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Abstract—A Feynman-Kac formula for Schrédinger operators including a one-center point inter-
action in R3 plus a bounded potential is proved. Functional integration methods on similar Kac’s
averages with point interactions allow us to construct bounded self-adjoint semigroups in L2(R3),

with bounded below Schrodinger generators, when V+ € Ll20c and V'~ belongs to a large class of

L? 4 L°° potentials. Moreover, a pointwise bound on the range of the semigroup is given. © 2003
Elsevier Ltd. All rights reserved.

Keywords—Feynman-Kac formula, Markov property, Schrodinger semigroup, Point estimates,
Delta-type interaction.

1. INTRODUCTION

Point interactions in the Feynman-Kac formula are an interesting object of study, as they are
considered in various cases in the literature on path integrals [1].

A description of the one-center point interactions of quantum mechanics, in R?, can be ob-
tained [2] from the Laplacian operator —(1/2)A with domain C°(R3 — {O}): it consists of the
one-parameter family of self-adjoint extensions {H(a)}acr. The integral kernels K, o(z,y) of
the associated semigroups {e~tH(®)},5, are explicitly known (3, p. 228]. By means of probability
measures (i o induced on path space by such kernels, a Feynman-Kac formula including point
interactions and continuous bounded potentials is proved (Section 2). Then, from Kac’s averages
with point interactions,

R 1) = [ seenes [~ [ Vi) ds] dusato) (1)

bounded self-adjoint semigroups are constructed in L? under the following conditions: V* €
L2, V-xp € L?, V~(1 — xg) € L™ for some measurable and bounded set B containing a
neighbourhood of O € R? (the indicator function of B is denoted by x5).

In particular, two results for such unbounded potentials are remarkable: an estimate of func-
tions in the range of the semigroup (1.1) holds in a general form (Theorem 3.7 and Corol-
lary 3.10), and the fact that each spectrum of these (Schrodinger) generators is bounded below
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(Theorem 3.9). While the case of a point interaction plus a Coulomb potential in R? is a known
solvable model (2], here the construction is able to cover both potentials V' different from the
Coulomb one, and potentials with (several) L2-singularities which can be different from the center
of the point interaction.

2. THE FEYNMAN-KAC FORMULA WITH
ONE-CENTER POINT INTERACTIONS

For each a € R there is a self-adjoint extension H(a) of —(1/2)A on CP(R3 — {0}). The
parameter o corresponds to a coupling constant of (1/a), i.e., H(a) = —(1/2)A+(1/a)é(z), or a
scattering length of —(4ma)~!. The associated Schrodinger semigroup is characterized [3, p. 228]
by

e_tH(a)g(IL‘) = /R3 Kt,a(za y)g(y) dy’ (21)

where K o = piYi,a, pr = (21t)73/2 exp{~|z — y[*/2t}, and

Yea(z,y) =1+ Ui(z,y) + Vea(z,y), (2.2)
U, = texp{—(1/t)(z -y + |z|ly])} Vo= _Amat [ py(u+ |z] + [yl) e=imen gy, (2.3)
= , o= (2
|z|ly] lzllyl Jo  pe(lz —yl)

DEFINITION 2.1. Fort > 0, let w : [0,t] — R® be a continuous path. For h = 0,1,...,n, and
zp = w(ht/n), we define
n
Qza[w] = H Y't/n,a(xk—lvxk) (24)
k=1

with the conventional value +oo if some divisor is zero.

THEOREM 2.2. Let H(a) = —(1/2)A,, with a € R. For each z # O, denoting by W, the Wiener
measure on paths starting from x and by E, the associated expectation, then D7 o is Wy-ae.
finite and

VieL*(R?), e tH@f(z)=E, {7, Ww]fw(t)}. (2.5)

Moreover, let Q) = Ht>0 R3 be the space of all paths with values in the one-point compactification

of R3, endowed with the product topology. For each z € R3 {0}, there is a measure p, o, with
tz,o(S2) < +00, such that

—tH(a)f /f(w )itz o(w), a.c. in R®. (2.6)

PROOF.
(A) Let z, # O and n € N. Then, by (2.1),

@) f(z,) = (e-”"“)/")"f(zo)

(27)
ng Hpt/n Tr— lawk)Yt/n a(zk l)zk)f(zn) dzy - dr,.
" k=1

Now for Brownian motion, the joint density of w(t/n),w(2t/n),...,w(t), with the pre-
scription w(0) = x., is given by py/n (2o, 21) - - - P/n(Tn—1,Tn). Thus,

E., {Hn,na[ o (£22) ,w(’—jf)]f[wan} = B, (0 llfl@)}  (28)

is finite and equal to (2.7).
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(B) The product space () is compact by the Tychonoff theorem. Let Cin(2) be the set of
functions ¢ on ) which continuously depend only on a finite number of coordinates:
¢w) = F(w(tr),...,w(tm)) for fixed 0 =t, < t; < -+ < ¢y, =t and for some continuous
function F on (R)*™. For each z, # O, define

L%‘a(F)z/Ra F(a1,2m) || Kn-tn s (@180 oty - dom,  VF € Can(Q). (29)
™ h=1

Now (2.9) determines a positive linear functional L, : Cgn(2) — R. To this end, we
have to show that L, ¢ is independent of the representation of ¢, as ¢ = F may be
independent of some z. Now the semigroup property of the kernel in (2.1) implies

/R3 Kyt (Th—1,Th) Kty i~ (Thy Thy1) dTh = Koty (Tho1, Thy1)- (2.10)
For example, V f € C°,
[ En(o, 2Ky (w1, 20) d (@2) dy = [0 1] (2
= /Kn(zo,xl)Kﬁ(xl,zQ)dxl = Kor 4rp (To, T2).

As a consequence, Ly o¢ is well defined. Moreover, L, (1) < +00 and Ly o¢ > 0
if ¢ > O since the kernel K, o is positive. By density of Can(2) in C(2), L,, o has a
unique bounded extension with || L., ol = Lz, ,a(1). By the Riesz-Markov theorem, there
is a unique regular Borel measure du;, o on © such that L, of = [ flw(t)] dpe, o (w).
Moreover, pz,o(Q) = Lz, a(l) < 400. By (2.9), when F = f(z,), e tH@ f(z,) =
L., .(f), and the theorem is proved. ]

By the above theorem, each one-center point interaction in R3, with parameter q, is represented
in functional integration by means of a positive measure y,, on path space. The following
theorem gives a Feynman-Kac formula in the presence of a point interaction plus a potential of
a suitable class.

THEOREM 2.3. Let H(a) and du; o be taken as above. If'V € L®(R3), then for almost all
z € R3 - {0},

e tH@+V) £3) /n G(w; V,8) flw(t)] dpts - (2.11)

Here the function G on path space has the expression G(w; V,t) = exp[— fot V(w(s)) ds| for any w
such that V o w is integrable.

PROOF. Let us denote p; o by p. for simplicity. H(c) is bounded from below and V is bounded,
so by the Trotter product formula [4,5]

e HH@+V) § iy (e—tH(a)/ne—tV/n)nf. (2.12)

n—oo

By passing to a subsequence, still denoted by n, (2.12) can be read as an a.e. limit on R®. By
density in L?, it is enough to consider f € C°(R3). The sequence of functions on path space

w = Galw; V,) flo(t)] = exp {—% év [w (%)] } o) (2.13)

obeys Arzela-Ascoli conditions. Indeed, since V' is bounded, the set of images {G,(w;V,t) :
n € N}, for fixed w € Q, is bounded in R; moreover, the G,s are equicontinuous at each point
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of 2, since V is continuous and bounded. Therefore, in C(2) there exists the limit G(w; V,t) of
some subsequence {Gn,(w;V,1t))}ien. On the other hand, the G, fs belong to Cgn(f2) (in the
notation -of the above proof) and, according to (2.9), they are transformed into

Lo.(Gnf) = /

(B3

t n n .
p{ —— 1% flzn) Kino{Zh-1,21)dz1 - - dzpy
ex{ ”h; (xh)} ( g relEhmb SR E (2.14)

- (e—tH(a)/ne——tV/n)n f(xo)

by the positive functional L, . But the convergence of Gy, f is dominated, since |f(w(t)) x
Gl(w; V,8)| < exp(t][V loo) lloo, and hence,

Lo, (Guif) = /Q G (w3 V) f((8)) diptz, —> /ﬂ Cw;Vit)fw®) due,,  (2.15)

as i — 00. Now (2.14) converges for almost all z, by the Trotter product formula, and the two
limits of (2.14) and (2.15) must be equal: so formula (2.11) follows in the case of continuous and
bounded V. -

The result is extended to any V € L™ by use of a suitable sequence V4, of continuous potentials
such that V;,, — V pointwise a.e.: for the details, see the analogous extension performed in 6,
Theorem 6.2], the first part of the proof. Thus the statement is proved. (]

PROPOSITION 2.4. Fixing a, let E#{-} denote the integration with respect to dpz,a. For each
t > 0, let r; be the path space transformation

w(t—3s), iIf0<s<t,
[rew](s) = { wE:)) 9) £ i ts =t (2.16)
Then
/ EX{F}dz = / E&{F or}dx, (2.17)
R3 R®

for any positive X;-random variable (where ¥, is the minimal o-algebra with respect to which
the coordinate functions w — w, are measurable Vs < t).

PROOF. Let w' = rw. Since w'((k — 1)t/n) = w((n — k + 1)t/n), setting h = n — k + 1, we have

87, () = EYU"’“ (w ((h ;l)t) w (%)) = 87, ). (2.18)

In the notation of the proof of Theorem 2.2, for each F' € Cgy (),

m
EL {F} = /Ram Flzy,...,zm) H Ky, b (Zh—1,zR)d21, . .. dTm

- {spr o ()] ).
X mirory £ far@pfo(B22) wo]) e

Integrating in z, and using (2.18), the assertion comes down to the well-known fact

/ B{F}ds = / E{For}ds, (2.20)
R3 R3

which is true for the Brownian motion expectations E;. |
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3. POINT INTERACTIONS PLUS UNBOUNDED POTENTIALS

Starting from Kac's averages like (2.11) including unbounded potentials, we want to construct
Schrédinger semigroups and get properties on their generators (e.g., properties of eigenfunctions).
First, we present the (simpler) case of bounded below potentials.

PROPOSITION 3.1. Let E¥ denote the dy,, q~integration, for each € R3 — {0} and fixed o € R.
Let V be real-valued and measurable with inf V = —\ > —oco. Then the formula

P 1) = Bt {ite@)emp |- [ Vil as] | (3.1)

determines a self-adjoint bounded semigroup of operators in L2,

PRrROOF. By Theorem 2.2, 11,(Q) < oo. Thus, if V' is assumed measurable and bounded below,
the right-hand side of (3.1) is clearly absolutely convergent. Although u, is not a probability,
for any ¢ € L3(Q, u;) and any sub-c-algebra ¥, = o{w(t), t < €}, we denote EX{¢(w) | .} the
orthogonal projection of 1 on the subspace of T.-measurable functions. Under such notation,
and denoting 0. (w)(t) = w(t + €), a Markov property E£{¢ 08, | X} = (e){¢} is induced just
by the semigroup e~tH#(®), By using such Markov property, the semigroup property is verified
even when V # 0: indeed, fixing V and a,

P,P,f(z) = E* { —Js "‘“’"""(Pf)(ws)}
= B {e i venarge  foBVeam gl
= B e BVt {em BV g, ) 5,)) (3.2)
_ ,;{ ~ JE Viwr)dr - ¢ V(wu+.)duf(wt+,)}
= B e BTV fuy, )} = (Pref)(a),

Furthermore, each P, is self-adjoint by virtue of Proposition 2.4. Indeed, for positive f and g,

/ [P:fl(z da:—/ E“{ (we)g(wo) exp[ / V(ws) ds]} dz

, (3.3)
= [ Bt {sestwion - [V} a
R? 0
and the extension to general f and g is obvious. Finally, since V > —J,
IPflla < 1B {F @)}l = e ||e @] . (3.4

By (3.4), P, is bounded in L? since H(a) is bounded below [2], and the proposition is proved. |

COROLLARY 3.2. Under the assumptmns of Proposition 3.1 and if, moreover, V € L% , the
infinitesimal generator —A of PY in L? satisfies

D(A) c {ue D(H(a)) : H(a)u + Vu € L?} and .
u € D(A) = Au= H(a)u+ Vu. (3:5)

PROOF. By Proposition 3.1, we can consider the infinitesimal generator —A of P in L2. Let us

fix u € D(A) and define
Vi(z) = min{V(z),k}, VkeN. (3.6)
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Vi is bounded and satisfies the Feynman-Kac formula (2.11), and we want to infer properties
on PY from properties of Ptv" according to a standard approximation argument [7]. First,

Vi
|7

, S cet? (3.7)

with E independent of k. For example, we can choose E = (1/2)(4ra)? - inf V, on the basis of
the well-known spectrum of H(a) [2]. The generator of P,’* is just —(H(c) + Vi) by Theorem 2.3.
If A > F is fixed and if v € L? is defined by

u=(A+A)"lv, (3.8)

we set
. up = (A + H(a) + Vi)™, keN. (3.9)
For each k > 1, ux € D(H(c) + Vi), and since Vj is bounded, D(H(a) + Vi) = D(H(a)), which
implies
H(a)ug = —Veup — Aug + v. (3.10)
Now the proof depends on the convergence ux — u in L?: if such convergence holds, then the
right-hand side of (3.9) converges in L. to the function —Vu — Au + v, while the left-hand

side converges (weakly) to H(a)u. By this fact, together with (3.8), (3.5) is proved. As for the
claimed convergence uy — u in L?, the essential point is the monotone convergence

lim PYlp|(z) = P ll(z), Ve e L2, (3.11)
— 00

when Vi, T V (both a.e. and in L? sense since ¢ € L?): these facts are achieved by use of monotone
and dominated convergence theorems, as in [7, p. 267). Thus, the corollary is proved. 1

When the potential V' is unbounded below, one of the problems is to choose a type of controlled
singularity by which H(a)+V is acceptable as a Schrédinger operator. A possible way is to achieve
sufficient conditions under which g(w)exp[— fot V(ws) ds] is p.-integrable on the path space for
g € L2. The estimates are in terms of the “unperturbed” semigroup e~*#(®}, which is the reason
of the following two propositions.

ProprosITION 3.3. Let B be a measurable bounded set containing some neighbourhood of the
origin in R®. For any f such that fxp € L? and f(1 — xg) € L™, let us define

Ifll+ = lfxzllz + 1£(1 = xB)llo- (3.12)

Then
Ifgll+ < IUfl+lgl+:  Nfallz < NFl1+Ngll2- (3.13)

PROOF. The first inequality in (3.13): ||fgxsll2 + [ f9(1 — xB)llo < Il fxBl2llgxsll2 + (1 -
xB)loollg(l — xB)|loo, and this is less than || f||+]|g||+. The second inequality is obvious and the
proposition is proved. I

PROPOSITION 3.4.
(i) Let u(o) = 8(ma)? if a < 0, u(a) = 0 elsewhere. Then

”e"m(a)gH2 < eM@jg|l,, Yge L2 (3.14)
(ii) Let g € LP(R3), with p > 3/2. There are b = b(p) > 0, and w; = w(x) such that

|7 @g(z)] < Igllpblp)~¥/ PPun(a),  Vz#£0, t>0, with fwills <+oo.  (3.15)
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In particular, if g € L?,3b> 0:Vt >0, Vz # O,
=@ g(z)| < bllgllat =/ 4w,(a), (3.162)

where wy < w, for s <t and, for some c(t) > 0, for any § > 0,

wi(z) < c(t) (1 + l—;—,) i lwelly = o (%), ast — +oo. (3.16b)

PROOF. Only (ii) has to be proved, since (i) depends on the spectral properties of H () [2]. Let,

o = 0, since the cases a # 0 admit a similar treatment. Let 1/p+1/q = 1, so that ¢ < 3. In
view of (1.1), |e"t#@g(z)| is less than

1/q
(2nt)=/2 {ngup ( [ et dy) + e-<$’+y’>/2tL|g<y>|dy}

: |z{ly]
—12/2t 1/q

< lgllelp)t/ ) + o (amt) 2 ( / e—wﬂxzqyrady) gl (3.17)
—z%/2t

< llglloe(p)t™/ @) &+ Z——t(2mt) =/ 2%/%171/2) g,

where the integral in y converges since ¢ < 3. Thus, wi(z) = 1 + t/?exp(—2z?/2t)|z|! and
[wel|l+ € cot®/* for some ¢, > 0 depending on the choice of B. For a # 0, the bound is analogous
and the statements are proved. 1

THEOREM 3.5. Let the potential V satisfy Vxp € L? and V(1 ~ xg) € L™, for some bounded
set B containing a neighbourhood of O € R3. Let 0 < s < t and f € L?. Then the following
pointwise and L? estimates hold:

|EE{V (ws) fwe)} < 573 4wy (@) |V ]| 444 @ £, (3.18)
IB*{V (ws)f (o) HIz < e @V 1 fll2- (3.19)
PROOF. By the Markov property, the Lh.s. of (3.18) is

| B2 AV (w) B {f (wr) | B3} = | BE {V (ws) B, {f (we—s)} }|
= |Eg{V(ws)g(ws)},

where g(z) = E#{f(wi-s)} is equal to e~ (t=9H() f(2) by Theorem 2.2. Then, again by Theo-
rem 2.2, (3.20) is equal to e~*H(®)(Vg). Now (3.18) follows as a pointwise estimate of (3.20),

(3.20)

= e @D (Vg)(2)| < 57 M wi(2)|Vyllz £ 573 *wi()IV ]I+ lgll2 (3:21)
{(here we have applied (3.16a) and (3.13b))
Sw @5 AV e fly (3.22)
(here we have applied (3.14)). On the other hand, (3.19) is an L? estimate of (3.20),
[ @wal, < [Vl < ¥V e @ < e Visisla, (3.23)

by virtue of (3.14) and (3.13b). So the theorem is proved. ]

The above theorem can be generalized as follows.
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‘THEOREM 3.6. Let the potential V satisfy Vxp € L? and V(1 —xp) € L™, for some bounded B
containing a neighbourhood of O € R3. Let 0 < 8; < 83 < --- < sy <t and let f € L?. Then

|BE{V (way) -+ V (wae) Fw)}] S we(@)|V[E sy ¥ et @ fll,, Ve (3.249)
ProOF. Choosing k = 2 and proceeding as in the proof of Theorem 3.5,
B2 {V (way) B2 {V (wsg) f(wr) | B}y = BE{V (a0) B, {V @ir-1) f (@r-s1)}} - (329)
Now, setting g(z) = E{{V (ws,—s,)f(wi-s,)}, (3.25) is
e~ 7@ (Vg)(z)| < we(z)s;*[Vglla < wilz)sT*[VI4 g2 (3.26)

Here we have applied (3.16a) and (3.13b). By Theorem 3.5, we get a bound for ||g||2, if only we
replace t by t — s; and s by s — 81,

lgllz < e®= @[Vl |l fll2. ' (3.27)

Finally, by combining (3.26) and (3.27), the assertion is proved for k = 2. By iterating the
argument, the inequality is verified for all £k € N and the theorem is proved. [ ]

THEOREM 3.7. Let f € L? and let the potential V satisfy Vxg € L? and V(1 — xp) € L™, for
some bounded B containing a neighbourhood of O € R3. Then, Yt > 0,

|B2 {e Ve & ) b] < wi(@) K (V, )@ ], (3.28)
where, for some ¢, >'O,
K=K(V,t) = cot V4 |V]sexp@[V]l4). (3.29)

PROOF. As in {7, p. 264], the exponential is obtained by expansion starting from the identity

(/OtV(ws)ds)k =k1/0t/aj---/s:_l Vi(ws,) - V(ws,)dsy - dse. (3.30)

For any = # O,

Gr(z) = E* { (/Ot V(ws)ds)kf(wt)}

- . (3.31)
i [ [ [ B sV wa) S} dor e ds
0 Js Sk-1
Thus, by Theorem 3.6, |G (z)] is less than
t t t
wi (k| V||% || £l 2et#() / sy / / dsy---dsk, (3.32)
0 8 8k—1
where, Yk € N, '
t t t t k-1 k-1
—3/4/.../ dsy---d _/ =3/44 (@ —s1) < 4e1/a_t
s S1 Sk = s 81 <4t . 3.33
Ll 0 - CER I
After expanding the exponential, by interchanging the expectation and the expansion, we finally
check (3.28) and the theorem is proved. ]

REMARK 3.8. Theorem 3.7 implies the main result of this section, i.e., the boundedness below
of Schrédinger-type operators A containing a point interaction plus a negative L2 4+ L potential
of a fairly general type. As we can see in the following proof, a lower bound of the spectrum will
depend on |V~ ||4: A> -E = =6 - |[V7|l+ — u{a). Since || - |+ depends on the bounded set
B C R3, for fixed V~, one can choose the set B so that |V 7|+ is minimal.
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THEOREM 3.9. Let V =V* -V~ withV+ € L}_and V™ xp € L?, V= (1—xg) € L*, for some

loc

bounded domain B containing the origin of R®. The operator f — P} f defined by

(¥ 1) @) =B owp |- [ Viwas] ) | (339

satisfies
(fi PV ) <(Ifl2)*De™,  VfelL? Vt>0, ~ (339)

for some D > 0, E > p(a) independent of f and t. Hence PY = e~At, Yt > 0, for some
self-adjoint and bounded below operator A in L*(R3).

PROOF. Bounded below potentials in L2 _ have already been treated in Proposition 3.1 and do

not affect the validity of (3.35), so let us take V = —V~. By combining Theorem 3.7, (3.16b},
and (3.13b), we have

(£ BEVVF) < I lalhwel o K (vV=,8) 4@y < el e a2 (336)

Therefore, f — (f, PY f) is a bounded quadratic form, and it determines a bounded self-adjoint
semigroup {PY :t > 0} in L? (self-adjointness and the semigroup property can be verified as in
Proposition 3.1). So the theorem is proved. ]

Another result contained in Theorem 3.7 is an estimate near the origin (and actually every-
where) of all functions in the range of {PY : ¢ > 0}. We notice that such an estimate corresponds
to the known behaviour in the case of a solvable model (point interaction plus a Coulomb poten-
tial with the same center, see [2]). Here the generalization regards both potentials different from
the Coulomb one, and L2-singularities different from the center of the point interaction. The
following corollary states (3.29) in terms of the generators.

COROLLARY 3.10. If V =V* -V~ with V* € L2 _and V- xg € L%, V(1 - xg) € L™, the

loc
infinitesimal generator — A of P} in L? satisfles

D(A)c {ue D(H(a)) : Hla)u+Vue L?} and ue€ D(A) = Au= H(a)u+ Vu, (3.37)
and, for some D and A > 0, Vt > 0, -

@) < D (14 ) Al | (338)

PROOF. For each k € N, we define the truncated potential function
Vi(z) = max{V(z), —k}. (3.39)

Now we choose a positive constant E which is independent of k£ and which satisfies (3.35) for
all the semigroups {Ptv" :t > 0}. If —A; denotes the infinitesimal generator of the semigroup
{PY* .t > 0} acting in L?, and if A is fixed so that A > E, —) is in the resolvent set of A and all
the Ay. In these conditions, (A+ Aj)~! is strongly convergent to (A+A)~! as k — co. Indeed, the
essential point is the monotone convergence PY*|p|(z) T PY|¢|(z), Vo € L2, whenever Vi, | V
as k — oo; and such convergence occurs both a.e. and in L? sense: these facts are verified by
use of monotone and dominated convergence theorems. Now the proof is completed as above in
Corollary 3.2. Namely, let us fix u € D(A) and define v and uy by (3.8) and (3.9). Then the limit
as k — oo of (3.10) still holds because Vj is bounded below and since we already proved (3.37)
for such potential functions (Corollary 3.2). Finally, in view of these facts, the last assertion is
contained in (3.28) and (3.16b), and the theorem is proved. 1
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