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1. Introduction

The aim of this paper is to study the existence of singular minimizers for
variational integrals with polyconvex energies in the radially symmetric case.
The variational elasticity problem that motivates this investigation can
be described as follows. Let the open unit ball B; in RY be the reference
configuration of a hyperelastic, isotropic material with stored energy density
W so that the total energy corresponding to a smooth deformation u with
given displacement u(x) = Az (A > 1) at the boundary |z| = 1 is given by

E(u) = W (Du(z)) dx.
B
We assume that W (Du) — +o00 as det Du — +oo and det Du — 0. We re-
strict our analysis to the special case of radial deformations, i.e. deformations
u of the form u(z) = v(|z|)z/|z| with v(r) positive and strictly increasing and
such that v(1) = A, so that, by a change of variables, the total energy corre-
sponding to u becomes

E(u) = J() =0on /01 rNle <v’(7") , U(T)> dr

r

where oy is the (N — 1) —dimensional measure of 9B; and ® is associated
with the stored energy density W, see Section 2. We look for those radial
deformations that minimize the total energy among all radial ones including
those satisfying v(0) > 0, i.e. corresponding to deformations u which are
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singular at the origin. The existence of optimal radial deformations with
v(0) > 0 for large enough displacement A at the boundary can be interpreted
as the occurrence of a spherical fracture — a cavity — inside the body, a
behaviour which is actually observed in experiments with elastomers. This is
the problem studied by J. Ball in his seminal paper [1], see also [10], [8], [9],
just to mention a few other references. We mention also [4] for a description
of cavitation in the language of currents and we refr to [5] for a survey of
theoretical and experimental results about cavitation.

Among the results of [1], those which are relevant for our analysis regard
isotropic, compressible materials whose stored energy density W (Du) takes
the form

W(Du) = 6(|Dul|) + w(det Du) (1.1)

where 6 is a convex function with polynomial growth of order 1 < p < N at
infinity and w is a strictly convex, superlinear function. Note that the growth
assumption on 6 allows for discontinuous deformations with finite energy. It
was proved by Ball in [1] that there is a threshold A, > 1 such that for
1 < X < X the linear function vy(r) = Ar is the unique minimizer of .J
whereas J has a unique minimizer v with v(0) > 0 for A > A.. The model
considered by Ball thus predicts the occurrence of cavitation and seems to be
in good agreement with some of the experimental results. Yet, the assumption
of superlinearity with respect to det Du is not consistent with some of the
experimental results of [2] which suggest that cavitation occurs for isotropic,
compressible materials whose energy density W (Du) has linear growth with
respect to det Du as det Du — +oc.

Another important contribution to the study of cavitation was given by
P. Marcellini in [6]. Marcellini’s approach to the problem is based on the idea
that, contrary to Ball’s approach, the energy corresponding to a singular,
radial deformation v must be defined by lower semicontinuity or relaxation,
i.e. choosing the energy of the radial deformation associated to v to be

k—-+o0

Jv (v) = inf {liminf J(vg) : v — v}

where the greatest lower bound is taken among all regular deformations vy,
i.e. v5(0) = 0, and the convergence vy — v is the natural weak convergence
for which .J is lower semicontinuous, see Section 2. Marcellini’s main result is
the derivation of the following representation formula for the relaxed energy
1
Jy(v) = O'N/ rNle (v’(r) , M) dr + w2 [w(o)" .
0 r N
Here, ® comes from an energy density W of the form (1.1) and the coef-
ficient w™ is the recession of the convex function w at ¢ = 1. The addi-
tional term appearing in the relaxed energy Jy is proportional to the N —
dimensional measure of the cavity and can be interpreted as the contribution
of the singular part of the Jacobian determinant of the radial deformation
u(z) = v(|z|)z/|z| to the total energy. It clearly penalizes the occurrence of



cavitation and moreover, according to this model and contrary to Ball’s, sin-
gular radial deformations may have finite energy only if the energy density W
in (1.1) grows linearly with respect to det Du — +o00. This behaviour agrees
with the experimental results of [2].

A further model for cavitation is studied by S. Miiller and S. J. Spector
in [7]. They address the full 3D problem for an energy density which includes
a surface term which accounts for the energy required for the creation of new
surfaces and which has superlinear growth with respect to det Du — +o0.
The deep analysis of [7] shows that minimizers for this model exist and that
cavitation is allowed. Yet, it seems to us that it is not proved that it actually
occurs, even in the simplified case of radial deformations.

We now come to the content of this paper. We investigate the existence
of radial, singular minimizers for an energy Jg which includes a surface term.
The energy Jgs we consider here is a special instance of the full 3D energy
considered in [7], the differences being that we consider radial deformations
only and that the energy density is supposed to grow linearly with respect
to det Du — +o00. It is given by

55 =ox [ 7 (000, 22) e+ w o o)

where ® and w® are the same as in Jy .

Preliminary to this investigation, we give an explicit proof that the
linear function vy is the unique minimizer of Jy for every A > 1. Thus, the
relaxed energy Jy does not allow for cavitation. Indeed, the minimality of
the linear function vy for Jy is a somewhat expected result, compare the
discussion in [6]. As to this issue, we mention also Theorem 3 in 2.6.3 of [4],
though it seems to us that the proof given is not correct.

Then, we consider the energy Js and we prove that, though it is not
lower semicontinuous for the natural weak convergence associated with the
problem, yet minimizers of Jg exist for every A > 1. This is established by
computing the relaxation of Jg in the spirit of Marcellini’s approach (Theo-
rem 4.1) and showing that Jg and its relaxation agree at every minimizer of
the latter. We then prove that minimizers of Jg are singular for large enough
A > 1, i.e. cavitation occurs. In fact, since vy turns out to be the unique
solution to the Euler-Lagrange equation for Jg with v(0) = 0 and for large
enough A > 1 there are functions v with v(0) > 0 such that Jg(v) < Js(vy),
we conclude that Jg has singular minimizers for large enough A > 1.

Finally, we present some explicit computations for the radial, 3D model
case whose energy density is

W(A) = |A” +det A+ ﬁ7 A € M¥?® with det A > 0. (1.2)

In this case, we prove that there are critical values 1 < A, < A} such that
the linear function vy is the unique minimizer of Jg for A < AJ whereas Jg
has a singular minimizer for every A > AT. For X in the possible, intermediate
range between A and AT, our analysis only proves that, besides the linear
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function vy, there are other solutions to the Euler-Lagrange equation of Jg
which are singular at r = 0 but does not yield any information whether the
minimizer is the linear function vy or any of the singular solutions, though
the obvious conjecture is that A\; = A\T.

2. Notation and description of the problem

Notations. We denote the norm of a vector  in RY by |z|. If A is a subset
of RV, we denote the interior, the closure and the boundary of A by int(A),
A and OA respectively.

As to matrices, let MY be the set of all N x N real matrices A =
(A™) endowed with the euclidean norm denoted by |A| and let Iy be the
identity matrix. The singular values of the matrix A are the eigenvalues
A (A), ..., An(A) of the positive, symmetric matrix vV AAT so that

JA2 = A2(A) + - + A% (A) and |det Al = X\ (A)---An(A). (2.1)

The standard basis of R is denoted by {ey,...,ex} and the tensor product
of two vectors a = ale; +---+aVey and b = ble; + - - - + bNep is the rank-
one matrix a ® b defined by (a ® b)™* = a™b" for every m and n. Finally, we
denote the group of all matrices with positive determinant by MfXN and the
subgroup of special orthogonal matrices by SO(N).

As regards measure and functional theoretic notation, we denote the
Lebesgue measure of a measurable subset E in the euclidean space R™ by
|E|. We use standard notation for the spaces of continuously differentiable
functions and for Lebesgue and Sobolev spaces and their norms. In the special
case of functions of one variable on a bounded interval I, we let AC(I) and
AC)oe(I) be the spaces of absolutely continuous functions on I and on all
compact subintervals of I respectively.

The variational problem. As explaineded in the Introduction, we are inter-
ested in the deformations of a hyperelastic, homogeneous, solid body whose
reference configuration is the open unit ball B; of RY, the physically inter-
esting cases being obviously N = 2 and N = 3. We assume that the stored
energy density of the body is a nonnegative, smooth, strictly polyconvex
function W which is the sum of two terms:

NxN
W(A) = 0(1A) + w(det ), A€ MY,
For the radially symmetric term 6, we assume the following hypotheses:

(H1) 6 € C3(]0,+00)) and 6 > 0; (smoothness and positivity)
(H2) 6 is strictly convex with 6'(0) = 0; (convexity)

so that A € MMV 5 (] A|) is strictly convex as well and

(H3) t" < 6(t) < C (1+t") for every t > 0; (growth and coercivity)



for some constant C' > 0 and some index 1 < p < N so that possibly
discontinuous deformations might have finite energy. Note also that (H2) and
(H3) imply that
0(t)
t
As to the term w depending on the deformation of volume elements, we
assume the following hypotheses:

0<0(t)<CL(1+tP71) < Cy [1 + ] ,  t>0. (2.2)

(H4) w € C3((0,+00)) and w > 0; (smoothness and positivity)
(H5) w is convex on (0, +0o0); (convexity)
(H6) w(t) — +o0 ast — 0F; (behavior at zero)
(HT7) there is 6 > 0 and C' > 0 such that

|(st)w'(st)| < Cw(t), t>0,
for every |s — 1| < 6;
(H8) w(t)/t = w™ € (0,400) as t — +o0. (linear growth)

Note that the hypotheses (H5) and (H6) imply that w'(t) — —oo as
t — 0% and that (HS8) expresses the property that w has linear growth at
infinity. In the superlinear case, one would have w™ = +4oo. As regards
the hypothesis (H7), it is a structure hypothesis on w which is satisfied for
instance by suitable perturbations of the model case w(t) =t + 1/t*, ¢t > 0
(o > 0). As mentioned in the Introduction, the model case of the energy
density W we have in mind is given by (1.2) in dimension N = 3.

For this energy density W, the total energy associated with a smooth
deformation u: B; — RY is given by the integral

E(u) = W(Du(z)) dz. (2.3)
B
Yet, we want to consider here bounded deformations which are possibly singu-
lar at the origin, i.e. deformations u corresponding to possibly discontinuous
Sobolev functions u € L (B, RV )N W11 (B, RY) satisfying an appropriate
notion of invertibility. The definition of the appropriate notion of invertibil-
ity for irregular Sobolev mappings is delicate and we refer to the book by
Giaquinta, Modica and Soucek [3] and the paper by Miiller and Spector [7]
for a general discussion of this issue. Here, we take advantage of the fact that
we shall consider the variational problem for E only in the restricted class of
radial deformations where a sensible definition of invertibility can be stated
in the most elementary terms.
In fact, we shall consider the class of radial deformations for which no
eversion occurs, i.e. the class of all mappings v € L (B, RY) such that

x
w(z) = v(l])—
for some v € L*°(0,1) satisfying v > 0 almost everywhere on (0,1). It is

clear that v is uniquely associated with u up to a null set by (2.4) and
viceversa. It is then easy to check (see Lemma 4.1 in [1]) that, whenever the

for a.e. x € By (2.4)
||
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two measurable functions u: By — RY and v: (0,1] — [0, +0c0) are related
by (2.4), we have that

v € ACc((0,1])

and
1 P
/ PNl (|v’(r)|p+ U(T)‘ ) dr < 400
0 T

for every index 1 < p < +oo. In this case, the gradient of u and its singular
values are given by

uwe W (B, RY) «— (2.5)

Du(z) = U(|;||)]IN + (v/(|x|) — v(||;|)> ﬁf'f for a.e. z € By (2.6)

and
A (Du(x)) = v'(J])
v(|z]) for a.e. x € By. (2.7)

An(Du(x)) = 2] n=2...,N

It follows from (2.5) that a singular, radial deformation w with v(0) > 0
cannot be in WP (By,RY) for p > N.

We shall assume throughout the paper that u defined by (2.4) is such
that the corresponding v can be chosen to be strictly increasing. Thus, u
is injective and v is actually defined up to a countable set and we assume
also that it is defined by continuity at » = 0 and r = 1. With this addi-
tional assumption, it follows easily that the equivalence (2.5) actually holds
with v € AC([0,1]) and moreover, for these mappings u satisfying (2.4) and
(2.5) for some p > 1, the distributional Jacobian determinant is a nonneg-
ative Radon measure whose absolutely continuous part with respect to the
Lebesgue measure has density

N-1
det Du(z) = v'(|z|) (U(M)) for a.e. x € By (2.8)

|z|
and whose singular part is

(Det Du)® = %N[U(O)}Nao (2.9)

where dg is the Dirac measure at the origin.

For the energy E defined by (2.3), we shall consider the radial dis-
placement boundary value problem in the class of radial deformations, i.e.
the variational problem of minimizing £ among all radial deformations v in
L (B, RY)NnWH(By,RY) satisfying det Du > 0 almost everywhere on B
and the boundary condition u(z) = Az for x| =1 for some A > 1. The set of
all functions v associated with these radial deformations u by (2.4) is the set

A={veAC([0,1]): v>0o0n (0,1] and v' > 0 a.e. on (0,1]}  (2.10)



and we denote by A()) those v € A such that v(1) = A. Note also that the
second condition in (2.5) yields

/01 N1 [v'(r) + ”(:)] dr < +00 (2.11)

for every v € A()\). By a change of variables and by (2.1) and (2.7), we obtain

E(u) = ox /OITN—% (1/(7“) , ”i”) dr

where
D¢, n) = @' (€, n) + 02, m) = 0 (VE+ (N - 1)) +w(en™™) (212)

for every n, & > 0. We note that the first term ®! corresponding to the
radially symmetric part of W is actually defined on R x R and its properties
can be easily read from the corresponding properties of 0, i.e.
(H1") ®! € C3(R x R) and &' > 0;
(H2') ®! is strictly convex on R x R and D®'(0,0) = 0;
(H3) €& < @'(€,n) < C (1+& +1P) for every (€,1) € R xR,
We denote the partial derivatives of ® by ®,, ®¢, ®¢ and so on and

similarly for ®°. For future purposes, we record the following estimates for
the derivatives of ®. As regards ®!, we easily obtain from (2.2) that

|D®'(¢,n)] SC[1+|717|‘1>1(£,77)} forn#0,£€R (2.13)

holds for some constant C = C(N) or either that, for every L > 0, there is a
constant C' = C(N , L) such that

|DR (¢, m)| < C(1+[¢P) In| <L, £€R. (2.14)

As to the derivatives of ®2, (H7) yields > 0 such that

|2 (¢,m)| < %dﬂ(é,n) forn,7>0and [7/n—1] <46 (2.15)
C
|Z(¢,m)| < zﬂb?(m) for £, >0 (2.16)

for some constant C = C(N , ).
Going back to the variational problem, we are thus led to consider the
integral

1
J(v) = O'N/ TNl <v'(r) , v(:)) dr, v e A(N), (2.17)
0
and the associated variational problem

min {J(v): v e AN)}. (Po)
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The convergence considered in the set of admissible, radial deformations
A(X) is the natural convergence induced on minimizing sequences of J: if
v € A(X) for every k and v € A(N), v, — v weakly in A(A\) means that

{Uk — v pointwise on (0, 1]; (2.18)

vj, = v weakly in L'(e,1) for every 0 < e < 1.

Then, J is sequentially lower semicontinuous with respect to this weak con-
vergence by standard results. Moreover, it is easy to check that A()) is not
closed for this weak convergence but the sublevel sets {J < ¢} are sequentially
compact for this weak convergence.

3. Marcellini’s relaxed model

In this section, following Marcellini’s approach to the problem of cavitation
described in [6], we consider the relaxation Jy of J on A(\) defined by (3.1)
below and we prove that the linear function vy(r) = Ar for 0 < r <1 is the
unique minimizer of Jy for every A > 1. Therefore, the relaxed integral Jy
does not account for cavitation. This conclusion follows from the following
claims.

Integral representation of .Ji,. The integral representation of Jy defined by
Jv (v) = inf {limkinf J(vg) v € AN, vi(0) =0 and vy, — w} (3.1)

where J is defined by (2.17) and @ is associated to the energy density W
satisfying (H1), (H2), (H3) and (H5) is a special case of Marcellini’s result,
see Theorem 1 in [6]. Marcellini’s result reads as follows.

Theorem 3.1. Assume that (H1), (H2), (H3) and (H5) hold. Then,

o
Jy(v) = J(v) + wOOWN[U(O)]N, ve AN).

We recall that w™ is the recession of w at t = 1, i.e. the limit of w(¢)/t
as t — +oo appearing in (H8). The additional term appearing in Jy is thus
proportional to the volume of the cavity and, in this model and contrary to
Ball’s, singular radial deformations require infinite energy for superlinear w.

The linear function vy is a minimizer of Ji,. The sublevel sets {J < ¢} are
closed and sequentially compact for the weak convergence defined by (2.18)
and the relaxed functional Jy is sequentially lower semicontinuous along
weakly converging sequences of functions in A(X) by construction. Thus,
existence of minimizers of Jy on A(X) follows from direct methods and we
claim that the linear function vy is a minimizer.

Theorem 3.2. Assume that (H1), (H2), (H3) and (H5) hold. Then,
Jv(U) > J\/(U,\)7 v E .A(/\)



Proof. 1t is enough to prove the “quasiconvexity” of the functional J on
nonsingular function v, i.e.

J(v) > J(vy), ve AA), v(0)=0, (3.2)

because the very definition (3.1) of the relaxed functional Jy then imme-
diately yields that Jy (v) > J(vx) = Jy(vy) for every v € A(X). To prove
(3.2), let v € A(N) be regular at » = 0, i.e. v(0) = 0, and let u and wuy)
be the deformations of B; corresponding to v and w) respectively. Then,
u € uy + Wy (B, RY) and for the first summand of J we have

1
O'N/ V-1l (v',g) dr:/ 0(|Dul) dx
0 r By
UX

1
oN N1zl [,
> N — 2 .
> 220 (AL ) oN/O N1 (vA, )dr (3.3)

r

by Jensen’s inequality. As to the second summand of J, choosing 0 < e < 1
and exploiting Jensen’s inequality again, we obtain

1 N—-1 17 N N 1
UN/€ rN-1yw <v’(i) >d7‘20N NE w(l—aN/E v’UNldr)

_1-=gN (AN — [v(s)]N>
=0N w .

N 1—¢N

Letting ¢ — 07 and recalling that v(0) = 0, we conclude that

1 N-1
N—1 1 (Y ON N
O'N/OT w<v (;) >dr2Nw(/\)

1 N-1
N-1 7 VX
= —_— d
UN[) T w <’U)\ ( , ) > T
and this together with (3.3) yields (3.2). O

We remark that the “quasiconvexity” inequality (3.2) is not a straight-
forward consequence of the polyconvexity of the stored energy density W of
E because the deformation u corresponding to v € A(\) is in W1 (B, RY)
but need not be in WV (By,RY) even if v(0) = 0.

The Euler-Lagrange equation for Jy,. We now explore the optimality condi-
tions satisfied by minimizers of Jy . The main issue in the derivation of the
corresponding Euler-Lagrange (EL) equation lies in the fact that admissible
variations have to comply with the constraint v' > 0 almost everywhere on
(0,1). This issue can be dealt with by exploiting essentially the same argu-
ments of Theorem 7.3 in [1]. It can be useful to outline the main steps of this
argument as the same reasoning will apply also to the EL equation of Jg.

Theorem 3.3. Assume that (H1),...,(H8) hold and let v € A(X) be a mini-
mizer of Jy. Then,

a) the mapping r € (0,1] — rN=2&, (v ,v/r) is in LL _((0,1]);
n loc
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(b) the mapping r € (0,1] = rN =10 (v ,v/r) is in ACloc((0,1]);
(c) the equation
; [PV 10 (v v/r)] = V20, (v, v/r) (3.4)

holds for a.e. r € (0,1];
(d) for everye € (0,1) there exists m = m(e) > 0 such that 1/m < v'(r) <
m for a.e. v € [,1].

Proof. From the estimates (2.13) and (2.15) with 77 = 5, we obtain

|%@mn§oﬁ+;mam] n>0,¢cR.

Hence, picking 0 < rg < 1 and exploiting this with £ = v'(r) and n = v(r)/r
for rg < r <1, we conclude that

/1 o, (v/,;) r {HU(?{O)/T:@ (v’,;) erdr]<+oo (3.5)

and this proves (a).

To prove (b), consider the sets Ey, = {r € [1/k,1]: 1/k </'(r) < k}
for k > 1, choose any function ¢ € L°°(0,1) supported on Fj and having
zero average over the set Ey itself, i.e.

Y =0ae. on[0,1]\ Ey and dr=0 (3.6)
Ey

and consider the variations
r
r)+€/ P dp, 0<r<1.
0

Here, € # 0 need not be positive. By the very definition of Ej, the functions
v. are admissible deformations for sufficiently small |¢].

Now, we compute the (rescaled) differential quotient of Jy at v with
increment v, — v which, in view of the equality v:(0) = v(0), coincides with
the (rescaled) differential quotient of J. Then, by the mean value theorem,
we have

hwa—amo:/*ﬂ¢w4m—wwwﬁnMJw

EON €
_ /1 [@(vg ,0e/1) — @ (Vv /1) N D(v' v /) — @(v’,v/r)} SNo1 g
0 € €
1
:/ [cpg( e w+<1>n< ) wdp] N1 dr
0
for some points 9! = 6! (7“) and 62 = 6%(r) 1y1ng in the intervals whose

endpoints are v'(r), vL(r) and v(r), ve(r) respectively for a.e. 0 < r < 1.
We abbreviate

A(r) = @5(91 7;) and  B.(r) = <I>n<v 92)

r
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for a.e. 7 € (0, 1] so that the differential quotient of Jy becomes

Jv(vs) — Jv(v)
EON

:/01AE(T)w(T)TN_ldT+/OlBE(T) (i /Orwdp> PNlar (3.7)

and we note that A.(r) — ®¢ (v, v/r) and B.(r) — @, (v',v/r) ase — 0
forae 0<r<1.

Now, we show that we can pass to the limit within the integrals in (3.7)
by dominated convergence. To this aim, we estimate the functions A, and
B..

The functions A, appearing in the first integral are different from zero
on the set Ej only and then, since ®, is continuous and both v" and v/r
are bounded over Ey, it follows that |A.¢| is bounded as well by a constant
depending only on k and v for sufficiently small |e].

We now turn to the functions B. which, in view of the definition of ®
in (2.12), we write as the sum of two terms B, = B! + B? where B(r) =
@1 (0", 62/r)

We first estimate B! which is multiplied by the integral of ¢ over the
interval [0, r]. As v is supported on FEy, this integral vanishes for 0 < r < 1/k
and the estimate

0 < o(L/k) — coltloe < 2O

<k(A+eoldle), 1/k<r <1,

holds for sufficiently small 0 < |e| < g¢. Here, |1|o obviously stands for the
L norm of . Therefore, we obtain from (2.14) that

1 T
1
‘BE(T)TA Ydp

holds for a.e. 0 < r <1 for some constant C = C(N ,k,\, [¢|) and, once
multiplied by 7V~  the right hand side is integrable over the interval (0, 1]
because J is finite at v.

We then turn to B2 and we exploit (2.15) with £ = v/, n = v/r and
7=02/r for 1/k <r < 1. Then, 7/n = 02/v and

02(r) [¥]oo
v(r) v(1/k)’

so that the ratio 77/7 is uniformly close to one for 1/k <r <1 provided |e| is
small enough. Thus,

1 [T vy N-1
’Bg(r)/ z/;dp‘ < Cw <v’ (7> >
r Jo r
holds for a.e. 0 < r < 1 for some constant C = C(N ,k, )\, |¢|~) and again,

upon multiplication by 7!, the right hand side is integrable over the inter-
val (0,1].

<C [1 + (1/)1’*1]

1/E<r <1,

—1‘ <]
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Therefore, we can pass to the limit in the (rescaled) differential quotient
of Jy by the dominated convergence theorem and the limit must be zero
because of the minimality of v. Thus, we obtain

/01 {<I>§ (0’7;)7“1\[_11#4—(1),, (U’,:)TN_Q/Orwdp}dr:O

for every ¢» € L°°(0,1) such that (3.6) holds.

Integrating by parts in the equation above and recalling again that the
integral of v over the interval [0,r] vanishes for 0 < r < 1/k, we conclude
that the equality

1 T
. (v L N—l_/q) r V) N-2 _
/0{5(v,r)r O v,p p dpyydr =0

holds for every ¢ € L>(0,1) satisfying (3.6). Hence,

23 (v’,g> rN —/ P, (v’,v) pN 2 dp = ¢
r 1 P

for a.e. r € E}, for some constant cg. As the sets Ej are increasing and their
union is the whole interval (0, 1], up to a negligible set, we conclude that the
constants ¢ are actually independent from k. Thus, we have

P (1/ ) g) e /1 P, (1/ , Z) PN rdp=c (3.8)

for a.e. 0 < r < 1. This establishes (b) and (c) follows by differentiation.
Finally, we are left to prove (d). In view of (b), the function defined by

r = rN=1de(v' v /r) is locally bounded in (0, 1]. Therefore, since we have

w'(t) - —ooast — 07 and 0'(t) — 400 ast — +oo, we easily obtain (d). [

The previous result yields the regularity of minimizers of Jy as in Propo-
sition 6.1 in [1].

Corollary 3.4. Assume that (H1),...,(H8) hold and let v € A(\) be a mini-
mizer of Jy. Then,

(a) veC((0,1]) and v’ >0 on (0,1];

(b) the mapping r € (0,1] — rN=2&,(v/ ,v/r) is in C((0,1]);
(c) the mapping r € (0,1] = rN=1®¢(v',v/r) is in C1((0,1]);

)

(d) the EL equation (3.4) holds pointwise on (0, 1].

Proof. The mapping ®(£,n) for &€ > 0, n > 0 is strictly convex in each
variable by (H2) and (H5) and

lim ®¢(¢,n) = —c0 and lim ®(¢,n) =400
=0t

£—+o0

for every n > 0. Thus, Proposition 6.1 in [1] applies. O
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Moreover, as # and w are of class C? and the second derivative Dee is
positive on (0, +00) x (0,400) because of the convexity of § and w and the
hypothesis 8’ > 0 on (0, +00), it follows that v is actually in C?((0,1]) and
the EL equation (3.4) turns into

v v v v v
o (',f) ”:(I)(’,f)fol<I><’,f>f<I> (’,f)[’ff].
T’gg’U ” v n’U ” ( )5 v , ng’l} ” v ”

So far, we haven’t exploited yet the possibility that the minimizers v € A(X)
of Jy be singular at r = 0, i.e. have v(0) > 0. This allows for a different choice
of the variations v, in the proof of Theorem 3.3, thus letting the volume part
of Jy come into play.

Theorem 3.5. Assume that (H1),...,(H8) hold and let v € A(\) be a mini-
mizer of Jy such that v(0) > 0. Then,

(a) the mapping r € (0,1] — rN=2&, (v/,v/r) is in L'(0,1);
(b) the mapping r € (0,1] = rN=10: (v ,v/r) is in AC([0,1]);

and, setting

N—-1
T(r) = U(TT)} Oe(v'(r) v(r)/r), O<r<l1, (3.9)
we have
(c) 7_l_i>r[r)1+ T(r) =w>.

The limit of T as r — 0% is the radial component of the Cauchy stress
tensor on the boundary of the cavity.

Proof. Statement (a) follows from (3.5) as 7o — 0T and (b) follows immedi-
ately from this and (3.8).

To prove (c), consider the variations v. = v + ep where ¢ € C*°([0,1])
is such that 0 < ¢ < 1, ¢ = 1 on the interval [0,rg] for some 0 < ry < 1
and (1) = 0. Since v(0) > 0, v. is in A(N) for every sufficiently small € # 0
by (a) of Corollary 3.4. Now, as in Theorem 3.3, we compute the (rescaled)
differential quotient of Jy, at v with increment v, — v. In view of the equality
v:(0) = v(0) 4+ ¢ and the mean value theorem, we have

Jv (ve) = Jv(v)
EON
1 o0 N N

_ /0 A’ + B2 Nt ar + () +¢] - LOIZ - 3.10)
for every sufficiently small ¢ # 0 where A. and B, are defined as in the
proof of Theorem 3.3 for some points 8! = 01(r) and 62 = 6%(r) lying in the
intervals whose endpoints are v'(r) and v.(r) and v(r) and v, (r) respectively

for every 0 < r < 1.
We want to prove that we can pass to the limit in the integral above.
To this aim, we write the integral over (0,1] as the the sum of the integrals
over (0,7¢] and [rg,1]. As v and v, are smooth on (0,1] by Corollary 3.4,
it is clear that all the functions v./r, 62/r, 6! and v’ remain in a compact
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subset of (0,00) as r ranges between ry and 1. As &, and ®,, are continuous
on the same set, the functions A, and B, are bounded over the interval [rg, 1]
uniformly with respect to small € # 0 and we can pass to the limit in the
integral above over the interval [rg , 1].

As to the integral over (0,ro], we have ¢ =1 and ¢’ = 0 on (0, 7] and
hence it reduces to

To 7 70 92
/ [AEQOI—FBE—] rNldr = / @, <U’,E) rN=2dr
0 r 0 r
7o
= / [B! + B2 rN"2dr
0

where B! and B? are defined as in the proof of Theorem 3.3 and can be
estimated by similar arguments.
Infact, recalling that 62 lies between v and v, on [0, 1] and that |v. —v| <
¢ on the same interval, we have that |62 /v—1| < |¢|/v(0) and v. > v(0)/2 > 0
hold on [0,1] for || small enough. Hence, from (2.13) and (H3), we obtain
for0<r<1
1 62 1
|Bi[rV 2 <C 1—|——2<I>1 AR R IS O R p— (’UI,E) V-1
62 r v(0) T
which is obviously integrable on the same interval.

Finally, recalling again that 62 /v — 1 uniformly on [0, 1] as € — 0, from
(2.15) we obtain for B2 that

2|, N—2 1 o(, v\ N2t C (NN N
’Bc?’r SC;@ ('U,;)’l" <’U(O)w<v (;) )’]"

and again the right hand side is integrable over (0, 1] because Jy (v) < cc.
Therefore, we can pass to the limit in (3.10) and the limit must vanish
because v is a minimizer. Thus,

[ ol ) om (. 2) 2w <o

Integrating by parts and recalling that ¢(0) = 1 and (1) = 0, we obtain

woo[v(o)]N—l = lim [(I)§ (v’ , ;) TN—1} i

r—0
1
d ;U N—-1 r v N—-2
Jr/0 {dr[q)f(v’r)r } ‘b"(v’r)r pdr
and hence (c) follows from (3.4). O

The analysis developed so far thus shows that, whenever (H1), ... ,(HS8)
hold, the optimality conditions for minimizers of Jy are the EL equation
(3.4) which we rewrite as

)=o) v (D), 0o on
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together with the boundary conditions

or r=04 (3.12)

{U(O) =0 v(0) > 0 and lim T(r) = w™
v(1) = A v(1) = A

and that every solution to (3.4), regardless of the boundary conditions, is
(absolutely) continuous on [0, 1] and continuously differentiable on (0, 1].

The shooting method. Following Stuart’s ideas in [10], we can investigate the
properties of possible solutions to the EL equation (3.4), (3.11) by looking at
the solutions to the backward Cauchy problem

g 2 ()] = (o) e (o) o<t

v(l) =X and v'(1) =«

(3.13)

with initial data o > 0 and A > 0. We remark here that, for future purposes,
it is convenient to consider the Cauchy problem (3.13) not only for A > 1 but
also for A > 0. Because of the remark following Corollary 3.4, for every choice
of the initial data this problem has a unique maximal solution v, € C? (I,)
where I, C (0,+00). In particular, vy(r) = Ar for r > 0 is the maximal
solution to (3.13) corresponding to @ = A. Though our hypothesis on ® are
not the same as those in [10], Stuart’s arguments can be easily adapted to the
case considered here and we summarize the properties of v, in the following
lemma which corresponds to Lemma 1 and Lemma 2 in [10].

Lemma 3.6. Let v, € C?(1,) be the mazimal solution to (3.13) corresponding
to A >0 and o > 0. Then,

(a) infI, >1—=MXa>0 fora>X;
(b) infl, =0 for 0 < a < A.

Moreover, for every 0 < a < A, v, has the following properties for every
0<r<1:

(¢) va(r) >0;

(d) 0 <ol (r) <«

(e) D<A —a<va(r) < A
(0 % (%ﬁﬂ) 0

This shows in particular that the only nonsingular solution to the EL
equation (3.11), (3.12) for Jy is the linear solution vy.

We finally show that for every A > 1, vy is the unique solution to the
EL equation (3.11), (3.12) for Jy and therefore the unique minimizer of Jy .

Indeed, by the previous analysis, it is enough to prove that no solution
v = v, to (3.13) with 0 < o < A can take the boundary condition T, (r) —
w*> as r — 04 and have finite energy Jy (v) < +oo at the same time. This
follows from the following energy estimate (see Lemma 9 in [10]).
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Assume that a solution v to (3.11), (3.12) with v(0) > 0 exists and that
it has finite energy, i.e. Jy (v) < +00. Then, v = v, for some 0 < & < \. As
everything is smooth, an easy computation (see eq. (6.12) in [1]) shows that
the equality

R L G B G LY GRS PR ()

holds for every 0 < r < 1. Integrating between € and 1 we obtain

N/ PNl dr = [@(a,A) + (A — a)Be(a,\)] +
_eN {q) (q/(g) , U?) - (v’(e) - U(;)) D (v’(a) ; vf)}
and hence

N/ PNV dr 4 ()] [1—5”1(5)} T(c) +

+eNo (v'(s) , 11(5)) = [®(a, ) + (A — a)Pe(a, N)].

€

Now, T'(g) — w™ as € — 07 by (3.12) and €v’(¢) — 0 by (d) of Lemma 3.6.
As Jy(v) < 400, we conclude that

lim eNo (v’(s) , va)) =0,
e—0+ €
otherwise it would be Jy (v) = +o00. Thus, for a singular solution v = v, of
(3.13) with finite energy, we would have
o o
Jy(v) = WN [@(a, \) + (A — )¢ (e, \)] < WNQ(A,)\) = Jy(vy)

by the strict convexity of £ € (0,400) — ®(£,n) which follows from (H2)
and (H5). We have thus proved the following result:

Theorem 3.7. Assume that (H1),...,(H8) hold. Then, vy is the unique min-
imizer of Jy on A(X) for every A > 1.

4. The surface model

In this section, we consider the model where the energy associated with a
radially symmetric deformation v € A(\) is given by

Js(v) = J(v) + w®an[v(0)]V 1, v e A(N),

and J is defined by (2.17) as before. This is the energy studied by Miiller
and Spector in [7], here considered in the very simplified situation of radially
symmetric deformations. Note however that, following Blatz and Ko experi-
ments in [2] and contrary to [7], we assume (H8), i.e. the energy density of J
has linear growth with respect to the Jacobian determinant.
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For this model, we want to prove that the energy Jgs has a singular
minimizer v with v(0) > 0 for large enough A > 1.

The first issue we have to set is the existence of minimizers for Jg.
Indeed, the definition of Jy, and the integral rapresentation formula given by
Theorem 3.1 show that Jg cannot be lower semicontinuous with respect to
the weak convergence (2.18) at any function v € A(\) such that 0 < v(0) < N
because Js(v) > Jy(v) at any such v. Thus, the existence of minimizers for
Js does not follow straightforwardly from direct methods. Yet, attainment
for Jg can be proved by showing that Jg is actually lower semicontinuous
along minimizing sequences. Instead of going this way, we shall go through
relaxation, i.e. we are going to extend Jg as a lower semicontinuous functional,
say Jr, defined on a larger class of objects and show that Jr attains its
minimum on this larger class and that the minimum is actually achieved at
a function v from A(X).

The underlying idea is that for the weak convergence vy, — v considered
in (2.18), while vy — v pointwise in (0, 1], it may happen that the values
vg(0) of the approximating functions at » = 0 converge to a value, say € > 0,
strictly smaller than v(0), i.e. 0 < & < v(0). Thus, if we look at the graphs of
the functions, what the sequence {v;} is really approximating is the graph
of v and a vertical part over the origin, the segment [¢,v(0)] and, if we want
to extend the definition of Jg by lower semicontinuity, we have to keep track
of this vertical part of the graph.

This suggests we consider the set

F={(v,e): ve A(N) and 0 < e <wv(0)}

of “graphs” which are (weak) limits of “regular graphs”, i.e. graphs associated
to functions v € A(\). We denote the subset of regular graphs by

Ip={(v,e) el : v(0) =¢}

and we endow I' with the convergence (vg,er) — (v,e) given by vy — v
weakly in A(X) and g — . It is easy to check that T is closed with respect
to this convergence. The functional Jg is actually defined on regular graphs
by

Js(v,e) = J(v) + wPoneN (v,e) €Ty,

and we consider its lower semicontinuous extension Jr defined on I' by
Jr(v,e) = inf {limkinf Js(vg,er) : (vk,ex) € Tp and (vg,e) — (v,s)}

for every (v,e) € T'. This construction can be described in the language of
currents, see Section 2.6.3 in [4].

The claim that Jg has singular minimizers for large enough A > 1 follows
from the following steps.

Integral representation for Jr. By the same arguments of Marcellini’s relax-
ation result (Theorem 1 in [6]), we prove the following representation formula
for Jr.
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Theorem 4.1. Assume that (H1), (H2), (H3), (H4) and (H5) hold. Then,

Jr(v,e) = J(v) +w°°UWN W)Y — e} +w one™l, (v,e) €T (4.1)

The meaning of the additional terms in Jr is transparent.

Proof. Let J be the right hand side of (4.1). We prove that Jr > J, i.e. that
limkinf Js(vg ,ex) > J(v,€) (4.2)

holds for every (v,e) € I' and every sequence of regular graphs (vi,ex) € I'g
such that vy, — v weakly in A(\) and e, — £. Assuming without loss of
generality that

limkinf Js(vg &) = 1i]£n Js (v, ex),
there are two possibilities: either v(0) =¢ > 0 or v(0) > & > 0.
In the first case, we have J(v,e) = Js(v,¢) and hence

limkinf Js(vg &) > limkinf J(v) + w®one¥ !

> J() +wXoneN Tt = Jg(v,e) = J(v,¢)

because J is sequentially lower semicontinuous with respect to the weak con-
vergence vy — v. If the other case v(0) > ¢ > 0 occurs, recalling that v
is strictly increasing and that vy — v pointwise on (0,1], we find integers
kn+1 > ky such that vy, (1/n) > v(0). Set

Tu(p) =0 [0(0) —¢]lp+e,  0<p<1
and note that ©,(1/n) = v(0) < v, (1/n). Since T,(1) — +00 as n — +00
and v, (1) = A for every n, we find 1/n < p,, < 1 such that the equality

Uk, (Pn) = Tn(pn) =1 [U(O) - 5] Pn t €

holds for large enough n and moreover
Vk,, (pn) — € A—¢

1
n[U(O)—e] <E.v(0)f€_>0.

1
0<—=—<pp=
n

Then, we estimate the limit of Jg along the sequence (vy , ). Since ®! > 0,
we have

. . P P A
hlgn Js(vg ,ex) > liminf oy w | v, r dr +

1 Vg v \ V-1
—Hirr%inf O'N/ [@1 (vfcn , 7") +w (U;cn ( r" ) ﬂ N7 dr 4 w>one™N !

n

= A+ B+ w®oyeV !
and we claim that
A> wOO"WN (O =&} and B> J(v)

which together yield (4.2).
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We consider the term B first. For every 0 < n < 1, we have
1 N-1
UN/ |:(b1 (’U;C" : 'Uk?n> +w (’U;c" (U]Cn) >:| ,',,N—l dr
P r r
1 N-1
> O’N/ {@1 (v}C ,Ui) +w (vfc (UL) ﬂ rN=Lar
n mr " r

since 0 < p, < n eventually and the inequality B > J(v) then follows by
lower semicontinuity letting first n — +oo and then  — 0%. To estimate A,
we exploit the convexity of w (hypothesis (H5)) and Jensen’s inequality. In
fact, from

N
Pn N Pn N—1 ) _ehN
/ rN=ldr = Pn_ and / v, (Uk” ) PNl dpr = [ Fn (pn)] kn ,
. N , e\ N

and Jensen’s inequality, we find

pn v \N-1 N [vk, (pn)] " — &b
/ kn N—1 Pn kn \Pn k
dr > on—+ r
O'N/O w(vkn( ” ) >T T ON w( pfy

and we note that

o )] = e
lim v
n—-+oo pn

= 400
because lim p,, = 0" and
liminf vg,, (pn,) > liminf oy, (1/n) > v(0) > & = limey, .

Thus,
P N-1
A= liminfaN/ w (U;% (%) > N1 gy
n 0 T

['Ukn (Pn)]N_EIICVn
o N S Y

> liminf — — <,
= by ([Uk”’(p")] '“") [oen (o] ™ =i,

N
Prn

> w2 (o) - <)

and this completes the proof of (4.2).

We now pass to the reverse inequality Jr < J which we prove by ex-
hibiting, for every graph (v,e) € ', a sequence of regular graphs (vi ,e) € I'g
such that vy — v weakly in A()\) and

limkinf Js(vg,€) < J(v,e).

We can assume that v(0) > ¢ > 0 otherwise the conclusion is obvious (take
v = v for every k). For large enough k, we choose 0 < pr < 1 such that
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kpi + & = v(pg) and we set
k =
vip)  p<p<L

It is clear that (vg,e) € Tg and v, — v weakly in A(\) because p, — 07.
Then,

Js(vi€)

Pk N—1

1 € € N-1
SUN/O [‘I’ (k’k+r>+w<k(k+r) )}7‘ dr + Js(v,¢€)
:Ak —I—Js(’l},E)

and, recalling the definition of ® in (2.12) as the sum of ®! and ®2, we write
Ay as A = A,lC + A% where
. Pk . c
zzcrN/ @Z(k,quf)rN*ldr 1=1,2.
0 T
We claim that

lim Al =0; (4.3)
limsup A7 < UJOOJWN <[v(0)]N - sN) ; (4.4)
k

whence the conclusion Jr(v,¢e) < J(v,¢e) follows.
First we prove (4.3). The growth hypothesis (H3) (or the corresponding
property (H3') for ®!) yields

1 € p &
&' [k, k+ <C(14+kP+
P pr

for every k and p whence, letting C = C(N , p) be a constant that may change
from line to line, we obtain

o<Al<c [(1 +&P) pY +eppkN—P] e {pkN + [(kpk)” + sp} pff‘l’} .

Since pr, — 0 and kpr = v(p) — e — v(0) — € as k — +o0, (4.3) follows.
As regards (4.4), set
t
@(t):m—l, t>0,
w>t
so that w(t) = w™>t[1 +w(t)] for t > 0 and wW(t) — 0 as t — +o0. Therefore,
given 1 > 0, we choose tg = to(n) > 0 such that |w(t)| < for ¢ > tg, so that

(")

<n, k= V.
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Then, we consider the locally Lipschitz function ug(x) = vk(|a:|)i defined
for 0 < |z| < pr and we note that 2]

g

N-1
detDuk(aE):k<k‘—|— ) ) 0 < |z| < pg.

|z|
Thus,

Pk N-1
UN/O k(kJr;) erldr:/B detDuk(x)d:z::JWN([U(Pk)]N*5N>

Pk

and hence, for k > ¥/tg, we obtain

0< A7 :UN/Opk w>k (k+ ;)Nfl {1+w(k (k+ i)N1>}rN1dr

<w(1+m)%E (o))" ")

whence (4.4) follows. O

Existence and regularity of minimizing graphs. The existence of mimimizers
of Jp on T follows straightforwardly from direct methods. In fact, Jr is se-
quentially lower semicontinuous along weakly converging sequences of graphs
in I' by construction and its sublevel sets are closed and sequentially compact
for the weak convergence of graphs because the sublevel sets of J enjoy the
same properties with respect to the weak convergence in A(\).

Now, we want to prove that every minimizer v of Jr is a regular graph,
i.e. v(0) = € whenever (v,¢) is a minimizer of Jr and that v is a minimizer
of Jg on A()). This can be proved by examining again the EL equation for
Jy.

In fact, let (v,e) € I" be a minimizer of Jp and let play again with
variations of the form (v;,€), t # 0, i.e. we do not make any variation in the
€ direction. We first choose v; to be the very same variations of the proof of
Theorem 3.3, that is

Ut(T)ZU(T)+t/T1,/Jdp, 0<r<l,

0

where 1) satisfies (3.6) and the sets E}, are those defined in the same theorem.
Thus
Jr(ve,e) —Jr(v,e)  Jv(ve) — Jv(v)
4 t

and therefore all the conclusions of Theorem 3.3 and Corollary 3.4 remain
true for v as well. In particular, v € C2((0, 1]) is a solution to the EL equation
(3.4). If it happened that the minimizer (v,e) were not a regular graph, i.e.
v(0) > & > 0, we could then choose functions v, = v+ tp with ¢(0) =1 as in
the proof of Theorem 3.5 and the resulting pairs (v; , €) would be admissible
variations for Jr for small ¢ # 0. Oncemore, as we do not make any variations
in the e direction, v would be a solution to the EL equation (3.11) for Jy
with the boundary condition (3.12) corresponding to v(0) > 0, which we
know does not exist. Thus, v(0) = ¢ and it is then obvious that v is also
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a minimizer of Jg on A(X). We remark that, whenever the pair (v,¢) is a
regular graph, the last part of the previous argoument breaks down because
the variations (v, €) are never admissible for ¢t < 0. We have thus proved the
following result.

Theorem 4.2. Assume that (H1),...,(H8) hold. For every A > 1, there exists
a mingmizer (v,e) € I' of Jr and every minimizer (v,e) € I' of Jr has the
following properties:

(a) v(0) =e;

(b) v is a minimizer of Js on A(X).
Existence of singular minimizer of Jg. We first note that the linear function

vy is not a minimizer of Jg for A > 1. This follows from the very same
argument of Proposition 7.6 in [1]. Set

A
f,\(r):N—\/iN\/rN—Fl, 0<r<i,

which are the convex functions considered in [1] with e = 1/2. Then, 7, is in
A(X) for every A > 1 and, moreover

r 2’
We claim that Jg(vy) — Jg(vy) = —o0 as A — +o00. We have

o N-1 N
B(2) = BOSRO-3 md ne<ni A @)

N-1
J v —J v —I +I +’U} o y—
S( /\) S( /\) 1 2 N(\/>N>

where I; and I, are the integrals involving ®; and ®, respectively. As to the
first summand, from (H2), (H3) and (4.5) we deduce

1 _
|Il|§aN/ {@1 (vi\,l:‘)—i-@l(/\,)\)} erldTSC(l—F)\p)
0

for some costant C' independent of A. Setting w(t) = w™t[1 +w(t)], t > 0,
as in the proof of the previous theorem, for the second summand we obtain
from (4.5)

o [ C5) e e (5) o)

_ ON OO/\N . )\N . N
——Ww 2[1—w<2>+2w()\ )]

Since wW(t) = 0 as t — oo and 1 < p < N, the claim is proved.

In addition, exploiting again the arguments used above for Jy and J,

we find that the EL equation for Jg is given by (3.11) with the boundary
conditions

{v(O) -0 v(0) >0 and lim T'(r) = o)

or r—0t

(1) = A (1) = A
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Moreover, every solution v to (3.11) is smooth on (0, 1] and the unique solu-
tion which is nonsingular at » = 0 is the linear solution vy for every A > 1.
Thus, cavitation occurs for every large enough A\ and we have thus proved
the following result.

Theorem 4.3. Assume that (H1),...,(H8) hold. Every minimizer v € A(X)
of Js satisfies v(0) > 0 for every large enough A > 1.

5. The model case for Jg

In this part we investigate the properties of the solutions to the EL equa-
tion (3.11) with the boundary condition (4.6) for Jg in the 3D model case
corresponding to 0(t) = t? and w(t) = t+1/t,t > 0, i.e. to the energy density

1
— 142 3x3 L o:
W(A) = |A] +detA+detA’ A € M”* with det A > 0.

We shall exploit the shooting method again. In this model case, the hypothe-
ses (H1),...,(H8) are satisfied with p = 2 and w™ = 1. Thus, Corollary 3.4
holds and radial minimizers of Jg exist and are of class C? and satisfy the
EL equation

r lu(vj)ﬂj)#] v =2 (; —v') [HW;Z}A (5.1)

for every r € (0, 1], with boundary conditions

{U(O) —0 v(0) > 0 and lim 7(r) = o
v{1) =2 (1) = A

(5.2)

where T is given by

2 2 1
ri =1 (5 [or- () o) 53
v v/ (v)
Note that, as the derivative of every singular solution v to (5.1) is bounded
by v'(1) < A because of (c) of Lemma 3.6, it follows that

lim T(r) = —

r—0+ v(0) r—0+

4
if and only if lim (f) ﬁ =1— %)7
v/ (v v

which yields v(0) > 2. Thus, the radius of possible cavities of singular solu-
tions to the EL equation (5.1), (5.2) must be at least 2.

By means of the change of variables defined by
t=—= and  q(t) ='(r) (5.4)

(see Lemma 4 in [10]), the second order differential equation (5.1) becomes
the first order differential equation

;o oal+ gt

T Tt 14 g3t

(5.5)
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and the corresponding Cauchy problem with initial condition
dN) =a (5.6)

has a solution gy o(t) defined for t > X for every choice of o > 0. Moreover,
if vy o is a solution to the Cauchy problem (5.1) with initial values v(1) = A
and v'(1) = a with 0 < a < A, then the function obtained from vy o(r) by
the change of variables (5.4) is the solution ¢y o to the differential equation
(5.5) with initial value (5.6) and viceversa.

Lemma 5.1. The solutions gx,q to (5.5), (5.6) have the following properties:
() @ron(t) < @ran(t) <t for every 0 < a3 < s < X andt > X;
. _ <)\
(b) t—lblinoo dra(t) =0 for every 0 < a < A;

(c) the function t — [qx.ay(t) — qraq ()] is decreasing for t > X and for
every 0 < ag < ag < .

Proof. It is
Q)\,ozl ()\) =oa1 < (DN (A) = Q2 S >\a
for 0 < oy < ag < A. Thus, (a) follows from uniqueness of solutions to (5.5)
and (5.6). Moreover, as the right hand side of (5.5) is negative, it is easy to
conclude that (b) holds.
Now, we are left to prove (c). To simplify the notation, set ¢; = ¢x a,
for i =1,2. Since ¢; and g2 are solution to (5.5), we have

/ q+ ¢t
[q2(t) — 1 (t)] = H(qo(t) ,t) — H(qu(t) ,t) where H(q,t) = 72t+ PRI
and
H,(q t):—$[1+q2t2(3t—2q)]<0 0<q<t.
q ) (t+ q3t3)2 )

Then, (a) implies that [g2(t) — @1 (t)}/ < Oforall ¢ > X whence (c) follows. O

Now, let T'(\, )(r) be the value of T'(r) in (5.3) when v = vy o and set
T(A,a) = lim T(A,a)(r) (A, a) € D, (5.7)
r—0+
where D = {(\, @) : 0 < a < A}. We want to show that, for large enough A,
there exists a value aw < A, such that 7(A,a) = 2/[v(A, @)(0)] and that, con-
trary to the superlinear case considered by Stuart, there must be at least two
values of o with this property. To do this, we prove the following properties
of (A, ).
Lemma 5.2. Let 7: D — R be the function defined by (5.7). Then,

(a) T is continuous on D;

(b) 7(A,-): (0,A) = R is strictly increasing for every A > 0;
(¢) 7(-,a): (a,4+00) = R is strictly increasing for every a > 0;
(d) lim 7(\,«a) = —o0 for every A > 0.

a—0t+
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Proof. Since v =v(X, @) is a solution to (5.1), for every s € (0, 1] we have

T, a)(s) =T\, a)(1)+ /18 %T()\,a)(r) dr
1

O I RTHON G0N

By the change of variables (5.4), we have
232 -1 /“WS qt) +t
A

T, a)(s) =1+ oz

where ¢(t) = g (t), t > A
In view of (a) of Lemma 5.1, we have [q(t) +t] /t* < 2/t* for every
t > A. Thus, we can pass to the limit within the integral and we obtain

22203 — 1 _4/+°° q(t) +t
A

r(\,a) =1+ dt. (5.8)

Ma? t3
Therefore, (a) follows from the continuous dependence of solutions to (5.5),
(5.6) on the data o and A and from the dominated convergence theorem.

To prove (b), choose 0 < a3 < ag < A and set ¢; = qxr,a;, @ = 1,2. By
the definition of 7, we have

2/\20423 -1 _ 2)\20413 -1 _ 4/+OO (D(t) — ql(t)

)\4Oé22 )\40412 A t3
Hence, by (c) of Lemma 5.1, we have ¢2(t) — q1(t) < g2(A) —q1(A\) = aa — o
for t > A. Thus,

9 1 /1 1 T ay -
T(A,ag)—T()\,Oq)Z/\2(042—041)"’)\4(_2)_4/>\ t3 di
1

T(A,az) = 7(A, an) = dt.

0412 (65)

NN
n )\4 0512 (122
and (b) is proved.

As to (c¢), by the change of varables (5.4), for (A, «) € D we can write

4
1 1
7'()\,oz)zlirn+ 1( ! ) 5 :tlim {12}.
=0 e (g ) |l B ()
Now, given A1 > )\, the equality

‘D,a(t) = (D\l,al (t)7 t Z >\17
holds for oy = g o(A1). Therefore,

T(A,a) = lim {1 - 12} =, lim {1 B 12}
100 t4 [qra(t)] fee t (01,00 (8)]

:T()\17OZ1) <T()\1,0[)

where the last inequality is due to (b) and to the fact that oy = gy (A1) <
dx,a(A) = a and this concludes the proof.
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Finally, (d) follows immediately from (5.8). O

Lemma 5.3. Let g: (0,4+00) = R be the function defined by
g(A) = lim 7(\,a), A>0.
a—A~

Then,
(a) g is continuous;

li =— li =1;
(b) Jlim g() = —co and lim g(})=1,

(¢c) g is strictly increasing.

Proof. From (5.8), the continuous dependence of solutions to (5.5), (5.6) on
the data a and A and from the dominated convergence theorem, we obtain

20° — 1 0 gua(t)
A) =1 —4 et A
o) =1+ i [ B e s

where g » is the solution to (5.5) corresponding to the initial value g(A) = A.
Therefore, the continuity of g is a consequence of the continuous dependence
of ¢x» on A and also the limits in (b) follow immediatly from the integral
representation of g.

As to (c), consider 1 < A; < Ag. By Lemma 5.2 for every a; < A\ and
for every as € (A1, \2), we have

T(A1, 1) <7(A2,01) < 7(A2, 2) < g(A2).

Then, g(A1) = sup{7(A1,1): a1 € (0,A1)} < g(A2) and also (c) is proved.
U

Then, we consider the continuous function a € (0,A) — vy o(0). It is
clear that vy o(0) = 07 as @ — A~ and vy 4(0) = A~ as @ — 0" because
Ux,q 1s convex and hence A > vy o(0) > A — a for 0 < aw < A. Thus,

2 2 2

A < vx,a(0) < A—a’
Since g(A\) < 1 this shows that for A > 1 sufficiently close to 1 there is no
0 < a < A such that 7(c,\) = 2/vy,4(0), i.e. the linear function vy is the
only solution to the EL equation (5.1), (5.2).

Finally, we prove that for every A large enough, there are at least two
solutions to (5.1), (5.2) which are singular at » = 0. In fact, recalling that
g(A) = 17 as A — 400, we can choose \g > 1 and 0 < ag < )¢ in such
a way that 7(ap,Ag) > 1/2. Then, the monotonicity of 7 with respect to A
implies that 7(ag, ) > 7(ap, Ao) > 1/2 for A > Xy and we can assume also
that 2/vx q,(0) < 2/(A —ag) < 1/2 for A > Ag. Moreover, 7(a,\) — —0o0 as
a — 0T by (d) of Lemma 5.2 whereas 2/vy »(0) tends to 2/\ as a — 0" and
to +00 as a — A~ for every fixed A > 0. Thus, for every A > \g, there are at
least two values 0 < a1 < ag < A such that

2

U)vaz‘ (0) ’

0< D<a<A

r(ai,\) = i=1,2, (5.9)
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and the corresponding vy o, are singular solutions to the EL equation (5.1),
(5.2).

Summing up, we have thus proved that there are values 1 < A\ < AT
such that the linear function v is the unique minimizer of Jg for 1 < A < A7,
whereas Jg has a minimizer v with v(0) > 0 for every A > AT. As explained
before, for A in the possible, intermediate range between A\ and AI, our
analysis only proves that, besides the linear function, there are other solutions
to the EL equation (5.1), (5.2) which are singular at = 0 but does not yield
any information whether the minimizer is the linear function vy or any of the
singular solutions, though the obvious conjecture is that A, = Al.
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