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COMPLETE SYMPLECTIC QUADRICS AND KONTSEVICH SPACES OF CONICS IN
LAGRANGIAN GRASSMANNIANS

ELSA CORNIANI AND ALEX MASSARENTI

ABSTRACT. A wonderful compactification of an orbit under the action of a semi-simple and simply connected group
is a smooth projective variety containing the orbit as a dense open subset, and where the added boundary divisor
is simple normal crossing. We construct the wonderful compactification of the space of symmetric and symplectic
matrices, and investigate its geometry. As an application, we describe the birational geometry of the Kontsevich
spaces parametrizing conics in Lagrangian Grassmannians.

1. INTRODUCTION

The wonderful compactification of a symmetric space was introduced by C. De Concini and C. Procesi in [DCP83].
Later on, D. Luna gave a more general definition of wonderful variety and then he proved that, according to his
definition, all wonderful varieties are spherical [Lun96].

Let ¢ be a reductive group, and # < ¢ a Borel subgroup. A spherical variety is a variety admitting an action
of &4 with an open dense %-orbit. For wonderful varieties we require in addition the existence of an open orbit
whose complementary set is a simple normal crossing divisor D U - - -u D,., where the D; are the ¢-invariant prime
divisors in X. The number r is called the rank of X. Note that ¢ has 2" orbits in X given by all the possible
intersections among the D;. The unique closed orbit is (1);_; D;.

Apart from their role in group theory, wonderful varieties proved themselves important in enumerative geometry
and recently also in birational geometry. We refer to [BL11], [Perl4], for comprehensive treatments of these
topics.

Classical examples of wonderful varieties are the spaces of complete quadrics and of complete collineations. These
spaces have been studied both from the geometrical and enumerative point of view [Sem4§|, [Sem51], [Sem52],
[Tyr56], [Vai82], [Vai84], [KT8S|, [LLT89|, [Tha99]. An aspect that will be fundamental in this paper is that spaces
of complete quadrics and collineations play a role in the study of other moduli spaces such as Hilbert schemes
and Kontsevich spaces of stable maps [Alg56], [Pie82], [Cav16]. The birational geometry of the spaces of complete
quadrics and collineations, mostly from the point of view of Mori theory, has recently been studied in [Huel5,
[Mas20a], [Mas20H.

The spaces of complete collineations and quadrics have been constructed, as a sequence of blow-ups, by I
Vainsencher in [Vai84], [Vai82|, and a similar construction for complete skew-forms has been carried out by M.
Thaddeus in [Tha99|. In this paper we construct the wonderful compactification of the space of symmetric and
symplectic matrices. More precisely, we summarize our main results in Propositions 3.6l B.13] and Theorem
as follows:

Theorem 1.1. Let PV be the projective space parametrizing 2r x 2r symmetric matrices modulo scalar, consider
the following Sp(2r)-action:
Sp(2r) x PN — PN
(M, Z) — MZM!
and denote by Xo. < PN the closure of the Sp(2r)-orbit of the identity. Then Xo,. admits a stratification
YicYc.. Y, <Xy

where the variety Yy parametrizes matrices in Xop of rank at most k, dim(Yy) = 2rk +k—k*> -1 fork=1,...,r,
and dim(Xsg,) = r(r + 1).
Furthermore, consider the following sequence of blow-ups

S XY o X X XD XD e
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where Xz(l:) — Xz(f_l) is the blow-up of the strict transform of Y in Xz(f_l) for k = 1,...,r — 1. Denote by
By c Sy, the exceptional divisor over Yy for k = 1,...,r — 1, and by SﬁTﬁl)(Vgrfl) the strict transform of the

divisor Y, < Xo.. Then Eq,... ,ET_l,S’ﬁT*l)(VST*l) are smooth and intersect transversally. Furthermore, the
closures of the orbits of the Sp(2r)-action on Sa, induced by the Sp(2r)-action above are given by all the possible
intersections among F, ..., E._1, Sﬁril)(Vg’”*l) and Sa,- itself. Therefore Sa, is wonderful.

We will call Sy, the space of complete symplectic quadrics of dimension 2r — 2. By Proposition Yy is
the intersection of Xo, with the secant variety Secy (V3 ') that is the closure of the union of the (k — 1)-planes
generated by k general points on the Veronese variety V22T_1 of degree two and dimension 2r — 1.

Note that the formula for the dimension of Y in Theorem [ 1] yields that V22T71 is entirely contained in Xs,,
while for » > 2 the orbit closure X5, intersects Seck(VgT_l) in a proper subvariety. Furthermore, by Proposition
[B.15 we have that set-theoretically Sec, (V22T71) NXo. = SecT(Vgrfl) N Xo, for k = r. Interestingly, this means that
if M is a symmetric 2r x 2r matrix that is a limit of a family of symplectic matrices then either 1 < rank(M) < r
or rank(M) = 2r.

For instance, by Proposition X, is the Grassmannian G(1,4) of lines in P*. In this case by Theorem [L1]
we have that S, is the blow-up of G(1,4) along the Veronese 3-fold V5 = G(1,4). This is a wonderful variety of
rank two. As remarked in [Was96] wonderful varieties of rank two are a building block in the theory of spherical
varieties. The wonderful compactification Sy is the sixth variety in [Was96, Table C|, and will be a central character
throughout the whole paper.

Remark 1.2. The use of wonderful compactifications in enumerative geometry dates back to the solution of M.
Chasles to a problem posed by J. Steiner asking how many conics in the plane are tangent to five given general
conics [KIe80]. Steiner’s answer, which then turned out to be wrong, was 65 = 7776. Later on Chasles computed
the right number which is 3264.

Although enumerative problems are not within the scope of this paper, we give a simple application of our
construction in enumerative geometry. It is well known that there are 92 quadric surfaces in P? that are tangent
to nine general lines [BFS20, Remark 4.3]. The points of S4 in a divisor of class 2H — F4, where H is the pull-back
of the hyperplane class of X4, correspond to the symplectic quadrics in P3 that are tangent to a general line. We
have that (2H — E7)® = 40. From the enumerative point of view this means that there are exactly 40 symplectic
quadrics in P3 that are tangent to six general lines.

The variety Xo, is singular for » > 3. The wonderful variety Ss, may be seen as an incarnation, in the singular
setting, of the process producing a wonderful compactification from a conical one in [MP98|. Furthermore, by
Proposition BI8 S, provides a resolution of a variety with conical singularities as remarked in [MP98, Section
3.3].

In Section M and Bl we take advantage of the spherical structure of S, to study its birational geometry from the
point of view of Mori theory. Roughly speaking, a Mori dream space is a projective variety X whose cone of effective
divisors Eff(X) admits a well-behaved decomposition into convex sets, called Mori chamber decomposition, and
these chambers are the nef cones of birational models of X. These varieties, introduced by Y. Hu and S. Keel in
[HKO0Q], are named so because they behave in the best possible way from the point of view of the minimal model
program. In general, to determine whether or not a variety is a Mori dream space, and in case to study in detail its
Mori chamber decomposition is a hard problem. This has been done for instance when X is obtained by blowing-up
points in a projective space [Muk01], [CT06], [AM16], [AC17|, [BM21], [LP17].

Spherical varieties are Mori dream spaces, we refer to [Perld] for a comprehensive treatment of these topics.
Cox rings were first introduced by D. A. Cox for toric varieties [Cox95], and then his construction was generalized
to projective varieties in [HK00]. These algebraic objects are basically universal homogeneous coordinate rings of
projective varieties, defined as the direct sum of the spaces of sections of all isomorphism classes of line bundles
on them. We have that a normal Q-factorial projective variety X, over an algebraically closed field, with finitely
generated Picard group is a Mori dream space if and only if its Cox ring is finitely generated [HK00, Proposition
2.9]. Summing-up the results in Propositions [£5] E7] and Theorem we have the following:

Theorem 1.3. Fiz homogeneous coordinates [20,0 : -+ : Zn,n] ON PN, and consider the blow-up f : Sop — Xo, < PV
with exceptional divisors Ey,...,E._1 in Theorem [[. For i = 1,...,r we define the divisors D; as the strict
transforms in Sa, of the divisor given by the intersection of
200 ... 20,i-1
det : : =0

20,i—1 .-+ Zi—1,i—1
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with Xo,, and let H be the pull-back of the hyperplane section of Xo. < PN to So,.

The Picard rank of Sy is p(Sar) = r and Pic(Sa,) is generated by H, E1, ..., E._1. Furthermore, the effective
cone Eff(Sa,) is generated by E, ..., E._1, Sﬁril)(Vg’”*l), the nef cone Nef(Sa,) is generated by D1, ..., D,, and
the Cox ring of Sa, is generated by the sections of E1, ..., E._1, Sﬁril)(Vgrfl), Dq,...,D,.

Finally, the Mori chamber decomposition of the Eff(Sy) has three chambers, and the Mori chamber decomposition
of the Eff (Sg) has nine chambers.

We refer to Proposition and Theorem for a detailed description of the Mori chamber decompositions.

In Section [6] we investigate the birational geometry of Kontsevich moduli spaces of conics in Lagrangian Grass-
mannians. These spaces are denoted by M, ,(X,) where X is a projective scheme and 3 € Hy(X,Z) is the
homology class of a curve in X. A point in ngn (X, B) corresponds to a holomorphic map « from an n-pointed
genus g curve C to X such that o, ([C]) = . If X is a homogeneous variety then there exists a smooth, irreducible
Deligne-Mumford stack My (X, 3) whose coarse moduli space is Mo, (X, 3) [FP97]. When X is a Lagrangian
Grassmannian the class § is then completely determined by its degree and we will write 8 = d[L], where [L] is the
class of a line in the Pliicker embedding. The Mori theory of the spaces My, (X, 3), especially when the target
variety is a projective space or a Grassmannian, has been widely investigated in a series of papers [CS06], [Che08],
[CHSOS], [CHS09], [CC10], [CC11], [CM11].

On the Kontsevich space Mg o(LG(r,2r),2) of conics in the Lagrangian Grassmannian, LG(r, 2r) parametrizing
Lagrangian subspaces of a 2r-dimensional symplectic vector space, we consider the divisor classes: A" of maps
with reducible domain, T" of conics tangent to a fixed hyperplane section of LG(r,2r), HJ, of conics intersecting
a fixed codimension two Schubert variety 5 < LG(r,2r), and D!, which we now define. A stable map a : P! —
LG(r,2r) induces a rank two subbundle &, < Op1 @ K?". If r = 2 we define D,,,,;, as the closure of the locus of
maps [P!,a] € Mo o(LG(2,4),2) such that £, # Opi(—1)®2. If 7 > 3 there is a trivial subbundle O * < &,
which induces a (r — 2)-dimensional subspace H, < P?"~!. We define D", , as the closure of the locus of maps
[P, «] € Mo o(LG(r,2r),2) such that H, intersects a fixed (r + 1)-dimensional subspace of P?" 1.

The main results in Lemma [6.6] Proposition 611, Theorem [6.14, Remark and Corollary [6.17] can be

summarized in the following statement:

Theorem 1.4. Let Mo o(LG(r,2r),2) be the Kontsevich space of conics in the Lagrangian Grassmannian LG(r,2r),
parametrizing Lagrangian subspaces of a 2r-dimensional symplectic vector space, with r = 2.
The effective cone Eff (Mo,o(LG(r,2r),2)) is generated by A" and D!, , and the nef cone Nef(Mq o(LG(r,2r),2))
is generated by Hj, and T".
The Mori chamber decomposition of Eff (Mg o(LG(r,2r),2)) has three chambers as displayed in the following
picture:
pr

unb

-
HZ,

AT
where HY, ~ (A" +2D£nb)ind T" ~ A"+ D" .. Furthermore, if r > 2 then Mov(Mg o(LG(r,2r),2)) is generated
by T" and Dy, while Mov(Moo(LG(2,4),2)) is generated by T" and H},.

The divisor Hy, induces a birational morphism
Frz, « Moo(LG(r,2r),2) — Chow(LG(r,2r),2)

which is an isomorphism away form the locus Q" (1) of double covers of a line in LG(r,2r), and contracts Q" (1) so

that the locus of double covers with the same image maps to a point, where m(LG(T, 2r),2) is the normalization
of the Chow wvariety of conics in LG(r,2r).
The divisor T" induces a morphism

fTT : MQO (LG(T‘, 27‘), 2) - MQO (LG(T‘, 27‘), 2, 1)
which is an isomorphism away from A" and contracts the locus of maps with reducible domain [Cy U Ca,a] to
a(Cy n Cy), where Mo o(LG(r,2r),2,1) is the moduli space of weighted stable maps to LG(r,2r).
The birational model X, corresponding to the chamber delimited by H} and D, is a fibration X, — SG(r —
2,2r) with fibers isomorphic to the Grassmannian G(2,4) parametrizing plane in P*, where SG(r — 2,2r) is
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the symplectic Grassmannian parametrizing isotropic subspaces of dimension v — 2. Moreover, D} . contracts
Mo o(LG(r,2r),2) onto SG(r — 2,2r).

Finally, Mo o(LG(r,2r),2) is Fano for 2 < r < 6, weak Fano, that is 7KM0,0(LG(’I‘,2T),2) is nef and big, forr =T,
and —Kyz, o(LG(r2r),2) 1S nOt ample for r = 8.

Moreover, Proposition [6.8] Remarks [[.2} 6.13] and Corollary [6.18 provide additional information for the case
r=2.

Theorem 1.5. The following Sp(4)-action

Sp(4) x Mo o(LG(2,4),2) — Moo(LG(2,4),2)
(M,[C,a]) — [C, AZM o q]

induces on Mo o(LG(2,4),2) a structure of spherical variety. Furthermore, there exists an isomorphism
@ HQQ(LG(ZZL), 2) - 84

where Sy 1s the wonderful compactification of the space of symplectic quadrics of P3, mapping a smooth conic
C < LG(2,4) to the quadric Jipjec L © P3. The Coz ring Cox(Mg o(LG(2,4),2)) is generated by the sections of
A% D2, HZ T o

The moduli space Mo, o(LG(2,4),2) identifies with the blow-up of G(1,4) along the Veronese V. With this iden-
tification the morphism associated to ng is the blow-down and %(LG@,ZL),Z) ~ G(1,4), while the morphism
associated to T? is induced by the strict transform on Sy of the linear system of quadrics containing V3, and its
image is a 6-fold of degree 40 in P'* isomorphic to Mo o(LG(2,4),2,1).

Finally, PsAut(Mo o(LG(2,4),2)) = Aut(Moo(LG(2,4),2)) = PSp(4) where PSp(4) is the projective symplectic
group, and PsAut(Mg o(LG(2,4),2)) is the group of birational self-maps of Mo o(LG(2,4),2) inducing automor-
phisms in codimension one.

Organization of the paper. Throughout the paper we will work over an algebraically closed field K of charac-
teristic zero. In Section 2] as a warm-up we prove some of the main results in [Vai82|, [Vai84], using the techniques
based on tangent cones computations that we will then apply to the more involved case of symplectic quadrics.
In Section Bl we construct the wonderful compactification Sy, of the space of symmetric and symplectic 2r x 2r
matrices. In Section [ we study the Picard rank, the effective and the nef cones of So,.. In Section Bl we compute
the Mori chamber decomposition of the effective cone of Sy and Sg. Finally, in Section [6] taking advantage of the
theory of complete symplectic quadrics, we investigate the birational geometry of Kontsevich spaces of conics in
Lagrangian Grassmannians.

Acknowledgments. We thank very much Alex Casarotti, Massimiliano Mella, Giorgio Ottaviani and Jason Starr
for useful discussions, and the referee for many helpful comments that helped us to improve the exposition and
correct a mistake about the sphericity of MQO(LG(T, 2r),2) for r > 2 in a first version of the paper.

The second named author is a member of the Gruppo Nazionale per le Strutture Algebriche, Geometriche e le
loro Applicazioni of the Istituto Nazionale di Alta Matematica "F. Severi" (GNSAGA-INDAM).

2. COMPLETE QUADRICS

Let V be a K-vector space of dimension n + 1, and let PV with N = (”;2) — 1 be the projective space

parametrizing quadratic forms on P = P(V') up to a scalar multiple.
The line bundle Opx (2) induces an embedding

V. P — PN

[zo: - ian] > [22:mozy 2]

The image V& = v(P") < PV is the Veronese variety of dimension n and degree 2". We will denote by [200 : -« :
Zn.n] the homogeneous coordinates on PV, where z;,; corresponds to the product z;z;.

Secant varieties. Given an irreducible and reduced non-degenerate variety X — PV, and a positive integer h < N
we denote by Secy,(X) the h-secant variety of X. This is the subvariety of PV obtained as the closure of the union
of all (h — 1)-planes {x1, ..., z,) spanned by h general points of X.

A point p € PV can be represented by an (n + 1) x (n + 1) symmetric matrix Z. The Veronese variety V¥ is the
locus of rank one matrices. More generally, p € Secy, (V3) if and only if Z can be written as a linear combination
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of h rank one matrices that is if and only if rank(Z) < h. If p = [20,0 : - : znn]| then we may write
20,0 --- R0n

(2.1) Z =
Z20mn --- Rnn

Then, the ideal of Secy, (V) is generated by the (h + 1) x (h + 1) minors of Z.
By |[Mas20al, Lemma 3.3] the SL(n + 1)-action

SL(n+1) xP" — Pm
(M, [v]) —  [My]
induces the SL(n + 1)-action on PV given by
SL(n+1)xB¥ — PN
(M, Z) s MZM?

The orbit closures of the action ([Z2]) are precisely the secant varieties Secp,(V3). Now, let us recall the notion
of spherical and wonderful variety.

(2.2)

Definition 2.3. A spherical variety is a normal variety X together with an action of a connected reductive affine
algebraic group ¢, a Borel subgroup & c ¢, and a base point xg € X such that the %B-orbit of 2y in X is a dense
open subset of X.

Let (X,¥9,%,x0) be a spherical variety. We distinguish two types of Z-invariant prime divisors: a boundary
divisor of X is a @-invariant prime divisor on X, a color of X is a Z-invariant prime divisor that is not ¢-invariant.
We will denote by B(X) and C(X) respectively the set of boundary divisors and colors of X.

For instance, any toric variety is a spherical variety with 2 = ¢ equal to the torus. For a toric variety there are
no colors, and the boundary divisors are the usual toric invariant divisors.

Definition 2.4. A wonderful variety is a smooth projective variety X with the action of a semi-simple simply
connected group ¢ such that:

- there is a point z¢ € X with open ¢ orbit and such that the complement X\¥ - ¢ is a union of prime divisors
F4, -+, E, having simple normal crossing;

- the closures of the 4-orbits in X are the intersections (), ; E; where I is a subset of {1,...,r}.

el

As proven by D. Luna in [Lun96] wonderful varieties are in particular spherical. Note that PV is not a wonderful
compactification of SL(n + 1)/H, where H is the stabilizer of the identity matrix with respect to the SL(n + 1)-
action in (2Z2)), since for instance the orbit closure Sec, (V3) is a non smooth divisor. In order to get a wonderful
compactification we must consider the space of complete quadrics that we now describe. The space of complete
quadrics is the closure of the graph of the rational map

P(Sym?V) --» P(Sym* A’V) x -- x P(Sym* A" V)
Z — (A2Z,...,A"Z)

By [Vai82, Theorem 6.3] the space of complete quadrics can be constructed as a sequence of blow-ups as follows.

Construction 2.5. Let us consider the following sequence of blow-ups:
- Q(n); is the blow-up of Q(n)o := PV along the Veronese variety Vi,
- Q(n)2 is the blow-up of Q(n); along the strict transform of Seca(V5);

- Q(n); is the blow-up of Q(n);—1 along the strict transform of Sec; (V3 );

- Q(n)y—1 is the blow-up of Q(n),_2 along the strict transform of Sec,,—1 (V).
Let f; : Q(n); — Q(n);—1 be the blow-up morphism. We will denote by E? both the exceptional divisor of f;
and its strict transforms in the subsequent blow-ups. We will denote by Q(n) the last blow-up Q(n),—1 and by
f:Q(n) — PV the composition of the f;.

Then for any ¢ = 1,...,n— 1 the variety Q(n); is smooth, the strict transform of Sec;11 (V%) in Q(n); is smooth,
and the divisor Ef UE{ U ---U Ef in Q(n); is simple normal crossing. Furthermore, the variety Q(n) is isomorphic
to the space of complete (n — 1)-dimensional quadrics.

In particular, Q(n) is a wonderful compactification of the homogeneous space SL(n + 1)/SO(n + 1). We now
recall some facts about the varieties Secp, (V).
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Remark 2.6. Recall that Secy, (V3') identifies with the variety parametrizing (n + 1) x (n + 1) symmetric matrices
modulo scalar of rank at most h. An argument similar to the one used to estimate the dimension of the spaces of
matrices, not necessarily symmetric, of rank at most h in [Har95, Example 12.1] shows that

2nh — h? + 3h — 2
2
for h < n. Furthermore, identifying Secp, (V3) with the variety parametrizing (n + 1) x (n + 1) symmetric matrices

modulo scalar of corank at least n + 1 — h, by [HT84l Proposition 12(b)] we get that the degree of Secy(Vy) is
given by

dim(Secy (V5)) =

— n+1l+17 )
deg(Secy, (V3)) H "+21l+}1l)

In particular, for h = n we get n + 1, and for h = 1 we get 2”.

Proposition 2.7. The tangent cone of Secy,(Vy) at a point p € Seck,(VE)\Seck,—1(VY) for k < h is a cone with

n+2) 1= (n—k+l)2(n—k+2)

verter of dimension ( 5 over Sech_k(ngk). In particular, for k < h we have

n—~h n k+1+z)
n+1 h
HlultSec;c(V")\Sec;C 1(V3) SeCh V2 H 2z+1)

and Sing(Secy,(Vy)) = Secp—1(Vy).
Proof. We compute the tangent cone of Secy, (V3) at
_ Iy 1 Ok,nt+1—k
Pr =
Ony1-kk Ongi—knti—k
where I}, i, is the k x k identity matrix. Consider the affine chart z9,o # 0 and the change of coordinates z; ; — 2;;,—1
fori=1,...,k—1, z;j — z;j if i # j. Then the matrix Z in (ZI)) takes the following form

1 20,1 e 20,k—1 20,k N 20,n
2071 2171 -1 e 217k71 Zl,k e Zl,n
20k—1  Z1k—1 +-+ Zk—1k—1—1 2k—1k ... Zk—1n
ZO,k Zl,k e Zkfl_’k Zk,k e Zk,n
ZO,n Zl,n e Zkfl_’n Zk,n e Zn,n

Recall that Sec, (V) € PV is cut out by the (h + 1) x (h + 1) minors of Z. Now, the lowest degree terms of these
minors are given by the (h+ 1 — k) x (h + 1 — k) minors of the following matrix

Therefore, the tangent cone TC,, Secy,(Vy) is contained in the cone C' over Secy, 1 (V5 ™") with vertex the linear

subspace of PV given by {zxx = = 2k = Zk41k+1 =" * = Zktln =+ = Znn = 0}. Now, Remark 2.6 yields
2 —k+1 —k+2
dim(C) = (n;— ) -1- (n i )2(n *2) + dim(Secy (V™)) + 1 = dim(Secy, (V)

and hence T'Cp, Secy,(Vy) = C. Finally, to get the formula for the multiplicity it is enough to observe that
mult,, Secy,(Vy) = mult,, T'Cp, Sec,(Vy) = deg(Sec,_(Vy™))
and to apply the formula for the degree of the secant varieties of V3 in Remark ]
We will need the following result on fibrations with smooth fibers on a smooth base.

Proposition 2.8. Let f : X — Y be a surjective morphism of varieties over an algebraically closed field with
equidimensional smooth fibers. If Y is smooth then X is smooth as well.
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Proof. By [Sch10, Theorem 3.3.27| the morphism f : X — Y is flat. Finally, since all the fibers of f: X — Y are
smooth and of the same dimension [Mum99, Theorem 3’, Chapter 111, Section 10] yields that X is smooth.
However, a direct proof is at hand and we present it in what follows. Since the problem is local on both X and
Y we may assume that X < K is an affine variety cut out by polynomials g1,...,¢4, Y = K™, and f: X - Y
is given by f(z) = (f1(z), ..., fm(2)).
Consider a point p € X. Without loss of generality we may assume that f(p) = 0. Then the fiber X, of f
through p is given by

F7H0) ={ze K¥ [ gi(z) = -+ = gal2) = fi(a) = -+ = fm(x) = O}.

Now, since X is smooth at p there are b < a polynomials among g1, ..., g, and | < m polynomials among fi, ..., fm
such that b+ = m + N — dim(X) and the vectors

(v.gl)(p)v R (VQb)(p)v (vfl)(p)7 Tt (vfl)(p)

are linearly independent. Now, | < m yields b > N — dim(X). On the other hand, X is irreducible of codimension
N — dim(X) and hence b < N — dim(X). We conclude that b = N — dim(X) and the vectors

(v.gl)(p)u ) (VQN—dim(X))(p)
are linearly independent. So X is smooth at p. O

Notation 2.9. We will denote by Secy,(V3)* the strict transform of Secy, (V3) in Q(n); for h > i. Furthermore, as
already said in Construction 2.5 for simplicity of notation we will denote by E! both the exceptional divisor of f;
and its strict transforms in the subsequent blow-ups.

In the following we will analyze the geometry of the SL(n + 1)-orbits in the blow-ups Q(n); in Construction

Proposition 2.10. For anyi = 0,...,n—1 the variety Q(n); is smooth and the divisors E{, ..., E] are smooth and
intersect transversally in Q(n);. Furthermore, the strict transform Sec;+1 (V)" of Seci+1(Vy) in Q(n); is smooth
and the intersections among Sec;+1(V3)', E{, ..., El are transversal. The closures of the orbits of the SL(n + 1)-
action on Q(n); induced by (22) are given by all the possible intersections of E{, ..., El,Sec;+1(V3), ..., Sec, (Vi)
and Q(n); itself.

In particular, the variety Q(n) is smooth, the divisors Ef,...,E? | Sec,(V3)"~1 are smooth and the intersec-
tions among them are transversal, the closures of the orbits of the SL(n + 1)-action on Q(n) induced by (Z2) are
given by all the possible intersections of the divisors Ef, ..., El_| Sec, (V&))" and Q(n) itself. Hence, Q(n) is

wonderful.

Proof. We will proceed as follows. For i = 0,1 we will prove the statement for any n. Then we will prove that if
for ¢ < j the statement holds for any n then it also holds for ¢« = j and any n. This will prove the statement for
anyn>1landi=0,...,n—1.

For i = 0 we have Q(n)y = PV, there are no exceptional divisors, and the closures of the orbits of the action
([22) are the secant varieties of V. Therefore, for i = 0 the statements holds for any n. Even though we could use
the case i = 0 as the first step of the proof, to get acquainted with the arguments we will apply, we develop in full
detail the case ¢ = 1 as well.

The variety Q(n); is the blow-up of PV along the Veronese variety V3. Hence it is smooth. By Proposition 7]
Secy(Vy) is smooth away from Vi and Seco(V5)' n EY — V3 is a fibration whose fibers are isomorphic to V3.
Hence, Proposition 2.8 yields that Seca(V3)! N E{ is smooth and since dim(Seca(Vi)! nEY) =n+n—1=2n—1=
dim(Seco (V3)1) — 1 we conclude that Seca(V3)! is smooth and the intersection Seca(V3)! n EY is transversal.

Now, via the action of SL(n + 1) in (Z2]) we can translate any fiber of EY over VI to any other fiber. Fix one
such fiber EY . By Proposition 2.7 we have that Sec,(V3)' n Ef , = Secy—1(V3~ 1) and the action of SL(n +1) in
([2.2) restricts on Ef , to the corresponding action of SL(n). This proves the statement about the orbits for Q(n),
for any n > 1.

Assume that for any i < j the statement holds for any n. Since Q(n);_1 and Sec;(V3)?~! < Q(n);_1 are smooth
the blow-up Q(n); of Q(n);_1 along Sec;(V5)7~! is smooth as well. Furthermore, since all the intersections among

Sec;(V3) ' E,..., E]_| in Q(n);_1 are transversal we have that all the intersections among Ef,..., E in Q(n),
are transversal as well.
Now, consider an intersection of the following form Sec;i1(V3)? n E_?l NN E]‘?t. By Proposition 27 the

restriction of the blow-down morphism

VY A ET A B A pe (pnyie—t
Secj41(Ve) nEj n--nEf - El n---nEj nSec;,(Vy)
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has fibers isomorphic to Sec;j, +1(V"* 77 )79, Since both Ef n---nE]_ nSec;, (V3)* " and Sec;_j, 1 (V77 )I =
are smooth Proposition 2.8 yields that Sec;i1(V})? n E;-Zl N- N E’Jq-t is smooth as well. Moreover, note that
dim(Sec;.1(Vy)? n El n--nEl)=dim(E n---nE!  nSec, (V=1 + dim(Sec;_j, 41 (V" It)T 79t
and
2nji — ji + 3js — 2
2

dim(EJq-1 NN E;'Zt,l N Sec;, (Vi) = —(t-1)

yield that dim(Secj 1 (V3)! n Ej n---n Ej) is given by

CL P Y G Rl 91 e e €t S e € e
2

. s 2 . _ . .
2n(j+1) (g+;) +3G+1)—2 ‘= d1m(Secj+1(V§l)3) ¢

and hence the intersection Sec;jy1(V5)? n EY n---n EY is transversal.

In the following we prove the claim about the orbit closures. If an orbit closure in Q(n); is not contained in
the exceptional divisor E then it is the strict transform of an orbit closure in Q(n);, and hence it is given as an
intersection among EY,..., EL | Sec;11(V}), ..., Sec, (V)"

Now, let us analyze the orbit closures in the exceptional divisor E{. The fibers of E{ over Sec;(V})i~! are
projective spaces of dimension

N, - <n;+2) 1

Moreover, SL(n + 1) acts transitively on fibers that lie over the same orbit in Q(n);—1. Note that by Lemma 21
Sec, (V) intersects each of these N,,_;-dimensional projective spaces along Sech_i(Vgﬂ'), and the SL(n+1)-action
on Q(n); in ([2:2) induces the corresponding SL(n — i+ 1)-action on the fibers of EY. Finally, the statement on the
orbit closures in Q(n);—; follows then from the statement on the orbit closures in Q(n — 7). O

3. COMPLETE SYMMETRIC SYMPLECTIC FORMS

From now on we will consider the case n+1 = 2r even. Let Sp(2r) be the symplectic group of 2r x 2r symplectic
matrices, that is
Sp(2r) = {M € Hom(V, V) | M'QM = Q}

where

0 Ir,r
(3.1) Q- < oo )

is the standard symplectic form. Over an algebraically closed field of characteristic zero the symplectic group is a
non-compact, irreducible, simply connected, simple Lie group.

Remark 3.2. Let us write a 2r x 2r matrix M as
A B
v-(ép)
where A, B,C, D are four r x r matrices. The condition of being symplectic translates then into the following
system of equations

—C'A+ A'C = 0y
—C'B+A'D = I,
—D'A+ B'C = —1I.,;
-D!'B+B'D = 0,,.

)

Considering the transformation

A B A1, B
(3:3) (C D)H< C D—Im)

we get the following relations for the tangent space of Sp(2r) at the identity
A=-D' B=B' C=C"
Hence, the tangent space of Sp(2r) at the identity is the Lie algebra sp(2r, K) consisting of 2r x 2r matrices of the

form
A B
Cc At

with C' and B symmetric. In particular, dim(Sp(2r)) = r? + 2@ =7r(2r+1).
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Remark 3.4. By [Oul2, Section 1] the Borel subgroup of the symplectic group can be described as follows:

» ={ (g 2{*2) with A'B = BtA}

where A € GL(r) is lower triangular and B is a general r x r matrix. Now, Sp(2r) is a subgroup of SL(n + 1)
and the SL(n + 1)-action ([Z2)) restricts to the following Sp(2r)-action:
Sp(2r) x PN — PN

(M,Z)  —> MZM?

We denote by Oa,. the Sp(2r)-orbit of the identity in P¥ and by X, = O, < PV its closure.

(3.5)

Proposition 3.6. Let Y}, = O, = PV be the closure of the Sp(2r)-orbit of the matriz

I, = ( Iy Ok 20—k )
O2r—kk O2p—k,2r—k
via the action in (2.2). If k < r then
k(k — 1)
2

rir+1) (r—k@r—-k+1)

( _ 2
r(r—k) 5 5 1=2rk+k—Fk —1

dim(Yy) =r(2r+1) —
Finally, dim(Ys,.) = r(r +1).

Proof. Our aim is to compute the dimension of the stabilizer H — Sp(2r) of I).. Consider the incidence correspon-
dence
T ={(MN\|MIM!= X} < Sp(2r) x K*

N

Note that the fibers of 1 are isomorphic subgroups of Sp(2r). We will compute the dimension of H; = 1~*(1) and
then the dimension of H = ¢(Z) will be given by

(3.7) dim(H) = dim(Z) = dim(H;) + 1.

Consider first the case k < r. Subdivide as usual the matrices in Sp(2r) in four r x r blocks and write the matrix
whose orbit we want to study as
< Zk Or,r >
Or,r Or,r

I Ok,r—k
Zy = : : .
k < Or—kk Or—kr—k

A B Zr Oy, At Ct Y\ [ AZ A AZCt
¢ D Orr Opp Bt D' )~ \ CZ,A* Cz,Ct )

Subdivide the matrix A in blocks as follows
Ap i Apr—k
A= * * .
( Ak Ar—kr—k
Then
Ag ke Apr—k Iy e Ok,r—k AL Al _ Ap kA g A ALy
Ar—pre Ar—pr—k Or—ke Or—pr—k Al Al Ar kAl Ak kAl pp )7

Therefore, considering the transformation [B.3]) we get the following relations for the tangent space of Hy at the
identity

where Zj is the following r x r matrix

Now, we have

Apg = —Ap g Ar—kk = O g
Moreover, subdividing C' as we did for A, we get that the matrix
Ak k Ak r—k Iy i Ok,r—k Cix Cf ik _ ApkCh A kCl_pp
Ar ke Ar_gr—k Or—kk Or—pr—k Crve Cfprn Ar ki Chp Ar—kkCl_p s
must be zero. This yields the following further relations for the tangent space of H; at the identity
Crk = Ok iy Cr—g e = 0r—p k-



10 ELSA CORNIANI AND ALEX MASSARENTI

Plugging-in the relations for the tangent space at the identity of Sp(2r) in Remark we get that the tangent
space at the identity of H; is given by matrices of the form

A B

C —-At
where B = B! and C = C'. Note that C = Ct,Ck)k = Ok, Cr—k,k = 0p—g,x yield Ck,r—k = Op,r—r and
k(kz_l) +k(r—k)+ (r—k)? parameters, B depends on 2t parameters

2
parameters. Then by (B7) we get

dim(H)=@—Fk(r—k)-y(r_k)?_i_?”(?ﬁ;l) n (T*k)(r27k+1)

Cr kit = C}_y - Hence A depends on

. (r—k)(r—k+1)
2

and C depends on

+1

and
dim(Yy) = dim(Sp(2r)) — dim(H) = r(2r + 1) — dim(H)
yields the formula in the statement.
Finally, consider the case k = 2r, and let H < Sp(2r) be the stabilizer of the identity matrix. The equality

A B Ly 0, At Ct\ [ AA*4+ BB' AC'+BD'\ [ A,, 0,
C D Orp Lpy Bt D' )=\ cA'+DB" cC'+DD' )T\ 0., AL,

for some A € K* yields, applying as usual the transformation ([B.3]), the following system of equations

—CA-L, )+ (A—=L,)C = 04
OB+ (A= I, D+ 1,,) = (D—1I,) (A 1I.,)— BC;
_(D - IT,T)tB + Bt(D - Ir,r) = Or,r-

Note that if M € H taking the determinants on both sides of MTQM = AQ we see that A can only take finitely
many values. Hence, by Remark we have the following relations for the tangent space of H at the identity
A:_Dta B=Bt7 C=Ct7 Cz_Bt, A=—At

Therefore, the tangent space consists of matrices of the following form
A B
-Bt At

dim(H) — T(T2+ 1) N r(r; 1) _ 2

and hence dim(Ya,) = r(2r + 1) —r? = r(r + 1). O

with B = B* and A = —A'. We conclude that

Corollary 3.8. The projective variety Xo, is irreducible and its dimension is given by dim(Xs,.) = r(r + 1).

Proof. The variety Xs, is the closure of an Sp(2r)-orbit, so it is irreducible. Since Xs, = Y3, the formula for its
dimension follows from Proposition O

Example 3.9. Consider the case 7 = 1. Then Corollary 3.8 yields dim(X3) = 2 and hence X5 = P2. Moreover,
O3 = P2\C where C < P? is the conic parametrizing rank one matrices.

Remark 3.10. We work out equations for Xs,.. The points of the orbit Os, represent symmetric matrices having a
scalar multiple that is symplectic, that is Z!QZ = X for some A € K*. The matrix N = Z'Q)Z is skew-symmetric

and so N;; =0 for i = 0,...,2r — 1. Furthermore, for any ¢ = 0,...,2r — 2 we must have
Niiv1 = =Nipyi-1 = Nipyit1 == Nijo,—1 =0.
This gives 2r — ¢ — 2 quadratic equations for any ¢ = 0,...,7 — 1, and 2r — i — 1 quadratic equations for any
t=r,...,2r — 1. Moreover, we must have
Noyr=Nipy1 == Npr_12-1

and hence we get r — 1 additional quadratic equations. Summing-up we get

E(Qr—i—2)+ i(27‘—i—1)+r—1=(27‘+1)(r—1)
i=0 i=r

quadratic equations for Xs, in PV.
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Now, we explicitly compute these equations. Consider a general symmetric matrix Z = (2; )i j=o0,... 2r—1 With
z;.; = %j,; and the standard symplectic form 2. Then

2r—1 .

X Zij—r for j = r;
Cijj = (Z- Qg = Y 2y = for 4 <

0 —Zij+r or 3 <r;

and so
2r—1 r—1 2r—1 r—1
Nij=(Z-Q-Z);; = Z CikZk,j = Z Cik 2k, + Z CikZk,j = Z —Ziktr 2k, T ZikZktrj-
k=0 k=0 k=r k=0

Summing-up, the equations

Nirsi — Nigipqi41 =0 forl=0,...,r—2;
Nij=0 fori=0,...,2r—2,j>1d,j7#r+1

can be explicitly written as follow

r—1
D0 ~ AL k4Pl T 2 k2t el 241 k2R et 141 — 21,k Pk rplel =0 for 1=10,..., 7 —2;
—1 . . .. .
Z:O —Zi k4r2k,j T ZikZk4rj =0 fori=0,...,2r —2,j >4, 5 #r+1.

Now, our aim is to construct a wonderful compactification of the space of complete symmetric symplectic forms.

Construction 3.11. Set S,(V3" 1) := Secy (V3" ') n Xa,.. Let us consider the following sequence of blow-ups:
- Xz(i) is the blow-up of XQ(S) := Xy, along the Veronese variety V3" ! ¢ Xa,;

- Xz(i) is the blow-up of Xz(l) along the strict transform of So(V2™1);

- Xz(i) is the blow-up of Xéiﬁl) along the strict transform of S;(V3"™1);

- X{"™Y s the blow-up of X{"? along the strict transform of S,_; (V2" ).
Let f; : XQ(? — Xéiﬁl) be the blow-up morphism. We will denote by FE; both the exceptional divisor of f; and

its strict transforms in the subsequent blow-ups. We set So,. := Xz(:fl) and we indicate with f : Sy, — X, the
composition of the f;.

Let Moy 2-(K) be the space of 2r x 2r matrices. Following [dICb16] we define the operator
(I)Q : M2r,2r (K) - M27‘,27‘(K)
A —  071ATQ
Definition 3.12. A matrix A € Moy, 2, (K) is symplectically congruent to a matrix B € Ma, o,(K) if there exists
a symplectic matrix @ such that QAQT = B.

By [dICb16l Theorem 21] a matrix A € Ma, 2, (K) is symplectically congruent to a diagonal matrix if and only
if A is symmetric and A®q(A) is diagonalizable.

Proposition 3.13. The quadratic equations in Remark [310 cut out Xs, set-theoretically. Furthermore Y; =
Seci(Vgrfl) N Xo., set-theoretically, and there is a stratification

YiycYoc.--cY,1 Y, Yo =Xy,

In particular, dim(Seci(VgT_l) N Xo)=2ri+i—i2—1 fori=1,...,7 and Y, is a divisor in Xa,.

Proof. Let Z be a symmetric matrix satisfying the equations in Remark [3.10] Then we have two cases:
(i) Nojyp =+ =Nr_120-1 = A€ K*¥

(ii) Noy=---=Ny_1,2,—1 =0.

Consider (i). Then Z!QZ = X\Q and det(Z) # 0. Moreover,

70q(2) =207 70 = ~Z'070 = —\Q? = M9,

and by [dICb16l Theorem 21| Z is symplectically congruent to a diagonal matrix.

In case (ii) Z'Q)Z is the zero matrix. So det(Z) = 0, and Z®q(Z) is the zero matrix as well. Again, [dICb16]
Theorem 21] yields that Z is symplectically congruent to a diagonal matrix.

So if Z is a symmetric matrix satisfying the equations in Remark there is a symplectic matrix @) such that
QZQ! = D with D diagonal. Our aim is to prove that D can be moved to a matrix of the form Iy, where k is the
rank of D, with the action of the symplectic group.
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Let D,, = diag(aq, ..., as,) be a diagonal matrix satisfying the equations in RemarkB.I0 Then either a;a,y; =0
foralli=1,...,7,0or qsa,4; = e K*foralli=1,...,r. Write
D 0
D — Q1,...,0p r,Tr
“ ( 07‘#‘ Dap+17~~~;0¢p+q >
with p + ¢ < r, where Dy, ... o, is an r x r diagonal matrix with the «; appearing on the diagonal, and similarly
for Do,y ap.q- Note that up to permuting the upper and lower diagonal simultaneously we may assume that
o, ...,ap are the first p entries on the diagonal of Dq,,....a,> and Qpy1,...,0p1q are the last g entries on the
diagonal of Da, .y, apiy-
Now, set p+ ¢ =1r. Let A, B,C, D be r x r matrices defined as follows:

- the first p entries on the diagonal of A are a; € K* for i = 1,...,p, and the other entries are zero;
- the last g entries on the diagonal of B are fbi_1 e K*fori=p+1,...,p+ q, and the other entries are zero;
- the last ¢ entries on the diagonal of C' are b; € K* for i =p+1,...,p + ¢, and the other entries are zero;
- the first p entries on the diagonal of D are a;l € K* fori=1,...,p, and the other entries are zero.
Consider the matrix
A B
=)
and note that P is symplectic. Furthermore, by taking a;, b; such that a% =q; fori=1,...,p, and bj_2 = a; for

j=p+1,...,p+q we have P'I,.P =D, when p+q = r.

If p + ¢ < r by permuting the upper diagonal of I, 4, we transform I, , into the matrix I;‘ +q Whose entries
on the diagonal are (I, )i = 1 for i = 1,...,p, (I} )ii = 0fori =p+1,....p+s, (I} ,)ii = 1 fori =
pts+1l,...,p+s+q and ([y,)ii=0fori=p+s+qg+1,...,2r, where p+ s + ¢ = r. In this case consider
r x r diagonal matrices A, B, C, D such that

- the first p entries on the diagonal of A are a; € K* fori=1,...,p, (A);; =1fori=p+1,...,p+s, (A);;i =0

fori=p+s+1,....p+s+gq;

- the first p + s entries on the diagonal of ? are zero, followed by fb;jl, ey fb;iq;

- the first p + s entries on the diagonal of C' are zero, followed by b,41, ..., bptq;

- the first p entries on the diagonal of D are a;' € K* for i = 1,...,p, (D)i; = 1fori =p+1,...,p+s,
(D)i;=0fori=p+s+1,....,p+s+gq;
- A
P=( 4 _
(c5)

and set
Then P is symplectic and by taking again a;, b; such that a? = «; fori = 1,...,p, and bj_2 = qjforj = p+1,...,p+q
it holds P'I*, P = D,,.

Furthermore, when D, is of maximal rank we consider the diagonal symplectic matrix

. -1 -1
P =diag(a1,...,ar,a] ... a. ).

Ol &

Note that taking a; € K* such that a% = a;u” Y, with p2 = A\, for i = 1,...,r, we get that Ptlznzrp is a scalar
multiple of D,. Consider the matrices

I 0 Ik 0 Ok,2r—k—1
U, = T r ; At = 0 t 01127«7]@71 fork = 1,...,r—1
0”’ T T’r‘ r
’ ’ O2r—k—1,k O2r—k—1,1 O2p—p—12r—k—1

where T, , = diag(t,...,t). By the first part of the proof we have that {U;};cx+ is a family of matrices in Og,, and

limy o U; = I,.. Furthermore, {A;};cx* is a family of matrices in Ogy1, and limy,0 Ay = I for k=1,...,r — 1.
Summing-up we proved that if Z is a symmetric matrix for rank k£ with 1 < k < r or k = 2r satisfying the

equations in Remark then Z can be symplectically transformed into the matrix I, and hence it lies in Of. O

Remark 3.14. Proposition B.I3] yields that the Veronese variety V3" ! is contained in Xs,. On the other hand,

for h > 2 the secant variety Sech(VgT_l) is not contained in Xo,..

Proposition 3.15. For any k = r we have that Xar N SecT(VQQT_l) = X9 N Seck(szr_l)

Proof. Assume there is a matrix M € Xo. N Seck(Vgrfl) of rank r < k < 2r — 1. Arguing as in the proof

of Proposition BI3 we can move M with the action of Sp(2r) in a diagonal matrix Dy of rank k, and Dy €
X N Seck(VgT_l). However, Dy, does not satisfy the equation Nj,4; — Njt1,r4j+1 = 0 for Xo, in Remark 310
A contradiction. |
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We analyze in detail the geometry of the objects we introduced in the first non trivial case, namely r = 2.

Proposition 3.16. The variety X4 is isomorphic to the Grassmannian G(1,4) < P2 of lines in P*. Furthermore,
Vi < Xy, and S2(V3) < Xy is an irreducible and reduced divisor singular along V. In particular, the equations in
Remark[310 cut out X4 scheme-theoretically, and S2(V3) = Ya scheme-theoretically.

Proof. Consider homogeneous coordinates z; ; on P and identify them with the entries of a general 4 x 4 symmetric

matrix Z. The change of variables 290 — 212,201 — 201,202 — =222 203 — 202,211 — 213,212 —
20,3,21,3 — %,2272 > 23.4,%2,3 V> 204,233 — 224 transforms the five equations in Remark B.I0l into the

standard Pliicker equations cutting out G(1,4) in P?.

By Remark [3.14 we have V3 = X,;. We can compute the tangent cones of Sz(V3) = X4 at a point representing a
rank one matrix, and at a point representing a rank two matrix using the equations for X4 in Remark B.I0together
with the equations cutting out Secy(V3). In the first case we get a cone with a 3-dimensional vertex over V which
in particular is irreducible and reduced, and in the second case we get a 5-dimensional linear space. Finally, since by
Proposition Y5 has dimension five we conclude that the equations in Remark together with the equations
cutting out Secy(V3) define Ya scheme-theoretically. O

Remark 3.17. The variety X4 =~ G(1,4) has been studied in relation to moduli spaces of rank two vector bundles
over a smooth quadric [OS94] Table IJ.

Proposition 3.18. The tangent cone TCp, (X2,) of Xo, at a point py, € Sk(Vgrfl)\Sk_l(Vgrfl) fork=1,...,r—1
is a cone with vertez of dimension k(2r+1—k)—1 over Xo(,_). Moreover, Xo, is smooth along S,(V3" ™" )\Sy—2 (V3"
and the equations in Remark[310 define Xo, scheme-theoretically.

The tangent cone TC,, (Sh(V3™™1)) of SL(V3" 1) at a point py € Sk (V3" "\Sr—1 (V3™ 1) fork =1,...,r—1,k <
h is a cone with vertex of dimension k(2r + 1 —k) — 1 over Sh,k(Vg(T_k)_l). Moreover, the equations in Remark
together with the equations cutting out Secy, (V3" ') define Sp(Va™ 1) scheme-theoretically.

In particular, X, is smooth along ST(VQQT_l)\ST,Q(VST_l) and ST(VQQT_l) is a divisor in Xo,.

Proof. Let pr = (pij)ij=0,....2r—1,i<; be the point representing the standard matrix of rank k with p;; = 1 for
i=0,...,k—1and p; ; = 0 otherwise.

We proceed by induction on 7. The base case r = 2 is in Proposition B.16l We will use the equations in Remark
B.I0to compute T'Cp, Xor. Consider the change of coordinates z; ; — z;; — 20,0 for i = 1,...,k—1, and set 29,0 = 1.
Note that the lowest degree terms of the equations in Remark BI0] after this change of coordinates are obtained by
removing from Z!QZ = A the rows and columns indexed by 0,...,k—1,7,...,7+k— 1. Therefore, we get a cone
with vertex of dimension k(2r + 1 — k) — 1 over Xy(,_y which by induction hypothesis is irreducible and reduced
since the equations in Remark define Xy(,_p) scheme-theoretically. Now, k(2r + 1 — k) + dim(Xy,_p)) =
dim(Xy,) yields that this is the tangent cone T'Cj, X2, and hence the equations in Remark B.I0 define X,
scheme-theoretically. Note that at the points representing I, and Io, 2, the equations in Remark BI0 yield a linear
subspace of the same dimension of Xs,..

Now, consider S, (V3" 1). Note that TCp, Sy(V3" ') is contained in TCp, Xor n TCp,Secr,(Va™™'). By the

previous computation of T'Cp, Xa, and the computation of TOkaech(Vgr_l) in Proposition 227 we conclude

that TC,, Xa, N TC,, Secy (V3™ ') is a cone with vertex of dimension k(2r + 1 — k) — 1 over Sh(VQZ(Pk)fl) =
Sech_k(V22 (Tfk)fl) N Xa(r—k)- Again by induction this is an irreducible and reduced cone which by the computation
of the dimension of Sy, (V3" ~!) in Proposition 313 must coincide with T'C,, Sy. Hence the equations in Remark

310 together with the equations cutting out Secy, (V2" ') define S;, (V2" 1) scheme-theoretically. O

Now, we are ready to prove the main result of this section. We will denote by S,(f) (V22T_1) the strict transform

of S, (V21 in X4,

Theorem 3.19. For any ¢ = 1,...,7 — 1 the strict transform S»(_i,_)l VI of Sia (VY in XQ(i) is smooth.

K2 '
Moreover, the variety Sa, is smooth and the exceptional divisors E1,...,E._1 < Sa, are smooth as well.

The closures of the orbits of the Sp(2r)-action on Sz, induced by the action in (3.3) are given by all the possible
intersections among E, ..., E._1, Sﬁr‘l)(v;?“l) and XQ(;) itself.

In particular, the variety Sa, with boundary divisors Ey, ..., E._1, Sﬁ“”(vrj’”*l) is wonderful.
Proof. For every r in XQ(E) we have Sfo)(VST_l) = V2"~! which is smooth. We will assume that S](j_l)(VgT_l)

is smooth for every r and for every j < ¢ and prove that also SZ-(i_l)(VST_l) in Xz(i_l) is smooth. We have

))
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SZ-(i_l)(VQQT_l) = Secz(-i_l) Vi hHn Xz(i_l), so we consider Si(i_l) (Var—h) inside Q(2r —1)(j—1). By Proposition 210,
for every r and for every i = 0,...,2r — 1 the varieties Q(2r — 1)(;_1), Secglfl)(Vg’”*l), El ... E] | are smooth.
Now, S’Z-(Fl) (V1) is smooth away from EY,..., E{ . Moreover, by Proposition BI8 for every k = 1,...,i—1,
SZ-(i_l)(VQQT_l) NEl — S,(Ck_l) Vi Yisa ﬁbration with fibers isomorphic to Si(i_kk_l) (V22(T_k)_l) which is smooth by
induction. Proposition 2.8 yields that Sl-(zfl) (Vi"~1) n Ef is smooth for k = 1,...,i— 1. Now, since by Proposition
we have
dim SV (V3 + dim {0V 05T = 2ri 4 i i -2 = dim [TV (37 -1

we get that S}i‘l)(v;?“l) is smooth as well.

By Proposition B. I8 for every r, in Xz(i) we have that E1 n Sél)(Vgrfl) — V3"~ is a fibration with fibers isomor-
phic to Vg(r_l)_l and then by Proposition[2.8 F4 mSél) (V371 is smooth of dimension 4r—4 = dim(Sél) (Var—1h))-1.
More generally, consider intersections of the form SZ-(_?l Vi YnaE,n--nEj, forl <j <-<j, <i. By
Proposition B.I8 the restriction of the blow-down morphism

Si(?l(VQQT*l) NEj,n---nE;, >E;;n---nEj

Jt—1

~ SJ(_tjtfl) (V22r71)

has fibers isomorphic to S\ 7%*) (V22(T_j‘)_1). Now, by Proposition 28 5" (Vi Y Ej, n---n Ej, is smooth since

SiL=ge , A
we proved before that Sz(i_ljj;t (VS(T_J‘)_l) is smooth and Ej, n---nEj,_, N S;f“_l) (V371 is smooth by induction.
Moreover,
dim(S{ (V3" 0 By e By = dim(By, o0 By 0 SR (VE0) 4+ dim (S, (0457770)

and by induction dim(Ej, n---nE;, , N S§ft71)(V22T71)) = 2rj; +ji —j2 —1—(t—1). This yields, using Proposition

Jt—1
BI3 that
(3.20)  dim(S", (VI Y AE, A Ey) =20+ 1)+ (i+1) — (i +1)2—1—¢t = dim(S, (VI 1Y) — .
Now, consider the variety Sa, as a subvariety of the variety Q(2r — 1),_1 in Construction By Proposition
BI8 Sy, is smooth away from the exceptional divisors. Furthermore, the exceptional divisor Ej in Construction

intersects Sp,. in the exceptional divisor E; in Construction B.11l By Proposition B.18 E; — Sl-(i_l)(VgT*l) is a
fibration with Sz(rﬂ') as fiber. Hence Ef N Sy, is a smooth divisor in Sy, and therefore S, is smooth.
Now, consider an intersection of the form F; n---n Ej, and the fibration

Ej 0 nEj, = Ej . By n 8Pz,

By Proposition [3.I8] this fibration has fibers isomorphic to Sy(,_;,). By the previous part of the proof we have that

r—jt
N SJ(-ftfl)(Vgrfl)) + dim(Sy(—jy)) = 77 + 7 — t = dim(Sy,) — ¢
and hence the intersection Ej;, n--- n Ej, is transversal. Note also that considering the fibration

A SPH I

dim(E;, n...E

Jt—1
STV A Ejy -0 Ej = By o0 By

and [3.20) we get that the intersection Sﬁril)(l@“l) N Ej n---n Ej, is transversal as well.

Finally, for the claim about the orbit closures it is enough to recall that the Sp(2r)-action on Sa, is the restriction
of the SL(2r)-action on Q(2r — 1),_; in [Z2) and to use the statement about the orbit closures in Proposition
2.10) O

Proposition 3.21. We have that
multST(vgrfl) Szr_l(Vg“l) =T.

Moreover, if Hx,, is the hyperplane section of Xa,, we have that S,(Vi™™') ~ 2Hx,, .

Proof. We will compute the tangent cone of ST(VQQT*l) at the point p, = (p; ;)i j=o,... 2r—1, Where p;; = 1 for

t=0,...,7—1 and p; ; = 0 otherwise.

Consider the change of coordinates z; ; — 2 ; — 20,0 ans set 29,0 = 1. By Remark 310 the tangent space of Xo,
at p, is cut out by a set of linear equations and among these equations we have {z;, ; = 0} for i,5 = r,...,2r — 2,
and Zii = Zi+1,i+1 for i = Tyoon, 2r — 2.

Now, the tangent cone of Seca,—1 (V3 ') is cut out by the determinant of the bottom right r x r submatrix of

the matrix Z in (2I). Note that substituting the relations on the z; ; above in this determinant we get 25, 1 5, ;.

By Proposition B.15 Secw_l(VgT*l) and Secr(Vgrfl) cut out on X5, the same divisor set-theoretically. The

previous computation yields that Sec%,l(VgT_l) cuts out Sec, (szr_l) N Xo, on Xg, with multiplicity r.
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Now, recall that by Remark deg(SeCQT_l(Vgrfl)) = 2r. Let D be the divisor Secr(VQQT*l) N Xa,. Finally
Secor—1 (V3" ') N Xop ~ 2rHx,, yields D ~ 2Hx,, . O

Remark 3.22. In the case 7 = 2 we worked out explicitly the quadratic polynomial cutting out So(V3) in X4 and
we gOt that S2(V§)) = X4 @ {20)32’1)2 + Z%_]g — 20,1%2,3 — %1,1%3,3 = 0}

4. DIVISORS ON Ss,

Let X be a normal projective Q-factorial variety over an algebraically closed field of characteristic zero. We
denote by N1(X) the real vector space of R-Cartier divisors modulo numerical equivalence. The nef cone of X is
the closed convex cone Nef(X) < N(X) generated by classes of nef divisors.

The stable base locus B(D) of a Q-divisor D is the set-theoretic intersection of the base loci of the complete
linear systems |sD| for all positive integers s such that sD is integral

(4.1) B(D) = (1) B(sD).
s>0

The movable cone of X is the convex cone Mov(X) = N!(X) generated by classes of movable divisors. These are
Cartier divisors whose stable base locus has codimension at least two in X. The effective cone of X is the convex
cone Eff(X) c N'(X) generated by classes of effective divisors. We have inclusions Nef(X) < Mov(X) < Eff(X).
We refer to [Deb01, Chapter 1] for a comprehensive treatment of these topics.

In this section we will study the Picard rank and the cones of effective and nef divisors of the wonderful
compactification Sz,.. We will need the following result.

Lemma 4.2. Let SO(2r) be the special orthogonal group. Then
SO(2r) n Sp(2r) =~ GL(r).
In particular, SO(2) = GL(1) = K*.

IT T IT T
Proof. Consider the bilinear symmetric form given by the matrix J = (3” é”). Set N = (1 I) 55 I ),
r,r r,r oirr *5 rr
with €2 = —1. Note that N'JN = I3, and N!QN = —£Q. Therefore, we may prove the statement for the
intersection SO ;(2r) n Sp(2r), where SO ;(2r) is the group of determinant one matrices which are orthogonal with

respect to J.

Let M = g g) € GL(2r) be a general 2r x 2r invertible matrix, where A, B, C, D are r x r matrices. Now,
M € SO;(2r) n Sp(2r) if and only if
ALC = 0,3
. ’ D=A"Y
AD =Ly that is C =0,,;
BtOZOTT; = Uprr,
' B =0, T
B'D = 0,,;
and hence
SO(2r) n Sp(2r) = SO (2r) n Sp(27) ={ (OA AT’Tt> for Ae GL(T)}E GL(r).
For the last claim in the case r = 1 it is enough to note that SO(2) n Sp(2) = SO(2). In fact every 2 x 2 matrix
with determinant one is symplectic. O

Proposition 4.3. Let Os,. < Xo, be the orbit of the identity. Then Pic(Oq,) = Z/27.

Proof. The group G = Sp(2r) is semi-simple and simply connected. If H < G is the stabilizer of the identity then
[ADHL15, Theorem 4.5.1.2] yields that Pic(G/H) =~ X(H), where X(H) is the group of characters of H. We have
that

H = {M € Sp(2r), MM" = \ps I, 3., for some Ay € K*}.

Then, for a general element M € H we have

lulut:)\MIr ) —
2r,2 =AM IOM = Q = \yQM = MQ.
MQM = Q;

Let v be an eigenvector of € with eigenvalue u. Then

A QMo = MQv = Mpuv = pMo.
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Setting y = Mv we have Qy = ()\Xj w)y and so y is an eigenvector of Q with eigenvalue )\X/[l . The characteristic
polynomial of Q is Po(A) = (A — )" (X + &) where €2 = —1. Therefore the only eigenvalues of  are £ and —&. So

= 4£
- & = A = 1= Ay = 1
)\Mﬂz +&;

and there is a morphism of groups
o:H—7/27
M — Ay

Or,r §Ir,r

The morphism ¢ is surjective. Indeed we have p(Iz,2,) = 1, and if S = ({I 0

> then S'QS = Q, SS* =
—Io,0r, S € H and ¢(S) = —1. This yields an exact sequence

(4.4) | >H - H—>7/27 — 1

where H = {M € Sp(2r), MM" = I5, 5.}, and we can write H = H U SH.

As in Lemma 2] we consider the bilinear form J = (Om L

, which is congruent to the bilinear form I, 2,
Ir,r Or,r

via the matrix N = <1I}’T %,}’T ), where €2 = —1. Set Hy = {M € Sp(2r), MJM! = J} and H; = {M €
otr,r —adrr

Sp(2r), MJM? = \prJ, for some Ay € K*}. There is an isomorphism
a:H— HJ
M+— NMN~*

such that o(H) = Hj, S = alS) = (1? 20Im) and H;y = Hy u SH;. Take B € H; and consider
a4ir,r
a~1(B) € H. By the first part of the proof there is a morphism of groups H; — Z/2Z mapping B to Aa-1(B), and
fitting in the following exact sequence
l—>Hy— H;—7/27 — 1
Since H;/H ; is abelian the commutator [H;, H;] of H; is contained in H ;. By the proof of Lemma we have
A Or,r

— —1
that an element h € H ; is of the form h = <O A)t) for Ae GL(r). Then h=! = (61 %[) for A e GL(r).

Or,r 2Ir,7‘
_%Ir,r 0. > Therefore
Q _ QpQ—1p—-1 _ Or,r _2Ir,r A Or,r Or,r 2Ir,r A_l Or,r _ A_tA_l Or,r
[S,h] = ShS™"h™" = (% Ly Opp J\Opp A7) \=3Lr Opp ) \Op A"\ 0,  AAY)"

Setting B = A7 A1 we have B™! = (A7t A=)t = AA! with B € GL(r) symmetric. So [Hy, H;] is the subgroup
of H; =~ GL(r) generated by symmetric matrices and since by [Bos86, Theorem 1] all r x r matrices can be written
as product of symmetric matrices we get [H;, Hy| = H ;.

Then, H/[H,H| =~ H;/[H;,H;] =~ H;/H; =~ H/H and by the exact sequence ([&4) we have H/H = 7/27.
Finally, by [Bur65, Lemma 22.2] X(H) =~ X(H/[H, H]), and hence Pic(G/H) =~ X(H) =~ Z/2Z. O

Furthermore S~ = <

Now, we are ready to compute the Picard rank and the colors of the wonderful variety Sa,.
Proposition 4.5. The Picard rank of Sa, is p(Say) = 7.

Proof. As before set G = Sp(2r) and let H be the stabilizer of the identity. By Theorem the variety Sa,

is wonderful with boundary divisors E1,..., E._1, SﬁTﬁl)(Vgrfl). By [Bri07, Proposition 2.2.1] there is an exact
sequence
0 — Z" — Pic(Sz,) — Pic(G/H) — 0

Hence, Proposition 4.3 yields that the Picard rank of S, is r. O
For i =1,...,r we define the divisors D; as the strict transforms in Ss, of the divisor given by the intersection
of
20,0 e 20,i—1
det : : =0

20i—1 .- Zi—1,i—1
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with X27‘ .

Proposition 4.6. The set of boundary divisors of Say is {Ey, ..., Er_1,SI=(Va™1)} while the set of colors of Sa,
18 {Dl, N ,DT}.

Proof. The claim on the set of boundary divisors follows from Theorem [3.19 We compute the colors. We first

Z Z
0.0 0’1) where the Z; ; are

prove that D, € Sa, is stabilized by the Borel subgroup. Consider a matrix Z = ( 7 P
0,1 1,1

r x r matrices. Let M = (g 2{_2) € A, then
Z - M-Z. Mt _ A2070At AZ()’()Bt + AZ()ylAil
BZ070At + AitZOJAt B2070Bt + AitZO_rlBt + BZOJAil + Aitzl_’lAil

and det(Zp,0) = det(AZyoA?) = det(A)? det(Zp o) where det(A) # 0 since A € GL(r). Therefore, D, is stabilized
by the Borel subgroup. - -

We focus now on the block Zg o of the matrix Z. We divide the matrices A and Zy ¢ respectively in blocks A; j,

. . A Airei Wi Wi r—i
W; i, of matrices j x k as follows A = (AT'M_ Aré‘,ri) and Zpo = (Wr“ WT'Mi). Recall that by Remark
B4 the matrix A is lower triangular. We have Zy o = VTI//'V“ ‘ I/TI//'V”ﬂ ) with W;; = A;;W; ;AL ;. The divisor
D, is defined by det(W; ;) = 0 and since det(A) = det(A4; ;) de)t(AT,in,)i) # 0 we get that D; is stabilized by £ for
1=1,...7.

As noticed in [ADHLI5L Remark 4.5.5.3], if (X, ¥, %, x¢) is a spherical wonderful variety with colors Dy, ..., Dj
the big cell X\(Dy U ---uU Dy) is an affine space. Therefore, it admits only constant invertible global functions and
Pic(X) is generated by Dy, ..., Ds.

Therefore, in order to conclude that we found all the colors of Sa, it is enough to recall that by Proposition
Sy, has Picard rank 7. O

In the following we will denote by H the pull-back in Sy, of the hyperplane section of Xs,. By Proposition
H,E;...,E,._; generate Pic(Sa;).

Proposition 4.7. The extremal rays of Eff (Sa,.) are generated by E, ..., E._1, S:*l(VST‘l) and the extremal rays
of Nef(Ss,.) are generated by D1, ..., D,.

Proof. By [ADHLIS, Proposition 4.5.4.4] and Proposition B8 Eff (Sy,.) is generated by Ey, ..., E,_1,SI~ (V')
and D1,...,D,.

Note that by Constructions and BITl there as an inclusion i : Sa — Q(2r — 1),_1 inducing an isomorphism
of the Picard groups. By [Huel5, Section 2| the linear system on Q(2r — 1),_; that restricts to the linear system
of D; on Sy, induces a birational morphism Q(2r — 1),_; — W, whose exceptional locus is contained in the union
of the exceptional divisors in Construction Therefore, D; induces a birational morphism S, — Z; and hence

D; lies in the interior of the effective cone of Sy, for any ¢ = 1,...,r. This proves that the effective cone of Sy, is
generated by Fi, ..., E,_1,ST~1(V3"™1). Finally, by [Bri89, Section 2.6] Dy, ..., D, generate the extremal rays of
the nef cone. O

In order to study the birational geometry of S, we will need the following result.

Proposition 4.8. Let H! be the divisor in X2, < PV cut out by the determinant of the i x i top left submatriz of
the matriz Z in (Z1). The tangent cone of HI at a point of Sx(V3™ N\Sk_1 (V"™ fori=2,...,r and k < i is
a cone with vertex of dimension k(2r + 1 — k) over HI ¥

Proof. It is enough to note that the tangent cone of H] at the point py = (pi ;)i j=o,....2r—1, Where p;; = 1 for
i=0,...,k—1and p; ; = 0 otherwise, is cut out by

Zk,k Zk,k+1 cee Zk,i—1
Zkk+1  Rk4+1,k+1 -+ Rk41,—1
det . . ] . =0
Zki—1  Rk+1,4—1 -+ Zi—1,—1

and by the equations for the tangent cone of X, in the proof of Proposition B.18 O
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5. BIRATIONAL GEOMETRY OF So,

The stable base locus of an effective Q-divisor on a normal Q-factorial projective variety X has been defined in
T). Since stable base loci do not behave well with respect to numerical equivalence [Laz04, Example 10.3.3], we
will assume that h'(X,Ox) = 0 so that linear and numerical equivalence of Q-divisors coincide.

Then numerically equivalent Q-divisors on X have the same stable base locus, and the pseudo-effective cone
Eff(X) of X can be decomposed into chambers depending on the stable base locus of the corresponding linear
series. The resulting decomposition is called stable base locus decomposition.

Remark 5.1. Recall that two divisors Dy, Do are said to be Mori equivalent if B(D;1) = B(D2) and the following
diagram of rational maps is commutative

¢py 7 S. 9Dy

g ) i

X (D) ——=— X(D2)

where the horizontal arrow is an isomorphism. Therefore, the Mori chamber decomposition is a, possibly trivial,
refinement of the stable base locus decomposition.

Let X be a normal Q-factorial variety with free and finitely generated divisor class group C1(X). Fix a subgroup
G of the group of Weil divisors on X such that the canonical map G — CI(X), mapping a divisor D € G to its
class [D], is an isomorphism. The Coz ring of X is defined as
Cox(X)= @ HX,0x(D))
[D]eCL(X)
where D € G represents [D] € C1(X), and the multiplication in Cox(X) is defined by the standard multiplication
of homogeneous sections in the field of rational functions on X. If Cox(X) is finitely generated as an algebra over
the base field, then X is said to be a Mori dream space. A perhaps more enlightening definition, especially for the
relation with the minimal model program, is the following.

Definition 5.2. A normal projective Q-factorial variety X is called a Mori dream space if the following conditions
hold:
- Pic(X) is finitely generated, or equivalently h!(X,Ox) = 0,
- Nef (X) is generated by the classes of finitely many semi-ample divisors,
- there is a finite collection of small Q-factorial modifications f; : X --» X;, such that each X; satisfies the
second condition above, and Mov (X) = |J, f*(Nef (X;)).

The collection of all faces of all cones f*(Nef (X;)) above forms a fan which is supported on Mov(X). If two
maximal cones of this fan, say f7(Nef (X;)) and f}(Nef (X;)), meet along a facet, then there exist a normal
projective variety Y, a small modification ¢ : X; --» X;, and h; : X; — Y, h; : X; — Y small birational
morphisms of relative Picard number one such that hj; o ¢ = h;. The fan structure on Mov(X) can be extended to
a fan supported on Eff(X) as follows.

Definition 5.3. Let X be a Mori dream space. We describe a fan structure on the effective cone Eff(X), called
the Mori chamber decomposition. We refer to [HK00, Proposition 1.11] and [Okal6, Section 2.2] for details. There
are finitely many birational contractions from X to Mori dream spaces, denoted by g; : X --» Y;. The set Exc(g;)
of exceptional prime divisors of g; has cardinality p(X/Y;) = p(X) — p(¥;). The maximal cones C of the Mori
chamber decomposition of Eff(X) are of the form: C; = {(g(Nef(Y;)), Exc(g;)). We call C; or its interior C; a
mazximal chamber of Eff(X).

If X is a Mori dream space, satisfying then the condition h'(X,Ox) = 0, determining the stable base locus
decomposition of Eff (X) is a first step in order to compute its Mori chamber decomposition.

Remark 5.4. By the work of M. Brion [Bri93] we have that Q-factorial spherical varieties are Mori dream spaces.
An alternative proof of this result can be found in [Per14l Section 4]. In particular, by Theorem 319 the wonderful
compactification Ss, is a Mori dream space.

Remark 5.5. Recall that by [HK0Q, Proposition 2.11] given a Mori Dream Space X there is an embedding
i : X — Tx into a simplicial projective toric variety Tx such that i* : Pic(Tx) — Pic(X) is an isomorphism
inducing an isomorphism Eff(7x) — Eff(X). Furthermore, the Mori chamber decomposition of Eff(7Tx) is a
refinement of the Mori chamber decomposition of Eff(X). Indeed, if Cox(X) = M where the T; are
homogeneous generators with non-trivial effective Pic(X)-degrees then Cox(7x) = K[T1,...,Ts].
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Since the variety Tx is toric, the Mori chamber decomposition of Eff(7x) can be computed by means of the
Gelfand—Kapranov—Zelevinsky, GKZ for short, decomposition [ADHL15| Section 2.2.2]. Let us consider the family
W of vectors in Pic(Tx) given by the generators of Cox(Tx), and let Q(WW) be the set of all convex polyhedral
cones generated by some of the vectors in W. By [ADHLI5l Construction 2.2.2.1] the GKZ chambers of Eff(7x)
are given by the intersections of all the cones in Q(W) containing a fixed divisor in Eff(7x).

Remark 5.6. Let (X,¥,%,x0) be a projective spherical variety. Consider a divisor D on X, and let fp be
the, unique up to constants, section of Ox (D) associated to D. We will denote by ling (¥4 - D) < Cox(X) the
finite-dimensional vector subspace of Cox(X) spanned by the orbit of fp under the action of ¢ that is the smallest
linear subspace of Cox(X) containing the ¢-orbit of fp.

By [ADHL15, Theorem 4.5.4.6] if ¢ is a semi-simple and simply connected algebraic group and (X,¥, %, o)
is a spherical variety with boundary divisors Fi,..., E, and colors Dq,..., Dy then Cox(X) is generated as a
K-algebra by the canonical sections of the E;’s and the finite dimensional vector subspaces ling (¢ - D;) < Cox(X)
for 1 <i<s.

Definition 5.7. Let X be a normal projective Q-factorial variety. We say that X is weak Fano if —Kx is nef and
big.

By [BCHM1I0, Corollary 1.3.2] a weak Fano variety is a Mori dream space.

Remark 5.8. Let Y be a smooth and irreducible subvariety of a smooth variety X, and let f : Bly X — X be the
blow-up of X along Y with exceptional divisor E. Then for any divisor D € Pic(X) in Pic(Bly X) we have

D ~ f*D — multy (D)E
where D < Bly X is the strict transform of D, and multy (D) is the multiplicity of D at a general point of Y.
Corollary 5.9. The Cozx ring of So, is generated by the sections of D1,... Dy, FE1,...,E._1, SﬁTﬁl)(VfT_l).

Proof. This follows from Proposition and Remark O

Our aim is to study the Mori chamber decomposition of the wonderful compactification S»,.. Since Sy = P2 the
first interesting case is for r = 2.

Proposition 5.10. For the variety Sy we have that Pic(Sy) is generated by D1, Fy. Furthermore, D1 ~ H,
Dy ~2H — E, Sél)(Vg’) ~ 2H — 2E;, and Cox(8S4) is generated by the sections of D1, Do, F1, Sél)(Vg’). The Mori
chamber decomposition of Eff (S4) has three chambers as displayed in the following picture:

Ey
D1
Do
S50 (v3)

and the movable cone coincides with the nef cone generated by Dy and Ds.

Proof. Since S, is the blow-up of a smooth variety along a smooth subvariety the relations Dy ~ 2H — Fj,
Sél)(VS) ~ 2H — 2E; follow from Propositions .18 B.21] and Remark 0.8

The statement on the generators of the Cox ring follows from Corollary Furthermore, by Remarks
and the Mori chamber decomposition of Eff(S,) is a, possibly trivial, coarsening of the decomposition in the
statement. On the other hand, by Proposition 7 we know that H and 2H — E; generate Nef(S,) while F; and
2H — 2F; generate Eff(S4). So no ray can be removed and the above decomposition coincides with the Mori
chamber decomposition of Eff(Sy). O

Next, we consider the case r = 3.

Lemma 5.11. For the variety Sg the Picard group Pic(Sg) is generated by H, E1, E2, and we have the following
relations: Dl ~ H, D2 ~2H — El, D3 ~3H — 2E1 - E2 and 832(V25) ~2H — 2E1 - 2E2
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Proof. Recall, that the first blow-up f; : Xél) — Xg in Construction [3.17]is the blow-up of Xg along the Veronese
variety V3 which by Proposition is the singular locus of Xg. Hence, in this case we can not use Remark (.8
to compute the discrepancies of the relevant divisors with respect to E7. In order to do this we consider the line
L={z11—2,1 =2, —%2=22=23= 24 =25 =212=213=21,4=21,5= 223 = 224 =225 = 233 =
234 = 235 = Za4 = 245 = 25,5 = 0} and let L be its strict transform in Xél). Slightly abusing the notation we
will denote by D; also the strict transform in Xél) of the divisor H3 in Proposition A8 for i = 1,2,3 and by H the
pull-back of the hyperplane section to Xél). Clearly, D; ~ H.

Now, let us write Dy ~ 2H — aE;. Note that the line L intersects V3 just at the point p = [1:0---: 0], and
by Remark and Proposition B.I8 L ¢ Xg. By Proposition B.I8 the tangent cone of X4 at p is a cone over
X, =~ G(1,4) with 5-dimensional vertex and L intersects E; just at the point ¢ =[1:0:0:0:1:0:---: 0] of X,.
Hence L - E; = 1. The divisor H3 intersects L in p and in another point not lying on V3. Moreover, by Proposition
the tangent cone of H3 at p is a hyperplane section of X4 not passing through g. Then L. Dy = 1. By the

projection formula we have
1=L-Dy=2L-H—aL-E,=2L-H—a=2—a

and hence a = 1. So we may write Dy ~ 2H — FEj.

Now, write D3 ~ 3H — bE;. The divisor H3 intersects L in p with multiplicity two and in another point not
lying on V3. By Proposition [I.8 the tangent cone of H3 at p is a quadratic section of X4 not passing through gq.
Hence

1=L-Ds=3L-H—alL-Fy=3L-H—a=3—a
and a = 2. Then D3 ~ 3H — 2E;.

We will denote by S the strict transform of S3(V3) in Xél). Let R ¢ X4 =~ G(1,4) be a general line. Note that
R is contracted by the blow-down morphism and hence

1=R-Dy=2R-H—-—R-E;,=—-R-E;
yields R - Fy = —1. By Proposition B.2I] we may write S3 ~ 2H — cE; and since by Proposition 318 the tangent
cone of S3(V5) at a point of V5 is a quadratic section of X4 we have R - S3 = 2. This yields
2=R-S3 =2R-H—CR-E1 = —CR-El =cC

and Sg ~2H — 2E1

Now, by Proposition B.I8 the morphism f5 : Sg — Xél) in Construction [3.I1] is the blow-up of a smooth variety
along a smooth subvariety. So we can apply Remark [5.§ in order to compute the discrepancies of the divisors with
respect to Es. Finally, again by Proposition we get the claim. ([l

Theorem 5.12. The Cox ring of Sg is generated by the sections of D1, Do, D3, E1, Eo, S§2) (V3). The Mori chamber
decomposition of the effective cone of Sg has mine chambers as displayed in the following 2-dimensional section of

Es

i

2 5
58 (vE) N

where P ~ 3H — FE1 — Ey and Mov(Sg) is generated by D1, Do, Dy and P.

Proof. The computation of the movable cone follows from [ADHL15, Proposition 3.3.2.3], Proposition and
Remark 5.6 and the statement on the generators of Cox(Sg) follows from Corollary (.9l

Furthermore, by Lemma [5.11] Proposition and Remarks [0.0] the Mori chamber decomposition of Eff(Sg)
is a, possibly trivial, coarsening of the decomposition in the statement.



COMPLETE SYMPLECTIC QUADRICS AND KONTSEVICH SPACES OF CONICS IN LAGRANGIAN GRASSMANNIANS 21

Note that the stable base loci of a divisor in the interior of chamber delimited by S (2) (VQ) P,Ey; S3(V3), P, Ds;
S (V3), Ds, Ey; Dy, Ds, Dy, Ey; Ey, Dy, Ey,; P,Dy,Ey are respectively given by S( (V3) U Ey; S2(VE); Es U
532)(1)2), FEs; Ey U Esy; Ep. Furthermore, since Mori chambers are convex the stable base locus chamber delimited
by Do, D3, D1, Es must be divided in two Mori chambers by the wall joining D2 and E5. Hence the decomposition
in the statement gives the Mori chamber decomposition of Eff(Sg) outside of the movable cone.

Finally, note that the only modifications we could perform inside the movable cone are removing the wall joining

D, and D3 and adding a wall joining D, and P. However, both these modifications are not allowed since by
Proposition [£.7] the chamber delimited by D, Do, D3 is the nef cone of Sg. O

6. MODULI SPACES OF CONICS IN LAGRANGIAN GRASSMANNIANS

An n-pointed rational pre-stable curve (C, (z1,...,z,)) is a projective, connected, reduced rational curve with
at most nodal singularities of arithmetic genus zero, with n distinct and smooth marked points 1, ...,z, € C. We
will refer to the marked and the singular points of C as special points.

Let X be a homogeneous variety. A map (C, (21, ..., Zp), @), where o : C' — X is a morphism from an n-pointed
rational pre-stable curve to X, is stable if any component E =~ P! of C contracted by a contains at least three
special points.

Now, let us fix a class 8 € Hy(X,Z). By [FP97, Theorem 2] there exists a smooth, proper, and separated
Deligne-Mumford stack Mo (X, 3) parametrizing isomorphism classes of stable maps [C, (21, ..., ,), @] such that
ax[C] = B. Furthermore, by [KP0I, Corollary 1] the coarse moduli space M, (X, /) associated to the stack
Mo (X, ) is a normal, irreducible, projective variety with at most finite quotient singularities of dimension

dim(Mo (X, B)) = dim(X) + 8- c1(Tx) +n — 3.

The variety Mg (X, 8) is called the moduli space of stable maps, or the Kontsevich moduli space of stable maps
of class 8 from a rational pre-stable n-pointed curve to X.

Kontsevich spaces of conics in Grassmannians. We will denote by M o(G(k,n),2) the moduli space of degree two
stable maps to the Grassmannian G(k, n) parametrizing k-planes in P* embedded via the Pliicker embedding. Now,
following [CC10, Section 2| we are going to describe divisor classes on Mg o(G(k,n),2). Fix projective subspaces
"% 1I"~#=2 = P" of dimension n — k and n — k — 2, and consider the Schubert cycles

oyt = {WeG(k,n)| dim(W ") > 1};
ok = (W e G(k,n) | dim(W A II"2) > 0}
Let 7 : Mo1(G(k,n),2) — Moo(G(k,n),2) be the forgetful morphism and ev : Mg 1(G(k,n),2) — G(k,n) the

evaluation morphism. We define

Hk "= 7T*6’U*01)1, Hk’n

_ *
o1.1 oy €U 029.

Furthermore, we will denote by T the class of the divisor of conics that are tangent to a fixed hyperplane section
of G(k,n).

Let Dsggl be the class of the divisor of maps [C, a] € M 0(G(k,n),2) such that the projection of the span of the
linear spaces parametrized by «(C) from a fixed subspace of dimension n — k — 2 has dimension less than k + 2.

Next we define the divisor class Dﬁﬁ) A stable map o : P! — G(k,n) induces a rank k + 1 subbundle
Eo € Opr @ K" If k = 1 we define Dknb as the closure of the locus of maps [P*, ] € Mo (G(k,n),2) such that
Ea # Op1(—1)®2. If k > 2 there is a trivial subbundle OFF~! = &, which induces a (k — 2)-dimensional subspace
H, < P". In this way we get a map

€: Moo(G(k,n),2) --+ G(k—2,n)
[P*, a] = Hq
We define DS;Z) = {*Og(k—2,n) (1) that is D " is the closure of the locus of maps [P, a] € Mg,o(G(k,n),2) such
that H, intersects a fixed (n — k + 1)- dlmensmnal subspace of P".
Finally, we denote by A*" the boundary divisor parametrizing stable maps with reducible domain.

The connection between Mg o(G(1,3),2) and the space of complete quadrics Q(3) is due to [Huel5, Lemma 21]
which states that there is a finite morphism of degree two

which maps a smooth conic C' < G(1,3) to the quadric surface U[L]EC L c P3.
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Kontsevich spaces of conics in Lagrangian Grassmannians. The Lagrangian Grassmannian LG(r,2r) < G(r —
1,2r — 1) parametrizes r-dimensional subspaces of K 2" which are isotropic with respect to the standard symplectic
form ©Q in BI)). By [Tev05, Section 2.1] LG(r,2r) is an irreducible variety of dimension @ and of Picard
rank one. Moreover, the restriction of the Pliicker embedding of G(r — 1,2r — 1) yields the minimal homogeneous
embedding of LG(r, 2r).

In this section we will study the moduli space Mg o(LG(r,2r),2) parametrizing conics in LG(r,2r). Let &€ be
the universal quotient bundle on G(r — 1,2r — 1). The Lagrangian Grassmannian LG(r,2r) ¢ G(r — 1,2r — 1)
is the zero locus of a section of A*& which has first Chern class (r — 1) (Og(r—1,2r—1)(1)). Hence the canonical

bundle of LG(r,2r) is given by wra(r2r) = Org(r2r(—r — 1), and dim(Mo o(LG(r,2r),2)) = %

Remark 6.2. We recall some facts about the cohomology of LG(r,2r). For details we refer to [BKT03, Section
3]. Consider a flag F! ¢ F? ¢ ... < F" < K?", where F’ are isotropic subspaces of K?" of dimension j. Let D,
be the set of strict partitions A = (Ag,...,A) with 0 < \; < -+ < A; < r and denote by |\ = A1 + -+ + \; the
weight of A. For each A € D, there is a codimension |A| Schubert variety 3% < LG(r,2r) defined by

L= {W e LG(r,2r), dim(W A F™1N ) >4 6 =1,... 1}
The class of the Schubert variety X% in the cohomology ring H*(LG(r,2r), Z) will be denoted by o}. We have that
H*(LG(r,2r),Z) = P Z- o}
XD,
with the following relations:

(6.3) (072 +2 > (~1)fof o7, =0
k=1

where by convention o = 1 and o] = 0 for i < 0.

Now, we define divisor classes on MO,O(LG (r,2r),2). We denote by A", the boundary divisor parametrizing stable
maps with reducible domain, this is the restriction to Mg o(LG(r,2r),2) of the divisor A™=%27=1 on Mg o(G(r —
1,2r — 1),2).

Fix an isotropic subspace F"~! of dimension r — 1, and consider the divisor H], = myev*oy, where 7 :
Mo1(LG(r,2r),2) — Mg o(LG(r,2r),2) is the forgetful morphism, ev : Mg 1(LG(r,2r),2) — LG(r,2r) is the
evaluation morphism, and o} is the Schubert cycle corresponding to the Schubert variety

vi={W e LG(r,2r),dim(W n F"1) > 1}.
By Remark [6.2] in LG(r,2r) the only Schubert cycle of codimension two is o5, so by [Opr05, Theorem 1] we get
that A” and HJ, generate the Picard group of M o(LG(r,2r),2). Furthermore, we have that both the divisors
Himb2r=1 and Hi7 V201 of Mo o(G(r — 1,2r — 1),2) restrict to Hj, on Moo(LG(r,2r),2). Then, also Dj_=*""
and D% restrict to the same divisor D, , on Mo o(LG(r,2r),2).

Finally, we will denote by T" the restriction of the divisor 7"~ 12"=1 to Mg o(LG(r,2r),2), this is the class of
the divisor of conics that are tangent to a fixed hyperplane section of LG(r,2r).

Proposition 6.4. Consider the subspaces H = {x3 = -+ = X1 = Tpyo = -+ = To,_1 = 0} and [I"3 = {zg =
- =41 =0} in P21 There is an embedding
i: LG(2,H) — LG(r,2r)
L = (LI
which induces an embedding j : Mo o(LG(2,4),2) — Moo(LG(r,27),2). Moreover, the pull-back map j* :
Pic(Mo,o(LG(r,2r),2)) — Pic(Mo,o(LG(2,4),2)) is an isomorphism.
Proof. Since II"~2 is the projectivization of an isotropic > subspace of K 2r and disjoint from H, the map i is
well-defined. By [Opr05, Theorem 1] the Picard group of Mg o(LG(r,2r),2) is generated by A” and H_,.
Furthermore, we have that i*(0%) = 05 and then J*(Hgy) = H?,. Finally, since j*(A") = A? we conclude that
2

the pull-back map is an isomorphism. O

Lemma 6.5. Let C1,Cy < G(1,3) be two smooth conics corresponding to the rulings U[L]ec1 L and U[L]ng L of
a smooth quadric Q < P3. The following are equivalent:

(a) Cy is contained in LG(2,4) but Cs is not;

(b) the lines in the ruling U[L]601 L are Lagrangian while the general line in the ruling U[L]ec2 L is not;

(¢) the matriz of Q has a scalar multiple that is symplectic.
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Proof. The actions of Sp(4) on M (LG(2,4),2) in (6.7) and on Sy in (B5) are compatible. Therefore, it is enough
to prove that the equivalence of the conditions in statement holds for a particular smooth quadric.
Consider the quadric @ = {z3 + 2% — 23 — 23 = 0} < P3. If Mg, is the matrix of Q we have MéQMQ = —, and
hence Mg is symplectic.
Now, one of the rulings of @) is given by the following lines
Ls, = {(t,—s,—t,5),(s,t,8,t))

with [s : t] € P!. Note that Ls, is Lagrangian with respect to 2 for all [s : ¢] € PL.

Fix homogeneous coordinates [Zp : --- : Z5] on P°. The Lagrangian Grassmannian LG(2,4) is cut out on
the Grassmannian G(1,3) by the hyperplane H = {Z; + Z4 = 0}. Via the Pliicker embedding the ruling L
corresponds to the conic given by the image of the following morphism

P! — G(1,3)
(s,t) — [t2+s%:2st:t2 — 5?1 —s2 +12: —2st: —1% — 5]

which therefore is contained in H n G(1,3) = LG(2,4). The other ruling of @ is given by
Ry = {(u, —v,u,v), (v,u, —v,u))
with [u : v] € PL. The corresponding conic is given by the image of

P! — G(1,3)

(u,v) > [u?+0?: —2uv:u? —0? 0% —u?: —2uv,u? + v?]
which is not contained in H n G(1,3) = LG(2,4). Hence, the general line in the ruling R, , is not Lagrangian. O
Lemma 6.6. The following Sp(4)-action on Mg o(LG(2,4),2)

Sp(4) X MO,O (LG(2, 4), 2) —> Moﬁo(LG(2, 4), 2)

(6.7) (M, [C, a]) — [C,A"M oa]

gives to Mo o(LG(2,4),2) a structure of spherical variety.

Proof. By Lemma[6.5a ruling of the quadric Q = {23 + 2% — 2% — 23 = 0} yields a conic in LG(2,4). Let Z < Sp(4)
be the Borel subgroup of the symplectic group in Remark B4l Note that dim(2) = 6. The stabilizer of Q in 2 is

given by
Asg 022\ (Iz22 022 AL, B, _ Ab Az Az2Bj 5
Byy Ayh) \022 —Ipo) \ 022 A3} BypAby BaoBh,— AjLALS

SO7 we get B272 = 0212 and A§12A272 = 1212. Then

Stabga(Q) = M = ; with a®> =b* =1

S O o e
O O o O
OO O
SI=Oo O O

and dim(Stabg(Q)) = 0. O
Proposition 6.8. The restriction of the map in ([61) to Mo o(LG(2,4),2) yields an isomorphism

(69) P MO,O(LG(27 4)5 2) — 84

where Sy is the wonderful compactification of the space of symplectic quadrics of P3.

Proof. By Lemma the restriction of the map in (61 to Mo o(LG(2,4),2) yields a 1-to-1 morphism which is
surjective since both Mg o(LG(2,4),2) and S, are 6-dimensional.

Finally, since Sy is smooth and Mg o(LG(2,4),2) is normal Zariski’s main theorem [Mum99, Chapter 3, Section
9] yields that the morphism in ([6.9]) is an isomorphism. O

Lemma 6.10. The divisor classes A% D? . and the divisor classes HgQ,T2 are respectively the classes of the
boundary divisors and the colors of the spherical variety Mo o(LG(2,4),2).

Proof. The actions ([6.7)) and (B8] are equivariant with respect to the map ¢ in ([@3). So boundary divisors and
colors of Mg o(LG(2,4),2) are mapped by ¢ to boundary divisors and colors of Sy respectively. By Proposition

E0, in S; the colors are D1, Dy and the boundary divisors are Ej, Sél)(VS). Moreover, A%, D? . are stabilized
by the Sp(4)-action in (1) and choosing the flag of isotropic linear subspaces {zg = 1 = 0} < {z¢o = 0} we
see that H2 ,T? are stabilized by the action of the Borel subgroup of Sp(4) in Remark B4l Moreover, it is

o2
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straightforward to see that the inverse image via the morphism ¢ in (69) of Sél)(VQB), Ey1,Dq, Dy are divisors of
classes A2, D? . H2 T2?. Now, assume to have another boundary divisor in MO)Q(LG(2, 4),2). Then, ¢ maps this

unbr T o2
divisor to a boundary divisor of S4, but the only boundary divisors of S; are Sél) (V3), E1. Then, the only boundary
divisors of M o(LG(2,4),2) are A%, D2 . and similarly the only colors of Mg o(LG(2,4),2) are H2 , T?. O

unb? 02

We denote by Mg o(LG(r,2r),2,1) the moduli space of weighted stable maps to LG(r,2r). In this space degree
one tails of a stable map are replaced by their attaching point. We refer to [MMO7] for the construction of moduli
of weighted stable maps.

Proposition 6.11. The divisors A", D" . generate the effective cone of Mo o(LG(r,2r),2), and the divisors
H! ,T" generate the nef cone of Moo(LG(r,2r),2).
The divisor HJ, induces a birational morphism

Frz, : Moo(LG(r,2r),2) — Chow(LG(r,2r),2)

which is an isomorphism away form the locus Q" (1) of double covers of a line in LG(r,2r), and contracts Q" (1) so

that the locus of double covers with the same image maps to a point, where m(LG(T, 2r),2) is the normalization
of the Chow variety of conics in LG(r,2r).
The divisor T" induces a morphism

frr: Moyo(LG(r, 2r),2) — Moyo(LG(r, 2r),2,1)

which is an isomorphism away from A" and contracts the locus of maps with reducible domain [Cy U Ca,a] to
a(Cy n Cy). Hence, fr+ contracts the divisor A" onto LG(r,2r) = Mo o(LG(r,2r),2,1).

Proof. By [ADHLIS, Proposition 4.5.4.4] and Lemma the effective cone of Mg o(LG(2,4),2) is generated by
A% D? . H2 T?2. Consider the isomorphism ¢ in (639). We have

unbr *rto2

P Er = D2, 9" S (V3) = A%, o*Dy = H2,, ¢* Dy = T,

unbs o
Now, the relations among the boundary divisors and the colors of Sy in Proposition[5.I0yield the following relations
in the Picard group of Mg ¢(LG(2,4),2):

A2 +22D12Lnb, T2 ~ A2 +D2

and the statement in the case r = 2 follows from Propositions [£.7] and o
Now, consider the case r > 2. Since T" is the pull-back of 7"~12"~! via the embedding Mg o(LG(r,2r),2) —
Mo o(G(r —1,2r — 1),2) [CCI0, Theorem 3.8] yields that T" induces a morphism

fTr . MO,O (LG(T, 2’[”), 2) i MO,O (LG(T, 2’[”), 2, 1)

2
(6.12) H2 ~

unb

which is an isomorphism away from A" and contracts the locus of maps with reducible domain [C} U Ca,a] to
a(Cy n Cs). Hence, fr- contracts the divisor A™ onto LG(r,2r) « Mo o(LG(r,2r),2,1). So A" generates an
extremal ray of the effective cone, and T" generates an extremal ray of the nef cone.

Similarly, [CCI0, Proposition 3.7] yields the morphism fu; Moo(LG(r,2r),2) — Chow(LG(r,2r),2), and
hence H;, generates the other extremal ray of the nef cone.

Now, following the proof of [CC10, Lemma 3.4] we define the class of a curve T' in Mg o(LG(r,2r),2) whose
deformations cover the whole of Mg o(LG(r,2r),2). Consider a general hyperplane section Z of LG(2,4) < P*, and
a general line in this hyperplane section. The planes containing the line cut out a pencil of conics on Z < LG(2,4).
Hence we get a rational curve C' < Mg o(LG(2,4),2) parametrizing these conics. Let I' be the image of C via the
embedding in Proposition 6.4l Then H] -T' =1, and A" -T = 2 since there are two reducible conics in a general
pencil of conics in the quadric surface Z. Now, by (6.12)) we get that D] ,-T' = 0, and by [BDPP13| Theorem 2.2]
we conclude that D! , generates the other extremal ray of the effective cone. (I

Remark 6.13. Note that Q"(1) is a divisor in Mg o(LG(r,2r),2) if and only if r = 2. By Proposition [6.8 we have
Mo o(LG(2,4),2) = S, which by Proposition is the blow-up of G(1,4) along the Veronese Vj. In this case

faz, : Moo(LG(2,4),2) — Chow(LG(2,4),2)

is nothing but the blow-down morphism S; — G(1,4). Indeed, since LG(2,4) = P* is a quadric hypersurface and
hence does not contain any plane we have that all planes in P* cut out a conic on LG(2,4). Hence, we may identify
the Chow variety of conics in LG(2,4) with G(2,4) = G(1,4).



COMPLETE SYMPLECTIC QUADRICS AND KONTSEVICH SPACES OF CONICS IN LAGRANGIAN GRASSMANNIANS 25

Furthermore, by Proposition the morphism
fT2 : MO)Q(LG(2, 4), 2) i MO)Q(LG(2, 4), 2, 1)

is induced by the strict transform of the restriction to G(1,4) of the linear system of quadrics in PY containing V3.
In this way we realize M o(LG(2,4),2,1) as a 6-fold of degree 40 in P1* which is singular along a 3-fold isomorphic
to LG(2,4).

Theorem 6.14. The Mori chamber decomposition of Eff (Mo o(LG(r,2r),2)) has three chambers as displayed in
the following picture:
D’V‘

unb

r
HZ,

T"

AF
where H],, ~ (A" +2D! ) and T" ~ A" + D', . Furthermore, Mov(M,o(LG(r,2r),2)) is generated by T" and
Dr ., if 1> 2, while Mov(Mo,0(LG(2,4),2)) is generated by T? and HZ,. The Cox ring Cox(Mg,o(LG(2,4),2)) is
generated by the sections of A®, D2, H2 T?.

The birational model X, corresponding to the chamber delimited by H}, and Dy, is a fibration X, — SG(r —
2,2r) with fibers isomorphic to G(2,4), where SG(r —2,2r) is the symplectic Grassmannian parametrizing isotropic
subspaces of dimension r — 2. Finally, D", contracts Mg o(LG(r,2r),2) onto SG(r —2,2r).

Proof. First consider the case r = 2. The statement on the generators of the Cox ring follows from Proposition 6.1l
and Remark Furthermore, by Remarks [5.5] and [5.6] the Mori chamber decomposition of Eff (Mg o(LG(2,4),2))
is a, possibly trivial, coarsening of the decomposition in the statement. Since by Proposition [6.11] the effective cone
Eff(Mo,0(LG(2,4),2)) is generated by A% and D2, and HZ ,T? generate Nef(Mo,0(LG(2,4),2)) no ray can be
removed, and the Mori chamber decomposition is as in the statement. The relations H. ~ (A" + 2D7 ) and
T" ~ A" + D7, follow from the proof of Proposition [6.4] and (612)).

Now, consider the case r > 2. By Proposition [6.I1] the wall-crossing of T" induces a divisorial contraction, and a
divisor inside the chamber delimited by 7" and H], is ample. By Proposition [€.11] the wall-crossing of H] yields
a birational contraction whose exceptional locus is the variety Q" (1) of double covers of a line in LG(r, 2r).

Next, we will construct the birational model of Mg o(LG(r,2r), 2) corresponding to the chamber delimited by H, o
and D" .. Let H < P2"~! be an (r+1)-plane containing an isotropic (r—1)-plane IT = P?"~!. Then II = IT+ > H*.
So H* < H. Now, the (r + 1)-planes containing their orthogonal are in bijection with the (r — 3)-planes of P? !
that are isotropic. The variety parametrizing such (r — 3)-planes is the symplectic Grassmannian SG(r —2,2r). Let
U, be the universal bundle on SG(r — 2,2r), U+ < U, its orthogonal, and Q, = U,./U+ the quotient bundle. Then
Q, has rank four, and we may consider the relative Lagrangian Grassmannian LG(2, Q,) — SG(r —2,2r), and the
relative Hilbert scheme Hilba(LG(2, Q,)) — SG(r — 2,2r). Note that since LG(2,4) does not contain planes the
fibers of Hilby(LG(2, Q,)) — SG(r — 2,2r) are isomorphic to G(2,4). Indeed, we can associate to a plane in P*
the conic it cuts out on LG(2,4). Set X, := Hilbs(LG(2, Q,)) — SG(r — 2,2r). Note that

2 2

3= 2)2 S Y s s ;’” “2 _ dim( 0 (LG(r,2r),2))
and there is a birational transformation Mg o(LG(r,2r),2) --+ X, inducing an isomorphism between the comple-
ment of Q"(1) in Mg o(LG(r,2r),2) and the complement of the locus of double lines in X,.. Since 7 > 2 both these
loci are in codimension greater that one. Furthermore, H], induces a morphism on X, associating to a conic the
reduced curve on which it is supported. Hence, this morphism is birational and contracts the locus of double lines.
Finally D! . induces on X, the fibration X, — SG(r — 2,2r). Indeed, this fibration yields the rational fibration
Mo o(LG(r,2r),2) --+ SG(r — 2,2r) associating to a stable map that is not 2-to-1 onto a line the orthogonal of
the (r + 1)-plane in P?"~! generated by the (r — 1)-planes parametrized by the image of the map. Hence, the cone
generated by H7, and Dy, is the nef cone of X.

Finally, the claim about the movable cones follows from Remark [6.13] since H 32 induces a divisorial contraction,

while for r > 2 the divisor H, 32 yields a small contraction and D , induces a non trivial fibration. (]

dim(X,) = dim(SG(r — 2,2r)) + 6 = 2r® — 4r —

We now study the positivity of the anti-canonical divisor of M o(LG(r,27),2).



26 ELSA CORNIANI AND ALEX MASSARENTI

Proposition 6.15. Let Mg o(LG(r,2r),2) be the smooth Deligne-Mumford stack of degree two stable maps to
LG(r,2r), ﬁ;,TT,ZT,ﬁ;nb the divisors on Mo o(LG(r,2r),2) corresponding to HI, ,T", A", Dy, ., respectively.
The anti-canonical divisor of the stack Mo o(LG(r,2r),2) is given by

5T r—"T—r
7KMO’0(LG(T,2T),2) = 5H<72 + ) Dunb
Jor v > 2, while —K35 (1.6(2,4),2) = 5Fi2 - 53121,77,17' Furthermore, the anti-canonical divisor of Mo o(LG(2,4),2)
is given by
T r—7 T
7KM0,0(LG(’I‘,2T),2) =5H,, + T Tunb

for r > 2, while for r = 2 we have that
—K37, s(na2ay.2) = SHay — 2D

Proof. We will compute the canonical divisor of Mg o(LG(r,2r),2) using the formula in [dJS17, Theorem 1.1].
Hence, we need the Chern classes ¢1(Trc(r2r))s c2(TLG(r,2r)), Where Tpg(r 2y is the tangent bundle of LG(r,2r).
Recall that Tp (20 = Sym?(SY), where S is the universal bundle.

Let us pretend that SY = L1 @®---@ L, splits as direct sum of line bundles. We will then use Whitney’s formula
along with the splitting principle to compute the Chern classes of Sym2(SV). Set ¢1(L;) = o for i = 1,...,r.
Then

T

c(SY) = H(l + ;)

i=1
and hence
(6.15) alS)=a1+ - +a, (SY)=aas+ - +a1a, + ez + -+ Q1.
Furthermore
Sym*(SY) =L@ (L1 ® L)@ ®(L1®L)®LY @ @ LD
yields

c(Sym*(SV)) = (1+42a1)(1+ay +az)...(1+ a1 +a)(1+2a2) ... (1 +20a,) =
L+ (r+ )Y g+ ZH=23 62 4 (12 4 2r)(aqag + - + ap_qay) 4+ - =
r r2ar— r
L+ (r+ D)X o+ “H=2(30 )2+ (r+2)(cqae + -+ apqap) + 00 =
2

L+ (r+1)a(SY) + 2521 (SV)? + (r +2)ea(SY) + ...
where in the last equality we plugged-in the formulas in (I5). Recall that ¢1(SY) = o7, c2(SY) = o} and that by
[63) we have (07)? = 20%. Hence

ci(Trg(rary) = (r+1)of,  c2(Trg(rar)) = (r* +2r)ob.

Now, plugging-in these formulas in [dJS17, Theorem 1.1] we get

2r + 6—r r—T—r
K3ty orairam,2) = = 1 H,, + 1 A

Let 7 : Mo o(LG(r,2r),2) — Mo o(LG(r,2r),2) be the canonical morphism from My o(LG(r,2r),2) to its coarse
moduli space. Note that 7 : Mg o(LG(r,2r),2) — Mo o(LG(r,2r),2) is an isomorphism in codimension one for all

r > 2, while for » = 2 it is ramified on the divisor Dfmb. When r = 2 the stack has non trivial inertia along the
divisor ﬁinb since a general stable map in ﬁinb has automorphism group Z/27Z. Taking this into account we get
that 7*D? . = 9D.,,, and hence Theorem F.I2 yields A" = 2ﬁ;2 — 2D, if > 2, and A= 2?32 — 4512”;17- So,

in terms of ﬁ; and Eznb the canonical divisor of the stack is given by

unb»

.
" 'D

unb

K3, o(na(rary,2) = —5H,, —

ifr>2,and Kﬂo,o(LG(2,4),2) = —5ﬁ§2 + 5ﬁinb. Furthermore, when r > 2 the formula above gives the expression

of the canonical divisor of Mo o(LG(r,2r),2) in the statement since Mg o(LG(r,2r),2) and Mg o(LG(r,2r),2) are
isomorphic in codimension one for r > 2.
However, when r = 2 we have that

—2
Ko o(L6(2.0).2) = W*KHO,O(LG@A),Q) + Doy
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Let us write Ky | (1c(2,4),2) = —5HZ, + aD? . Recalling that 7*D2 , = 23121,77,17 we get

—_2 —2 —=2 -2 -2
—5H,,, + 5D, = K5ig, (no(2,a),0) = 7 (—5HZ, + aDyy) + Dy = —5H,, + (2a + 1) Dy
Hence, a = 2 and KMD o(LG(2,4),2) = —5H§2 + 2Dinb. O

2
unb

can also be deduced from the description of M (LG(2,4),2) as the blow-up of G(1,4) along V3 in Proposition
03]

Remark 6.16. Since wg(1,4) = Og(1,4)(—5) and codimg(1)4)(V§’) = 3 the formula K37, 016 (2,0),2) = —5HZ +2D

Corollary 6.17. The moduli space Mo o(LG(r,2r),2) is Fano for 2 < r < 6, weak Fano for r = 7, and

*KMO,O(LG(T,%)Q) is not ample for r = 8.

Proof. By Propositions [6.14 and [6.15 we have that — K37, o(LG(r2r),2) 18 @ multiple of H if r = 7. Furthermore,

—K37, o(LG(r2r),2) lies in the interior of Nef(Mg o(LG(r,2r),2)) for 2 < r < 6, while for 7 > 8 we have that
— K57 lies in the interior of the cone generated by H] and D! .. (|
Mo, o(LG(r,27),2) o2 unb

Finally, the following result on automorphisms of Mo o(LG(2,4),2) is at hand.
Corollary 6.18. The automorphism group of Mo o(LG(2,4),2) is given by
PsAut(Mo 0(LG(2,4),2)) = Aut(Moo(LG(2,4),2)) = PSp(4)

where PSp(4) is the projective symplectic group, and PsAut(Mg o(LG(2,4),2)) is the group of birational self-maps
of Moo(LG(2,4),2) inducing automorphisms in codimension one.

Proof. By Propositions 3.16] we have that Mg o(LG(2,4),2) is isomorphic to the blow-up of G(1,4) along the
Veronese V3. Let ¢ € Aut(Moo(LG(2,4),2)) be an automorphism. Then either ¢ preserves the two extremal rays
of Eff(Mgo(LG(2,4),2)) in Theorem [6.14] or it swaps them. In the second case ¢ must swap also the extremal
rays of Nef(Mg,(LG(2,4),2)) but this is not possible since for instance 7 has more sections than H2, . Therefore,

¢ stabilizes the exceptional divisor Dfmb of the blow-up and then it induces an automorphism ¢ of G(1,4) that
stabilizes V3.

Now, the automorphism group of G(1,4) is isomorphic to PGL(5) and all these automorphisms are induced by
automorphisms of the ambient projective space PY [Cow89, Theorem 1.1]. The restriction of ¢ to V§ yields an
automorphism EIVS of P3. Since ¢ is an automorphism of G(1,4), which we interpret as the closure of the space

of symplectic and symmetric matrices modulo scalar, the restriction E\VS € PGL(4) must map symplectic matrices

to symplectic matrices. Hence, EIVS € PSp(4). So, we get a morphism of groups

x: Aut(Moo(LG(2,4),2)) — PSp(4)
¢ - 5|vg
which is surjective. Now, if EIVS is the identity it must be the restriction of the identity automorphism of the
ambient projective space P? in which both V3 and G(1,4) are embedded. Since G(1,4) and Mg o(LG(2,4),2) are
birational we get that ¢)3 must come from the identity of Aut(Mo,(LG(2,4),2)), and hence x is an isomorphism.
Finally, since by Proposition 6.8 and Corollary 617 Mo 0(LG(2,4),2) is a smooth Fano variety the result on

PsAut(Mg o(LG(2,4),2)) follows from [Mas20a, Proposition 7.2]. O
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