend-
ence in the expectation value, manifesting as a topological
phase proportional to the linking number between the
original and displaced contours.
In the presence of matter fields, as in ABJ(M) theory, the

theory is no longer topological and the framing dependence
becomes more intricate. Unlike the one-loop exactness of
framing phases in pure Chern-Simons theory, here higher-
loop corrections can arise, and the resulting dependence
may differ between the bosonic and fermionic sectors of the
Wilson loop [4]. Importantly, it has been argued [5] that
only the choice of framing equal to one preserves super-
symmetry at the quantum level and cancels the so-called
cohomological anomaly [6]. This implies that localization
results, which rely on exact supersymmetry, compute
expectation values precisely at this framing [5,7,8].
The primary goal of this paper is to analyze the role of

framing in interpolating Wilson loops and its consequences
for defect RG flows in ABJ(M) theory. We highlight that
the RG flow is independent of framing, as it originates from
short-distance local effects, whereas framing is a global and
topological property of the loops. Building on the pertur-
bative evaluation of framed diagrams of [9], we perform a
two-loop perturbative evaluation of the 1=24 BPS Wilson
loop at generic framing and for arbitrary values of the
interpolating parameters.
As our main result, we explicitly demonstrate that at

framing one, the expectation value of the 1=24 BPS
operator becomes independent of the deformation param-
eters. While the cohomological equivalence of the inter-
polating family of operators was argued in [2], our
calculation establishes that this equivalence indeed holds
at the quantum level when the framing is set to one.
Supersymmetric localization predicts the exact expectation
value of the bosonic 1=6 BPS Wilson loop, and cohomo-
logical equivalence then implies that all interpolating
operators share this value. Our explicit two-loop compu-
tation confirms that framing one is precisely the point at
which this chain of equivalences is realized.
When framing is different from one the Wilson loop

expectation value of interpolating operators depends
nontrivially on the coupling parameters, as well as on
framing. Especially, for all operators but the 1=2 BPS
case, framing does not merely appear as an overall phase
which could be removed by considering their modulus.
On the contrary, the two-node structure of the loops
generically produces two terms with a relative phase
difference. This produces interference and residual fram-
ing dependence when eliminating imaginary terms via a
modulus.
We further explore the influence of framing on physical

observables localized on the defect. We study two-point
correlation functions of operators on the Wilson loop and
show that framing dependence persists away from the 1=2

BPS point, where instead it cancels nontrivially. The special
role of framing one also emerges computing the one-point
function of the defect stress tensor which we find to vanish
at this specific value, where supersymmetry is restored. As a
by-product, we obtain a Ward identity which links the
expectation value of the defect stress tensor and a Q-exact
correlator on the defect—see Eqs. (4.17) and (4.23). These
results establish a direct link between scale invariance,
superconformal invariance, cohomological equivalence and
framing one.
At framing one, the expectation values of the 1=24 BPS

operators coincide and become independent of deformation
parameters, yet the defects still undergo nontrivial RG flow,
as their beta functions remain nonzero. These beta func-
tions are crucial in enforcing this parametric independence
[see discussion between (3.3) and (3.6)]. Since such
expectation values define g-functions with monotonicity
along RG flow, we examine the impact of framing on the
g-theorem in defect CFTs. We find that the defect entropy
can decrease, remain constant, or increase depending on
whether the framing number is less than, equal to, or
greater than one. Thus, at generic framing, these defects
violate the g-theorem of [10], due to extra contributions in
the Ward identities, originating from the framing-induced
variation of the defect’s normal bundle under conformal
transformations.
Finally, we propose a holographic interpretation of

framing in the strong coupling regime, identifying it with
the coupling of the dual string worldsheet to the back-
ground Kalb-Ramond B field in the AdS4 × CP3 geometry.
As in localization, this coupling naturally selects framing
number equal to one, aligning with the expectation that the
string solution probes supersymmetry preservation in a
deeply quantum regime of the dual operators, requiring the
absence of anomalies.
Altogether, our work elucidates the fundamental role of

framing in the quantum dynamics of ABJ(M)Wilson loops,
clarifies its interplay with supersymmetry and RG flows,
and opens new avenues for understanding its effects in both
field theory and string theory contexts. To summarize the
main achievements of our work:

(i) We compute the expectation value of 1=24 BPS
Wilson loops perturbatively at arbitrary framing.

(ii) We establish that framing one is the appropriate
supersymmetry preserving prescription for pertur-
bative calculations of BPS loops.

(iii) We explicitly show that at framing one cohomo-
logical equivalence holds at the quantum level,
meaning that their expectation values are all cap-
tured by the same matrix model.

(iv) Supersymmetry implies identities between defect
correlation functions (e.g., vanishing of the stress
tensor one-point function) which we find to hold at
the quantum level precisely for f ¼ 1.

(v) We find that in general framing precludes a direct
application of the g-theorem for defects in ABJ(M).
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The rest of the paper is organized as follows. After Sec. II
where we briefly review BPS Wilson loops and framing in
ABJ(M) theory, in Sec. III we compute the most general
1=24 BPSWilson loop at generic framing and for any value
of the parameters. Up to two loops, we clarify the effects of
framing on the loop integrals and discuss framing expo-
nentiation. Examples of correlation functions on framed
defects, and in particular the one-point function of the
defect stress tensor, are computed in Sec. IV. Section V is
then devoted to the discussion of the g-theorem in the
presence of framing. Finally, in Sec. VI we discuss framing
at strong coupling, exploiting the holographic description
of Wilson loops in terms of minimal surface string
configurations extending in AdS2 × CP3 ⊂ AdS4 × CP3.
Framing is identified with a nontrivial Kalb-Ramond
B-field, which the string may couple to. We provide a
few arguments in favor of this identification. The paper
closes with Sec. VII, where we summarize the main results
and highlight possible future developments.

II. INTERPOLATING WILSON LOOPS IN
ABJ(M) AND FRAMING

We begin by briefly recalling the basics of BPS Wilson
loops and framing in Chern-Simons-matter theories.

A. BPS Wilson loops in ABJ(M)

Besides the usual gauge field holonomy, supersymmetric
Wilson loops in Chern-Simons-matter theories may contain a
coupling to the scalars of the theory only (the so-called
bosonic BPS loops) or to both scalars and fermions (the so-
called fermionic BPS loops).1 The fermionic loops can be
constructed via suitable deformations of the bosonic ones, as
originally proposed in [1,17] and further explored in [19–21].
In ABJ(M) theory, which has N ¼ 6 supersymmetry, the

BPS Wilson loops may preserve different amounts of super-
charges, from 1 (the 1=24 BPS loops) to 12 (the 1=2 BPS
loops). In this paper we are especially interested in the 1=24
BPS loop introduced in [2]. This operator depends on eight
independent complex parameters αi; ᾱi (with i ¼ 1, 2) and
β̄j; βj (with j ¼ 3, 4). Bars do not stand for complex
conjugation. The loop is supported on the circle

xμ ¼ ðcos τ; sin τ; 0Þ; τ∈ ½0; 2πÞ ð2:1Þ
and is defined as

W1=24 ¼ sTrP exp

�
−i
I

Ldτ
�
; ð2:2Þ

where L is the UðN1jN2Þ superconnection2

L ¼
 

Aþ 1
2

ηðᾱ1ψ̄2 − ᾱ2ψ̄1Þ þ e−iτξðβ3ψ̄4 − β4ψ̄3Þ
ξðα1ψ2 − α2ψ1Þ þ eiτηðβ̄3ψ4 − β̄4ψ3Þ Â

!
: ð2:3Þ

The diagonal entries are given by

A ¼ Aμẋμ −
2πi
k

jẋjMI
JCIC̄J; Â ¼ Âμẋμ −

2πi
k

jẋjMI
JC̄

JCI; ð2:4Þ

with scalar coupling matrix

MI
J ¼

0
BBB@

−1þ 2ᾱ1α1 2ᾱ1α2 2eiτᾱ1β̄3 2eiτᾱ1β̄4
2ᾱ2α1 −1þ 2ᾱ2α2 2eiτᾱ2β̄3 2eiτᾱ2β̄4

2e−iτβ3α1 2e−iτβ3α2 1þ 2β3β̄3 2β3β̄4

2e−iτβ4α1 2e−iτβ4α2 2β4β̄3 1þ 2β4β̄4

1
CCCA: ð2:5Þ

The off-diagonal entries in (2.3) contain fermionic couplings defined in terms of commuting spinors, η and ξ, which on the
circle (2.1) read

ηα ¼
ffiffiffiffiffiffiffi
2πi
k

r
ð1;−ie−iτÞα; ξα ¼

ffiffiffiffiffiffiffi
2πi
k

r
ð−ieiτ; 1Þα: ð2:6Þ

2We indicate as Aμ; Âμ the gauge fields associated with the two nodes of the ABJ(M) quiver, CI; C̄I (with I ¼ 1;…; 4) are the matter
scalar fields in the (anti)fundamental representation of the SUð4Þ R-symmetry group, whereas ψ̄ I and ψ I are their fermionic superpartners.

1A classification of the bosonic operators inN ¼ 4 theories can be found in [11]. The investigation of the fermionic ones started with [12]
for the ABJ(M) theory and was then generalized to less supersymmetric settings in [13–18], see [1] for a review.
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The definition in (2.2), in terms of the supertrace and the
shift by 1=2 in the first diagonal entry of L is equivalent [1]
to an alternative formulation with the trace and without the
shift, which is more convenient in some instances, for
example in perturbative computations.3

The operator W1=24 interpolates among different super-
symmetric representatives, obtained by setting the parame-
ters in (2.3)–(2.5) to specific values. By turning off either the
fαi; ᾱig or the fβ̄j; βjg parameters, the resulting operators
become fermionic 1=6 BPS Wilson loops [15,16]. This
specifies two possible branches of supersymmetric loops.
For the first branch (β̄j ¼ βj ¼ 0), further setting αiᾱ

i ¼ 1

enhances supersymmetry and the resulting operator is 1=2
BPS. For the second branch (αi ¼ ᾱi ¼ 0), the same
happens when β̄jβ

j ¼ −1. We call W1=2 the maximally
supersymmetric Wilson loop. Finally, if we turn off all the
parameters, we obtain the bosonic 1=6 BPS operator W1=6

first introduced in [22].
In [2] it was found that the set of fαi; ᾱi; β̄j; βjg

parameters undergoes a nontrivial renormalization, which
in turn implies nonvanishing beta functions.4 At a differ-
ence with the 1=6 and 1=2 BPS cases, such UV divergences
introduce a scale dependence which breaks explicitly the
superconformal group classically preserved by these oper-
ators. At one loop in the ABJ(M) coupling constant, the
beta functions read

βαi ¼
N1 þ N2

2k
ðαkᾱk þ β̄kβ

k − 1Þαi;

βᾱi ¼
N1 þ N2

2k
ðαkᾱk þ β̄kβ

k − 1Þᾱi;

ββj ¼
N1 þ N2

2k
ðαkᾱk þ β̄kβ

k þ 1Þβj;

ββ̄j ¼
N1 þ N2

2k
ðαkᾱk þ β̄kβ

k þ 1Þβ̄j: ð2:7Þ

These beta functions describe RG flows connecting differ-
ent BPS loops. One can easily see [2] that in the first branch
the 1=6 BPS bosonic loop W1=6 (αiᾱi ¼ 0) sits at an

unstable UV fixed point, whereas the 1=2 BPS loop
W1=2 (αiᾱi ¼ 1) sits at a stable IR fixed point. For the
second branch, the opposite behavior is found: W1=2

(β̄jβj ¼ −1) is the UV fixed point, while W1=6

(β̄jβj ¼ 0) is the IR fixed point. This is represented in
Fig. 1, where the arrows indicate the direction of the flow,
from the UV to the IR. In both cases, supersymmetry is
partially preserved along the flows. In fact, RG trajectories
connecting fixed points consist of representatives of 1=6
BPS fermionic loops. For this reason, in [2] they were
dubbed enriched flows.
BPS Wilson loops at the fixed points describe (un)stable

superconformal defects, while Wilson loops at generic
points along the RG flows correspond to supersymmetric
but nonconformal defects obtained by perturbing the UV
fixed point with marginally relevant operators.
More general configurations exist, which correspond to

RG flows driven by perturbations that break supersym-
metry completely and connect BPS to non-BPS fixed
points [23]. Moreover, this construction can be generalized
to interpolating circular Wilson loops defined on latitude
contours on S2 [24].
The BPS Wilson loops we have mentioned here are

cohomologically equivalent at the classical level. In fact, by
construction, their definitions differ by a Q-exact term,
where Q is one of the mutually conserved supercharges.
This implies that at the quantum level, in the absence of
supersymmetry anomalies, their expectation values should
coincide.

B. Framing in ABJ(M)

In pure Chern-Simons (CS) theory, Wilson loops are
famously connected to knot invariants [3]. Due to the
topological nature of the theory, their expectation values are
expected to be purely topological invariants. However, this
requires introducing an additional phase counterterm called
framing, which compensates for a topological anomaly
induced by the regularization procedure of short-distance
singularities.
Specifically, singularities may arise from the contraction

of gauge fields evaluated on the same loop contour. A
natural procedure to tame these singularities is point-
splitting regularization. This introduces a framing: the

FIG. 1. Schematic representation of the RG flows connecting fixed points. (a) In the first branch of solutions (β̄j ¼ βj ¼ 0), the 1=6
BPS bosonic loop is a UV unstable fixed point, while the 1=2 BPS fermionic loop is IR stable. (b) The opposite is true in the second
branch of solutions (αi ¼ ᾱi ¼ 0). Arrows are oriented from the UV to the IR.

3How to perform perturbation theory in the formulation with
the shift is explained in Ch. 5 of [1].

4See also [23,24,25] for a review.
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choice of a nonintersecting nearby loop that slightly
displaces the original contour [3,26,27]. Framing modifies
the expectation value of a Wilson loop by a phase propor-
tional to the linking number f between the original contour
and the regularized one, an integer given by the Gauss
linking integral [28]

f ¼ 1

2π

Z
2π

0

dτ1

Z
τ1

0

dτ2
ẋμ1ẋ

ν
2ϵμνρx

ρ
12

jx12j3
: ð2:8Þ

As a result, the expectation value picks up an overall phase,
which, for a UðNÞ gauge group and a loop in the funda-
mental representation, reads

hWCSif ¼ e
iπN
k fhWCSif¼0; ð2:9Þ

where k is the Chern-Simons level and hWCSif¼0 indicates

the framing independent part of the result.5 From a
perturbative perspective, framing effects originate at one
loop and exponentiate at higher orders, fully capturing their
impact on the Wilson loop expectation value.
In the presence of matter, as in the ABJ(M) theory,

framing effects arise in a more complicated way.6 In
particular, they are no longer one-loop effects. In fact,
for the bosonic 1=6 BPS Wilson loop it was found that the
framing phase gets corrected at higher orders, as [4]

hW1=6if ¼
N1

N1 þ N2

e
iπ
k ðN1− π2

2k2
N1N2

2
þOð1=k4ÞÞfhWbosif¼0

þ N2

N1 þ N2

e−
iπ
k ðN2− π2

2k2
N2

1
N2þOð1=k4ÞÞfhŴbosif¼0

ð2:10Þ

where Wbos and Ŵbos are the single node bosonic loops
whose connections are given by A and Â in (2.4),
respectively, with all the parameters set to zero.
Supersymmetric localization predicts the exact nonper-

turbative expectation value of supersymmetric Wilson
loops in ABJ(M) theory at f ¼ 1. The reason can be traced
back to the fact that this is the only supersymmetry
preserving regularization scheme [5]. In fact, for f ¼ 1
the framing phase cancels exactly a cohomological
anomaly [9], supersymmetry is restored at the quantum
level and cohomologically equivalent operators possess the
same expectation value. In particular, this allows to evaluate
the 1=2 BPS fermionic loop by computing the matrix
model associated with the 1=6 BPS bosonic operator [7].

For the bosonic 1=6 BPS Wilson loop, the localization
result expanded at weak ’t Hooft couplings N1=k; N2=k is
in perfect agreement with the perturbative result (2.10)
evaluated at f ¼ 1. In the maximally supersymmetric case,
i.e., the 1=2 BPS Wilson loop, the localization result in the
planar limit reads

hW1=2if¼1 ¼
1

2
e
iπ
k ðN1−N2Þκ; ð2:11Þ

where κ is a real function of N1=k; N2=k. A generalization
of this result at generic framing can be attempted pertur-
batively, at weak coupling. This requires dealing with
framing regularization not only for diagrams with bosonic
propagators, but also for diagrams with fermion exchanges.
The latter are more complicated to evaluate at nontrivial
framing, due to the appearance of ðη; ξÞ spinor bilinears,
with ðη; ξÞ defined in (2.6). Nevertheless, in [9] an efficient
way to deal with spinor bilinears has been introduced,
which allows to isolate contributions potentially dependent
on framing. Up to two loops, the Wilson loop expectation
value at generic framing has been evaluated and reads [9]

hW1=2if ¼ e
iπ
k ðN1−N2ÞfhW1=2if¼0: ð2:12Þ

The comparison between (2.11) and (2.12) suggests that the
phase e

iπ
k ðN1−N2Þf is plausibly the correct and exact gener-

alization of (2.11) at generic framing number.7 A higher
order calculation of hW1=2if would be necessary to confirm
the exactness of the framing phase at generic f, which is,
however, beyond the scope of this paper.

III. PERTURBATIVE EVALUATION
AT GENERIC FRAMING

In this section, we compute the expectation value
hW1=24if of the 1=24 BPS interpolating loop (2.2)–(2.6)
for generic framing and for generic values of the
fαi; ᾱi; β̄j; βjg parameters. We carry out the computation
up to two loops in perturbation theory using dimensional
regularization with dimensional reduction to tame short
distance divergences. We stress that framing is not intro-
duced here as a regulator of UV divergences, rather as a
modification of the topology of the loop. We use the
techniques developed in [4,9,31,32] to evaluate diagrams
with bosonic and fermionic propagators at nontrivial
framing f. Setting β̄j ¼ βj ¼ 0 and αiᾱ

i ¼ 1 or αiᾱi ¼ 0,
we expect to reproduce the results reviewed in the previous
section for the 1=2 BPS fermionic loop and the 1=6 BPS
bosonic one, respectively.

5This is nothing but the vacuum expectation value evaluated
using ordinary dimensional regularization with dimensional
reduction, which notoriously corresponds to zero framing.

6Framing also plays a central role in the perturbative compu-
tation of mesonic Wilson lines ending on fundamental matter,
both bosonic and fermionic [29,30].

7In principle, higher order corrections to the exponent propor-
tional to ðf2 − 1Þ could spoil the one-loop exactness of the phase.
However, such corrections would imply that hW1=2if¼0 is not
real-valued.
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The main interest in doing such an analysis lies in testing
cohomological equivalence and matching with localization
predictions at f ¼ 1. In fact, assuming that the matrix model
yields expectation values at framing one and that, at this
framing, cohomological equivalence is restored, irrespective
of the value of the parameters, we should find that hW1=24if
at f ¼ 1 is independent of fαi; ᾱi; β̄j; βjg and matches the
localization result for hW1=6if¼1. In this section, we explicitly
check this prediction perturbatively, finding complete agree-
ment with localization at f ¼ 1 without resourcing to ad hoc
introduction of framing phases.

A. Perturbative results

The two-loop evaluation of hW1=24if at generic fram-
ing can be easily performed by combining the results in
[9,2]. Feynman diagrams are conveniently split into
those devoid of matter field propagators, which are
independent of the parameters, and those containing
matter couplings, which carry a nontrivial dependence
on fαi; ᾱi; β̄j; βjg.
The first set of diagrams provides the following four

contributions, with wavy lines denoting gauge propaga-
tors,

ð3:1Þ

As is well known [26,27], framing dependence arises from diagrams containing collapsible propagators, i.e., free
propagators whose end points can coincide.
Diagrams in the second set include matter field propagators. They necessarily exhibit a nontrivial dependence on the

parameters arising from the Wilson loop expansion in powers of the superconnection (2.3). These diagrams can be easily
evaluated by observing that after performing contractions the corresponding algebraic expression is given by an overall
parameter-dependent factor times loop integrals at generic framing that are already known in the literature [9]. Therefore,
we simply list the contribution from each nonvanishing diagram, where dashed (solid) lines denote scalar (fermionic)
propagators.

ð3:2Þ

Once again, only diagrams with collapsible propagators contribute to framing at this order.
Combining the two partial results (3.1) and (3.2), and normalizing the result by multiplying by 1=ðN1 þ N2Þ, we obtain

the bare two-loop expectation value of the 1=24 BPS loop at generic framing
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hW1=24if ¼ 1þ iπ
k
ðN1 − N2Þf

þ π2

6k2
f1 − ðN2

1 þ N2
2Þð1þ 3f2Þ − N1N2

× ½12ðαᾱ − 2αᾱ β̄ β − β̄βÞ − 9ðαᾱ − β̄βÞ2
þ 3ðαᾱ − β̄β − 2Þðαᾱ − β̄βÞf2 − 7�g; ð3:3Þ

where we have used the shorthand notation
αᾱ≡ αiᾱ

i, β̄β≡ β̄jβ
j.

This expression still contain bare parameters, thus it is not
the final physical result. As already mentioned, the param-
eters undergo a nontrivial renormalization [2], therefore in
order to obtain the correct two-loop result they have to be
replaced with their renormalized expressions. Precisely,

αi → Zααi; ᾱi → Zᾱᾱ
i;

βj → Zββ
j; β̄j → Z β̄β̄j; ð3:4Þ

with the one-loop renormalization functions given by [2]

Zα ¼ Zᾱ ¼ 1þ g2

8πϵ
ðN1 þ N2Þðαᾱþ β̄β − 1Þ;

Zβ ¼ Z β̄ ¼ 1þ g2

8πϵ
ðN1 þ N2Þðαᾱþ β̄β þ 1Þ: ð3:5Þ

As detailed in [2], at this order this has the effect of
generating an additional contribution from the one-loop
single fermion exchange diagram, which per se is order ϵ in
dimensional regularization but it contributes at two loops
when multiplied by the 1=ϵ divergence encoded in the
renormalization functions of the parameters. Incorporating
this additional term in the result (3.3), we finally obtain the
two-loop renormalized expectation value at generic framing f

hW1=24if ¼ 1þ iπ
k
ðN1 − N2Þf

þ π2

6k2
½1 − ðN1 − N2Þ2ð1þ 3f2Þ

þ 3N1N2ðαᾱ − β̄β − 1Þ2ð1 − f2Þ þ 2N1N2�:
ð3:6Þ

First of all, we observe that for the particular choice
αᾱ ¼ 1; β̄β ¼ 0 (or αᾱ ¼ 0; β̄β ¼ −1) this expression
reproduces exactly the result for the 1=2 BPS Wilson loop
at generic framing, obtained in [9]. Furthermore, setting
f ¼ 1 the result coincides with the localization prediction at
weak coupling obtained by assuming exact cohomological
equivalence with the 1=6 BPS bosonic operator [7]. As a
further check, setting f ¼ 0 we reproduce the perturbative
result of [6,33,34].
Setting f ¼ 1 in (3.6), the result loses completely its

dependence on the parameters. In other words, we can write

hW1=24ðαi; ᾱi; β̄j; βjÞif¼1 ¼ hW1=24ð0; 0; 0; 0Þif¼1

≡ hW1=6if¼1; ∀ αi; ᾱi; β̄j; βj;

ð3:7Þ
which is the quantum version of the cohomological equiv-
alence. As expected, this is a nontrivial check that at framing
one the cohomological anomaly gets canceled and super-
symmetry is restored at the quantum level. The expectation
value at framing one for any 1=24 BPSWilson loop can then
be computed using the matrix model associated with the
bosonic 1=6 BPS operator. While this was already estab-
lished for the 1=2 BPS loop [9], Eq. (3.7) extends the result
to the entire interpolating family of 1=24 BPS operators.
We stress that the renormalization of the parameters is

crucial in drawing these conclusions. In fact, the unrenor-
malized expression (3.3) does not lead to (3.7).
Since beta functions do not depend on framing, we can

state that the RG flow pattern is basically the same for any
value of f and reproduces what has been found in [2] for the
zero framing case. On the other hand, an explicit depend-
ence appears in the expectation value (3.6), which induces
a change of hW1=24i as a function of the renormalized
parameters. We are going to discuss this point carefully
in Sec. V.

B. Framing exponentiation

As reviewed in Sec. II B, for the 1=2 BPS loops the
matrix model predicts that framing contributions exponen-
tiate to an overall one-loop exact phase. A more intricate
structure appears for the 1=6 BPS bosonic loop, see (2.10),
where the two blocks Wbos and Ŵbos acquire different
phases. Furthermore, in this case the two phases are
corrected at higher orders [4]. It is then interesting to
investigate what happens along the RG flows, away from
the two fixed points.
Our general result in (3.6) seems to indicate that there is

still a framing phase that might exponentiate. Whether it
exponentiates to a single phase factor or it splits into
different phase factors can be better understood by analyz-
ing how framing contributions organize themselves in the
calculation done using the one-dimensional auxiliary field
method [2,35,36], where the expectation value of a BPS
Wilson loop described by a superconnection L is given by

hWi ¼ hTrΨð2πÞΨ̄ð0Þi with Ψ ¼
�
z φ

φ̃ z̃

�
: ð3:8Þ

Here Ψ is a Grassmann-odd supermatrix consisting of one-
dimensional fields which minimally couple toL. Performing
the trace in (3.8) and identifying equivalent contributions, we
obtain that the expectation value can be calculated as the sum
of the two-point functions [2]

hWi ¼ hzð2πÞz̄ð0Þi þ hz̃ð2πÞ ¯̃zð0Þi: ð3:9Þ
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In the case of the bosonic 1=6 BPS operator, this structure trivially reflects the block-diagonal nature of the connection, under
the identification

hWbosi ¼ hzð2πÞz̄ð0Þi; hŴbosi ¼ hz̃ð2πÞ ¯̃zð0Þi: ð3:10Þ

Therefore, according to the splitting in (3.9), the appearance of two different framing phases in (2.10) can be traced back to a
different framing contribution to the z and z̃ sectors.
In the more general case of interpolating Wilson loops, even if the superconnection is no longer block-diagonal, the

splitting (3.9) is still valid. Therefore, we expect that also in this case framing contributions will eventually sum up into two
independent phases. From our two-loop result (3.6), we conjecture that

hW1=24if ¼
N1

N1 þ N2

e
iπ
k ½ðN1−ðαᾱ−β̄βÞN2ÞþOð1=k2Þ�fhzð2πÞz̄ð0Þif¼0 þ

N2

N1 þ N2

e
iπ
k ½ððαᾱ−β̄βÞN1−N2ÞþOð1=k2Þ�fhz̃ð2πÞ ˜̄zð0Þif¼0; ð3:11Þ

where hzð2πÞz̄ð0Þif¼0 and hz̃ð2πÞ ˜̄zð0Þif¼0 are the framing
zero contributions to the Wilson loop from the upper and
lower diagonal blocks of (2.3), respectively. For f ¼ 1, this
expression is consistent with the exponentiation proposed
in [2]. Moreover, at the bosonic fixed point (αᾱ ¼ β̄β ¼ 0)
we recover (2.10), whereas at the 1=2 BPS fixed point
(αᾱ ¼ 1; β̄β ¼ 0 or αᾱ ¼ 0; β̄β ¼ −1) we reconstruct a
single phase, as expected.
While the structure in (3.11) can be trivially verified

at one-loop order, we expect the exponentiation of
framing to persist at higher loops. The reason is that
each block independently sums up all diagrams con-
taining collapsible bosonic and fermionic propagators,
which are sensitive to framing. Although higher-order
corrections are expected to modify the phases in (3.11)
—similarly to the 1=6 BPS case—their split structure,
which underlies the exponentiation in the form (3.11),
should remain intact.
In conclusion, for two-node WLs the framing depend-

ence cannot be simply removed from the expectation values

by taking the modulus, except for the special case of the
1=2 BPS point.

IV. CORRELATION FUNCTIONS IN
FRAMED DEFECTS

The general procedure for computing (fermionic)
Feynman diagrams at generic framing developed in [9]
can be applied to perform a perturbative analysis of other
physical quantities, in addition to Wilson loop expectation
values. Here, we focus on the evaluation of correlation
functions on framed Wilson loops. Our main interest is to
understand how framing contributions affect correlation
functions on a framed defect. As we discuss later, this has
important implications for the defect theory, and may shed
some light on the holographic interpretation of framing at
strong coupling. Moreover, correlation functions of the defect
stress tensor provide the most direct understanding of the
connection between supersymmetry anomalies and framing.
We recall that a n-point correlation function on a circular

Wilson loop is defined as8

⟪O1ðx1ÞO2ðx2Þ…OnðxnÞ⟫≡ hTrWð2π; τ1ÞO1ðx1ÞWðτ1; τ2ÞO2ðx2Þ…OnðxnÞWðτn; 0Þi
hWð2π; 0Þi : ð4:1Þ

Focusing for simplicity on a two-point function, we look for contributions that are framing-dependent. These are
expected to come from diagrams that contain free collapsible propagators. Therefore, in doing a loop calculation it is
convenient to split the diagrams into the collapsible and noncollapsible subsets and focus on the first class.
In what follows, we first consider the simpler case of the bosonic 1=6 BPS Wilson loop describing a superconformal

defect at the fixed point of the enriched RG flow, then we generalize to fermionic 1=6 BPS Wilson loops along the RG
flows, including the 1=2 BPS fixed point.

A. Bosonic defect

We start from the simpler case of the W1=6 defect, and evaluate the two-point correlation function of a local diagonal
supermatrix operator O

⟪Oðx1ÞOðx2Þ⟫1=6 ¼
hTrW1=6ð2π; τ1ÞOðx1ÞW1=6ðτ1; τ2ÞOðx2ÞW1=6ðτ2; 0Þi

hW1=6i
: ð4:2Þ

8We use the notation xμi ≡ xμðτiÞ. Moreover, Wðτi; τjÞ indicates an arcwise Wilson link parametrized by τ∈ ðτi; τjÞ.
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We choose

OðxÞ ¼
�
BðxÞ 0

0 B̂ðxÞ

�
; ð4:3Þ

where B; B̂ are gauge covariant scalar operators localized on the defect.
At one loop, diagrams potentially contributing to framing are planar, collapsible gauge corrections with both end points

on the loop and no operator insertions separating them. Specifically, if such points as labeled by parameters τ3 and τ4, all
framing dependent diagrams evaluate to the same integrand, but display different integration regions

�Z
τ1

0

dτ3

Z
τ3

0

dτ4 þ
Z

τ2

τ1

dτ3

Z
s

τ1

τ3dτ4 þ
Z

2π

τ2

dτ3

Z
τ3

τ2

dτ4

�
ϵμνρẋ

μ
3ẋ

ν
4ðx3 − x4Þρ

jx3 − x4j3
: ð4:4Þ

Combining them and adding suitable framing independent and vanishing contributions

�Z
2π

τ2

dτ3

Z
τ1

0

dτ4 þ
Z

2π

τ2

dτ3

Z
τ2

τ1

dτ4 þ
Z

τ2

τ1

dτ3

Z
τ1

0

dτ4

�
ϵμνρẋ

μ
3ẋ

ν
4ðx3 − x4Þρ

jx3 − x4j3
¼ 0; ð4:5Þ

we manage to factorize the operator insertions and the framing dependent corrections, reconstructing the full Gauss linking
integral (2.8). Schematically, we obtain for the upper block a one-loop framing dependent correction of the form

∼hBðx1ÞBðx2Þið0Þ ×
Z

2π

0

dτ3

Z
τ3

0

dτ4
ϵμνρẋ

μ
3ẋ

ν
4ðx3 − x4Þρ

jx3 − x4j3
: ð4:6Þ

At higher orders we expect framing corrections to keep factorizing, generating exponentials. Therefore, we argue that the
framing dependence of the single-node contribution is the same as the one present in the Wilson loop expectation value, see
(2.10). Combining the two blocks, we can then write

⟪Oðx1ÞOðx2Þ⟫1=6 ¼ ẋμ1ẋ
ν
2

eiπð
N1
k þOð1=k3ÞÞfhBðx1ÞBðx2Þif¼0 þ e−iπð

N2
k þOð1=k3ÞÞfhB̂ðx1ÞB̂ðx2Þif¼0

eiπð
N1
k þOð1=k3ÞÞfhWbosif¼0 þ e−iπð

N2
k þOð1=k3ÞÞfhŴbosif¼0

; ð4:7Þ

where we have used (2.10) to make the framing dependence explicit also in the normalization factor.
Two comments are now in order. First of all, since the framing contributions come exclusively from contractions inside

the Wilson loop and never involve the operator insertion, the choice of O is irrelevant for determining the framing phase.
Therefore, the structure in (4.7) should hold for any diagonal operator O of the form (4.3). Second, already at one loop the
normalized two-point function is framing-dependent. In fact, even if the same phases arise in the numerator and
denominator, the two-node structure of the bosonic Wilson loop prevents their cancellation. This conclusion holds also in
the ABJM limit, N1 ¼ N2 ≡ N.

B. Fermionic defect

Moving on to fermionic defects, we compute the two-point correlation function of the same operator O in (4.3) on a
fermionic 1=6 BPS Wilson loop corresponding to βj ¼ β̄j ¼ 0 in (2.3)–(2.6).
In this case we need to take into account additional one-loop fermion exchanges. Precisely, for each gauge diagram with a

collapsible propagator mentioned above we have an analogous diagram with a fermion propagator between points x3 and x4
on the Wilson loop. Again, adding vanishing contributions we manage to factorize the operator insertion and reconstruct the
full Gauss linking integral. Using results in [9] for fermionic diagrams at generic framing and exponentiating the one-loop
result, we eventually obtain

⟪Oðx1ÞOðx2Þ⟫αᾱ ¼ ẋμ1ẋ
ν
2

e
iπ
k ðN1−N2αᾱÞfhBðx1ÞBðx2Þif¼0 þ e

iπ
k ðN1αᾱ−N2ÞfhB̂ðx1ÞB̂ðx2Þif¼0

hWðαᾱÞi ; ð4:8Þ

where hWðαᾱÞi is the expression in (3.11) with βj ¼ β̄j ¼ 0. The contributions proportional to αᾱ in the framing phases are
due to fermion exchanges.
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We note that, as long as αi; ᾱi are arbitrary, the framing
dependence does not cancel. However, setting αᾱ ¼ 1, thus
landing on the 1=2 BPS Wilson loop, the two phases in the
numerator become equal and cancel against the same phase
from the denominator

⟪Oðx1ÞOðx2Þ⟫1=2

¼ ẋμ1ẋ
ν
2

e
iπðN1−N2Þ

k fðhBðx1ÞBðx2Þif¼0 þ hB̂ðx1ÞB̂ðx2Þif¼0Þ
e
iπðN1−N2Þ

k fhW1=2if¼0

¼ ⟪Oðx1ÞOðx2Þ⟫1=2jf¼0: ð4:9Þ

Thus, the correlation function is framing independent.
Though this has been checked only at one loop, we expect
this result to be valid at any order. Despite lacking a
rigorous proof of this expectation, the structure of the
correlation function at strong coupling [37] offers compel-
ling evidence in favor of it. We come back to this point in
Sec. VI, where we discuss the interpretation of framing at
strong coupling.
The same calculation can be performed for generic

operators of the form

O ¼
�
B F̄

F B̂

�
ð4:10Þ

where B; B̂ are bosonic and F̄ ;F are fermionic. At one
loop, the framing pattern is the same, and we can write in
general

⟪Oðx1ÞOðx2Þ⟫αᾱ¼
1

hWðαᾱÞi½e
iπ
k ðN1−N2αᾱÞfðhBðx1ÞBðx2Þif¼0

þhF̄ ðx1ÞF ðx2Þif¼0Þ
þe

iπ
k ðN1αᾱ−N2ÞfðhB̂ðx1ÞB̂ðx2Þif¼0

þhF ðx1ÞF̄ ðx2Þif¼0Þ�: ð4:11Þ

In conclusion, the above analysis shows that correlation
functions of local operator insertions on the defect theories
defined by the Wilson loops considered in this paper are
generally framing-dependent.
A notable exception is the maximally supersymmetric

1=2 BPS Wilson loop, for which both weak and strong
coupling calculations (to be further discussed below)
consistently indicate the absence of framing dependence,
provided the correlators are properly normalized.
Among these two-point functions, those of the displace-

ment operator are especially significant. At the super-
conformal fixed points, their coefficients act as central
charges, governing the response of defects to contour
deformations. As such, they form part of the conformal
data of the defect theories. Our analysis shows that for the
framed circular 1=2 BPS defects, any framing dependence
in these central charges is canceled by the normalization of

defect correlators. In contrast, the perturbative corrections
to the central charges of the circular 1=6 BPS defect acquire
a framing dependence that cannot be eliminated by taking
the modulus. For the supersymmetry preserving case of
f ¼ 1, the resulting coefficients generally develop imagi-
nary contributions, signaling a loss of unitarity in the defect
theory. The emergence of such imaginary terms is similar to
the findings of [38,39] for the free energy ofN ¼ 2 Chern-
Simons theories.

C. One-point function of the defect stress tensor

In this section we consider correlation functions of the
defect stress tensor as diagnostics for anomalies of the
underlying conformal and supersymmetry invariance. In
one dimension the stress tensor trivially coincides with its
trace, implying it is identically zero at the RG fixed points
corresponding to theW1=6 andW1=2 defects. Instead, when
the system is perturbed away from a fixed point by a
marginally relevant operator d̂, a nontrivial stress tensor
TD ¼ βd̂ arises, where β is the beta function of the
deformation parameter.
In our specific case, marginally relevant deformations are

encoded in supermatrix operators. Considering for instance
the flow in Fig. 1(a) from the bosonicW1=6 to the fermionic
W1=2 defects, the deformation operator is read from
Eqs. (2.2)–(2.6) by setting βj ¼ β̄j ¼ 0.
To avoid cluttering the notation, without losing general-

ity we simplify the following analysis by setting α1 ¼ ᾱ1 ¼
0 and α2 ≡ α, ᾱ2 ¼ ᾱ. The result can be straightforwardly
generalized to arbitrary parameters. Taking into account the
nontrivial beta functions for the deformation parameters,
along the flow the stress tensor evaluates to

TD ¼ −
�
βαᾱ

4πi
k C2C̄2 βαηψ̄

1

βᾱξψ1 βαᾱ
4πi
k C̄2C2

�
ð4:12Þ

where βα; βᾱ can be read in (2.7) and βαᾱ ¼ αβᾱ þ ᾱβα.
We first argue that TD is cohomologically trivial. To this

end, we recall that, by construction, the superconnection L
of the deformed Wilson loop is obtained from the super-
connection L0 of the W1=6 superconformal fixed point as

L ¼ L0 þ i½Q;G� þ G2; ð4:13Þ

where Q is a mutually preserved supercharge whose
explicit expression is not necessary here,9 and G is the
following supermatrix

G ¼
ffiffiffiffiffiffiffiffiffiffiffi
−
4πi
k

r �
0 ᾱC2

αC̄2 0

�
: ð4:14Þ

9Using the supercharges in [2], it is given by Q ¼
ðQþ

12 − iSþ12Þ þ ðQ34þ − iS34þÞ.

MARCO S. BIANCHI et al. PHYS. REV. D 113, 026027 (2026)

026027-10



Using the beta functions in (2.7) with β̄kβ
k ¼ 0, the defect

stress tensor (4.12) can be rewritten as

TD ¼ N1 þ N2

2k
ðαᾱ − 1Þ½2ðL − L0Þ þ i½Q;G��: ð4:15Þ

Finally, introducing the covariant superchargeQ≡Q −G,
such that ½Q;G� ¼ ½Q; G�, and taking into account that
L − L0 is Q-exact [40],10 we can write

TD ¼ ½Q;O�; ð4:16Þ

being O a local supermatrix operator whose explicit
expression is not relevant here.
With these premises, we now study correlation functions

of TD on the defect. We start by computing the one-point
expectation value ⟪TD⟫. Exploiting the properties of the
covariant supercharge Q and its action on Wilson lines, we
can write

⟪TD⟫ ¼ ⟪½Q;O�⟫ ¼ hQðWð2π; τÞOðτÞWðτ; 0ÞÞi: ð4:17Þ

In the absence of anomalies, this identity is simply the
manifestation of the relation between scale and supersym-
metry invariance, and it is consistent with superconformal
invariance being preserved at the fixed points. In fact,
conformal symmetry implies the vanishing of the left-hand
side (lhs), while the right-hand side (rhs) is zero because of
supersymmetry invariance, Qj0i ¼ 0. Away from the fixed
points, but along enriched flows which preserve the

supercharge Q, Eq. (4.17) implies ⟪TD⟫ ¼ 0, although
TD ≠ 0. This can be used as an alternative definition of
enriched RG flows.
Given that supersymmetry is preserved at the quantum

level for f ¼ 1, we now investigate how this feature is
reflected in the integrated one-point function of ⟪TD⟫, as
defined in (4.17). At one loop, this quantity is directly
proportional to the one-loop correction to the defect
expectation value, precisely

Z
2π

0

dτ⟪TDðτÞ⟫ð1LÞ ¼ 2ðαᾱ − 1ÞhWðαᾱÞið1LÞ

¼ −αᾱðαᾱ − 1Þ 4π
2

k
N1N2ϵ; ð4:18Þ

in terms of the bare parameters. Replacing them with the
renormalized ones as in (3.4), we eventually obtain a one-
loop contribution which vanishes for ϵ → 0, plus a finite
two-loop contribution

−αᾱð2αᾱ − 1Þðαᾱ − 1Þ 2π
2

k2
N1N2ðN1 þ N2Þ; ð4:19Þ

which needs to be combined with genuine two-loop
diagrams.
At two loops, contributions come from three diagrams

which are again proportional to the first three diagrams in
(3.2) contributing to the Wilson loop expectation value.
Exploiting those results, we obtain schematically

double fermion ¼ 4ðαᾱ − 1Þ
Z

dτ1>2>3>4TrhLFðτ1ÞLFðτ2ÞLFðτ3ÞLFðτ4Þi

¼ α2ᾱ2ðαᾱ − 1Þ 2π
2

k2
N1N2ðN1 þ N2Þð3 − f2Þ; ð4:20Þ

vertex ¼ 2ðαᾱ − 1Þ
Z

dτ1>2>3TrhLFðτ1ÞLFðτ2ÞL0ðτ3Þi þ permutations

¼ −4αᾱðαᾱ − 1Þ 4π
2

k2
N1N2ðN1 þ N2Þ; ð4:21Þ

gauge − fermion ¼ 2ðαᾱ − 1Þ
Z

dτ1>2>3>4hLFðτ1ÞLFðτ2ÞL0ðτ3ÞL0ðτ4Þi þ permutations

¼ αᾱðαᾱ − 1Þ 2π
2

k2
N1N2ðN1 þ N2Þf2; ð4:22Þ

where L0 and LF are the diagonal (bosonic) and off-diagonal (fermionic) parts of the superconnection (2.3), respectively.
Combining all the contributions, we eventually obtain

Z
2π

0

dτ⟪TDðτÞ⟫ð2LÞ ¼ βαβᾱ
2π2

k
N1N2ðN1 þ N2Þð1 − f2Þ: ð4:23Þ

10In [40] this was proven for Wilson loops defined on the straight line. However, under a conformal mapping, the same holds for
circular loops.
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Crucially, as long as the framing f is different from one,
the TD expectation value on the left-hand side is different
from zero, thus signaling breaking of supersymmetry,
Qj0i ≠ 0 in (4.17). Instead, supersymmetry is restored
choosing f ¼ 1. This is in perfect agreement with the
cohomological equivalence of Wilson loops holding at
framing one, as previously discussed.
Proceeding further, we can extend the results above to

infer the stress tensor n-point function ⟪TDðx1Þ…TDðxnÞ⟫
for generic n. At framing one, this expression should vanish
identically. In fact, thanks to the cohomology Q2 ¼ 0, any
string of TD ’s is Q-exact. Therefore, due to the identity
(4.17), its expectation value on the Wilson loop is zero.
However, we expect a supersymmetry breaking in any
n-point function when evaluated away from framing one.
This allows to conclude that, in the perturbative regime,
n-point stress-tensor correlation functions have to be
proportional to powers of ð1 − f2Þ, for any n.

V. THE g-THEOREMFORDCFTSWITH FRAMING

A g-theorem for line defects in d-dimensional field
theories has been proven in [10]. It states that RG flows
connecting different defect conformal field theories
(dCFTs) are characterized by a monotonically decreasing
function g, which coincides with the defect partition
function at the fixed points, such that gUV > gIR. The
theorem was formulated and proven for completely general
defects. In this section, we study whether and how the
presence of nontrivial framing affects its validity, a phe-
nomenon specific to three-dimensional Chern-Simons the-
ories and not incorporated in the original derivation. This
analysis relies on our perturbative results at generic framing
and it is consistent with general Ward identities in the
presence of framing, as we are going to discuss.
To be specific, we focus on the RG flow connecting the

bosonic 1=6 BPS loop to the 1=2 BPS one, obtained by
setting βj ¼ β̄j ¼ 0 in (2.2)–(2.5). As can be seen from
(3.6), the framing-f expectation value of this branch of
operators at two loops is given by

hWif ¼ 1þ iπ
k
ðN1 − N2Þf

−
π2

6k2
½ð1þ 3f2ÞðN1 − N2Þ2 − 1

− 3N1N2ðαᾱ − 1Þ2ð1 − f2Þ − 2N1N2�: ð5:1Þ

Here, αᾱ is the running effective parameter satisfying the
one-loop beta function equation

μ
∂ðᾱαÞ
∂μ

¼ αᾱðαᾱ − 1Þ ðN1 þ N2Þ
k

; ð5:2Þ

obtained from (2.7).

A scheme-independent g-function decreasing along the
RG flow was identified with the defect entropy [10]

g ¼
�
1þ βαᾱ

∂

∂ðαᾱÞ
�
log jhWij: ð5:3Þ

At the fixed points it coincides with the defect partition
functions gUV ≡ log jhW1=6ij and gIR ≡ log jhW1=2ij,
respectively. To prove the monotonicity of this function
it is sufficient to establish the sign of μ dg

dμ, where μ is the
renormalization scale.
For a circular Wilson loop of radius R, the derivative of

the defect entropy with respect to the energy scale can be
written in terms of the defect stress tensor TD, as follows [10]

μ
dg
dμ

¼ −R2

Z
dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫

þ R
Z

dτ1⟪TDðτ1Þ⟫: ð5:4Þ

Using a crucial identity which relates the integrated one- and
two-point functions

R
Z

dτ1⟪TDðτ1Þ⟫ ¼ R2
Z

dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫ cos τ12;

ð5:5Þ

one obtains the scaling equation

μ
dg
dμ

¼ −R2

Z
dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫ð1− cos τ12Þ: ð5:6Þ

This allows to conclude that for unitary theories—where
⟪TDðτ1ÞTDðτ2Þ⟫ > 0—the quantity μ dg

dμ is always negative.
Therefore, g is monotonically decreasing along the RG flow
and gUV > gIR.
Equation (5.5) follows from the general Ward identity

hQξðDÞi ¼
Z

d2ΣμhTb
μνiξν ¼ 0; ð5:7Þ

which establishes the invariance of the asymptotic vacuum
under the action of conformal SLð2;RÞ transformations
generated by charges Qξ defined on a bidimensional
surface Σμ wrapping the defect D. Here Tb

μν ¼ − 2ffiffi
g

p δS
δgμν

is the bulk stress tensor satisfying the Ward identity for

diffeomorphism invariance,∇μTb
μν ¼ −δð2ÞD nνi D

i, and ξν are
the conformal Killing vectors

ξμðaÞ ¼
1

2
½δμaðRþ x2=RÞ − 2xμxa=R�; a ¼ 1; 2;

ξμϕ ¼ δμaϵabxb: ð5:8Þ
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The first two generate linear combinations of translations
and special conformal transformations on the defect plane,
whereas the third one corresponds to rotations around the
axis of the circle.
In the presence of a relevant deformation which drives

the defect out of the fixed point, the one-dimensional
conformal group is broken down to the translations along
the defect. However, this can be compensated by a suitable
transformation of the dilaton Φ → Φþ δΦ, where Φ fixes
the renormalization scale of the theory (TD ¼ δW

δΦ).
Therefore, the Ward identity (5.7), with Tb

μν now sourced
also by the dilaton

∇μTb
μν ¼ −δð2ÞD ðnνiDi þ ðṪD − Φ̇TDÞÞ; ð5:9Þ

can be interpreted as stating the equivalence between two
different defects corresponding to two different dilaton
fields. Expanding the identity log jWΦj ¼ log jWΦþδΦj in
powers of δΦ aroundΦ ¼ 0 eventually allows to obtain the
crucial identity (5.5) (see [10,41] for details).
A natural question is whether the inclusion of nontrivial

framing affects the validity of the g-theorem. The first
evidence comes from a two-loop evaluation of the one- and
two-point functions in (5.4), at generic framing. The one-
point function has been considered in the previous section
and its two-loop expression is given in (4.23). For the two-
point function, we can use the results in [23] to obtain

Z
dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫ cos τ12

¼ βαβᾱ
2π2

k
N1N2ðN1 þ N2Þ; ð5:10Þ

where the β-functions on the right-hand side of this equation
are given in (2.7). A direct comparison of the two results
shows that, in the presence of framing, identity (5.5) is
modified as

R
Z

dτ1⟪TDðτ1Þ⟫

¼ R2

Z
dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫ cos τ12ð1 − f2Þ: ð5:11Þ

Consequently, at nontrivial framing the scaling equa-
tion (5.6) becomes

μ
dg
dμ

¼ −R2

Z
dτ1>2⟪TDðτ1ÞTDðτ2Þ⟫½1 − cos τ12ð1 − f2Þ�

≃ βαβᾱ
N1 þ N2

2k
ð1 − f2Þ þ…: ð5:12Þ

The net effect, already visible at two loops, is that the
f2 term spoils the definite sign of this expression, thus
leading to a violation of the g-theorem for f2 > 1, unless one
redefines g as gsignð1 − f2Þ.

In Fig. 2 we show the plot of g as a function of αᾱ, for
different values of framing. We highlight in blue the range
of 0 ≤ αᾱ ≤ 1, since the two limiting values correspond to
the UVand IR fixed points of the RG flow for αᾱ ¼ 0 and
αᾱ ¼ 1, respectively. For f ¼ 1 the αᾱ dependence drops
out and the g-function becomes constant, as expected from
the cohomological equivalence (all defects along the RG
flow have the same partition function log jhWij). We stress
that there is still a flow for f ¼ 1, since the beta functions
are nonvanishing regardless of framing. This simply means
that the VEVof the WL is not an appropriate observable to
diagnose the flow. For 0 ≤ f < 1,11 the function g is
monotonically decreasing as a function of αᾱ, in agreement
with the g-theorem, as increasing αᾱ from 0 to 1 follows the
RG flow from the UV to the IR fixed points. This means
that g is a monotonically increasing function of the energy
scale, which is consistent with (5.12), observing that
βαβᾱ ≥ 0 in the regime of interest. Conversely, for f > 1
g is increasing as a function of the coupling αᾱ, signaling
the aforementioned breakdown of the expected behavior
from the g-theorem. At αᾱ ¼ 1 g becomes framing-inde-
pendent, because in the 1=2 BPS case the framing con-
tribution appears as an overall phase, which cancels out
when taking the modulus of hWi.
While at the technical level the violation of the g-theorem

can be clearly traced back to the nontrivial dependence of
the expectation value hWi on f, it is interesting to examine
how this breakdown arises directly within the proof of [10].
The form of identity (5.7) further manipulated using the

Ward identity (5.9) holds under the assumption that the
conformal symmetry transformations leave the defect
invariant, including its normal bundle—a condition natu-
rally satisfied when the normal bundle is trivial. However, a
nontrivial normal bundle, such as the one defined by a

0.5 0.5 1 1.5 2

0.5

0.75

g

f 0

f 1

f 2

FIG. 2. The g-function for the 1=6 BPS operator depending on
αᾱ, see (5.1), for different values of framing f. The blue region is
bounded by the two fixed points: αᾱ ¼ 0 is a UV fixed point and
αᾱ ¼ 1 in an IR fixed point.

11In principle f is an integer, but here we consider its analytic
continuation to the real axis. Manifestation of noninteger fram-
ings already appeared in [42] for Wilson loops defined on
latitudes.
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necessarily nonplanar framing contour Γf winding f times
around the circle Γ, is not invariant under these
transformations.
In such a situation, the invariance of the defect expect-

ation value hDi under an infinitesimal diffeomorphism
generalizes as [43,44]

δhDi ¼
Z
M

d3xhTμνDiδgμν

þ
Z
D
dτ

�
⟪λiμ⟫δn

μ
i þ

1
2
⟪Ci⟫δKi

�
þ…

¼ 0; ð5:13Þ

where nμi , i ¼ 1, 2 are two unit vectors normal to the defect,
Ki is the scalar curvature in the two normal directions, and
Tμν ¼ − δS

δgμν, λ
i
μ ¼ − δS

δnμi
, Ci ¼ − δS

δKi
, with S being the total

action of the bulk theory plus the defect. The ellipsis
denotes terms that give rise to the rhs of (5.9), plus
additional contributions that will not be relevant for the
present discussion.
For a framed defect, this leads to a generalization of the

stress tensor conservation law (5.9), which now includes
extra terms in the rhs proportional to defect correlation
functions like ⟪λiμ⟫ and ⟪Ci⟫. These new terms will
necessarily leave an imprint in the proof of the g-theorem,
in particular in the Ward identity (5.7), thus leading to a
nontrivial dependence on f in the scaling equation for
g. Here we provide a qualitative discussion of this effect.
A rigorous proof would require evaluating perturbatively
all terms in (5.13), something which is beyond the scope of
the present analysis.
We limit our discussion to the study of the contribution

arising from ⟪Ci⟫ in (5.13). To evaluate it, we consider the
framed contour Γf to be a helix of radius δ parametrized as

xμðτÞ ¼ ðcos τ; sin τ; 0Þ
þ δðcosðfτÞ cos τ; cosðfτÞ sin τ; sinðfτÞÞ; ð5:14Þ

such that framing effects can be recovered in the δ → 0
limit, as typically done in the literature [4,9].
The geometry of the helix is described by the one-

dimensional einbein eμ ¼ ẋμ. In flat space and for δ ¼ 0 the
one-dimensional metric is trivial, in fact γ ¼ ẋμẋνδμν ¼ 1.
We define the normal bundle to be given by the two unit
vectors

nμ1 ¼ ðcosðfτÞ cos τ; cosðfτÞ sin τ; sinðfτÞÞ
nμ2 ¼ ðsinðfτÞ cos τ; sinðfτÞ sin τ;− cosðfτÞÞ; ð5:15Þ

satisfying nμi njμ ¼ δij; n
μ
i ẋμ ¼ 0. In this parametrization

the extrinsic curvatures along the two directions normal to
the helix are defined by the equation ∂τeμ ¼ nμi Ki [44],
which eventually leads to K1 ¼ − cos fτ; K2 ¼ − sin fτ at

leading order in δ. Under the action of an infinitesimal
transformation generated by Killing vectors (5.8) they
transform as

δξð1ÞKi ¼ − sin τ∂τKi; δξð2ÞKi ¼ cos τ∂τKi;

δξϕKi ¼ −∂τKi ð5:16Þ

At f¼0 the scalar curvature becomes constant, K1¼−1;
K2¼0 and its variation vanishes. Instead, in the general case
Ki depends explicitly on the contour parameter τ and a
nonvanishing contribution potentially appears in the right-
hand side of (5.13), depending on ⟪Ci⟫ being vanishing
or not.
In order to evaluate ⟪Ci⟫, we first decompose the vector

field Aμ along the tangent and normal directions to the
defect,

Aμ ¼ ẋμðẋνAνÞ þ niμðnνi AνÞ≡ ẋμAτ þ niμAi ð5:17Þ

and similarly for the derivatives ∂μ. Inserting into the ABJ(M)
action, after some algebra the Chern-Simons term reduces to

SA∂A ¼ k
4π

Z
d3xϵμνρ½ẋμAτAλðnν1nρ2nλ1 − nν2n

ρ
1n

λ
2Þf

− ẋμnνi n
ρ
jðAτnσj∂iAσ þ AiAτKj

− Ainσj∂τAσ − Ajẋσ∂iAσÞ�: ð5:18Þ

This expression exhibits a nontrivial dependence on the scalar
curvature Kj. Taking into account that the defect super-
connection does not depend on Ki, we eventually obtain

Ci ¼ −
∂S
∂Ki

¼ −
∂SA∂A
∂Ki

¼ k
2π

ϵμνρẋμnνjn
ρ
i A

jAτ: ð5:19Þ

We then evaluate
R
dτ⟪Ci⟫δξKi in (5.13), by inserting

the above expression for Ci, the δξKi variations given in
(5.16) and using definition (4.1) for the one-point corre-
lation function on the defect.
At one loop, contributing diagrams come from con-

tracting gauge fields in Ci, which sit at point τ, and gauge
fields from the expansion of the Wilson loop, which sit at
points τ1 and τ2. The integrand is explicitly given by

Iðτ; τ1; τ2Þ≡ k
2π

ϵμνρẋμnνjn
ρ
i hðnαjAαðτÞÞðẋβAβðτÞÞ

× ðẋλ1Aλðτ1ÞÞðẋγ2Aγðτ2ÞÞiδξKi: ð5:20Þ

Once we take into account the two possible contractions
and insert the corresponding gauge propagators, Iðτ; τ1; τ2Þ
becomes
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k
2π

ϵμνρẋμnνjn
ρ
i n

α
j ẋ

βϵαλσϵβγη

�
ẋλ1ðx − x1Þσ
jx − x1j3

ẋγ2ðx − x2Þη
jx − x2j3

þ ẋγ1ðx − x1Þη
jx − x1j3

ẋλ2ðx − x2Þσ
jx − x2j3

�
δξKi: ð5:21Þ

Now, considering that gauge fields coming from the
Wilson loop expansion can appear in three different places
—both fields before Ci, one before and one after, or both
after Ci—the full contribution is the sum of the three
different integrals

Z
2π

0

dτ

�Z
τ

0

dτ1

Z
τ1

0

dτ2 þ
Z

2π

τ
dτ1

Z
τ1

τ
dτ2

þ
Z

2π

τ
dτ1

Z
τ

0

dτ2

�
Iðτ; τ1; τ2Þ: ð5:22Þ

The exact evaluation of this integral is a hard task.
However, since we are only interested in understanding
whether the extra terms in (5.13) can be responsible for
f-dependent contributions to the g scaling equation, we
limit to providing numerical evidence that (5.22) is fram-
ing-dependent. To do so, we regularize potential short
distance divergences in (5.22) by taking τ to parametrize
the ordinary circle,

xμðτÞ ¼ ðcos τ; sin τ; 0Þ; ð5:23Þ

while τ1 and τ2 parametrize two distinct toroidal helices [9]

xμk¼1;2 ¼ ðcos τk; sin τk; 0Þ
þ kδðcosðfτkÞ cos τk; cosðfτkÞ sin τk; sinðfτkÞÞ:

ð5:24Þ

These toroidal helices have distinct infinitesimal radius
(δ and 2δ) but both wind around the circle in (5.23) f times.
Using these contour parametrizations, we evaluate the
integral in (5.22) numerically as a function of the infini-
tesimal radius δ, and for different values of the framing f.
Choosing for instance the transformations under the
ξϕ Killing vector, the results are plotted in Fig. 3, where
it appears that in the δ → 0 limit a remnant framing-
dependent contribution survives. Though this is not a
complete proof, it gives a clear indication that for framed
defects we should expect the scaling equation for g in (5.6)
to be affected by extra f-dependent terms originating from
the generalized Ward identity (5.13). This is consistent with
our perturbative findings.
We close this section with a brief comment about the

second branch of RG flows, that is the branch described by
the set of parameters fβj; β̄jg (j ¼ 3, 4) with αi ¼ ᾱi ¼ 0
[see Fig. 1(b)]. From (3.6) the corresponding expectation
value is given by

hWif ¼ 1þ iπ
k
ðN1 −N2Þf−

π2

6k2
½ð1þ 3f2ÞðN1 −N2Þ2 − 1

− 3N1N2ðβ̄βþ 1Þ2ð1− f2Þ− 2N1N2�: ð5:25Þ

The two-point function of the defect stress tensor has
been evaluated in [23]. The result shows that operators
within this branch represent defect theories that are not
reflection-positive (in Euclidean space) or, equivalently,
unitary (in Minkowski space).
For defect theories that do not possess reflection positivity,

the g-theorem is not expected to hold. Nevertheless, as done
for the first branch of operators, it is interesting to see how
the g-function behaves for different values of framing. In
Fig. 4 we plot g for different values of f. The blue region is
bounded by UV and IR fixed points (ββ̄ ¼ −1 and ββ̄ ¼ 0,
respectively). For f ¼ 0, we see that gUV < gIR, in accor-
dance with the framing zero studies [23]. On the other hand,
the correct monotonicity of g seems to be recovered for f > 1
(green line). This peculiar connection between framing and
unitarity is quite interesting and would require further
investigation.
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FIG. 3. One-loop contribution of the integrated one-point func-
tion of Ci as a function of δ, for different values of framing f.
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FIG. 4. The g-function for the 1=6 BPS operator depending on
ββ̄, see (5.25), for different values of framing f. The blue region is
bounded by the two fixed points: ββ̄ ¼ −1 is a UV fixed point
and ββ̄ ¼ 0 in an IR fixed point.
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VI. FRAMING AT STRONG COUPLING

The strong coupling description of Wilson loops in ABJ
(M) via holography has been widely discussed in the
literature, see for example [12,22,45–47] and chapters
12–13 of [1] for a review. However, to the best of our
knowledge an investigation of framing in this context is still
missing. In this section we advance a proposal for the
holographic dual of framing, which we claim to be given by
the coupling of the string dual to the Wilson loop to the
background Kalb-Ramond field of the theory.
ABJM theory [48] is dual to M-theory on AdS4 × S7=Zk,

which at large k reduces to type IIA string theory on
AdS4 × CP3

ds2 ¼ R2ðds2AdS4 þ 4ds2CP3Þ; ð6:1Þ

where R2=α0 ¼ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðλ − 1

24
Þ

q
is the radius of the space as a

function of the ’t Hooft coupling λ ¼ N=k, including an
anomalous shift [49], which is subleading and negligible in
the present calculation. We take the CP3 to be described by
the Fubini-Study metric

ds2CP3 ¼ 1

4

�
dα2 þ cos2

α

2
ðdθ21 þ sin2θ1dφ2

1Þ

þ sin2
α

2
ðdθ22 þ sin2θ2dφ2

2Þ

þ sin2
α

2
cos2

α

2

�
dχ þ cos θ1

2
dφ1 −

cosθ2
2

dφ2

�
2
�
;

ð6:2Þ

where 0 ≤ α; θ1; θ2 ≤ π, 0 ≤ φ1;φ2 ≤ 2π and 0 ≤ χ ≤ 2π.
In the ABJ case, the background also includes a Kalb-
Ramond field [49–51]

Bð2Þ ¼ 1

2

�
N1 − N2

k
þ 1

2

�
dA; ð6:3Þ

with the Kähler potential A of CP3 given by

A ¼ cos αdχ þ 2 cos2
α

2
cos θ1dφ1 þ 2 sin2

α

2
cos θ2dφ2:

ð6:4Þ

The flux of this field overCP1 ⊂ CP3 gives the difference in
ranks, jN1 − N2j, of the gauge fields at the two nodes of the
quiver.
To identify the holographic dual of framing it is useful to

consider two specific cases: the 1=2 BPS loop discussed
repeatedly above and the 1=6 BPS latitude [32,42,52,53]
(see chapters 7–8 of [1] for a review).
The 1=2 BPS loop in the fundamental representation is

dual to a fundamental string spanning an AdS2 subspace of
AdS4 and sitting at a point in CP3 [12], so to preserve an

SUð3Þ subgroup of the R-symmetry. This configuration can
be obtained by setting α ¼ 0 and θ1 ¼ 0 in (6.2). On the
other hand, the 1=6 BPS latitude is supported on a latitude
of S2 and has a string theory dual [54] constructed by
setting φ1 ¼ τ (with τ being the parameter along the loop,
identified in static gauge with one of the world sheet
coordinates) and allowing θ1 to vary over the other world
sheet coordinate σ, with its boundary value fixed to be the
latitude angle, θ1ðσ ¼ 0Þ ¼ θ0. The 1=2 BPS loop solution
is then retrieved in the limit in which the latitude goes to the
equator of the sphere (θ0 → 0 in our parametrization).
Thinking of the 1=2 BPS loop as a special case of the

latitude, we set φ1 ¼ τ also in this case. This does not
change the solution itself, since the pull-back of the φ1-
direction contains a factor of sin θ1, which is vanishing for
the 1=2 BPS loop. The string is still localized at a point in
the internal space.12 However, even if the string solution is
unchanged, if dφ1 does not vanish, the pullback of the
Kähler potential (6.4) onto the string world-sheet becomes
nontrivial. In particular, for the latitude Wilson loop (which
also has α ¼ 0 and χ constant), it reads

A ¼ 2 cos θ1dφ1 ¼ 2 cos θ1dτ; ð6:5Þ

reducing to A ¼ 2dτ in the 1=2 BPS limit.
This gives rise to a nontrivial Kalb-Ramond field (6.3),

which then couples to the string solution, contributing to its
classical action. The minimal surface contribution, for
which only the AdS part of the spacetime is relevant in
the 1=2 BPS case, evaluates as usual to π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1 þ λ2

p
, with

λ1;2 ¼ N1;2=k. The coupling to the Bð2Þ field generates, on
top of this, an imaginary term from the Wess-Zumino piece
of the Euclidean action

SB ¼ i
2

Z
AdS2

Bð2Þ: ð6:6Þ

Using (6.3) and Stokes’ theorem to evaluate the integral we
obtain

SB ¼ i
2

�
N1 − N2

k
þ 1

2

�Z
∂AdS2

dτ cos θ1

����
∂AdS2

¼ iπ

�
N1 − N2

k
þ 1

2

�
cos θ1

����
∂AdS2

: ð6:7Þ

Including this contribution to the minimal surface term
above, we find the expectation value

hW1=2i ≃ eiπ
N1−N2

k eπ
ffiffiffiffiffiffiffiffiffi
λ1þλ2

p
: ð6:8Þ

12In particular, we consider θ1 as the polar angle and φ1 as the
azimuthal angle in the CP1 subspace of CP3 parametrized by
ðθ1;φ1Þ. Then θ1 ¼ 0 identifies the North pole of S2 ≃ CP1

where the value of φ1 is arbitrary.
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The phase factor coincides with the framing phase at f ¼ 1
obtained at weak coupling via a perturbative computation,
and at any coupling via localization [8].
As a nontrivial check of this identification, we note that it

correctly reproduces the framing phase also for the latitude.
In fact, in this case the minimal surface term together with
the B-field contribution give

hWlatitudei ≃ eiπ
N1−N2

k νeπ
ffiffiffiffiffiffiffiffiffi
λ1þλ2

p
ν; ð6:9Þ

where ν≡ cos θ1j∂AdS2 ¼ cos θ0. This matches precisely
the perturbative result of [42] and the exact result obtained
from the latitude matrix model [32].
It is instructive to explicitly realize that the holographic

computation of the Wilson loops selects automatically the
correct framing choice, f ¼ 1 for the maximal circle and
f ¼ ν for the latitude, as required by supersymmetry
[5,42].13 This is, of course, not surprising if one recalls
our previous discussion of how framing is needed to cancel
cohomological anomalies at the quantum level: we confirm
here, in the deep quantum regime of the gauge theory
operators probed by holography, what was also signaled at
the first orders in perturbation theory by the computations
of Sec. III.
The bosonic 1=6 BPS Wilson loop has been argued to be

dual to a string solution smeared over a CP1 equator of
CP3, which suitably reduces the amount of preserved
supersymmetry. Since its position in CP3 is not fixed, this
has been interpreted as the string solution obeying
Neumann rather than Dirichlet boundary conditions in
the internal space. Solutions with mixed boundary con-
ditions interpolate between the 1=2 and 1=6 BPS dual
configurations [55,56].
From the matrix model calculation [8], averaging over the

CP1 effectively multiplies the 1=6 BPS expectation value at
strong coupling by a factor proportional to the volume of
CP1. Such prefactors, which multiply the dominant expo-
nential behavior of Wilson loops at strong coupling, are
typically difficult to extract from a direct string calculation.
Nonetheless, the observed effect aligns with the smearing
interpretation. Importantly, this averaging should not
modify the exponential part of the expectation value, which
arises from evaluating the classical string action. We
therefore expect that the same reasoning applies to the part
of the action coupling to the B-field, which should govern
the framing dependence at strong coupling. This leads to a
prediction for the framing phase of the 1=6 BPS Wilson
loop at strong coupling, which is eiπðλ1−λ2Þ.

We finally test our identification of framing at strong
coupling against a localization calculation. Following the
steps of [7,8], while keeping N1 ≠ N2, we find

hW1=2if¼1 ¼
eiπB

8πλ̂
κðλ̂; BÞ;

hWbosif¼1 ≃ −
eiπBκ
4π2iλ1

ðlog κ − 1 − iπBÞ; ð6:10Þ

where we emphasize that the calculation is performed at
framing 1. In the above formulas, B ¼ N1−N2

k þ 1
2
,

λ̂ ¼ N1þN2

2k , and the overall normalization is chosen to
match unit tree level expectation values at weak coupling.
The expression for the 1=2 BPS Wilson loop is exact,
whereas the expectation value of the 1=6 BPS Wilson loop
has already been restricted to large κ. The real function κ
must be expanded in the relevant regime, in order to retrieve
expressions depending on the ’t Hooft parameters. At

strong coupling, it asymptotes to κ ∼ eπ
ffiffiffiffi
2λ̂

p
, reproducing

the classical string area.
In conclusion, we highlight the role of B in the result,

which in the string theory picture corresponds to the flux of
the Kalb-Ramond two-form. It fully characterizes the effect
of framing at strong coupling, triggering the emergence of
imaginary contributions. For the 1=2 BPS Wilson loop it is
a simple phase which coincides with the weak coupling
prediction. Conversely, in the 1=6 BPS case the same phase
appears with additional corrections. On the one hand, this
localization result validates our string-theoretic interpreta-
tion of framing. On the other hand, it resonates with weak
coupling findings for the 1=6 BPSWilson loop, hinting at a
nontrivial framing dependence of its expectation value [4].
As a further confirmation of our identification of the

holographic dual of framing, we note that it also agrees
with the framing dependence of defect correlation func-
tions, computed in Sec. IV. In fact, in [37] it was shown that
in the case of Dirichlet boundary conditions in the internal
space, i.e., for the dual of the 1=2 BPS Wilson loop,
correlation functions at strong coupling do not depend on
B. On the other hand, in the case of Neumann boundary
conditions, i.e., for the bosonic 1=6 BPS Wilson loop,
correlation functions do exhibit a nontrivial dependence on
B. These strong coupling findings are perfectly consistent
with our weak coupling analysis. In fact, we have found
that framing drops out from the 1=2 BPS Wilson loop, see
(4.9), while it does not cancel for the 1=6 BPS case in (4.8).

VII. CONCLUSIONS

In this paper we have been concerned with framing
effects in the evaluation of BPS Wilson loops in ABJ(M)
theory, both at weak and at strong coupling.
At weak coupling our main result is the generalization of

our perturbative two-loop computation [9] of the 1=2 BPS
Wilson loop at generic framing to the parametric 1=24 BPS

13From the discussion above, modifying the internal rotation
by φ1 ¼ kτ would generate a phase proportional to k, mimicking
a framing-k factor at weak coupling. However, the classical area
also changes nontrivially, so the configuration no longer corre-
sponds to the weak-coupling operators under consideration and
would typically break supersymmetry.
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operator. We provide a direct check of the cohomological
equivalence at framing one of all the operators interpolated
by this loop. The expectation value (3.6) depends generi-
cally on the eight parameters fαi; ᾱi; β̄j; βjg, but this
dependence drops entirely when f ¼ 1, as expected from
localization.
In the direction of strengthening checks between per-

turbative and localization results, a natural generalization of
this analysis is to consider parametric θ0-latitudes [2]. Also
in that case, one expects the parametric dependence to
disappear and agreement with localization to be found for
f ¼ ν ¼ cos θ0, instead of f ¼ 1. This was confirmed at one
loop in [9], but a higher-loop computation is still missing.
A second result in perturbation theory has been the

evaluation of correlation functions of local operators
inserted on framed Wilson loops, highlighting the fram-
ing-dependent contributions to these quantities, see (4.7)
for a bosonic defect and (4.11) for a fermionic one.
Interestingly, these contributions drop in the 1=2 BPS
case. Moreover, we have considered the integrated one-
point function of the defect stress tensor (4.23), which turns
out to be proportional to ð1 − f2Þ, at least up to two loops in
perturbation theory. This offers an alternative perspective
on the fact that f ¼ 1 preserves supersymmetry and the
cohomological equivalence at the quantum level.
Finally, we have discussed how framing affects defect

Ward identities and the g-theorem proved in [10]. We have
found that the relation (5.5) between the integrated one- and
two-point functions of the defect stress tensor, which is
crucial in the proof of the g-theorem, has to be modified as
in (5.11). The inclusion of the ð1 − f2Þ framing dependence
spoils the g-theorem for f2 > 1. This modification can be
tracked back to new terms appearing in the defect Ward
identity, which are due to the fact that, in the presence of
framing, the normal bundle to the defect is no longer trivial.
This is encoded in (5.13). We have focused on just one term
in that expression, showing that a framed defect does
indeed introduce framing dependence in the Ward identity.
Our analysis completes the general picture of defect RG

flows in ABJ(M) initiated in [2]. According to the defi-
nition of anomaly given in [38,39], a theory is anomalous
whenever the whole set of its classical properties cannot be
required simultaneously at the quantum level. In our case
the properties that appear to be incompatible are the
cohomological equivalence of the spectrum of BPS defects
under investigation and framing independence, that is
independence of the trivialization of the frame bundle.
Therefore, we have three options:

(i) We give up cohomological equivalence and avoid
introducing a framing dependence. This is the
approach used in [2,23,24] where we studied RG
flows at framing zero (ordinary perturbation theory).

(ii) We give up framing independence setting the theory
at framing one, thus restoring cohomological equiv-
alence. This is the canonical approach of localization.

As already discussed, BPS defects still flow but their
expectation value is no longer an appropriate observ-
able to detect the flow.

(iii) We give up both cohomological equivalence and
framing independence. This is what we have done
in the RG flow analysis in this paper. This less
conservative option allows to better investigate the
role of framing in the definition of defects, thus
leading to a deeper comprehension of the special
role played by framing one.

In the end, the legitimate question one should ask is
whether framing is physical or not. Our present under-
standing is that framing should be seen as part of the
definition of quantum defect observables, even though the
bulk theory in which the defects are embedded is insensible
to it, and rightly so. In other words, from the point of view
of the ABJ(M) theory, framing is nothing but a regulari-
zation prescription, but for defects it discriminates between
different quantum behavior. Therefore, defects at different
framing should be considered as different one-dimensional
theories. However, to have a stronger confirmation of this
interpretation, the current spectrum of results should be
completed with information from the holographic descrip-
tion of defects.
At strong coupling, we have proposed a holographic dual

to framing, namely the coupling of the fundamental string
to the background B-field of the ABJ theory. We have
checked that this yields the correct framing phase both in
the case of the 1=2 BPS circle and the 1=6 BPS latitude,
naturally selecting the values f ¼ 1 and f ¼ ν, respectively.
Whether Wilson loops allow for a consistent dual descrip-
tion also at f ≠ 1 or f ≠ ν, we do not yet know. If our
interpretation of framing is correct, the answer should be
“yes,” as Wilson loops at different framing should corre-
spond to physically distinct observables with some broken
symmetries, like supersymmetry. This is still an open
question, which urgently asks for further investigation.
An interesting extension of this research would be to

consider Wilson loops in higher representations of the
gauge group, both on the gauge theory side using pertur-
bation theory and on the string theory side. In the latter
case, the dual objects would be D-branes, rather than
fundamental strings, which could provide a further check
of our proposal in Sec. VI.

ACKNOWLEDGMENTS

We are grateful to D. Correa, N. Drukker, A. Faraggi, Y.
Papadimitriou, and G. Silva for comments and discussions.
D. T. thanks the organizers and participants of the Favignana
Workshop on higher-dimensional integrability for a stimu-
lating meeting, where parts of this paper were presented.
This work was supported in part by the INFN grant Gauge
and String Theory (GAST). D. T. would also like to thank
FAPESP’s partial support through the Grant 2019/21281-4.
M. S. B. is supported by Fondo Nacional de Desarrollo

MARCO S. BIANCHI et al. PHYS. REV. D 113, 026027 (2026)

026027-18



Científico y Tecnológico, through Fondecyt Regular
1220240, Fondecyt Exploración 13220060 and Fondecyt
Exploración 13250014. M. T. is supported by the Simons
Foundation through the award number 1023171-RC.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

[1] N. Drukker et al., Roadmap on Wilson loops in 3d Chern-
Simons-matter theories, J. Phys. A 53, 173001 (2020).

[2] L. Castiglioni, S. Penati, M. Tenser, and D. Trancanelli,
Interpolating Wilson loops and enriched RG flows, J. High
Energy Phys. 08 (2023) 106.

[3] E. Witten, Quantum field theory and the Jones polynomial,
Commun. Math. Phys. 121, 351 (1989).

[4] M. S. Bianchi, L. Griguolo, M. Leoni, A. Mauri, S. Penati,
and D. Seminara, Framing and localization in Chern-Simons
theories with matter, J. High Energy Phys. 06 (2016) 133.

[5] A. Kapustin, B. Willett, and I. Yaakov, Exact results for
Wilson loops in superconformal Chern-Simons theories
with matter, J. High Energy Phys. 03 (2010) 089.

[6] L. Griguolo, G. Martelloni, M. Poggi, and D. Seminara,
Perturbative evaluation of circular 1=2 BPS Wilson loops in
N ¼ 6 Super Chern-Simons theories, J. High Energy Phys.
09 (2013) 157.

[7] M. Marino and P. Putrov, Exact results in ABJM theory
from topological strings, J. High Energy Phys. 06 (2010)
011.

[8] N. Drukker, M. Marino, and P. Putrov, From weak to strong
coupling in ABJM theory, Commun. Math. Phys. 306, 511
(2011).

[9] M. S. Bianchi, L. Castiglioni, S. Penati, M. Tenser, and D.
Trancanelli, Framing fermionic Wilson loops in ABJ(M), J.
High Energy Phys. 12 (2024) 053.

[10] G. Cuomo, Z. Komargodski, and A. Raviv-Moshe, Re-
normalization group flows on line defects, Phys. Rev. Lett.
128, 021603 (2022).

[11] N. Drukker, Z. Kong, M. Probst, M. Tenser, and D.
Trancanelli, Classifying BPS bosonic Wilson loops in 3d
N ¼ 4 Chern-Simons-matter theories, J. High Energy Phys.
11 (2022) 163.

[12] N. Drukker and D. Trancanelli, A supermatrix model for
N ¼ 6 super Chern-Simons-matter theory, J. High Energy
Phys. 02 (2010) 058.

[13] M. Cooke, N. Drukker, and D. Trancanelli, A profusion of
1=2 BPS Wilson loops in N ¼ 4 Chern-Simons-matter
theories, J. High Energy Phys. 10 (2015) 140.

[14] H. Ouyang, J.-B. Wu, and J. Zhang, Supersymmetric Wilson
loops in N ¼ 4 super Chern-Simons-matter theory, J. High
Energy Phys. 11 (2015) 213.

[15] H. Ouyang, J.-B. Wu, and J. Zhang, Novel BPS Wilson
loops in three-dimensional quiver Chern-Simons-matter
theories, Phys. Lett. B 753, 215 (2016).

[16] H. Ouyang, J.-B. Wu, and J. Zhang, Construction and
classification of novel BPS Wilson loops in quiver Chern-
Simons-matter theories, Nucl. Phys. B910, 496 (2016).

[17] A. Mauri, S. Penati, and J. Zhang, New BPSWilson loops in
N ¼ 4 circular quiver Chern-Simons-matter theories, J.
High Energy Phys. 11 (2017) 174.

[18] A. Mauri, H. Ouyang, S. Penati, J.-B. Wu, and J. Zhang,
BPS Wilson loops in N ≥ 2 superconformal Chern-Si-
mons-matter theories, J. High Energy Phys. 11 (2018) 145.

[19] N. Drukker, BPS Wilson loops and quiver varieties, J. Phys.
A 53, 385402 (2020).

[20] N. Drukker, M. Tenser, and D. Trancanelli, Notes on
hyperloops in N ¼ 4 Chern-Simons-matter theories, J.
High Energy Phys. 07 (2021) 159.

[21] N. Drukker, Z. Kong, M. Probst, M. Tenser, and D.
Trancanelli, Conformal and nonconformal hyperloop de-
formations of the 1=2 BPS circle, J. High Energy Phys. 08
(2022) 165.

[22] N. Drukker, J. Plefka, and D. Young, Wilson loops in 3-
dimensional N ¼ 6 supersymmetric Chern-Simons Theory
and their string theory duals, J. High Energy Phys. 11 (2008)
019.

[23] L. Castiglioni, S. Penati, M. Tenser, and D. Trancanelli,
Wilson loops and defect RG flows in ABJM, J. High Energy
Phys. 06 (2023) 157.

[24] L. Castiglioni, S. Penati, M. Tenser, and D. Trancanelli,
Interpolating bremsstrahlung function in ABJM model,
Phys. Rev. D 109, 126010 (2024).

[25] L. Castiglioni, S. Penati, M. Tenser, and D. Trancanelli,
Conformal defects and RG flows in ABJM, Proc. Sci.,
CORFU2024 (2025) 345 [arXiv:2502.15877].

[26] E. Guadagnini, M. Martellini, and M. Mintchev, Wilson
lines in Chern-Simons theory and link invariants, Nucl.
Phys. B330, 575 (1990).

[27] M. Alvarez and J. M. F. Labastida, Analysis of observables
in Chern-Simons perturbation theory, Nucl. Phys. B395,
198 (1993).
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