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Abstract

We study the density fluctuations at equilibrium of the multi-species stirring process, a natural multi-
type generalization of the symmetric (partial) exclusion process. In the diffusive scaling limit, the resulting
process is a system of infinite-dimensional Ornstein-Uhlenbeck processes that are coupled in the noise terms.
This shows that at the level of equilibrium fluctuations the species start to interact, even though at the level
of the hydrodynamic limit each species diffuses separately. We consider also a generalization to a multi-
species stirring process with a linear reaction term arising from species mutation. The general techniques
used in the proof are based on the Dynkin martingale approach, combined with duality for the computation
of the covariances.
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1 Introduction

The symmetric exclusion process is a famous and well-studied particle system, where the hydrodynamic limit is
the heat equation, and where the stationary fluctuations around the hydrodynamic limit are given by an infinite
dimensional Ornstein-Uhlenbeck process [1], [2], [3] [4], [5]. The large deviations from the hydrodynamic limit
are also well-studied [6], and because of integrability, in the simplest one-dimensional setting with reservoirs
the non-equilibrium steady state can be computed explicitly [7, 8], and as a consequence, the large deviation
around the stationary non-equilibrium density profile can be computed [9], [I0]. Such explicit solvability of a
model is very rare and in the case of the symmetric exclusion process a consequence of the fact that the Markov
generator corresponds to an integrable spin chain (for the d = 1 nearest neighbor setting) and that the model is
self-dual (for the general symmetric model on any graph). A simple and natural generalization of the symmetric
exclusion process is the so-called symmetric partial exclusion process, where every vertex admits at most 2j
particles, j € %N. The model is then still self-dual but no longer integrable for j > 1/2. The maximum number of
particles can be chosen depending on the vertex, without loosing self-duality. For all these generalizations of the
symmetric exclusion process, the hydrodynamic limit and the stationary fluctuations around the hydrodynamic
limit can be obtained, and up to constants yield the same equations [IT [12] T3], 14} [15].

At present, there is a growing interest in models with multiple conserved quantities, their hydrodynamic
limit, and their fluctuations (often referred to as “non-linear fluctuating hydrodynamic”) [16, [17], as well as in
“multi-layer” models, where effects such as uphill diffusion can be observed [12] 18, [19]. From the point of view
of integrable systems or of systems with duality — the latter being a larger class — the construction of models
with n conserved quantities is naturally linked with Lie algebras of higher rank, such as su(n), with n > 2 (or the
deformed universal envelopping algebra Uy (su(n)) for the asymmetric companion model). Several multi-species
versions of the ASEP process have been introduced and their dualities have been studied, such as the particle
exchange process (PEP) [20] or the multi-species ASEP (q,j) [21 22| 23].

In the symmetric context, the simplest choice of a multi-species model is obtained by considering the co-
product of the quadratic Casimir of su(n), copied along the edges of a graph (see [24] for the model on a finite
graph and [25] for the boundary driven-version). If one chooses a spin j discrete representation, one arrives
to the multi-species stirring process, which is the most natural multi-species generalization of the symmetric
exclusion process. In this model at each site there are at most 2j particles whose type (or color) can be chosen
among n available types. In other words each site contains a pile of height 25 which is made of particles of
different types and some holes.

The configuration space of the process is denoted SV where V is the vertex set and the single-vertex state
space Sy, is the set of n+ 1 tuples of integers of which the sum equals 27, i.e.

n
Sn{(no,m,...,nn> s €40,1,...,2j} satisfying an%}.
k=0

A configuration of particles at site x € V' is denoted by #* = (n§,n{,...,n%) with n§ giving the number of holes
and 77 specifying the numbers of particles of type k, with k£ € {1,...,n}. The rate at which a particle of type k
at site z is exchanged with a particle of type [ at site y is given by

c(z, y)ngny

where ¢(z,y) is a symmetric and non-negative conductance associated with the edge (x,y). In our paper the
underlying vertex set will be always V = Z%, and we will only allow nearest neighbor jumps. However, for the
model to be self-dual, only symmetry of c(z,y) is important. Notice that, if we stop distinguishing species we
retrieve the classical partial exclusion process. See Figure [l for an illustration of the process with two colours.
In this paper, for the sake of simplicity, we study the multispecies stirring model in the simplest setting
where the vertex set is Z (proofs are similar if we choose Z%, d > 1) with nearest neighbor edges, with a general
number n € N of species and a general value of the spin j (or equivalently maximal occupancy 2j). We consider
the stationary density fluctuation field (Y *)t>0 of the n species (only for species different from 0, since the
hole dynamics is determined by the dynamics of the other types) and show that in the diffusive re-scaling of
space and time, this field converges as N — co to the solution of a n-dimensional SPDE of Ornstein-Uhlenbeck
type given by
dY' = 2j(AYdt +V25VdW?) (1)

The operator-valued matrix A is simply given Al with I the identity matrix and A = d,,, and corresponds
to the hydrodynamic limit, which is a system of uncoupled heat equations (besides exclusion, the species do not
interact). The matrix ¥ is however non-diagonal, showing that on the level of fluctuations interaction between
the different species becomes visible. The stationary distribution is a product of multinomials and the matrix
Y is the covariance matrix of a multinomial distribution. Equation () is the natural generalization of the
Ornstein-Uhlenbeck process which describes the density fluctuations of the symmetric exclusion process, where
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Figure 1: Tllustration of the multi-species stirring process with two colours (n = 2) and maximal occupation
equal to six (j =3). The two species are denoted by 71”7 and ”2” and the holes by ”0”. We show the particle

configurations before and after the exchange of a particle of type 1 at site  with a particle of type 2 at site
x+ 1. Before the transition, site « has occupations given by (n§,n7,n5) = (1,3,2) while site + 1 has occupation

given by () m+1nf+1,77§+1) (2,0,4). The transition occurs at rate njny =3-4.

the coefficient in front of the conservative noise is the square-root of the variance of Bernoulli distribution. This
can then be generalized to a setting where reactions (spontaneous species change) are allowed. Then also a
non-conservative noise term appears and the operator A corresponds to a (linear) reaction-diffusion system.

1.1 Organization of the paper

The rest of our paper is organized as follows. In Section [2] we describe in detail the multi-species stirring process
on a line, together with its hydrodynamic limit, and we state our main result, i.e. Theorem [Z4l The proof of
this result, is obtained in four main steps that are presented in the subsequent sections. First in Section [3 we
prove some convergence properties of the Dynkin’s martingales associated to the density fluctuation field. This
is used in Section [ for the proof of tightness. In Section B, we apply duality to compute the covariances of the
limiting process. Finally, in Section [6] we show that the limit point (that exists because of tightness) is unique
and solves the martingale problem associated to the limiting process. In Section [7] we generalize Theorem [2.4]
to a multi-type stirring process where also a mutation of types (reaction) is also allowed. In Section 8 we draw
the conclusions of our analysis and in Appendix [A]l we prove the hydrodynamic limits.
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2 The equilibrium fluctuation for the stirring process

2.1 Process definition

The interacting particle system is defined on the regular one-dimensional lattice Z. At each site and each time
we associate a vector n* (t) = (0§ (t),...,n%(t)) where, the a-th component 7% (t) denotes the occupation variable
of the species « € {0,...,n}. The labels 1,...,n denote the "true" species, while the 0 plays the role of the hole
(absence of a particle). The process on the whole lattice is denoted by (9(t)):>0. The maximal occupation of
each site is assumed to be fixed and equal to 25 where j € g. Therefore, at any time there can be at most 2j
particles at each site. This is encoded in the state space definition

Z
n
Q:S%{n(no,m,...,nn) t ok €40,1,...,24} satisfying an%} : (2)
k=0

Let us notice that the constrain expressed into the state space can be thought as a dependence of the number
of holes on the other types, i.e. at each site z € Z

o =2j—1m — M- (3)



We assume nearest neighbor jumps. The infinitesimal generator of the process acting on local functions f: Q2 —R
is given by

=> Z miny T [f(n =6t 407 + 07T =57 = f(m)] (4)
x€Zk,l=0
where
1 if I=kandy==x
SV — 5
( k>l {0 otherwise. (5)

The interpretation of this generator is that particles of species k,l € {0,1,...,n} present at sites z,2+1€Z

respectively, are exchanged with rate nj nm+1.

Remark 2.1 If we stop distinguishing the types of particles, we retrieve the partial exclusion process (SEP(2j)),
since the constraint becomes
no=2j-ni  VeeL (6)

thus, the only non zero rates are of the form nf (25 — 77“'1).

As already proved in [24] the reversible measure of this process is

vp = QMN(2j;p) (7)

TEL

where MN(2j5;p) denotes the Multinomial distribution with 2j independent trials and success probabilities
p=(po,---,pn) With po+p1+...4+pp=1.

2.2 Hydrodynamic limit

In Theorem we state the hydrodynamic behavior of the multi-species stirring process. The proof is based
on standard arguments and is reported in Appendix [Al
We introduce the density field of species a € {1,...,n}. For any ¢ € CZ°(R) this field is defined as

XN CP(R) >R
6= XH0) = = 3 B (N?) (®)

Q:GZ

where N € N is the scaling parameter. To state the hydrodynamic limit, we need an assumption on the behavior
of the density field at the initial time. This assumption is written in Definition

Definition 2.2 Let 5(*) : R — [0,24], with « € {1,...,n}, be a continuous function called the initial macroscopic
profile of species a. A sequence (un)nen of measures on ), is a sequence of compatible initial conditions if

Va e {1,...,n}, V6 > 0:
lim pn (‘Xévo /qb u)du
N—o00

> 5) 9)
with arbitrary ¢ € CZ°(R).
We state the following result

Theorem 2.3 Let /3(0‘) an initial macroscopic profile of species a € {1,...,N} and let (un)nNen @ sequence of
compatible initial measures. Py denotes the law of the process (va’t(qﬁ),...,XéV’t(qb)) induced by (LN)NeN-
Then, VT >0, 0 >0, Va € {1,...,n} and V¢ € CX(R)

lim Py | sup

XNt — (a) d
N — oo (tE[O,T} «@ (¢) /Rqﬁ(u)p (U,t) U

> 5) =0 (10)

where p(o‘)(x,t) s a strong solution of the the PDE Cauchy problem

0rp( ) (2,t) = (2)Ap*) (x,1) z€R, t€[0.T]
P (2,0) = p() (z)



2.3 Limiting process of the density fluctuation field

We consider the setting where the process (7(t));>0 starts from equilibrium, i.e. a reversible measure where
we have fixed the probabilities p = (po,...,pn) once for all. Then the density fluctuation field for a species
a€{1,...,n} is a random distribution, i.e., a random element of (C°(R))" defined via:

YN CP(R) —» R

¢ — Y N(0) \/—Zﬂﬁ (n&(EN?) = (2§)pa)

T€L

(12)

where (2j)pa = Ey, [n%]. We call Qn the law of the random vector process (YN:¥);>¢ :(YlN’t,...,erV’t) -
> >

and [E the expectation with respect to this law. Note that, because (7)(t));>0 is initialized from the reversible
measure (1), the process keeps the product measure structure for every time ¢t > 0. We denote by

(C&ER)), = (CZ(R))" x... x (CZ(R))” (13)

ntimes

the dual space of (C2°(R))"™. Our main result is the following theorem.

Theorem 2.4 There exist a unique random element (Yf,...,Y,}f)te[O 71 € C ([0,T);(Ce°(R));,) with law Q such
that

Qn —Q weakly for N — oo. (14)
Moreover, for every o € {1,...,n}, (Yof)tzo is a generalized stationary Ornstein-Uhlenbeck process solving the

following martingale problem:

MY, = Yi(6) - YO(6) — (2)) /0 Y2 (Ag)ds (15)

is a martingale V¢ € C2°(R) with respect to the natural filtration (Ft)ieo,m) of (YL,... aer)te[O,T] with quadratic
covariation

(Mo M o], = =24(23)paps [ (Vo)) du (16)
and quadratic variation
[Moo], = 2620 a1 =p2) [ (V()* du (1)
Remark 2.5 The above martingale problem can be restated by requiring that (I3l and
NL g =ML M +2t(25)*paps /RV((;s(u))?du (18)
2 .
N o= (1L,0) =202 Ppa 1 =p0) [ V(00 (19)

are martingales with respect to the natural filtration (ft)te[o,T}-
Theorem [2.4] suggests that the limiting process
(Yt)tE[O,T] = (S/ita o 7Y'ff)t€[0’T] (20)

can be formally written as the solution of the distribution-valued SPDE

dY't = 2j(AYtdt +V25VAW'?) (21)
where
(Wt)te[O,T} = ((Wf, Wt))te[o T) (22)
is an n-dimensional vector of independent space-time white noises. The matrices are the following
A0 ... 0 p1(l—=p1)  —pip2 ... —P1PN
0 A ... 0 —p1p2 p2(l—p2) ...  —popnN
A= . . . %= . : . . (23)
0 0 ... A -pnp1 —pNpP2 ... DN(1—pN)

and ¥ is semi-positive definite. The covariances of [20) Vt € [0,7T] are given by:



(i) when a#
Cov (Ya(0), Y5 (1)) = —(2§)paps(Si6,%) 12 (4a) (24)

(ii) when a=§
Cov (YE(6), Y2(¥)) = (2/)pa(l = pa) (St6:%) 12 (a2 (25)

where (S¢)¢>0 is the transition semigroup of the Brownian motion (Baj(t)):>0 with variance 2jt.

The proof of Theorem 24 consists in the following steps: firstly we show that the sequence of measures
(QN)nNen is tight and converges to a unique limit point @; secondly we show that at the initial time ¢ = 0 the
process is Gaussian and has covariances given by

Cov(Yg(9), Y5 () = —(2)paps(d,¥) 2 (amys  Cov(Ye(9), YD () = (2))pa(l = pa)(®,¥) 2(ar)-  (26)

Finally, we prove that @ solves the martingale problem for any ¢ € [0,7]. As shown in Section 4, Chapter
11 of [I], these steps are equivalent to saying that @ is the unique solution of the martingale problem and,
furthermore they allow to find the transition probabilities of the Markov process (Y;);c[o,77- We observe that
the Gaussianity of the limiting process at initial time ¢ = 0 is a consequence of the central limit theorem and of
the fact that, for every z € Z, n* = (n§,...,n}) is distributed with the reversible Multinomial measure ().

Preliminary, we need some convergence properties of the Dynkin martingale associated with the density
fluctuation field. Thus, we split the proof as follows of Theorem 2.4t

1. L? convergence of Dynkin’s martingale to (IH), Section Bl
2. Tightness of (Qn)nen, using the Aldous’ criterion [26], Section A
3. Space-time covariances. This will be done using duality, Section

4. Uniqueness of the limiting distribution @) and solution of the martingale problem, Section

3 Convergence of martingales

3.1 The Dynkin martingale

We recall some basic facts about Dynkin martingales associated to Markov processes (for details see [1]). Let G
the generator of a Markov pure jump process (6(t));>0 with state space x and transition rates ¢(6,£) to jump
from 6 to £. The generator reads

GF(0) =" c(0,9)(f() - £(0)). (27)
3

For a function f:x — R the following quantity is a Dinkin martingale with respect to the natural filtration

M{ = £(0()) — £(6(0)) - /0 Gf(0s)ds. (28)

The quadratic covariation is given by
t
[Mf,Mg} = / 1595 (9,)ds (29)
t 0

where I'F9 is the Carré-Du-Champ operator defined as

179 = (Gfg)—9(f) - f(Gg). (30)

Using the form (27) of the generator, it is possible to rewrite the above expression as

Ph90) =" e(0,€) (f(€) = £(0) (9(€) — 9(0)). (31)

£EX

Applying the scheme above to the process (n(tN 2))t20 characterized by the generator (@) and taking, for any
¢ € C°(R), the function f(n(t)) = Yofv’t(@, we define the following Dynkin martingale

t 2
ML= V) =¥E00) = [ NV o) )



where Y2 (¢) denotes the equilibrium fluctuation field for the species v defined in (IZ). Observe that the last
term above martingale is defined as

tN?
/ LYNS(p)ds. (33)
0
Performing a change of integration variable we obtain ([32). The quadratic covariation is
t
N 2.5/ N?
[M MY ¢] /O N8N g (34)

where, for a generic s >0

P2 = LY N )YV (0) = Y @) LYV (6) - YV @) LYY (4)). (35)

)

Using (B0),this can be written as

res=>" Z nien; { Yoi(9) - YéVvS(sb)] [Yé,v,;i<¢>Yg“(¢> (36)
r€Z k=0

—_~—

where Y ,;Sl(qb) is a short-cut for the equilibrium fluctuation field computed in the configuration n(N?s) — 67 +
5lx+5m+1 514‘1
We further introduce the following family of Doob’s martingales

t 2

NS =M — L/ N2 Nds  va,Be{l,....n) (37)
0

which will be useful in the analysis.

Remark 3.1 Often, in the following to alleviate notation we do not write explicitly the time dependence, i.e.

0= 3 0 o™ | o () (=t -7 o) =)
ye

rE€ZkE,1=0 (38)

- [zqs(%) (0 =0 +0F +07 7 =671 = mp)

z€Z

Remark 3.2 In principle we should consider Fz’}é}’s, underlining the fact that the test function could depend on

the species too. However, Fﬁ’g’s is bilinear and symmetric with respect the test function therefore, by polarization

identity, it is enough to evaluate 1"45 P35 We will denote it by 1"¢’,3 for the sake of notation simplicity. Bilinearity
is clear.We prove the symmetry. To alleviate the notation we do not write the here the explicitly the time
dependence:

re =NZZ w1 | o0 () (= 0% + 07 677 =07+ )

—ﬁ+$+ﬁ“—$“}m@

~) (@
ZZWM
-[w(i =0+ 57 )+ (St ) O ot )
=%2{n§n§“ o) >+¢(””“)<+1>] o (3) @040 (5 1)
e ()] v ()l
— 3 X () [o () o H(T)w(%)]

TEZ
This expression is clearly symmetric in ¢ and .
Remark 3.3 In the following, we will denote by C, (Ci)ieN,a finite and positive constants.

at )(na_5k+5l_na)+¢( ~ )(na+1+5k+1—5l“ )

+ it




3.2 Convergence of Dynkin’s martingale
Here we state and prove some convergence properties of the family of martingales (Mivqf) a ) and
’ acl,...,n

(/\/’o{\lﬁt ¢) seql ) when N — co. We formulate this in Proposition B4l This result will be useful in the
K a,Be N

proof of tightness and uniqueness of the limit point of the sequence of measures (Qn)NenN-
Proposition 3.4 For all ¢ € C°(R) and Vi € [0,T] we have the following convergences:

1. Yae{l,...,n}
t 5 2
N E [(Mﬁé—yév’t<¢>+yév’°<¢>+2j /0 Yaro/N <A¢>ds) ] =0 (39)
2. Vo, €{1,...,n}

2 t 2
Jim E [(Na po~ (Yoﬁ“N (6) = Ya'0(6) ~ 2 /0 va N (A¢>ds>

Nt N,0 [t N,s/N?2 2 2 ? (40)
(YB o) =¥y ) -2 [ v (A¢)ds) 202 Ppaps [ V(6(w) du) ] 0
when o # 5 and
‘ 2
Jim E (Njfiqb (Yé“(@—yf%) ~2j /0 Yé“s/N2<A¢>ds)
(41)

2
- 2t(2j)2pa(1—Pa)/R(Wﬁ(U))de) ] =0

when o = f3.

To prove Proposition 3.4l we need two intermediate results that we state in Lemma and in Lemma

Lemma 3.5 For all ¢ € C°(R), for all a,f € {1,...,n} we have

2
NH_I&,]E[<N2Ff~5+2(2j>2p0‘p5/k(v¢(u>)2du> ] =0 for a#p (42)
2
Jim E [<N2F£,a2<2j>2pa<1pa> [ (votuza) ] 0 for a=8 (43)

Proof: We will only prove (2], since the proof of (@3) is similar. L2(v,) convergence ([@2) is equivalent to
showing the following L (1) convergence

Jim NB [T ] = <202 paps [ (Vo(w)Pdu (44)

and a vanishing variance

li N2T? ) =0. 4
NgnOOVar( ap) =0 (45)

We start by proving ([@4). Using ([36) we write

re 5= NZ Z nin; Z(b(%)((ng—5£+5f+5x—5f)—ng)

€L k,1=0 y€eZL

-[qu(g) (15 — 0F + 7 + 07 = 07) = m3)

z€Z

L (o) (o (25) ~o(2)

T€Z




By the Taylor’s formula with the Lagrange remainder we have
x+1 z\\? 1 x\2 11 z+0t\\>
(¢( N >¢’(N)> - wv(3) *mz(“( N >)
11 T z+0t T x+0F
+m5<v¢(ﬁ)A¢’< N >+V¢(N)A¢’< N >)

where 07 € [0,2]. We thus obtain

W= X (o) Ve () o (7). (o

TEL

Therefore

Jim N2E[rS ] = lim [NZE[U%EH i) Vo (5 )12(%)2%% [ o s)

N —o00
TEL

and (@) is proved. To prove ([@H) we need the second moment. We have

()] o 3 W () o (4o ez ] o (1)

s 3 vo(E) vo(4)" ().

T, YEL

By taking the limit

lim E [(NQF;’;/;)Q} = 4(2))"p2p} ( /]R (V¢(u))2du>2-

Therefore, using (@8], we have

2 2
21¢ — N 219 1 21 _

) - e[ ) BP0
]

Lemma 3.6 For all ¢ € C°(R), for all a,f €{1,...,N} and for all t € [0,T] we have

: Nyt N N,s/N

Jim E [{M Mgl — (ch“t(qs)ni“%as) 2 /0 Yo/ (A¢>ds)

(50)

(Y@N’tw)—YBNO / N (g )ﬂzo for a#p

t 5 22
lim E {<Mﬁg>2<w<¢>w0<¢>2j’ /0 va o (A¢>ds) } =0 for a=B (51

N —o00

Proof: We prove only the convergence (BI) since (B0) can be proved similarly. By Cauchy-Schwartz inequality

2 2
E <<M£$>2<Y§’t<¢>wo<¢> 2 /0 y Voo /N (A@dS) )

<E (<ngg) - (Yé“(qﬁ) ~ Y0 (¢) - 25 /0 Y (Aas)ds)ﬂ
AN
B| (0 + (v2u0 - v o) -2 | tyf’s/N?A@ds)ﬂ .
By

We will prove that the term denoted by Ay goes to zero when N — oo while the term By remains finite.



Proof that limy_,oo Ay =0: we first compute the action of the generator on the fluctuation field:

LY (9 fZ > o Z¢(%) (= 05+ 07 +07" =07 = 2jpa) =t +2pa)

TELK,1=0

o1 r+1 o+l gotl _ gutl z+1

\/— 77k77 N ((na + k l ) Mo )
r€Zk,l=0

+¢(—)<<nz—5z+6f>—nzi>}
\/_Z 7704 Z noc—H

T€L 1=0:1#«

o) ()] > o) o ()]
f% ¢($;1)—¢(;)]+77”1(2j—77§) [aﬁ(%)—aﬁ(””;l)]}
2Ly fo(52) o (52) -2 (5)]

:L’EZ

{na 25 —nZth)

Using Taylor’s series with Lagrange remainder implies

T x — x T + r—0"
o)~ o) ~20(5) = Jdo()+ g |90 (TR - 99| (52)

where 07,0~ € [0,z]. Observing further that

S 2jpa [aﬁ(%l)m(””;l)—w(%ﬂ —0 (53)

TEZL
we obtain
N2LY N (¢ Z —2jpa A¢( )+ Ri(¢,a) (54)
mEZ
where o+ 9
. () (2 @B r=v
Ri(0.a,) NW% AHRE SRR (55)

Therefore, we find an upper bound for Ay

E [(M - (o -y o) -2 [ <A¢>ds))4] - e |( [ mi.0sis) 4]

T
gc/ E[Ri(¢,c,8)"] ds
0

(56)

where in the last inequality we used Fubini’s Theorem and Holder’s inequality with coefficients 4 and 4/3 The
i
set Uizosupp (;;—kgb) is compact in R. We call

dk:
A:=N (U%_Osupp (ﬁqb)) NZ. (57)

Then, we bound from above the expectation into the integral as follows

4
E [R1(¢,Oé, ')4} < % Z E [H(nﬁ' —2jpa)

r1,r2,r3,24E€A i=1

1A¢] o

The the only terms that survive in the average are:

(N = 2jpa)?(a’ —2ipa)’® (M5 —2jpa)*  Vij€{1,2,3,4} 1 i#

The moment generating function of a Multinomial(2j,p1,...,pn) vector (Xo,...,Xy) is

n n 25
=FE [H eXTtrl = (Zpie“) .
r=0 i=0

10



We can compute explicitly

E[(n% —2jpa)t] = f(pa)
E[(n% — 2jpa)® (1%, — 2jpa)?] = 9(pa)

where f,g are polynomials of fourth order in p, and bounded from above by a proper finite and positive constant.

The measure of the set A is bounded by |A| < CN . By consequence

> E

x1,%2,23,T4E€A

4
[Tz 2jpa>] =Y fPat)+ Y 9(pa;4) < N?C

i=1 rzeA r,yeA

Therefore
4 N2
E [R1(6,0,)1) < 35C1Ad] .

and by taking the limit
lim E[Ri(¢,a,)*] =0
N —o0

Recalling (B6]) this implies that limy 00 Ay = 0.

Proof that limy_ . By < oco: for any real numbers a,b € R,
(a+0)* < 8(a* +0%).

Applying this inequality

E

t 9 4
<M5$+Yév’t(¢)YéV’°(¢)2j/o y Ve (A¢)ds> ]

S8<E{(M£$)4}+E

Applying again inequality (BI)we have

E [(ijgﬂ <O (B [y (0)!] +E[v )]

t 9 4
+E ((zj)/o y NN (Aqb)ds) +E

(@) [ Ratorasas) 4])

and

4

E (chvvt(qs)—yévv‘)(qb)—zj /0 tyci“s/NQ(A@ds) <O (E[v(@) | +E [V ()]

+E

Arguing similarly to before we find

s

E[Y2(9)] =

> E lf[ (e 2%)] f[sb(%)

r1,r2,r3,x4EA i=1
C
< 2 ll¢lls > fpar)+ Y 9(pasd) | < o0
zeA z,yeA
then, by taking the limit
lim E [Y;Vv'(qb)ﬂ <0y

N —oco

11

((2j) / v/ (A¢>ds) T) .

(59)



Obviously, the same bound holds for E [Yof\] ’0(¢)4} . We can argue similarly and find the following upper bound
for the integral term

E[( 2]/YNS/N (Ag)d )
Jim E l(@j) /0 A ’8/N2<A¢>ds)

By putting together (58)), (6I) and ([G2) we obtain that By remains finite as N — oo.

< c/ Yoo/ (2j)Aqb)4} ds < 0

then, in the limit
4

= (5. (62)

Proof of Proposition B.4t To prove ([B3) we have that, by the expressions (54), (53,

lim E
N —o00

t 2
(Mgg_ycﬁ“t(qﬁwyghzj/o YOfV’S/NQ(Aqﬁ)ds) ]
. c (63)
<C lim E[R1(¢,a,s) }ds< lim NI =0.

N—o0 Jg N—o0

To prove (@) we only consider the case a = 3, since the case « # 3 is proved similarly. By the triangle inequality

E (N(i“of o (Y;“(@ —YNO(¢) —2j / t YJV’S/N?A@ds)
Y 0

2

2
— 2t(2j)2pa(1 — Do) /IR(Vqﬁ(u))Qdu)

<E {(MN 2 - (YN Hp) —YVO(¢) — 25 / /N (A¢>ds) 2}2
= a,b a J o a

2

+E :(NQ /0 t 195 ds — 2t(25)*pa (1 — pa) /R (V¢(u))2du>

In the limit we apply Lemma and Lemma and we obtain

t 2
(Naa¢ (Yév’t(@—YéV’O(aﬁ)—?j/o Yl /N (Aqb)ds)

2
lim E
N—o0

+ 2t(2j)2pa(1—Pa)/R(Wﬁ(U))de) ] =0

4 Tightness

In this section we prove tightness for the sequence of probability measures (Qn)nyen on the Skorokhod space
(see [27] for details) of cadlag trajectories D ([0,77],(C2°(R)"). A necessary and sufficient condition for tightness
is given by the following Theorem proved by Aldous [26].

Theorem 4.1 (Aldous’ criterion) Consider a Polish space &, endowed with a metric dg(-,-) where we denote
by pe the functions from [0,T] to €. A sequence of probability measures (Pn)nen on the Skorokhod space
D ([0,T),&) is tight if and only if

1. ¥t €10,T] and Ve >0 3K (t,e) C E compact such that

sup Py (ur ¢ K(e,t)) <e (65)
NeN
2. Ye>0
lim limsup  sup Py (de(jirpirso) > €) =0 (66)

00 N—oo 7€T7,0<6

where T is a family of stopping times bounded by T'.

12



In Proposition we will apply Theorem [£1] to prove tightness of the sequence of measure (Qn)nyen. The
computation can be done on the Skorokhod space D([0,7],R™). Indeed, C2°(R) is a nuclear space (see [28] for
details), then it suffice to prove tightness of the distribution of @y o ¢ for arbitrary ¢ € C2°(R).

Proposition 4.2 The sequence of measure (QN)Nen on the space D ([O,T],(C’go (R))Z) is tight since the fol-
lowing statements are true for any ¢ € (C°(R))":

1. YVt € [0,T] and € > 0 there exists a compact set K (e,t) € R™ such that

sup Qu (YN'(0) ¢ K (e,t)) < e (67)
NeEN
2. Ye>0
lim limsup sup Qpn (||YNT( )= YN ()] g > 6) =0 (68)

0—=0 Nooo 7€T7,0<6

where [|[YN*(¢)|| s = maXge(1,... n} {|Y&N’t(¢)|} and T is a family of stopping times bounded by T .
Proof. We show that the ([@7) and (68) are satisfied.

Proof of (67): we fix arbitrary ¢ € [0,7] and € > 0. We apply the central limit theorem for the n-dimensional
random vector YV t(¢) taking values on R™, observing that the process (n¢)¢>0 has a product invariant dis-
tribution given by ([@). To do this we need the expectation and the covariances under Qn of the equilibrium
fluctuation field. We fix arbitrary «, 8 € {1,...,n}. We have

E(Y2'(9)) = fZE ME(EN?) = (2))pa 0 (5 ) =0

and

Var (yantw)) =2 2 (5)ElEan?)?

TEL

Cov(YN!(0),Y} Z&( ) Cov (nE (LN (¢N2))

mEZ

Taking the limit we obtain

fim B (Y(6)) =0, Jim Var (Y2V(6)) = 2jpa(1-pa) [ (6(0) Pdu

N —o00 R

fim_Cov(Y2(6). Y} (6) = ~2ipaps [ (60u)*du

N —o00

Therefore, the random vector YVt converges in distribution to a centered Gaussian random vector with covari-
ance matrix K with elements

Ka,p= —2jpap5/R(¢(U))2dw Koo =2jpa(l —pa)/R(aﬁ(U))QdU- (69)
Thus for arbitrary e > 0 and Vt € [0,T] we can choose K (e,t) C R™ compact, such that

sup Qv (Y™V1(0) ¢ K(et)) <

NeN

Proof of (68)): without loss of generality and for the sake of notation, here we will work with a single species
a€{1,...,N}. For arbitrary a stopping time 7 € 7, We write the process

o 2
V() = MYT+VEO0)+ [ Ny ggas
By Chebyshev and triangular inequalities

Qn (V2970 - YY) 2 ) < SB[ (Y70 -1 (@) |

€

13



(9}

2
2 - 40\ 2 T+6 N.,s/N2
<3 E[(Mé% ~ MY }“E (/ N2LY, N (g)ds

AN

By

We first prove that Ax goes to zero when N — oco. By the martingale property we have

2 2
N,t N, 746 N, 746 N,r
E[(MM—MM ) :E[(Mw ) —(Mw)].

By Doob’s decomposition theorem

2 t 2
E[(M(i\fg) ]:EUO N2rgs/N ds]

We write the following chain of inequalities by using Fubini theorem, Cauchy-Schwartz inequality and the fact
2
that, by Lemma [B.5] the sequence N szt’,fx/ N s uniformly bounded in N in L?(1,)
2
sup E [(MN’H'Q) - (MN T ] =sup E

N21—\¢ S/N
NeN ¢ ¢ NeEN /

T 2\ 2 1/
<V (/ supE[(NQF?;:‘;/N ) D <\oc.
0 NeN

By taking the limits and by the above upperbound we have

lim limsup sup Ay < limlimsup sup VOC =0
00 Nooo T€T7,0<6 0=0 Nsoo 7€T7,0<6

then Apn goes to zero as N — co.
Secondly, we prove that By vanishes when N — oco. By Fubini theorem and Cauchy-Schwarz inequality

</ e ’S/N%wdsf = </ e[ (v )] ds) B
- 0

The integrand can be bounded from above as follows

2
| (envieo) | -e ( fz ~2)pa) Ao (2 )) < o5 180lle0 SB[~ 27a)]

zeA

where A denotes the discrete Laplacian with spacing 1/N and A is the set defined in (&7). Therefore, arguing
as in the proof of Lemma and by taking the limits we have

T+60 N.s/N2 2
lim limsup sup E / N2LY, s/ (p)ds < (%in% VoC; =0.
—

00 Nooo T€T7,0<6

Thus By vanishes as N — oo. This concludes the proof of tightness of the sequence (Qn)nen-

5 The covariances of the limiting process

In this section we compute the covariance of the limiting process, using duality. As a corollary this gives its
covariances at the initial time ¢ = 0, needed for the proof of Theorem 24l By adapting the results of [25], the
multi-species stirring process is self-dual with duality function

N
D(n,&) _ H <( Zk: lgk H ) ) (70)

TEL

where we denote by (&;)¢>0 the dual process. The following proposition shows that the covariances (24)) and
23D of the limiting process can be computed via the single-particle self-duality. Notice that because the limiting
process is Gaussian, the covariances uniquely determine the process.

14



Proposition 5.1 The covariances of the limiting process (Y{,...,Y,t) are:

Cov (Ya(9),YE () = —(2))paps(Sid ) 124y~ @ # B, (71)

Cou(Yy(9),Ys (¥)) = (2))pa(l = pa)(Sed %) 12(ar) @ =5 (72)

Proof: By the self-duality, the dual process initialized with one particle behaves as an independent random
walker (IRW) jumping at rate 2j on Z. Thus the following computation holds for a # 3:

B[yt v w) = = 3 6 (5 ) (L) E [N ~2pa)n ~21np)
z,y€L

Sk 5 [t -2inal o523 ()

T, YEL

-5 / v (dn) () — 2ips) > piE (e,2) 0k~ 2ipe)o () ¥ (37)
e Q Z€EZL

=5 X cotiatl inao ()0 (%)

= @ipapse 3 P o () v (%)

T, YEL
where we denoted by p/ W (-,.) the transition kernel of the IRW jumping at rate 2j. By taking the limit on
both sides and by the invariance principle we have

lim E Y0 (0), Y3 (6)| = —(2)pabs (516 0) 12 (ar)- (73)

N —o00

For the case a = 3 the proof is similar.

O
By the following corollary, we find the covariances of the process at the initial time ¢t = 0.
Corollary 5.2 The covariance of the limiting process (YP,...,Y,?) at time t =0 are:
Cov (Yc? (¢)a Yﬁo (lﬂ)) = _(Qj)papﬂ (¢,¢>L2 (dx) « 7é ﬁ (74)
Cov (Y£(¢)5Y£(w)) = (2j)p04(1 _pa)<¢aw>L2(da:) Q= ﬁ (75)
Proof: the proof is straightforward from the properties of the semigroup (S¢);>0 and by Proposition 511
O

6 Uniqueness and continuity of the limit point

As shown in Section B the sequence of probability measures (Qn)yen giving the law of (YV ’t)te[o,T} is tight,
then the Prokhorov’s theorem [29] guarantees that every sub-sequence (Qn, )ren is convergent to a unique
limit point that we denote by Q. It remains to prove that, Va € {1,...,n}, the limiting process (Yof)tzo has
continuous trajectory (@Q-almost surely) and that @ solves the martingale problem introduced in Theorem 2.4l
The Q-a.s. continuity will be proved in Proposition [61] while the solution of the martingale problem will be
proved in Proposition

Proposition 6.1 For every T >0, ¢ € C> and o€ {1,...,n} the map [0,T] >t YI($) is Q —a.s. continuous.

Proof. We prove that the set of discontinuity points of Y,!(¢) is negligible under Q. We introduce the usual
modulus of continuity for any fixed § > 0:

ws(Ya (o)) := I:lillf;échf(fb) — Y5 ()] (76)

and the modified uniform modulus of continuity
/

ws(Yy = inf max su Yi(g)-YE
5(Ya(9)) i STtl__lgsgtgtl_I (¢) = Y3 (9)] (77)
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where the first infimum is taken over all partitions {t;,0 <i <r} of the interval [0,7] such that
O=to<t1 <...<tp,=T with ¢t;—t;_1>d foralli=1,...,r.
They are related (see [26] for details) by the inequality
w5 (Yo () < 2w5(Ya(9)) +sup Ya(9) =Ya~ (¢)]. (78)

Moreover, (see again [20]) it holds that for arbitrary e > 0

lim limsup Q n (w:; (Yofv(qﬁ)) > 6) =0.

0—=0 N—oo
Furthermore we have the upper bound

- 4719l

sup [Y NV (¢) — v Vot <.

As a consequence of tightness we have that, for arbitrary ¢ > 0

i Q (w5 (Ya(9)) 2 €) = lim limsup Qv (wa(YoﬁV’“(@) > 6) (79)

=0 koo

therefore, by (78)) we may write

lim Q (w5 (Ya(9) = €) < lim limsup @, ( (w5 (V2" (6)) = )

0 k—oo

+ lim limsupQu, <sup Y4 () — Y (g)] 2 > (80)
t

—0 k—oo

=0.
Thus the almost sure continuity is proved.

O

Proposition 6.2 For all ¢ € C°(R) and for all o, € {1,...,n} the processes (Mt7¢)te[07T} defined in (13)

«

and (NY g s)ieo11y WY o g)teio ) defined in (I8), (I9) are martingales with respect to the natural filtration

« «

ft::a{(Yf,...,Yy‘f) :0<s<t<T}.

Proof. The strategy of the proof is inspired by the proof of Proposition 2.3, Chapter 11 of [I] dealing with the
mono-species zero-range process. The fundamental tools are the Portemanteau theorem and Proposition 3.4l
We further remark that the trajectories of the process (Yof\]’t)te[oﬂ are elements of the space D(][0,T](C°(R)*)
that is not metric, then we cannot directly apply Portmanteau theorem. To overcome this issue, we adapt
the strategy used in Section 5 of [I3]. The complete proof is reported for the martingale (M(i ¢)te[O,T} while,

« «
a similar strategy. Moreover, only the case « # (8 is considered, since the case a =  is similar.

concerning the martingales (N 5.6 teo,7) and (N L #)tef0,1], We just give some estimates that allow to follow

Proof for (Mt7¢)t€[0’T]: The process (Mé@)te[o,ﬂ defined in (IH) is Fz—measurable, therefore we only need

«

to show that, for arbitrary 0 < s <t <T

Eq [Mf 4| Fs] =M , (81)

The property (1)) is equivalent to showing that
Eq [M} ,Z(Y)] =Eq [M 4Z(Y)]. (82)
where the function Z(Y") is defined as follows. We fix m € N and we introduce the vectors s = (s1,...,8m,) with

0<s1<s23<...,<sm<sand H=(Hy,...,Hy) with Hy,...,H, € (C)". For arbitrary ¥ € Cp(R™), we
introduce the function from (D (0,77, (C°(R))*))™ to R

I(YN",H,s) =0 (YN’Sl(Hl),...,YN’Sm(Hm)) . (83)

For the sake of notation, we will denote this function with Z(YV). Since (Miv’;)te[oﬂ defined in (B2) is a
martingale it holds that

lim Eq, {MNk’tI(YNk)} = lim Eqy, [MN’“’SI(YN’C)} (84)
— 00

k— o0 @9 o,
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therefore, to conclude (82) it is enough to show that

lim Eq, {MNk’tI(YNk)} —Eq [M! 4I(Y)]. (85)

k— o0 o,

For arbitrary ¢ € C°(R) we introduce
Mg :D([0,T],(C*(R)") — D([0,T],R)

. . : . ' (86)
Ya - M¢(Ya) = Ya (¢) - Ya (¢) _/0 Ya?(A(b)dq
Observe that, for every ¢ € [0,7]
My (Ya) =M 4. (87)
therefore, we need to show that
. Ni,t N,
lim Eqy [MIS' TN = Eq [My (V) Z(Y)] (38)
We prove this in two steps:
i)
. Nt N . N, N
lim Bqy, MY T(r™)] = tim Eoy [M(YVEHZ(y )] (89)
ii)
Jim Bay, [Mo (¥2%) 0] = Bq [My (v Z(V)]. (90)
— 00
By Cauchy-Schwartz inequality, by the smoothness of ¥ and by Proposition B.4] we obtain
. Nt .
Tim Eqy, [ (M5 = Mg(rVh)) Z(v )|
Nyt Ni,t Np,0 b N/ N7 ’ (1)
<l Jim By, [ (2573240 #2002 [ V2 S0y | <o
k—o0 k ’ 0
This implies (8Y)), thus the first step is proved. Furthermore, we have the following upper-bound
Ni,t Ny )2 Nty )2
supEq,, [(M¢(Ya COT(Y ) ] <[ W]l oo supEqy, [(M¢(Ya =) } < oo (92)
keN keN
which implies that the family of martingales (M¢(YO€V ROZ(YN k))k N is uniformly integrable with respect to
€

the law Qn,. Then, to prove (@), it is enough to show that M¢(Yoﬁvk’t)I(YNk) converges in distribution to

Mp(YHZ(Y). To this aim, we define, for arbitrary test functions ¢, H1,..., Hp,
P : D((0,T],(C2°(R))") = D ([0,T),R)™

YV pp(r e = (Y0 (0) Y (A0 YN (1), YN ()
and
Py:D([0,T],R)™"? 5 R
PRY ) o Py(PRY ) = (MY 0)) W (Hy) oo Y Ve (H,)) o
in such a way that
MY N T(Y V) = Pyo PR (Yot (95)

Using Theorem 1.7 in [27], each component of P; is continuous and therefore
P(Y Nty & PR (YY) as k— oo

on the Skorokhod space D([0,T],R)™*2. Since by Proposition G.1] the limiting point (Y,f);e[o,7] is a.s. contin-
uous, the convergence holds also uniformly in time. Using the continuity of ¥ we thus obtain

Pyo PR(YNK:t) 5 Pyo PE(YY) as k — oo

uniformly in time. As a consequence, the set of discontinuity points of P under Qp, is a negligible set.

By Portmanteau theorem, this implies that M¢(Yofv’“’t)I(YNk) converges in distribution to My (Y)Z(Y).
Therefore (@0) is proved.
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Proof for (V! 5 ,)ieo,r) and (N, 4)iejo,r): we have the following estimate using Proposition [5.4]

« «

2 t 2
Jim [(N(iv’zaé (Yé“”w Y NRO(g) 2 [ e <A¢>ds>
—00 R 0

t 2
(YBN‘“’t(qﬁ)—YBN’“’O(qﬁ)—Zj/O YBN’“’S/N‘“(Aqb)ds) +2t(2j)2pap5/RV(¢(u))2du> I(YNk)]
Ny, tN2 Ny,s/NE (96)

t
< 0 gim B | (W25~ (V0N ) v () -2 [ v M agas)
t 5 2
(YBN‘“’t(qﬁ)—YBN’“’O(qﬁ)—Zj/O YBN’“’S/N’“(Aqb)ds) +2t(2j)2pap5/RV(¢(u))2du) 1 =0

that implies the counterpart of ([89). Moreover, we have the following upper bound

2
]S;LelgIEQNI€ l<M£2’tMgg’t+2t(2j)2pap5/RV(¢(u))2du> ]

t 2 4
<y§k¢<¢)y§w°<¢>zj /0 Yo 0N <A¢>dq> ] (97)

t 9 4
(YBN’“%@YBN’“O(@% /O vy o/ <A¢>dq) H< =

where in the last inequality we used Proposition 34l This is the counterpart of ([@2)) and allows to show uniform
integrability. The rest of the proof is similar.

<Csup{ Eqg,
keN k

Eq

N

7 The reaction diffusion process

7.1 Description of the process

In this section we investigate a reaction diffusion process. This process is a superposition of two dynamics: the
multi-species stirring dynamics and a reaction dynamics that, at constant rate v > 0, changes each type to any
of the another types. Therefore now only the total number of particles is conserved (this is different than in
the pure multi-species stirring, where the numbers of particles of each species is constant). We will denote this
process by (¢t)+>0. The state space is again Q defined in (2)) and the generator reads

Lrt=c+rLr (98)
where L is the generator defined in (@), while for any local function f:Q — R
LFQ)=n D CGKU(C—8E+6)— F(O]- (99)
zC€Zk,l=1

This process admits a family of reversible measures that are characterized in Lemma [T.1]
Lemma 7.1 The reversible product measures of the generator L7% is
Ap = (QMN(25:) (100)
T€EZ

where MN(2j;p) denotes the Multinomial distribution with 2j independent trials and success probabilities p =
(Do, p1-..,p1) with po+pin=1.

Proof: for an arbitrary site € Z and for arbitrary «, € {1,...,n} such that o # 8 we write the detailed
balance condition between configuration ¢ and ¢+ 6% — &3, with repsect to the measure A; defined in (I00) and

we obtain .
Ca G+l Dp

GG @ VNG D ha oy

that is true if and only if
o =53 = 1. (102)
O
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7.2 The hydrodynamic limit

Before proving the equilibrium fluctuation limit, we state the hydrodynamic result. For arbitrary ¢ € C2°(R)
we introduce the density field

XN Zga (tN?) ( ) Vae{l,...,n}. (103)

:(:EZ

Theorem 7.2 Let p\® : R — [0,2]], with a € {1,...,n}, be an initial macroscopic profile and let (un)yen @
sequence of compatible initial measures. Let Py be the law of the process (XlN’t(@,...,X,]LV’t(gb)) induced by
(un)Nen- Then, VT >0,6>0, Vae{1,...,n} and V¢ € C°(R)

lim Py [ sup |xN(¢)— / d(w)p'® (u,t)du| > | =0 (104)
N—roo t€[0,T) R
where p®) (x,t) is a strong solution of the PDE
{atpwx,t) = @A @O T (S ppad @) =p @) weRieeT
Pt (@,0) = pt*) (x)

where T € (0,00).

Proof: the proof is reported in appendix [A] since the steps are a slight modification of the proof done in [Ig].
As usual for reaction-diffusion systems [2], the diffusive scaling has to be complemented with a weak mutation

scaling v = %

7.3 The density fluctuation

We consider the process ((t)¢>o initialized from the reversible measure A defined in (I00). The density
fluctuation field for a species a € {1,...,n} is an element of the space (C°(R))" defined, for any test function

¢ € CP(R), as
AOF f2¢( ) (C2eN?) = (29)pn) (106)

where (25)p1 = EAﬁl [CZ]. We call mn the law of the random process (yN’t)DO = ((y{v’t,...,yff’t)) - and
2 t

Er, the expectation with respect to this law. The density fluctuation field (I06]) satisfies the convergence result
stated in the following Theorem.

Theorem 7.3 There exists a unique (yt)te[o = (V5,08 ))te 0.7 " the space C ([0,T); (C°(R));,) with
law m such that

TN =T weakly for N — oo. (107)
Moreover, (yt)te[o ) is a generalized stationary Ornstein-Uhlenbeck process solving, for every o € {1,...,n},
the following martingale problem:
t t n
Mg Yh0) =200~ @) [ Yeaouas=1 [ 3 Y50 -0 | ds (108)
B=1:p#a

is a martingale V¢ € C°(R) with respect to the natural filtration of (V%,..., V%) with quadratic covariation

(Mo, Mg ], = —26(2)%53 /R V() du — 2prt(25)T / (é(u))du (109)

R

and quadratic variation

[M,, ¢] =2t(2)%*p1(1 — P /V w)) du+np1t(2])T/(q§(u))2du. (110)
R
Theorem [(3] suggests that the Therefore, the limiting process

Pseor) = (P12 Y0)) 0.y (111)
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can be formally written as the solution of the distribution-valued SPDE

dYt = AV A+ 25V25V AW+ /(2)) YV BAW (112)

where
(Wt)tE[O,T} = ((Wlt5 Wt))te[o T] (113)
(Wt)te[O,T} - ((Wfa Wt ))te[o T] (114)

are two n-dimensional vectors of independent space-time white noises. The matrices read

(2)A=7" T T
Y 2HA-T ... Y
A= . . _ . (115)
Y T o (ZHA-T
P11 —2131) —pT . —ﬁi npr —2p1 ... —2p
—p p1(1—p1) ... —p —2p1  np1 ... —2P1
Y= . : _ o B= , , _ , : (116)
it -7 e P1(1—p1) —2p1 —2p1 ... np

Proof of Theorem [T.3! the strategy is similar to the one used for Theorem [Z4l Therefore, We only
report the computation of the quadratic covariation (via the Carré Du Champ operator denoted by @ ) of
the Dynkin martingale associated to (t)¢>0

00l = (L+LT) VY (@)Y (9) = VI M) (L+ L) (V5 (8) = Vi (@) (L+L7) (VY (#))
=LY @)Y (8) = YD) L (8) — Y5 (H) LD (9)) (117)
+ LY@V () = V@) LT (W (8) — VI ()L (VR (9)

introducing
pohreaction .- £r (YN @)YV () - YA LT (VY (9) - VI (o) LT (VN (9)) (118)

and recalling the definition of T'?" o Written in B5) we have that the Carré Du Champ operator ®¢’ is the sum
of the two Carré Du Champ assomated to the generators £ and L respectively, i.e.

(_)qﬁ 5= F + Fd),t,reactwn (119)

Therefore to perform the proof we only need to compute F¢ treaction e consider the case a # 3 (the case
a = (3 is similar) and we compute explicitly

szﬁzgeaction(yw):%zznz > 0(%) (0t~ ot +67) - lng( ) (0 = 6% +07) = )

z€Zk,l=1 yEZL 2€ZL
T T
=5 2 () & ()
TEZL

As a consequence, the limit of the first and second moment are given by

. 2p¢,reaction | _ . 2
i B [N — —an(2g) [ (6fu)*du (120)
and )
21¢,reaction _ 1 2/ :\2 2
Jim_Varr, (¥razeeio) —ag?@i) ([ ou)au ) (121)
([l
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8 Conclusions and perspectives

In this paper we considered a multi-species stirring process. We studied the fluctuation of the density field
around the hydrodynamic limit when the process is started from equilibrium reversible measure. The main
result (Theorem [Z4]) shows that the limit of the empirical fluctuation field behaves as a infinite-dimensional
Ornstein-Uhlenbeck process (see equation (2II)). The interesting feature is that the space-time white noise
terms of different species are coupled, even though in the hydrodynamic equations they are not. Moreover, we
extended this result to a reaction-diffusion process. In this last case, the SPDEs are coupled also because of a
further space-time white noise term, due to the reactions (change of species).

A future development will be the study of large deviations around the hydrodynamic limit and of the
fluctuations starting from a non-equilibrium initial measure. Moreover, it would be interesting to investigate
fluctuations and hydrodynamic limit of the asymmetric multi-species stirring process. An other active field
of study is the one concerning the extension of hydrodynamic results to non-Euclidean geometry, to random
environments and to a segment with various type of boundary conditions. Some examples in the single-species
case are [13],[30], [31], [32]. In this paper we studied the first order fields, however, one more further development
could be to push forward the analysis for higher order fields, similarly to what have been done in [33] [34].

A Proof of the Hydrodynamic limits

Proof of Theorem [2.3} the proof is based on the martingale techniques proposed in [I} 2, [35]. The aim is to
show that the sequence of measure (Py)yen is tight and the limit point has a density that is the solution of
the PDE (). We start by considering the Dynkin’s martingale associated to the process (7;)¢>0 defined, for
any ¢ € C°(R) and Ya € {1,...,n}, as

t 2
My = Xév’t(cé)fXéV’O(aﬁ)—/ N2LX N () ds. (122)
0

The action of the generator (@) on the density field (&) is

LXN 0= 3 D ar ™ | o () (=887 87 =07 ™) )

x€Zk,l1=0 yEL
2%2{772(23'—772+1) ¢($TH)_¢(%)]+U2+1(23'—772) [¢(%)—¢($;1)]}
seo () o) ()

by the Taylor’s series with Lagrange remainder computed in (52)) we obtain

N2Lx 2 (9) = B S 0 - 2ipa) A0 (5) + Ro(6,0)
TEZ
where
' r+07F x—0"
Ro,) = B2 S [ o0 (R - 092 (123)
T€EZ

with 67,0~ € (0,1) and where ¢(3) denotes the third derivative of ¢. Observing that ¢ € C>°(R) and 5% < 27,
then Ro(¢,«) is infinitesimal when N — co. Therefore

2 Ny (27) - T 1
NLX(9) = 3 xezznaA¢(N)+O<N) : (124)
Replacing (I24)) in (I22) we obtain
t 2
mff,’é(XHO(%) = Xa"(6) = X3"0(9) = (29) /0 X (Ag)ds (125)

where on the right-hand-side we recognize the discrete counterpart of the weak formulation of the heat equation
with constant diffusivity 25 for the species a. We shall prove that

t 2
lim Py (Sup Xé\”t(fﬁ)*Xé\”O(éf))*(?j)/ X3 (ag)ds
0

N —o0 [O,T}

> 5) =0. (126)
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We find an upper bound by Chebyshev’s and Doob’s inequalities
Py | sup
(0,77
1 Nt|? 4 N,T|?
< —E , ‘ <= ‘
>~ 52 KN l[?)?% ma7¢ ] = 52 |:m
Moreover, by Doob’s decomposition

E,, “m } B,y U N8N g ] (128)

where Fg:‘; denotes the operator (B4 but with the generator £ acting on the density field (8). Here, for the
sake of notation, we do not write the time dependence. We then obtain

t 2
XNH(g) - XNO(6) - (29) /0 X2V (Ag) ds

)

(127)

=y St | Y 6(=0) (78 = 6F +0F + 8771 =577 = k)

rE€Zk,l=0 uYy€E”Z

1 - z+1 x z+1 N
~m S Y e ] S S et [ e
z€Z 1=0:l#a« r€Zk=0:k#«
N r+1 z.]?
NQZ g Z o gt Y nk ) o) —e(F)
T€Z 1=0:1l#« k=0:k#a
by Taylor’s series with Lagrage remainder we obtain
1 < < x 1
ML= X et > | Ver o (53)- (120)

TEZ 1=0:1l#«a k=0:k#a

Using (I28)), (I29)), the boundness |nZ%| <n2j Vz € Z and Va € {1,..., N} and the fact that V¢ is smooth and
has compact support we obtain

2 C - 1
N,T
Euy “ma,¢ } SNW sup Euy Z 77$+1 Z—H Z 771‘: +0<m>
x€Z,t€[0,T] l 0:l#£a k=0:k#a (130)
C 1
N+O N2
Taking the limit and using (I27)) and ([I30)
t C
Jim Py ( sup Xg’t(@_xgv%s)_(gj)/ XN (Ag)ds| >0 | < Jim = =0. (131)
= (0,7 0 N— 00

With the above convergence and by standard computations we can prove that the sequence of measure (Py)nen
defined in Theorem Z3is tight and that all limit points do coincide with p(®) (¢, 2)dz with p(®) (¢, 2) is the unique

solution of
{atp%,z) = (25)2p(®) (t,)

p)(0,2) = 7 (2) 12

provided that p(®)(x) is compatible with the initial sequence of measures (jn)nen in the sense of Definition
Finally, existence and uniqueness of a strong solution of the above system of equations is standard.
O

Proof of Theorem the generator of the process is given by (@), i.e. it isgiven by the sum of £ defined
in @) and L" defined in ([@9)). Therefore, here we only need to perform the computations for the second one.

We diffusively scale the switching rate v = %, then, the generator reads
T n
== S G-+ - ()] (133)
relk,l=1
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where T € (0,400)
We compute the action of this generator on the density field (I03])

Ca =55 X 3 G| S o(L) (s

zefdk,l=1 yEZ

Iy 2 g-ale(d) (134)

z€Z \k=1:k#«

T = ‘ ‘
=z | 2 A0 -2
k=1:k#a
Then,
t t n
/ N2 NN () ds = / T[S AN () xl N (g) ) ds. (135)
0 0 k=1:k#a

Arguing as in the proof of the Theorem 23] we need to bound the quadratic variation. We explicitly compute

LN @)X (6)) ~ XV HB) LA (6) - X)L (9)
2
—m 2 Y G| (L) ks o -c
x€Zk,l=1 YyEL
T - T
=2 2 G ()
rel k=1
C

SWN

(136)

Arguing as in the proof of Theorem we can show that

XU~ 2 0) - ) | CXNY (A g) s

lim Py | sup
N—o00 [0,T] ( 7)
13

t n 2 2
+/ T Y ANV (¢) - (9) | ds| > 6| =0
0 k=1: k£a

The proof of tightness for the sequence of measure (Py)yen defined in Theorem (7.2) and the uniqueness of
the limit point are standard and analogous to the ones of Theorem

O
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