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Abstract
We study the stirring process with N — 1 species on a generic graph G = (V,€)
with reservoirs. The multispecies stirring process generalizes the symmetric
exclusion process, which is recovered in the case N =2. We prove the exist-
ence of a dual process defined on an extended graph G = (\N/, &) which includes
additional sites in \N/\V where dual particles get absorbed in the long-time
limit. We thus obtain a characterization of the non-equilibrium steady state of
the boundary-driven system in terms of the absorption probabilities of dual
particles. The process is integrable for the case of the one-dimensional chain
with two reservoirs at the boundaries and with maximally one particle per site.
We compute the absorption probabilities by relying on the underlying gl(N)
symmetry and the matrix product ansatz. Thus one gets a closed-formula for
(long-ranged) correlations and for the non-equilibrium stationary measure.
Extensions beyond this integrable set-up are also discussed.
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1. Introduction

1.1. Motivations

Boundary-driven particle systems are paradigmatic models for non-equilibrium statistical
mechanics. In a boundary-driven system, the model is put in contact with reservoirs, and a
current is generated through the system. In the long time limit, a non-equilibrium steady state
sets in, with a stationary value of the current. Our strategy to solve for the non-equilibrium
steady state is of a probabilistic nature and relies on the use of duality [1]. Starting from the
pioneering work of Kipnis et al [2], this approach has been substantially developed in recent
years to study stochastic processes in the boundary-driven set-up [3, 4]. The boundary-driven
process is mapped to a dual process with absorbing extra sites and the problem of describ-
ing the stationary state of the original system is simplified to the problem of computing the
absorption probabilities of the dual particles. The aim of this paper is to develop the theory
of stochastic duality and study the stationary measure of certain symmetric boundary-driven
multispecies particle systems with exclusion.

1.2. The model

The model we consider is the multispecies stirring process with open boundaries, i.e. the
multispecies analogue of the exclusion process as introduced in [5], with additional bound-
ary reservoirs as proposed in [6]. The hydrodynamic limit and fluctuations of the multispecies
stirring process on Z? has been recently studied in [7]. In our set-up, particles can be of N — 1
types (or species) and they can move on a generic connected and undirected graph G = (V,€)
with vertex set V and edge set £. The maximal number of particles allowed at each vertex (also
called maximal occupancy) is denoted by v € N. Two particles do interact when they sit on two
sites connected by a graph edge and this interaction consists in swapping them. Furthermore,
reservoirs are attached at each site of the graph, creating and removing particles. For a precise
definition of the rates of the process we refer to section 2. As we will see, the choice of the
boundary reservoirs is motivated by the fact that they allow to determine an absorbing dual
process that does not permit color-changing until absorption at the boundary, regardless of the
graph G on which the process is defined and of the maximal occupancy v at each site.

A special case is obtained when the graph G is a finite chain, with two reservoirs attached to
the first and the last sites respectively, and the maximal number of particles allowed at each site
is fixed to be v = 1. In this case the multispecies stirring process with open boundaries becomes
integrable (see [6]). We recall that for the single species case, the solution of the exclusion pro-
cess with open boundaries [8, 9] has been of crucial importance in our understanding of the
structural properties of the non-equilibrium state, such as long-range correlations [10] and
non-local density large deviation functions [11, 12] and current large deviations [13, 14]. One
may argue that the results available for the exclusion process are rooted in the algebraic sym-
metries of the corresponding integrable spin s = 1/2 Heisenberg chain, see e.g. [15, 16] for
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two excellent reviews. This integrability property can be combined with duality and leads to
closed-form expressions for the correlations and the non-equilibrium steady state, as shown in
[17, 18]. In this paper we focus on the multispecies stirring process with open boundaries. We
choose to restrict to the symmetric version of the model, as the formulation of duality in the
presence of asymmetry and boundary driving is substantially more involved (for recent results
on the single species case see [19, 20]).

1.3. Organization of the paper and main results

We start in section 2 by defining the open multispecies stirring process on a general graph and
providing its Lie algebraic description in terms of the generators of the gl(N) Lie algebra. In
section 3 we prove an absorption duality (theorem 1) and show that the problem of charac-
terizing the non-equilibrium steady state can be reduced to the computation of the absorption
probabilities similar to the single species case on the line [2] and for a general graph [18]. In
section 4 we consider the case of the one-dimensional chain with at most one particle per site
(v =1), which is driven out-of-equilibrium by two reservoirs on the left and right boundaries.
In this case we obtain a closed-form expression for the stationary correlations (theorem 2).
Here the computation relies on the extension of the Matrix Product Ansatz [8] to multiple
species [6] and the gl(N) invariance of the process in the bulk. Finally in section 5 we dis-
cuss a few extensions and generalizations of the model. The first generalization is the formula
for the correlations for the boundary driven chain in the case when more than one particle is
allowed at each site (v > 1). In this situation integrability is lost and we cannot derive explicit
formulas for the absorption probabilities. However, in appendix B, we show how to compute
the one-point correlation by using the properties of a random walk. The second generalization
is the definition of a thermalized version of the boundary-driven multispecies stirring process
and the formulation of the absorbing duality with the same duality function of the multispe-
cies stirring process (the details of the proof are reported in appendix C). Finally, inspired by
[21, 22], the third generalization is the introduction of an ‘ad-hoc’ interaction mechanism of
reaction type, in order to have closed evolution equation for average particle densities, (we
report the details of the computations for the closure of the average density evolution equation
in appendix D). Again, an absorbing duality is proved with the same duality function of the
multispecies stirring process.

2. The stirring process with open boundaries

2.1 Informal description of the process

The process studied in this paper is the multispecies stirring process with open boundaries.
Each site of a connected graph can host a maximal number of particles called v € N . The
particles have a type (sometimes called species or color) which can take values {1,2,...,N —
1}. More precisely, at each site there are v available places (called holes or vacancies) that can
be either occupied by particles or not. As a consequence, each site can be totally empty (when
no particles are present and thus v holes are available), totally occupied (when v particles,
of any type, are present and thus no holes are available) or partially occupied (when some of
the holes are occupied and some are available). All these configurations obey the exclusion
constraint that tells that, at each site and at any time, the sum of the number of particles of any
type plus the number of holes is v.
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Then, the dynamics has two parts:

e on each edge of the graph, any two types of particles are swapped at rate 1; moreover a
particle of any type and a hole are also swapped at rate 1;

e on each vertex x of the graph, a particle of type a € {1,...,N — 1} is created (respectively
annihilated) at rate agny, (respectively ayny) where ny,; (respectively n7;) denotes the number
of vacancies (respectively particles of type a) at site x. Here o, > 0 and o, > 0 are postive
constants tuning the reservoir densities. Additionally a particle of type b is replaced with a
particle of typea at rate o;n;, .

The swap dynamics taking place on the edges is of Kawasaki-type with N conservation laws,
where N is the number of species plus the holes. This means that the sum of the particle number
of each species and the number of holes is conserved by the dynamics. The site-dynamics is
instead of Glauber-type. In the long-time limit, a so-called non-equilibrium steady state sets in.
In the case N =2, we retrieve the boundary-driven version of the symmetric exclusion process
[1, 4].

2.2. The process generator

We now give the mathematical description of the multispecies stirring process. We consider
a connected graph G = (V,£) with vertex set V and edge set £. At each vertex site x € V, we
describe the occupation with an N—dimensional vector n* = (n,...,ny) in which the value of
the ath component } denotes the number of particles of species a € {1,...,N — 1}, while the
component ny, counts the number of holes at site x. On each vertex we allow a total maximal
number of particles v € N. In the following we use indices denoted by lowercase letters (for
instance a,b,c,d € {1,...,N— 1}) when only particles are taken into account. Moreover, we
introduce indices denoted by uppercase letters (for instance A,B,C,D € {1,...,N}) to also
incorporate the holes, that correspond to the index N. The configuration space of the process
on the graph G is

0= 22.1)

xev
where

N
Q= {n":(n’f,...7nj‘v)€N6V : Znﬁ:y} . (2.2.2)

We denote a particle configuration on the graph as n € Q, where n = (n})cv,ac{1,....n}- The
infinitesimal generator of the process reads
L= wyley+ Y Tl (2.2.3)

(x.y)€E xeV

where w, , > 0 are so-called conductances and I'y > 0 are the couplings to reservoirs. The
generator L, , is called the edge generator, while L, is called the site generator. These linear
operators act on functions f: 2 — R as follows

Ly () ng — 4O+ 8, — &) —f(n)] (2.2.4)
AB 1
ZaAnB [f(n+ 8, — 85) —f(n)] , (2.2.5)

A,B=1
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where

, 1 if y=x,B=A
&)= ’ ’ 2.2.6
(94)5 {O otherwise . ( )

Thus the dynamics consists in an exchange of particles between connected vertices at
Poissonian times. This means that on the edge (x,y) € £ a particle or a hole indicated by A at
site x is exchanged with a particle or a hole indicated by B at site y at rate w, iy . Moreover,
each vertex exchanges particles or holes with the external environment (reservoirs). Namely,
on each site x € V a particle or a hole indicated by B is replaced with a particle or a hole indic-
ated A at rate I'yory n. The transitions where a particle is replaced by a hole/a hole is replaced
by a particle is interpreted as a removal/injection of particles.

2.3. Reversible measures in the equilibrium set-up

For a particular choice of the reservoir parameters one has an N-parameter family of reversible
measures. More precisely when the parameters are the same on each site, i.e.

oy =y VxevV, (2.3.1)

then the process described by the generator (2.2.3) is reversible with respect to the homogen-
eous product measure

Hrev = ®M)rcev (2.3.2)
xeVv
with marginals yi;,, given by the multinomial distribution

rey ~ Multinomial (v, py, ..., px) . (2.3.3)
Here
s
PA= T
lal

is the density of species or holes denoted by A and we used the notation || = ZZII Q.
Explicitly,

ey (M) = o (2.3.4)
HA \n H

This can be proved by checklng that detailed balance is satisfied. If condition (2.3.1) is not
met, then in general reversibility is lost: indeed, in this situation, each reservoir at site x has its

own set of density vector p* = (p},..., p}) with components
oy
— 235
PA | x| ( )

and ¥ = 22:1 ay. As a consequence, particles are injected and removed in the graph with
different rates. When, for any A € {1,...,N}, there are at least two reservoirs at two different
sites x,y such that g} # p),, a non-zero current sets in, breaking the reversibility. Informally,
one can say that the reservoirs try to impose their different densities at the boundaries of the
graph, putting the system out-of-equilibrium.

Remark 1. One can check that the conditions (2.3.1) are not the most general that imply revers-
ibility. Indeed, by choosing the reservoir parameters as

ay (Jo| — o)) = &) (Jo| — o) Vx,yeV, VAe({l,...,N} (2.3.6)
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where
N
"= aj . (2.3.7)
A=1

reversibility holds. In the case where the graph is a chain with nearest neighbors interactions
and two reservoirs are attached to the two boundary sites then condition (2.3.6) is the multis-
pecies counterpart of ad = 3y of the boundary driven partially excluded process introduced
in [1] (see section 3.2 of [4]).

2.4. Lie algebraic description of the process

In this paper we will often use the fact that the Markov generator of the multispecies stirring
process can be described in terms of generators of the Lie algebra gi/(N). In this section we
provide details about this.

Consider the Lie algebra g/(N) with generators denoted by Eqp with A,B € {1,...,N} and
commutation relations

[EABaECD] =Eapdcs — Ecpdap VA,B S {1,. .. 7]\/} . 24.1)

The finite-dimensional representations are labelled by partitions A = (Aj, Az,...,Ay) of v
with Ay > M41, M €N and ZZZI M =v € N. We are interested in the symmetric finite-
dimensional representations with
A= (v,0,...,0) . 2.4.2)
The dimension M, of this symmetric representations is given by the combination of N objects
in v positions with repetition, namely
(N+v-1)
M,=—=" 243
vI(N=1)! ( )

The generators of the symmetric representations will be denoted by E4p. A basis of the vector
space CY~ are the column vectors denoted by

N
|n) = |n1,...,nn), with ny €Ny such that ZnA =v. (2.4.4)
A=1
The basis vectors satisfy the orthogonality relation
N
(m|n) = (my,...,mylny, ... nN) = HdmA,nA ) (2.4.5)
A=1
where (my, ..., my| is the row vector obtained by transposing |m) = |my,...,my) and Oy, », is
the Kronecker delta.
The explicit action of the algebra generators on the basis vectors |n) is the following:
Eup nl,...,nA,...,nB,...,nN) :n3|n1,...,nA—|— 1,...,ng— 1,...,I’ZN> A#B
{ | (2.4.6)
EAA|n1,...,nA,...,nN> :nA\nl,...,nA,...,nN) .

The matrices defined in this way satisfy the commutation relations (2.4.1) and yield highest
Dynkin weight (2.4.2).

As mentioned above, the process with generator (2.2.3) can be described in terms of g/(N)
Lie algebra generators. The state space (2.2.1) is given by the |V|-fold tensor product of the

7
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vector space with basis elements |n*) at a given site. Namely, a vector |r) € € can be written
as

n) = ((X)ni‘,---,nxm) (2.4.7)
xev

with ZXZI ny = v for any x € V. For a fixed x € V we write |n*) = |n},...,ny). The following
orthogonality relation is a consequence of the single site relation (2.4.5)

N
<n|m> = H H 5nj,mj . (248)

xEVA=1
We introduce the Hamiltonian operator
H= 3 wiyHey+y Lif, (2.4.9)
()€€ xeV

where the edge Hamiltonian H, , that describes the interaction between two connected sites
is

N
MHey= > (ExpEjy — EpgELy) (2.4.10)
A,B=1
and where the site Hamiltonian H, is
N
Hy= Y o} (Ej— Ejp). (2.4.11)
A,B=1

Here E}; denotes the generator E4p in (2.4.6) acting non-trivially on site x (and as the iden-
tity on the other sites). The Hamiltonian in (2.4.9) is stochastic and is linked to the Markov
generator by

H=_rT (2.4.12)

where T denotes transposition, see e.g. [23]. The action of the generator on functions f can
then be expressed as

Lf(n) = (f|H|n) (2.4.13)
where
(fl="Y_f(m)(m|. (2.4.14)
meQ)

We can write the edge Hamiltonian (2.4.10) as a function of the coproduct of the quadratic
Casimir of g/(N)

N
C= Z EagEpa (2.4.15)
A,B=1

that acts diagonally as C|n) = v(v + N)|n) on any state |n) and belongs to the center of g/(N)
(i.e. it commutes with all the algebra elements). More precisely, considering the standard cop-
roduct

A:gl(N) — gl(N) @ gl(N) (2.4.16)
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with
Exp— Exp @1 +1Q®Epp, (2.4.17)
we have
N N
A(C)= Y A(Eas)A(Epa) =2 ) Eap®Ep+Co1L+10C. (2.4.18)
AB=1 A.B=1

Then, one can check that
1
2
where A, ,(C) denotes A(C) acting on the sites of edge (x,y) € £ and acting trivially on the
other sites of the graph.

Hey =50, (C)—v(2v+N) (2.4.19)

2.5. Integrable process on a line segment

In this section we specialize the multispecies stirring process to the geometry of the one-
dimensional chain with sites {1, ..., L} where two reservoirs are attached to the boundary sites
1 and L. The reservoirs, exchanging particles with the external environment, put the chain out
of equilibrium. The Hamiltonian that we consider here is obtained from (2.4.9) assuming that
the conductances are

1 if [x—yl=1
, = 2.5.1
e {O otherwise ( )
and the coupling to reservoirs are
r— 1 if x 6. {1,L} . (25.2)
0 otherwise

The case v =1, i.e. one particle at most for each site, is integrable and has been considered
previously in [6]. For v =1 we denote the gi/(N) generators as (eap)a pe{i,... v} obeying
(eas)cp = 6acOpp . The Hamiltonian can then be written as

H = Hyete + Hpuik + Hiighe (2.5.3)
where
L1
Hyuk = ZHx,erl . (2.5.4)
x=1

Here H, 141 denotes the two-site Hamiltonian
H=P—-1I (2.5.5)

with the permutation matrix

N
P= exn®@ep, (2.5.6)
A,B=1

3 In this set-up we have chosen the fundamental (defining) representation of the g/(N) Lie algebra, therefore the
generators (Eag)4 pef1,...,ny do coincide with the elementary matrices (eap)a,pe1,...,v}- AS a consequence, we
denote these generators by lowercase letters.
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acting non-trivially on the vertices of the edge x,x+ 1. In this context it will be useful to
introduce the following notation for the occupation variables of the process. Each configuration
is denoted by

) =|m1,..., 1) (2.5.7)

with 7, € {1,...,N}, Vx € {1,...,L}. Since the maximal occupancy at each site is v =1, the
configuration n introduced in section 2.2 and T are related by

Yy =074 - (2.5.8)
The state space of the process is now
Q ={(r,....7) : e{l,....,N}} . (25.9)

The action of the Hamiltonian density  on the tensor product of the configuration of two sites
follows immediately from (2.5.5) and reads

HIny|r) =)ol —|ne|r'). (2.5.10)

The boundary terms of the Hamiltonian (2.5.3) are given by

ap—1 o oy ... o
(6%) Qp — 1 Qy ... e (6%)
Hiere = : : : (2.5.11)
aN—1 aN—1 aN_l—l aN—1
an an cee e an anN — 1
and
pi—1 B B Bi
52 Gr—1 [ ... 5>
Hiight = : : : (2.5.12)
Bv—1 Bn-1 oo oo Byo1—1 0 By
By By e By By —1
where, without loss of generality, we assume that the parameters satisfy
N N
ZaA:I, Z@,:l. (2.5.13)
A=1 A=1

Under these assumption the Hamiltonian 2.5.3 is integrable. This has been shown in [6] within
the Quantum Inverse Scattering Method. We will consider this process more extensively in
section 4.

3. Duality

In this section we prove the first main result of this paper. We show that the multispecies stirring
process with open boundaries can be studied by means of a dual process. After recalling the
definition of duality between two Markov processes in section 3.1, we formulate our duality
result in theorem 1. A proof of the theorem is given in section 3.3. The duality result yields
to a dual process that has absorbing sites. Therefore, as shown in corollary 1, the study of
correlations in the non-equilibrium steady state of the multispecies stirring process with open
boundaries is reduced to the study of the absorption probabilities of dual particles.

10
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3.1. Definition

Consider two Markov processes, (1;),>o defined on a state space §2 and (§;);>o defined on a

state space ﬁ.}Ve say that they are dual, with respect to a duality function D : 2 x Q2 — R, if
Vn € ), V€ € Q and Vr > 0 we have

Here [E,, denotes the expectation with respect to the law of the Markov process (7;);>0 ini-
tialized with the particle configuration 1), whereas ¢ denotes the expectation with respect to
the law of the Markov process (&), initialized with the particle configuration £. The duality
definition can also be formulated as a relation between the generators, provided some min-
imal technical conditions are satisfied [24]. Call £ the generator of (7),),>0 and L the generator
of (&):>0, then we say that these two processes are dual with respect to the duality function

D:QxQ—RifVneQand V¢ € Q
(LD (&) () = (£D(1.)) () - (3.12)

In the specific case where £ = L we say that the process is self-dual.

Remark 2. When the state spaces of the dual processes are countable, the generators of the
processes and the duality function can be represented as matrices with elements £(n,n’),
Z(f ,&') and D(n, &) for arbitrary n,n’ € Q and £,&’ € Q). Therefore, we can write the duality
relation (3.1.2) as

Y Lmn)DM' &= LEENDmE), (3.13)
n’'eqQ 5’65

that can be read as
LD=DLT (3.1.4)

where the superscript T denotes the matrix transposition. Therefore, the duality relation (3.1.4)
intertwines between two linear operators £ and £!. Working in terms of the Hamilton oper-
ators the duality relation reads

H'D = DH . (3.1.5)

3.2. Duality for the open multispecies stirring process

In this section we formulate duality for the multispecies stirring process (r(f));>o with open
boundaries, defined by the generator (2.2.3). The dual process (£(f)),>0 is defined on the
enlarged graph G = (V,£) where

V:i=VU{u(x): xeV} E=EU{(xux)) : xeV}. (3.2.1)

This means that to each site x € V we associate an ‘extra-site’ via a bijection u : V— V. We
denote as u(x) the extra-site associated to x € V. The configuration space of the dual process
is the enlarged state space

Q=R % =) (AU xNy™) . (3.2.2)
xev xev

1
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Note that on the extra-site we allow an unbounded number of particles. Thus dual particles
will accumulate in these extra-sites in the course of time. We write the configurations & € )

as
£=®(( 1‘,---,&)@9( L }3(5)1)) (3.2.3)
xeV
where the component £ is interpreted as the number of dual particles of type a € {1,...,N—

1} atsite x, while &y is interpreted as the number of holes at site x of the dual process. The com-

ponent &, ) gives the number of dual particles of type a € {1,...,N — 1} at the extra-site u(x)
connected to x € V. We observe that the configuration variable at the extra site u(x) does not
have to satisfy any exclusion constraint, i.e. an unbounded number of particles can be hosted.
Therefore, an infinite number of holes is available at each extra-site u(x). As a consequence,

the hole occupation variable §K,<x) is not considered. We state the following duality result.

Theorem 1 (Absorbing duality). The multispecies stirring process (n(t));>o defined on the
state space Y with generator L defined in (2.2.3) is dual to the process (£(t))i>o defined on
the enlarged state space Q) with generator

L= wyley+Y TuL, (3.2.4)

(xy)€e eV

where Ly, is defined in (2.2.4) and, for any function f: QR

N—1
Lof(&) =1 & (f(€ — 88+ 65<")) —f(s)) : (3.2.5)
a=1
The duality function is given by

N—1
(V - Za:1 52) IN=1 n’a‘! )

D& =]] V! I i (0 (3.2.6)
xeV a=1
where we recall the definition of the reservoir densities (cf .(2.3.5))
P Y
pa - ‘Oéx| . (327)

The dual dynamics are described as follows. On one hand, the edge part L, , of the dual
Markov generator gives rise to the multispecies stirring dynamics on the graph. On the other
hand, the site part £, of the dual generator replaces a particle of any type a € {1,...,N— 1}
at site x with a particle of type N and creates a particle of the same type a at the extra-site u(x).
This last transition is performed with rate |o*|£}. This means that eventually the dual process
voids the graph, putting all the dual particles of species {1,...,N— 1} in the extra-sites. In
other words the extra-sites play the role of absorbing boundaries.

Remark 3. In the reversible situation, i.e. when Vx € V we have p} = p,, the expectation of
the duality function D(n, &) with n distributed as firey = @), Multinomial (v, py, ..., py) is

N—1
Eu Dm,€)] = [[ (p)Z=s 2™ vneq, veel. (328

a=1
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3.3. Proof of theorem 1

To prove duality between the process (r(f)),;>o and the process (£(¢));>0 we show that (3.1.5)
is fulfilled. To show this, we will use the Hamiltonians and their Lie algebraic description.
Indeed, in this formalism the proof reduces to finding symmetries of the generator (for the
bulk duality) and group like transformations (for the ‘boundary duality’). To a configuration §
of the configuration space (3.2.2) of a dual process we associate the vector

9= (g ela®....am) . (33.1)
xeV
Here |§”(x), . K,(f)ﬁ is the vector associated to the configuration at the extra site u(x). For
v—1 € Ny, we impose that it satisfies an orthogonality relation
qi;---,4 p g y
N—1
(@1, a ™) = T 0 o - (3.3.2)

Remark 4. In the following, we denote the configuration vectors on the extra-site u(x)
by € ,...,€9)). This allows to stress that these vectors belong to the extra-space
NN ~! <attached’ to site x. Moreover, this notation allows to directly connect the ket-vector
|§"(X), ., €499 with the vector (€4, ...,£4%)) defined in (3.2.3), in which we recall that the

components &; ™) denote the number of dual particles of type a at site u(x).

The Hamiltonian of the dual process reads

H= w Hoy+ Y T.H, (3.3.3)
x,yeE P
where H, , is the one defined in (2.4.10), while
H = \aﬂZ( 0 - Efm) . (3.3.4)

Here we introduced the pair of bosonic operators a, a* satisfying [a,a™] = 1 and acting as

atlg)=lg+1) alg)=4qlg—1) (33.5)
and

(glat =(q—1]  (qla=(g+1)(g+1] (3.3.6)
on a generic vector (g| with g € Ny, so that in (3.3.4) (a+)”(x) denotes a* acting on the extra-
site u(x) and on the species a € {1,...,N—1}.

We will show below that the Hamiltonians (2.4.9) and (3.3.3) are dual in the sense of (3.1.5).
From an algebraic point of view, the duality matrix D (3.2.6) is described as

D= de ® Dy - (3.3.7)
Pl
Here
dy=R,exp(E") (3.3.8)

with the diagonal part

ns
R, = Z HA ! At (it (3.3.9)
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and
N—1
E*=> El. (3.3.10)
a=1
Furthermore
oo N—1 ®
Duw= > I &Y. ..avl. (33.11)
&9, =00=1
We observe that the matrix R, is diagonal. Its elements are related to the inverse of the weights

of the reversible measure (2.3.2). In particular, to obtain these elements, we have considered the

weights of (2.3.2) when all the parameters p, = 1%, Then, the constant (ﬁ) “ has been neglected,

as it does not change the duality relation. This R, is associated to reversibility, see [3].
Since (3.3.7) is product over sites, proving (3.1.5) is equivalent to showing that

H{,D=DH,, V(xy €& (3.3.12)
and

H'D=DH, VxeV. (3.3.13)
We perform the proof of duality in three steps: first we will show that matrix (3.3.7) has ele-
ments (3.2.6); second we will prove the bulk duality (3.3.12); finally we will show the boundary
duality (3.3.13). As a preliminary result we note that

(E) =R.ES R VxeV, (3.3.14)
that follows immediately from the definition of E4p.
3.3.1. Elements of the duality matrix. = Consider the matrix D defined in (3.3.7). We aim to
show that its matrix elements coincide with duality function (3.2.6), i.e.

(n|D|€)=D(n,£) VneQ, £€Q. (3.3.15)

Fix an arbitrary site x € V, then we have that

(o] (@ Do) (I €0 @ 16,600 )
- [e'e) N—1 -
=}, (exp (Bfy + .+ By ) Re@ Y [T @f9,...a

X €8 EN @16 (3.3.16)

where we used (3.3.14).
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On one hand, on the extra-site u(x) we have

&S] N—1 N—1
) u(x u(x) | pu(x u(x oy £4)
> (H(M"a ><q<>, Lala @ e =TT e " 3317
0

a=1 a=1

.......

where we used the orthogonality relation (3.3.2). On the other hand, on the site x, we have

(7, x| (exp (Exy + -+ Evn_ 1)) Ril€l, .. €8)

={nl,...,ny o o Flyeoos IN)(FLy s PN
k=0 1 ky_1=0 N=1 reQ,
X &7, EN)
i . nilny_y!
*Z Z m —ki, ... onn_1 —ky_1,..ny k4 kv . '
=0  ky_,=0 (n — ki)l (mf_y — kv—1)!
1 &l x
X k]!"'k}v_ ‘gla a£N>
(l,_zi\’ l‘ga)lel
= H (3.3.18)

where we used the definitions of the action of E4p and the orthogonality relations (2.4.5),
together with the fact that & = v — Zilv;l &, Finally, by taking the product over x € V(3.3.15)
is proved.

]

3.3.2. Proof of bulk duality (3.3.12).  To show this relation we need two ‘ingredients’. First
the existence of a similarity transformation between the Hamiltonian #, , and its transposed.
As we will show, this similarity transformation is R.R,. Second, the possibility of finding a
symmetry for the edge Hamiltonian. Exploiting (2.4.19), we can take any symmetry of the
Casimir and apply the co-product. As we will see, it will be convenient to choose Zflv;l E.N.
We first look for the similarity between H, , and its transposed. Using (3.3.14) we obtain

Hiy = (ReRy) Hey (Rny)il (3.3.19)

therefore we have found the similarity transformation between H, , and its transposed.
We now look for a symmetry of H, ,, i.e. a matrix S, , of the same dimension such that it
satisfies

HoySey = SeyHay . (3.3.20)

Using (2.4.19), we observe that H, , is proportional to the coproduct of the second Casimir, up
to a diagonal term. Therefore, it is enough to look for a symmetry of A(C). Using the bilinearity
of the coproduct operator and the fact that C belongs to the center of the Lie algebra, it is easy
to show that for any linear combination of generators E € gl(N) the following holds:

if [C,E]=0 then [A(C),A(E))]=0. (3.3.21)
Let

E=Y Ew (3.3.22)
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and, for a fixed (x,y) € &£, we define
Syy =exp(Ay,y (E)) =exp (E")exp (E”) (3.3.23)

where A, ,(E) denotes the coproduct acting on sites x and y. As a consequence, this operator
Sy satisfies

[Sxy: Hey =0 (3.3.24)
i.e. it is a symmetry of H, ,. Exploiting these considerations we may write

HI D = (RRy) Hyy (ReRy) ™ (de @ Do) (dy@Duyy))  [[  (d:®Dugy))
ZEV i z#x,y

= (Reexp (E*) ® Dy(v)) (Ryexp (E') @ Dy(yy) My H (d.® D) (3.3.25)
ZEV:iz#xy
=DH,,

where we used (3.3.19) and (3.3.24) in the second equality. Thus, (3.3.12) is proved.
O

3.3.3. Proof of boundary duality (3.3.13).  To prove (3.3.13) we transform via the Hadamard
formula 4 the transposed of the site Hamiltonian (3.3.4) and then we introduce a creation oper-
ator acting on an extra-site u(x). Considering A, B € gl(N), the Hadamard formula reads

exp (—B)Aexp (B) = A — [B, A + % B,[B, Al] - % B,[B,[B, Al +...  (33.26)

In the following we evaluate this formula for B = Z;V:_II E,n defined in (3.3.10) and A =
Ecp with C,D € {1, e ,N} We find

N—1 N—1
(B, Al = [Eav,Ecp] = dcn Y Eap — (1= 6pn) Ecy (3.3.27)
a=1 a=1
and
N—1 N—1
(B[B, All = Y Ean:0cn Y Evp — (1= 0pn) Ecy
a=1 b=1
N—1 N—1
= <5CNZ [Eans Ebp] — (1 — dpn) [EaNyECN]>
a=1 b=1
N—1 N—1
= Z <—5CN5aD Z Epy — (1 —dpn) 5CNEuN>
a=1 =1
N—1
=~ (cn (1= 0pn) + (1= 6py) den) Y Enn
b=1
N—1
=—20cy (1= 0pn) Y Epw - (3.3.28)
b=1

4 See [25] for an application of the Hadamard formula in the multispecies asymmetric context.

16
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From the third commutator on we always obtain zero, i.e. [B,[B,[B,A]]] = 0. All in all we
have that
N—1 N—1
exXp (—E)ECD exXp (E) = ECD - 5CNZEaD + (1 - 5DN) ECN - 5CN (1 — 5DN) ZEbN .
a=1 b=1
(3.3.29)
It follows that
N—1 N—1
exp(—E) | > au(Epa—Ew) |exp(E)= > ou(Ewa—Ew),  (3330)
a,b=1b+#a a,b=1b#a
N—1 N—1 N—1
exp (—E) <Z oy (Eng —ENN)> exp(E) = Z Eng — Egq — Z Ep. (3.3.31)
a=1 a=1 b=1b#a
and
N—1
exp(—E) <04NZ aq (Epn — Ebb)) exp(E) = —QNZEbb (3.3.32)
b=1
Using (3.3.14) we write the transpose of site Hamiltonian (2.4.11) as
N N
H{ =) ai(Eis—Ep) =R Y ai(Eju—Ejg) Ry (3.3.33)
AB=1 A,B=1

s

We multiply both sides by R, exp (E*)

N
H{R.exp(E) =R, Y o} (E, — Ejp)exp (EY) . (3.3.34)
A,B=1

By using (3.3.30)—(3.3.32) and the fact that ZZ 5—1 Eap is central for the algebra we have

N N
exp ( X)ZZO‘A(EBA Epp)exp (EY)

A=1B=1

N—1 N—1 N—1

=Y By, —EL)— > oiEy—any El, (3.3.35)

a=1 a,b=1a#b a=1
N—1

=" (05N — Eba)
a=1

Thus, we rewrite (3.3.34) as
N—1
HIR.exp(E') = Reexp (E")|a*| Y (piEx, — Ej,) - (3.3.36)
a=1

Taking the tensor product of both sides of (3.3.36) we obtain

H'd, ® (D, = ds |a|z NEN, —EL) @ (Dyw) - (3.3.37)
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With a slight abuse of notation and in the spirit of remark 4, we here denote the occupation

vector at extra-site u(x) by { ”(X), . K,(f)l .

Recalling the action of the bosonic creation operator acting at site u(x) and on the species
a€{l,...,N— 1} we have that

(€000 1, | (at) ) = (gL (3.3.38)

Using the above equation and considering the addends multiplied by the Lie generator Ejy,
(foralla € {1,...,N — 1}) on the right hand side term of (3.3.37) we have that

o N—1
4 X u(x
S ( (o5)% >p;<5i‘“,...,5a<> €49
() _g

0o N—1

. u(x) X u(x) 4 q . ulx N u(x
= Z IT D% | o= (6, g 1,69 (%)

A ><€”(’“) LE e |ty (3.3.39)

where, in the up to last equality, we performed a change of summation variable and we used
the fact that

o0

“(") u(x
3 () (W, e (at)
u(x) __
R (3.3.40)
u(x)  ulx ulx ulx
= 3 (ST (@, | @)
&=

Therefore, inserting (3.3.39) in (3.3.37) we obtain

oo N—1
u(x) R
Hid @Dy = Hydi @ Y (H(pﬁ;)g“ ><5§’<*>,...,§;;,<*)1

g0 g =0 V=t

%) N—1 ) N—1
> (H (pé)ﬁf“)> @0, 11> (@) B~ Eia)

a=1

|
&
®

I
B
®
S .
=

(3.3.41)

Since the duality matrix (3.3.7) is product over sites, the above equality implies (3.3.13). OJ
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3.4. Duality for the integrable process on a line segment

Here we consider the chain defined in section 2.5 with the hard-core constrain (at most one
particle per site), i.e. v = 1. We recall that the geometry is a one-dimensional chain with sites
{1,...,L} where reservoirs are attached to 1 and L. We also recall the notation for the occupa-
tion variable which is called 7 = (7y,...,7.) with 7 € {1,...,N}. The dynamics are described
by a Hamiltonian that is written in terms of the first fundamental representation of gl(N). The
duality result stated in section 3.2 is adapted to the present situation as follows. The extra-sites
are denoted by 0 and L+ 1, and they are connected with sites 1 and L of the chain respect-
ively. The matrix R, defined in (3.3.9) reduces to the identity, therefore the relation between
the generators of the algebra and its transposed reduces to

el =epa . (3.4.1)

Therefore, the duality matrix reads

L N—1
D=Dy® Hexp (Z e;;,v> QDpryi (3.4.2)

x=1 a=1

where Dy and Dy are given in (3.3.11). The elements of this duality matrix are given by

N—1 o L N—1 N—1 L1
D(r,§)= (Hof) (HH]I{&TM“);;}) (H B > . (3.4.3)
a=1 a=1

x=1a=1
The dual Hamiltonian is
H=Hen+ Y Hynrr + Hrign (3.4.4)
x=1

where H is defined in (2.5.5) and

N—1 N—1
F= 3 ((@")) eho—el)  Hrn=3 (") ek, — k) - 345)
a=1 a=1

In the long-time limit the dual process voids the chain, i.e. all particles of types {1,...,N—1}
are eventually absorbed at the extra-sites 0 and L + 1 and replaced by types N. We also notice
that, up to the bosonic creation operators (a™),, the dual boundary Hamiltonians (3.4.5) are
triangular. This simplification will be crucial in section 4.

Using duality, one can compute the m-point correlations between non-empty particles in
terms of the absorption probabilities of m dual particles. Therefore, to determine the non-
equilibrium steady state correlations of the integrable multispecies stirring process, it is
enough to compute these absorption probabilities. In the following we denote by u the non-
equilibrium steady state distribution and we call Y = (Yy,...,Y;) the random vector with law
. Furthermore we write E[-] for the expectation with respect to p.

Corollary 1 (Correlations via duality). Letm € {1,...,L} and consider msites 1 < x; < xp <
.o. <X < L and m colors denoted by ar, € {1,...,N— 1} withk=1,2,...,m, chosen among
the N — 1 available species. Then, the m-point correlations in the non-equilibrium steady state
read

m 1 1 m
E LHI ]l{nk_ak}] = 2:6 . ZO <kH1 af,kkﬁ;k—Sk> Py (515 55m)  (3.4.6)

19
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where
Prrooin (51500, 8m) 1= < Z sk§ak+ (1 —s¢ 5L+1 ’E ) (3.4.7)
k=1

where the initial dual configuration is € = qu 1 02k, meaning that

ag’

{g{ -1 ifx=x,and A = a; (3.4.8)

& =0 otherwise

In (3.4.7) the variable sy is 1 (resp. 0) when the dual particle of species ay. initially positioned
at site xy is absorbed at the extra site 0 (resp. L+ 1).

Proof of corollary 1. For any 7 € Q' the duality matrix defined in (3.4.3) evaluated on the
dual configuration £ € € given in (3.4.8) read

7.8 =1111, -0 - (3.4.9)
k=1

Therefore, by ergodicity and duality we have

E LH}{YW_@}] — 1im E, [D(7(1).£)] = lim E¢ [D(7.£ ()]

t—00 t—oo
(3.4.10)
—Z Z (Hoz Bl= Yk) 1 st (STs ey Sm) -
s1=0 sm=0 \k=1
O

By using the correlations in the non-equilibrium steady state (4.3.1), it is possible to determ-
ine the non-equilibrium steady probability distribution.

Corollary 2 (Non-equilibrium steady state). For any configuration T € Q' the probability
mass function of the non-equilibrium steady states is fully determined by the correlations of
equation (4.3.1) through the relation

ey Y I v 3

m=0 1<x <0 <...<xp <L \x¢{xi,..., X } bi,..., bp=1

x (H (%,,,k - %,N)) E lHn{yn{_bk}] (3.4.11)

k=1

8r,y
where 0r b, — 67, n=(—1)"".

20
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3.4.1. Example for an L=2 chain.  To clarify equation (3.4.11) we report the example of a
chain with L =2, where we compute the probability mass functions of three configurations.
Without loss of generality we write only the formulae involving particles of species 1. We
have:

e probability of two occupied sites:

p(1,1) =E [Ty, —i3Ly,—13] - (3.4.12)

Here we have only one term corresponding to m =2 in formula (3.4.11).
e probability of the first site occupied and the second empty:

N—1
Tivi—1y (1 —Zﬂ{n—a}ﬂ
a=1

N—1
]1{1/1 1} Z]E ]1{y,:1}]1{y2:a}] . (3.4.13)
a=1

p(LN)=E [Ly,—nly,-m] =E

In the last equality we have two terms: the first corresponds to m =1 (with x; = 1) and the
second corresponds to m =2 in formula (3.4.11).

e probability of both sites empty:
N-1
(1 —~ Z n{yl-u,}> (1 -y ﬂ{n—m)]
ay= 1 a2:1

#(N,N) =E [Liy,—myL(y,=ny]

N—1 N—1
=1 ZE ]l{yI a,} ZE ]l{yz az} + Z E ]l{YIZaI}]l{Yz:az}] .
aj=1 ar=1 ay,ar=1

(3.4.14)

In the last equality we have four terms: the first term corresponds to m = 0, the second and
the third term correspond to m = 1 (with x; = 1 and x; = 2 respectively) and the fourth term
corresponds to m =2 in formula (3.4.11).

Proof of corollary 2. Given 7 € Q,, we have

L L L

p(r)=E|[[Lp=ry| =E II to=m ( II ]l{yx=n}>
= x=1:71#N x=1:1,=N
[ L L N—1
=E I 1w ( II (1 —Zn{h_a}» (3.4.15)
L x=1:7#N x=1:7=N a=1
where in the last equality we exploited the fact that
N-1

Tiy—ny =1 —Zn{yx:a}. (3.4.16)

a=1

The configuration 7 has £ = S"*_ (1 — 4, ) occupied sites and then the remaining L — £ sites
are empty. Therefore, we may write

21
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L L N—1
( II ﬂ{n-ﬂ) ( II <1—Zl{yx—a}>>
x=1:7#N x=1:7=N a=1

= Il 1w r}+< I 1o ﬂ) (—1>{Z5n.wiﬂ{n.=m}}

=1:7,#N x1=1 a;j=1

L N—1
+( H ]l{Y‘T‘}) (1)2{ Z 57‘17N§"32»N Z IL{YAIal}ﬂ{eraz}}

1< < <L ap,ar=1

1<y <...<xp_p<L \k=1  / ay,..., a;_p=1k=1

+...+ ( H ]l'{yx:7-x}> (—1)L_Z Z <H57— N) z_: ﬁﬂ{YXkZak}'

(3.4.17)

In the right-hand-side of the equation above the first addend is the product of the indicator of ¢
sites, since none of the empty sites of the configuration 7 has been considered. Similarly, the
second addend is the product of the indicator of £ 4+ 1 occupied sites. Indeed, in addition to the ¢
occupied sites of the configuration 7, one empty site is in turn chosen and its hole is filled with
all possible species particles. The idea is repeated in the next addends with 2,3, ...L — ¢ empty
sites that are, in turn, filled with all possible species of particles. We notice that the exponent of
the factors (—1) is given by the number of holes that have been filled with all possible species
of particles. We introduce an index m € {¢,¢+ 1,...,L} that counts the number of correlated
sites and we define the coordinates 1 < x; < xp < ... < X, < L. Then, we associate to each of
these m coordinates one of the addend in (3.4.17). In particular, for m = £ we associate the first
addend and we rewrite it as

L N—1 4
II to== > | (H (5wbk_5w~~)>

x=1:7#N 1< <...<xe <L x¢{xi,..., Xo} bi,..., be=1 \k=1

V4
X (Hn{m_bk}> . (3.4.18)
k=1

Similarly, the second addend in (3.4.17) is associated to m = £ + 1 and it is rewritten as

L L N—1
II o (—1){2%, ,NZ]I{YM_“[}} (3.4.19)

x=1:71%#N x1=1 ar =1

-y M o] 3 (ﬁ(ém,hk )) (ﬁﬂ{y m)

IS <...<xpp1<L \x¢{xi,....xp41} biy...,boyp1=1 \k=1

(3.4.20)
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The idea goes on for m = £+ 2,...L and we obtain that

L L N—1
I e ( 11 (1 Z]l{yx—a}>>
X a=1

x=1:71%#N =1:7.=N

L N—1 m
>0y (0o S ()
m=L 1<x; <0 <...<xu <L \x¢{x1,....%n} biy...,bp=1 \k=1

X (Hﬂ{yxk—bk}) : (3.4.21)
k=1

The above sum can be extended until m =0 since all the terms m=0,...,¢/ — 1 are van-
ishing. Finally, by taking the expectation with respect to the steady state distribution we
obtain (3.4.11). O

Remark 5. The results in corollary 1 and in corollary 2 can be generalized to arbitrary graphs
G = (V,€) and to higher maximal occupancy, i.e. ¥ > 1. However the computation of absorp-
tion probabilities of the dual process is only possible in the set-up of the integrable chain with
v =1 and two reservoirs at the boundaries. Thus we chose to present them in such a context.
For the chain with more than one particle allowed at each site v > 1 see section 5.1.

4. Correlations and steady state for the integrable chain

In this section we combine the matrix product ansatz (MPA) [6] and the g/(N) invariance of
the process in the bulk, cf. (3.3.24), to exactly compute the correlations in the non-equilibrium
steady state for the integrable version of the multispecies stirring process defined on a line
segment, see section 3.4. This allows further to determine the absorption probabilities and
the probability mass-function of the non-equilibrium steady state in closed form. We start by
recalling the formulation of the MPA and then we explain our strategy.

4.1. Matrix product ansatz for the non-equilibrium steady state

The matrix product ansatz for the multispecies stirring process has been formulated in [6], here
we briefly recall the main steps. Denoting by |¥(#)) the column vector that encodes the prob-
ability distribution of the chain with Hamiltonian (2.5.3) at time ¢ > 0, its evolution equation
is given by the master equation

d[¥ (1))

o =HIT (). 4.1.1)

This Markov chain is irreducible and positive recurrent, therefore there exists a unique sta-
tionary measure, that will be reached when time goes to infinity, regardless of the initial con-
figuration. We denote by |¥) the column vector that gives the stationary distribution (non-
equilibrium steady state). This vector is the right eigenvector with vanishing eigenvalue of H,
i.e. it solves

H|¥)=0. (4.1.2)
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The MPA states the following

X, X,
W= | ool | @13
XN XN
with the normalization
Zy=((W(Xi+...+ Xp) V) . (4.1.4)
Here the operators (X,)aeq1,...,vy fulfill the commutators
(Xa, Xp] = (0t — Ba) Xp — (ap — Bp) Xa (4.1.5)

and their action on the boundary vectors ((W| and |V)) are

<<W‘ (aa (Xl +-~~+XN)7X11) = (aa*ﬂa) <<W| (416)

(Ba (X1 + -4 Xn) = X2) VD) = — (@0 = Ba) [V)- “.17)

From [6] we recall that the matrices (Xy) Ac{l,...,N} act on a supplementary space and that the
boundary vectors are bra-ket vectors living in this space. Without loss of generality, we further
assume that ((W|V)) = 1.

Remark 6. Only N — 1 of the N equations (4.1.6) are independent. This can be seen by sum-
ming them over the species a € {1,...,N}, i.e.

N
> (W (aa (Xi + ...+ Xy) — X,) =0, (4.1.8)
a=1

and using (2.5.13). Similarly for the right boundary (4.1.7) there are only N — 1 independent

equations.

The MPA gives an abstract form of the non-equilibrium steady state in terms of an algebra
of operators. However, the computation of correlations are in general involved.

4.2. Strategy

In the next section 4.3 we will show that the DEHP algebra in (4.1.5)—(4.1.7) can be simplified
substantially using the gI/(N) invariance of the bulk. In fact, such simplification can always be
achieved if there exists an absorbing dual process as established in section 3

The idea is summarized in the following scheme. We define a sequence of local similarity
transformations such that

HSS H & H 4.2.1)

where H = 1HS! has both boundary terms in a triangular form, and H' =$H’ S, ! has
the left boundary in a triangular form and the right boundary is diagonal, we further refer
the reader to [16, 17, 26, 27] where this idea was explored for the monospecies case. Using
these transformations the commutators (4.1.5) and the action on the boundary vectors (4.1.6)
and (4.1.7) simplify significantly. More precisely for the components of X = 5,5, X we obtain
the bulk relations

[Y(u,iN} = (o — Ba) X - (4.2.2)
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fora=1,...,N— 1. At the boundaries
(W (0= B Xy —%a) = (0= AW, XV = (au=B) V), @423)

where again we have a =1,...,N — 1. As a consequence, the ground state |\If”> of H' can
be written exactly in closed-form. Finally, reversing the transformations in (4.2.1) we retrieve
| ), i.e. the vector whose components are the probabilities of a certain configuration of the
process in the non-equilibrium steady state. The first transformation S is closely related to
the duality matrix (3.3.7) and we will see that H isH', up to the extra-site term described by
the bosonic creation operator in (3.3.4). The Hamiltonian H " is not stochastic, however it turns
out that the components of its eigenvector with zero eigenvalue \\I//) are the correlations in the
non-equilibrium steady state.

4.3. Correlations in the non-equilibrium steady state

In this section we write a formula for the stationary non-equilibrium steady state correlations
between m- points of the chain.

Theorem 2 (Correlations in the non-equilibrium steady state). Letr m < {1,...,L}.
Consider m sites 1 < x; < x3 < ... < Xy < Land m colors denoted by a; € {1,...,N— 1} with
k=1,2,...,m, chosen among the N — 1 available species. Then the m-point correlations with
respect to the non-equilibrium steady state measure are given by

m 1 m
E [gl{Yxk—ak}] - Z (Hale;ﬂ;kSk> P, o (S15.-08m)  (43.1)

SpyeenSm=0 \k=1

where

1 1

Prrooin (ST, Sm) = Z Zf(cl,...,cm)H(—l)cjf‘v"gj(xj,cj,...,cm) (4.3.2)

c1=s1 Cn=5Sm j=1
with
(L+1—30ica)!

e Cp) = = 4.3.3

f(Clv ,C ) (L+1)' ( )
and

g (xj,¢j,om) = | L+2—x;— ch . 4.3.4)

k=j

4.3.1. Examples. = We give examples of correlations for m = 1,2, 3 applying formula (4.3.1).

4.3.1.1. One-point correlations. ~ We consider the average with respect to p of the occupa-
tion variable of the species a; € {1,...,N— 1} at coordinate x| € {1,...,L}. Using (4.3.2) we
obtain the absorption probabilities

(L+1—x1)
(L+1)

(L+l—x1)

P (1) = (4.3.5)
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where Py, (1) is the probability that a single random walk started at x; is absorbed. Then,

using (4.3.1), we have

(L+1*X1)

i) =B Ly, | =

(L+1)

Qg + Ba, (4.3.6)

X1
(L+1)

where, for the sake of notation, we have introduced (p}! ).

4.3.1.2. Two-point correlations.

We consider the average with respect to y of the occupation

variable of the species aj,a; € {1,...,N — 1} at coordinates x;,x, € {1,...,L} such that x; <
x;. Using (4.3.2) we obtain the absorption probabilities

Cxnle-1) _xnl+l-x)
'thxz(0,0)— L(L—|—1) ’le,xz(l,())* L(L—i—l) 4.3.7)
X1,X2 ) L(L“rl) X1,X2 I L(L+1)

Therefore, we compute the second cumulant, i.e. the two-point connected correlation

E[ (1 —ay = ) () — (03]

4.3.1.3. Three-point correlations.

X (L=xy+1)
L(L+1)°

(aal - ﬂal) (aaz - ﬂaz) .
(4.3.8)

We consider the average with respect to i of the occupation
variable of the species aj,az,a3 € {1,...,N

— 1} atcoordinates x1,x;,x3 € {1,...,L} such that

x1 < xp < x3. Using (4.3.2) we compute the absorption probabilities

Rmﬁwqm:ﬂ%i%%fa
P (0,1,1) = = (L *LX(ZL)Z(L_ fl)xs +1)
Paor (0,1,0) = LU *L>(L+_<l) —2)+1)
PWHM(QOJ)ZX‘“f22;€:;3+1)

L—1Dx2(x3—=1)—x1 (x2—1)(x3 —2)

Py xz,33 (17 170) =

L(I2—1)
P (1,0,1) = (L—xs+ I)L(J(CzL(ZL:l);l — 1) +x)
PmanJJ):(L_m_Jﬁé;?ﬁL—M+1X

(4.3.9)

Therefore, we compute the third cumulant, i.e. the three-point connected correlation as

B35y = 080) (35 ~050) (13,0~ )]

_72)61 (L+1—2)C2)(L+1—X3)

(L+1)7°(L—-1)L

(afll - Btll) (atlz - Baz) (Oéa3 - ﬁ@) . (4.3.10)

Remark 7. The first and second cumulants, computed in (4.3.6) and (4.3.8) respectively, match

with those found in section 4.3 of [6].
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4.4. Proof of theorem 2

The proof of formula (4.3.1) is split into the following steps:

e In section 4.4.1, we introduce two similarity transformations S| and S,. The first turns the
Hamiltonian H into H = S;HS fl with boundary terms in a triangular form; the second turns
the Hamiltonian H into H = S,H’ Sy ! having the left boundary in a triangular form and
the right boundary is diagonal. Associated to H and H'' there are two ground states denoted
by |¥') and |¥"") respectively.

e Insection 4.4.2 we apply the MPA to H''. Here the commutation relations defining the matrix
algebra are simpler. The explicit expression for \\Il”> is determined (see (4.4.26)).

e In section 4.4.3, we invert the similarity transformation S, to recover the ground state |\I//>
from the explicit expression of |\Il”> (see (4.4.50)).

o In section 4.4.4 we show that the correlations are in turn the components of the vector |\IJ/>
By exploiting a binomial formula we rewrite the correlations in terms of polynomials in the
left and right boundary densities with coefficients given by the absorption probabilities, as
claimed in corollary 1. For completeness, we also show that corollary 2 is in turn corres-
ponding to the transformation |¥) = S| ¥’} in section 4.4.5.

4.4.1. The similarity transformations. ~ Consider the matrix

N—1
Sp:=exp <Z eNa> , 4.4.1)
a=1
and

N—1
Y= exp (Z %) : (4.4.2)
a=1

to denote S; (see (4.4.1)) when acting at site x. Observe that S7 is the transpose of the bulk
part of the duality matrix d, at site x € {1,...,L} (see (3.3.8)). By taking the product over the
chain we define

L
si=][s (4.4.3)
x=1
that is related with the bulk duality matrix by
L
si=]]dr. (4.4.4)
x=1

As the transformation S is invertible, we can introduce

’

H = Hyg + Houk + Hygp, (4.4.5)
that is related to H by
H =SHS;" . (4.4.6)
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The bulk part of the Hamiltonian is left unchanged (because it is written using the coproduct
of the second Casimir, see equation (2.4.19)) while the boundaries are given by

N—1 N—1
H;eft = Z (ade(iN - ezlm) ) H;ight = Z (ﬂaegN - eéa) . (447)
a=1 a=1

Indeed, using (3.3.35), (2.5.13) and (3.4.1), we obtain for the left boundary

N—1 N 1
Hyere = Sll_lleftsli1 e (Z el]VC) Z Ca <e‘k3 eBB =P < Zﬂ]W)

c=1 A,B=1

)

N—1 N N—1 T
(- Xehe) 3 ontehs -l (Lot
c=1 A,B=1 c=1 (448)

Similarly, for the right boundary we have

N—1
Hné,ht = SlHnghtS Z (ﬁaeSN — 6561) . (4.4.9)

a=1

Remark 8. The boundary Hamiltonians Hl/ett and H,

fight 10 (4.4.7) resemble the transpose of

Flleft and Flright, i.e. to the transpose of the boundary part of the dual Hamiltonian defined
in (3.3.4). They can be identified when replacing the extra-site bosonic creation operators
(at)Y (resp. (at)EF!) with the corresponding reservoir parameters oy, (resp. 3,).

We have the following correspondence between eigenvectors with zero eigenvalues
o) =87 ) (4.4.10)

where |U') satisfies H |0') =
Next, we introduce

8> :=exp < Zﬁaem> . (4.4.11)
and

N—1
5= exp (— Zﬂae’;N> : (4.4.12)
a=1

which denotes S, (see (4.4.11)) acting at site x. By taking the product over the chain we obtain

L
s:=[[s (4.4.13)
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We define

H' = Hg + Hourc + Hyigyy , (4.4.14)
that is related to H' by

H' =$HS;". (4.4.15)

The boundary Hamiltonians of H' read

N—1
He = ellvzv -1+ Z (ot — Ba) etlzzva Hiighe = ekN -1. (4.4.16)
a=1

The left one is lower triangular and depends on the differences between the bound-
ary parameters, while the right one is diagonal. Equation (4.4.16) are proved using the
Hadamard formula (3.3.26) with B = ZICV;II Beecn, and either A = ey, or A = e,,. Namely,
by using (3.3.29) we obtain

N—1 N—1
S5 <Z aae}w> St = Zaae;,v (4.4.17)
a=1 a=1

and
N—1 N-1
$2) ehS7 = (ehy+ Bueky)- (4.4.18)
a=1 a=1
Therefore, for the left boundary
N-1 N—1
Hio = SZHleftSZ_l = Z (aaezlzN — @teiN) = ezlxw -1+ Z (ta = Ba) ecldv . (4.4.19)
a=1 a=1
Similarly, using again (3.3.29) we have for the right boundary
N-1
Hyg = SoHyignSy ' = (Baehy — €hy — Buely) = ek — 1. (4.4.20)
a=1

The relation between eigenvectors with vanishing eigenvalue is

'y =57’ (4.4.21)
and |¥") solves

H'|[¥')=0. (4.4.22)

It is convenient to introduce also the transformation
L N—1 N—1
S=58 = []exp (— > 5aeg,v> exp (Z ej‘\,a> . (4.4.23)
x=1 a=1 a=1

This matrix S connects H with H ' by

H=S"'H'S (4.4.24)
and, the relation between eigenvectors with vanishing eigenvalue is
)y =s~"0'y. (4.4.25)
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4.4.2. Closed formula for |¥ "), The ground state of the Hamiltonian H'is given by

L L
rr ] —
=3 g en =820 (14 0 | 1) @429
Tx=1 Jj=x

e
where

1 if =N
8oy = S . (4.4.27)
’ 0 otherwise

4.4.2.1. Proof of formula (4.4.26). ~ We consider the vector with elements given by the operat-
ors of the MPA (X, X N) ~and we act on it with the similarity transformation § = S, S obtain-

ing new operators (Xj,...,Xy) that will satisfy simpler commutation relations. We define the
transformed matrix product operators via X = SX such that
X=X, Bs(X1+...+Xy), Xv=Xi+...+Xy (4.4.28)
where a € {1,...,N — 1}. We can also reverse the transformation by S~! and get:
X=X+ BuXy,  Xu=[BuXy— (5(1 ¥ +5(N,1) . (4.4.29)
Summing over b € {1,...,N} in commutation relations (4.1.5) we have
[ X0, X | = (0 — B) X (4.4.30)

g/ith )N(N = X1 + --- + Xy. Therefore, using (4.4.29) we obtain the commutation relations for
Xq

[Y(u,iN} = (0w — Ba) X s 4.4.31)

cf. (4.2.2). Moreover using (4.4.28) and (4.4.29), the action of )N(a on the boundary vectors are
given by

(Wl ((aa —Ba)??zv—??a) = (0 — Ba) (W], (4.4.32)

Xa|V)) = (ca = Ba) IV)) (4.4.33)

cf. (4.2.3). Using the transformed operators ()N(A)Ae{ I,....N}» the vector |&"") of the matrix
product ansatz is written as

7 1 ~ ~
=5 %«Wlxﬂ X V) I7) (44.34)
TE

where the normalization is given by
Ze= (W (X1 + ...+ Xn)"|V)) = ((WIXRIV)) - (4.4.35)

To determine the eigenvector (4.4.34) in closed form, we compute the coefficients and the
normalization Z; . Using (4.4.31) we have

XX =X (00— Ba) + %) (4.4.36)
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Fix £,n € N. By applying the above formula (4.4.36) we have

~ o~ ~ ~ n
XX, =X (Xg . Ba)) . (4.4.37)
Using (4.4.37) we obtain
L L ) L 1=0rw
H _ X b IT [ X+ (an =80 dnm . (44.398)
x=1 x=1 j=x
where for convenience we introduce the ordered product
L !
I[ % =%, X,. (4.4.39)
x=1
Multiplying by the boundary vectors and by using (4.4.33) we have
L 1_67',\-,N
v v TS SreN Sry N
(WX, X V) = (WX " V) T = Br) 0 | 1+ Z%
x=1
(4.4.40)
~ L
We now compute ((W\X%:':‘ 6”‘N|V>>. For all n € N we have that
wn v yn— yhn— 1 v yn—
(WIXYIV) = (WIXaXy' V) = (WIXY V) + <<WIWXaXN V)

~ 1 1 [
= (VIR V) (g (WA (Ko (0a— ) (0= 1) V)
= (WIR3 V) + (WX V)

= (1) (WX V)
_a+

W wizv)) (4441)

n!

where in the second equality we used (4.4.32) and in the third equality we used (4.4.37). This
leads to the recursion relation

(1—|—n)

(WIXyIV)) = (WX V) (4.4.42)

with ((W|X9|V)) = ((W|V)) = 1. Therefore, we obtain

(1+n)! 312!
n! <n_1)!"'iﬂ<<

UW|X5IVY) = WXV = (14n)!. (4.4.43)

By using this result we have that

L 1=67 v

L
(W, X V) = (14 0 6 ) T T (= B2) 0 [ 140
j=x

x=1

(4.4.44)
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The normalization constant is then given by
Zp = (W] (X1 + ...+ X0)" V) = (WX W) = (L+1)!. (4.4.45)

Therefore, we write

l—(sq—wa

(1 +Zﬁ:15m,v)! L

’r 1 6TX
=3 S [t —5-) 1+25T/, 7). (4.4.46)
TeqQ’ x=1
We observe that, for all x, we have
L
o (141 m)!
<1+ZJLZX6%N) = (ZL] ; I' (4.4.47)
j=x Ter)'
It follows that
1—57—,1\/
(1+ZX 1 TN ) L L v
T ITon 0! (143 b0
x=1 j:x
(1+ZL_]5T W)t L (1 s )
c+nr (S bmm)!
L L |
frd 1 H(a - B )1_6Tx1N (1 + Z]:xaTl’N).
| Tx Tx
w+ril (Z,-L:x 5%1\/)!
| L
— 1 67’:
7(L+1)!H(an B-) 1+Z§TJ, : (4.4.48)
x=1
Therefore, we obtain (4.4.26).
O

4.4.3. Closed formula for \\I/). By knowing the ground state of the Hamiltonian H' we
use (4.4.21) to retrieve the ground state of the Hamiltonian A . The result is the following

7'y = Z U (7)|7) (4.4.49)
e’
where
! 1 1 L L s
V(1) = (L+1)! Yoo > IT 1+ e | (an =) 7B (4450)
’ c=6r v =07 yx=1 Jj=x
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4.4.3.1. Proof of formula (4.4.49). We have that |¥') = §;'|@""), thus we show how the
transformation S, "acts on the vector |\Il ) Using the exponential series we have that

N—1

S =14 Baeav , (4.4.51)

whose action on the occupation variable |o) of a site is

N—1
85! o) =0) +6n0 > Bala) - (4.4.52)

Therefore, taking the tensor product over the chain we obtain

N-1 N—1
S;1|U> = <|01> + (51\'/’(,1 Z ﬂal |a1>> ®R...Q <O’L> + 5N70'L Z ﬁaL|aL>> . (4453)

a =1 ap=1

By projecting over a vector (7| we have

L
(7185 o) = [ [ 670 + On.r, B (1 = 67,0)] - (4.4.54)

x=1

From this it follows that

V() =(7]¥) = (718, [W7) = Y (718, o) (o[ @)
oecq)’

L
60‘ 1 o 1+ Z(soj,N [5&0,( + BTXCSN,U.r (1 - 5TX7N)} :
oeQ’ x=1 j=
(4.4.55)

where we used the expression (4.4.26) for ¥’ ' (o). We observe that, for any fixedx € {1,...,L}
and for any fixed 7,0 € (2, we have

(67, + Sy (1= 87,) B ) (o, = B,) 27" = (01,0, + 6, ¥ (1 = 6r3) Br] (@, = Br,) ' 07
(4.4.56)

Indeed, on one hand if o, # N only the term . _,_does survive in the square brackets of the

above equation, that is non-vanishing only if o, = 7. This implies that both the left-hand-

side and the right hand-side are either (o, — 3,,) or 0. On the other hand, if o, = N we have

(g, — By, ) 700N = (aiy, — B;,)! %~ = 1, thus both sides of the equality are either 3, or 0.
Moreover, we have that

50.nTx + JUX,N( ﬂ, )ﬂn - ﬁ:X’N(l_éan} (5%@ + 50x,N (1 - 5TX,N))

= ixapN(l_émN) (5TV,N5<TX,N + (1 - 6T,V,N) (1 - 5UX,N)
+(1=07.n)60,n)

= B0 (5 (1= 6, 3) (1= 67 n)). (4.4.57)

Indeed, considering the first and last equalities we have that: if 7, = o, both sides are 1; if
Tx # N and o, = N both sides are (., ; while, in all other cases, both sides are 0.
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As a consequence we can write (4.4.55) as

L
v(r)= L—l—l (L+1)! Z H ar, —fr,) 1 o 1+;50/7N

oeQ x=1

x [ B0 (6 (1= G ) (1= 8, ))] - (4.4.58)

We observe that the argument of the summation above does not distinguish the colors of the
o’s but only whether, at each site x, o, is occupied or empty. Therefore, we can replace the
summation over oy, ...,or, with a summation over the indices cy,...,c;, € {0,1}, where ¢, =
04,,n- Thus, we obtain

1 1 L
v (7) :(L+1 ] Yo Tt =0t (1 +ZC:) e+ (1) (1=6,0))] -

c1=0 cp=0x=1

(4.4.59)

Moreover, because of the term (1 — d,, x)(1 — ¢x) we can make the indices ¢, vary in the set
{67, n,1}.Indeed, when ¢, = 0, this term is non-vanishing only if 7, # N. Therefore, we obtain

, 1 1
V= :26:

C1

1 L

o, —pBr) + ¢ %l R 4.
S [Mten 80" 1 Z (170mn) (4.4.60)
=5,

TN CL Nx=1 j=x

Observing now that ¢x(1 — 0, ) can be replaced by ¢x — 6y, we finally have

, 1 ! ! L c N
V)= o :Zé_j [ -8 H,Z_;C’ GO (441

O

Remark 9. By changing the summation indices from ¢, € {0, x,1} to ¢, € {0,1 — &, x}
(implying that ¢, =1 — c;) and by the fact that occupation of each site is bounded by 1 we
rewrite (4.4.50) as

=0 1- 5*LN(L+1—ZX 1 ;>'
=2 X (L+1)!

U U
1 =0 1 =0

o
o

L L , (1—01—5.%,0
<[] | (=B [24L-x=) ¢ A (4.4.62)

x=1

where we used the fact that
L L
14 g | =24L-x=) ¢ (4.4.63)

and where we exploited equation (4.4.48). Formula (4.4.62) will be useful in the following.
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4.4.4. Closed formula for correlations. ~ We consider m € {1,...,L} sites with coordinates
XiyeeoyXm €{1,...,L} such that x; < xgyg forallke {1,....m—1}. We fix g € {1,...,N—
1} and we would like to compute

E [f[]]l{yxﬁak}] = Z (mlll{n_k:ak}) (T]w) . (4.4.64)

TeQ M=
We fix the dual configuration & = > ;" | 53

+, corresponding to a vector |£), and we have

m

[I1, —uy =09 (4.4.65)
k=1

Thus it follows that

E LH]I{Y“_“"}] =Y D(T,&)(r|¥) = > (T|Dg)(7]V). (4.4.66)

T’ T’

We denote by \é) =|¢Y,... €LY, i.e. the vector constructed from |€) by removing the com-
ponents at sites 0 and L + 1. Recalling that in the case v = 1 the matrix R, defined in (3.3.9)
reduces to the identity, we have that the matrix d,, defined in (3.3.8), becomes

N—1
dy = exp (Z eZN> : (4.4.67)
a=1

Then, considering equation (4.4.2), the following holds
L
st=1]d.. (4.4.68)
x=1

As a consequence we have that
(rIs{I€) = (rIDI¢) . (4.4.69)

Therefore, it follows that, using the resolution of the identity

E Ll_[ll{nk_ak}] =Y (TIDlg)(r|w) = Y (rls]I€)(r|¥)

T’ Q'
=" (EISilT)(r|e) = (€5 |w) = (€]¥).  (4470)
e’
Using ¥ (7) in (4.4.62) we have

1 1

- B (L+1=30c)!
o= 2 2 E

c1=0 cn=0

Cx
XH(Oéak_Bak)Ck a]k_Ck 2+L—Xk_ZCj
j=k

m

1
= Z f(cla“-acm)]:[(aak 75111{)61( ;,jckgk (xkvckv"',cm) ,

Clyeeesem=0 k=1
4.4.71)
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where in the last equality we have used the definition of (4.3.3) and (4.3.4). As alast step, using
the binomial theorem, we rewrite the previous expression as a polynomial in the boundary
densities:

#[fite]
= Z f(cl,...,cm)H(Z(— )4 ek B Skgk(xk,ck,...,cm)>

ClyereyCn=0 k=1 \s;=0
1 m
= Z flery. .o om Z Z (Ha B S") (H(—l)ckSkgk(xk7ck,...,cm)>
cr, 7c,,,:O 51= sm=0 \k=1 k=1
= Z <Ha l‘”) Z chl, .,c <H )T g xk,ck,...,cm)> .
LseeesSm=0 = m=Sm k=1
. R 4.4.72)

From third to fourth line we have changed the summation order. Therefore, comparing the
above formula and (3.4.7), we can read off the absorption probabilities given in (4.3.2).
O

Remark 10. From equation (4.4.70), we observe that, for any configuration 7 that has at least
a particle, we interpret the coefficient ¥’ (7) of the vector |¥') as a correlation. However, this
interpretation does not cover the case when 7 = (N, ...,N), i.e. when no particles are present
in the configuration. In appendix A we show that, for any configuration T € Q' we have

L
U (1) =E LH (11{yx—n})(1_5”“)] : (4.4.73)

=1

The above formula (4.4.73) allows to interpret these coefficients as marginals of the non-
equilibrium steady distribution p. As a by-product, we obtain that \I//(N, oN)y=1,1e. it
is the normalization of the measure y. In particular, these marginal are the non-equilibrium
steady state correlations as soon as the configuration 7 does contain at least a particle.

Remark 11. Using the definition |¥) = §;|¥) and that

N .

f =

(rlsy = § 2o lol AT =N (4.4.74)
(7] else

we immediately verify

m m
E [Hﬂ{nk—ak}] = Z H&,{k,uk<f|\1:>= (N,...,N,a; ,N,...,N,a,, ,N,....N|¥).
k=1

e’ k=1 X1 T Xm
(4.4.75)

Here the notation means that the entries a; # N in (4.4.75) are at position x; fork € {1,...,m}.
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4.4.5. Steady state. By the knowledge of the closed formula for correlations (4.3.1), we find
the probability mass-function in the non-equilibrium steady state by using corollary 2. Indeed
we show here that | ) = S;'|¥") is nothing but corollary 2. On a single site we have that

N—1
STl =14(-1)> ena (4.4.76)
a=1
thus,
S'o) = o)+ (=1) (1= Go.n) IN).- 4.4.77)

By taking the tensor product over the chain we obtain
$7' o) = (Jo1) + (= 1) (1= 66, 0) M) @ .. @ (lo2) + (=1) (1 = 60, 0) [N))  (4:4.78)

therefore, projecting on (7| we have
L

N—1
(TIS;1|U> = H (&mm —+ (—1)5%1\,25%0) ) (4.4.79)
a=1

x=1

By inserting the resolution of identity ) | . |o) (0| we have that

U (r) = (r[W) = (7[$; W) = > (718 o) (a|V) . (4.4.80)
oeq’

Using (4.4.79) we obtain

U VD SEN (| L D SN {1 (CRA)

m=01<x; <x<...<x, <L \x&{x1,...,% } biy..osbp k=1
x U (N,...,N,bl ,N,...,N.,b, NN) (4.4.81)
Txl Xm

In the second equality we have rewritten the product by introducing the summation over m,
the coordinates xy, .. .,x,, and the occupation variables b, ..., b,.

Remark 12 (Equilibrium case). Using equation (3.4.11) with correlation computed in (4.3.1)
in the equilibrium case (3, = «), we obtain

N
L
U(r) = [[aa"" (4.4.82)
a=1

As it has to be, this is the probability of the configuration 7 under the reversible meas-
ure (2.3.2), with site marginals distributed as Multinomial (1,«y,...,ay).

4.5. The single species case (SSEP)

The computations made for the multispecies stirring process can be specialized to the single
species case N =2, i.e. when only one type of particles and the holes are present. In this situ-
ation we retrieve the SSEP, that was studied using the same approach as presented here in [17].
We report the Hamiltonians and the similarity transformations of SEEP:
L—1
H=Hen+ Y Hexp1 + Hiign (4.5.1)

x=1
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where the bulk Hamiltonian densities are
2

Hx,x-H - Z (eab X epg — epp @ eaa) . (452)
a,b=1

Here ¢, are the basis elements of the fundamental representation of g/(2). The boundary
Hamiltonians are

(o —1 a (B Bi
Hleft - ( o o — 1> 9 Hnghl - ( /32 BZ _ 1 (453)

where we assume that (a + az) = (81 + 82) = 1. In this case, the similarity transformations
read

$1=G ?) 32=<(1) 15‘) szszslz(llﬂ‘ f‘) (4.5.4)

Therefore, we have that H has the following boundaries

/ -1 « / -1 g
Hleft = ( 0 01) ) Hright = ( 0 Ol) ) (455)
while the boundary Hamiltonians of H' are
% -1 a1 —p % -1 0
Hie = ( 0o 0 1) S ( 0 0) : (45.6)

As a check of our results we report the steady state correlations and the vectors |\Il' />, /> and

| ) for the SSEP, with maximal occupancy v = 1 and compare the results to [17].

4.5.1. Correlations of SSEP.  We retrieve the closed formula for correlations in the non-
equilibrium steady state found in [17, (4.26)]:

i Y 4 gm—q (L+1 — k
ELHlﬂ{Y‘k‘l}] =2 (a=p)'s > H i 2+L_k§+ ) @s7)

g=0 1< <. <lg<mk=1

Proof of formula (4.5.7). Starting from (4.3.1) we exploit the fact that for N = 2 each site can
be either occupied by a particle or empty. We introduce g = ZZ;I ¢y, There are many values
of ¢’s that give the same ¢, therefore we define ¢ variables denoted by 1 < /) </ < ... <
£, < m. To each of these variables we associate coordinates xg,,...,xy, € {x1,...,%, } that are
such that ¢y, =1 for all k€ {1,...,q} and ¢, =0 for x & {x¢,,...,x, }. Therefore, for any
fixed cy,,.. ., Cx,, we find g (by the summation > ;- ¢y, = ¢) and ¢y,..., ¢, from which we fix
X, ,- -+, Xg, as explained. Then, we obtain

Ck
q

{2+2-%->¢| =[]O+L-xs—q+k). (4.5.8)
k=1 =k k=1
Indeed, in the product on the left hand side only g terms at coordinates xg,, . ..xs, do survive.
Moreover, any fixed x¢, has ¢ — k occupied sites at its right. Furthermore, using the properties
of the factorials, we have that

(L+1-3 )
4.5.
(L+2)! kl;[l 2+L k) (4.59)
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Varying all possible ¢’s in (4.3.1) is equivalent of varying all possible g and all possible
ly,...,4,, therefore we obtain

i (L+1L_Ek 1Ck'ﬁ 24 L—x— ZC/

Cle.oyey=0 k=1

> Y I 1+(L2+XL _,3“) (4.5.10)

=0 1< <...<;<Lk=1

and (4.5.7) follows. O

4.5.2. The vector |¥"') for SSEP The ground state of H'is

L q
1+L—l—q+k)
= Z Z (a1 —pBr) ku;[l 2+Z—k) le,q)  (4.5.11)

g=01<4,<...<L,<L

where £ = ({y,...,4,).

Proof of formula (4.5.11). We specialize equation (4.4.46) to the N =2 case and introduce
q= Zﬁ:ldml- For each g € {1,...,L} we call 1 <{; <...,¢, <L the coordinates where
particles of type 1 are present. Thus, arguing as in the proof of (4.5.7) and using (4.5.9) we
have that

1+ chl:l 67’;,2 I L L 1=67.2
((l_i_L)[) ]1 [(Oén - BTX) (1 + Z5ﬂ’2)]
x= =

L+L-5  (1—-d,0)) L . 167
- ( (1+IL)! : ) H |:(an—/37'x) (2+L—x—2(1—57j’2))]
j=x

x=1
q
(1+L—l—q+k)
q
(a1 —B1) k]:[1 CEy AT 4.5.12)
By varyinggand /..., ¢,, we have a one-to-one mapping with T, therefore we obtain (4.5.11).
O

4.5.3. The vector |U') for SSEP The ground state of H reads
= > U (r)|r) (4.5.13)
Q'

where

[l

Vi(r)=) (a=p)yg Y H (L1 = =41k -y 514

q=0 10 <. << || k=1 2+L_k)

Or1-

and where |7| = Y%

x=1

Proof of formula (4.5.14). For any configuration T € Q we denote by |7| = Zi‘:l 97,2 the
number of occupied sites. Then, considering equation (4.4.62) we have the result by adapting
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the proof of (4.5.7) in the following way. We select g € {0, ..., ||} particles among the occu-
pied ones. We call £y,...4, € {1,...,|7|} such that /; < ¢, < ... </{,. These ({i)iei,... 4 are
labels for the ¢ particles previously selected. For each ¢, we introduce xy,, i.e. the coordinate
where the particle with label ¢, is placed. Thus, we have that

Cx

L ’ q L q
H L+2— x—ch :H L+2—xek—ZCJ‘ :H(l—l—L—ng—q—l—k).
x=1 j=x k=1 J=xg, k=1

(4.5.15)

It follows that

Z ZIL{(H_ o= q}H<L+2 x‘ZQ) = Z H(IJ’_L_xL/k_q—"_k)'

c1=0 c.=0 1<l <. <y < || k=1
(4.5.16)
Therefore, using (4.5.9) one finds |¥') for the SSEP. O
4.5.4. The vector \\I/) for SSEP. In the single species case N =2 we have that
=Y U(r (4.5.17)
TeQ’
where
L |T|+b
b s —5
U ETIND SR ) (A D SICRE
b=0 1<qi<...<qp<L s=0
(L+1—xp —s+k
x Y H tloxy —s+k) (4.5.18)

10 <... << 7| k=1 (2+L—k)

Proof of (4.5.17). The proof follows from (4.4.81) and from the coefficients ¥’ (1) computed
in (4.5.14). O

5. Extensions beyond the integrable chain

In section 4 we have shown that, combining duality and integrability of the multispecies stirring
process with ¥ =1 and on the geometry of chain with two boundaries, the non-equilibrium
steady state can be found in an explicit form. As soon as v > 1 the integrability property is
lost, but duality still holds. Therefore, in this section we first address the question whether
we can use duality to characterize the non-equilibrium steady state of the boundary driven
multispecies stirring process on a chain with v > 1 via absorption probabilities.

Inspired by the results for the thermalized version of the symmetric exclusion process repor-
ted in [4], in this section we also investigate its multispecies counterpart. More precisely, we
ask whether a thermalized version of the boundary driven multispecies stirring process can be
defined and if it keeps the absorbing duality properties as in the single species case. Again, we
restrict our analysis on the chain with two reservoirs at the end sites. Finally we add a reaction
mechanism of transition to the boundary-driven multispecies stirring process. The aim is to
answer the following question: can we generalize the boundary-driven model introduced in
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[21] to the case with v > 1 for arbitrary number of species? Moreover, in [21] the duality for
this reaction-diffusion process was proved only for the equilibrium case and the result was
achieved by direct computation (without using a gl(3) symmetry). Thus, we also investigate
if this last duality result can be extended to a boundary driven process by using an approach
similar to the one of section 3 and based on Lie algebras. The section is organized as follows:

1. Correlations (section 5.1): exploiting the duality, the steady state correlations of the
boundary-driven multispecies stirring process on a chain with two reservoirs is expressed
in terms of absorption probabilities of the dual particles. These probabilities are hard to
find when v > 1. As an example we give, in appendix B, the expression for the one-point
correlation.

2. Instantaneous thermalization (section 5.2): starting from the multispecies stirring dynam-
ics, we define the thermalized process, where particles are redistributed on each bond with a
measure that is the reversible one conditioned to the conservation of the number of particles
on this bond. Also for this thermalized process we prove duality.

3. Reaction-diffusion process (section 5.3): starting from the usual stirring dynamics (see
section 2) where particles and holes are exchanged in two nearest-neighbor sites (now
at a constant rate o), two additional reaction dynamics are added. Particles can now
change type with two different mechanisms: a pure mutation (with rate T') and a stirring-
mutation (at rate 0y), i.e. a transition where particles perform an exchange of their occu-
pancies at nearest-neighbor sites but, at the same time, they also mutate their own species.
This reaction-diffusion model is constructed with the goal of having the average densities
evolving as a closed system of N — 1 coupled difference-differential equations, providing a
generalization of the model studied in [21]. Exploiting the gl(N) symmetry of this reaction-
diffusion process, absorbing duality for the boundary driven process is also proved.

In this section we always assume that the geometry is a chain of length L where two reser-
voirs are connected to the end sites 1 and L. In all the three investigated situations, we denote
the original processes by the variables (n(f)),,, while their dual processes is denoted by the
variables (£(7))r>0. Moreover, we always denote the configuration spaces of the original pro-
cesses by

L
O = ®Qx. (5.0.1)
x=1

And their dual configuration spaces
QU =N"oq eN"". (5.0.2)

We recall that the dual processes are defined on an enlarged chain with two extra-sites 0 and
L+ 1 attached to 1 and L respectively.

5.1. Duality for a boundary driven chain

As already pointed out, the dual process voids the chain by piling up particles of species
{1,...,N—1} in the extra sites 0 and L+ 1 and replacing them by the holes N. This prop-
erty allows to characterize the steady state non-equilibrium distribution (that is unique) by the
probability that dual particles are absorbed in the extra-sites, called absorption probabilities.
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This is a generalization for the non-integrable chain of the corollary 1. The process (n(t)),
has generator

L1
L= L + Zﬁx,xﬂ + Light - (5.1.1)

x=1

where £, .4+ is the edge generator defined in (2.2.4) acting on the bond (x,x+ 1) and Lieg
and Ly are the generators (2.2.5) acting on sites 1 and L with parameters (o) Ac{l,...,ny and
(Ba)aequ,....ny respectively. The process is dual to (£(f));>0, defined on the dual state space

€y, and has generator

L—1
L="Lit+ Y Lyt + Lrign (5.1.2)

x=1

where L, 1 is given by (2.2.4) and where the boundary generators /:'16& and Zﬁght are given
in (3.2.5): they absorb particles from sites 1 and L and put them at extra-sites 0 and L+ 1
respectively. The duality function is (3.2.6) specified on the chain. We call ungss the non-
equilibrium stationary steady state of the process (n(f))>0, we denote by E,, .. [-] the expect-
ation with respect to this measure and we call ) = (',..., V') the random vector with law
pngss- For every m € {1,...,L} we consider the coordinates 1 <x; <x; <...<Xx, < Land
we select m colors ay,...,a, € {1,. — 1} among the N — 1 available ones. We introduce

m

the dual configuration £ =, , (5;1, meanmg that

1 if x=x,andA =ay
X — 5.13
S {0 otherwise. ( )
The duality function is (3.2.6), adapted to the chain. Therefore, we have that
1 i
D = L=t 5.14
(1.6) = (5.14)

where C(v,m) is a constant that depends on m and on the maximal occupancy per site v.
Therefore, up to this constant, E,, . [D(n,£)] gives the m—point correlations in the non-
equilibrium steady state. The following equalities hold using ergodicity and duality:

/LNESS Hk l]l{ya"—na’; ]

= lim &, [D(n(1),£)] = lim B¢ [D (n,£(1))]

C(v,m) =00
[&1] [Ev—1] N—1 &l
al —Sa
:Z > TTGE™ (o) Pt (5152 58-1)

SN— 1—0a 1

(5.1.5)
here we recall that, generalizing corollary 1,

Py (S15 e ySn—1) = ( Z (5400 + (|€a] — 50) 6T ‘E 5) (5.1.6)

a=1

are the absorption probabilities for the non-integrable chain, i.e. the probabilities that s,
particles of species a are absorbed at 0. Here we have denoted |¢,| = Zi‘:l & These correl-
ations can be computed once the absorption probabilities are known. For example, we report

42



J. Phys. A: Math. Theor. 57 (2024) 295001 F Casini et al

in appendix B the solution for the simplest case of one-point correlations that is exactly solv-
able, since the single dual particle behaves as an independent random walker. The absorption
probabilities for higher point correlations fulfil difference equations.

Remark 13. Considering arbitrary coordinates (xk)ke{1,...,m} (not necessary different) and
considering proper dual configurations, the technique explained above can be used to com-
pute, as a function of the absorption probabilities, the mixed factorial moments under the non-
equilibrium stationary distribution.

5.2. Instantaneous thermalization

In this subsection we aim to extend to the multispecies stirring process the concept of instant-
aneous thermalization limit (see [2, 4]). The thermalized process gives rise, for any pair
of nearest-neighbor sites of the chain, to a redistribution of the total number of particles.
The thermalized model that we present in this paper is obtained from the boundary driven
model with generator (2.2.3) as follows: for each bond (x,x + 1) the total number of particles
e = n* + n*t! is redistributed according to the reversible measure, conditioned on the conser-
vation of e.

5.2.1. The thermalization measure. ~ We introduce the reversible measure (2.3.2) conditioned
on the conservation of the particles on the bond (x,x+ 1)
pra (rle) : =P (n* = rin* + "' = €)

:P((n’f, i) = (1, ,rn) | (n’f—l—n’]“Ir sy Iy F x+1):(el,...,eN)) .

(5.2.1)
Here we introduce the vectors r= (ry,...,ry) and ¢ = (¢;,...,ey) are such that VA €
{1,...,N}, for each of their components (r4)aei,... n}, (€a)aeqi,... vy We have r4 € {0, ..., v}
and ¢4 € {0,...,2v}, under the constraints
N—1 N—1
eN:21/—Zea, rN:V—Zra . 5.2.2)
a=1 a=1

Using the conditional probability and the fact that the reversible measure (2.3.2) is the product
over the sites of multinomial distributions we have

P{n*=r}n{n*+nt'=¢}) P =r)Pm*t =e—r) .

= = 5.2.3
pri (rfe) P(n*+ntl =¢) P(n*+ntl =¢) ( )
Therefore the thermalization measure reads
wrn (rle) = Pl TN éﬁ];il)vj"’(EN*rN) Lt rvmrd (5.2.4)
€]...,EN

where we recall that the multinomial coefficient reads

|
v - (5.2.5)
ni,...,nN ny!---ny!

5.2.2. Thermalized multispecies stirring process.  The thermalized multispecies stirring pro-
cess is defined on the conﬁguration space (), introduced in (5.0.1) and its generator reads

]efl Z xx+1+ rlght (526)
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where
At !
Lzlj+lf Z Z ]l{r1+ Arv=v} (5.2.7)
rn=0 =0
X {f(nl, e et — 2 ,nL) —f(n)},uTH (rle)
while

‘Clef Z Z ]l{r1+ Frv=v} {f( ) _f(n)}

r10 I‘NO

y N—1 a ra a v

a N

X —_ —_—
<rlv"'er)H(aN) (Oé|)
a=1

and Eﬁlg{ht acting similarly on the site L and with parameters 3’s. In the thermalized bulk gener-
ator particles on a bond x and x + 1 are redistribute according to the measure pr(r|€), while in
the thermalized boundary generators the configuration at site 1 (L) is replaced by r, according

to a rate depending on r itself and on the reservoirs parameters.

(5.2.8)

5.2.3. The dual thermalized process. Here we state the duality result for the thermalized
multispecies stirring process with boundary driving.

Proposition 1 (Duality for the thermalized multispecies stirring process). The thermal-
ized multispecies stirring process (n(t));>o on the state space Qy, with generator L™ defined

in (5.2.6) is dual to the process (£(t))i=0 on the enlarged configuration space QL, with dual
generator

i Z L, (5.2.9)

where LI1 |

N—1 N—1 N—1
Cigf (&) = {f<§°+252§$, &= 0k +6‘NZ£;, 527...,#) —f<£>}
a=1 a=1
N—1
rtghtf(g) { (50’.”’#1’ EL726§£2+5 2557 £L+1+Z(5L+1£L> )}
a=1

a=1
(5.2.10)

is (5.2.7) and [,leﬂ and L™ are absorbing with rate 1:

right

The duality function is the same of the multispecies stirring process, i.e.

N—1 L Z,_ZLV:—'&C N1 N—1
D(n,£)=<H (o2") ) H( o )H(n ' (H (pi)* >

a=1 x=1 a=1

(5.2.11)
f (3.2.6).

This dual process is absorbing since the dual boundary generator LI (LIH) remove all
dual particles at site 1 (L) and put these particles in the extra-sites 0 (L + 1) with rate 1. The
proof of proposition 1 is standard. For the sake of completeness we report it in appendix C.
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5.3. Multispecies stirring process with reaction

Considering a generic N — 1 species Markov process (n(f)),>o (where in the spirit of section 2,
ny denotes the number of particles or the number of holes at site x), we define the average
density occupation of species a € {1,...,N— 1} at site x and at time ¢ as

pu (3,1) = By I (0] (53.1)

where E,,, denotes the expectation with respect to the law of the Markov process (n(f));>0
initialized with arbitrary initial measure . Calling £ the generator of this process, these
average occupations evolves according to the evolution equation

dp, (x,1)

In [21] a process has been defined with two species a = 1,2 and the holes (denoted by 0 in that
context) whose evolution equation for the average occupation p,(x,) of species a € {1,2} is
given by a difference-differential equation with two discrete Laplacians (one for each species,
multiplied by a proper diffusivity constant) and a linear reaction term (mutation), i.e.

d
&pa (x,1) = o011 ALpa (x,1) + 012ALpz (x,8) + T (pz (x,1) — pa (x,7))  (5.3.3)

forxe{l,...,L} ae{l,2} andwherea=1ifa=2anda=1if a=2. Here A p(x,1) =
Pa(x+1,1) + pa(x — 1,£) — 2p,(x,). This equation is endowed with boundary conditions
Pt pleft on the Teft and ph=™, p2€" on the right. The generator of this model consists in a
sum of three Markov generators: a stirring, a stirring-mutation and a pure-mutation one (see
section 4 of [21]). For the lattice Z, self-duality has been showed and the duality function is
exactly (4.4.61) in case of hard-core exclusion (see section 5 of [21]). In view of what has been

proved in the previous sections of this work, some questions arise naturally:

1. Is it possible to extend the results of [21] to a case with an arbitrary number of species
(N—1) € N and arbitrary maximal occupation v € N?

2. Is it possible to extend the duality result to the boundary-driven case in order to have an
absorbing dual process, using the same g/(N) Lie algebraic structure?

Therefore, we aim to find a process whose average occupations p,(x,) for any species

a€{l,...,N— 1} evolves as a system of difference-differential equation given by

d N—1 N-1

g P ) =voulipg () +von Y Ap () +T D (o (60 = pa(xn) -
b=1,ba b=1,b#a

(5.34)

We assume that the boundary condition are given and denoted by p'°"t and pgght forall a €
{1,...,N — 1} at left and right respectively, further assuming that 3°y_, pleft = SV_ pheht —
v. In the following of this section, we first construct the process on a chain in order to
obtain (5.3.4) for the evolution of the average occupation variable of species a. Once we have
found such a process, we construct the Lie algebraic description and we use it to prove absorb-

ing duality.
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5.3.1. The reaction-diffusion process on a chain. ~ We consider the geometry of a chain of
length L, where we assume that a reservoir with parameters (cua)aeqi,...,vy is attached at site 1
and a reservoir with parameters (54) Aef1,...,ny is attached at site L. The state space is {2, given
in (5.0.1) and the generator reads

rlght Z X, x+1 +L rlghl (5.3.5)
where
N-2
[,X a1l = VO'“ACX,)PH +vop Z‘C;,)PH + (T — 21/0'12) ‘Czl,x+l (5.3.6)
c=1

where L, 41 is the edge-generator (2.2.4) of the multispecies stirring process and, for any

functionf: Q — Rand forany ¢ € {1,...,N — 2} we introduce the stirring-mutation generator
)= 3 iy (F(n =83+ + 0310 — 3" ) —f(m) (53.7)
A,B=1
with the mapping
he () {L,...,N} = {L,...,N} (53.8)
A —h(A)
defined as
A+c if A+c<N
he(A)=¢A+c—N+1 if A+c>N and A#N . (5.3.9)
N if A=N

Observe that A, (+) is surjective and injective, and thus invertible.
Moreover, we define the pure-mutation generator

N—1

L fn) =" nl(f(n— 68 +8;) —f(n)) . (5.3.10)

a,b=1

The left boundary generator £ is given by (2.2.5) at site 1,where the o parameters are defined
as functions of the given boundary condition of the difference-differential system as

Qg = o1 P+ o1y Z ot if ac{l,....N—1}
b=1:b+a
N—1
ay=v(on+N-2)0n)—> o (5.3.11)

a=1

As a consequence, from the above conditions we write the boundary values in terms of the
reservoir parameters as

N—1
pleft — Q011 = 012D p 1 ppa W pleft Qy
a (0'11—(N—Z)O’lz)(O'll-i-(N—z)O'lg) N (0’11+(N—2)0’12)

(5.3.12)
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for every a € {1,...,N— 1}. Moreover, with this choice we have that ZX:I ap=v(on +

(N—1)oy,) and ZXZI Pt = v, The boundary generator Eﬁighl is defined analogously, but the

o’s are replaced by 3’s and the boundary values pjght.

5.3.1.1. Action on the occupation variable. = We only report the final result. The details are
written in appendix D. For arbitrary site x € {2,...,L — 1}, the action on the occupation vari-
able f(n) = n} of particle of type a € {1,...,N — 1} at site x reads

N-1 N-1
L%, =von A +von Y Amp+Y > (mp—n) (5.3.13)
b=1:b+#a b=1:b+#a
where Aznf =nit! 4+ ni~! —2n%. Forx=1and foralla € {1,...,N— 1} we have
N-1 N-1
LY} = o (" —2n) +nl) + oy Z (P —2my+np) + Y Z (nj—n)) .
b=1:bs#a b=1:b#a

(5.3.14)

On the occupation variable nl the action is similar. Therefore, using the evolution

equation (5.3.2) for the average densities and the action of L™ expressed by (5.3.13)
and (5.3.14) we obtain the desired system of N — 1 difference-differential equations (5.3.4).
For these reasons, this model is a generalization to N — 1 species and to maximal occupation
v of the one studied in [21].

5.3.2. Reversible measure for the reaction-diffusion process (equilibrium).  The process
described by the generator £ introduced in (5.3.5) is reversible with respect to the homo-
geneous product measure

L
Arev = ®Afev (5315)
x=1
when
ap =04 VAe{l,...,N} and a,=ap=a Va,be{l,....N—1}. (5.3.16)
This measure has marginals A}, given by
Ajey ~ Multinomial (v, p, ..., p,pw) (5.3.17)
where
(0% an
= T N 1~ d = 5.3.18
P ay+(N—1)a an Py ay+(N—1)«a ( )
Namely,
c I/! N—1 x p*
Ny (%) = ————p>e=t "op}y. (5.3.19)
[Ty 7!

This can be proved by imposing the detailed balance conditions for the bond (x,x + 1) and for
the boundaries {1,L}.

47



J. Phys. A: Math. Theor. 57 (2024) 295001 F Casini et al

5.3.3. Duality for the reaction-diffusion process. In this section we formulate duality for
the multispecies reaction-diffusion process. This answers the second question posed at the
beginning of section 5.3.

Proposition 2 (Duality for the reaction-diffusion process). The reaction-diffusion multis-
pecies stirring process (n(t))i>o, on the state space )y, with generator L™ defined in (5.3.5)

is dual to the process (€(t))>0 on the state space Q, with dual generator

left Z x,x+1 + ’Crlght (5320)

where Erd 11 Is defined in (5.3.6) and, Efjﬁ and Em ¢ are the absorbing dual generators L,
defined i in ( 3 2.5) and acting at sites 1 and L, with the specific choice of the reservoir paramet-
ers (5.3.11). The duality function is the same of the stirring process, i.e.

N—1 0 L V—Zg:ié | N—1 x| NoL L1
pine) - (T () R (T
a=1 x=1 a=1 a a’: a=1

(5.3.21)

of (3.2.6).

5.3.3.1. Proof of proposition 2. It is enough to prove duality for the bulk generator, since the
boundary generators are the same of the multispecies stirring process. In the spirit of section 3,
it is convenient to write the Hamiltonian of the process through the basis elements (2.4.6) of
the g/(N) Lie algebra. We have that

-1 N—2
H = Hyer + Z <011Hx,x+1 + UlZZH;,xH +(T — 2012)7'[?1,“1) + Hyign - (5.3.22)

x=1 c=1

Here, H, x4 is (2.4.10) and Hiefi, Hyigne is (2.4.11) (with the choice of the boundary para-
meters made in (5.3.11)). We, then have that

N

1= (Enas ® En (52 — Ess ® Enn) (5.3.23)
A,B=1

and

N

=Y (Epn®1—-Eyu®1). (5.3.24)
A,B=1

We prove that, for arbitrary x € {1,...,L},

(HSyp1) D=DHS,.,  Vee{l,...N-2} (5.3.25)
(IH)V::XJH) D= DHxx+1 (5.3.26)
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Since the matrix R, is the same as in section 3, we shall show that [ , and H', | com-

mute with exp (E*)exp (E*!), where E is defined in (3.3.10). Using (2.4.1), the bilinearity
and associativity of the Kronecker product and the bilinearity of the brackets we obtain

N-1 N-1 N
(Z EnN® Z EaN> ) Z (En,(a)8 ® Ep,()a — Ess @ Eps)

A,B=1

N-1 N
Z Z EAN - EhE(B)N) ® (EAN - Eh(-(B)N>} =0.

=1A,B=1

In the last equality we used the fact that map %.(-) is surjective. Concerning the commutator
of H}' | the proof is similar and gives

N
ZEazv@ZEbN, > (Epa®1—Ep@1)| =0, (5.3.27)
A,B=1

O
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Appendix A. Interpretation of ¥’ as marginals of the steady state distribution

We still miss the interpretation of ¥'(7) when 7 = (N,...,N). We show here that for this
particular configuration ¥ (N, ...,N) = 1. Indeed, for any 7 € ) we have that

U (r)=(r]T) = Y (Isilo)(o|T) = Y (a|s]|T)(a]D) . (A.1)

o’ occQ’

We introduce the dual configuration constructed by attaching two extra-sites (without any
particle) to the vector 7, transforming its dimension from L to L + 2. We denote it by &(7) =
(0,71,...,71,0), where we wrote 0 in the two extra-sites to indicate that no dual particles are
present there. More explicitly, this dual configuration is given by

&(r)=6na VAE{l,..N} Vxe{l,... L}
§r)=...=&_,(1)=0 : (A.2)

)= =g () =0
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Now we consider the elements (o|D|£(7)) of the duality matrix D and, since no dual particles
are present in the extra-sites 0 and L 4 1, we have

V(r)= > (a|D| (1)) (o|¥). (A3)
ocQ’
We observe that for any x € {1,...,L}
N—1 .
1620y = Qo=ny) " (A4)

a=1
Indeed, we have that
i Upmry if T #N
H ]1{5‘7/\)”252(7-)} = 1 lf =N :
=

a=1

(A.5)

Therefore using the duality function (3.4.3) and equation (A.3), we obtain

L
U (r)=E LH (1{Yx_r,})(l_6”w)] - (A.6)

=1

This last equation completes and generalizes (4.4.70) by showing that 2 (N,...,N)=1.

Equivalently, we can interpret the components of U’(7) as follows. Let £ be the number
of sites occupied by a particle in the configuration 7, i.e. £ = Zle (1 =4, n). We denote by
X1, ...,X the coordinates where a particle of any species is present, such that x; < x;1 for all
k € {1,...,4 — 1}. Finally, we call

Q/[(T)::{O'EQ/ :O’xIZTxl,...,O'x[:TxZ}. (A7)

Observe that, if £ = 0 then Q;(T) does coincide with the whole state space Q' , while, if £ = L
then Q} (7) reduces to the configuration 7. Denoting the marginal on £ sites of the steady state
distribution by

P (T) = Y pi(0) (A8)
o, (T)
we have that

L

v (r)=E |__H (ﬂ{n—n})(léw)] =E

=1

l
Hﬂ{yxk_m}] = > (o) =y (1)
k=1

oeQ,(T)
(A9)

It follows that ¥’ () is the marginal on ¢ sites xi,...,x; of the non-equilibrium steady state
distribution. In particular, when the configuration 7 has ¢ particles, ¥ (7) does coincide with
the /-point correlation function.

Appendix B. One point correlations for v > 1

We take m =1 and we fix a site x € {1,...,L} and a species a € {1,...,N— 1}. We consider
the dual configuration £ = ¢, then

vD(n,5) =n, . (B.1)
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The average occupation reads

E ixess []l{y;f:ni;}} =V lim E, [D(n(1),5,)]

left r1 ht 1—s4
=V E " P, (8a)

5.=0

(B.2)

where
Py, (54) = P(€(00) = 509 + (1 — 5,) .41/ (0) = &%)

are the absorption probabilities. To explicitly find the result, we aim to determine Py, (s,).
This is the probability that a random walker (started at x) on the chain {1,...,L} with absorb-
ing boundaries is absorbed at extra-site 0. It fulfils the following equations discrete Laplace
equation

AP, (1)=0
Pi(1)= 1|+(T|a| +P2 (1) 1y (B.3)

Pr(1)=Pri (1) 1975

where Ap is the discrete Laplace operator on the chain of length L. The equations (B.3) can
be solved and using P, (1) = 1 — P, (0) we obtain

aq (LIBI = [Blx+1) + Ba (Jafx + 1 — |a)
E ]1 X —pX - . B.4
s (L) =V G  TallBT+ o] +18 ®H

Remark 14. In case || = |5| = v = 1 (when the chain is integrable) we have

ag(L—x+1)4 Bux
E []I{Y.r:”}] = L+1

that is the same result obtained in (4.3.6).

(B.5)

Appendix C. Proof of duality of thermalized multispecies stirring

The proof of the duality consists in showing

(CH D (,€) m) = (E8, D)) (€)  xef{l.L-1} (€D
(LD (&) () = (LED () (€) - (€2)

Duality for the right boundary is similar.

Equation (C.1) follows from the proof of the edge duality for the multispecies stirring pro-
cess. To prove (C.2) we directly apply the generators to the duality function. For the sake of
notation, we introduce

(v- ZZ 11 §x> | Nﬁ . (€3)

:l

d(n*,&) =

Q
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First, we act with LT on D(n, £). By writing explicitly plt = f‘"l , this action gives

v . N (oS,
(LD (8) () =" Lt r=sy (1—[1((34)5)(2_15);

v!
r =0 ry=0 a=1

(g ([ ) (ILoa) o)
(M) G )

We consider the first addend in the curly bracket of the (C.4). We add and remove & ; at the
)—(r:+~~+r1v71)+(ri+~--+r1v71)

exponent of ( o |) and then we multiply this first addend by (

]
to get

ST M=y

r1=0 ry=0
g-eite u—z’j Ll - N1 .
_4 < ) H b ' Hd(f’l,fx H( )gLLll
b=1 éb)
5 Ul N—1 ﬂ Ta ﬂ — (e Ary— )+ v—t)
)"1!~~~er P anN |o¢‘

(v—¢& - —&)!
Z ZIL{'ML Ary=v} (r

) 0 1— 511)!---(rN_175]1\,_1)!(1/7r1f...er_l)!

(; = r, g,,) (%)anfu.fr,vf] <de 7@) (ﬁ( )53+|>

1
N L N—1
<H left & +E> (Hd(nx’é-X)) <H( Tléht)gL‘FI) . (C.5)
a=1 x=2 d=1

Where we used
<V_Zivgllfg>! Aﬁ ! v! _ (l/—f}—.---@{,,l)!
] i (’b*@l)! rleeern! (rl7511)[...(}"1\1_'7611\/_|)!(l/7}"17...77‘]\1_])!

()™ ) () ) (e )

. 0, ¢l _ el o
_ Ai_[l (aa)fa-i-f,, li_ll (ab)rb &y (OZN)V Fl—.—IN_1
LG L o

and the multinomial theorem in the last equality.

X
——
<
fem)i
VS
B
N——

|
2 =
> 1T
/N
5|2
<_>
\_/

and
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We now consider the second addend in the curly brackets of (C.4). We multiply it by

Ne1 [ qy) Tet7a
| (ﬁ) to get

D(n, E)Z Zﬂ{m— =}y

=D (n,¢) (C.6)

where we used the multinomial theorem. Therefore, replacing (C.5) and (C.6) in (C.4) we have
that

TH — pas % fte N X X pat right ESH -
(Lan (&) m) =< ] [Tdc e ] (i)™ —D@m&p (€7
a=1 =

|OZ| x=2 d=1
~ (LHD(n.)) (©) - (€3)

O

Appendix D. Action on the occupation variable of £

D.1. Action of Ly, 1 on the occupation variable
Forallxe {1,...,L—1}andforalld € {1,...,N— 1} we have

N—1

N—1
E;Hlnd—ya“( d+1—nf1)+ualz Z (n)b(‘H ) + (Y —2voy,) Z nm,—ny) .
b=1:,b#d b=1

(D.1)

Indeed,

1. Stirring generator: using the edge generator L, ., of the multispecies stirring process
introduced in section 2 (with y = x + 1) and acting on the function f(n) = n); we have that

Lot = Z st ((n;—5;+6;+6g+‘—6g“) —n;;) . (D2
A,B=1

In the brackets of the right-hand-side of the above equation we have: a contribution

—ninyt!, when A = d; a contribution 7}n};"!, when B = d. Thus we obtain

X X x+1 X x+1
Ly i1ty = g nAnd g nyn
N—1 N—1
X x+1 x x+1 X x+1 x x+1
= E n,n v— ) ng|ny, E ndnb - > n,

c=1 = c=1
=v (ni}‘H ny)

where we have used the fact that ny, = v — chv 11 n;
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2. Stirring-mutation generator: considering the generator L{  , defined in (5.3.7) for every
c€{l,...,N—2} and acting on the function f(rn) = n}, we have

N

Lomy=Y mimgt! (( — 8y O - 5;“) fnf,) . (D.3)
A,B=1

In the brackets of the right-hand-side of the above equation we have: a contribution

—n dn’grl when A =d (here we call D = h.(B)); a contribution njn;:r(}g, )’ where we denoted

by B € {1,...,N} the species of particle such that i.(B') = d. Let us observe that, by the
definition of the map h.(-) and for the fact that 1 < ¢ < N — 2, we have that h.(B) # d and
h.(B ) # N. Thus we obtain

N N
Ly iy = Znﬁnﬁf(g,) - Zn’énﬁrl (D.4)
A=I D=1
N—1 N—1 N—1
_ nxnx+l N Y o, nx—H _ nxnerl x x+]
(D.5)
=v (nﬁ(g,) — n’é) (D.6)

where we used the fact that nj, = v — Z b1 n)b‘
3. Pure-mutation generator: considering the generator L', , . defined in equation (5.3.10) and
acting on the function f(n) = n; we have that

N— N—1
g = Z W 0p) — ):Z(n’,ﬁ—nj) (D.7)
AB=1 b=1

Then, summing over all indices ¢ € {1,...,N— 2}, we obtain (D.1) and (5.3.13) follows.

D.2. Action of Lg on the occupation variable

Acting on the function f(rn) = n}, with £{%; we obtain

Lidn = ZN: aAnll;(< 5,13+5 ) nd) =ay Z np—n) Z Qay. (D.8)

A,B=1 B=1:B#d A=1:A%#d
Using equation (5.3.11), we obtain

Liging = aq (v —ny) —ny (v (o1 + (N—2)012) — ag)

= Ode—l’lglll/(Ull —+ (N—Q,)O’lz)
_I/O'llpbeft+y(712 Z pkeft 711211/(0'11+(N72)012)
b=1:bd
N—1

=voy (P —ny) +von Z (p" —n}). (D.9)
b=1:b#d

Therefore, (5.3.14) follows.
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