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Inversive Planes, Minkowski Planes and Regular Sets of Points

GLORIA RINALDI

New examples of regular sets of points for the Miquelian inversive planes of qrdga prime
power,q > 7, are found and connections between such planes and certain Minkowski planes of order
g2 are presented.
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1. INTRODUCTION

A permutation groug on a finite seE has a natural action on the power-8&E). To find
orbits of maximal length folG acting onP(E) was a problem studied in the past by many
authors §, 5, 10]. The search is aided {6 is looked at as the full automorphism group of an
incidence structure. Then a regular set for an incidence structure is a subset of the point-set,
such that the unique automorphism@fmapping the set onto itself is the identity. A regular
set containing points is called a reguldrset.

The search for regular sets for an incidence structure has an intrinsic value as it gives infor-
mation and properties concerning the structure itself. For example, the search for particular
regular sets in the known finite Minkowski planes allows one to characterize those planes
which are associated to sharply 3-transitive permutation graghs [

The problem of finding regular sets has been studied by many authors; SeE2-16, 20].

In particular, in [L6], Key, Siemons and Wagner give examples of regular sets for the group
PT'L(2, q) (g a prime power) acting on the points of the projective line in the usual way. More
precisely, they prove the existence of regular 5-sets vgher27, together with the existence

of regular 6-sets wheq e {13 17, 25, 27}. Furthermore, they prove the non-existence of
regular sets when either < 11 orq = 16. In [14] the authors observe that each finite
Miquelian inversive planéM (q), g a prime powerg > 5, contains regular sets. This result
follows directly from [L6]; in fact G F(g?) U {oo} is the point-set oM (q) andPT'L(2, g?) is

its full automorphism group.

In this paper, bearing in mind the Miquelian inversive plane of ogdéd (q), is embeddable
in each known Minkowski plane of ordey (see [L9]), we intend to find new examples of
regular sets foM (q) and we intend to give further information on the existence of certain
regular sets for the known Minkowski planes.

2. PRELIMINARY DEFINITIONS AND RESULTS

Letn be a positive integen > 2. A finite inversive plane of orderis a 3— (n2+1, n+1, 1)-
design; that is, an incidence structure of point8gblock-se, such that?| = n2+ 1, each
block is incident withn 4+ 1 points, and any three points are together incident with a unique
block. Letq be a prime power; i® is an ovoid in the projective spa¢eG(3, g), the incidence
structure with points the points & and blocks the secant plane section®df an example
of an inversive plane of ordey, called an egg-like inversive plane.

The ovoid® is an elliptic quadric if and only if the inversive plane is Miquelian, (i.e., it
satisfies the configurational proposition known as Miquel's theorem, BgeThus far, all
known finite inversive planes are egg-like; moreover, all known finite inversive planes of odd
order are Miquelian.
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We will denote byM (q) = (P, C) the Miquelian inversive plane of ordgr
Let n be a positive integen > 3. A Minkowski plane of orden is an incidence structure
M = (P, B, G1, G2), whereP is a set ofin + 1)2 elements called point®§ andGi,i = 1, 2,
are non-empty sets of subsetsftalled, respectively, blocks and generators, such that:

(1) The two classe§1 andg» partition the point-seP. Two generators of different classes
intersect at exactly one point.

(2) Each block containa + 1 points and intersects each generator of each class at exactly
one point.

(3) For any three points, no two of which lie on the same generator, there is exactly one
block containing them.

A set of points, no two of which lie on a same generator, will be termed independent points.

Let p™ be a prime power and lek be a hyperbolic quadric in the projective space
PG(3, p™. The incidence structure with points the pointstof generators the generating
lines of H and blocks the non-trivial plane sections7df(that do not contain a generating
line), is an example of a Minkowski plane of ordgF.

Other examples of Minkowski planes are obtained as follows.

Consider the groupPT'L(2, p™). Denote byl the identity of AutG F(p™)) and lety :
PIrL2, p™ — {1, -1} and® : PTL(2, p™) — Aut(GF(p™)) be the group homomor-
phisms mapping each element®f'L (2, p™) onto its quadratic character and its associated
field automorphism, respectively.

Leto € Aut(GF(p™)) and define

G(p™ o) ={ge PIrL2 p™ | x(@) =1, &(g) = 1}
U{g e PTL2, pP™ | x(@) = —1, ®(g) = o}.

If p=2,thenG(p™, o) =PSLZ2, p™ = PGL(2, p™.

If p #£ 2, thenG(p",0) = PSL2 p™ U PSLZ, p"o, where we denote by
PSL2, p™Y the setPGL(2, p™) — PSL2, p™). The permutation se&&(p™, o) is sharply
3-transitive orG F(p™) U{oco} and it is a subgroup dPT'L (2, p™ ifand only ifo2 = 1 [17].
Furthermore, the s&(p™, 1) is the projective general linear gro®G L(2, p™).

Let E = GF(p™ U {c0} and observe that each element&fp™, o) is identified with a
special subset of the Cartesian prodHck E. More precisely, the elemegte G(p™, o) is
identified with the set(x, g(x)) | x € E}. A Minkowski plane of ordep™ can be constructed
as follows (seel, 2,11, 17,18]): P = E x E is the point-set. The sé&t = G(p™, o) is the
block-set. Ifa is an element oE we defineigs = {(@, X) | X € E}, ha = {(X,a) | X € E}.
Then,G1 = {ga | @ € E} andGo = {hy | a € E} are the sets of generators. We will denote
this plane byM (p™, o).

Thus far, these are the only known finite Minkowski planes. The classical model obtained
by a hyperbolic quadric corresponds to the planep™, 1).

Supposen to be even and leg? = p™. Let P = {(x, x9) | x € GF(g?) U {oo}}. P is a set
of independent points. Let € Aut(G F(g?)), denote byC the set of blocks oM (g2, o) that
contain at least three points Bf For everyB e CletB=BnNPandletC = {B| B e C}. It
was proved in19] that each block o€ is an element oP SL(2, g%) with g + 1 points inP
andM(q) = (P, C) is a Miquelian inversive plane of ordgrembedded in\1(g2, o).

Denote by.A(q?, o) the automorphism group of1(q2, o). If f € A(g2, o), then f is
either a type 1 automorphism, i.€.(G1) = G1 and f (G2) = G, or a type 2 automorphism,
i.e., f(G1) = Goand f(G2) = G1[3,8]. Let AT (g%, o) and A~ (g2, o) denote, respectively,
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the set of automorphisms of type 1 and 2% = 1, then:

AT(@?,0) = (X, y) = (17(X), 82(Y)) | 81, 82 € G(G2, 0), T € AutGF(g?)}
A%, 0) = {(X, y) = (817(Y), 821(X)) | 81,82 € G(4?, 0), T € AUtGF(g?)}.

On the other hand, 2 + 1, then:

AT(@% 0) = {(X, ) = (G1(X), G2(¥))|01, &2 € PTL(2, g?),
®(g1) = P(92), x(91) = x(92)}.

AT(@% 0) = {(%, Y) = (G1(Y), 92(X))|01, 92 € PI'L(2,¢?),
®(g2) = o ®(91), x(92) = —x (9D},

see B

If we considerM(q) = (P, C) embedded in\(g?, o), then the automorphism group of
M(q) is identified with a subgroup ofl(q?, o). This subgroup is isomorphic BI'L (2, %)
and its elements m&p onto itself.

More precisely, let : X —> g;‘ig be an element d® GL(2, g). Denote byq the element

of PGL(2, g°) defined byog : X — %. Itis easy to show that the automorphism group

of M(q) is the subgrougA(q) < A(g?, o) defined by:

A@) = (X, y) — (@T(X), aqT(y)) le € PGL(2,?), T € Aut(GF(g?))}.

Furthermore, ifo? = 1, each automorphisrx, y) — (ar(x),a%t(y)) coincides orP
with the automorphisnix, y) — (@f(y), aqf (X)), & € Aut(GF(Qq?)) andéd(x9) = t(x),
for everyx € GF(g?). Therefore, ife? = 1, we also have:

A@) = {(X, y) — (@0(y), agf(X)) | @ € PGL(2,g?), 6 € Aut(GF(g?))}.

If 02 + 1, it is easy to prove that no type 2 automorphisri\étg?, o) mapsP onto itself.

3. REGULAR SETS OFPOINTS IN M(Q)

Consider the Miquelian inversive plane of ordgrM(q) = (P, C), embedded in each
known finite Minkowski plane of ordeq® as described in the previous section. A subset
R C P is a set of independent points of eati(g?, o). Is there a link between the regular-
ity property of R in M(q) and those inM (g2, o)? The following propositions answer this
question.

PROPOSITIONL. Let RC P, |R| > 3. The set R is a regular set for ¢d) if and only if it
is a regular set for each plang1(q?, o), witho € Aut(GF(g?)), 02 # 1.

PROOF. Leto e Aut(GF(g?)), o2 # 1. SupposeR is regular forM(g?, o). ThenR is
regular forM(q) since each automorphism d(q) is the restriction of an automorphism of
M(9?, o). Conversely, leR be a regular set i (q) with R = {(x1, X}), . ..., X, XD | X €
GF(g%) U {oo}}. Let¢ € A(G? o) with ¢(R) = R. If ¢ is a type 1 automorphism, then
¢ (X, y) — (@t(X), Br(Y)), @, B € PGL(2,9?), x () = x(B), T € Aut(GF(g?)), and
Br(x) = [at(x)]9 = aqr(x) for eachi € {1, ..., r}.As|R| =r > 3andPGL(2 q?) is
sharply 3-transitive, we obtaif = aq and¢ € A(Q). The regularity ofR in M(q) implies
¢ = id, (id denotes the identical automorphism). Suppose faw/a type 2 automorphism
with ¢ : (X, y) —> (@T(y), BoT(X)), e, B € PGL(2,G%), T € AUt(GF(g?), x () # X (B).
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Then we havdat(x)]9 = aqr(X) = Bor(x) ando 1B tagqr(x) = t(x), for every
i €{1,...,r}. Thisis a contradiction: the element 1 ~laq € PSL(2, q%)o ~ and it fixes
at least elements ofc F(g?) U {oo}, withr > 3. O

PROPOSITION2. Each subset Rt P is not a regular set forM (g2, o) wheno? = 1.

PrROOF. The type 2 automorphis@ : (x, y) —> (y9, x9) maps each subs& c P onto
itself andg # id. O

Let us consideM (q) = (P, C) embedded inV (g2, o). This can aid the search for regular
sets. To show this, in the following proposition we give new examples of such regular sets. In
the proof we will use the above notation consideg) = (P, C) embedded inV(g?, 1).

PROPOSITION3. The Miquelian inversive plane §4), g > 7, contains regular t-sets for
everyt, withd <t < q+4.

PROOF. Letr be a positive integer with 5 r < g and lete be a primitive element
of GF(g?). Consider the Minkowski plané1(g?, 1) and letR be a subset of its point-set
defined by

R = {(00, 00), (0, 0), (1, 1), (X3, X3), - - -, X, X))}
U {(e, €9), (€q+2, €2q+1)’ (€2q+3’ 63q+2)}’

with the x; distinct elements irG F(q), € primitive element ofGF(q?) andx; # €3@+D

for everyi, (this is possible ag > 7). Observe thaR ¢ P and|R| =t = r + 4, thus
9<|R =qg+4 Letp € A(Q) with ¢ : (X,y) — (at(X),aqT(¥)), ¢ € PGL(2, q2),

T € Aut(GF(g?) and¢(R) = R. The setR has exactly three points outside the identity
block Id = {(x, X) | x € GF(g?) U {oo}} and at least six points ord. Thus¢ maps at least
three points ol d onto points ofld. This impliesg (1d) = Id and¢ ({(e, €%), (912, ¢2a+1),
(€2913 30+2))) = ((¢, €9), (€972, €211y (2013 30+2)) The relationg(1d) = Id im-
pliesaqt(X) = at(x), VX € GF(g?) U {oo} and therw € PGL(2, q).

The points(e, €9), (€912, €24ty (2943 ¢34+2) gre on the blocks = {(x, €971x) | x €
GF(g?) U {oo}}, thereforep(B) = B. Observe thag N Id = {(co, 00), (0, 0)} and¢ (B N
Id)=pg8nId.

This yields two possibilities:

(1) ¢(o0, 00) = (00, 0), ¢(0,0) = (0, 0).
(2) ¢(00, 00) = (0,0), ¢(0,0) = (00, 00).

Suppose the first possibility holds.

We obtaine : x — ax, a € GF(q), and¢(x, €9-1x) = (ar(x), ar(e91x)) with
ar(e9 1)1 (x) = €97 ar(x), ¥x € GF(g?)U{oo}. Thisimpliesr (91 = €91, Letq = p™
andr : x — xP,0<i < 2m, then(pi —1)(g — 1) = k(g% — 1), with k a positive integer,
i.e.,(p' —1) = k(q + 1). This impliesi = m+1t,0 <t < mandp™!t — 1 = k(p™ + 1),
i.e., pm(pt —k) =k + 1.

Letk+1 =hp"+r,0<r < p™ thenp™(pt —hp™ —r +1) = hp™ +r, i.e,,
p™t — hp?™ —rp™ 4 p™ = hp™ +r.

Thus either = 0 or p™ dividesr. The conditionr < p™ impliesr = 0. This yields
p™t — hp?™ 4+ p™ = hp™ which implies:p™! + p™ = h(p?™ 4+ p™). We have O< t < m,
from which it followst = m andh = 1. The conditiort = mimpliest = id.
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Thuse : (x, y) —> (ax, ay) andae € {e, €912, ¢29+3} This yields three possibilities. The
possibilitya = 1 implies¢ is the identical automorphism. The possibility= €91 implies
e3t4 — ¢: this gives a contradiction ag > 7. The possibilitya = €292 implies either
€34t4 = ¢ or €39+4 = €912 and in both cases we have a contradiction.

Suppose howp (oo, o) = (0, 0) and¢ (0, 0) = (oo, 00). This implies:

¢ Xy — (355 T(y)) a € GF(q), andp(x, €97 1x) = (%,m) with

-1
e:(x)a = r(eqj)r(x) ,Vx € GF(g?) U {oo}. Thereforecd—17(e9-1) = 1.

Letq = p"and letr : x — xP, 0 < i < 2m. Thene9 1P @D = 1 and
(pi +1)(g — 1) = k(g2 — 1), with k a positive integer. Therefoie= m+1t,0<t < mand
p™Mt 41 =k(p™+1),i.e.,pM™(pt —k) =k—1.

It follows thatt = 0. In fact if we suppose £ 0, we also havk—1 # 0 andk—1 = hpM+r,
0<r < p" thenp™pt —hp” —r —1) = hp" +r;r < p"impliesr = 0 and
p™+t — pM = h(p?™ + p™): a contradiction.

Thereforeg : (X, y) — (Xq, yq) Furthermore in this case we have three possibilities.

The first one:& = € implies either<, qu = 012 or <372 €q+ = eq+2 and both give a contradic-

2q+2
tion. The second possibility i§ = eQ+2 which |mplres either qu = € or Sy = €213,

The second case is not possiblecas> 7; the first one also mpheém €24+3 and
again a contradiction. The third possibility & = €24*3 which impliesa = ¢%+3 and
#(1,1) = (e3@+D 3@+D) e R: this is a contradiction. ]

If Ris a regular set foM(q), then — R is also regular set. In Proposition 3 we give
examples of regularsets for every, with 9 <t < g + 4. Therefore, we also have examples
of regulart-sets for every with > — q — 3 < k < g? — 8. These regular sets are different
from those of 1§]. In fact examples of regular 5-sets are presented in this paper.

REMARK 1. Let 0 € Aut(GF(g?)), 02 # 1. The existence of a regular s8tfor the
Minkowski planeM (g2, o), with S contained in a block, is equivalent to the existence of a
regular setS for the groupPI"L (2, g%) acting onG F(q?) U {oc} (see R0]). Furthermore, as
the automorphism group 0¥1(g2, o) is transitive on the set of triples of independent points,
we can suppos8 to be contained in the identity blodid, i.e., S = {(X1, X1), ..., (Xt, Xt)},

xi € GF(g?), and then we obtaif = {x, .. xt} [20).

ConsiderM (q) = (P, C) embedded mM(q o). The setSis thus identified with the set
S = {(xq, x?), , (X, xt )} € P andSis regular forM (g2, o) if and only if S is regular
for M(Qq).

Therefore, Proposition 3 gives new examples of regular sets for the Minkowski planes
M(9?, 0) 02 € AUtGF(g?), 02 # 1. These examples are new because those four] in [
and R0] were not subsets of blocks.

REMARK 2. The Minkowski planeM (p™, 1) is a proper subplane o¥1(p", 1) whenever
GF(p™) is a proper subfield o F(p"). Each subseR of the point-set of\(p™, 1) is not a
regular set forM (p", 1). In fact, the automorphisnf : (x, y) — (xP", yP") mapsR onto
itself, but it is not the identity ofA(p", 1).

REMARK 3. Let p be a primep =# 2, and consider the Galois fie@lF(p™). Letn = mh,
with h a positive odd integeh # 1. An elemenia € GF(p™) is a square irG F(p™) if
and only if it is a square iIG F(p"). Leto € Aut(GF(p")), o # 1, thus the restriction of
o to GF(p™) is an automorphism o F(p™). It is easy to show that the Minkowski plane
M(p™, o) is a subplane ofM (p", o). In fact, the point-set oM (p™, o) is a subset of the
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point-set of M(p", o). Now let B and B’ be the block-sets oM (p", o) and M (p™, o),
respectively, and leP’ be the point-set of1(p™, o). Therefore, for evenB’ € B, there
existsB € BsuchthaB’ = BN P’.

Furthermore, in this case, each subRetf the point-set ofM (p™, o) is not a regular set
for M(p", o). This follows as in the previous remark.
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