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ARTICLE INFO ABSTRACT

Keywords: In this paper, we introduce the complex-valued horizontal linear complementarity problem
Complex horizontal linear complementarity (CHLCP), we provide two equivalent real-valued reformulations, and study modulus-based
problems matrix splitting algorithms for solving the CHLCP. This latter point is motivated by the recent

Horizontal linear complementarity problems
Modulus-based formulation
Modulus-based methods

introduction of modulus-based matrix splitting methods for (non-horizontal) complex linear
complementarity problems (CLCPs), which we generalize. We study the convergence of the
proposed algorithms. Whenever possible, we seek convergence conditions that are directly based
on the form of the real and imaginary parts of the matrices of the CHLCP in its complex form.
This makes the convergence easier to evaluate than in existing convergence analyses. Finally,
we study the numerical properties of the proposed algorithms by solving several CHLCPs. In
this context, we also revisit results on the CLCP under the larger CHLCP framework, providing
new numerical insights on the efficiency of existing algorithms for the CLCP.

1. Introduction

We define the complex-valued horizontal linear complementarity problem (CHLCP) as

Az -Biv=q, l|arg()|<y; larg@) < %e —y: Re(z'w) =0, @D

where z,@ € C" are complex unknown vectors, A, B € C"" are given complex coefficient matrices, y € R” is a prescribed vector
of values y; € [0, ’2—'], and g € C" is a known term. In the adopted notation, a tilde sign above vector and matrices means that they
have complex entries. Vectors and matrices without the tilde sign are intended to be real. Furthermore, given a complex number
a € C, a* denotes the complex conjugate and arg(a) denotes the argument, which is angle between the real axis and the line that
joins a@ with the origin in the complex plane. These definitions are applied component-wise to vectors of complex entries. Finally, e
denotes the unit vector and inequalities are intended to act component-wise.

The problem (1.1) reduces to the complex-valued linear complementarity problem (CLCP) when B = I. The CLCP was studied
after it was demonstrated that the duality theory of linear programming holds also in the complex space [1]. Thus, the complex
linear and quadratic programming were unified in the CLCP by [2], where an existence theory of the CLCP was also provided. Then,
in [3] a solution strategy for the CLCP was first proposed, based on rewriting the n-dimensional CLCP to an equivalent real linear
complementarity problem (LCP) of dimension 2n. In this context, it was noticed that being able to solve the CLCP implies the ability
to solve complex linear and quadratic problems.

With this motivation, recently Li et al. [4] proposed a modulus-based method for solving the CLCP. In particular, the problem
was first reformulated in the real space in the same way as in [3]. Then, the equivalent problem was written in a modulus-based
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formulation analogous to [5]. Finally, a modulus-based solution strategy was proposed to solve the problem. The Ref. [4] can
then be contextualized in the rich literature of modulus-based algorithms for complementarity problems, which originated from [5]
and from earlier works on the modulus-based formulation [6-8]. Notable extensions of this procedure beyond the “standard” real-
valued LCP include generalizations to the nonlinear complementarity problem [9-11], to the horizontal linear complementarity
problem (HLCP) [12,13], to the vertical linear complementarity problem [14], and to other generalizations [15-18]. Alternative
modulus-based strategies that do not employ an auxiliary variable [19-21] and non-splitting modulus-based methods [22] exist as
well.

The aim of this paper is to further study modulus-based algorithms for the CLCP and to generalize the analysis to the CHLCP
(1.1). In particular, we introduce the following novelties:

We formulate the CHLCP, which generalizes the CLCP. Such generalization is conceptually similar to the one provided by the
HLCP in the real space.

We provide two real-valued reformulations of the CHLCP. One reformulation can be applied when the matrices of the problem
satisfy some commutativity properties, while the other works for general CHLCPs.

We reformulate the real-valued equivalent of the CHLCP in modulus-based form and we study its solution by standard modulus-
based matrix splitting algorithms [12] and by generalizing the algorithm proposed in [4]. In both cases, the solution of the
horizontal problem is addressed directly, which is computationally advantageous with respect to transforming the CHLCP into
an equivalent CLCP.

We prove the convergence of the algorithms [12] under conditions tailored on the nature of the complex problem. In particular,
many of the proposed conditions refer to the real and imaginary parts of A and B, instead of using the matrices of the equivalent
real HLCP, which are larger and not immediately available in (1.1).

To carry out the convergence analysis, we improve the convergence theory of modulus-based AOR methods for HLCPs [12],
in both their standard and accelerated forms. These results are valid even for standard, real-valued HLCPs.

We use the analysis performed on the CHLCP to further study the modulus-based solution of the CLCP. In particular, while [4]
mostly considered problems with y = ;—[e, we provide new theoretical and numerical results for a general selection of y.
Furthermore, we show numerically that standard accelerated modulus-based methods can be faster than the algorithm in [4],
which can also be more sensitive to variations of the starting iterate.

First, in Section 2 we provide two equivalent real-valued reformulations of the CHLCP and present our modulus-based matrix
splitting algorithms. Then, in Section 3 we study the convergence of the methods. Modulus-based accelerated over-relaxation (AOR)
methods are particularly analyzed and convergence conditions tailored on the form of the matrices of the CHLCP are provided. In
Section 4 several numerical experiments are solved and analyzed. In particular, we revisit some results on the CLCP and we solve
examples of HLCPs for both the considered real-valued reformulations. Some concluding remarks are then provided in Section 5.
Finally, a list of the used acronyms is reported at the end of the manuscript.

In our analysis we use the following names and notation. We say that a matrix A € R™" is a Z-matrix if all its off-diagonal
entries are non-positive and we say that A is an M —matrix if it is a Z-matrix with A1 >0[23]. We say that A is an H-matrix if its
comparison matrix (A) (i.e., the matrix of entries |a;;| along the main diagonal and —|q; il off-diagonal, for i, j = 1,...,n with i # j)
is an M-matrix [23]. A is an H_ -matrix if it is an H-matrix and has positive diagonal entries [24]. Finally, we say that the splitting
A =M — N is an M-splitting if M is an M-matrix and N > 0 [25].

2. Real-valued formulations of the CHLCP
2.1. Equivalent problem in the real space
Let us first transform (1.1) into an equivalent real-valued HLCP. In this regard, let us first separate the real and the imaginary
parts by writing
B=Bp+iB;; A=Ap+iA;; z=zp+iz;; W=wp+iw;; §=qg+iqp,
where B, B;, Ag, A € R™", zp, z;,wp, w;,qp.q; €R", and i = \/—_1 Then, the complex-valued system of Eq. (1.1) can be written
as
(AR +iA)(zgr+iz;) — (B +iBp)(wg + iw;) = qg + iqy,
which is
ARzZp +iARz; +iAjzg — Az — Brwp — iBpw; —iBjwgp + Byjw; = qp +iqy,

This implies that the real and imaginary parts of the vectors z, w that satisfy the complex-valued n x n system (1.1) must solve the
real-valued 2n X 2n system
{ Apzp — Ajz; — Brwp + Bjw; = qp
AjzZp+ Arz; — Bjwg — Brw; = q;

Setting
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A —-A B -B
ARy ::< b 1> Bgi ::< X 1>,
Ar  Ag By Bg
such system can equivalently be written as

o (25) = (27) = ()

Next, the conditions on the arguments of z, w required by (1.1) are satisfied if
-1

2\ () 1Y (2R 5 wp\ _ tan(y)_l L) (wr) 5o, (2.2)

zZy tan(y) -1/ \z; wy tan(y) -1/ \w,;
with zIwL + le] wy =0, as can be demonstrated by proceeding as in [3, Section 3]. In the previous relations, tan(y) denotes the nxn
diagonal matrix whose ith diagonal entry is tan(y;). In the following, for simplicity and in accordance with the literature [3,4], we
limit our analysis to 0 < y; < g for i = 1,...,n, for which tan(y) is a positive diagonal matrix. The special cases where some y; are
Zero or ’5[ can be dealt with by treating individually the indices where these values occur [3].

Under this assumption, we change the variables of the problem to z;,z;,w;,w; by inverting the matrices of (2.2), which can

be easily computed as

T, = % <tan(1}')_] tani}})—1>; T, = % <tan[(y) tail([y)>.

Thus, the CHLCP (1.1) can equivalently be written as determining vectors z;, zy, w;, wy that satisfy

z w q
R’ 1<ZU K2 \wy qar (2.3)

zp, zy,wp,wy 2 0; zIwL + zEwU =0.

This result generalizes to horizontal problems the equivalent reformulation provided in [3] for the CLCP. In particular, if we multiply
both sides by 7;!, it reduces to the form [3] when Bg = I and B; = 0. By simple renaming of the terms, the same applies when
Ap=1Tand A; =0.

2.1.1. General, non-commuting matrices

Notice that the problem (2.3) is a real-valued HLCP, which can be solved by any solution algorithm for such problems.
Nonetheless, it is useful to provide particular analyses that allow a direct application of the methods and of their convergence
theory. In this regard, let us first consider a general case, that applies when no special properties are available to simplify the
problem (2.3). In this case, for the following analysis it is convenient to change sign to the bottom blocks of the system in (2.3),
obtaining

AR —A; r(FLY_( Br —Br\p (wr)_(4r
—A; —Ag/) ! -B; -Bp/)? “\-
I R Zy I R wy q; (2.4)
zpzg.wpwy 20, zZhw, +zhwy =0.

At this point, for compactness, let us set

A= A Ap\ _ [ Ar  —Ap) (tan(n)7! tan(y)”! 2= (3L
T4y Ap) T \-4;, -4, I -1 “\zy

(2.5)
B <B“ B12> _ < By —B,) <tan(y) tan(y)) we <wL> 4=2 < qr ) .
B, B, -B; —-Bp 1 -1 wy —q;
The real-valued equivalent of the CHLCP (1.1) is then given by
Az—Bw=qwithz>0,w>0,z w=0. (2.6)

2.1.2. Commuting Bg; and T,

An interesting special case arises when By; and 7, commute. Notice that this situation includes the CLCP, which makes this
special case particularly relevant. Nonetheless, it is still more general than the CLCP, as By, and T, can commute even when B # I.
Indeed, by definition of Bg; and 7,, the commutativity requires

Bptan(y) — B; = tan(y)Bg + tan(y)B;
Bp tan(y) + By = tan(y)Bg — tan(y) By
Bp + By tan(y) = Bg — By

—Bg + Bytan(y) = —Bg — B;.

As tan(y) is a positive diagonal matrix, it is easy to notice that a necessary and sufficient condition for commutativity is B; = 0 and
By tan(y) = tan(y)Bg. Beyond the CLCP case, this is verified, for instance, when B; = 0 and By, is a real diagonal matrix or when
Y| =7, = -+ =y, with symmetric By and with B; = 0. In all these cases, Bg; and T, will commute.
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Exploiting the above conditions of commutativity and multiplying both sides by T ! (which is easy to compute in closed
form), Eq. (2.3) can equivalently be written as

1 (A —-A z B 0 w 1 (q
1 R I L R LY _~o-1(49r
T; T, - =T;
A Ag 2y 0 Bp/ \wy qr 2.7)
Z5. 2y, wp,wy > 0; z{wL +zLT,wU =0.

Hence, we can write the HLCP (2.7) in a way that is formally identical to (2.6) by setting
A= Ay Ap) _ 1 tan(y)”! I Ar  —Ap\ (tan(y)™! tan(y)~! 2= (3
“\A4y Ap/) 2 \tan(n)T! -T)\4; Ag 1 -1 " \zy
B= <B|1 B12> _ <BR 0 ) w= <WL> q= (tan(y): I ) <‘1R>A
By, By 0 By wy tan(y) -1 q;

Evidently, this latter formulation is less general than (2.5)—(2.6), which can be applied to both commuting and non-commuting
matrices. Nonetheless, it is useful for the analysis of the convergence of the algorithms when commutativity holds. For instance, a
standard assumption in the convergence analysis of modulus-based methods for HLCPs is that the matrices A, B are H -matrices.
However, for a same CHLCP (1.1) with commuting matrices, A, B formulated as in (2.8) might be H -matrices when A, B as in (2.5)

are not. This is apparent for the CLCP case, where we would get B =T, in (2.5) and B = I in (2.8). Setting, for instance, tan(y) = I,
it is easy to notice that (7,) is singular, while I is a special instance of a non-singular M-matrix.

(2.8)

2.2. Modulus-based formulation and algorithms for the CHLCP

In this subsection, we provide modulus-based formulations to the equivalent real-valued HLCP (2.6) and we summarize
corresponding modulus-based solution algorithms.

2.2.1. Generalization of the method in [4]
As regards the algorithm proposed in [4] for the CLCP, we can generalize it to the CHLCP by defining
w; = Qx| —x) z; = (x| +x)
L 1(x] L H(1x] 2.9)
wy =Q(lyl-y) zy =yl +y),
with x, y € R". Using the definitions of A, B, q as in (2.5) or in (2.8), the CHLCP can be equivalently formulated as the problem that
consists in finding x, y that satisfy

<A11 A12> (Qz(|x| +x)> _ <311 BIZ> <Ql(|x| —x)) _ <‘11> (2.10)
Ay An /) \(yl+y) By By) \2(yl-y )’
where g, is the vector that contains the first » components of q and g, contains the last » components of q. The system (2.10) can
equivalently be written as
{ A2 (|x[ +x) + A2 (lyl +y) — B 2(Ix| = x) — B 21 (lyl —y) = q,
Ay 2 (|x| + %) + Ay 2, (|y| + ¥) — By 2,(Ix] — x) — B2, (ly| — ¥) = q5,
which, reordering terms, can be written as

{ (B1192) + A1 25)x = (B2 — A1 Q) |x| + (Bp2) — Ajp2,)|y| — (B2 + A1,2,)y + q,

(2.11)
(B2 + Ap€2y)y = (BypQ2) — ApS0)|y| + (B 2y — Ay 2y)|x| = (By1 21 + A £2:)X + q5.

The equivalence between the problems (2.4) or (2.7) and the modulus-based form (2.11) can be demonstrated similarly to [12,
Theorem 2] with minor renaming of terms and exploiting the block structure of A, B. At this point, we can generalize to the CHLCP
the modulus-based matrix splitting method for the CLPC in [4] as follows. In this regard, we name such algorithm block-diagonal
modulus-based matrix splitting method for CHLCPs, as, at each iteration, it solves two sub-problems defined by splittings of the upper
and lower diagonal blocks of A and B.

Method 1 (Block-Diagonal Modulus-Based Matrix Splitting Methods for CHLCPs). Let A, B € R* 2" and q € R?" be defined as in (2.5)
or in (2.8). Furthermore, let Ayy = My — Ny, Apy = My, — Ny, By = Mg, — Ny, and By, = My, — Ny, and let 2,,£,
be positive diagonal matrices. Then, starting from an initial guess x©, y©, the block-diagonal modulus-based matrix splitting method for
CHLCPs computes the iterates x**1, y*+1) by solving

(Mp, Q)+ M, Q)x*+D = (Np Q;+ N, 2,)x®
(B2 — A 2)IxP| + (B2 = A1)y 0] = (B 2y + A1p2)y Y + g
(Mp,, 2 + M, Q2,)y*+D = (Np, Q) + N, 2,)y®
+(Byy = Ap )|y P + (By 2y — Ay 2)|xEHD| = (By 2 + Ay 2,)x**D + g,
for k =0,1,.... The complementarity vectors at each iteration of the algorithms can be computed by
WD = 0 (0D = x4y D g (KD g (kD

(2.12)
k+1 k+1
w(U+ ) = Q,(Jy%*D] — ylk+) Z(U+ ) = Q,(Jy* D] 4 ylktDy,

4
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and the corresponding vectors that, at convergence, satisfy the CHLCP (1.1) can be computed by
Lt D) L+ w&D w&rD
( §<+1>> =T < (Lk+1)> ( (k+1)> = T2< (k+l))
Zr 2y

It is easy to verify that Method 1 generalizes [4, Method 3.1] (which was proposed for the CLCP) to the CHLCP. Furthermore,
in the special case of a (non-horizontal) CLCP (i.e., By = I, B; = 0), Method 1 reduces (up to a scaling) to [4, Method 3.1] when
A, B are defined as in (2.8) with B; = I and when, for prescribed r € R* and positive diagonal matrix 2 € R", 2, = —_Q 2, = —I
and Mg = My, = I. Different choices of the splittings and of the parametric matrices produce new algorithms not 1nc1uded in [4]
even for the CLCP.

Notice that whenever B of (1.1) is not the identity matrix, reformulating the original problem into a CLCP in order to apply the
algorithms in [4] requires inverting the matrix B, which generally is onerous. Method 1, on the other hand, avoids any need of
matrix inversion, as B is split alongside A.

Finally, we remark that a “simplified method” was also considered in [4]. The particular setting analyzed in that situation is
outside the scope of this paper for two reasons. First, the “simplified method” is actually a simplified problem, as it prescribes the
very particular choice y = %e. We, instead, aim at analyzing algorithms that can be applied with generality to any choice y within
some convergence conditions. Second, we are going to discuss the special choice y = ;—'e as a remark to the convergence theorems,
noticing the simplifications that occur in this case. Nonetheless, as this applies to specific problems and not to simplifications inherent
in the algorithms, it appears more suitable not to treat these situations within a simplified method in the present analysis.

2.2.2. Modulus-based matrix splitting algorithms for the CHLCP
The proposed real-valued forms allow to write the CHLCP in a way that is formally equivalent to the modulus-based formulation
of real-valued HLCPs introduced in [12]. In this setting, we first define

z=TI(x|+x) w = Q(|x| — x),
where I', 2 € R?™2" are two positive diagonal matrices and x € R?" is an unknown term. Then, the problem (2.3) can equivalently
be written as finding x that solves the modulus-based system

Al (|x| +x)— BQ(|x| -x)=q
or, equivalently,

(AT + BQ)x — (BR — AD)|x| = q. (2.13)

The equivalence between (2.4) and (2.13) can be demonstrated as in [12, Theorem 2]. Proceeding as in [12] and setting, for
simplicity, I" = %I with r € RY, the following algorithms can be formulated.

Method 2 (Modulus-Based Matrix Splitting Methods for CHLCPs). Given the CHLCP (1.1), let A, B € R**?" and q € R" be defined as
in (2.5) or in (2.8). Starting from an initial guess x©) € R?", let the (k + 1)-th iterate x**1) be the solution of the linear system

(M4 + MgQ)x = (N, + Ng2)x® + (BQ — A)|xP| + rq, (2.14)
with r positive constant, £2 positive diagonal matrix of order 2n, A= M, — N, and B = Mz — N splittings of A and B, respectively. At
each iteration, the complementarity vectors of the methods have the form

D) l(lx(kﬂ)l i x(k+l)); wkD = (lx(k+1)| _ x(k+1)) (2.15)

r r

and the corresponding vectors that, at convergence, satisfy the CHLCP (1.1) can be computed by

ZHD W&
R _ 7 kD) R = T, w+D
=Tz =T,w (2.16)
<Z(Ik+l)> <w(lk+1)>

Method 3 (Accelerated Modulus-Based Matrix Splitting Methods For CHLCPs). Let A, B € R>>" and q € R*" be the matrices and the
vector as defined in (2.5) or in (2.8). Starting from an initial guess x© € R”, let the (k + 1)-th iterate x**1 be the solution of the system

(My, + Mp Q)x+(Np, 2= N, )|x| =Ny + Ny QxY +(Mp, Q- M, )|x®| +rq, (2.17)

with r positive constant, €2 positive diagonal matrix of order 2n and A = My, — Ny = My, — Ny, and B= Mg — N = My — Ng
(thatis, My — Ny, My, — N, are splittings of A and My — Ny, Mg, — N, are splittings of B). At each iteration, the complementarity
vectors have the form (2.15) and the corresponding real and imaginary parts of the vectors of the CHLCP (1.1) can be computed by (2.16).

Clearly, for the algorithms to be effective, the sub-problems (2.14) and (2.17) must be easy to solve at each iteration. This can
be ensured by a suitable choice of the splitting matrices. In particular, accelerated over-relaxation (AOR) splittings are popular
and effective. We are therefore going to focus on these for the convergence analysis. In this regard, let us consider the splittings
A=D,—-L,-U, and B = Dy — Ly — Ug, where D4, Dy are the diagonal parts of A and B respectively, —L,,—Lj are the
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lower-triangular parts, and —U4, —Up are the upper-triangular parts. The modulus-based AOR method is defined by Method 2 with
the splittings

MA:DA_ﬁLA; NA:(I—G)DA+(a—ﬂ)LA+‘1UA
* “ (2.18)
My= P8 =Pls (- 0Dyt@=pLytaUp
a a
while the accelerated modulus-based AOR is defined by Method 3 with the splittings
D,—-pL l—a)Dy+(a—pf)L4+aU
MA]: A ﬂA; NAIZ( a)Dy+(a@a—p)Ly+alU,
o o
Dy —-pL l—a)Dg+(a—p)Lp+aU
My, = B aﬂ L Ny, = (I -a)Dp (aa A)Lp+aUpg (2.19)

M, =Dy-Uy Ny =Ly My =Dg—Ug Np =Lpg.

With the special choice a« = 1, = 0 we obtain the corresponding Jacobi methods, with « = f = 1 we obtain the Gauss-Seidel
methods, and with « = # we obtain the successive over-relaxation (SOR) methods.

Finally, it is worth noticing that the proposed modulus-based reformulations afford for the application of other algorithms
for HLCPs, such as two-step splittings [26], multisplittings [27,28], two-sweep splittings [29], and preconditioned general split-
tings [30]. Similarly, it is possible to use modulus-based methods that do not employ splittings, such as the sign-based method [31]
or the nonsmooth Newton’s method [32]. Alternatively, it is even possible to directly solve the real-valued HLCPs (2.4) and (2.7)
by non-modulus-based algorithms. The tailored analysis of all these strategies for the CHLCP is outside of the scope of this paper,
but the standard convergence conditions known for these algorithms can safely be applied to the equivalent real-valued problems.

3. Convergence analysis

In this section, we analyze the convergence of the modulus-based matrix splitting algorithms discussed in the previous section.
In this regard, in the following we always assume that the CHLCP has a unique solution. In practice, the uniqueness of the solution
can be studied by applying the existence results for standard HCLPs [33,34] to the equivalent real-valued problems (2.4) or (2.7).

3.1. Convergence of Method 1

As regards the convergence of Method 1, the following theorem generalizes [4, Theorem 4.1] which, along with its corollaries,
is the only convergence result proposed in [4] for the general form of the block-diagonal splitting method for CLCPs. We remark
that the [4, Theorem 4.1] is quite general, but difficult to use in practice, as the convergence is characterized by conditions that
are generally hard to check. The same applies to the following theorem. Convergence conditions that are easier to check will be
studied in the following subsections, with special regard to AOR splittings for the Methods 2 and 3.

Theorem 3.1. Let Ay = My, — Ny, Ay = My, — Ny, By = Mg — Ng , and By, = My, — Np  and let 2,2, be positive
diagonal matrices such that Mg 2, + M, £, and My Q) + M, &, are H_ -matrices. Furthermore, define

W) :=(Mpg, £, +MA1|'QZ>_1[|NB”'QI + Ny, 25| + 1B 182 —A1192|]
Wy = (Mp, 2, + M, )" [|312~Ql — A&y + | B2, +A1292|] 1)
Vi i=(Mp, Q) + M, ,2,)" [|N322~Ql + Ny, 85| + 1By &2y — A22~Qz|] .
Vy 1= (Mp, Q) + My, Q)7 [|32191 — Ay 8| + | By 2, + A2192|]~
If
Vi<W, Vi<W p(W+Wy)<l,

then the sequence of iterates generated by Method 1 converges to the solution of the CHLCPs.

Proof. Naming x*, y* the unique solution of (2.11), the error at the generic (k + 1)-th iteration can be evaluated as
|x+D — x| < [(Mg, @) + My, 27| [ (N5, @1+ Na, Q|+ B2 - Ay 2,)Ix® - x*|
+(IB 22| — A2 | + |B @2y + A2, Dly® - y*| ]
[y*HD — y*| < |(M,, 21 + My, 25)7"| [ (INpy, 21 + Ny, 2| + By 2y = Ap DIy ® — y*|
+(|By 2y = Ay 2] + | By 21 + Ay )| x*HD — ¥ ]

where we have used the triangle inequality and the fact that ||a| — |b|| < |a—b| for any a,b € R. If Mp 2, + My 2, and
Mg, Q, + M,, @, are H, -matrices, by [35] we can further write
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[xEFD — x| < (M Q) + My, 2,)7" [(|N3”91 + Ny, 2l +1By12, = A Ix® — x|
(B Q) — Ap&y| + B2y + Ay -y ]

D =y | < (M, @1+ My, @)™ [ (INp, @1 + Ny ] + 1By = Apn@Dly® - y|
+(1Byy 2, — Ay 25| + | By @2, + Ay 2,)|x*H) — x| ]

Hence, defining V., V,, W|, W, as in (3.1), we have
{ x4 — 7] < Wy [x®) = x*| + Wy y® — |
y®D =y 1 < Vily® =yl + Ve — )

which is
T 0 (k+1) _ o= W, W- (k) _ o
|x<k+1) x*l (o lx(k) x*l . (3.2)
Vo 1) \Iy™ -y 0 W/ \Iy -y
Notice that ¥V, is a non-negative matrix, which, by assumption, is smaller than W,. Furthermore, p(W,) < 1 by the assumption
p(W; + W,) < 1 with W;, W, non-negative matrices [23, p. 27]. Hence, p(V,) < 1 and the matrix

(5 7)
-V, I
is a nonsingular M-matrix. Hence, by multiplying both sides of (3.2) by the inverse of such matrix, we obtain
D —x* [\ _ (10N (Wi WL (X% X\ _ (W W, |x®) — x|
Iy —ys) =\ 1)\ 0 v ) \y® =y 1w v+ ) \Iy® -y
This last equation is formally equivalent to [4, Eq. (4.5)]. The theorem is then proved by proceeding exactly as in the remainder
of [4, Theorem 4.1]. [

Remark 3.1. In the special case of a (non-horizontal) CLCP (i.e., By = I, B; = 0), Theorem 3.1 reduces to [4, Theorem 4.1] if A, B
are defined as in (2.8) and if, for prescribed r € R* and positive diagonal matrix 2 € R", Q, = %Q, Q, = %I ;and Mg =My =1.

3.2. Convergence of the Methods 2 and 3

The convergence of the Methods 2 and 3 could be studied as in [12] and as in more recent convergence analyses (e.g, see [13]).
However, A and B are here block matrices made of the real and imaginary parts of the CHLCP (1.1). Therefore,

« It is desirable to have convergence conditions that are based directly on conditions on Ag, A;, Bg, B;, which are smaller than
A, B and immediately available in the problem (1.1);

» There may be situations where A and B do not satisfy known convergence conditions, but where we can exploit the block
structure to prove that the algorithms are converging.

Thus, we here develop tailored convergence conditions for modulus-based AOR algorithms for CHLCPs.

3.2.1. Auxiliary lemmas for the general formulation (2.4)—(2.5)

In the literature, the convergence of modulus-based matrix splitting methods is generally analyzed assuming that the matrices
of the problem have positive diagonal (indeed, they are often required to be H, -matrices or positive definite matrices). Thus, we
put ourselves in this condition. In the following, a, ,a 1, bRy b1 denote the component of index i, j of the matrices Ag, A;, Bg, By,
respectively, for i,j = 1,...,n,. Setting A, B as in (2.5), the positivity of the diagonal of A, B implies, for i =1,...,n,

ag tan(y;)"l' —a; >0 bg tan(y))—b; >0
AR AL I (A

ByO0<y < %, we have tan(y;) > 0 for i = 1,..., n. Hence, the above relations are satisfied if

{ ag, > a; tan(y;) and { bg, > by, tan(y,)~!
ag, > ay, tan(y;) ™! bg,, > by, tan(y;),

which is for

ag, > ay, max{tan(y,), tan(y;) "' }; bg, > by, max {tan(y;), tan(y;) "' }. (3.3)
If both these conditions are satisfied for i = 1,...,n, then A and B have positive diagonal.
Furthermore, we prove the following lemma, which will be useful for the convergence analysis. For simplicity of notation, as
is a diagonal matrix, we denote its diagonal elements w;; simply by w,, i =1,...,2n.
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Lemma 3.1. Assume that A, B as in (2.5) have positive diagonal, i.e. that (3.3) is satisfied. If

ag, tan(y,)~! —a; lag, +ar, tan(yj)_1|

i <w <
bg, tan(y;) — by [(bgr, + by, tan(y;))| ’ 3.4)
ap —a; tan(y;)”! lag, tan(r)™" + ar,| .
L < w £ v
bg, — by tan(y) T T b tan(y,) + by |
fori=1,...,nand
) |aRu tan(yj)‘1 — a,ijl |aR‘_j + ar, tan(yj)‘ll
@; < mm{ s }
|(br,, tan(r,) = by, )T " 1(bg,, + by, tan(y))]
(3.5)

®;,, < min

-1 -1

{ lag,, —ay, tan(y;)™"| lag, tan(y;)™" +ay | }
|(bR.v - b].v tan(y;))| ’ |(va tan(?’j)*‘b[v )]

i,j=1,....,nwith i # j for all elements where at least one between b R, and b 1, is nonzero (and setting to infinity possible bounds with 0

denomlnator) then

DpQ>Dy; |Lgl2 <|Lyl; |UglR < |Uyl

Proof. In order to have DzQ > D,, the form of A, B in (2.5) requires
{ (bg,, tan(y;) — by Jo; = ag, tan(y)™" —ap,
(b, = br, tan(y,))a),+,, > ap, —ay tan(y,)™"
By (3.3), the terms on both sides are positive. Hence, the above conditions are satisfied if
ag, tzm(;/[)_1 —ay. ag. —ay. tan(}/i)_1

L s R T 3.6
O e — by tan(r,) 3.6)

w; >

th tan(y;) — b'n‘

As regards the off-diagonal terms, first notice that, in the special case bR = b, =0, |Lg|R2 < |L,| and |Ug|R2 < |U,| at the
index i, j. Instead, when at least one between b Ry and b I is nonzero, analyzmg the blocks that constitute A and B we notice that
the following relations must be satisfied.

{ lag,, tan(y;)” 1 —ay | 2 |(bg, tan(y;) — by, Jo, |

|aR[j —ay, taﬂ(i’j)_l| > |(bR,.j - bi,-j tan(y;))w; 4, |

{ | —ag, —ar, tan(y;)™"| > |(=bg,, = by, tan(y; ),
lag, tan(,)™" +ay, | > 1(bg, tan(y)) + by Jooy|

fori=1,....,n; j=1,....n; i #j

fori=1,....n; j=1,...,n

Each of these equations is immediately satisfied if the right-hand side is zero. In all other cases, we have some requirement on the
diagonal entries of Q. In particular, for i # j, it is easy to verify that these conditions are satisfied when (3.5) is satisfied, provided
that fractions with zero denominator are considered to be infinity. Finally, for the top-right and for the bottom-left blocks, we must
consider even the case i = j. By the analysis of these blocks, we must have

lag, +a; tan(y;)™"| lag, tan(y,)™" + ar, |
0L —m————— W, {————.
[(bg,, + by, tan(y))| |(bg,, tan(y;) + by, )|
These conditions, together with (3.6), finally provide the condition (3.4). [

Remark 3.2. Conditions that require particular relations among the entries of the matrices of the problem are common in the
literature of splitting algorithms for HLCPs (see, e.g., [12,13]). Furthermore, there is no contradiction among the conditions of
Lemma 3.1. Thus, while it may be impossible to satisfy these conditions for some matrices and some choices of y, there also exist
many matrices that can satisfy them. For instance, consider the following matrices that could come from classical finite-difference
stencils:

L _1
2 -1 0 1 0 3 T2 -1 0 0
Ag=|-1 2 -1 4a;=|-1 1 of Bg=|0 5 -3| B;=|0 -1 0
0 -1 2 0 -1 1 o o 1 0 0 -1

The positivity of the diagonals of A, B is satisfied for 0.5 < tan(y;) < 2. Considering, for instance, tan(y;) = 1.5, the conditions (3.4)
are satisfied for

<8 2o, <2

ST B G i
for i = 1,...,n. In the lower triangular part, we have that both By and B, are zero, which immediately implies |Lyz|£2 < |L,| for
any choice of Q. Finally, for the upper triangular part, »; < 8/9 is required, for i = 1,...,2n. Hence, all the conditions are satisfied

for
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Remark 3.3. The conditions of Lemma 3.1 can be satisfied in a much larger range of parameters than in the modulus-based methods
for CLCPs in [4]. Indeed, we here have a range of values of tan(y;) that we can consider, while the simplified method of [4] required
tan(y;) = 1 for all i. Furthermore, the choice of B is general, while CLCPs include just the case By = I, B; =0.

Remark 3.4. Finally, it is worth remarking that, based on the analysis of Lemma 3.1, it is possible to formulate analogous
conditions for matrices that satisfy different assumptions. In particular, by proceeding as in Lemma 3.1, it is straightforward to
find corresponding conditions for problems where

Dy <Dy |LglQ2 L4l |UlQ2 2 [U,l.

In this case, it would also be possible to simply rename the vectors and matrices of the original problem (1.1) to obtain real-valued
formulations that directly satisfy Lemma 3.1.

3.2.2. Auxiliary lemmas for commuting matrices
Let us now perform an analysis similar to the previous subsection with regard to the matrices A and B as in (2.8), obtained
under the assumption that Bg; and T, commute. Furthermore, we have earlier remarked that this case implies B; = 0.
First, we notice that A, B have positive diagonal when A, and By have positive diagonal. This is apparent for B. As regards 4,
this comes from the fact that, carrying out the matrix products of (2.8), we can write
_ 1 ((an(y)'Ag + Aptan(y)™! —tan(y)"'A; + Ag  (tan(y)T'Ag + Ap)tan(y)™! + tan(y) "1 A, — Ag
T2 <(tan(y)‘1AR - A,)tan(y)‘1 - tan(y)‘lA, — AR (tan(y)‘lAR - A,)tan(y)‘1 + tan(y)‘lA, + AR,>

which, for diagonal elements, reduces to
1 _ _ _ 1 _
i(tan(y,-) 2aR“ +ay, tan(y;) T ar, tan(y;) s aR“) = §<tan(y,-) zaR,i + aR,,)
for i =1,...,n. Such terms are evidently positive for ap, > 0. Under this assumption, let us then analyze A and B similarly to the

previous subsection.

Lemma 3.2. Consider A, B as in (2.8) and assume that Ay, By have positive diagonal. If

ag (tan(y,)™2 + 1) ag (tan(y,)™2 + 1)
P i L P S s i 3.7)
2bRii ZbRii
fori=1,...,nand
lag, (tan(y)~" tan(y))~" + 1) + a;, (tan(y))™" — tan(y)™")|
w; <
i 2lbg,|
-1 —1 —1 —1 (3.8)
|aRi_] (tan(}’i) tan(}’j) +1)— al’/ (tan(yj) — tan(y;) )|
mj-H’l < P
lbr, |
for any index i,j = 1,...,n with i # j where bRij # 0, then
DpQ>Dy; |LglR<|Lyl; |UpglQ<|Ugl
Proof. By the definitions of A and B, the condition DyQ > D, is satisfied if
by, 2 % (1an(r) Pag, +a, )
which is if (3.7) holds.
As regards the off-diagonal terms, the conditions |Lg|2 < |L,| and |Ug|R2 < |U4| imply, for the diagonal blocks,
%ltan(y,-)_laRi/ tan(yj)_1 +ay, tan(y/-)‘I - tan(y,—)_]a,i/ + aR[jl > |bR,/ lo;
%ltan(y,-)_laRi/ tan(yj)_1 —ay, tan(y/-)‘I + tan(y,—)_]a,i/ + aR[jl > |bR,/ ;4
for every entry of indices i,j = 1, ...,n with i # j where b R;; # 0. These inequalities are evidently satisfied under the condition (3.8)

of the lemma. Instead, the conditions |Lg|2 < |L,| and |Ug|R2 < |U,| are immediately satisfied on the upper-right and lower-left
blocks by the assumption B; =0. []

Remark 3.5. The proposed conditions do not present contradictions. For instance, avoiding the simple case of a CLCP, let us
consider a symmetric B; (which commutes with tan(y)~! for any constant vector y) and B; = 0:
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1 2 0 1 0o 4 4 -2 0
Ap=|2 1 2| A;=|-1 -1 2| Bzr=|-2 4 2| B;=0
0 2 1 3 -1 2 0 2 4
It can be verified that T, Bg; = Bg;T» if y; = v, = - = y,. Under this assumption, we can apply the conditions of Lemma 3.2.
In particular, the positivity of the diagonals of A, B is satisfied by the positivity of the diagonal of Ay and By. Considering, for
instance, tan(y;) = 2fori=1,.. ,n, the conditions of Lemma 3.2 are satisfied if each diagonal component of £ is selected in the

interval [0.40625, 1.625].

Remark 3.6. We have remarked that the commutativity is possible only when B; = 0. Nonetheless, it is easy to generalize the
above results even to the case A; = 0. Indeed, it is sufficient to rename vectors and matrices of the problem (1.1) (in particular, A
should be renamed to B and vice-versa), possibly changing sign to both sides of the equation. Then, it is possible to proceed exactly
as before, provided that the renamed By and 7, commute.

Remark 3.7. The conditions of Lemma 3.1 are significantly simplified if we consider a CLCP. Indeed, for a CLCP, b R, = by, = =0
for all off-diagonal elements. Thus, all the conditions are immediately satisfied off-diagonal. The remaining conditions hold with
bg, =1, providing the following corollary.

Corollary 3.1. Consider A, B as in (2.8) and assume that Ay has positive diagonal, By = I, and B; = 0 (hence, B = I). If
tan(y,—)_zaku + ag, tan(y,—)_zaku + ag,
o,
2 -

fori=1,...,n then Dy > D,, |Lp|Q < |L,|, and |Ug|2 < |U,|.

2 < Dt

Remark 3.8. In the simplified setting of [4], tan(y;) = 1 is taken for i = 1,...,n, which further reduces the conditions to
W; 2 ag,; Oppy 2 ag,.

It is worth noticing that such conditions coincide with the ones that were required on (2 in [5] for the convergence of the modulus-
based algorithms for LCPs. The only difference is that the dimension of € is here doubled as an effect of the real-valued rewriting of
the complex problem. Therefore, the conditions of Lemma 3.2 in the simplified setting of [4] reduce to the convergence conditions
of modulus-based matrix splitting methods for real LCPs.

3.2.3. Convergence theorems for modulus-based methods

We now study the convergence of modulus-based matrix splitting methods for CHLCPs, with special regard to AOR splittings. With
respect to the direct application of known results, we replace the conditions on the entries of A, B by conditions on Ag, A;, By, B;
via the lemmas of the previous subsections. Furthermore, notice that [12] requires that the signs of off-diagonal elements are the
same in A and B. An analogous consideration applies to the condition in [26, Corollary 1]. The more general framework proposed
by [13] would instead require 2 = D, DEI for several of the AOR splittings. Indeed, whenever the diagonal terms appear in both
My, Mg and in Ny, N, the requirements (Mp)Q2 > (M) and |N,| > |Ng|R of [13, Theorem 2.4] are conflicting on the diagonal
and can be satisfied only by 2 = D,D7'. This situation occurs even for SOR with general «, while Jacobi and Gauss-Seidel are
immune, since the diagonal terms appear only in M4, M. We relax these requirements in the following theorem, which can thus
be useful for real-valued HLCPs as well, whenever Dy Q > D,, |L4| > |Lg|Q2, and |U,| > |Ug| Q2.

Theorem 3.2. Let A, B € R*>?" be defined as in (2.5) and let the assumptions of Lemma 3.1 be satisfied. Alternatively, let A, B € R*">2"
be defined as in (2.8) and let the assumptions of Lemma 3.2 be satisfied. If A and M, + M g& are H_-matrices, then the sequence of
iterates generated by the modulus-based AOR methods for the CHLCP (1.1) converges to the solution of the problem for a € (0,1] and
0 < B < a. Given a € (1,2), the modulus-based AOR methods are still convergent if the assumptions of Lemmas 3.1 or 3.2 are satisfied with

_QS2(a 1)DAD for some k > 2 forwhlchA—( 2; ”)DAlS_gnllanH _matrix.

Proof. Let us start from the first claim and assume o € (0,1]. Under the assumptions of Lemma 3.1, we have D2 > D,,
[L4l > |Lp|€2, and |U,| > |Ug|R2. Furthermore, D, and Dy are positive diagonal matrices. Denoting by x* the solution of the
problem (2.13), we can evaluate the error at the generic iteration (k + 1) as

[ — x| = (M + Mp@)! [N + Np @) = x) + (BR = 412 - 1x"))|
(M4 + M)~ (IN4 + Np@| + B2 — AD|x® — x¥|
=J|x® — x*|,
with J = MW, where M := (M, + MpQ) and N := [N, + NzQ| + |BQ — A|. In the previous evaluations, we have used the
triangle inequality and the relation [(M, + Mp@2)™'| < (M, + MzQ)~! when M, + MQ is an H_-matrix [35]. Let us then analyze

10
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the matrix V' := M — N using the AOR splittings (2.18). As regards the diagonal terms, with the assumptions Dy > 0, D, > 0,
Dy > Dy, and « € (0, 1], we have

D, D2 |l-a
DV=7A+%—| (DA+DB_Q)(—|DBQ D,
D, | D@ ~
=24, e ] @) -DyQ2+D,=2D,.
a o

As regards the lower triangular term LV, we have

L, =- ’ﬂ il

Ly++ by Q)—| Pr,+ BQ| |L, — LpQ|
Under the assumptions O <p<La and |Ly| > |LBQ|,
Ly == L1t 1501 - L 4 101 - 1L, - 140
==L+ LpQR|—|Ly— LpQ| =-2|Lyl,

where, in the last passage, we have used the fact that |L 4| > | L5 2| implies that the sign of L, prevails in every entry of [L, + LpQ|
and of |L, — L], so that the two absolute values must have the same sign component-wise. Finally, as regards the upper triangular
term —-Uy,

Uy =—Uy+UpR| - Uy —UpQ|,

the assumption |U,| > |Ug£| implies that the sign of U, prevails in every component of the two absolute values of the previous
equation, so that we obtain

y = —2[U4l.
It follows that V' = 2(A), and therefore it is a nonsingular M-matrix. Furthermore, M — N is an M-splitting because M is an

M-matrix and N is non-negative. Therefore, p(J) < 1 by [35, Theorem 3.4], proving the convergence of the algorithms.
As regards the second claim, we just need to repeat the analysis for D), which, for a € (1,2), becomes

D DpQ — D —
py =24, Ps2 1« @ -DpQ+D, =224 _2p,0¢=]
a a a
-1
Q< s DADB,D
DV22___A:2K__aDA
a K aK

Notice that >—— e 0 for « € (1,2), so 2 is a positive diagonal matrix as required by the algorithms. Furthermore, x > a/2 ensures
the p051t1v1ty of the diagonal matrix D, by the previous relation. Finally, we notice that the analysis of the triangular parts of V/
remains unchanged for 0 < g < a. Therefore, the algorithm still converges if

L, = 21Uy + X%, = 2|1, | - 2|U,| +2D, — 2DA+2K %D, =2(A)— 2DA+2Ka;“

Dy
is an M -matrix, which is if the matrix
2Kk —a
—(1- )D
< 2ak A

is an H -matrix. It is worth noticing that the requirement tends to reduce to A being an H, matrix as k increases, which, however,
implies that a smaller 2 must be chosen. []

The previous theorem can easily be adapted to the common Jacobi, Gauss-Seidel, and SOR splittings by the following corollary.

Corollary 3.2. Let A, B € R*?" be defined as in (2.5) and let the assumptions of Lemma 3.1 be satisfied. Alternatively, let A, B € R>>?"
be defined as in (2.8) and let the assumptions of Lemma 3.2 be satisfied. If A is an H,-matrix, then the modulus-based Jacobi method for
the CHLCP (1.1) converges.
If, in addition, D, — L, + (D — L)L is an H ,-matrix, the modulus-based Gauss—Seidel methods for the CHLCP (1.1) converges.
Finally, if % + @Q is an H,-matrix, the modulus-based SOR method for the CHLCP (1.1) converges for « € (0,1].

2;((1

Convergence for a € (1,2) is ensured if, moreover, 2 < ——D AD for some k > = for which A — (

= 2 (a ) )DA is still an H -matrix.

Proof. It follows directly from Theorem 3.2 considering a = 1, = 0 for Jacobi, « = # = 1 for Gauss-Seidel, and « = p for SOR. []

Remark 3.9. Notice that Theorem 3.2 can be straightforwardly adapted to the case where DgQ2 < D4, |Lg|R2 > |L4|, |Ug|R2 > |U,|
under the assumption that B is an H -matrix. Indeed, in this case, following Remark 3.4, we can find conditions analogous to
those of Lemma 3.1. Under these conditions and repeating the passages of Theorem 3.2, we obtain that the iteration matrix V' is an
M -matrix.

Corollary 3.3. If B =1 (i.e., in the special case of a CLCP), the conditions on Q of Theorem 3.2 reduce to those required by Remark 3.7
for general y and by Remark 3.8 for y = %e

11
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Proof. The proof follows directly by the fact that, under the assumptions of the corollary, Dy > D,, |L4| > |Lg|R, and
|U4| > |Ug|£2 by the Remarks 3.7 or 3.8, depending on the considered case. []

Interestingly, for a CLCP with y = Ze, Theorem 3.2 with Corollary 3.3 reduces to something similar to the convergence theorem
of modulus-based algorithms for real-valued LCPs [36]. Indeed, while [36] requires £2 > D,, our analysis requires an analogous
condition of just the real part of A, i.e., w; > AR, @ipy 2 AR,-

3.2.4. Convergence theorems for accelerated modulus-based methods

Theorem 3.3. Let A, B € R¥ %" be defined as in (2.5) and let the assumptions of Lemma 3.1 be satisfied. Alternatively, let A, B € R>™2"
be defined as in (2.8) and let the assumptions of Lemma 3.2 be satisfied. Furthermore, consider the AOR splittings in (2.18) and assume
that A and M 4+ MpQ are H  -matrices and that (M4, + Mg Q)—|N,, + N Q| is an M-matrix. Then, the sequence of iterates generated
by the accelerated modulus-based AOR methods for the CHLCP (1.1) converges to the solution of the problem if « € (0,1] and 0 < < a.
If a € (1,2), the modulus-based AOR methods for the CHLCP (1.1) are still convergent if the assumptions of Lemma 3.1 are satisfied

Wlth.QSz( DAD for some k > 2 for which A - (1—2K“)DAlssnllanH -matrix.

Proof. Starting as in the proof to Theorem 3.2, we can evaluate the error as

D — x| <My + My, @) [ IN, + N, 12 = 57+

+ IMp, @ = My |Ix® = x*| + [N, @ = N, lIxD = 57 |

which is

(I —(My, +Mp Q)7 Ny, Q= N, DIx* —x*| <

<M, + My Q) [|NA] + Np, QI+ My, 2 - MA2|] x® — x*|.

The term (M, + Mg Q) —|N,, + N Q| is an M-matrix by hypothesis and, evidently, is smaller than or equal to (M, + Mg Q).
Furthermore, both (M, + My Q) and (M, + Mg Q) — [N, + N €| are obviously Z-matrices. Therefore,

(My, + MB]~Q>_1(<MA| +Mp Q)= [Ny, + Np, QD) =1—-(My, + MB|~Q>_1|NA2 + N3, Q|
is an M-matrix (e.g., see [37, p. 127]) and its inverse is non-negative. Hence, we can write the error as

XD e < J1x® = x¥|
with

T i= (Mg, + My, @) = INg, @ = Ny D7 [INa, + Np, @1+ M, 2 = My, |
Let us now analyze the term

V=(My, +Mp Q)—|NpQ2—Nyl|—INy +Np 2| —|Mp Q- M,|
With the accelerated AOR splittings (2.19), —|N B2 Nyl = IMp,Q-M, | = —|BQ2- Al Furthermore, the splitting matrices

M, Mg Ny ,Np are the same as M4, Mg, N4, N of the non-accelerated AOR (2.18). Therefore, the matrix V' is identical to
the same matrix V of the proof of Theorem 3.2. The analysis of its convergence can then be carried out as in Theorem 3.2. []

Analogously to Theorem 3.2, it is easy to write corollaries to Theorem 3.3 to address widely used splittings and the commuting
case.

Corollary 3.4. Let A, B € R be defined as in (2.5) and let the assumptions of Lemma 3.1 be satisfied. Alternatively, let A, B € R>>?"
be defined as in (2.8) and let the assumptions of Lemma 3.2 be satisfied. If A is an H -matrix and (D, + DpQ) — |L4 + LQ| be an
M -matrix, then the accelerated modulus-based Jacobi method for the CHLCP (1.1) converges.

If, in addition, Dy — L, +(Dg—Lp)R is an H, -matrix and (D 4+ DQ)—2|L, + Lp£| is an M-matrix, the accelerated modulus-based
Gauss—Seidel method for the CHLCP (1.1) converges.

Finally, if 24=2t4 aLA + Zp—elp "LB Qis an H-matrix and IZA + IZ" Q —2|L, + LpQ| is an M-matrix, the accelerated modulus based SOR
method for the CHLCP (1. 1) converges for a € (0, 1]. Convergence of SOR for a € (1,2) is ensured if, moreover, 2 < D AD for

2(
2k—a

somex>5forwhlchA—(l— )DAlssullanH -matrix.

Notice that, similarly to standard modulus-based algorithms, the above convergence analysis can be adapted to the case
DpQ < Dy, |Lg|R2 > |L,|. |UglR2 > |Uy| (in this regard, see Remark 3.9). Finally, we also remark that Theorem 3.3 is different
from currently known convergence conditions for accelerated modulus-based AOR methods for real HLCPs. Indeed, the current
convergence results in [12] consider general splittings, but require that the sign of the entries of several splitting matrices are the
same. This is not required by Theorem 3.3.

12
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4. Numerical experiments

We evaluate the analyzed algorithms by the following numerical experiments, which cover all the situations considered in the
previous sections. Through the definition of the problems, I denotes an identity matrix of suitable dimension. When Ay, A;, Bg, B;
are block-matrices, they are intended to be of order n = m?, where m denotes the order of the blocks.

» Problem 4.1 coincides with the first numerical example of [4], which we use to revisit (non-horizontal) CLCPs in light of
our analysis on the CHLCP. In particular, Problem 4.1 consists of the CLCP with matrix A = Az +iA; where

- Ag = A+ ul, with A € R™" block-tridiagonal matrix of blocks {—I, W ,—TI}, where W € R™" is the tridiagonal matrix
W =triadiag{—1,4,—-1};
- A; € R™" is the block-diagonal matrix of blocks { W'}, where W € R™" is the tridiagonal matrix W = triadiag{—1,0,-1}.

For a better reproducibility, we choose the know term q as in [4], where it was computed as ¢ = AZ— i where Z, i were taken
as the vectors of components z; = ; = 1 +i, for i = i,...,n. However, it should be noticed that these vectors are unfeasible as
solutions of the CLCP, as they violate the condition Re(Z*i#) = 0. Therefore, the solution will be different from z;, = i; = 1+1,
for i =i,...,n, and we will evaluate the convergence of the algorithms by residual evaluations.

Problem 4.2 refers to the case of a CHLCP where By; and T, commute and where Bg; # I, so that we do not fall into a
CLCP as in Problem 4.1. Hence, this problem (and the following ones) is novel in the literature. For this problem, we define
the matrices A = Ap +iA; and B = By +iB, of the problem (1.1) as follows.

- Ag = A+ ul, with A € R™" non-symmetric block-tridiagonal matrix of blocks {—1.5I, W, -0.51}, where W € R"™" is
the tridiagonal matrix W = triadiag{—1.5,4,-0.5};

- A; € R™" is the block-diagonal matrix of blocks { W}, where W € R™™ is the tridiagonal matrix W = triadiag{—1,0,—1};

- By € R™" is the block-tridiagonal matrix of blocks {—0.25I,W,—0.251}, where W € R™" js the tridiagonal matrix
W =triadiag{—0.25,4,-0.25};

- B; € R™" is zero.

» Problem 4.3 is a general CHLCP where no commutativity properties can be exploited. As such, it is more general than the
Problems 4.1 and 4.2. In particular, we define A = Ay +iA; and B = By +iB, of the problem (1.1) as follows.

- Agp € R™" js the block-tridiagonal matrix of blocks {—1.5,W,—0.5I}, where W € R™" js the tridiagonal matrix
W =triadiag{—1.5,4,-0.5};

- A; € R™" is the block-diagonal matrix of blocks 4 * triadiag{—1,—1,0};

- B € R"™" is the block-tridiagonal matrix of blocks {0.5I,W,0.5I}, where W & R™" is the tridiagonal matrix
W =triadiag{0.5,4,0.5};

- B; = —4I e R™",

+ Problem 4 is another general CHLCP. We define A = Az +iA; and B = By +iB; of the problem (1.1) as follows.

- Agp € R™" is the block-tridiagonal matrix of blocks {0,W,—I}, where W € R™" is the tridiagonal matrix W =
triadiag{—1,4,0};

- A; € R™" is the block-tridiagonal matrix of blocks {—7,W,0}, where W € R™" is the tridiagonal matrix W =
triadiag{0,—4,—-1};

— By € R™" is the block-tridiagonal matrix of blocks {—1,41,-0.51};

- B; € R™ is the block-diagonal matrix made of tridiagonal blocks triadiag{—1,—-4,—0.5}.

With the exception of Problem 4.1, the term q is computed as g = AZ— Bi where %, i are taken as vectors that satisfy the conditions
of the CHCLP (1.1). In particular, when y = z/4e, we take z; = 1 +i, w; = 1 — i, for i = i, ...,n. For other choices of y, we take
Z; = 1 + tan(y)i, w; = tan(y) — i, which satisfy all the conditions of the problem. The values of x, r, £, y, and the starting iterate are
changed in the numerical experiments and are reported in the following subsections. To use comparable parameters in all algorithms,
in Method 1 we set 2, = %I and scale with respect to r. We then set Q, = Q.

The solution algorithms are implemented in Fortran and run on an M1 MacBook Pro (16", 2021) with 32 GBs of RAM. The
methods are stopped when the #,-norm of the residual

z(k) w(k) q
o R\ _ R \_(4r
resk = A (z<k>> Bri <w(k)> <‘11>
1 1
is smaller than a tolerance tol = 107%. Indeed, notice that the non-negativity and complementarity conditions are satisfied at each
iteration by the modulus-based formulations (see Egs. (2.12) and (2.15)). In turn, this ensures that the conditions of the CHLCP are

satisfied via Eq. (2.2). Therefore, checking that the residual of the linear system (2.1) is sufficiently small ensures that we are close
to the solution of the problem.
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Table 1
Solution of Problem 4.1 by the considered modulus-based Jacobi, Gauss-Seidel and SOR methods, using x© = 0,
r=2, u=4,y= %e, and Q2 = diag(Ay) =81. In SOR, we set a = I.1.
m Method it res t m Method it res t
MJ 35 9.6E-7 8.0E-2 MJ 37 7.9E-7 0.54
AMJ 28 4.8E-7 5.9E-2 AMJ 29 6.6E-7 0.44
BDMJ 30 6.1E-7 5.5E-2 BDMJ 31 6.8E-7 0.45
MGS 28 4.8E-7 5.1E-2 MGS 29 6.6E-7 0.41
100 AMGS 19 4.5E-7 3.7E-2 250 AMGS 20 3.2E-7 0.30
BDMGS 24 9.7E-7 4.4E-2 BDMGS 25 8.9E-7 0.35
MSOR 26 6.4E-7 4.8E-2 MSOR 27 8.1E-7 0.40
AMSOR 17 3.5E-7 3.4E-2 AMSOR 17 8.5E-7 0.26
BDMSOR 22 9.9E-7 4.1E-2 BDMSOR 23 8.1E-7 0.33
m Method it res t m Method it res t
MJ 38 8.9E-7 2.4 MJ 40 5.6E-7 11.4
AMJ 30 6.7E-7 2.0 AMJ 31 6.3E-7 9.0
BDMJ 32 6.1E-7 2.1 BDMJ 33 6.2E-7 9.4
MGS 30 6.7E-7 1.9 MGS 31 6.3E-7 8.6
500 AMGS 20 6.4E-7 1.3 1000 AMGS 21 6.0E-7 5.8
BDMGS 26 6.6E-7 1.6 BDMGS 27 6.1E-7 7.5
MSOR 28 7.3E-7 1.8 MSOR 29 6.0E-7 8.2
AMSOR 18 5.6E-7 1.2 AMSOR 19 4.9E-7 5.3
BDMSOR 24 5.6E-7 1.5 BDMSOR 25 5.4E-7 7.0
Table 2
Sensitivity to the starting iterate. Mean of the results of 10 consecutive runs with different random starting iterates, m = 250.
Method it res t Method it res t Method it res t
MJ 36 1.0E-6 0.54 MGS 28 9.5E-7 0.41 MSOR 27 5.6E-7 0.40
AMJ 28 9.4E-7 0.45 AMGS 19 7.3E-7 0.29 AMSOR 20 3.9E-7 0.31
BDMJ 52 9.2E-7 0.77 BDMGS 26 6.9E-7 0.38 BDMSOR 32 7.6E-7 0.48
Table 3

Solution to Problem 4.1 with y = z/5e, 2 = 121 (left) and y = %/re, £ = 8I (right). Dimension
m =500 and SOR parameter set at a = 1.05. ’

Method it res t Method it res t

MJ 32 8.3E-7 2.1 MJ 40 7.5E-7 2.6
AMJ 24 7.1E-7 1.6 AMJ 31 9.7E-7 2.1
BDMJ 32 8.0E-7 2.1 BDMJ 34 9.2E-7 2.2
MGS 24 6.1E-7 1.5 MGS 31 9.7E-7 2.0
AMGS 21 5.1E-7 1.4 AMGS 23 3.8E-7 1.5
BDMGS 27 4.8E-7 1.7 BDMGS 29 4.3E-7 1.8
MSOR 24 4.4E-7 1.5 MSOR 30 9.4E-7 1.9
AMSOR 20 4.4E-7 1.3 AMSOR 22 2.9E-7 1.4
BDMSOR 26 4.4E-7 1.7 BDMSOR 28 3.6E-7 1.8

4.1. Revisiting some results on complex-valued LCPs

Let us consider Problem 4.1. As in [4], we set the starting iterate x® =0, r =2, y=4,y = Ze, and Q = diag(Ap). It is easy to
verify that, with these choices, the conditions of Lemma 3.2 — Corollary 3.1 are satisfied. Furthermore, A is an H, -matrix. Hence, by
Theorem 3.2 — Corollary 3.2, the modulus-based Jacobi (MJ), modulus-based Gauss—Seidel (MGS), and modulus-based SOR (MSOR)
with a € (0, 1) converge to the solution of this problem. As regards a > 1, A remains an H_ -matrix for several combinations of x
and a. For instance, choosing a = 1.1, Theorem 3.2 — Corollary 3.2 ensure the convergence of the algorithms for 2 roughly smaller
than 317 with x = 1.4. The choice 2 = diag(Ag) = 81 is well within the admissible range. Analogous considerations apply to the
accelerated methods AMJ, AMGS, AMSOR 3.3 via Corollary 3.4.

reports the results obtained from solving the problem with MJ, MGS, MSOR, AMJ, AMGS, AMSOR and the corresponding
algorithms in [4], here denoted by block-diagonal modulus-based Jacobi (BDMJ), Gauss-Seidel (BDMGS), and SOR (BDMSOR).
In the table, it denotes the number of iterations at convergence, res the residual in Euclidean norm, and ¢ the computational time
(in seconds).

The results of substantially confirm what was observed in [4], but they also afford for some new insights. In particular:

+ In [4], SOR splittings were not considered. , instead, shows that SOR can provide a further acceleration of the convergence.

» In [4], no comparison with accelerated algorithms was performed. The results of , instead, demonstrate that accelerated
modulus-based methods for LCPs can outperform the block-diagonal splittings proposed in [4]. This is particularly evident
using the Gauss-Seidel and the SOR splittings, and for problems of large dimension;
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Table 4
Solution to Problem 4.2 by the considered modulus-based Jacobi, Gauss-Seidel and SOR methods, using m = 250,
x0=0,r=2,u=0,y= %e, and different choices of ©2. In SOR, we set a = 1.1.

Q Method it res t Q Method it res t
MJ 1278 9.6E-7 19.0 MJ 1606 9.8E-7 24.1
AMJ 920 9.5E-7 14.5 AMJ 1283 9.5E-7 20.4
BDMJ 1275 9.9E-7 18.7 BDMJ 1604 9.9E-7 24.2
MGS 770 9.9E-7 11.3 MGS 1063 9.8E-7 15.8
I AMGS 394 8.8E-7 6.1 1.51 AMGS 729 9.7E-7 11.4
BDMGS 770 9.9E-7 11.3 BDMGS 1063 9.9E-7 15.9
MSOR 650 9.7E-7 9.8 MSOR 913 9.9E-7 14.1
AMSOR 269 8.4E-7 4.3 AMSOR 577 9.9E-7 9.3
BDMSOR 651 9.2E-7 9.9 BDMSOR 914 9.5E-7 14.1
Q Method it res t

MJ 1935 9.6E-7 29.1

AMJ 1647 9.7E-7 26.3

BDMJ 1933 9.9E-7 29.1

MGS 1356 9.8E-7 20.2

21 AMGS 1061 9.9E-7 16.3

BDMGS 1356 9.9E-7 20.2

MSOR 1176 9.9E-7 18.1

AMSOR 881 9.4E-7 14.1

BDMSOR 1177 9.6E-7 17.9

+ The algorithms [4] appear to be more sensitive than standard modulus-based methods to the choice of the starting iterate.
Indeed, consider, for instance, m = 250. With respect to , we generate the starting iterate by the Fortran random number function
intrinsic subroutine. Taking the mean of 10 consecutive runs with different random numbers, we get the results in .

It seems that this issue does not appear with constant starting iterates: for instance, we did not observe significant changes
in the convergence speed of all methods when we set x” = e or x(). = —e. Notice that this issue may be problem specific.
Indeed, Problem 4.1 is made by structured matrices and the solution to Problem 4.1 is mostly constant. On the other hand, the
algorithms in [4] tend to “mix” old and new iterates by using the block-structure of the equivalent real problem in addition to
the chosen splitting. It is possible that this leads to conflicting contributions in the iterations of the algorithms in [4] applied
to Problem 4.1 when x© is a random vector.

The proposed convergence conditions for all the MAOR and AMAOR methods make it easy to evaluate the convergence when
y is changed. Indeed, Lemma 3.1 with Corollary 3.1 provides very simple conditions for any choice of y. For instance, with
the above choice y = z/4e, the requirement was 2 > 87 (and £ smaller than approximately 317 for SOR with « = 1.1). In
Table 5, we report the results for different choices of y. This is a major difference with respect to [4], where only y = z/4e
was considered within a simplified setting. In particular, in Table 5 we consider y = n/5e and y = %zre. The convergence
requirements for the standard and accelerated modulus-based algorithms are roughly Q > 11.581 for y = n/5e and Q2 > 7.241
for y = X re. Hence, we choose 2 = 121 in the first case and 2 = 81, which also ensure the convergence of SOR methods
for @ = 1.05 (evaluated considering, for instance, k = 8). As regards the convergence of the methods in [4], in general their
convergence cannot be easily evaluated: indeed [4, Theorem 4.1] should be used, which implies computing spectral radii and
inverse matrices. Hence, we evaluate the convergence of these latter algorithms only numerically.

shows that all the algorithms could solve all the problems. However, the block-diagonal methods appear to be generally less
competitive. For instance, for y = r/5e, 2 = 121, they were roughly on par with standard modulus-based methods and
significantly slower than accelerated algorithms.

4.2. CHLCPs with commuting matrices

Consider Problem 4.2 with u = 0 (hence, Ay is not strictly diagonally dominant) and x(© = 0. The choice B, = 0 and symmetric
By ensures that Bg; and T, commute when y is constant. Considering, for instance, y = z/4e, it is easy to apply Lemma 3.2 and
verify that the assumptions of the lemma are satisfied for w; € [1,2]. Furthermore, A is an H, matrix, as can be easily verified
using a small dimension and exploiting the structure of the matrices to generalize to larger dimensions. Hence, the (standard and
accelerated) modulus-based AOR methods for CHLCPs (with a € (0, 1)) converge by Theorem 3.2 and its corollaries. In this context,
it is interesting to notice that it would be more complicated to evaluate the convergence of these algorithms by known convergence
theorems for real-valued problems. Indeed, the matrix A of the equivalent real-valued HLCP has a non-banal structure and is not
even diagonally dominant. Furthermore, the analysis of convergence would not be possible by standard results on the accelerated
methods, as current convergence conditions [12] would require that the elements of A and B be linked by relations that are not
satisfied here.

reports the results for solving Problem 4.2 with m = 250 for various choices of Q. We notice that all the algorithms converge,
including SOR which, for this problem, would be outside of the theoretical convergence domain for « = 1.1. Once again, the
accelerated algorithms are faster than the others, while block-diagonal splittings are on par with the Jacobi methods. In all cases,
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Table 5
Solution to Problem 4.2 with m = 500, x© =0,
r=2, u=3y= %e, and © =2.75I. In SOR, we

set a = 1.1.

Method it res t
MJ 43 6.2E-7 29
AMJ 35 7.5E-7 2.3
BDMJ 42 7.5E-7 2.8
MGS 27 7.1E-7 1.7
AMGS 19 4.7E-7 1.2
BDMGS 27 6.4E-7 1.7
MSOR 22 5.0E-7 1.4
AMSOR 13 4.8E-7 0.86
BDMSOR 22 4.7E-7 1.4

Table 6
Solution to Problem 4.3 (left, y = %e, and Q = I) and of Problem 4.4 (right, y = %e,
and Q = tan(%)"[) with m =500, x® =0, and r = 2. In SOR, we set « = 1.05.

Method it res t Method it res t

MJ 49 7.8E-7 3.2 MJ 39 7.8E-7 2.5
AMJ 19 9.2E-7 1.3 AMJ 25 9.1E-7 1.7
BDMJ 26 6.2E-7 1.7 BDMJ 22 7.4E-7 1.4
MGS 25 6.0E-7 1.6 MGS 26 9.2E-7 1.7
AMGS 16 8.8E-7 1.0 AMGS 20 9.3E-7 1.3
BDMGS 17 9.7E-7 1.1 BDMGS 22 7.4E-7 1.4
MSOR 23 9.3E-7 1.5 MSOR 29 8.8E-7 1.9
AMSOR 14 3.8E-7 0.92 AMSOR 28 7.6E-7 1.8
BDMSOR 22 5.6E-7 1.4 BDMSOR 28 8.6E-7 1.8

the choice of Q affects the convergence speed of the algorithms. The convergence, however, is slower than in Problem 4.1. This can
be explained by the fact that, although Ay, By are diagonally dominant, the same cannot be said for the matrix A of the equivalent
real-valued HLCP. The algorithms remain convergent by Theorem 3.2 and its corollaries, but the lack of diagonal dominance can
arguably affect the convergence, especially using AOR splittings (which use the diagonals in the splitting matrices M4, and M ). The
fact itself of having convergence without A being diagonally dominant is interesting (for instance, common convergence conditions
of many Jacobi and Gauss-Seidel methods require either strictly or irreducibly diagonally dominant matrices) and can be explained
by its being an H  -matrix. Furthermore, although many iterations are required, the computational times remain small. This makes
the algorithms effective even for large problems, at least when the matrices are sparse.

Let us now consider different choices of y. In this regard, Lemma 3.2 and Theorem 3.2 are general. In particular, it can be noticed
that, setting, for instance, w; = 1.5, i = 1,...,n, the assumptions of Lemma 3.2 are satisfied when y; € [arctan \/(E arctan \/E] ~
[0.6155,0.9553] radians. However, for the above matrices, the condition that A is an H, matrix is no longer satisfied and we would
then be outside of the theoretical convergence domain described by Theorem 3.2 (although the conditions are just sufficient and,
in practice, it can be verified that all the analyzed methods are still convergent). Thus, in order to remain within the theoretical
convergence, we strengthen the diagonal dominance of Ay by setting u = 3.

For y = n/5e, Theorem 3.2 is satisfied for w; € [2.5326,2.8944] and Ay, is still an H_ -matrix. Choosing, for instance, w; = 2.75
fori=1,...,2n and m = 500, we obtain the results in . The theoretical convergence conditions of SOR with a = 1.1 (evaluated with
k = 14) are satisfied as well.

demonstrates that the proposed algorithms can solve CHLCPs with a general choice of the angle y and the effectiveness of the
proposed convergence conditions. As regards the efficiency, considerations similar to those made on can be applied.

4.3. CHLCPs with general matrices

Finally, we consider Problems 4.3 and 4.4, for which we must resort to the non-commutative formulation. For Problem 4.3, we
consider y = n/4e and Q = I. The convergence conditions are satisfied, even for the SOR method (where we have set « = 1.05
and checked the condition setting, for instance, x = 5). In Problem 4.4, we set y = x/3. With this choice, based on Lemma 3.1 -
Theorems 3.2 and 3.3, the convergence of (possibly accelerated) modulus-based AOR methods is ensured when Q2 = tan(%)‘ll for
a € (0,1]. The results of the solution of these problems with dimension m = 500 are reported in .

shows that the analyzed modulus-based method can efficiently solve CHLCPs even when no commutativity properties can be
exploited, and with different choices of the angle y. All the algorithms can exploit the sparsity of the matrices and can reach a
good approximation of the solution in just a few seconds. In this context, accelerated modulus-based SOR methods appear to be
particularly effective to solve the considered problems.
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5. Conclusions

We have introduced the complex-valued horizontal linear complementarity problem as a generalization of the complex linear
complementarity problem. We have provided two equivalent real-valued reformulations of the CHLCP, depending on whether
the problem satisfies some commutative properties. For both reformulations, we have then analyzed standard and accelerated
modulus-based matrix splitting methods applied to the equivalent real-valued HLCP, and we have generalized to the CHLCP
the modulus-based matrix splitting algorithm for CLCPs recently proposed in [4]. In our analysis, we have particularly analyzed
(standard and accelerated) AOR methods for the equivalent real-valued HLCP, providing tailored convergence conditions that exploit
the structure of the matrices of the equivalent problem. Some of these results also extend the convergence of accelerated modulus-
based AOR methods for general HLCPs. Finally, we have solved several numerical experiments. Here, we have first revisited the
CLCP based on our analysis on the CHLCP, adding new results on accelerated algorithms, SOR splittings, and general choices of
the angle y of the problem. Then, we have solved CHLCPs in the commutative and non-commutative settings. The results have
shown that the analyzed algorithms can successfully solve all these kinds of problems, that the proposed convergence conditions
are effective, and that accelerated AOR methods are often the most effective of the considered algorithms.

Acronyms

AMAOR Accelerated MAOR

AOR Accelerated over-relaxation

BDM Block-diagonal modulus-based

BDMGS BDM Gauss—Seidel

BDMJ BDM Jacobi

BDMSOR BDM SOR

CHLCP Complex-valued horizontal linear complementarity problem
CLCP Complex-valued linear complementarity problem
LCP Linear complementarity problem

MAOR Modulus-based AOR

MGS Modulus-based Gauss-Seidel

MJ Modulus-based Jacobi

MSOR Modulus-based SOR

SOR Successive over relaxation

Acknowledgments

The first author acknowledges the support of the research fund FAR 2023 DIP - Fondo di Ateneo per la Ricerca per il
finanziamento di progetti di ricerca dipartimentali (Department of Engineering “Enzo Ferrari”, University of Modena and Reggio
Emilia).

The first author is member of the Gruppo Nazionale per il Calcolo Scientifico - Istituto Nazionale di Alta Matematica
(GNCS-INdAM).

The authors desire to thank the Editor and the Referees for the comments and the suggestions.

Data availability

Data will be made available on request.

References

[1] N. Levinson, Linear programming in complex space, J. Math. Anal. Appl. 14 (1966) 44-62.
[2] C.J. McCallum, Existence theory for the complex linear complementarity problem, J. Math. Anal. Appl. 40 (1972) 738-762.
[3] C.J. McCallum, Solution of the complex linear complementarity problem, J. Math. Anal. Appl. 44 (1973) 643-660.
[4] C.-X. Li, S.-L. Wu, Modulus-based matrix splitting methods for complex linear complementarity problem, J. Comput. Appl. Math. 427 (2023) 1-17, art.
no. 115139.
[5] Z.-Z. Bai, Modulus-based matrix splitting iteration methods for linear complementarity problems, Numer. Linear Algebra Appl. 17 (2010) 917-933.
[6] W. van Bokhoven, Piecewise-Linear Modelling and Analysis, Proefschrift, Eindhoven, 1981.
[7] K. Murty, Linear Complementarity, Linear and Nonlinear Programming, Heldermann, Berlin, 1988.
[8] J.-L. Dong, M.-Q. Jiang, A modified modulus method for symmetric positive-definite linear complementarity problems, Numer. Linear Algebra Appl. 16
(2009) 129-143.
[9] Z. Xia, C.-L. Li, Modulus-based matrix splitting iteration methods for a class of nonlinear complementarity problem, Appl. Math. Comput. 271 (2015)
34-42.
[10] N. Huang, C.-F. Ma, The modulus-based matrix splitting algorithms for a class of weakly nonlinear complementarity problems, Numer. Linear Algebra
Appl. 23 (3) (2016) 558-569.
[11] H. Zheng, Improved convergence theorems of modulus-based matrix splitting iteration method for nonlinear complementarity problems of H-matrices,
Calcolo 54 (4) (2017) 1481-1490.

17


http://refhub.elsevier.com/S0377-0427(24)00688-5/sb1
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb2
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb3
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb4
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb4
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb4
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb5
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb6
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb7
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb8
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb8
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb8
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb9
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb9
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb9
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb10
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb10
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb10
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb11
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb11
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb11

F. Mezzadri and E. Galligani Journal of Computational and Applied Mathematics 460 (2025) 116440

[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

[31]
[32]

[33]

[34]

[35]
[36]

[37]

F. Mezzadri, E. Galligani, Modulus-based matrix splitting methods for horizontal linear complementarity problems, Numer. Algorithms 83 (1) (2020)
201-219.

H. Zheng, S. Vong, On convergence of the modulus-based matrix splitting iteration method for horizontal linear complementarity problems of H_ -matrices,
Appl. Math. Comput. 369 (2020) 1-6, art. no. 124890.

F. Mezzadri, A modulus-based formulation for the vertical linear complementarity problem, Numer. Algorithms 90 (2022) 1547-1568.

S.-L. Wu, P. Guo, Modulus-based matrix splitting algorithms for the quasi-complementarity problems, Appl. Numer. Math. 132 (2018) 127-137.

J.-T. Hong, C.-L. Li, Modulus-based matrix splitting iteration methods for a class of implicit complementarity problems, Numer. Linear Algebra Appl. 23
(2016) 629-641.

F. Mezzadri, E. Galligani, Modulus-based matrix splitting methods for a class of horizontal nonlinear complementarity problems, Numer. Algorithms 87
(1) (2021) 667-687.

J. He, H. Zheng, S. Vong, Modulus-based matrix splitting iteration methods with new splitting scheme for horizontal implicit complementarity problems,
Linear Multilinear Algebra 71 (14) (2023) 2392-2408.

S.-L. Wu, C.-X. Li, A class of new modulus-based matrix splitting methods for linear complementarity problems, Optim. Lett. 16 (2022) 1427-1443.

J. He, S. Vong, A new kind of modulus-based matrix splitting methods for vertical linear complementarity problems, Appl. Math. Lett. 134 (2022) 1-8,
art. no. 108344.

S.-L. Wu, L. Li, New modulus-based matrix splitting methods for implicit complementarity problem, Numer. Algorithms 90 (2022) 1735-1754.

H. Zheng, W. Li, The modulus-based nonsmooth Newton’s method for solving linear complementarity problems, J. Comput. Appl. Math. 288 (2015)
116-126.

A. Berman, R.J. Plemmons, in: SIAM (Ed.), Nonnegative Matrices in the Mathematical Sciences, in: Classics in Applied Mathematics, (no. 9) SIAM,
Philadelphia, 1994.

Z.-7. Bai, On the convergence of the multisplitting methods for the linear complementarity problem, SIAM J. Matrix Anal. Appl. 21 (1999) 67-78.

H. Schneider, Theorems on M-splittings of a singular M-matrix which depend on graph structure, Linear Algebra Appl. 58 (1984) 407-424.

H. Zheng, S. Vong, A two-step modulus-based matrix splitting iteration method for horizontal linear complementarity problems, Numer. Algorithms 86
(2021) 1791-1810.

F. Mezzadri, Modulus-based synchronous multisplitting methods for solving horizontal linear complementarity problems on parallel computers, Numer.
Linear Algebra Appl. 27 (2020) 1-15.

Y. Zhang, H. Zheng, S. Vong, X. Lu, A two-step parallel iteration method for large sparse horizontal linear complementarity problems, Appl. Math. Comput.
438 (2023) 1-12, art. no. 127609.

S.-W. Liao, G.-F. Zhang, Z.-Z. Liang, A generalized variant of two-sweep modulus-based matrix splitting iteration method for solving horizontal linear
complementarity problems, Numer. Algorithms 90 (1) (2022) 1279-1303.

S.-W. Liao, G.-F. Zhang, Z.-Z. Liang, A preconditioned general modulus-based matrix splitting iteration method for solving horizontal linear complementarity
problems, Numer. Algorithms 93 (2) (2022) 919-947.

X.-H. Shao, Z. Wang, H.-L. Shen, A sign-based linear method for horizontal linear complementarity problems, Numer. Algorithms 91 (2022) 1165-1181.
F. Mezzadri, E. Galligani, A modulus-based nonsmooth Newton’s method for solving horizontal linear complementarity problems, Optim. Lett. 15 (2021)
1785-1798.

R. Sznajder, M.S. Gowda, Generalizations of Pj)- and P-properties; extended vertical and horizontal linear complementarity problems, Linear Algebra Appl.
223-224 (1995) 695-715.

F. Mezzadri, E. Galligani, A generalization of irreducibility and diagonal dominance with applications to horizontal and vertical linear complementarity
problems, Linear Algebra Appl. 621 (2021) 214-234.

A. Frommer, D.B. Szyld, H-Splittings and two-stage iterative methods, Numer. Math. 63 (1992) 345-356.

R.Z.-R. Zhang, Improved convergence theorems of modulus-based matrix splitting iteration methods for linear complementarity problems, Appl. Math. Lett.
26 (2013) 638-642.

R.A. Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge, 1991.

18


http://refhub.elsevier.com/S0377-0427(24)00688-5/sb12
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb12
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb12
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb13
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb13
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb13
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb14
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb15
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb16
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb16
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb16
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb17
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb17
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb17
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb18
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb18
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb18
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb19
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb20
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb20
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb20
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb21
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb22
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb22
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb22
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb23
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb23
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb23
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb24
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb25
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb26
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb26
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb26
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb27
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb27
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb27
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb28
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb28
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb28
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb29
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb29
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb29
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb30
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb30
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb30
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb31
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb32
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb32
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb32
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb33
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb33
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb33
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb34
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb34
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb34
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb35
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb36
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb36
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb36
http://refhub.elsevier.com/S0377-0427(24)00688-5/sb37

	Modulus-based matrix splitting algorithms for generalized complex-valued horizontal linear complementarity problems
	Introduction
	Real-valued formulations of the CHLCP
	Equivalent problem in the real space
	General, non-commuting matrices
	Commuting BRI and T2

	Modulus-based formulation and algorithms for the CHLCP
	Generalization of the method in wu 
	Modulus-based matrix splitting algorithms for the CHLCP


	Convergence analysis
	Convergence of Method 1 
	Convergence of the ??
	Auxiliary lemmas for the general formulation eq:realnoncommut–eq:defmatnoncommut
	Auxiliary lemmas for commuting matrices
	Convergence theorems for modulus-based methods
	Convergence theorems for accelerated modulus-based methods


	Numerical experiments
	Revisiting some results on complex-valued LCPs
	CHLCPs with commuting matrices
	CHLCPs with general matrices

	Conclusions
	Acknowledgments
	Data availability
	References


