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Abstract
We study the stirring process with N− 1 species on a generic graph G= (V,E)
with reservoirs. The multispecies stirring process generalizes the symmetric
exclusion process, which is recovered in the case N= 2. We prove the exist-
ence of a dual process defined on an extended graph G̃= (Ṽ, Ẽ)which includes
additional sites in Ṽ \V where dual particles get absorbed in the long-time
limit. We thus obtain a characterization of the non-equilibrium steady state of
the boundary-driven system in terms of the absorption probabilities of dual
particles. The process is integrable for the case of the one-dimensional chain
with two reservoirs at the boundaries and with maximally one particle per site.
We compute the absorption probabilities by relying on the underlying gl(N)
symmetry and the matrix product ansatz. Thus one gets a closed-formula for
(long-ranged) correlations and for the non-equilibrium stationary measure.
Extensions beyond this integrable set-up are also discussed.
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1. Introduction

1.1. Motivations

Boundary-driven particle systems are paradigmatic models for non-equilibrium statistical
mechanics. In a boundary-driven system, the model is put in contact with reservoirs, and a
current is generated through the system. In the long time limit, a non-equilibrium steady state
sets in, with a stationary value of the current. Our strategy to solve for the non-equilibrium
steady state is of a probabilistic nature and relies on the use of duality [1]. Starting from the
pioneering work of Kipnis et al [2], this approach has been substantially developed in recent
years to study stochastic processes in the boundary-driven set-up [3, 4]. The boundary-driven
process is mapped to a dual process with absorbing extra sites and the problem of describ-
ing the stationary state of the original system is simplified to the problem of computing the
absorption probabilities of the dual particles. The aim of this paper is to develop the theory
of stochastic duality and study the stationary measure of certain symmetric boundary-driven
multispecies particle systems with exclusion.

1.2. The model

The model we consider is the multispecies stirring process with open boundaries, i.e. the
multispecies analogue of the exclusion process as introduced in [5], with additional bound-
ary reservoirs as proposed in [6]. The hydrodynamic limit and fluctuations of the multispecies
stirring process on Zd has been recently studied in [7]. In our set-up, particles can be of N− 1
types (or species) and they can move on a generic connected and undirected graph G= (V,E)
with vertex set V and edge set E . The maximal number of particles allowed at each vertex (also
calledmaximal occupancy) is denoted by ν ∈ N. Two particles do interact when they sit on two
sites connected by a graph edge and this interaction consists in swapping them. Furthermore,
reservoirs are attached at each site of the graph, creating and removing particles. For a precise
definition of the rates of the process we refer to section 2. As we will see, the choice of the
boundary reservoirs is motivated by the fact that they allow to determine an absorbing dual
process that does not permit color-changing until absorption at the boundary, regardless of the
graph G on which the process is defined and of the maximal occupancy ν at each site.

A special case is obtained when the graphG is a finite chain, with two reservoirs attached to
the first and the last sites respectively, and the maximal number of particles allowed at each site
is fixed to be ν= 1. In this case themultispecies stirring process with open boundaries becomes
integrable (see [6]). We recall that for the single species case, the solution of the exclusion pro-
cess with open boundaries [8, 9] has been of crucial importance in our understanding of the
structural properties of the non-equilibrium state, such as long-range correlations [10] and
non-local density large deviation functions [11, 12] and current large deviations [13, 14]. One
may argue that the results available for the exclusion process are rooted in the algebraic sym-
metries of the corresponding integrable spin s= 1/2 Heisenberg chain, see e.g. [15, 16] for
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two excellent reviews. This integrability property can be combined with duality and leads to
closed-form expressions for the correlations and the non-equilibrium steady state, as shown in
[17, 18]. In this paper we focus on the multispecies stirring process with open boundaries. We
choose to restrict to the symmetric version of the model, as the formulation of duality in the
presence of asymmetry and boundary driving is substantially more involved (for recent results
on the single species case see [19, 20]).

1.3. Organization of the paper and main results

We start in section 2 by defining the open multispecies stirring process on a general graph and
providing its Lie algebraic description in terms of the generators of the gl(N) Lie algebra. In
section 3 we prove an absorption duality (theorem 1) and show that the problem of charac-
terizing the non-equilibrium steady state can be reduced to the computation of the absorption
probabilities similar to the single species case on the line [2] and for a general graph [18]. In
section 4 we consider the case of the one-dimensional chain with at most one particle per site
(ν= 1), which is driven out-of-equilibrium by two reservoirs on the left and right boundaries.
In this case we obtain a closed-form expression for the stationary correlations (theorem 2).
Here the computation relies on the extension of the Matrix Product Ansatz [8] to multiple
species [6] and the gl(N) invariance of the process in the bulk. Finally in section 5 we dis-
cuss a few extensions and generalizations of the model. The first generalization is the formula
for the correlations for the boundary driven chain in the case when more than one particle is
allowed at each site (ν > 1). In this situation integrability is lost and we cannot derive explicit
formulas for the absorption probabilities. However, in appendix B, we show how to compute
the one-point correlation by using the properties of a random walk. The second generalization
is the definition of a thermalized version of the boundary-driven multispecies stirring process
and the formulation of the absorbing duality with the same duality function of the multispe-
cies stirring process (the details of the proof are reported in appendix C). Finally, inspired by
[21, 22], the third generalization is the introduction of an ‘ad-hoc’ interaction mechanism of
reaction type, in order to have closed evolution equation for average particle densities, (we
report the details of the computations for the closure of the average density evolution equation
in appendix D). Again, an absorbing duality is proved with the same duality function of the
multispecies stirring process.

2. The stirring process with open boundaries

2.1. Informal description of the process

The process studied in this paper is the multispecies stirring process with open boundaries.
Each site of a connected graph can host a maximal number of particles called ν ∈ N . The
particles have a type (sometimes called species or color) which can take values {1,2, . . . ,N−
1}. More precisely, at each site there are ν available places (called holes or vacancies) that can
be either occupied by particles or not. As a consequence, each site can be totally empty (when
no particles are present and thus ν holes are available), totally occupied (when ν particles,
of any type, are present and thus no holes are available) or partially occupied (when some of
the holes are occupied and some are available). All these configurations obey the exclusion
constraint that tells that, at each site and at any time, the sum of the number of particles of any
type plus the number of holes is ν.
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Then, the dynamics has two parts:

• on each edge of the graph, any two types of particles are swapped at rate 1; moreover a
particle of any type and a hole are also swapped at rate 1;
• on each vertex x of the graph, a particle of type a ∈ {1, . . . ,N− 1} is created (respectively

annihilated) at rate αxan
x
N (respectively αxNn

x
a) where nxN (respectively nxa) denotes the number

of vacancies (respectively particles of type a) at site x. Here αxa > 0 and αxN > 0 are postive
constants tuning the reservoir densities. Additionally a particle of type b is replaced with a
particle of typea at rate αxan

x
b .

The swap dynamics taking place on the edges is of Kawasaki-type with N conservation laws,
whereN is the number of species plus the holes. This means that the sum of the particle number
of each species and the number of holes is conserved by the dynamics. The site-dynamics is
instead of Glauber-type. In the long-time limit, a so-called non-equilibrium steady state sets in.
In the case N= 2, we retrieve the boundary-driven version of the symmetric exclusion process
[1, 4].

2.2. The process generator

We now give the mathematical description of the multispecies stirring process. We consider
a connected graph G= (V,E) with vertex set V and edge set E . At each vertex site x ∈ V, we
describe the occupation with an N−dimensional vector nx = (nx1, . . . ,n

x
N) in which the value of

the ath component nxa denotes the number of particles of species a ∈ {1, . . . ,N− 1}, while the
component nxN counts the number of holes at site x. On each vertex we allow a total maximal
number of particles ν ∈ N. In the following we use indices denoted by lowercase letters (for
instance a,b,c,d ∈ {1, . . . ,N− 1}) when only particles are taken into account. Moreover, we
introduce indices denoted by uppercase letters (for instance A,B,C,D ∈ {1, . . . ,N}) to also
incorporate the holes, that correspond to the index N. The configuration space of the process
on the graph G is

Ω :=
⊗
x∈V

Ωx (2.2.1)

where

Ωx :=

{
nx = (nx1, . . . ,n

x
N) ∈ NN

0 :
N∑

A=1

nxA = ν

}
. (2.2.2)

We denote a particle configuration on the graph as n ∈ Ω, where n= (nxA)x∈V,A∈{1,...,N}. The
infinitesimal generator of the process reads

L=
∑

(x,y)∈E

ωx,yLx,y+
∑
x∈V

ΓxLx (2.2.3)

where ωx,y ⩾ 0 are so-called conductances and Γx ⩾ 0 are the couplings to reservoirs. The
generator Lx,y is called the edge generator, while Lx is called the site generator. These linear
operators act on functions f : Ω→ R as follows

Lx,y f(n) =
N∑

A,B=1

nxAn
y
B [ f(n− δxA+ δxB+ δyA− δyB)− f(n)] , (2.2.4)

Lx f(n) =
N∑

A,B=1

αxAn
x
B [ f(n+ δxA− δxB)− f(n)] , (2.2.5)
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where

(δxA)
y
B =

{
1 if y= x, B= A ,

0 otherwise .
(2.2.6)

Thus the dynamics consists in an exchange of particles between connected vertices at
Poissonian times. This means that on the edge (x,y) ∈ E a particle or a hole indicated by A at
site x is exchanged with a particle or a hole indicated by B at site y at rate ωx,ynxAn

y
B. Moreover,

each vertex exchanges particles or holes with the external environment (reservoirs). Namely,
on each site x ∈ V a particle or a hole indicated by B is replaced with a particle or a hole indic-
ated A at rate ΓxαxAn

x
B. The transitions where a particle is replaced by a hole/a hole is replaced

by a particle is interpreted as a removal/injection of particles.

2.3. Reversible measures in the equilibrium set-up

For a particular choice of the reservoir parameters one has an N-parameter family of reversible
measures. More precisely when the parameters are the same on each site, i.e.

αxA = αA ∀x ∈ V , (2.3.1)

then the process described by the generator (2.2.3) is reversible with respect to the homogen-
eous product measure

µrev =
⊗
x∈V

µxrev (2.3.2)

with marginals µxrev given by the multinomial distribution

µxrev ∼Multinomial(ν,ρ1, . . . ,ρN) . (2.3.3)

Here

ρA =
αA
|α|

,

is the density of species or holes denoted by A and we used the notation |α|=
∑N

A=1αA.
Explicitly,

µxrev (n
x) =

ν!∏N
A=1 n

x
A!

N∏
A=1

ρ
nxA
A . (2.3.4)

This can be proved by checking that detailed balance is satisfied. If condition (2.3.1) is not
met, then in general reversibility is lost: indeed, in this situation, each reservoir at site x has its
own set of density vector ρx = (ρx1, . . . ,ρ

x
N) with components

ρxA =
αxA
|αx|

(2.3.5)

and |αx|=
∑N

A=1α
x
A. As a consequence, particles are injected and removed in the graph with

different rates. When, for any A ∈ {1, . . . ,N}, there are at least two reservoirs at two different
sites x,y such that ρxA 6= ρyA, a non-zero current sets in, breaking the reversibility. Informally,
one can say that the reservoirs try to impose their different densities at the boundaries of the
graph, putting the system out-of-equilibrium.

Remark 1. One can check that the conditions (2.3.1) are not themost general that imply revers-
ibility. Indeed, by choosing the reservoir parameters as

αxA (|αy| −αyA) = αyA (|α
x| −αxA) ∀x,y ∈ V, ∀A ∈ {1, . . . ,N} (2.3.6)

6
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where

|αx|=
N∑

A=1

αxA . (2.3.7)

reversibility holds. In the case where the graph is a chain with nearest neighbors interactions
and two reservoirs are attached to the two boundary sites then condition (2.3.6) is the multis-
pecies counterpart of αδ = βγ of the boundary driven partially excluded process introduced
in [1] (see section 3.2 of [4]).

2.4. Lie algebraic description of the process

In this paper we will often use the fact that the Markov generator of the multispecies stirring
process can be described in terms of generators of the Lie algebra gl(N). In this section we
provide details about this.

Consider the Lie algebra gl(N) with generators denoted by EAB with A,B ∈ {1, . . . ,N} and
commutation relations

[EAB,ECD] = EADδCB−ECBδAD ∀A,B ∈ {1, . . . ,N} . (2.4.1)

The finite-dimensional representations are labelled by partitions λ= (λ1,λ2, . . . ,λN) of ν

with λA ⩾ λA+1, λA ∈ N and
∑N

A=1λA = ν ∈ N. We are interested in the symmetric finite-
dimensional representations with

λ= (ν,0, . . . ,0) . (2.4.2)

The dimensionMν of this symmetric representations is given by the combination of N objects
in ν positions with repetition, namely

Mν =
(N+ ν− 1)!
ν! (N− 1)!

. (2.4.3)

The generators of the symmetric representations will be denoted by EAB. A basis of the vector
space CMν are the column vectors denoted by

|n〉= |n1, . . . ,nN〉, with nA ∈ N0 such that
N∑

A=1

nA = ν . (2.4.4)

The basis vectors satisfy the orthogonality relation

〈m|n〉= 〈m1, . . . ,mN|n1, . . . ,nN〉=
N∏

A=1

δmA,nA , (2.4.5)

where 〈m1, . . . ,mN| is the row vector obtained by transposing |m〉= |m1, . . . ,mN〉 and δmA,nA is
the Kronecker delta.

The explicit action of the algebra generators on the basis vectors |n〉 is the following:{
EAB|n1, . . . ,nA, . . . ,nB, . . . ,nN⟩= nB|n1, . . . ,nA+ 1, . . . ,nB− 1, . . . ,nN⟩ A ̸= B

EAA|n1, . . . ,nA, . . . ,nN⟩= nA|n1, . . . ,nA, . . . ,nN⟩ .
(2.4.6)

The matrices defined in this way satisfy the commutation relations (2.4.1) and yield highest
Dynkin weight (2.4.2).

As mentioned above, the process with generator (2.2.3) can be described in terms of gl(N)
Lie algebra generators. The state space (2.2.1) is given by the |V|-fold tensor product of the

7
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vector space with basis elements |nx〉 at a given site. Namely, a vector |n〉 ∈ Ω can be written
as

|n〉=

(⊗
x∈V
|nx1, . . . ,nxN〉

)
(2.4.7)

with
∑N

A=1 n
x
A = ν for any x ∈ V. For a fixed x ∈ V we write |nx〉= |nx1, . . . ,nxN〉. The following

orthogonality relation is a consequence of the single site relation (2.4.5)

〈n|m〉=
∏
x∈V

N∏
A=1

δnxA,mx
A
. (2.4.8)

We introduce the Hamiltonian operator

H=
∑

(x,y)∈E

ωx,yHx,y+
∑
x∈V

ΓxHx (2.4.9)

where the edge Hamiltonian Hx,y that describes the interaction between two connected sites
is

Hx,y =
N∑

A,B=1

(ExABE
y
BA−E

x
BBE

y
AA) (2.4.10)

and where the site Hamiltonian Hx is

Hx =
N∑

A,B=1

αxA (E
x
AB−ExBB) . (2.4.11)

Here ExAB denotes the generator EAB in (2.4.6) acting non-trivially on site x (and as the iden-
tity on the other sites). The Hamiltonian in (2.4.9) is stochastic and is linked to the Markov
generator by

H= LT (2.4.12)

where T denotes transposition, see e.g. [23]. The action of the generator on functions f can
then be expressed as

Lf(n) = 〈 f |H|n〉 (2.4.13)

where

〈 f |=
∑
m∈Ω

f(m)〈m| . (2.4.14)

We can write the edge Hamiltonian (2.4.10) as a function of the coproduct of the quadratic
Casimir of gl(N)

C=
N∑

A,B=1

EABEBA , (2.4.15)

that acts diagonally as C|n〉= ν(ν+N)|n〉 on any state |n〉 and belongs to the center of gl(N)
(i.e. it commutes with all the algebra elements). More precisely, considering the standard cop-
roduct

∆ : gl(N)→ gl(N)⊗ gl(N) (2.4.16)

8
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with

EAB 7→ EAB⊗1+1⊗EAB , (2.4.17)

we have

∆(C) =
N∑

A,B=1

∆(EAB)∆(EBA) = 2
N∑

A,B=1

EAB⊗EBA+C⊗1+1⊗C . (2.4.18)

Then, one can check that

Hx,y =
1
2
∆x,y (C)− ν (2ν+N) (2.4.19)

where ∆x,y(C) denotes ∆(C) acting on the sites of edge (x,y) ∈ E and acting trivially on the
other sites of the graph.

2.5. Integrable process on a line segment

In this section we specialize the multispecies stirring process to the geometry of the one-
dimensional chain with sites {1, . . . ,L}where two reservoirs are attached to the boundary sites
1 and L. The reservoirs, exchanging particles with the external environment, put the chain out
of equilibrium. The Hamiltonian that we consider here is obtained from (2.4.9) assuming that
the conductances are

ωx,y =

{
1 if |x− y|= 1

0 otherwise
(2.5.1)

and the coupling to reservoirs are

Γx =

{
1 if x ∈ {1,L}
0 otherwise

. (2.5.2)

The case ν= 1, i.e. one particle at most for each site, is integrable and has been considered
previously in [6]. For ν= 1 we denote the gl(N) generators as (eAB)A,B∈{1,...,N} obeying
(eAB)CD = δACδBD

3. The Hamiltonian can then be written as

H= Hleft +Hbulk +Hright (2.5.3)

where

Hbulk =
L−1∑
x=1

Hx,x+1 . (2.5.4)

HereHx,x+1 denotes the two-site Hamiltonian

H= P− I (2.5.5)

with the permutation matrix

P=
N∑

A,B=1

eAB⊗ eBA , (2.5.6)

3 In this set-up we have chosen the fundamental (defining) representation of the gl(N) Lie algebra, therefore the
generators (EAB)A,B∈{1,...,N} do coincide with the elementary matrices (eAB)A,B∈{1,...,N}. As a consequence, we
denote these generators by lowercase letters.
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acting non-trivially on the vertices of the edge x,x+ 1. In this context it will be useful to
introduce the following notation for the occupation variables of the process. Each configuration
is denoted by

|τ 〉= |τ1, . . . , τL〉 (2.5.7)

with τx ∈ {1, . . . ,N}, ∀x ∈ {1, . . . ,L}. Since the maximal occupancy at each site is ν= 1, the
configuration n introduced in section 2.2 and τ are related by

nxA = δτx,A . (2.5.8)

The state space of the process is now

Ω
′
= {(τ1, . . . , τL) : τx ∈ {1, . . . ,N}} . (2.5.9)

The action of the Hamiltonian densityH on the tensor product of the configuration of two sites
follows immediately from (2.5.5) and reads

H|τ〉⊗ |τ ′〉= |τ ′〉⊗ |τ〉− |τ〉⊗ |τ ′〉 . (2.5.10)

The boundary terms of the Hamiltonian (2.5.3) are given by

Hleft =


α1− 1 α1 α1 . . . . . . α1

α2 α2− 1 α2 . . . . . . α2
...

...
. . .

...
αN−1 αN−1 . . . . . . αN−1− 1 αN−1

αN αN . . . . . . αN αN− 1

 (2.5.11)

and

Hright =


β1− 1 β1 β1 . . . . . . β1

β2 β2− 1 β2 . . . . . . β2
...

...
. . .

...
βN−1 βN−1 . . . . . . βN−1− 1 βN−1

βN βN . . . . . . βN βN− 1

 (2.5.12)

where, without loss of generality, we assume that the parameters satisfy

N∑
A=1

αA = 1,
N∑

A=1

βA = 1 . (2.5.13)

Under these assumption the Hamiltonian 2.5.3 is integrable. This has been shown in [6] within
the Quantum Inverse Scattering Method. We will consider this process more extensively in
section 4.

3. Duality

In this sectionwe prove the first main result of this paper.We show that themultispecies stirring
process with open boundaries can be studied by means of a dual process. After recalling the
definition of duality between two Markov processes in section 3.1, we formulate our duality
result in theorem 1. A proof of the theorem is given in section 3.3. The duality result yields
to a dual process that has absorbing sites. Therefore, as shown in corollary 1, the study of
correlations in the non-equilibrium steady state of the multispecies stirring process with open
boundaries is reduced to the study of the absorption probabilities of dual particles.

10
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3.1. Definition

Consider two Markov processes, (ηt)t⩾0 defined on a state space Ω and (ξt)t⩾0 defined on a
state space Ω̃. We say that they are dual, with respect to a duality function D : Ω× Ω̃→ R, if
∀η ∈ Ω, ∀ξ ∈ Ω̃ and ∀t> 0 we have

Eη [D(ηt, ξ)] = Eξ [D(η,ξt)] . (3.1.1)

Here Eη denotes the expectation with respect to the law of the Markov process (ηt)t⩾0 ini-
tialized with the particle configuration η, whereas Eξ denotes the expectation with respect to
the law of the Markov process (ξt)t⩾0 initialized with the particle configuration ξ. The duality
definition can also be formulated as a relation between the generators, provided some min-
imal technical conditions are satisfied [24]. Call L the generator of (ηt)t⩾0 and L̃ the generator
of (ξt)t⩾0, then we say that these two processes are dual with respect to the duality function
D : Ω× Ω̃→ R if ∀η ∈ Ω and ∀ξ ∈ Ω̃

(LD(·, ξ))(η) =
(
L̃D(η, ·)

)
(ξ) . (3.1.2)

In the specific case where L= L̃ we say that the process is self-dual.

Remark 2. When the state spaces of the dual processes are countable, the generators of the
processes and the duality function can be represented as matrices with elements L(η,η ′),
L̃(ξ,ξ ′) and D(η,ξ) for arbitrary η,η ′ ∈ Ω and ξ,ξ ′ ∈ Ω̃. Therefore, we can write the duality
relation (3.1.2) as∑

η ′∈Ω

L(η,η ′)D(η ′, ξ) =
∑
ξ ′∈ Ω̃

L̃(ξ,ξ ′)D(η,ξ ′) , (3.1.3)

that can be read as

LD= DL̃T (3.1.4)

where the superscript T denotes the matrix transposition. Therefore, the duality relation (3.1.4)
intertwines between two linear operators L and L̃T. Working in terms of the Hamilton oper-
ators the duality relation reads

HTD= DH̃ . (3.1.5)

3.2. Duality for the open multispecies stirring process

In this section we formulate duality for the multispecies stirring process (n(t))t⩾0 with open
boundaries, defined by the generator (2.2.3). The dual process (ξ(t))t⩾0 is defined on the
enlarged graph G̃= (Ṽ, Ẽ) where

Ṽ := V∪{u(x) : x ∈ V} Ẽ := E ∪ {(x,u(x)) : x ∈ V} . (3.2.1)

This means that to each site x ∈ V we associate an ‘extra-site’ via a bijection u : V→ V. We
denote as u(x) the extra-site associated to x ∈ V . The configuration space of the dual process
is the enlarged state space

Ω̃ =
⊗
x∈V

Ω̃x =
⊗
x∈V

(
Ωx×NN−1

0

)
. (3.2.2)

11
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Note that on the extra-site we allow an unbounded number of particles. Thus dual particles
will accumulate in these extra-sites in the course of time. We write the configurations ξ ∈ Ω̃
as

ξ =
⊗
x∈V

(
(ξx1, . . . , ξ

x
N)⊗

(
ξ
u(x)
1 , . . . , ξ

u(x)
N−1

))
(3.2.3)

where the component ξxa is interpreted as the number of dual particles of type a ∈ {1, . . . ,N−
1} at site x, while ξxN is interpreted as the number of holes at site x of the dual process. The com-

ponent ξu(x)a gives the number of dual particles of type a ∈ {1, . . . ,N− 1} at the extra-site u(x)
connected to x ∈ V. We observe that the configuration variable at the extra site u(x) does not
have to satisfy any exclusion constraint, i.e. an unbounded number of particles can be hosted.
Therefore, an infinite number of holes is available at each extra-site u(x). As a consequence,
the hole occupation variable ξu(x)N is not considered. We state the following duality result.

Theorem 1 (Absorbing duality). The multispecies stirring process (n(t))t⩾0 defined on the
state space Ω with generator L defined in (2.2.3) is dual to the process (ξ(t))t⩾0 defined on
the enlarged state space Ω̃ with generator

L̃=
∑

(x,y)∈E

ωx,yLx,y+
∑
x∈V

ΓxL̃x (3.2.4)

where Lx,y is defined in (2.2.4) and, for any function f : Ω̃→ R

L̃x f(ξ) = |αx|
N−1∑
a=1

ξxa

(
f
(
ξ− δxa+ δxN+ δu(x)a

)
− f(ξ)

)
. (3.2.5)

The duality function is given by

D(n,ξ) =
∏
x∈V


(
ν−

∑N−1
a=1 ξ

x
a

)
!

ν!

N−1∏
a=1

nxa!
(nxa− ξxa)!

(ρxa)
ξu(x)a

 (3.2.6)

where we recall the definition of the reservoir densities (cf .(2.3.5))

ρxa =
αxa
|αx|

. (3.2.7)

The dual dynamics are described as follows. On one hand, the edge part Lx,y of the dual
Markov generator gives rise to the multispecies stirring dynamics on the graph. On the other
hand, the site part L̃x of the dual generator replaces a particle of any type a ∈ {1, . . . ,N− 1}
at site x with a particle of type N and creates a particle of the same type a at the extra-site u(x).
This last transition is performed with rate |αx|ξxa. This means that eventually the dual process
voids the graph, putting all the dual particles of species {1, . . . ,N− 1} in the extra-sites. In
other words the extra-sites play the role of absorbing boundaries.

Remark 3. In the reversible situation, i.e. when ∀x ∈ V we have ρxa = ρa, the expectation of
the duality function D(n,ξ) with n distributed as µrev =

⊗
x∈VMultinomial(ν,ρ1, . . . ,ρN) is

Eµrev [D(n,ξ)] =
N−1∏
a=1

(ρa)
∑

x∈V ξ
x
a+

∑
x∈V ξ

u(x)
a ∀n ∈ Ω, ∀ξ ∈ Ω̃ . (3.2.8)

12
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3.3. Proof of theorem 1

To prove duality between the process (n(t))t⩾0 and the process (ξ(t))t⩾0 we show that (3.1.5)
is fulfilled. To show this, we will use the Hamiltonians and their Lie algebraic description.
Indeed, in this formalism the proof reduces to finding symmetries of the generator (for the
bulk duality) and group like transformations (for the ‘boundary duality’). To a configuration ξ
of the configuration space (3.2.2) of a dual process we associate the vector

|ξ〉=
⊗
x∈V

(
|ξx1, . . . , ξxN〉⊗ |ξ

u(x)
1 , . . . , ξ

u(x)
N−1〉

)
. (3.3.1)

Here |ξu(x)1 , . . . , ξ
u(x)
N−1〉 is the vector associated to the configuration at the extra site u(x). For

q1, . . . ,qN−1 ∈ N0, we impose that it satisfies an orthogonality relation

〈qu(x)1 , . . . ,qu(x)N−1|ξ
u(x)
1 , . . . , ξ

u(x)
N−1〉=

N−1∏
a=1

δ
ξ
u(x)
a ,qu(x)a

. (3.3.2)

Remark 4. In the following, we denote the configuration vectors on the extra-site u(x)
by |ξu(x)1 , . . . , ξ

u(x)
N−1〉. This allows to stress that these vectors belong to the extra-space

NN−1
0 ‘attached’ to site x. Moreover, this notation allows to directly connect the ket-vector

|ξu(x)1 , . . . , ξ
u(x)
N−1〉 with the vector (ξu(x)1 , . . . , ξ

u(x)
N−1) defined in (3.2.3), in which we recall that the

components ξu(x)a denote the number of dual particles of type a at site u(x).

The Hamiltonian of the dual process reads

H̃=
∑
x,y∈E

ωx,yHx,y+
∑
x∈V

ΓxH̃x (3.3.3)

whereHx,y is the one defined in (2.4.10), while

H̃x = |αx|
N−1∑
a=1

((
a+
)u(x)
a

ExNa−Exaa
)
. (3.3.4)

Here we introduced the pair of bosonic operators a, a+ satisfying [a,a+] = 1 and acting as

a+|q〉= |q+ 1〉 a|q〉= q|q− 1〉 (3.3.5)

and

〈q|a+ = 〈q− 1| 〈q|a= (q+ 1)〈q+ 1| (3.3.6)

on a generic vector 〈q| with q ∈ N0, so that in (3.3.4) (a+)u(x)a denotes a+ acting on the extra-
site u(x) and on the species a ∈ {1, . . . ,N− 1}.

Wewill show below that the Hamiltonians (2.4.9) and (3.3.3) are dual in the sense of (3.1.5).
From an algebraic point of view, the duality matrix D (3.2.6) is described as

D=
∏
x∈V

dx⊗Du(x) . (3.3.7)

Here

dx = Rx exp(E
x) (3.3.8)

with the diagonal part

Rx =
∑
nx∈Ωx

∏N
A=1 n

x
A!

ν!
|nx1, . . . ,nxN〉〈nx1, . . . ,nxN| (3.3.9)

13
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and

Ex =
N−1∑
a=1

ExaN . (3.3.10)

Furthermore

Du(x) =
∞∑

ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

N−1∏
a=1

(ρxa)
ξu(x)a 〈ξu(x)1 , . . . , ξ

u(x)
N−1| . (3.3.11)

We observe that the matrix Rx is diagonal. Its elements are related to the inverse of the weights
of the reversiblemeasure (2.3.2). In particular, to obtain these elements, we have considered the
weights of (2.3.2) when all the parameters ρa = 1

N . Then, the constant
(

1
N

)ν
has been neglected,

as it does not change the duality relation. This Rx is associated to reversibility, see [3].
Since (3.3.7) is product over sites, proving (3.1.5) is equivalent to showing that

HT
x,yD= DHx,y ∀(x,y) ∈ E (3.3.12)

and

HT
xD= DH̃x ∀x ∈ V. (3.3.13)

We perform the proof of duality in three steps: first we will show that matrix (3.3.7) has ele-
ments (3.2.6); secondwewill prove the bulk duality (3.3.12); finally wewill show the boundary
duality (3.3.13). As a preliminary result we note that

(ExBA)
T
= RxE

x
ABR

−1
x ∀x ∈ V , (3.3.14)

that follows immediately from the definition of EAB.

3.3.1. Elements of the duality matrix. Consider the matrix D defined in (3.3.7). We aim to
show that its matrix elements coincide with duality function (3.2.6), i.e.

〈n|D|ξ〉= D(n,ξ) ∀n ∈ Ω, ξ ∈ Ω̃ . (3.3.15)

Fix an arbitrary site x ∈ V, then we have that

〈nx1, . . . ,nxN|
(
dx⊗Du(x)

)(
|ξx1, . . . , ξxN〉⊗ |ξ

u(x)
1 , . . . , ξ

u(x)
N−1〉

)
= 〈nx1, . . . ,nxN|

(
exp
(
ExN1 + . . .+ExNN−1

))T
Rx⊗

∞∑
qu(x)1 ,...,qu(x)N−1=0

N−1∏
a=1

(ρxa)
qu(x)a 〈qu(x)1 , . . . ,qu(x)N−1|

× |ξx1, . . . , ξxN〉⊗ |ξ
u(x)
1 , . . . , ξ

u(x)
N−1〉 (3.3.16)

where we used (3.3.14).

14
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On one hand, on the extra-site u(x) we have

∞∑
qu(x)1 ,...,qu(x)N−1=0

(
N−1∏
a=1

(ρxa)
qu(x)a

)
〈qu(x)1 , . . . ,qu(x)N−1|ξ

u(x)
1 , . . . , ξ

u(x)
N−1〉=

N−1∏
a=1

(ρxa)
ξu(x)a (3.3.17)

where we used the orthogonality relation (3.3.2). On the other hand, on the site x, we have

⟨nx1, . . . ,nxN|(exp(ExN1 + . . .+ExNN−1))
TRx|ξx1, . . . , ξxN⟩

= ⟨nx1, . . . ,nxN|

 ∞∑
k1=0

{
(ExN1)

T
}k1

k1!
. . .

∞∑
kN−1=0

{(
ExNN−1

)T}kN−1

kN−1!

∑
r∈Ωx

rx1! · · ·rxN!
ν!

|rx1, . . . ,rxN⟩⟨rx1, . . . ,rxN|


× |ξx1, . . . , ξxN⟩

=

nx1∑
k1=0

. . .

nxN−1∑
kN−1=0

⟨nx1 − k1, . . . ,n
x
N−1 − kN−1, . . . ,n

x
N+ k1 + . . .+ kN−1|

nx1! · · ·nxN−1!

(nx1 − k1)! · · ·
(
nxN−1 − kN−1

)
!

× 1
k1! · · ·kN−1!

ξx1! · · ·ξxN!
ν!

|ξx1, . . . , ξxN⟩

=

(
ν−

∑N−1
a=1 ξ

x
a

)
!

ν!

N−1∏
a=1

nxa!
(nxa− ξxa)!

(3.3.18)

where we used the definitions of the action of EAB and the orthogonality relations (2.4.5),
together with the fact that ξxN = ν−

∑N−1
a=1 ξ

x
a. Finally, by taking the product over x ∈ V (3.3.15)

is proved.
□

3.3.2. Proof of bulk duality (3.3.12). To show this relation we need two ‘ingredients’. First
the existence of a similarity transformation between the Hamiltonian Hx,y and its transposed.
As we will show, this similarity transformation is RxRy. Second, the possibility of finding a
symmetry for the edge Hamiltonian. Exploiting (2.4.19), we can take any symmetry of the
Casimir and apply the co-product. As we will see, it will be convenient to choose

∑N−1
a=1 EaN.

We first look for the similarity betweenHx,y and its transposed. Using (3.3.14) we obtain

HT
x,y = (RxRy)Hx,y (RxRy)

−1 (3.3.19)

therefore we have found the similarity transformation betweenHx,y and its transposed.
We now look for a symmetry of Hx,y, i.e. a matrix Sx,y of the same dimension such that it

satisfies

Hx,ySx,y = Sx,yHx,y . (3.3.20)

Using (2.4.19), we observe thatHx,y is proportional to the coproduct of the second Casimir, up
to a diagonal term. Therefore, it is enough to look for a symmetry of∆(C). Using the bilinearity
of the coproduct operator and the fact that C belongs to the center of the Lie algebra, it is easy
to show that for any linear combination of generators E ∈ gl(N) the following holds:

if [C,E] = 0 then [∆(C),∆(E))] = 0 . (3.3.21)

Let

E=
N−1∑
a=1

EaN (3.3.22)
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and, for a fixed (x,y) ∈ E , we define

Sx,y = exp(∆x,y (E)) = exp(Ex)exp(Ey) (3.3.23)

where ∆x,y(E) denotes the coproduct acting on sites x and y. As a consequence, this operator
Sx,y satisfies

[Sx,y,Hx,y] = 0 (3.3.24)

i.e. it is a symmetry ofHx,y. Exploiting these considerations we may write

HT
x,yD= (RxRy)Hx,y (RxRy)

−1 (dx⊗Du(x))(dy⊗Du(y)) ∏
z∈V : z̸=x,y

(
dz⊗Du(z)

)
=
(
Rx exp(E

x)⊗Du(x)
)(
Ry exp(E

y)⊗Du(y)
)
Hx,y

∏
z∈V : z̸=x,y

(
dz⊗Du(z)

)
= DHx,y

(3.3.25)

where we used (3.3.19) and (3.3.24) in the second equality. Thus, (3.3.12) is proved.
□

3.3.3. Proof of boundary duality (3.3.13). To prove (3.3.13) we transform via the Hadamard
formula 4 the transposed of the site Hamiltonian (3.3.4) and then we introduce a creation oper-
ator acting on an extra-site u(x). Considering A,B ∈ gl(N), the Hadamard formula reads

exp(−B)Aexp(B) =A− [B,A] + 1
2!

[B, [B,A]]− 1
3!

[B, [B, [B,A]]] + . . . (3.3.26)

In the following we evaluate this formula for B =
∑N−1

a=1 EaN defined in (3.3.10) and A=
ECD with C,D ∈ {1, . . . ,N}. We find

[B,A] =
N−1∑
a=1

[EaN,ECD] = δCN

N−1∑
a=1

EaD− (1− δDN)ECN (3.3.27)

and

[B [B,A]] =

[
N−1∑
a=1

EaN, δCN

N−1∑
b=1

EbD− (1− δDN)ECN

]

=
N−1∑
a=1

(
δCN

N−1∑
b=1

[EaN,EbD]− (1− δDN) [EaN,ECN]

)

=
N−1∑
a=1

(
−δCNδaD

N−1∑
b=1

EbN− (1− δDN)δCNEaN

)

=− (δCN (1− δDN)+ (1− δDN)δCN)
N−1∑
b=1

EbN

=− 2δCN (1− δDN)
N−1∑
b=1

EbN . (3.3.28)

4 See [25] for an application of the Hadamard formula in the multispecies asymmetric context.
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From the third commutator on we always obtain zero, i.e. [B, [B, [B,A]]] = 0. All in all we
have that

exp(−E)ECD exp(E) = ECD− δCN

N−1∑
a=1

EaD+(1− δDN)ECN− δCN (1− δDN)
N−1∑
b=1

EbN .

(3.3.29)

It follows that

exp(−E)

 N−1∑
a,b=1b̸=a

αa (Eba−Ebb)

exp(E) =
N−1∑

a,b=1b̸=a

αa (Eba−Ebb) , (3.3.30)

exp(−E)

(
N−1∑
a=1

αa (ENa−ENN)

)
exp(E) =

N−1∑
a=1

ENa−Eaa− N−1∑
b=1b̸=a

Eba

 (3.3.31)

and

exp(−E)

(
αN

N−1∑
b=1

αa (EbN−Ebb)

)
exp(E) =−αN

N−1∑
b=1

Ebb. (3.3.32)

Using (3.3.14) we write the transpose of site Hamiltonian (2.4.11) as

HT
x =

N∑
A,B=1

αxA (E
x
AB−ExBB)

T
= Rx

N∑
A,B=1

αxA (E
x
BA−ExBB)R−1

x . (3.3.33)

We multiply both sides by Rx exp(Ex)

HT
xRx exp(E

x) = Rx

N∑
A,B=1

αxA (E
x
BA−ExBB)exp(Ex) . (3.3.34)

By using (3.3.30)–(3.3.32) and the fact that
∑N

A,B=1EAB is central for the algebra we have

exp(−Ex)
N∑

A=1

N∑
B=1

αxA (E
x
BA−ExBB)exp(Ex)

=
N−1∑
a=1

αa (E
x
Na−Exaa)−

N−1∑
a,b=1a̸=b

αxaE
x
bb−αN

N−1∑
a=1

Exaa (3.3.35)

= |αx|
N−1∑
a=1

(ρxaE
x
Na−Exaa) .

Thus, we rewrite (3.3.34) as

HT
xRx exp(E

x) = Rx exp(E
x)|αx|

N−1∑
a=1

(ρxaE
x
Na−Exaa) . (3.3.36)

Taking the tensor product of both sides of (3.3.36) we obtain

HT
xdx⊗

(
Du(x)

)
= dx |αx|

N−1∑
a=1

(ρxaE
x
Na−Exaa)⊗

(
Du(x)

)
. (3.3.37)
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With a slight abuse of notation and in the spirit of remark 4, we here denote the occupation
vector at extra-site u(x) by 〈ξu(x)1 , . . . , ξ

u(x)
N−1|.

Recalling the action of the bosonic creation operator acting at site u(x) and on the species
a ∈ {1, . . . ,N− 1} we have that

〈ξu(x)1 , . . . , ξu(x)a + 1, . . . , ξu(x)N−1|
(
a+
)u(x)
a

= 〈ξu(x)1 , . . . , ξu(x)a , . . . , ξ
u(x)
N−1| . (3.3.38)

Using the above equation and considering the addends multiplied by the Lie generator ExNa
(for all a ∈ {1, . . . ,N− 1}) on the right hand side term of (3.3.37) we have that

∞∑
ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

(
N−1∏
b=1

(ρxb)
ξ
u(x)
b

)
ρxa〈ξ

u(x)
1 , . . . , ξu(x)a , . . . , ξ

u(x)
N−1|

=
∞∑

ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

 N−1∏
b=1 :b̸=a

(ρxb)
ξ
u(x)
b

(ρxa)
ξu(x)a +1 〈ξu(x)1 , . . . , ξu(x)a + 1, . . . , ξu(x)N−1|

(
a+
)u(x)
a

=
∞∑

ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

(
N−1∏
b=1

(ρxb)
ξ
u(x)
b

)
〈ξu(x)1 , . . . , ξu(x)a , . . . , ξ

u(x)
N−1|(a

+)u(x)a (3.3.39)

where, in the up to last equality, we performed a change of summation variable and we used
the fact that

∞∑
ξ
u(x)
a =0

(ρxa)
ξu(x)a 〈ξu(x)1 , . . . , ξu(x)a , . . . , ξ

u(x)
N−1|

(
a+
)u(x)
a

=
∞∑

ξ
u(x)
a =1

(ρxa)
ξu(x)a 〈ξu(x)1 , . . . , ξu(x)a , . . . , ξ

u(x)
N−1|

(
a+
)u(x)
a

.

(3.3.40)

Therefore, inserting (3.3.39) in (3.3.37) we obtain

HT
xdx⊗Du(x) = HT

xdx⊗
∞∑

ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

(
N−1∏
a=1

(ρxa)
ξu(x)a

)
⟨ξu(x)1 , . . . , ξ

u(x)
N−1|

=

dx⊗
∞∑

ξ
u(x)
1 ,...,ξ

u(x)
N−1=0

(
N−1∏
a=1

(ρxa)
ξu(x)a

)
⟨ξu(x)1 , . . . , ξ

u(x)
N−1|

 |αx|
N−1∑
a=1

((
a+
)u(x)
a

ExNa−Exaa
)

=
(
dx⊗Du(x)

)
H̃x . (3.3.41)

Since the duality matrix (3.3.7) is product over sites, the above equality implies (3.3.13). □
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3.4. Duality for the integrable process on a line segment

Here we consider the chain defined in section 2.5 with the hard-core constrain (at most one
particle per site), i.e. ν= 1. We recall that the geometry is a one-dimensional chain with sites
{1, . . . ,L} where reservoirs are attached to 1 and L. We also recall the notation for the occupa-
tion variable which is called τ = (τ1, . . . , τL)with τx ∈ {1, . . . ,N}. The dynamics are described
by a Hamiltonian that is written in terms of the first fundamental representation of gl(N). The
duality result stated in section 3.2 is adapted to the present situation as follows. The extra-sites
are denoted by 0 and L+ 1, and they are connected with sites 1 and L of the chain respect-
ively. The matrix Rx defined in (3.3.9) reduces to the identity, therefore the relation between
the generators of the algebra and its transposed reduces to

eTAB = eBA . (3.4.1)

Therefore, the duality matrix reads

D=D0⊗
L∏

x=1

exp

(
N−1∑
a=1

exaN

)
⊗DL+1 (3.4.2)

where D0 and DL+1 are given in (3.3.11). The elements of this duality matrix are given by

D(τ ,ξ) =

(
N−1∏
a=1

α
ξ0
a
a

)(
L∏

x=1

N−1∏
a=1

1{δτx,a⩾ξxa}

)(
N−1∏
a=1

β
ξL+1
a
a

)
. (3.4.3)

The dual Hamiltonian is

H̃= H̃left +
L−1∑
x=1

Hx,x+1 + H̃right (3.4.4)

whereH is defined in (2.5.5) and

H̃left =
N−1∑
a=1

((
a+
)0
a
e1Na− e1aa

)
H̃right =

N−1∑
a=1

((
a+
)L+1

a
eLNa− eLaa

)
. (3.4.5)

In the long-time limit the dual process voids the chain, i.e. all particles of types {1, . . . ,N− 1}
are eventually absorbed at the extra-sites 0 and L+ 1 and replaced by types N. We also notice
that, up to the bosonic creation operators (a+)a, the dual boundary Hamiltonians (3.4.5) are
triangular. This simplification will be crucial in section 4.

Using duality, one can compute the m-point correlations between non-empty particles in
terms of the absorption probabilities of m dual particles. Therefore, to determine the non-
equilibrium steady state correlations of the integrable multispecies stirring process, it is
enough to compute these absorption probabilities. In the following we denote by µ the non-
equilibrium steady state distribution and we call Y= (Y1, . . . ,YL) the random vector with law
µ. Furthermore we write E[·] for the expectation with respect to µ.

Corollary 1 (Correlations via duality). Let m ∈ {1, . . . ,L} and consider m sites 1⩽ x1 < x2 <
.. . < xm ⩽ L and m colors denoted by ak ∈ {1, . . . ,N− 1} with k= 1,2, . . . ,m, chosen among
the N− 1 available species. Then, the m-point correlations in the non-equilibrium steady state
read

E

[
m∏
k=1

1{Yxk=ak}

]
=

1∑
s1=0

. . .
1∑

sm=0

(
m∏
k=1

αskakβ
1−sk
ak

)
Px1,...,xm (s1, . . . ,sm) (3.4.6)
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where

Px1,...,xm (s1, . . . ,sm) := P

(
ξ (∞) =

m∑
k=1

(
skδ

0
ak +(1− sk)δL+1

ak

)∣∣∣ξ (0) = ξ

)
(3.4.7)

where the initial dual configuration is ξ =
∑m

k=1 δ
xk
ak , meaning that{

ξxA = 1 if x= xk and A= ak
ξxA = 0 otherwise

. (3.4.8)

In (3.4.7) the variable sk is 1 (resp. 0) when the dual particle of species ak initially positioned
at site xk is absorbed at the extra site 0 (resp. L+ 1).

Proof of corollary 1. For any τ ∈ Ω
′
the duality matrix defined in (3.4.3) evaluated on the

dual configuration ξ ∈ Ω̃ given in (3.4.8) read

D(τ ,ξ) =
m∏
k=1

1{τxk=ak} . (3.4.9)

Therefore, by ergodicity and duality we have

E

[
m∏
k=1

1{Yxk=ak}

]
= lim

t→∞
Eτ [D(τ (t) ,ξ)] = lim

t→∞
Eξ [D(τ ,ξ (t))]

=
1∑

s1=0

. . .
1∑

sm=0

(
m∏
k=1

αskakβ
1−sk
ak

)
Px1,...,xm (s1, . . . ,sm) .

(3.4.10)

By using the correlations in the non-equilibrium steady state (4.3.1), it is possible to determ-
ine the non-equilibrium steady probability distribution.

Corollary 2 (Non-equilibrium steady state). For any configuration τ ∈ Ω
′
the probability

mass function of the non-equilibrium steady states is fully determined by the correlations of
equation (4.3.1) through the relation

µ(τ ) =
L∑

m=0

∑
1⩽x1<x2<...<xm⩽L

 ∏
x/∈{x1,...,xm}

δτx,N

 N−1∑
b1,...,bm=1

×

(
m∏
k=1

(
δτxk ,bk − δτxk ,N

))
E

[
m∏
k=1

1{Yxk=bk}

]
(3.4.11)

where δτxk ,bk − δτxk ,N = (−1)δτxk ,N .
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3.4.1. Example for an L=2 chain. To clarify equation (3.4.11) we report the example of a
chain with L= 2, where we compute the probability mass functions of three configurations.
Without loss of generality we write only the formulae involving particles of species 1. We
have:

• probability of two occupied sites:

µ(1,1) = E
[
1{Y1=1}1{Y2=1}

]
. (3.4.12)

Here we have only one term corresponding to m= 2 in formula (3.4.11).
• probability of the first site occupied and the second empty:

µ(1,N) = E
[
1{Y1=1}1{Y2=N}

]
= E

[
1{Y1=1}

(
1−

N−1∑
a=1

1{Y2=a}

)]

= E
[
1{Y1=1}

]
−

N−1∑
a=1

E
[
1{Y1=1}1{Y2=a}

]
. (3.4.13)

In the last equality we have two terms: the first corresponds to m= 1 (with x1 = 1) and the
second corresponds to m= 2 in formula (3.4.11).
• probability of both sites empty:

µ(N,N) = E
[
1{Y1=N}1{Y2=N}

]
= E

[(
1−

N−1∑
a1=1

1{Y1=a1}

)(
1−

N−1∑
a2=1

1{Y2=a2}

)]

= 1−
N−1∑
a1=1

E
[
1{Y1=a1}

]
−

N−1∑
a2=1

E
[
1{Y2=a2}

]
+

N−1∑
a1,a2=1

E
[
1{Y1=a1}1{Y2=a2}

]
.

(3.4.14)

In the last equality we have four terms: the first term corresponds to m= 0, the second and
the third term correspond to m= 1 (with x1 = 1 and x1 = 2 respectively) and the fourth term
corresponds to m= 2 in formula (3.4.11).

Proof of corollary 2. Given τ ∈ Ω
′
, we have

µ(τ ) = E

[
L∏

x=1

1{Yx=τx}

]
= E

 L∏
x=1 :τx ̸=N

1{Yx=τx}

( L∏
x=1 :τx=N

1{Yx=τx}

)
= E

 L∏
x=1 :τx ̸=N

1{Yx=τx}

( L∏
x=1 :τx=N

(
1−

N−1∑
a=1

1{Yx=a}

)) (3.4.15)

where in the last equality we exploited the fact that

1{Yx=N} = 1−
N−1∑
a=1

1{Yx=a} . (3.4.16)

The configuration τ has ℓ=
∑L

x=1(1− δτx,N) occupied sites and then the remaining L− ℓ sites
are empty. Therefore, we may write
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 L∏
x=1 :τx ̸=N

1{Yx=τx}

 L∏
x=1 :τx=N

(
1−

N−1∑
a=1

1{Yx=a}

)
=

L∏
x=1 :τx ̸=N

1{Yx=τx} +

 L∏
x=1 :τx ̸=N

1{Yx=τx}

(−1)

{
L∑

x1=1

δτx1 ,N

N−1∑
a1=1

1{Yx1=a1}

}

+

 L∏
x=1 :τx ̸=N

1{Yx=τx}

(−1)2

 ∑
1⩽x1<x2⩽L

δτx1 ,Nδτx2 ,N

N−1∑
a1,a2=1

1{Yx1=a1}1{Yx2=a2}


+ . . .+

 L∏
x=1 :τx ̸=N

1{Yx=τx}

(−1)L−ℓ
∑

1⩽x1<...<xL−ℓ⩽L

(
L−ℓ∏
k=1

δτxk ,N

)
N−1∑

a1,...,aL−ℓ=1

L−ℓ∏
k=1

1{Yxk=ak} .

(3.4.17)

In the right-hand-side of the equation above the first addend is the product of the indicator of ℓ
sites, since none of the empty sites of the configuration τ has been considered. Similarly, the
second addend is the product of the indicator of ℓ+ 1 occupied sites. Indeed, in addition to the ℓ
occupied sites of the configuration τ , one empty site is in turn chosen and its hole is filled with
all possible species particles. The idea is repeated in the next addends with 2,3, . . .L− ℓ empty
sites that are, in turn, filled with all possible species of particles. We notice that the exponent of
the factors (−1) is given by the number of holes that have been filled with all possible species
of particles. We introduce an index m ∈ {ℓ,ℓ+ 1, . . . ,L} that counts the number of correlated
sites and we define the coordinates 1⩽ x1 < x2 < .. . < xm ⩽ L. Then, we associate to each of
thesem coordinates one of the addend in (3.4.17). In particular, form= ℓwe associate the first
addend and we rewrite it as

L∏
x=1 :τx ̸=N

1{Yx=τx} =
∑

1⩽x1<...<xℓ⩽L

 ∏
x/∈{x1,...,xℓ}

δτx,N

 N−1∑
b1,...,bℓ=1

(
ℓ∏

k=1

(
δτxk ,bk − δτxk,N

))

×

(
ℓ∏

k=1

1{Yxk=bk}

)
. (3.4.18)

Similarly, the second addend in (3.4.17) is associated to m= ℓ+ 1 and it is rewritten as

 L∏
x=1 :τx ̸=N

1{Yx=τx}

(−1)

{
L∑

x1=1

δτx1 ,N

N−1∑
a1=1

1{Yx1=a1}

}
(3.4.19)

=
∑

1⩽x1<...<xℓ+1⩽L

 ∏
x/∈{x1,...,xℓ+1}

δτx,N

 N−1∑
b1,...,bℓ+1=1

(
ℓ+1∏
k=1

(
δτxk ,bk − δτxk,N

))(ℓ+1∏
k=1

1{Yxk=bk}

)
.

(3.4.20)
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The idea goes on for m= ℓ+ 2, . . .L and we obtain that

 L∏
x=1 :τx ̸=N

1{Yx=τx}

( L∏
x=1 :τx=N

(
1−

N−1∑
a=1

1{Yx=a}

))

=
L∑

m=ℓ

∑
1⩽x1<x2<...<xm⩽L

 ∏
x/∈{x1,...,xm}

δτx,N

 N−1∑
b1,...,bm=1

(
m∏
k=1

(
δτxk ,bk − δτxk ,N

))

×

(
m∏
k=1

1{Yxk=bk}

)
. (3.4.21)

The above sum can be extended until m= 0 since all the terms m= 0, . . . , ℓ− 1 are van-
ishing. Finally, by taking the expectation with respect to the steady state distribution we
obtain (3.4.11).

Remark 5. The results in corollary 1 and in corollary 2 can be generalized to arbitrary graphs
G= (V,E) and to higher maximal occupancy, i.e. ν > 1. However the computation of absorp-
tion probabilities of the dual process is only possible in the set-up of the integrable chain with
ν= 1 and two reservoirs at the boundaries. Thus we chose to present them in such a context.
For the chain with more than one particle allowed at each site ν > 1 see section 5.1.

4. Correlations and steady state for the integrable chain

In this section we combine the matrix product ansatz (MPA) [6] and the gl(N) invariance of
the process in the bulk, cf. (3.3.24), to exactly compute the correlations in the non-equilibrium
steady state for the integrable version of the multispecies stirring process defined on a line
segment, see section 3.4. This allows further to determine the absorption probabilities and
the probability mass-function of the non-equilibrium steady state in closed form. We start by
recalling the formulation of the MPA and then we explain our strategy.

4.1. Matrix product ansatz for the non-equilibrium steady state

Thematrix product ansatz for the multispecies stirring process has been formulated in [6], here
we briefly recall the main steps. Denoting by |Ψ(t)〉 the column vector that encodes the prob-
ability distribution of the chain with Hamiltonian (2.5.3) at time t⩾ 0, its evolution equation
is given by the master equation

d|Ψ(t)〉
dt

= H|Ψ(t)〉 . (4.1.1)

This Markov chain is irreducible and positive recurrent, therefore there exists a unique sta-
tionary measure, that will be reached when time goes to infinity, regardless of the initial con-
figuration. We denote by |Ψ〉 the column vector that gives the stationary distribution (non-
equilibrium steady state). This vector is the right eigenvector with vanishing eigenvalue of H,
i.e. it solves

H|Ψ〉= 0 . (4.1.2)
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The MPA states the following

|Ψ〉= 1
ZL
〈〈W|

X1
...
XN

⊗ . . .⊗

X1
...
XN

 |V〉〉 (4.1.3)

with the normalization

ZL = 〈〈W|(X1 + . . .+XN)
L |V〉〉 . (4.1.4)

Here the operators (Xa)a∈{1,...,N} fulfill the commutators

[Xa,Xb] = (αa−βa)Xb− (αb−βb)Xa (4.1.5)

and their action on the boundary vectors 〈〈W| and |V〉〉 are

〈〈W|(αa (X1 + . . .+XN)−Xa) = (αa−βa)〈〈W| (4.1.6)

(βa (X1 + . . .+XN)−Xa) |V〉〉=−(αa−βa) |V〉〉. (4.1.7)

From [6] we recall that the matrices (XA)A∈{1,...,N} act on a supplementary space and that the
boundary vectors are bra-ket vectors living in this space. Without loss of generality, we further
assume that 〈〈W|V〉〉= 1.

Remark 6. Only N− 1 of the N equations (4.1.6) are independent. This can be seen by sum-
ming them over the species a ∈ {1, . . . ,N}, i.e.

N∑
a=1

〈〈W|(αa (X1 + . . .+XN)−Xa) = 0, (4.1.8)

and using (2.5.13). Similarly for the right boundary (4.1.7) there are only N− 1 independent
equations.

The MPA gives an abstract form of the non-equilibrium steady state in terms of an algebra
of operators. However, the computation of correlations are in general involved.

4.2. Strategy

In the next section 4.3 we will show that the DEHP algebra in (4.1.5)–(4.1.7) can be simplified
substantially using the gl(N) invariance of the bulk. In fact, such simplification can always be
achieved if there exists an absorbing dual process as established in section 3

The idea is summarized in the following scheme. We define a sequence of local similarity
transformations such that

H
S1←→ H

′ S2←→ H
′ ′

(4.2.1)

where H
′
= S1HS

−1
1 has both boundary terms in a triangular form, and H

′ ′
= S2H ′S−1

2 has
the left boundary in a triangular form and the right boundary is diagonal, we further refer
the reader to [16, 17, 26, 27] where this idea was explored for the monospecies case. Using
these transformations the commutators (4.1.5) and the action on the boundary vectors (4.1.6)
and (4.1.7) simplify significantly. More precisely for the components of X̃= S2S1X we obtain
the bulk relations[

X̃a, X̃N
]
= (αa−βa) X̃N . (4.2.2)
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for a= 1, . . . ,N− 1. At the boundaries

〈〈W|
(
(αa−βa) X̃N− X̃a

)
= (αa−βa)〈〈W| , X̃a|V〉〉= (αa−βa) |V〉〉 , (4.2.3)

where again we have a= 1, . . . ,N− 1. As a consequence, the ground state |Ψ′ ′〉 of H′ ′
can

be written exactly in closed-form. Finally, reversing the transformations in (4.2.1) we retrieve
|Ψ〉, i.e. the vector whose components are the probabilities of a certain configuration of the
process in the non-equilibrium steady state. The first transformation S1 is closely related to
the duality matrix (3.3.7) and we will see that H

′
is H̃T, up to the extra-site term described by

the bosonic creation operator in (3.3.4). The HamiltonianH
′
is not stochastic, however it turns

out that the components of its eigenvector with zero eigenvalue |Ψ′〉 are the correlations in the
non-equilibrium steady state.

4.3. Correlations in the non-equilibrium steady state

In this section we write a formula for the stationary non-equilibrium steady state correlations
between m- points of the chain.

Theorem 2 (Correlations in the non-equilibrium steady state). Let m ∈ {1, . . . ,L}.
Consider m sites 1⩽ x1 < x2 < .. . < xm ⩽ L and m colors denoted by ak ∈ {1, . . . ,N− 1}with
k= 1,2, . . . ,m, chosen among the N− 1 available species. Then the m-point correlations with
respect to the non-equilibrium steady state measure are given by

E

[
m∏
k=1

1{Yxk=ak}

]
=

1∑
s1,...,sm=0

(
m∏
k=1

αskakβ
1−sk
ak

)
Px1,...,xm (s1, . . . ,sm) (4.3.1)

where

Px1,...,xm(s1, . . . ,sm) =
1∑

c1=s1

. . .
1∑

cm=sm

f(c1, . . . ,cm)
m∏
j=1

(−1)cj−sj gj (xj,cj, . . . ,cm) (4.3.2)

with

f(c1, . . . ,cm) =

(
L+ 1−

∑m
a=1 ca

)
!

(L+ 1)!
(4.3.3)

and

gj (xj,cj, . . . ,cm) =

L+ 2− xj−
m∑
k=j

ck

cj

. (4.3.4)

4.3.1. Examples. We give examples of correlations for m= 1,2,3 applying formula (4.3.1).

4.3.1.1. One-point correlations. We consider the average with respect to µ of the occupa-
tion variable of the species a1 ∈ {1, . . . ,N− 1} at coordinate x1 ∈ {1, . . . ,L}. Using (4.3.2) we
obtain the absorption probabilities

Px1 (0) = 1− (L+ 1− x1)
(L+ 1)

Px1 (1) =
(L+ 1− x1)
(L+ 1)

(4.3.5)
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where Px1(1) is the probability that a single random walk started at x1 is absorbed. Then,
using (4.3.1), we have

〈ρx1a1〉= E
[
1{Yx1=a1}

]
=

(L+ 1− x1)
(L+ 1)

αa1 +
x1

(L+ 1)
βa1 , (4.3.6)

where, for the sake of notation, we have introduced 〈ρx1a1〉.

4.3.1.2. Two-point correlations. We consider the average with respect to µ of the occupation
variable of the species a1,a2 ∈ {1, . . . ,N− 1} at coordinates x1,x2 ∈ {1, . . . ,L} such that x1 <
x2. Using (4.3.2) we obtain the absorption probabilities

Px1,x2 (0,0) =
x1 (x2− 1)
L(L+ 1)

Px1,x2 (0,1) =
x1 (L+ 1− x2)
L(L+ 1)

Px1,x2 (1,0) =
x2 (L+ 1− x1)
L(L+ 1)

Px1,x2 (1,1) =
(L− x1)(L+ 1− x2)

L(L+ 1)

. (4.3.7)

Therefore, we compute the second cumulant, i.e. the two-point connected correlation

E
[(

1{Yx1=a1} − 〈ρ
x1
a1〉
)(

1{Yx2=a2} − 〈ρ
x2
a2〉
)]

=−x1 (L− x2 + 1)

L(L+ 1)2
(αa1 −βa1)(αa2 −βa2) .

(4.3.8)

4.3.1.3. Three-point correlations. Weconsider the averagewith respect toµ of the occupation
variable of the species a1,a2,a3 ∈ {1, . . . ,N− 1} at coordinates x1,x2,x3 ∈ {1, . . . ,L} such that
x1 < x2 < x3. Using (4.3.2) we compute the absorption probabilities

Px1,x2,x3 (0,0,0) =
x1 (x2 − 1)(x3 − 2)

L(L2 − 1)

Px1,x2,x3 (0,1,1) =
x1 (L− x2)(L− x3 + 1)

L(L2 − 1)

Px1,x2,x3 (0,1,0) =
x1 (L(1− x3)+ x2 (x3 − 2)+ 1)

L(L2 − 1)

Px1,x2,x3 (0,0,1) =
x1 (x2 − 1)(L− x3 + 1)

L(L2 − 1)

Px1,x2,x3 (1,1,0)=
(L− 1)x2 (x3 − 1)− x1 (x2 − 1)(x3 − 2)

L(L2 − 1)

Px1,x2,x3 (1,0,1) =
(L− x3 + 1)(x2(L− x1 − 1)+ x1)

L(L2 − 1)

Px1,x2,x3 (1,0,0) =
x2(x3 − 1)(L− 1)− x1(x2 − 1)(x3 − 2)

L(L2 − 1)

Px1,x2,x3 (1,1,1) =
(L− x1 − 1)(L− x2)(L− x3 + 1)

L(L2 − 1)
.

(4.3.9)

Therefore, we compute the third cumulant, i.e. the three-point connected correlation as

E
[(

1{Yx1=a1} − 〈ρ
x1
a1〉
)(

1{Yx2=a2} − 〈ρ
x2
a2〉
)(

1{Yx3=a3} − 〈ρ
x3
a3〉
)]

=−2x1 (L+ 1− 2x2)(L+ 1− x3)
(L+ 1)3 (L− 1)L

(αa1 −βa1)(αa2 −βa2)(αa3 −βa3) . (4.3.10)

Remark 7. The first and second cumulants, computed in (4.3.6) and (4.3.8) respectively, match
with those found in section 4.3 of [6].
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4.4. Proof of theorem 2

The proof of formula (4.3.1) is split into the following steps:

• In section 4.4.1, we introduce two similarity transformations S1 and S2. The first turns the
HamiltonianH intoH

′
= S1HS

−1
1 with boundary terms in a triangular form; the second turns

the Hamiltonian H
′
into H

′ ′
= S2H ′S−1

2 having the left boundary in a triangular form and
the right boundary is diagonal. Associated toH

′
andH

′ ′
there are two ground states denoted

by |Ψ′〉 and |Ψ′ ′〉 respectively.
• In section 4.4.2 we apply theMPA toH

′ ′
. Here the commutation relations defining thematrix

algebra are simpler. The explicit expression for |Ψ′ ′〉 is determined (see (4.4.26)).
• In section 4.4.3, we invert the similarity transformation S2 to recover the ground state |Ψ′〉

from the explicit expression of |Ψ′ ′〉 (see (4.4.50)).
• In section 4.4.4 we show that the correlations are in turn the components of the vector |Ψ′〉.

By exploiting a binomial formula we rewrite the correlations in terms of polynomials in the
left and right boundary densities with coefficients given by the absorption probabilities, as
claimed in corollary 1. For completeness, we also show that corollary 2 is in turn corres-
ponding to the transformation |Ψ〉= S−1

1 |Ψ
′〉 in section 4.4.5.

4.4.1. The similarity transformations. Consider the matrix

S1 := exp

(
N−1∑
a=1

eNa

)
, (4.4.1)

and

Sx1 := exp

(
N−1∑
a=1

exNa

)
, (4.4.2)

to denote S1 (see (4.4.1)) when acting at site x. Observe that Sx1 is the transpose of the bulk
part of the duality matrix dx at site x ∈ {1, . . . ,L} (see (3.3.8)). By taking the product over the
chain we define

S1 =
L∏

x=1

Sx1 (4.4.3)

that is related with the bulk duality matrix by

S1 =
L∏

x=1

dTx . (4.4.4)

As the transformation S1 is invertible, we can introduce

H
′
= H

′

left +Hbulk +H
′

right (4.4.5)

that is related to H by

H
′
= S1HS

−1
1 . (4.4.6)
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The bulk part of the Hamiltonian is left unchanged (because it is written using the coproduct
of the second Casimir, see equation (2.4.19)) while the boundaries are given by

H
′

left =
N−1∑
a=1

(
αae

1
aN− e1aa

)
, H

′

right =
N−1∑
a=1

(
βae

L
aN− eLaa

)
. (4.4.7)

Indeed, using (3.3.35), (2.5.13) and (3.4.1), we obtain for the left boundary

H
′

left = S1HleftS
−1
1 = exp

(
N−1∑
c=1

e1Nc

)
N∑

A,B=1

αa
(
e1AB− e1BB

)
exp

(
−

N−1∑
c=1

e1Nc

)

=

exp

(
−

N−1∑
c=1

e1cN

)
N∑

A,B=1

αA
(
e1BA− e1BB

)
exp

(
N−1∑
c=1

e1cN

)
T

=
N−1∑
a=1

(
αae

1
Na− e1aa

)T
=

N−1∑
a=1

(
αae

1
aN− e1aa

)
.

(4.4.8)

Similarly, for the right boundary we have

H
′

right = S1HrightS
−1
1 =

N−1∑
a=1

(
βae

L
aN− eLaa

)
. (4.4.9)

Remark 8. The boundary Hamiltonians H
′

left and H
′

right in (4.4.7) resemble the transpose of

H̃left and H̃right, i.e. to the transpose of the boundary part of the dual Hamiltonian defined
in (3.3.4). They can be identified when replacing the extra-site bosonic creation operators
(a+)0a (resp. (a

+)L+1
a ) with the corresponding reservoir parameters αa (resp. βa).

We have the following correspondence between eigenvectors with zero eigenvalues

|Ψ〉= S−1
1 |Ψ

′
〉 (4.4.10)

where |Ψ′〉 satisfies H′ |Ψ′〉= 0.
Next, we introduce

S2 := exp

(
−

N−1∑
a=1

βaeaN

)
. (4.4.11)

and

Sx2 := exp

(
−

N−1∑
a=1

βae
x
aN

)
, (4.4.12)

which denotes S2 (see (4.4.11)) acting at site x. By taking the product over the chain we obtain

S2 =
L∏

x=1

Sx2 . (4.4.13)
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We define

H
′ ′
= H

′ ′

left +Hbulk +H
′ ′

right , (4.4.14)

that is related to H′ by

H
′ ′
= S2H

′
S−1
2 . (4.4.15)

The boundary Hamiltonians of H
′ ′

read

H
′ ′

left = e1NN−1+
N−1∑
a=1

(αa−βa)e
1
aN, H

′ ′

right = eLNN−1 . (4.4.16)

The left one is lower triangular and depends on the differences between the bound-
ary parameters, while the right one is diagonal. Equation (4.4.16) are proved using the
Hadamard formula (3.3.26) with B =

∑N−1
c=1 βcecN, and either A= eaN, or A= eaa. Namely,

by using (3.3.29) we obtain

S2

(
N−1∑
a=1

αae
1
aN

)
S−1
2 =

N−1∑
a=1

αae
1
aN (4.4.17)

and

S2

N−1∑
a=1

e1aaS
−1
2 =

N−1∑
a=1

(
e1aa+βae

1
aN

)
. (4.4.18)

Therefore, for the left boundary

H
′ ′

left = S2H
′

leftS
−1
2 =

N−1∑
a=1

(
αae

1
aN− e1aa−βae

1
aN

)
= e1NN−1+

N−1∑
a=1

(αa−βa)e
1
aN . (4.4.19)

Similarly, using again (3.3.29) we have for the right boundary

H
′ ′

right = S2H
′

rightS
−1
2 =

N−1∑
a=1

(
βae

L
aN− eLaa−βae

L
aN

)
= eLNN−1 . (4.4.20)

The relation between eigenvectors with vanishing eigenvalue is

|Ψ
′
〉= S−1

2 |Ψ
′ ′
〉 (4.4.21)

and |Ψ′ ′〉 solves

H
′ ′
|Ψ

′ ′
〉= 0 . (4.4.22)

It is convenient to introduce also the transformation

S= S2S1 =
L∏

x=1

exp

(
−

N−1∑
a=1

βae
x
aN

)
exp

(
N−1∑
a=1

exNa

)
. (4.4.23)

This matrix S connects H with H
′ ′

by

H= S−1H
′ ′
S (4.4.24)

and, the relation between eigenvectors with vanishing eigenvalue is

|Ψ〉= S−1|Ψ
′ ′
〉 . (4.4.25)

29



J. Phys. A: Math. Theor. 57 (2024) 295001 F Casini et al

4.4.2. Closed formula for |Ψ
′ ′
⟩. The ground state of the Hamiltonian H

′ ′
is given by

|Ψ
′ ′
〉=

∑
τ∈Ω′

1
(1+L)!

L∏
x=1

(ατx −βτx)
(1−δτx,N)

1+
L∑
j=x

δτj,N

 |τ 〉 (4.4.26)

where

δτx,N :=

{
1 if τx = N

0 otherwise
. (4.4.27)

4.4.2.1. Proof of formula (4.4.26). We consider the vector with elements given by the operat-
ors of theMPA (X1, . . . ,XN) andwe act on it with the similarity transformation S= S2S1 obtain-
ing new operators (X̃1, . . . , X̃N) that will satisfy simpler commutation relations. We define the
transformed matrix product operators via X̃= SX such that

X̃a = Xa−βa (X1 + . . .+XN) , X̃N = X1 + . . .+XN (4.4.28)

where a ∈ {1, . . . ,N− 1}. We can also reverse the transformation by S−1 and get:

Xa = X̃a+βaX̃N , XN = βNX̃N−
(
X̃1 + . . .+ X̃N−1

)
. (4.4.29)

Summing over b ∈ {1, . . . ,N} in commutation relations (4.1.5) we have[
Xa, X̃N

]
= (αa−βa) X̃N (4.4.30)

with X̃N = X1 + · · ·+XN. Therefore, using (4.4.29) we obtain the commutation relations for
X̃a [

X̃a, X̃N
]
= (αa−βa) X̃N , (4.4.31)

cf. (4.2.2). Moreover using (4.4.28) and (4.4.29), the action of X̃a on the boundary vectors are
given by

〈〈W|
(
(αa−βa) X̃N− X̃a

)
= (αa−βa)〈〈W| , (4.4.32)

X̃a|V〉〉= (αa−βa) |V〉〉 , (4.4.33)

cf. (4.2.3). Using the transformed operators (X̃A)A∈{1,...,N}, the vector |Ψ′ ′〉 of the matrix
product ansatz is written as

|Ψ
′ ′
〉= 1

ZL

∑
τ∈Ω′

〈〈W|X̃τ1 · · · X̃τL |V〉〉 |τ 〉 (4.4.34)

where the normalization is given by

ZL = 〈〈W|(X1 + . . .+XN)
L |V〉〉= 〈〈W|X̃LN|V〉〉 . (4.4.35)

To determine the eigenvector (4.4.34) in closed form, we compute the coefficients and the
normalization ZL. Using (4.4.31) we have

X̃aX̃N = X̃N
(
(αa−βa)+ X̃a

)
. (4.4.36)
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Fix ℓ,n ∈ N. By applying the above formula (4.4.36) we have

X̃naX̃
ℓ
N = X̃ℓ

N

(
X̃a+ ℓ(αa−βa)

)n
. (4.4.37)

Using (4.4.37) we obtain

L∏ ′

x=1

X̃τx = X̃
∑L

x=1 δτx,N
N

L∏ ′

x=1

X̃τx +(ατx −βτx)
L∑
j=x

δτj,N

1−δτx,N

, (4.4.38)

where for convenience we introduce the ordered product
L∏ ′

x=1

X̃τx = X̃τ1 · · · X̃τL . (4.4.39)

Multiplying by the boundary vectors and by using (4.4.33) we have

〈〈W|X̃τ1 · · · X̃τL |V〉〉= 〈〈W|X̃
∑L

x=1 δτx,N
N |V〉〉

L∏
x=1

(ατx −βτx)
1−δτx,N

1+
L∑
j=x

δτj,N

1−δτx,N

.

(4.4.40)

We now compute 〈〈W|X̃
∑L

i=1 δτx,N
N |V〉〉. For all n ∈ N we have that

〈〈W|X̃nN|V〉〉= 〈〈W|X̃NX̃n−1
N |V〉〉= 〈〈W|X̃n−1

N |V〉〉+ 〈〈W| 1
(αa−βa)

X̃aX̃
n−1
N |V〉〉

= 〈〈W|X̃n−1
N |V〉〉+ 1

(αa−βa)
〈〈W|X̃n−1

N

(
X̃a+(αa−βa)(n− 1)

)
|V〉〉

= 〈〈W|X̃n−1
N |V〉〉+ n〈〈W|X̃n−1

N |V〉〉
= (n+ 1)〈〈W|X̃n−1

N |V〉〉

=
(1+ n)!
n!

〈〈W|X̃n−1
N |V〉〉 (4.4.41)

where in the second equality we used (4.4.32) and in the third equality we used (4.4.37). This
leads to the recursion relation

〈〈W|X̃nN|V〉〉=
(1+ n)!
n!

〈〈W|X̃n−1
N |V〉〉 (4.4.42)

with 〈〈W|X̃ 0
N|V〉〉= 〈〈W|V〉〉= 1. Therefore, we obtain

〈〈W|X̃nN|V〉〉=
(1+ n)!
n!

n!
(n− 1)!

. . .
3!
2!

2!
1!
〈〈W|X̃ 0

N|V〉〉= (1+ n)! . (4.4.43)

By using this result we have that

〈〈W|X̃τ1 · · · X̃τL |V〉〉=
(
1+

∑N
x=1δτx,N

)
!
L∏

x=1

(ατx −βτx)
1−δτx,N

1+
L∑
j=x

δτj,N

1−δτx,N

.

(4.4.44)
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The normalization constant is then given by

ZL = 〈〈W|(X1 + . . .+XN)
L |V〉〉= 〈〈W|X̃LN|V〉〉= (L+ 1)! . (4.4.45)

Therefore, we write

|Ψ
′ ′
〉=

∑
τ∈Ω′

(
1+

∑L
x=1 δτx,N

)
!

(L+ 1)!

L∏
x=1

(ατx −βτx)
1−δτx,N

1+
L∑
j=x

δτj,N

1−δτx,N

|τ 〉 . (4.4.46)

We observe that, for all x, we have

(
1+

∑L
j=x δτj,N

)1−δτx,N
=

(
1+

∑L
j=x+1 δτj,N

)
!(∑L

j=x δτj,N

)
!

. (4.4.47)

It follows that (
1+

∑L
x=1 δτx,N

)
!

(L+ 1)!

L∏
x=1

(ατx −βτx)
1−δτx,N

1+
L∑
j=x

δτj,N

1−δτx,N

=

(
1+

∑L
x=1 δτx,N

)
!

(L+ 1)!

L∏
x=1

(ατx −βτx)
1−δτx,N

(
1+

∑L
j=x+1 δτj,N

)
!(∑L

j=x δτj,N

)
!

=
1

(L+ 1)!

L∏
x=1

(ατx −βτx)
1−δτx,N

(
1+

∑L
j=x δτj,N

)
!(∑L

j=x δτj,N

)
!

=
1

(L+ 1)!

L∏
x=1

(ατx −βτx)
1−δτx,N

1+
L∑
j=x

δτj,N

 . (4.4.48)

Therefore, we obtain (4.4.26).
□

4.4.3. Closed formula for |Ψ
′
⟩. By knowing the ground state of the Hamiltonian H

′ ′
we

use (4.4.21) to retrieve the ground state of the Hamiltonian H
′
. The result is the following

|Ψ
′
〉=

∑
τ∈Ω′

Ψ
′
(τ ) |τ 〉 (4.4.49)

where

Ψ
′
(τ ) =

1
(L+ 1)!

1∑
c1=δτ1,N

. . .
1∑

cL=δτL,N

L∏
x=1

1+
L∑
j=x

cj

(ατx −βτx)
1−cx β

cx−δτx,N
τx . (4.4.50)
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4.4.3.1. Proof of formula (4.4.49). We have that |Ψ′〉= S−1
2 |Ψ

′ ′〉, thus we show how the
transformation S−1

2 acts on the vector |Ψ′ ′〉. Using the exponential series we have that

S−1
2 = 1+

N−1∑
a=1

βaeaN , (4.4.51)

whose action on the occupation variable |σ〉 of a site is

S−1
2 |σ〉= |σ〉+ δN,σ

N−1∑
a=1

βa|a〉 . (4.4.52)

Therefore, taking the tensor product over the chain we obtain

S−1
2 |σ〉=

(
|σ1〉+ δN,σ1

N−1∑
a1=1

βa1 |a1〉

)
⊗ . . .⊗

(
|σL〉+ δN,σL

N−1∑
aL=1

βaL |aL〉

)
. (4.4.53)

By projecting over a vector 〈τ | we have

〈τ |S−1
2 |σ〉=

L∏
x=1

[δτx,σx + δN,σxβτx (1− δτx,N)] . (4.4.54)

From this it follows that

Ψ
′
(τ ) =〈τ |Ψ

′
〉= 〈τ |S−1

2 |Ψ
′ ′
〉=

∑
σ∈Ω ′

〈τ |S−1
2 |σ〉〈σ|Ψ

′ ′
〉

=
∑
σ∈Ω′

1
(L+ 1)!

L∏
x=1

(ασx −βσx)
1−δσx,N

1+
L∑
j=x

δσj,N

 [δτx,σx +βτxδN,σx (1− δτx,N)] .

(4.4.55)

where we used the expression (4.4.26) forΨ
′ ′
(σ).We observe that, for any fixed x ∈ {1, . . . ,L}

and for any fixed τ ,σ ∈ Ω
′
, we have

[δτx,σx + δσx,N (1− δτx,N)βτx ] (ασx −βσx)
1−δσx,N = [δτx,σx + δσx,N (1− δτx,N)βτx ] (ατx −βτx)

1−δσx,N .

(4.4.56)

Indeed, on one hand if σx 6= N only the term δτx,σx does survive in the square brackets of the
above equation, that is non-vanishing only if σx = τx. This implies that both the left-hand-
side and the right-hand-side are either (ατx −βτx) or 0. On the other hand, if σx = N we have
(ασx −βσx)

1−δσx,N = (ατx −βτx)
1−δσx,N = 1, thus both sides of the equality are either βτx or 0.

Moreover, we have that

δσx,τx + δσx,N (1− δτx,N)βτx = β
δσx,N(1−δτx,N)
τx (δτx,σx + δσx,N (1− δτx,N))

= β
δσx,N(1−δτx,N)
τx (δτx,Nδσx,N+(1− δτx,N)(1− δσx,N)

+(1− δτx,N)δσx,N)

= β
δσx,N(1−δτx,N)
τx (δσx,N+(1− δσx,N)(1− δτx,N)) . (4.4.57)

Indeed, considering the first and last equalities we have that: if τx = σx, both sides are 1; if
τx 6= N and σx = N both sides are βτx ; while, in all other cases, both sides are 0.

33



J. Phys. A: Math. Theor. 57 (2024) 295001 F Casini et al

As a consequence we can write (4.4.55) as

Ψ
′
(τ ) =

1
(L+ 1)!

N∑
σ∈Ω′

L∏
x=1

(ατx −βτx)
1−δσx,N

1+
L∑
j=x

δσj,N


×
[
β
δσx,N(1−δτx,N)
τx (δσx,N+(1− δσx,N)(1− δτx,N))

]
. (4.4.58)

We observe that the argument of the summation above does not distinguish the colors of the
σ’s but only whether, at each site x, σx is occupied or empty. Therefore, we can replace the
summation over σ1, . . . ,σL with a summation over the indices c1, . . . ,cL ∈ {0,1}, where cx =
δσx,N. Thus, we obtain

Ψ
′
(τ ) =

1
(L+ 1)!

1∑
c1=0

. . .

1∑
cL=0

L∏
x=1

(ατx −βτx)
1−cx

1+
L∑
j=x

cj

[βcxτx (cx+(1− cx)
(
1− δτx,N

))]
.

(4.4.59)

Moreover, because of the term (1− δτx,N)(1− cx) we can make the indices cx vary in the set
{δτx,N,1}. Indeed, when cx = 0, this term is non-vanishing only if τx 6= N. Therefore, we obtain

Ψ
′
(τ ) =

1
(L+ 1)!

1∑
c1=δτ1,N

. . .
1∑

cL=δτL,N

L∏
x=1

(ατx −βτx)
1−cx

1+
L∑
j=x

cj

β
cx(1−δτx,N)
τx . (4.4.60)

Observing now that cx(1− δτx,N) can be replaced by cx− δτx,N, we finally have

Ψ
′
(τ ) =

1
(L+ 1)!

1∑
c1=δτ1,N

. . .
1∑

cL=δτL,N

L∏
x=1

(ατx −βτx)
1−cx

1+
L∑
j=x

cj

β
cx−δτx,N
τx . (4.4.61)

□
Remark 9. By changing the summation indices from cx ∈ {δτx,N,1} to c

′

x ∈ {0,1− δτx,N}
(implying that cx = 1− c′x) and by the fact that occupation of each site is bounded by 1 we
rewrite (4.4.50) as

Ψ
′
(τ ) =

1−δτ1,N∑
c
′
1=0

. . .

1−δτL,N∑
c
′
L=0

(
L+ 1−

∑L
x=1 c

′

x

)
!

(L+ 1)!

×
L∏

x=1

(ατx −βτx)

2+L− x−
L∑
j=x

c
′

j

c
′
x

β

(
1−c

′
x−δτx,N

)
τx (4.4.62)

where we used the fact that1+
L∑
j=x

cj

=

2+L− x−
L∑
j=x

c
′

j

 (4.4.63)

and where we exploited equation (4.4.48). Formula (4.4.62) will be useful in the following.
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4.4.4. Closed formula for correlations. We consider m ∈ {1, . . . ,L} sites with coordinates
x1, . . . ,xm ∈ {1, . . . ,L} such that xk < xk+1 for all k ∈ {1, . . . ,m− 1}. We fix ak ∈ {1, . . . ,N−
1} and we would like to compute

E

[
m∏
k=1

1{Yxk=ak}

]
=
∑
τ∈Ω′

(
m∏
k=1

1{τxk=ak}

)
〈τ |Ψ〉 . (4.4.64)

We fix the dual configuration ξ =
∑m

k=1 δ
xk
ak , corresponding to a vector |ξ〉, and we have

m∏
k=1

1{τxk=ak} = D(τ ,ξ) . (4.4.65)

Thus it follows that

E

[
m∏
k=1

1{Yxk=ak}

]
=
∑
τ∈Ω′

D(τ ,ξ)〈τ |Ψ〉=
∑
τ∈Ω′

〈τ |D|ξ〉〈τ |Ψ〉 . (4.4.66)

We denote by |ξ̂〉= |ξ1, . . . , ξL〉, i.e. the vector constructed from |ξ〉 by removing the com-
ponents at sites 0 and L+ 1. Recalling that in the case ν= 1 the matrix Rx defined in (3.3.9)
reduces to the identity, we have that the matrix dx, defined in (3.3.8), becomes

dx = exp

(
N−1∑
a=1

exaN

)
. (4.4.67)

Then, considering equation (4.4.2), the following holds

ST1 =
L∏

x=1

dx . (4.4.68)

As a consequence we have that

〈τ |ST1 |ξ̂〉= 〈τ |D|ξ〉 . (4.4.69)

Therefore, it follows that, using the resolution of the identity

E

[
m∏
k=1

1{Yxk=ak}

]
=
∑
τ∈Ω′

〈τ |D|ξ〉〈τ |Ψ〉=
∑
τ∈Ω′

〈τ |ST1 |ξ̂〉〈τ |Ψ〉

=
∑
τ∈Ω′

〈ξ̂|S1|τ 〉〈τ |Ψ〉= 〈ξ̂|S1|Ψ〉= 〈ξ̂|Ψ
′
〉 . (4.4.70)

Using Ψ
′
(τ ) in (4.4.62) we have

E

[
m∏
k=1

1{Yxk=ak}

]
=

1∑
c1=0

. . .
1∑

cm=0

(
L+ 1−

∑m
a=1 ca

)
!

(L+ 1)!

×
m∏
k=1

(αak −βak)
ck β1−ck

ak

2+L− xk−
m∑
j=k

cj

ck

=
1∑

c1,...,cm=0

f(c1, . . . ,cm)
m∏
k=1

(αak −βak)
ck β1−ck

ak gk (xk,ck, . . . ,cm) ,

(4.4.71)
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where in the last equality we have used the definition of (4.3.3) and (4.3.4). As a last step, using
the binomial theorem, we rewrite the previous expression as a polynomial in the boundary
densities:

E

[
m∏
k=1

1{Yxk=ak}

]

=
1∑

c1,...,cm=0

f(c1, . . . ,cm)
m∏
k=1

(
ck∑

sk=0

(−1)ck−sk αskakβ
1−sk
ak gk (xk,ck, . . . ,cm)

)

=
1∑

c1,...,cm=0

f(c1, . . . ,cm)
c1∑

s1=0

. . .

cm∑
sm=0

(
m∏
k=1

αskakβ
1−sk
ak

)(
m∏
k=1

(−1)ck−sk gk (xk,ck, . . . ,cm)

)

=
1∑

s1,...,sm=0

(
m∏
k=1

αskakβ
1−sk
ak

)
1∑

c1=s1

. . .
1∑

cm=sm

f(c1, . . . ,cm)

(
m∏
k=1

(−1)ck−sk gk (xk,ck, . . . ,cm)

)
.

(4.4.72)

From third to fourth line we have changed the summation order. Therefore, comparing the
above formula and (3.4.7), we can read off the absorption probabilities given in (4.3.2).

□

Remark 10. From equation (4.4.70), we observe that, for any configuration τ that has at least
a particle, we interpret the coefficient Ψ

′
(τ) of the vector |Ψ′〉 as a correlation. However, this

interpretation does not cover the case when τ = (N, . . . ,N), i.e. when no particles are present
in the configuration. In appendix A we show that, for any configuration τ ∈ Ω

′
we have

Ψ
′
(τ ) = E

[
L∏

x=1

(
1{Yx=τx}

)(1−δτx,N)

]
. (4.4.73)

The above formula (4.4.73) allows to interpret these coefficients as marginals of the non-
equilibrium steady distribution µ. As a by-product, we obtain that Ψ

′
(N, . . . ,N) = 1, i.e. it

is the normalization of the measure µ. In particular, these marginal are the non-equilibrium
steady state correlations as soon as the configuration τ does contain at least a particle.

Remark 11. Using the definition |Ψ′〉= S1|Ψ〉 and that

〈τ |S1 =

{∑N
σ=1〈σ| if τ = N

〈τ | else
, (4.4.74)

we immediately verify

E

[
m∏
k=1

1{Yxk=ak}

]
=
∑
τ∈Ω′

m∏
k=1

δτxk ,ak〈τ |Ψ〉= 〈N, . . . ,N,a1↑ x1

,N, . . . ,N,am
↑ xm

,N, . . . ,N|Ψ
′
〉 .

(4.4.75)

Here the notation means that the entries ak 6= N in (4.4.75) are at position xk for k ∈ {1, . . . ,m}.
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4.4.5. Steady state. By the knowledge of the closed formula for correlations (4.3.1), we find
the probability mass-function in the non-equilibrium steady state by using corollary 2. Indeed
we show here that |Ψ〉= S−1

1 |Ψ
′〉 is nothing but corollary 2. On a single site we have that

S−1
1 = 1+(−1)

N−1∑
a=1

eNa (4.4.76)

thus,

S−1
1 |σ〉= |σ〉+(−1)(1− δσ,N) |N〉. (4.4.77)

By taking the tensor product over the chain we obtain

S−1
1 |σ〉= (|σ1〉+(−1)(1− δσ1,N) |N〉)⊗ . . .⊗ (|σL〉+(−1)(1− δσL,N) |N〉) (4.4.78)

therefore, projecting on 〈τ | we have

〈τ |S−1
1 |σ〉=

L∏
x=1

(
δτx,σx +(−1)δτx,N

N−1∑
a=1

δσx,a

)
. (4.4.79)

By inserting the resolution of identity
∑

σ∈Ω′ |σ〉〈σ| we have that

Ψ(τ ) = 〈τ |Ψ〉= 〈τ |S−1
1 |Ψ

′
〉=

∑
σ∈Ω′

〈τ |S−1
1 |σ〉〈σ|Ψ

′
〉 . (4.4.80)

Using (4.4.79) we obtain

Ψ(τ ) =
L∑

m=0

∑
1⩽x1<x2<...<xm⩽L

 ∏
x/∈{x1,...,xm}

δτx,N

 N−1∑
b1,...,bm=1

(
m∏
k=1

(
δτxk ,bk − δτxk ,N

))

×Ψ
′

(
N, . . . ,N,b1

↑ x1

,N, . . . ,N,bm
↑ xm

,N, . . . ,N

)
. (4.4.81)

In the second equality we have rewritten the product by introducing the summation over m,
the coordinates x1, . . . ,xm and the occupation variables b1, . . . ,bm.

Remark 12 (Equilibrium case). Using equation (3.4.11) with correlation computed in (4.3.1)
in the equilibrium case (βa = αa), we obtain

Ψ(τ ) =
N∏
a=1

α
∑L

x=1 δτx,a
a . (4.4.82)

As it has to be, this is the probability of the configuration τ under the reversible meas-
ure (2.3.2), with site marginals distributed as Multinomial (1,α1, . . . ,αN).

4.5. The single species case (SSEP)

The computations made for the multispecies stirring process can be specialized to the single
species case N= 2, i.e. when only one type of particles and the holes are present. In this situ-
ation we retrieve the SSEP, that was studied using the same approach as presented here in [17].
We report the Hamiltonians and the similarity transformations of SEEP:

H= Hleft +
L−1∑
x=1

Hx,x+1 +Hright (4.5.1)
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where the bulk Hamiltonian densities are

Hx,x+1 =
2∑

a,b=1

(eab⊗ eba− ebb⊗ eaa) . (4.5.2)

Here eab are the basis elements of the fundamental representation of gl(2). The boundary
Hamiltonians are

Hleft =

(
α1− 1 α1

α2 α2− 1

)
, Hright =

(
β1− 1 β1

β2 β2− 1

)
(4.5.3)

where we assume that (α1 +α2) = (β1 +β2) = 1. In this case, the similarity transformations
read

S1 =
(
1 0
1 1

)
, S2 =

(
1 −β1

0 1

)
, S = S2S1 =

(
1−β1 −β1

1 1

)
. (4.5.4)

Therefore, we have that H
′
has the following boundaries

H
′

left =

(
−1 α1

0 0

)
, H

′

right =

(
−1 β1

0 0

)
, (4.5.5)

while the boundary Hamiltonians of H
′ ′

are

H
′ ′

left =

(
−1 α1−β1

0 0

)
, H

′ ′

right =

(
−1 0
0 0

)
. (4.5.6)

As a check of our results we report the steady state correlations and the vectors |Ψ′ ′〉, |Ψ′〉 and
|Ψ〉 for the SSEP, with maximal occupancy ν= 1 and compare the results to [17].

4.5.1. Correlations of SSEP. We retrieve the closed formula for correlations in the non-
equilibrium steady state found in [17, (4.26)]:

E

[
m∏
k=1

1{Yxk=1}

]
=

m∑
q=0

(α−β)
q
βm−q

∑
1⩽ℓ1<...<ℓq⩽m

q∏
k=1

(L+ 1− xℓk − q+ k)
(2+L− k)

. (4.5.7)

Proof of formula (4.5.7). Starting from (4.3.1) we exploit the fact that for N= 2 each site can
be either occupied by a particle or empty. We introduce q=

∑m
k=1 cxk . There are many values

of c’s that give the same q, therefore we define q variables denoted by 1⩽ ℓ1 < ℓ2 < .. . <
ℓq ⩽ m. To each of these variables we associate coordinates xℓ1 , . . . ,xℓq ∈ {x1, . . . ,xm} that are
such that cxℓk = 1 for all k ∈ {1, . . . ,q} and cx = 0 for x /∈ {xℓ1 , . . . ,xℓq}. Therefore, for any
fixed cx1 , . . . ,cxm , we find q (by the summation

∑m
k=1cxk = q) and ℓ1, . . . , ℓq from which we fix

xℓ1 , . . . ,xℓq as explained. Then, we obtain

m∏
k=1

2+L− xk−
m∑
j=k

cj

ck

=

q∏
k=1

(1+L− xℓk − q+ k) . (4.5.8)

Indeed, in the product on the left hand side only q terms at coordinates xℓ1 , . . .xℓq do survive.
Moreover, any fixed xℓk has q− k occupied sites at its right. Furthermore, using the properties
of the factorials, we have that(

L+ 1−
∑m

k=1 ck
)
!

(L+ 2)!
=

q∏
k=1

1
(2+L− k)

. (4.5.9)
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Varying all possible c’s in (4.3.1) is equivalent of varying all possible q and all possible
ℓ1, . . . , ℓq, therefore we obtain

m∑
c1...,cm=0

(
L+ 1−

∑m
k=1 ck

)
!

(L+ 1)!

m∏
k=1

2+L− xk−
m∑
j=k

cj


=

m∑
q=0

∑
1⩽ℓ1<...<ℓq⩽L

q∏
k=1

(1+L− xℓk − q+ k)
(2+L− k)

(4.5.10)

and (4.5.7) follows.

4.5.2. The vector |Ψ
′ ′
⟩ for SSEP. The ground state of H

′ ′
is

|Ψ
′ ′
〉=

L∑
q=0

∑
1⩽ℓ1<...<ℓq⩽L

(α1−β1)
q

q∏
k=1

(1+L− ℓk− q+ k)
(2+L− k)

|ℓ,q〉 (4.5.11)

where ℓ= (ℓ1, . . . , ℓq).

Proof of formula (4.5.11). We specialize equation (4.4.46) to the N= 2 case and introduce
q=

∑L
x=1 δτx,1. For each q ∈ {1, . . . ,L} we call 1⩽ ℓ1 < .. . , ℓq ⩽ L the coordinates where

particles of type 1 are present. Thus, arguing as in the proof of (4.5.7) and using (4.5.9) we
have that(

1+
∑L

x=1 δτx,2

)
!

(1+L)!

L∏
x=1

(ατx −βτx)

1+
L∑
j=x

δτj,2

1−δτx,2

=

(
1+L−

∑L
x=1

(
1− δτx,2

))
!

(1+L)!

L∏
x=1

(ατx −βτx)

2+L− x−
L∑
j=x

(
1− δτj,2

)1−δτx,2

= (α1 −β1)
q

q∏
k=1

(1+L− ℓk− q+ k)
(2+L− k)

. (4.5.12)

By varying q and ℓ1, . . . , ℓq, we have a one-to-onemappingwith τ , therefore we obtain (4.5.11).

4.5.3. The vector |Ψ
′
⟩ for SSEP. The ground state of H

′
reads

|Ψ
′
〉=

∑
τ∈Ω′

Ψ
′
(τ ) |τ 〉 (4.5.13)

where

Ψ
′
(τ ) =

|τ |∑
q=0

(α−β)
q
βL−q

∑
1⩽ℓ1<...<ℓq⩽|τ |

q∏
k=1

(L+ 1− xℓk − q+ k)
(2+L− k)

. (4.5.14)

and where |τ |=
∑L

x=1 δτx,1.

Proof of formula (4.5.14). For any configuration τ ∈ Ω we denote by |τ |=
∑L

x=1 δτx,2 the
number of occupied sites. Then, considering equation (4.4.62) we have the result by adapting
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the proof of (4.5.7) in the following way. We select q ∈ {0, . . . , |τ |} particles among the occu-
pied ones. We call ℓ1, . . . ℓq ∈ {1, . . . , |τ |} such that ℓ1 < ℓ2 < .. . < ℓq. These (ℓk)k∈1,...,q are
labels for the q particles previously selected. For each ℓk we introduce xℓk , i.e. the coordinate
where the particle with label ℓk is placed. Thus, we have that

L∏
x=1

L+ 2− x−
L∑
j=x

cj

cx

=

q∏
k=1

L+ 2− xℓk −
L∑

j=xℓk

cj

=

q∏
k=1

(1+L− xℓk − q+ k) .

(4.5.15)

It follows that

1∑
c1=0

. . .
1∑

cL=0

1{c1+···+cL=q}

L∏
x=1

L+ 2− x−
L∑
j=x

cj

cx

=
∑

1⩽ℓ1<...<ℓq⩽|τ |

q∏
k=1

(1+ L− xℓk − q+ k) .

(4.5.16)

Therefore, using (4.5.9) one finds |Ψ′〉 for the SSEP.

4.5.4. The vector |Ψ⟩ for SSEP. In the single species case N= 2 we have that

|Ψ〉=
∑
τ∈Ω′

Ψ(τ ) |τ 〉 (4.5.17)

where

Ψ(τ ) =
L∑

b=0

(−1)b
∑

1⩽q1<...<qb⩽L

(
q∏

k=1

δτqk ,2

) |τ |+b∑
s=0

(α−β)
s
βL−s

×
∑

1⩽ℓ1<...<ℓs⩽|τ |

s∏
k=1

(L+ 1− xℓk − s+ k)
(2+L− k)

. (4.5.18)

Proof of (4.5.17). The proof follows from (4.4.81) and from the coefficientsΨ
′
(τ ) computed

in (4.5.14).

5. Extensions beyond the integrable chain

In section 4we have shown that, combining duality and integrability of themultispecies stirring
process with ν= 1 and on the geometry of chain with two boundaries, the non-equilibrium
steady state can be found in an explicit form. As soon as ν > 1 the integrability property is
lost, but duality still holds. Therefore, in this section we first address the question whether
we can use duality to characterize the non-equilibrium steady state of the boundary driven
multispecies stirring process on a chain with ν > 1 via absorption probabilities.

Inspired by the results for the thermalized version of the symmetric exclusion process repor-
ted in [4], in this section we also investigate its multispecies counterpart. More precisely, we
ask whether a thermalized version of the boundary driven multispecies stirring process can be
defined and if it keeps the absorbing duality properties as in the single species case. Again, we
restrict our analysis on the chain with two reservoirs at the end sites. Finally we add a reaction
mechanism of transition to the boundary-driven multispecies stirring process. The aim is to
answer the following question: can we generalize the boundary-driven model introduced in
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[21] to the case with ν > 1 for arbitrary number of species? Moreover, in [21] the duality for
this reaction-diffusion process was proved only for the equilibrium case and the result was
achieved by direct computation (without using a gl(3) symmetry). Thus, we also investigate
if this last duality result can be extended to a boundary driven process by using an approach
similar to the one of section 3 and based on Lie algebras. The section is organized as follows:

1. Correlations (section 5.1): exploiting the duality, the steady state correlations of the
boundary-driven multispecies stirring process on a chain with two reservoirs is expressed
in terms of absorption probabilities of the dual particles. These probabilities are hard to
find when ν > 1. As an example we give, in appendix B, the expression for the one-point
correlation.

2. Instantaneous thermalization (section 5.2): starting from the multispecies stirring dynam-
ics, we define the thermalized process, where particles are redistributed on each bond with a
measure that is the reversible one conditioned to the conservation of the number of particles
on this bond. Also for this thermalized process we prove duality.

3. Reaction-diffusion process (section 5.3): starting from the usual stirring dynamics (see
section 2) where particles and holes are exchanged in two nearest-neighbor sites (now
at a constant rate σ11), two additional reaction dynamics are added. Particles can now
change type with two different mechanisms: a pure mutation (with rate Υ) and a stirring-
mutation (at rate σ12), i.e. a transition where particles perform an exchange of their occu-
pancies at nearest-neighbor sites but, at the same time, they also mutate their own species.
This reaction-diffusion model is constructed with the goal of having the average densities
evolving as a closed system of N− 1 coupled difference-differential equations, providing a
generalization of the model studied in [21]. Exploiting the gl(N) symmetry of this reaction-
diffusion process, absorbing duality for the boundary driven process is also proved.

In this section we always assume that the geometry is a chain of length L where two reser-
voirs are connected to the end sites 1 and L. In all the three investigated situations, we denote
the original processes by the variables (n(t))t⩾0, while their dual processes is denoted by the
variables (ξ(t))t⩾0. Moreover, we always denote the configuration spaces of the original pro-
cesses by

ΩL =
L⊗

x=1

Ωx . (5.0.1)

And their dual configuration spaces

Ω̃L = NN−1
0 ⊗ΩL⊗NN−1

0 . (5.0.2)

We recall that the dual processes are defined on an enlarged chain with two extra-sites 0 and
L+ 1 attached to 1 and L respectively.

5.1. Duality for a boundary driven chain

As already pointed out, the dual process voids the chain by piling up particles of species
{1, . . . ,N− 1} in the extra sites 0 and L+ 1 and replacing them by the holes N. This prop-
erty allows to characterize the steady state non-equilibrium distribution (that is unique) by the
probability that dual particles are absorbed in the extra-sites, called absorption probabilities.
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This is a generalization for the non-integrable chain of the corollary 1. The process (n(t))t⩾0
has generator

L= Lleft +
L−1∑
x=1

Lx,x+1 +Lright . (5.1.1)

where Lx,x+1 is the edge generator defined in (2.2.4) acting on the bond (x,x+ 1) and Lleft

and Lright are the generators (2.2.5) acting on sites 1 and L with parameters (αA)A∈{1,...,N} and
(βA)A∈{1,...,N} respectively. The process is dual to (ξ(t))t⩾0, defined on the dual state space

Ω̃L, and has generator

L̃= L̃left +
L−1∑
x=1

Lx,x+1 + L̃right (5.1.2)

where Lx,x+1 is given by (2.2.4) and where the boundary generators L̃left and L̃right are given
in (3.2.5): they absorb particles from sites 1 and L and put them at extra-sites 0 and L+ 1
respectively. The duality function is (3.2.6) specified on the chain. We call µNESS the non-
equilibrium stationary steady state of the process (n(t))t⩾0, we denote by EµNESS [·] the expect-
ation with respect to this measure and we call Y = (Y1, . . . ,YL) the random vector with law
µNESS. For every m ∈ {1, . . . ,L} we consider the coordinates 1⩽ x1 < x2 < .. . < xm ⩽ L and
we select m colors a1, . . . ,am ∈ {1, . . . ,N− 1} among the N− 1 available ones. We introduce
the dual configuration ξ =

∑m
k=1 δ

xk
ak , meaning that

ξxA =

{
1 if x= xk and A= ak
0 otherwise.

(5.1.3)

The duality function is (3.2.6), adapted to the chain. Therefore, we have that

D(n,ξ) =

∏m
k=1 n

xk
ak

C(ν,m)
(5.1.4)

where C(ν,m) is a constant that depends on m and on the maximal occupancy per site ν.
Therefore, up to this constant, EµNESS [D(n,ξ)] gives the m−point correlations in the non-
equilibrium steady state. The following equalities hold using ergodicity and duality:

EµNESS

[∏m
k=11{Yxk

ak
=n

xk
ak}
]

C(ν,m)
= lim

t→∞
En [D(n(t) ,ξ)] = lim

t→∞
Eξ [D(n,ξ (t))]

=

|ξ1|∑
s1=0

. . .

|ξN−1|∑
sN−1=0

N−1∏
a=1

(
ρleft
a

)sa (
ρright
a

)|ξa|−sa Px1,...,xm (s1, . . . ,sN−1)

(5.1.5)

here we recall that, generalizing corollary 1,

Px1,...,xm (s1, . . . ,sN−1) = P

(
ξ (∞) =

N−1∑
a=1

(
saδ

0
a +(|ξa| − sa)δL+1

a

)∣∣∣ξ (0) = ξ

)
(5.1.6)

are the absorption probabilities for the non-integrable chain, i.e. the probabilities that sa
particles of species a are absorbed at 0. Here we have denoted |ξa|=

∑L
x=1 ξ

x
a. These correl-

ations can be computed once the absorption probabilities are known. For example, we report
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in appendix B the solution for the simplest case of one-point correlations that is exactly solv-
able, since the single dual particle behaves as an independent random walker. The absorption
probabilities for higher point correlations fulfil difference equations.

Remark 13. Considering arbitrary coordinates (xk)k∈{1,...,m} (not necessary different) and
considering proper dual configurations, the technique explained above can be used to com-
pute, as a function of the absorption probabilities, the mixed factorial moments under the non-
equilibrium stationary distribution.

5.2. Instantaneous thermalization

In this subsection we aim to extend to the multispecies stirring process the concept of instant-
aneous thermalization limit (see [2, 4]). The thermalized process gives rise, for any pair
of nearest-neighbor sites of the chain, to a redistribution of the total number of particles.
The thermalized model that we present in this paper is obtained from the boundary driven
model with generator (2.2.3) as follows: for each bond (x,x+ 1) the total number of particles
ϵ= nx+ nx+1 is redistributed according to the reversible measure, conditioned on the conser-
vation of ϵ.

5.2.1. The thermalization measure. We introduce the reversible measure (2.3.2) conditioned
on the conservation of the particles on the bond (x,x+ 1)

µTH (r|ϵ) : = P
(
nx = r|nx+ nx+1 = ϵ

)
= P

(
(nx1, . . . ,n

x
N) = (r1, . . . ,rN) |

(
nx1 + nx+1

1 , . . . ,nxN+ nx+1
N

)
= (ϵ1, . . . , ϵN)

)
.
(5.2.1)

Here we introduce the vectors r= (r1, . . . ,rN) and ϵ= (ϵ1, . . . , ϵN) are such that ∀A ∈
{1, . . . ,N}, for each of their components (rA)A∈{1,...,N},(ϵA)A∈{1,...,N} we have rA ∈ {0, . . . ,ν}
and ϵA ∈ {0, . . . ,2ν}, under the constraints

ϵN = 2ν−
N−1∑
a=1

ϵa, rN = ν−
N−1∑
a=1

ra . (5.2.2)

Using the conditional probability and the fact that the reversible measure (2.3.2) is the product
over the sites of multinomial distributions we have

µTH (r|ϵ) =
P
(
{nx = r} ∩

{
nx+ nx+1 = ϵ

})
P(nx+ nx+1 = ϵ)

=
P(nx = r) P

(
nx+1 = ϵ− r

)
P(nx+ nx+1 = ϵ)

. (5.2.3)

Therefore the thermalization measure reads

µTH (r|ϵ) =

(
ν

r1,...,rN

)(
ν

(ϵ1−r1),...,(ϵN−rN)

)( 2ν
ϵ1...,ϵN

) 1{r1+...+rN=ν} (5.2.4)

where we recall that the multinomial coefficient reads(
ν

n1, . . . ,nN

)
=

ν!

n1! · · ·nN!
. (5.2.5)

5.2.2. Thermalized multispecies stirring process. The thermalized multispecies stirring pro-
cess is defined on the configuration space ΩL introduced in (5.0.1) and its generator reads

LTH = LTH
left +

L−1∑
x=1

LTH
x,x+1 +LTH

right (5.2.6)
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where

LTH
x,x+1f(n) =

nx1+n
x+1
1∑

r1=0

. . .

nxN+n
x+1
N∑

rN=0

1{r1+...+rN=ν}

×
{
f
(
n1, . . . ,nx−1,r,nx+ nx+1− r,nx+2, . . . ,nL

)
− f(n)

}
µTH (r|ϵ)

(5.2.7)

while

LTH
leftf(n) =

ν∑
r1=0

. . .
ν∑

rN=0

1{r1+...+rN=ν}
{
f
(
r,n2, . . . ,nL

)
− f(n)

}
×
(

ν

r1, . . . ,rN

)N−1∏
a=1

(
αa
αN

)ra(αN
|α|

)ν
(5.2.8)

and LTH
right acting similarly on the site L and with parameters β’s. In the thermalized bulk gener-

ator particles on a bond x and x+ 1 are redistribute according to the measure µTH(r|ϵ), while in
the thermalized boundary generators the configuration at site 1 (L) is replaced by r, according
to a rate depending on r itself and on the reservoirs parameters.

5.2.3. The dual thermalized process. Here we state the duality result for the thermalized
multispecies stirring process with boundary driving.

Proposition 1 (Duality for the thermalized multispecies stirring process). The thermal-
ized multispecies stirring process (n(t))t⩾0 on the state space ΩL, with generator LTH defined
in (5.2.6) is dual to the process (ξ(t))t⩾0 on the enlarged configuration space Ω̃L, with dual
generator

L̃TH = L̃TH
left +

L−1∑
x=1

LTH
x,x+1 + L̃TH

right (5.2.9)

where LTH
x,x+1 is (5.2.7) and L̃TH

left and L̃TH
right are absorbing with rate 1:

L̃TH
left f(ξ) =

{
f

(
ξ0 +

N−1∑
a=1

δ0
aξ

1
a , ξ

1−
N−1∑
a=1

δ1
aξ

1
a + δ1

N

N−1∑
a=1

ξ1a , ξ
2, . . . , ξL

)
− f(ξ)

}

L̃TH
rightf(ξ) =

{
f

(
ξ0, . . . , ξL−1, ξL−

N−1∑
a=1

δLaξ
L
a + δLN

N−1∑
a=1

ξLa , ξ
L+1 +

N−1∑
a=1

δL+1
a ξLa

)
− f(ξ)

}
.

(5.2.10)

The duality function is the same of the multispecies stirring process, i.e.

D(n,ξ) =

(
N−1∏
a=1

(
ρlefta

)ξ0
a

) L∏
x=1

(
ν−

∑N−1
a=1 ξ

x
a

)
!

ν!

N−1∏
a=1

nxa!
(nxa− ξxa)!

(N−1∏
a=1

(
ρrighta

)ξL+1
a

)
,

(5.2.11)

cf (3.2.6).

This dual process is absorbing since the dual boundary generator LTH
left (LTH

left) remove all
dual particles at site 1 (L) and put these particles in the extra-sites 0 (L+ 1) with rate 1. The
proof of proposition 1 is standard. For the sake of completeness we report it in appendix C.
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5.3. Multispecies stirring process with reaction

Considering a genericN− 1 species Markov process (n(t))t⩾0 (where in the spirit of section 2,
nxA denotes the number of particles or the number of holes at site x), we define the average
density occupation of species a ∈ {1, . . . ,N− 1} at site x and at time t as

ρa (x, t) = Eµ0 [n
x
a (t)] (5.3.1)

where Eµ0 denotes the expectation with respect to the law of the Markov process (n(t))t⩾0

initialized with arbitrary initial measure µ0. Calling L the generator of this process, these
average occupations evolves according to the evolution equation

dρa (x, t)
dt

= Eµ0 [Lnxa (t)] . (5.3.2)

In [21] a process has been defined with two species a= 1,2 and the holes (denoted by 0 in that
context) whose evolution equation for the average occupation ρa(x, t) of species a ∈ {1,2} is
given by a difference-differential equation with two discrete Laplacians (one for each species,
multiplied by a proper diffusivity constant) and a linear reaction term (mutation), i.e.

d
dt
ρa (x, t) = σ11∆Lρa (x, t)+σ12∆Lρa (x, t)+Υ(ρa (x, t)− ρa (x, t)) (5.3.3)

for x ∈ {1, . . . ,L} a ∈ {1,2} and where a= 1 if a= 2 and a= 1 if a= 2. Here ∆Lρ(x, t) =
ρa(x+ 1, t)+ ρa(x− 1, t)− 2ρa(x, t). This equation is endowed with boundary conditions
ρleft
a ,ρleft

a on the left and ρright
a ,ρright

a on the right. The generator of this model consists in a
sum of three Markov generators: a stirring, a stirring-mutation and a pure-mutation one (see
section 4 of [21]). For the lattice Z, self-duality has been showed and the duality function is
exactly (4.4.61) in case of hard-core exclusion (see section 5 of [21]). In view of what has been
proved in the previous sections of this work, some questions arise naturally:

1. Is it possible to extend the results of [21] to a case with an arbitrary number of species
(N− 1) ∈ N and arbitrary maximal occupation ν ∈ N?

2. Is it possible to extend the duality result to the boundary-driven case in order to have an
absorbing dual process, using the same gl(N) Lie algebraic structure?

Therefore, we aim to find a process whose average occupations ρa(x, t) for any species
a ∈ {1, . . . ,N− 1} evolves as a system of difference-differential equation given by

d
dt
ρa (x, t) = νσ11∆Lρa (x, t)+ νσ12

N−1∑
b=1,b̸=a

∆Lρb (x, t)+Υ
N−1∑

b=1,b̸=a

(ρb (x, t)− ρa (x, t)) .

(5.3.4)

We assume that the boundary condition are given and denoted by ρleft
a and ρright

a for all a ∈
{1, . . . ,N− 1} at left and right respectively, further assuming that

∑N
A=1 ρ

left
A =

∑N
A=1 ρ

right
A =

ν. In the following of this section, we first construct the process on a chain in order to
obtain (5.3.4) for the evolution of the average occupation variable of species a. Once we have
found such a process, we construct the Lie algebraic description and we use it to prove absorb-
ing duality.
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5.3.1. The reaction-diffusion process on a chain. We consider the geometry of a chain of
length L, where we assume that a reservoir with parameters (αA)A∈{1,...,N} is attached at site 1
and a reservoir with parameters (βA)A∈{1,...,N} is attached at site L. The state space isΩL given
in (5.0.1) and the generator reads

Lrd = Lrd
right +

L−1∑
x=1

Lrd
x,x+1 +Lrd

right (5.3.5)

where

Lrd
x,x+1 = νσ11Lx,x+1 + νσ12

N−2∑
c=1

Lcx,x+1 +(Υ− 2νσ12)Lmx,x+1 (5.3.6)

where Lx,x+1 is the edge-generator (2.2.4) of the multispecies stirring process and, for any
function f : Ω→ R and for any c ∈ {1, . . . ,N− 2}we introduce the stirring-mutation generator

Lcx,x+1f(n) =
N∑

A,B=1

nxAn
x+1
B

(
f
(
n− δxA+ δxhc(B) + δx+1

hc(A)
− δx+1

B

)
− f(n)

)
(5.3.7)

with the mapping

hc (·) : {1, . . . ,N}→ {1, . . . ,N}
A→ hc (A)

(5.3.8)

defined as

hc (A) =


A+ c if A+ c< N

A+ c−N+ 1 if A+ c⩾ N and A 6= N

N if A= N

. (5.3.9)

Observe that hc(·) is surjective and injective, and thus invertible.
Moreover, we define the pure-mutation generator

Lmx,x+1 f(n) =
N−1∑
a,b=1

nxa ( f(n− δxa+ δxb)− f(n)) . (5.3.10)

The left boundary generatorLrd
left is given by (2.2.5) at site 1,where theα parameters are defined

as functions of the given boundary condition of the difference-differential system as

αa = σ11ρ
left
a +σ12

N−1∑
b=1 :b̸=a

ρleft
b if a ∈ {1, . . . ,N− 1}

αN = ν (σ11 +(N− 2)σ12)−
N−1∑
a=1

αa . (5.3.11)

As a consequence, from the above conditions we write the boundary values in terms of the
reservoir parameters as

ρleft
a =

αaσ11−σ12
∑N−1

b=1 :b̸=aαb

(σ11− (N− 2)σ12)(σ11 +(N− 2)σ12)
ρleft
N =

αN
(σ11 +(N− 2)σ12)

(5.3.12)
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for every a ∈ {1, . . . ,N− 1}. Moreover, with this choice we have that
∑N

A=1αA = ν(σ11 +

(N− 1)σ12) and
∑N

A=1 ρ
left
A = ν. The boundary generator Lrd

right is defined analogously, but the

α’s are replaced by β’s and the boundary values ρright
A .

5.3.1.1. Action on the occupation variable. We only report the final result. The details are
written in appendix D. For arbitrary site x ∈ {2, . . . ,L− 1}, the action on the occupation vari-
able f(n) = nxa of particle of type a ∈ {1, . . . ,N− 1} at site x reads

Lrdnxa = νσ11∆Ln
x
a+ νσ12

N−1∑
b=1 :b̸=a

∆Ln
x
b+Υ

N−1∑
b=1 :b̸=a

(nxb− nxa) (5.3.13)

where ∆Lnxa = nx+1
a + nx−1

a − 2nxa. For x= 1 and for all a ∈ {1, . . . ,N− 1} we have

Lrdn1a = σ11ν
(
ρleft
a − 2n1a+ n2a

)
+σ12ν

N−1∑
b=1 :b̸=a

(
ρleft
b − 2n1b+ n2b

)
+Υ

N−1∑
b=1 :b̸=a

(
n1b− n1a

)
.

(5.3.14)

On the occupation variable nLa the action is similar. Therefore, using the evolution
equation (5.3.2) for the average densities and the action of Lrd expressed by (5.3.13)
and (5.3.14) we obtain the desired system of N− 1 difference-differential equations (5.3.4).
For these reasons, this model is a generalization to N− 1 species and to maximal occupation
ν of the one studied in [21].

5.3.2. Reversible measure for the reaction-diffusion process (equilibrium). The process
described by the generator Lrd introduced in (5.3.5) is reversible with respect to the homo-
geneous product measure

Λrev =
L⊗

x=1

Λx
rev (5.3.15)

when

αA = βA ∀A ∈ {1, . . . ,N} and αa = αb = α ∀a,b ∈ {1, . . . ,N− 1} . (5.3.16)

This measure has marginals Λx
rev given by

Λx
rev ∼Multinomial(ν,p, . . . ,p,pN) (5.3.17)

where

p=
α

αN+(N− 1)α
and pN =

αN
αN+(N− 1)α

. (5.3.18)

Namely,

Λx
rev (n

x) =
ν!∏N

A=1 n
x
A!
p
∑N−1

a=1 n
x
ap
nxN
N . (5.3.19)

This can be proved by imposing the detailed balance conditions for the bond (x,x+ 1) and for
the boundaries {1,L}.
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5.3.3. Duality for the reaction-diffusion process. In this section we formulate duality for
the multispecies reaction-diffusion process. This answers the second question posed at the
beginning of section 5.3.

Proposition 2 (Duality for the reaction-diffusion process). The reaction-diffusion multis-
pecies stirring process (n(t))t⩾0, on the state space ΩL, with generator Lrd defined in (5.3.5)
is dual to the process (ξ(t))t⩾0 on the state space Ω̃L with dual generator

L̃rd = L̃rd
left+

L−1∑
x=1

Lrd
x,x+1 + L̃rd

right (5.3.20)

where Lrd
x,x+1 is defined in (5.3.6) and, L̃rd

left and L̃rd
right are the absorbing dual generators L̃x

defined in (3.2.5) and acting at sites 1 and L, with the specific choice of the reservoir paramet-
ers (5.3.11). The duality function is the same of the stirring process, i.e.

D(n,ξ) =

(
N−1∏
a=1

(
ρlefta

)ξ0
a

) L∏
x=1

(
ν−

∑N−1
a=1 ξ

x
a

)
!

ν!

N−1∏
a=1

nxa!
(nxa− ξxa)!

(N−1∏
a=1

(
ρrighta

)ξL+1
a

)
,

(5.3.21)

cf. (3.2.6).

5.3.3.1. Proof of proposition 2. It is enough to prove duality for the bulk generator, since the
boundary generators are the same of the multispecies stirring process. In the spirit of section 3,
it is convenient to write the Hamiltonian of the process through the basis elements (2.4.6) of
the gl(N) Lie algebra. We have that

Hrd = Hleft +
L−1∑
x=1

(
σ11Hx,x+1 +σ12

N−2∑
c=1

Hc
x,x+1 +(Υ− 2σ12)Hm

x,x+1

)
+Hright . (5.3.22)

Here, Hx,x+1 is (2.4.10) and Hleft,Hright is (2.4.11) (with the choice of the boundary para-
meters made in (5.3.11)). We, then have that

Hc
x,x+1 =

N∑
A,B=1

(
Ehc(A)B⊗Ehc(B)A−EBB⊗EAA

)
(5.3.23)

and

Hm
x,x+1 =

N∑
A,B=1

(EBA⊗1−EAA⊗1) . (5.3.24)

We prove that, for arbitrary x ∈ {1, . . . ,L},

(
Hc
x,x+1

)T
D= DHc

x,x+1 ∀c ∈ {1, . . . ,N− 2} (5.3.25)(
Hm
x,x+1

)T
D= DHm

x,x+1 . (5.3.26)
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Since the matrix Rx is the same as in section 3, we shall show that Hc
x,x+1 and Hm

x,x+1 com-
mute with exp(Ex)exp(Ex+1), where E is defined in (3.3.10). Using (2.4.1), the bilinearity
and associativity of the Kronecker product and the bilinearity of the brackets we obtain(N−1∑

a=1

EaN⊗
N−1∑
a=1

EaN

)
,

N∑
A,B=1

(
Ehc(A)B⊗Ehc(B)A−EBB⊗EAA

)
=

N−1∑
a,b=1

N∑
A,B=1

{(
EAN−Ehc(B)N

)
⊗
(
EAN−Ehc(B)N

)}
= 0 .

In the last equality we used the fact that map hc(·) is surjective. Concerning the commutator
ofHm

x,x+1 the proof is similar and givesN−1∑
a=1

EaN⊗
N−1∑
b=1

EbN,
N∑

A,B=1

(EBa⊗1−EAA⊗1)

= 0 . (5.3.27)

□
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Appendix A. Interpretation of Ψ
′
as marginals of the steady state distribution

We still miss the interpretation of Ψ
′
(τ ) when τ = (N, . . . ,N). We show here that for this

particular configuration Ψ
′
(N, . . . ,N) = 1. Indeed, for any τ ∈ Ω

′
we have that

Ψ
′
(τ ) =〈τ |Ψ

′
〉=

∑
σ∈Ω′

〈τ |S1|σ〉〈σ|Ψ〉=
∑
σ∈Ω′

〈σ|ST1 |τ 〉〈σ|Ψ〉 . (A.1)

We introduce the dual configuration constructed by attaching two extra-sites (without any
particle) to the vector τ , transforming its dimension from L to L+ 2. We denote it by ξ(τ ) =
(0, τ1, . . . , τL,0), where we wrote 0 in the two extra-sites to indicate that no dual particles are
present there. More explicitly, this dual configuration is given by

ξxA (τ ) = δτx,A ∀A ∈ {1, . . .N} ∀x ∈ {1, . . . ,L}
ξ01 (τ ) = . . .= ξ0N−1 (τ ) = 0

ξL+1
1 (τ ) = . . .= ξL+1

N−1 (τ ) = 0

. (A.2)
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Now we consider the elements 〈σ|D|ξ(τ )〉 of the duality matrixD and, since no dual particles
are present in the extra-sites 0 and L+ 1, we have

Ψ
′
(τ ) =

∑
σ∈Ω′

〈σ|D|ξ (τ )〉〈σ|Ψ〉 . (A.3)

We observe that for any x ∈ {1, . . . ,L}
N−1∏
a=1

1{δσx,a≥ξxa(τ )} =
(
1{σx=τx}

)(1−δτx,N) . (A.4)

Indeed, we have that
N−1∏
a=1

1{δσx,a≥ξxa(τ )} =

{
1{σx=τx} if τx 6= N

1 if τx = N
. (A.5)

Therefore using the duality function (3.4.3) and equation (A.3), we obtain

Ψ
′
(τ ) = E

[
L∏

x=1

(
1{Yx=τx}

)(1−δτx,N)

]
. (A.6)

This last equation completes and generalizes (4.4.70) by showing that Ψ
′
(N, . . . ,N) = 1.

Equivalently, we can interpret the components of Ψ ′(τ ) as follows. Let ℓ be the number
of sites occupied by a particle in the configuration τ , i.e. ℓ=

∑L
x=1(1− δτx,N). We denote by

x1, . . . ,xℓ the coordinates where a particle of any species is present, such that xk < xk+1 for all
k ∈ {1, ..., ℓ− 1}. Finally, we call

Ω
′

ℓ (τ ) :=
{
σ ∈ Ω

′
: σx1 = τx1 , . . . ,σxℓ = τxℓ

}
. (A.7)

Observe that, if ℓ= 0 then Ω
′

ℓ(τ ) does coincide with the whole state space Ω
′
, while, if ℓ= L

then Ω
′

ℓ(τ ) reduces to the configuration τ . Denoting the marginal on ℓ sites of the steady state
distribution by

µx1,...,xℓ (τ ) =
∑

σ∈Ω
′
ℓ(τ )

µ(σ) (A.8)

we have that

Ψ
′
(τ ) =E

[
L∏

x=1

(
1{Yx=τx}

)(1−δτx,N)

]
= E

[
ℓ∏

k=1

1{Yxk=τxk}

]
=

∑
σ∈Ω

′
ℓ(τ )

µ(σ) = µx1,...,xℓ (τ ) .

(A.9)

It follows that Ψ
′
(τ ) is the marginal on ℓ sites x1, . . . ,xℓ of the non-equilibrium steady state

distribution. In particular, when the configuration τ has ℓ particles, Ψ
′
(τ ) does coincide with

the ℓ-point correlation function.

Appendix B. One point correlations for ν ⩾ 1

We take m= 1 and we fix a site x ∈ {1, . . . ,L} and a species a ∈ {1, . . . ,N− 1}. We consider
the dual configuration ξ = δxa, then

νD(n, δxa) = nxa . (B.1)
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The average occupation reads

EµNESS

[
1{Yx

a=n
x
a}
]
= ν lim

t→∞
En [D(n(t) , δxa)]

= ν
1∑

sa=0

(
ρleft
a

)sa (
ρright
a

)1−sa Pxa (sa)
(B.2)

where

Pxa (sa) = P(ξ (∞) = saδ0 +(1− sa)δL+1|ξ (0) = δxa)

are the absorption probabilities. To explicitly find the result, we aim to determine Pxa(sa).
This is the probability that a random walker (started at x) on the chain {1, . . . ,L} with absorb-
ing boundaries is absorbed at extra-site 0. It fulfils the following equations discrete Laplace
equation 

∆LPxa (1) = 0

P1 (1) =
|α|

1+|α| +P2 (1) 1
1+|α|

PL (1) = PL−1 (1) 1
1+|β|

(B.3)

where ∆L is the discrete Laplace operator on the chain of length L. The equations (B.3) can
be solved and using Pxa(1) = 1−Pxa(0) we obtain

EµNESS

[
1{Yx

a=n
x
a}
]
= ν

αa (L|β| − |β|x+ 1)+βa (|α|x+ 1− |α|)
|α||β|L− |α||β|+ |α|+ |β|

. (B.4)

Remark 14. In case |α|= |β|= ν = 1 (when the chain is integrable) we have

E
[
1{Yx=a}

]
=

αa (L− x+ 1)+βax
L+ 1

(B.5)

that is the same result obtained in (4.3.6).

Appendix C. Proof of duality of thermalized multispecies stirring

The proof of the duality consists in showing

(
LTH
x,x+1D(·,ξ)

)
(n) =

(
L̃TH
x,x+1D(n, ·)

)
(ξ) x ∈ {1, . . . ,L− 1} (C.1)(

LTH
leftD(·,ξ)

)
(n) =

(
L̃TH

leftD(n, ·)
)
(ξ) . (C.2)

Duality for the right boundary is similar.
Equation (C.1) follows from the proof of the edge duality for the multispecies stirring pro-

cess. To prove (C.2) we directly apply the generators to the duality function. For the sake of
notation, we introduce

d(nx, ξx) :=

(
ν−

∑N−1
a=1 ξ

x
a

)
!

ν!

N−1∏
a=1

nxa!
(nxa− ξxa)!

. (C.3)
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First, we act with LTH
left on D(n,ξ). By writing explicitly ρleft

a = αa
|α| , this action gives

(
LTH

leftD(·,ξ)
)
(n) =

ν∑
r1=0

. . .
ν∑

rN=0

1{r1+...+rN=ν}


(
N−1∏
a=1

(
αa
|α|

)ξ0
a

) (
ν−

∑N−1
c=1 ξ

1
c

)
!

ν!

×

(
N−1∏
b=1

rb!(
rb− ξ1b

)
!

)(
L∏

x=2

d(nx, ξx)

)(
N−1∏
d=1

(
ρRd
)ξL+1

d

)
−D(n,ξ)

}

× ν!

r1! · · ·rN!

(
N−1∏
a=1

(
αa
αN

)ra(αN
|α|

)ν
)

. (C.4)

We consider the first addend in the curly bracket of the (C.4). We add and remove ξ1a at the

exponent of
(

αa
|α|

)
and then we multiply this first addend by

(
αN
|α|

)−(r11+...+rN−1)+(r11+...+rN−1)

to get

ν∑
r1=0

. . .

ν∑
rN=0

1{r1+...+rN=ν}

×


(
N−1∏
a=1

(
αa

|α|

)ξ0
a−ξ1

a+ξ1
a

) (
ν−

∑N−1
c=1 ξ1c

)
!

ν!

(
N−1∏
b=1

rb!
(rb − ξ1b)!

)(
L∏

x=2

d(nx, ξx)

)(
N−1∏
d=1

(ρRd )
ξL+1
d

)
×

ν!

r1! · · ·rN!

(
N−1∏
a=1

(
αa

αN

)ra
)(

αN

|α|

)−(r11+...+rN−1)+(r11+...+rN−1)

=

(
N−1∏
a=1

(
αa

|α|

)ξ0
a+ξ1

a

)
ν∑

r1=0

. . .

ν∑
rN=0

1{r1+...+rN=ν}

(
ν− ξ11 − . . .− ξ1N−1

)
!

(r1 − ξ11)! · · ·(rN−1 − ξ1N−1)!(ν− r1 − . . .− rN−1)!

×

(
N−1∏
b=1

(
αb

|α|

)rb−ξ1
b

)(
αN

|α|

)ν−r1−...−rN−1
(

N∏
x=2

dx(nx, ξx)

)(
N−1∏
d=1

(ρRd )
ξL+1
d

)

=

(
N−1∏
a=1

(
ρleft
a

)ξ0
a+ξ1

a

)(
L∏

x=2

d(nx, ξx)

)(
N−1∏
d=1

(ρ
right
d )ξ

L+1
d

)
. (C.5)

Where we used(
ν−

∑N−1
c=1 ξ1c

)
!

ν!

(
N−1∏
b=1

rb!(
rb − ξ1b

)
!

)
ν!

r1! · · ·rN!
=

(
ν− ξ11 − . . .− ξ1N−1

)
!(

r1 − ξ11
)
! · · ·
(
rN−1 − ξ1N−1

)
! (ν− r1 − . . .− rN−1)!

and (
N−1∏
a=1

(
αa
|α|

)ξ0
a−ξ1

a+ξ1
a

)(
N−1∏
b=1

(
αb
αN

)rb
)(

N−1∏
c=1

(
αN
|α|

)ν−rc+rc
)

=

(
N−1∏
a=1

(
αa
|α|

)ξ0
a+ξ1

a

)(
N−1∏
b=1

(
αb
|α|

)rb−ξ1
b

)(
αN
|α|

)ν−r1−...−rN−1

and the multinomial theorem in the last equality.
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We now consider the second addend in the curly brackets of (C.4). We multiply it by∏N−1
a=1

(
αN
|α|

)−ra+ra
to get

D(n,ξ)
ν∑

r1=0

. . .

ν∑
rN=0

1{r1+...+rN=ν}
ν!

r1! · · ·rN!

(
N−1∏
a=1

(
αa

αN

)ra
)(

αN

|α|

)ν(
αN

|α|

)−(r1+...+rN−1)+(r1+...+rN−1)

= D(n,ξ) (C.6)

where we used the multinomial theorem. Therefore, replacing (C.5) and (C.6) in (C.4) we have
that

(
LTH

leftD(·,ξ)
)
(n) =

{
N−1∏
a=1

(
αk
|α|

)ξ0
a+ξ1

a N∏
x=2

dx (n
x, ξx)

N−1∏
d=1

(
ρright
a

)ξL+1
d −D(n,ξ)

}
(C.7)

=
(
L̃TH

leftD(n, ·)
)
(ξ) . (C.8)

□

Appendix D. Action on the occupation variable of Lrd

D.1. Action of Lrd
x,x+1 on the occupation variable

For all x ∈ {1, . . . ,L− 1} and for all d ∈ {1, . . . ,N− 1} we have

Lrd
x,x+1n

x
d = νσ11

(
nx+1
d − nxd

)
+ νσ12

N−1∑
b=1 :,b̸=d

(
nx+1
b − nxd

)
+(Υ− 2νσ12)

N−1∑
b=1

(nxb− nxd) .

(D.1)

Indeed,

1. Stirring generator: using the edge generator Lx,x+1 of the multispecies stirring process
introduced in section 2 (with y= x+ 1) and acting on the function f(n) = nxd we have that

Lx,x+1n
x
d =

N∑
A,B=1

nxAn
x+1
B

((
nxd− δxA+ δxB+ δx+1

A − δx+1
B

)
− nxd

)
. (D.2)

In the brackets of the right-hand-side of the above equation we have: a contribution
−nxdn

x+1
B , when A= d; a contribution nxAn

x+1
d , when B= d. Thus we obtain

Lx,x+1n
x
d =

N∑
A=1

nxAn
x+1
d −

N∑
B=1

nxdn
x+1
B

=
N−1∑
a=1

nxan
x+1
d +

(
ν−

N−1∑
c=1

nxc

)
nx+1
d −

N−1∑
b=1

nxdn
x+1
b − nxd

(
ν−

N−1∑
c=1

nx+1
c

)
=ν
(
nx+1
d − nxd

)
where we have used the fact that nxN = ν−

∑N−1
c=1 n

x
c.
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2. Stirring-mutation generator: considering the generator Lcx,x+1, defined in (5.3.7) for every
c ∈ {1, . . . ,N− 2} and acting on the function f(n) = nxd we have

Lcx,x+1n
x
d =

N∑
A,B=1

nxAn
x+1
B

((
nxd− δxA+ δxhc(B) + δx+1

hc(A)
− δx+1

B

)
− nxd

)
. (D.3)

In the brackets of the right-hand-side of the above equation we have: a contribution
−nxdn

x+1
D , when A= d (here we callD= hc(B)); a contribution nxAn

x+1
hc(B

′ )
, where we denoted

by B
′ ∈ {1, . . . ,N} the species of particle such that hc(B

′
) = d. Let us observe that, by the

definition of the map hc(·) and for the fact that 1⩽ c⩽ N− 2, we have that hc(B
′
) 6= d and

hc(B
′
) 6= N. Thus we obtain

Lcx,x+1n
x
d =

N∑
A=1

nxAn
x+1
hc(B′)

−
N∑

D=1

nxdn
x+1
D (D.4)

=
N−1∑
a=1

nxan
x+1
hc(B′)

+

(
ν−

N−1∑
b=1

nx
hc(B′)b

)
nx+1
b −

N−1∑
a=1

nxdn
x+1
a − nxd

(
ν−

N−1∑
b=1

nx+1
b

)
(D.5)

= ν

(
nx+1
hc(B′)

− nxd
)

(D.6)

where we used the fact that nxN = ν−
∑N−1

b=1 n
x
b.

3. Pure-mutation generator: considering the generatorLmx,x+1, defined in equation (5.3.10) and
acting on the function f(n) = nxd we have that

Lmx,ynxd =
N−1∑
A,B=1

nxA ((n
x
d− δxA+ δxB)− nxd) =

N−1∑
b=1

(nxb− nxd) . (D.7)

Then, summing over all indices c ∈ {1, . . . ,N− 2}, we obtain (D.1) and (5.3.13) follows.

D.2. Action of Lrd
left on the occupation variable

Acting on the function f(n) = n1d with Lrd
left we obtain

Lrd
leftn

1
d =

N∑
A,B=1

αAn
1
B

((
n1d− δ1

B+ δ1
A

)
− n1d

)
= αd

N∑
B=1 :B ̸=d

n1B− n1d
N∑

A=1 :A ̸=d

αA. (D.8)

Using equation (5.3.11), we obtain

Lrd
leftn

1
d = αd

(
ν− n1d

)
− n1d (ν (σ11 +(N− 2)σ12)−αd)

= αdν− n1dν (σ11 +(N− 2)σ12)

= νσ11ρ
left
d + νσ12

 N−1∑
b=1 :b̸=d

ρleft
b

− n1dν (σ11 +(N− 2)σ12)

= νσ11
(
ρleft
d − n1d

)
+ νσ12

N−1∑
b=1 :b̸=d

(
ρleft
b − n1d

)
. (D.9)

Therefore, (5.3.14) follows.
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