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Abstract
Angular shear deformations are based solely on the angular variation of line elements and
not on their extension. To describe kinematics, a material cube is considered that transforms
into an oblique prism, where two opposite faces are equal and parallel. Using the displace-
ment components of three vertices of the fundamental edges, positioned along the reference
axes, the displacement field of the body has been obtained. Then, the deformation tensors
have been determined and some general properties for this class of shear deformations have
been highlighted. Using a Lagrangian analysis, the boundary value problem for the equi-
librium of a cube subjected to a purely angular shear deformation has been formulated.
Subsequently, Piola-Kirchhoff and Cauchy stress tensors, together with the normal and tan-
gential Cauchy stress vector components acting on the inclined faces of the deformed cube,
have been evaluated.

Keywords Finite elasticity · Hyperelasticity · Shear deformation · Pure shear · Simple
shear · Compressible materials · Purely angular shear

Mathematics Subject Classification 74B20 · 74G75 · 74K10

1 Introduction

Finite angular shear deals with deformation mechanisms where the angles between line
elements change significantly, meaning the linear approximations no longer hold. In these
situations, parallel internal layers slide past one another, changing the shape and volume of
an object.

In different physical contexts there are many practical applications characterized by large
angular shear deformations. Three-dimensional shearing of crystal structures governs the
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glide of layers of atoms, resulting in structural deformation,1 lattice rotation, and potential
phase transformations [1, 2] and [3]. This deformation mechanism is crucial in understand-
ing plastic deformation, dislocation movement,2 and the formation of shear bands3 in both
atomic lattices (metals) [4] and colloidal crystals [5, 6].4

Structural geology measures the distortion of rocks (e.g., quartz-phyllite layers) to cal-
culate finite shear strain, helping determine deformation mechanisms like boudinage, fault-
slip, and folding [7]. Deformed fossil analysis is used in geological education and research
to determine the amount of angular deformation in fossils, providing a deformed critter
method to quantify rock shearing.

Elastography is a non-invasive medical imaging technique used to measure and map the
elastic properties of soft tissues, where shear deformation (even large ones) influences the
SNR imaging (signal-to-noise ratio) and elastic contrast [8, 9].

Shear models in finite elasticity are crucial for capturing nonlinear behavior in materi-
als like polymers and rubber, involving large shear deformations, significant rotations, and
nonlinear constitutive relations [10, 11]. Rivlin (1948) [12] was the first to propose simple
shear even in the framework of finite elasticity. In simple shear, the edge of the body in the
sliding direction does not change the length. This shear model has been studied for a long
time and is illustrated by many scientific texts, for example, Truesdell and Noll [13], Green
and Zerna [14], Ogden [15] and Gurtin, Fried and Anand [16]. Pure (or irrotational) shear
is a flattening of a body, where one of the two dimensions orthogonal to the extension di-
rection is preserved [17, 18]. There are many contributions in the literature for simple and
pure shear (see, for example, Horgan and Murphy [19], Mihai and Goriely [20], Destrade,
Murphy and Saccomandi [21] and Thiel et al. [22]).

Both simple and pure shear models generate (unlike the corresponding linearized elastic-
ity models) kinematic effects due to both angular and extension deformations. This coupling
can create uncertainties in the constitutive modeling and generate difficulties in the exper-
imental investigation of the shear behavior of a material. To address these shortcomings,
the authors recently proposed the purely angular shear model [23], which represents a direct
extension of the linearized pure shear model to high strain levels. Unlike classical finite mod-
els, the purely angular shear model is based solely on the angular variation of line elements
and not on their extension [23, 24].

Considering the angular distortions generated by a purely angular shear deformation, this
paper develops an analysis to study hyperelastic bodies undergoing large three-dimensional
rotational deformations. These rotational deformations are evaluated with respect to three
mutually orthogonal line elements, which do not undergo extensional deformations. The
lattice structure illustrated in Fig. 1, where a cube is composed of inextensible edges con-
nected with spherical hinges, can be useful for visualizing the class of deformations that will
be investigated in this paper.

13D crystal shearing is often modeled using methods like the Finite Element Method (FEM) to analyze
deformation, or 3D crystal plasticity models to predict behavior under high-strain rates.
23D shearing deformation is guided and accommodated by the motion (or glide) of dislocations, namely line
defects in the crystal lattice, which separate areas of different inelastic shear displacement.
3In polycrystalline materials, particularly under high strain rates, shear localization leads to the formation of
shear bands. Within these bands, grains undergo pronounced realignment.
4In colloidal crystals, shear can induce structural transitions, such as switching from a square to a triangular
lattice or forming random hexagonal close-packed (RHCP) structures. High-amplitude shearing often reduces
the quality of layer ordering, increasing the density of stacking faults.
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Fig. 1 Cube-shaped lattice
structure. Undeformed and
deformed configurations

Fig. 2 Three-dimensional
angular shear deformation in
linearized elasticity. Note that
point A moves in A′ , that is, on
the plane orthogonal to the
X-axis that passes through A. The
same thing happens for points B
and C. The solid and the dashed
lines indicate the deformed and
undeformed configurations,
respectively

In linearized elasticity, when only infinitesimal shear strains are taken into account, the
symmetric infinitesimal strain tensor E takes the following form:5

[E] =
⎡
⎣

0 1
2 γxy

1
2γxz

1
2γxy 0 1

2γyz
1
2 γxz

1
2γyz 0

⎤
⎦ , (1)

where γxy = ∂u
∂y

+ ∂v
∂x

, γxz = ∂u
∂z

+ ∂w
∂x

, andγyz = ∂v
∂z

+ ∂w
∂y

are the infinitesimal shear strains,
and u, v, and w denote displacement components. Note that, since all the angles generated
by the above linearized deformation are very small, point A in Fig. 2, for example, moves
to A′. The point A′ belongs to the plane orthogonal to the x axis. The same thing happens to
the other vertices B and C of the cube. The shear strain γxy measures the difference between
the initial right angle in the xy plane and the final angle θ

f
xy formed by the two deformed line

elements belonging to a different plane (cf. Fig. 2): γxy = π
2 − θ

f
xy (expressed in radians).

The shear strain γxy is positive when the initial angle decreases. The diagonal components
of tensor E are zero because the line elements, along the reference axes, do not undergo
length variations during deformation. The strain tensor E, in form (1), with all diagonal
components zero, is used to define a state of pure shear strain.

5Strain tensor E is set in the material configuration and reference is made to a Cartesian coordinate system
{O, x, y, z} (see, Fig. 2). The displacement components u,v,w are evaluated with respect to this coordinate
system.
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Substituting the strain tensor (1) into the linear elastic isotropic Navier constitutive law:
T = 2μE + λϑI, where μ and λ are the Lamé constants, I is the identity tensor, and being
ϑ = trE = 0 (i.e. absence of volume variation), the stress tensor T is immediately evaluated

[T] =
⎡
⎣

0 Txy Txz

Txy 0 Tyz

Txz Tyz 0

⎤
⎦ . (2)

This stress tensor T, with the tangential stress components non-zero and with the normal
stress components all equal to zero, represents a state of pure shear stress.

Therefore, a state of pure shear stress corresponds to a state of pure shear strain and vice
versa. As we will see below, this property does not hold in finite elasticity.

In this paper, the angular shear problem of the linearized elasticity, mentioned above, is
extended to the fully nonlinear context of finite elasticity. The assumption of small defor-
mations is removed, and the problem is formulated for large shear deformations. The paper
is organized as follows. After some reminders and positions, Sect. 2 initially addresses the
kinematics of three-dimensional angular shear. In detail, the displacement field, the displace-
ment gradient, the right Cauchy-Green tensor, and the Green-St.Venant tensor are obtained.
A Lagrangian analysis is then performed in order to formulate the boundary value problem
for a material cube. The (first) Piola-Kirchhoff and Cauchy stress fields were subsequently
determined. In particular, the Cauchy stress vector for the deformed faces of the cube is
also evaluated. As a special case, Sect. 3 studies equitriaxial deformation, namely the defor-
mation that transforms the cube into a rhombohedron, that is, a polyhedron with six equal
rhombus-shaped faces. Section 4 closes the paper by summarizing the results obtained.

2 Purely Angular Shear Deformation in Finite Elasticity

Let us consider a hyperelastic body ℬ̄ composed of a homogeneous, isotropic and compress-
ible material under homogeneous deformation. Reference is made to a Cartesian coordinate
system {O, X, Y, Z} to identify the body with the closure of a regular domain of the three-
dimensional Euclidean space ℰ .

The undeformed configuration ℬ̄ of the body is assumed as the reference configuration,
whereas the deformed configuration is given by the deformation f : ℬ̄ → 𝒱 .6 As usual, defor-
mation f is a smooth enough, injective and orientation-preserving vector field (in the sense
that det (Grad f) > 0). The deformation of a generic material point P can be expressed by
the well-known relationship

f(P ) = s(P ) + id(P ), (3)

where id(P) is the position vector, which indicates the position of the material point P before
the deformation, and

s(P ) = u(P )i + v(P )j + w(P )k, (4)

denotes the displacement vector. In expression (4), the functions u(P ), v(P ) and w(P ) are
the scalar components of s(P ), whereas i, j and k are the unit vectors. The application of

6𝒱 is the vector space associated with ℰ .
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Fig. 3 Displacements of linear
elements laid out along the
reference axes

the material gradient operator Grad(·) to (3) gives

F = H + I, (5)

where F : ℬ̄ → Lin+ and H : ℬ̄ → Lin (7) are the deformation and displacement gradients,
respectively.

Because homogeneous deformations will be considered, the shape of the body is irrele-
vant for the analysis. However, for convenience’s sake, we assign the shape of a cube to the
body ℬ

ℬ = {(X, Y, Z) | 0 < X < a, 0 < Y < a, 0 < Z < a} ,

where a is the length of the edge.8

2.1 General Kinematics

Due to angular shear deformation, a material cube transforms into an oblique prism with six
faces, where the opposite faces are equal (congruent) and parallel. Since the edges along the
three reference axes do not undergo axial deformation, the lateral faces of the cube transform
from squares to rhombuses.

Let’s first refer to the three edges of the cube arranged along the reference axes, for which
the following vector representations are valid in the reference configuration (cf. Fig. 3):9

(A − O) = ai
(B − O) = aj
(C − O) = ak

. (6)

Assuming that the origin O remains fixed, after the deformation, the three vertices A, B, and
C of the cube assume the positions A′, B ′, and C ′, shown in Fig. 3. Using the displacement
components of the three vertices, the deformed edges can be written as

(A′ − O) = (a − uA) i+vAj + wAk
(B ′ − O) = uB i+ (a − vB) j + wBk
(C ′ − O) = uC i + vCj + (a − wC)k

. (7)

7Lin is the set of all (second order) tensors, whereas Lin+ is the subset of tensors with positive determinant.
8If the edge of the cube is reduced to an infinitesimal, the entire analysis carried out in this paper becomes
"local", that is, valid for a single material point even under conditions of non-homogeneous deformation.
9In the following notation, a vector is also given as the difference between two points.
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In (7), the axial displacement components uA, vB , and wC have been assumed to be nega-
tive, also in view of the conservation of the segment length, while all the other components
have been assumed to be positive. The nine components that describe the displacements
of the three vertices are linked by the following three relations derived on the basis of the
Pythagorean theorem:

(a − uA)2 +v2
A + w2

A= a2

u2
B+ (a − vB)2 + w2

B = a2

u2
C+v2

C + (a − wC)2 = a2
. (8)

The angles θ
f
xy , θ

f
xz and θ

f
yz subtended by the deformed edges can be determined by using

the scalar product (cf. Fig. 3)

cos θ
f
xy = (A′−O)·(B ′−O)⃓⃓

(A′−O)
⃓⃓⃓⃓
(B ′−O)

⃓⃓

cos θ
f
xz = (A′−O)·(C′−O)⃓⃓

(A′−O)
⃓⃓⃓⃓
(C′−O)

⃓⃓

cos θ
f
yz = (B ′−O)·(C′−O)⃓⃓

(B ′−O)
⃓⃓⃓⃓
(C′−O)

⃓⃓
. (9)

With (7) and being cos θ
f

ij = cos
(︁

π
2 − γij

)︁ = sinγij , with i, j = x, y and z, the previous
expressions (9) transform into

sinγxy = (a−uA)uB+(a−vB)vA+wAwB

a2

sinγxz = (a−uA)uC+vAvC+wA(a−wC)

a2

sinγyz = uBuC+(a−vB )vC+wB(a−wC)

a2

. (10)

Each edge is parallel to four edges of the cube, which remain parallel even after deforma-
tion. Therefore, based on the displacements of the three fundamental edges, positioned along
the reference axes, we can derive the displacements of all twelve edges of the cube. More-
over, since the deformation is assumed to be homogeneous, the displacement field varies
linearly in the material variables X, Y and Z. Thus, still using the displacements of the three
vertices, the displacement field is

⎧⎪⎨
⎪⎩

u(X,Y,Z) = −uA
X
a

+ uB
Y
a

+ uC
Z
a

v(X,Y,Z) = vA
X
a

− vB
Y
a

+ vC
Z
a

w(X,Y,Z) = wA
X
a

+ wB
Y
a

− wC
Z
a

. (11)

System (11) gives the displacements undergone by each point of the cube.
The geometric shape of the deformed cube is described by the Eulerian coordinates

x, y, z, which are derived using (3) and the displacement field (11)
⎧⎪⎨
⎪⎩

x = X − uA
X
a

+ uB
Y
a

+ uC
Z
a

y = Y + vA
X
a

− vB
Y
a

+ vC
Z
a

z = Z + wA
X
a

+ wB
Y
a

− wC
Z
a

. (12)

From the displacement field (11), the displacement gradient H and subsequently the defor-
mation gradient F = H + I can be computed

[F] = 1

a

⎡
⎣

(a − uA) uB uC

vA (a − vB) vC

wA wB (a − wC)

⎤
⎦ . (13)



Three-Dimensional Angular Shear Deformation in Finite Elasticity Page 7 of 20    53 

Obviously, F is a constant tensor, which does not depend on the material variables.10 Once
F is known, the (symmetric and positive definite) right Cauchy-Green tensor, C = FTF, can
be obtained

a2C11 = (a − uA)2 + v2
A + w2

A

a2C12 = (a − uA)uB + vA (a − vB) + wBwA

a2C13 = (a − uA)uC + vAvC + wA (a − wC)

a2C21 = uB (a − uA) + (a − vB) vA + wBwA

a2C22 = u2
B + (a − vB)2 + w2

B

a2C23 = uBuC + (a − vB) vC + wB (a − wC)

a2C31 = uC (a − uA) + vCvA + (a − wC)wA

a2C32 = uCuB + vC (a − vB) + (a − wC)wB

a2C33 = u2
C + v2

C + (a − wC)2

. (14)

Taking into account (8) and (10), tensor C can be rewritten in the following compact form:

[C] =
⎡
⎣

1 sinγxy sinγxz

sinγxy 1 sinγyz

sinγxz sinγyz 1

⎤
⎦ . (15)

Given the polar decomposition of the deformation gradient, C = U2, where U denotes the
(symmetric and positive definite) right stretch tensor. The eigenvalues of U are the prin-
cipal stretches λ1, λ2 and λ3. Thus, the eigenvalues of C are the squares of the principal
stretches. The expressions for the eigenvalues of C are given in the Appendix. Obviously, in
the principal reference system there are only extensions and no angular variations.

With the aim of eliminating the rigid part of the deformation, we move from the tensor
C to Green-St. Venant tensor E, defined as follows: 2E = C − I, which takes into account
only the pure deformation

[E] = 1

2

⎡
⎣

0 sinγxy sinγxz

sinγxy 0 sinγyz

sinγxz sinγyz 0

⎤
⎦ . (16)

The normal components are all zero, because the edges of the cube do not undergo variations
in length, while the off-diagonal components constitute a nonlinear measure of the shear
deformations due exclusively to angular variations. Invoking the hypothesis of smallness
of the displacement gradient H (which assumes that all nine (dimensionless) components
of the tensor H satisfy the following inequality:

⃓⃓
[H]ij

⃓⃓ ≪ 1, with i, j = x, y and z, the
linearization of the Green-St. Venant tensor provides the linearized strain tensor. Therefore,
Green-St. Venant tensor E is suitable for describing the large/small transition that the shear
deformation components undergo when passing from the nonlinear to linearized elasticity
[25, 26]. For this reason, to denote the Green-St.Venant tensor we use the same symbol E as
the strain tensor. In particular, under the hypothesis of small deformations, the components
of E, in the form (16), can be simplified being sinγ ≃ γ . Thus, the Green-St. Venant tensor
(16) reduces exactly to the infinitesimal strain tensor (1).

Another aspect needs to be emphasized. Through angular shear deformation, it is possible
to define a state of pure shear deformation in finite elasticity, for which tr(E) = 0, as is done
in linearized elasticity.

10Since the deformation is homogeneous, the tensor F can be used to evaluate the transformation of even
non-infinitesimal material fibres, for example, (A′ − O) = F(A − O).



   53 Page 8 of 20 F.O. Falope et al.

Fig. 4 Geometric details of the deformed cube. Internal angles of a face (a). Application of the scalar triple
product to determine the signed volume (b). Two limit situations characterized by zero scalar triple product:
ϑyz = π

2 (c) and ϑyz = −π
2 (d)

2.2 Transformation of Angles, Surfaces, and Volumes

Excluding the physically implausible case of the inversion of sign of the volume of the cube,
as a result of the deformation, the following inequality must exist between the final angles
at vertex O:

θf
xy + θf

xz + θf
yz < 2π. (17)

Equality holds in the unrealistic case where the cube collapses into a surface.
Figure 4a shows the shape that the base of the cube, initially belonging to the XY plane,

assumes once deformed. As mentioned several times, it is a rhombus, that is, a polygon with
four equal edges and congruent opposite angles. We are referring to this face, but similar
considerations apply to the other five faces of the deformed cube. Angle θ

f
xy can present two

limiting situations: θ
f
xy = 0 and θ

f
xy = π . Both represent (unrealistic) extreme deformations,

whereby the rhombus is reduced to a segment of length 2a. Therefore, to avoid the collapse
of the rhombuses it must be

0 < θf < π. (18)

To determine the volume of the cube before and after deformation, vi and vf, the scalar
triple product can be used

vi = (A − O) · (B − O) ∧ (C − O) = a3, (19)

vf = (︁
A′ − O

)︁ · (︁B ′ − O
)︁ ∧ (︁

C ′ − O
)︁
. (20)

The ratio between the final and initial volume is equal to the determinant of the deformation
gradient, det F = vf/vi, as can be easily checked in terms of displacement components using
(6), (7) and (13).
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The cross product in (20) gives
(︁
B ′ − O

)︁ ∧ (︁
C ′ − O

)︁ = (︁
a2 sin θf

yz

)︁
n′, (21)

where n′ denotes the unit vector defined in the deformed configuration

n′ =
(︁
B ′ − O

)︁ ∧ (︁
C ′ − O

)︁
| (B ′ − O) ∧ (C ′ − O) | , (22)

whose direction is determined by the right-hand rule, while magnitude
(︂
a2 sin θ

f
yz

)︂
can be

thought of as the base area. Since the scalar triple product remains unchanged under cyclic
permutations of the vectors, other choices can be made for the base area. With (21) and
calculating the dot product in (20), the final volume becomes

vf = a3 cosϑyz sin θf
yz. (23)

The angle ϑyz between the unit vector and the first vector (A′ − O) is shown in Fig. 4b.
Two limiting situations can arise for angle ϑyz, in which det F becomes zero and the three
deformed vectors in (20) are coplanar. For ϑyz = π

2 , the angle θ
f
yz equals the sum of the

other two vertex angles: θ
f
yz = θ

f
xz + θ

f
xy (cf. Fig. 4c). For ϑyz = − π

2 , the sum of the vertex

angles equals the round angle: θ
f
yz + θ

f
xz + θ

f
xy = 2π (cf. Fig. 4d). Situation also excluded by

(17). Therefore, vf is positive when − π
2 < ϑyz < π

2 and zero for ϑyz = ± π
2 . For ϑyz < − π

2
and ϑyz > π

2 , vf becomes negative and the orientation of the reference system changes. For
ϑyz ≤ − π

2 and ϑyz ≥ π
2 , deformations are physically inadmissible.

Given (23), it turns out

det F = cosϑyz sin θf
yz, (24)

and since it is the product of two trigonometric functions, it must necessarily be det F ≤ 1.
det F is equal to one if ϑyz = 0 and θ

f
yz = π

2 , that is, when the cube retains its shape and
volume, namely, in the case of a rigid rotation. So ultimately, 0 < det F ≤ 1. From (24) it
is also evident that the maximum volume is that of the cube in the initial configuration and
then, due to the (pure) deformation, it always decreases.

2.3 Stresses and Boundary Value Problem

The constitutive properties of a hyperelastic material are described by the stored energy
function ω. If the function ω is frame-indifferent, homogeneous and isotropic, then it de-
pends only on the principal invariants Ii , with i = 1, 2 and 3, of the Cauchy-Green de-
formation tensors. With these assumptions, the constitutive law (TR = ∂ω/∂F) takes the
following form [27, 28]:

TR = 2

(︃
∂ω

∂I1
+ I1

∂ω

∂I2

)︃
F − 2

∂ω

∂I2
BF + 2I3

∂ω

∂I3
F−T, (25)

where the tensor TR denotes the (first) Piola-Kirchhoff stress tensor. In the above expression,
B = FFT is the left Cauchy-Green strain tensor and BF = FC, while the principal invariants
of the Cauchy-Green tensors hold

I1 = λ2
1 + λ2

2 + λ2
3,

I2 = λ2
1λ

2
2 + λ2

1λ
2
3 + λ2

2λ
2
3,

I3 = λ2
1λ

2
2λ

2
3.

(26)



   53 Page 10 of 20 F.O. Falope et al.

Using (13) and (15), the Piola-Kirchhoff stresses generated by an angular shear deformation
can be determined.

Performing a Lagrangian analysis, it is easy to formulate the boundary value problem.
Being the deformation homogeneous, the stresses also do not vary. That is, these stresses are
the same for every internal point of the cube and for its boundary. In particular, the stresses
at the boundary can be interpreted as the external surface forces necessary to produce the
displacement field (11).

In the undeformed configuration, equilibrium conditions require the following vectorial
equation to be satisfied locally:

Div TR + b = o, (27)

where the symbol b denotes the body forces. The boundary conditions, to be added to the
previous field equation, are

tR = TRn, (28)

where tR is the Piola-Kirchhoff stress vector and n the outward unit vector. These stress
vectors are known and uniformly applied to the six faces of the cube, with opposite values
in the three pairs of opposite faces. In this way, the global equilibrium of the cube in its
undeformed configuration is guaranteed. For the three faces of the undeformed cube with
positive normal, (28) gives

[tR] =
⎡
⎣

TRxx

TRyx

TRzx

⎤
⎦ , [tR] =

⎡
⎣

TRxy

TRyy

TRzy

⎤
⎦ , [tR] =

⎡
⎣

TRxz

TRyz

TRzz

⎤
⎦ , (29)

for X = a and 0 ≤ Y,Z ≤ a, Y = a and 0 ≤ X,Z ≤ a, Z = a and 0 ≤ X,Y ≤ a, respec-
tively. For the three faces with negative normal, there are values opposite to the previous
ones.

By setting b = o, the three scalar differential equations given by (27) are automatically
satisfied, because Piola-Kirchhoff stresses are constant. While the boundary conditions (29)
provide a coupled nonlinear system of nine equations to evaluate the parameters present in
the displacement field (11).

From Piola-Kirchhoff stresses (to be understood as nominal) can be determined the
Cauchy stresses, namely the corresponding stresses in the deformed configuration (to be
understood as true). In fact, the Piola-Kirchhoff stress tensor TR and Cauchy stress tensor T
are related by the following well-known tensorial relationship:

TR = T F⋆, (30)

where F⋆ = (detF)F−T is the cofactor of the tensor F.11 A similar definition to (28) subsists
for the Cauchy stress vector t,

t = Tn′, (31)

where the unit vector n′ is defined in the deformed configuration. With the Cauchy stress
vector t it is possible to evaluate the stresses acting on the deformed faces of the cube. In

11The tensor F is invertible by its definition.
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Fig. 5 Equitriaxial angular shear
deformation

fact, with reference to a deformed face, the unit vector n′ is orthogonal to the face itself, and
a second unit vector m′, which is any unit vector parallel to the plane of the face, can be
introduced. These two unit vectors are orthogonal to each other, that is n′ · m′ = 0. Using
(31), the normal and (global) tangential Cauchy stress vector components can be calculated

tn′ = n′ · Tn′, (32)

tn′m′ = m′ · Tn′. (33)

The first observation that can be made is that, for a generic expression of the stored
energy function ω, the symmetric Cauchy stress tensor T is full, that is, it has no zero
normal components.12 The Green-St. Venant tensor (16), with zero normal components,
does not correspond to a Cauchy stress tensor with zero normal components. Therefore, for
angular shear, the state of pure shear deformation (defined by the form of tensor (16)) does
not correspond to the state of pure shear stress.13 This is different from what happens in
linearized elasticity, where the two pure states are always associated with each other (cf. (1)
and (2)). A second observation always concerns the differences with linearized elasticity. A
shear strain in linearized elasticity is produced exclusively by tangential stresses. This is not
true for an angular shear deformation, which is produced by the simultaneous application
of tangential and normal stresses (cf. (32)).

3 Transformation of a Cube into a Rhombohedron (Equitriaxial
Angular Shear Deformation Case)

Suppose the cube is deformed by lengthening or shortening the trisector14 and keeping the
origin fixed. In this way, the deformed cube takes on the shape of a rhombohedron, charac-
terized by six identical rhombus-shaped faces. This equitriaxial angular shear deformation
is illustrated in Fig. 5. Note the angles at vertex O which are all equal. Under these condi-
tions, the trisector is a principal direction of deformation. The symbol λ1 will be used for the
corresponding principal stretch. In a plane orthogonal to the trisector, the directions exiting

12Given the shape of the deformation gradient F (13), the Piola-Kirchhoff stress tensor (25) has no zero
normal components. Through formula (30), T = 1

det F TRFT , the Cauchy stress tensor also has no zero normal
components.
13From a different point of view, in [21] it was shown that in general a state of pure shear stress does not
correspond to a state of pure shear deformation.
14The unit vector of the direction along the trisector is n =

(︂
1√
3
, 1√

3
, 1√

3

)︂
.
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the intersection point are also all principal. The stretch along these principal directions will
be denoted by λ.

Given the axisymmetry around the trisector, the displacements of vertices A, B and C are

uA = vB = wC = s,

vA = wA = uB = wB = uC = vC = r.
(34)

With these displacements, the deformed edges (7) are simplified into

(A′ − O) = (a − s) i+rj + rk
(B ′ − O) = ri+ (a − s) j + rk
(C ′ − O) = ri + rj + (a − s)k

. (35)

Conservation of the length of the edges of the cube gives the following unique relation:

(a − s)2 + 2r2 = a2. (36)

Using (35), the following shear deformations are calculated:

sinγxy = sinγxz = sinγyz = sinγ = 2r (a − s) + r2

a2
. (37)

With (34), the displacement field (11) becomes

⎧⎪⎨
⎪⎩

u(X,Y,Z) = −s X
a

+ r Y
a

+ r Z
a

v(X,Y,Z) = r X
a

− s Y
a

+ r Z
a

w(X,Y,Z) = r X
a

+ r Y
a

− s Z
a

. (38)

From (38), the deformation gradient and the Green-St. Venant tensor are obtained

[F] = 1
a

⎡
⎣

(a − s) r r

r (a − s) r

r r (a − s)

⎤
⎦ ,

[E] = 1
2

⎡
⎣

0 sinγ sinγ

sinγ 0 sinγ

sinγ sinγ 0

⎤
⎦ .

(39)

From the polar decomposition F = RU, where R is a proper orthogonal tensor and denotes
the rotation tensor, we see that, since F is symmetric, R = I, namely absence of rigid defor-
mations, and F = U. In the tensor E now only one deformation parameter appears.

The undeformed OCD triangle, shown in Fig. 6, has the following geometric dimensions:
OC = a, CD = a

√
2, OD = a

√
3, CH = a sinα, and OH = a cosα, with sinα = √

2/3
and cosα = 1/

√
3. After deformation, the diagonal OD elongates by the amount δ1, the

height CH moves parallel to C ′H ′ (being a principal direction) and contracts by the amount
δ2 (cf. Fig. 6). Moreover, OC = OC ′ = a, C ′H ′ = λa sinα, OH ′ = λ1 a cosα and the angle
at C ′ is no longer orthogonal. Between the displacements δ1, δ2 and the principal stretches
λ1, λ the following relations hold:

δ1 = a
√

3 (λ1 − 1) , δ2 = a (1 − λ) sinα. (40)
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Fig. 6 Deformation of the OCD
triangle belonging to the diagonal
cross-section of the cube

Applying the Pythagorean theorem to triangle OC ′H ′, the following relationship be-
tween the principal stretches λ1 and λ is derived:

(︁
λ2

1 + 2λ2
)︁ = 3. (41)

Assigning λ1, the previous relation (41) provides λ. For the two-dimensional shear defor-
mation, a formula equivalent to (41):

(︁
λ2

1 + λ2
2

)︁ = 2, was obtained in [23].
The squared principal stretches can be evaluated as eigenvalues of the right Cauchy-

Green tensor C. A third-degree characteristic equation is obtained, which, solved with Car-
dano’s formula, admits three real roots, one of which is double. From these calculations, the
following values of the principal stretches are obtained:

λ1 = √︁
1 + 2 sinγ , λ = √︁

1 − sinγ . (42)

Note that they satisfy the relation (41).
The deformational effects of the purely angular shear have been illustrated previously

using only the Green-St. Venant tensor E. Obviously, other strain tensors can be used. An
interesting alternative is the Biot strain tensor

EBiot = U − I. (43)

In terms of principal stretches λi and their corresponding principal directions np

i , the Biot
tensor (43) can be represented by its spectral decomposition as

EBiot = (λi − 1)np
i ⊗ np

i , (44)

where i = 1,2, 3, and the repeated index convention has been used. In the equitriaxial angu-
lar shear, F = U and the reference system adopted is not principal.15 As mentioned above,
the principal directions coincide with the direction of the trisector and with any two direc-
tions orthogonal to each other and parallel to a plane orthogonal to the trisector (the charac-
teristic equation has a double root). The principal stretches are indicated by (42). Obviously,
in the diagonal representation (44), a state of pure shear deformation is less apparent (be-
cause it occurs for a different reference system), however (44) has the advantage of being
able to be used in a stretch-based formulation, which allows to define the constitutive behav-
ior of a material directly using principal stretches rather than their squared values or strain
tensors (see, for example, [29–33], and [34]).

15The tensor F = U contains several pieces of information. In particular, ∥Ui∥ = ∥Uj∥ = ∥Uk∥ = 1 and
(Ui) · (Uj) = (Ui) · (Uk) = (Uj) · (Uk) = sinγ . Specifically, the length of the edges of the cube does not
change and the deformation is a purely angular equitriaxial shear deformation.
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For small deformations, the Biot strain tensor linearly approximates the infinitesimal
strain tensor. In fact, with the linearization of (39)1, being s ≃ 0 and r

a
≃ 1

2γ , (43) provides

[EBiot] ≃
⎡
⎣

0 1
2γ 1

2 γ
1
2γ 0 1

2 γ
1
2γ 1

2γ 0

⎤
⎦ , (45)

namely the strain tensor (1) for the equitriaxial case.
Let’s now calculate the stresses. In the case of the equitriaxial angular shear, the principal

invariants of the Cauchy-Green tensors (26) become

I1 = 3,

I2 = 3
(︁
1 − sin2 γ

)︁
,

I3 = 1 − 3 sin2 γ + 2 sin3 γ.

(46)

From the deformation gradient (39)1 the following components, useful for the computa-
tion of the Piola-Kirchhoff stresses using (25), are obtained:

[BF]XX = [BF]YY = [BF]ZZ = 1
a

[(a − s) + 2r sinγ ] ,
[BF]XY = [BF]XZ = [BF]YX = [BF]YZ = [BF]ZX = [BF]ZY =

1
a

[(a − s) sinγ + r (1 + sinγ )] ,
(47)

and

[︁
F−1

]︁
XX

= [︁
F−1

]︁
YY

= [︁
F−1

]︁
ZZ

= 1
a2 det F

[︁
(a − s)2 − r2

]︁
,[︁

F−1
]︁
XY

= [︁
F−1

]︁
XZ

= [︁
F−1

]︁
YX

= [︁
F−1

]︁
YZ

= [︁
F−1

]︁
ZX

= [︁
F−1

]︁
ZY

=
1

a2 det F

[︁
r2 − r (a − s)

]︁
,

(48)

with det F = 1
a3

[︁
(a − s)3 − 3r2 (a − s) + 2r3

]︁ = (1 − sinγ )
√

1 + 2 sinγ .
From (39)1, (47) and (48), it is evident that the Piola-Kirchhoff stress tensor, indepen-

dently from the shape of the stored energy function, is characterized by normal components
which are all equal and by tangential components which are also all equal. There is no reason
to suppose that the normal components can be zero.

To evaluate the Piola-Kirchhoff stresses using the constitutive law (25), it should be as-
signed a specific law to the stored energy function ω. For it the compressible Mooney-Rivlin
form is assumed16

ω(I1, I2, I3) = ã I1 + b̃ I2 + c̃ I3 −
(︂
ã + 2b̃ + c̃

)︂
ln I3, (49)

where the constants ã, b̃ and c̃ are strictly positive quantities. It is well known that the above
stored energy function, which depends on all three deformation invariants, describes prop-
erly the constitutive behavior of rubbers and rubber-like materials.17 From (49) the following

16This function is polyconvex and satisfies the growth conditions: ω → ∞ as λ → 0+ or λ → +∞. It was
used, for example, in [25, 26, 35] and [36].
17For an extensive discussion of the terms related to the volume change in the stored energy function see the
recent paper by M. Pelliciari et al. [35].
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derivatives can be computed:

ω,1 = ã, ω,2 = b̃, ω,3 = c̃ − ã + 2b̃ + c̃

I3
, (50)

where ω,i = ∂ω
∂Ii

, for i = 1,2 and 3.
Using (25), (39)1, (46), (47), (48), and (50), the Piola-Kirchhoff stresses are determined

[TR]XX = [TR]YY = [TR]ZZ =
2
(︂
ã + 3b̃

)︂
1
a
(a − s) − 2b̃ 1

a
[(a − s) + 2r sinγ ]+

2
[︂
c̃
(︁
1 − 3 sin2 γ + 2 sin3 γ

)︁ −
(︂
ã + 2b̃ + c̃

)︂]︂
1

a2 det F

[︁
(a − s)2 − r2

]︁
,

[TR]XY = [TR]XZ = [TR]YX = [TR]YZ = [TR]ZX = [TR]ZY =
2
(︂
ã + 3b̃

)︂
1
a
r − 2b̃ 1

a
[(a − s) sinγ + r (1 + sinγ )]+

2
[︂
c̃
(︁
1 − 3 sin2 γ + 2 sin3 γ

)︁ −
(︂
ã + 2b̃ + c̃

)︂]︂
1

a2 det F

[︁
r2 − r (a − s)

]︁
.

(51)

From the Piola-Kirchhoff stresses (51) the corresponding Cauchy stresses can be evalu-
ated through (30)

(det F) [T]xx = (det F) [T]yy = (det F) [T]zz =
−4b̃ sin2 γ + 2

[︁
c̃
(︁−3 sin2 γ + 2 sin3 γ

)︁]︁
,

(det F) [T]xy = (det F) [T]xz = (det F) [T]yz =
2
(︂
ã + b̃

)︂
sinγ − 2b̃ sin2 γ.

(52)

To obtain (52), (36) and (37) were used. The Cauchy stress tensor is also characterized by
equal normal components and equal tangential components. In the absence of deformation
(sinγ = r = s = 0, and det F = 1), all Piola-Kirchhoff and Cauchy stress components are
zero.

Assuming that the angle γ is small, through the linearization of (52) (sinγ ≃ γ , det F ≃
1, and μ ≃ 2

(︂
ã + b̃

)︂
[25]), it is immediate to derive the stress components of the linearized

elasticity (cf. Eq. (2))

[T]xx = [T]yy = [T]zz ≃ 0,

[T]xy = [T]xz = [T]yz ≃ μγ.
(53)

3.1 Application

For the equitriaxial angular shear deformation, the change in volume, J = det F = λ1λ
2,

is evaluated as the displacement δ1, applied along the trisector of the cube, varies. The
displacement δ1 plays the role of independent variable. Assigned δ1, from (40)1 we ob-
tain λ1 and then λ from (41). Once the stretches have been calculated, J is known:

J = 1− δ2
1

(︂
9a + √

3 δ1

)︂
/(18a3). δ1 varies in the following range: −√

3a <δ1< 3a −√
3a.

In the limiting situation δ1 →
(︂

3a − √
3a

)︂
the volume of the cube collapses into a segment

of length 3a. For δ1 →
(︂
−√

3a
)︂

, the volume collapses into a surface with the shape of a

regular hexagon. In Fig. 7 the function J is plotted.
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Fig. 7 Graph of
J = det F = λ1λ2 as a function
of δ1

4 Conclusions

In this paper, the angular shear deformation of hyperelastic and isotropic materials has been
investigated in the framework of finite elasticity. Under purely angular shear deformation,
the angle between two line elements undergoes large changes, while the length of the two
line elements is preserved. This differs from the two classic shear models: the simple and the
pure shear, where only one line element maintains its length while the other changes it (in a
way that depends on the model itself). Consequently, the two classical shear models generate
combined kinematic effects due to both angular distortions and extension deformations. The
purely angular shear model, on the other hand, allows the shear behavior of materials to be
evaluated based exclusively on angular distortions.

The direct extension of the two-dimensional model for the angular shear (proposed by
the authors in [23]) is not immediate. In fact, the planar case depends on a single angular
variation (cf. Fig. 4 of [23]). While in the three-dimensional case, the shape of the deformed
configuration of the solid depends on three different angular variations, and determining
the displacement field becomes more complicated. To overcome this difficulty in the three-
dimensional case, in this paper, a kinematic analysis was developed considering a cube, and
the displacements experienced by the three vertices of the edges lying along the axes of the
reference system. Then, using the condition that the length of these edges does not vary and
that the deformation is homogeneous, the displacement field was obtained.

From the displacement field, deformation gradient and Green-St. Venant tensor have been
determined. In particular, the Green-St. Venant tensor has shear components (Exy = Eyx =
1
2 sinγxy, Exz = Ezx = 1

2 sinγxz and Eyz = Ezy = 1
2 sinγyz) different from zero, and all normal

components equal to zero. For small deformation, sinγij ≃ γij , with i, j = x, y, z, so the
linearization of the Green-St. Venant tensor leads directly to the infinitesimal shear strain
tensor.

Therefore, based on the form assumed by the Green-St. Venant tensor, with zero diagonal
components, it is possible, for the three-dimensional angular shear deformation, to define a
state of pure shear deformation in finite elasticity, as is usually done in linearized elasticity.
This generally does not happen for the two classical shear models, since they have non-zero
diagonal components, caused by the extension of the line elements. But this does not happen
even in the two-dimensional model of angular shear, where an orthogonal axial deformation
is present (cf. Eq. (38) of [23]).

As an alternative to the Green-St.Venant tensor, the use of the Biot tensor has been dis-
cussed, which allows the so-called stretch-based formulations to describe the constitutive
behavior of a material.
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For the three-dimensional angular shear deformation, explicit expressions for transfor-
mations of angles, surfaces and volumes have been derived.

Obviously, the kinematics exposed for the three-dimensional angular shear is also valid
for anisotropic materials.

Using a Lagrangian analysis, the boundary value problem for the equilibrium of a cube
subjected to purely angular shear deformation has been formulated. Leaving completely un-
specified the stored energy function, Piola-Kirchhoff and Cauchy stress tensors were evalu-
ated.

Typically, the Cauchy stress tensor has no zero diagonal components. Thus, for the angu-
lar shear deformation, it is not possible to define a state of pure shear stress. Consequently, a
state of pure shear deformation is not associated with a state of pure shear stress, as instead
happens in linearized elasticity.

The normal and tangential Cauchy stress vector components on the inclined faces of
the deformed cube were calculated, demonstrating that the simultaneous application of tan-
gential and normal stresses is necessary to produce an angular shear deformation. This is
another substantial difference from linearized elasticity, where a shear strain is generated
exclusively by tangential stresses.

The equitriaxial angular shear deformation case, where the deformed cube takes on the
shape of a rhombohedron (that is, a regular polyhedron with six equal faces), has been exam-
ined in detail. In this case, the cube’s trisector can be lengthened or shortened, and the three
angular shear deformations are all the same. By assigning the law of compressible Mooney-
Rivlin materials to the stored energy function, the Piola-Kirchhoff and Cauchy stresses were
determined. In both cases, these stress tensors are characterized by equal normal components
and equal tangential components.

Appendix: Eigenvalues of the Right Cauchy-Green Tensor C

In the general case, the right Cauchy-Green tensor C for the angular shear deformation takes
the following form:

[C] =
⎡
⎣

1 e f

e 1 g

f g 1

⎤
⎦ , (54)

where e =| sinγxy |≤ 1, f =| sinγxz |≤ 1, and g =| sinγyz |≤ 1. Imposing the condition

det

⎡
⎣

(1 − Λ) e f

e (1 − Λ) g

f g (1 − Λ)

⎤
⎦ = 0, (55)

the expressions of the three eigenvalues in closed form are found

Λ = 1 −

(︃
−9 efg + 1

3

√︂
729 e2f 2g2 − 27

(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

3
2
3

+ (56)

−e2 − f 2 − g2

(︃
−27 efg +

√︂
729 e2f 2g2 − 27

(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

,
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Λ = 1 +
(︁− 1

3

)︁ 1
3
(︁
e2 + f 2 + g2

)︁
(︃

−9 efg + 1
3

√︂
729 e2f 2g2 − 27

(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

+ (57)

1

6

(︂
1 − i

√
3
)︂(︃

−27 efg +
√︂

729 e2f 2g2 − 27
(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

,

Λ = 1 −
1
3 (−3)

2
3
(︁
e2 + f 2 + g2

)︁
(︃

−9 efg + 1
3

√︂
729 e2f 2g2 − 27

(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

+ (58)

1

6

(︂
1 + i

√
3
)︂(︃

−27 efg +
√︂

729 e2f 2g2 − 27
(︁
e2 + f 2 + g2

)︁3
)︃ 1

3

.

These eigenvalues represent λ2
1, λ2

2, and λ2
3. When we extract the roots, the imaginary parts

cancel out, and we have three distinct real roots. The eigenvalues are positive since the tensor
C is positive definite.

In the particular case a = b, the eigenvalues assume the following compact form:

Λ1 = 1 − c, 2Λ2 = 2 + c −
√︁

8a2 + c2, and 2Λ3 = 2 + c +
√︁

8a2 + c2. (59)

For a = b = c, the previous eigenvalues become

Λ1 = 1 − c, Λ2 = 1 − c and Λ3 = 1 + 2c, (60)

and setting c = sinγ , the eigenvalues (42) of the triaxial angular shear are found again.
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