
25/07/2026 03:20

Dual series solution for the standardized ISRM Brazilian disc test modelled as an advancing contact
problem / Radi, E.. - In: INTERNATIONAL JOURNAL OF ROCK MECHANICS AND MINING SCIENCES. - ISSN
1365-1609. - 173:(2024), pp. 1-11. [10.1016/j.ijrmms.2023.105634]

Terms of use:
The terms and conditions for the reuse of this version of the manuscript are specified in the publishing
policy. For all terms of use and more information see the publisher's website.

(Article begins on next page)

This is the peer reviewd version of the followng article:



CO
RR

EC
TE

D
PR

OO
F

International Journal of Rock Mechanics and Mining Sciences xxx (xxxx) 105634

Contents lists available at ScienceDirect

International Journal of Rock Mechanics and Mining
Sciences

journal homepage: www.elsevier.com/locate/ijrmms

Dual series solution for the standardized ISRM Brazilian disc test modelled
as an advancing contact problem
E. Radi
Dipartimento di Scienze e Metodi dell'Ingegneria, Università di Modena e Reggio Emilia, Via G. Amendola 2, I-42122, Reggio Emilia, Italy

A R T I C L E  I N F O

Keywords:
Brazilian disc test
Advancing contact
Dual trigonometric series
Contact pressure
Linear elasticity

A B S T R A C T

A new analytical solution is found for the stress and displacement fields in a standardized ISRM Brazilian disc test
with curved jaws, based on the solution of a set of dual trigonometric series. The disc is assumed to be linear elas-
tic and isotropic and in frictionless advancing contact with the two jaws assumed as rigid, under plane stress
loading conditions. Use is made of the Michell solution for an elastic disc in polar coordinates, whose coefficients
are found by imposing the mixed boundary conditions along the disc rim, both along the free surface and the con-
tact region. The problem is first reduced to a set of dual trigonometric series and then to a linear system of infinite
equations, which is solved by truncation. The non-linear relations providing the contact angular extent and pres-
sure distribution in terms of the applied load or jaw displacement, consequent to the progressive advance of the
contact, are derived by using an inverse method. The obtained results are validated by comparison with previous
theoretical and experimental results available in the literature. The study indicates that the method of dual series
is simpler and more straightforward as compared to the analytical methods proposed in the literature for treating
the Brazil disc test as an advancing contact problem.

1. Introduction

The Brazilian disc test is widely employed for indirectly measuring
the tensile strength of brittle materials, like rocks and concrete, as an al-
ternative to unpractical direct tensile tests. The specifications for the
testing procedure and apparatus were established by the America Soci-
ety for Testing and Materials (ASTM) and by the International Society
for Rock Mechanics (ISRM),1 independently. A comprehensive review
of the literature related to the Brazilian disc test can be found in Ref. 2.
In a standardized Brazilian disc test, a non-linear variation of the stress
field is expected as the load is increased also for linear elastic behavior
of the material, due to the progressive expansion of the contact region
with the amount of loading. Consequently, the failure load is expected
to depend on the size of the contact zone. In spite of this, most of the an-
alytical and numerical investigations of the problem available in the lit-
erature assume a specific distribution of the contact pressure and do not
take into account the increase in the contact length with the load.3–7 By
assuming uniform pressure distribution, Hondros4 derived a relation
between the maximum principal stress at the centre of the disc and the
applied load and contact angle. Since it is very difficult to measure the
latter parameter accurately during the test, it follows that the proposed
relation is useful only in the limit as the contact angle tends to zero. In
this case, the solution for a disc loaded by two opposite concentrated

loads is recovered.3,6 The validity of the Brazilian test for brittle materi-
als was soon questioned in Ref. 5, pointing out that for small contact an-
gles crack may initiate from the loading contact region instead of the
centre of the test disc.

A number of studies examined the effect of the contact length by as-
suming a prescribed distribution of the radial pressure along the loaded
rim, usually uniform, parabolic, sinusoidal, circular or elliptical.7–14

However, if the increase in the contact length is neglected, then the ten-
sile strength of the material provided by the Brazilian disc test is overes-
timated, especially for more compliant materials. In few analyses only,
the Brazilian disc test is properly treated as an advancing contact prob-
lem. Assuming a very small length of the contact region, in Refs. 15–17
the disc-jaw system is approximated as two elastic half-planes in simple
contact compressed against each other, whose contact rim is deter-
mined analytically by using the complex potentials method developed
in Ref. 3. The corresponding analytical results are then validated by
comparison with the experimental data obtained by using the Digital
Image Correlation (DIC) technique. In these studies, the extent of the
contact rim is found to have a limited influence on the stress field at the
centre of the disc, while it has a strong influence on the stress field in
proximity of the disc-jaw interface, where brittle fracture may occur
due to stress concentration. In this case, the results of the Brazilian disc
test do not provide the actual tensile strength of the disc material. As
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observed in Ref. 8 and,18 the location of the failure initiation moves
from the loaded rim to the disc centre as the contact length increases. It
follows that the knowledge of the actual contact length as a function of
the applied load level and of geometrical and material parameters is
mandatory for a reliable and accurate definition of the tensile strength
of brittle materials by means of the Brazilian disc test. In particular, the
increase in the contact length due to the adoption of curved jaws re-
duces the local damage due to the concentration of the contact pressure
near the loaded rim and thus improves the reliability of the Brazilian
test for measuring the tensile strength of the disc material.

Nowadays, advancing contact problems are still challenging.19 They
are usually treated by special numerical techniques, also for linear elas-
tic behavior of the material, and only few analytical studies are avail-
able in the literature. Within this context, the advancing contact prob-
lem of a circular pin in a hole in an infinite elastic medium has been in-
vestigated analytically and numerically.20–23 Recently, the advancing
contact problem for a curved elastic beam indented by a rigid pin was
investigated in Ref. 24 by using a fully analytical approach based on
dual trigonometric series.

In the present work, the progressive contact between jaws and disc
occurring in a standardized ISRM Brazilian disc test is modelled analyti-
cally, without any preliminary assumption on the contact pressure dis-
tribution. A new full-field analytical solution is obtained based on the
dual series approach previously employed for modeling advancing con-
tact problems between a rigid pin and an elastic curved beam,24 be-
tween an incomplete elastic ring and a rigid plane,25 and for a circular
pin in a hole in an infinite medium.26 This approach has never been pro-
posed for the analysis of the Brazilian disc test before. Here, the stress
and displacement fields are assumed in the form of a Michell-type series
solution for a disc, whose coefficients are determined by imposing the
vanishing of tractions along the free rim of the disc and the frictionless
contact conditions along the rim in contact with the jaws. The problem
is first reduced to a set of dual trigonometric series and then to a linear
system of infinite equations, which is solved by truncation. Since the
contact angular extent is unknown aforehand, the non-linear relation-
ships for the contact angular extent and pressure distribution in terms
of the applied load or jaw displacement, consequent to the progressive
advance of the contact rim, are derived by using an inverse method.
Specifically, the contact angular extent is assigned in advance and the
corresponding stress field and total applied load are then calculated, for
increasing values of the contact length.

The present approach also holds for a large contact angle as a differ-
ence to the complex potential method adopted in Refs. 15–17, which
also assumes advancing contact between disc and jaws, but is based on
the crucial assumption that the contact arc is very small compared to
the dimensions of the disc and the jaw.

In the present analysis, the jaw displacement is assumed much
smaller than the disc radius, according to the usual hypothesis of the
linear elasticity theory. Moreover, the simplifying assumption of rigid
behavior is adopted for the jaws, since the deformability of the disc ma-
terials, like rocks and concrete, is usually much larger than that of the
metallic jaws. This assumption provides accurate results if the elastic
modulus of the jaw exceeds ten times that of the disc.27 For stiffer discs,
the present approach is reasonably expected to underestimate the con-
tact extent.

Finally, the analytical results here obtained are compared with FEM
predictions and experimental data available in the literature and a rea-
sonable agreement is observed for a broad level of loading.

2. Problem formulation

We consider the problem of an elastic circular disc of radius R
pressed by two rigid jaws of curvature radius R0 (Fig. 1), under plane
stress loading conditions, where R0 = 1.5 R according to the testing ap-
paratus proposed by ISRM.1 Due to the different curvature of the sur-

Fig. 1. Brazilian disc test according to the ISRM standard.

faces in contact, the extent of the contact region between the two com-
ponents increases with increasing load P applied to the jaws and is not
know in advance. Therefore, for this advancing contact problem the
stress field in the disc is a nonlinear function of the applied load P or
jaw displacement δ, whose solution depends on the geometry and me-
chanical properties of disc and jaws and is obtained in the following by
using an inverse procedure. Namely, by assigning in advance the con-
tact half-angle α and finding the corresponding stress and displacement
fields. Then, the corresponding load P is calculated by integrating the
contact pressure along the contact rim.

Reference is made to a polar coordinate system (0, r, θ) whose origin
is taken at the disc centre, with the polar axis θ = 0 along the direction
of the applied load P (Fig. 1). Because of the symmetry, reference is
made to a quarter of disc defined by the angular coordinate 0 ≤ θ ≤ π/
2.

The mixed boundary conditions require the vanishing of shear trac-
tions along the full disc rim, namely

(2.1)

also due to the frictionless contact assumption. Moreover, the fol-
lowing conditions on the vanishing of the normal traction on the disc
rim out of the contact region and on the radial displacement are en-
forced along the disc rim in contact with the jaw, namely

(2.2)

where α is the half contact angular extent and δ is the rigid body dis-
placement of the jaw along the loading direction, which is assumed
much smaller than the disc radius R. The contact condition (2.2)2 on the
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radial displacement along the contact zone was obtained in Refs.
20,28,29 for the almost conforming contact problem of a cylindrical pin
in a hole, under the assumption that the pin displacement is much
smaller than its radius. Contact conditions different from (2.2)2 are in-
stead considered in Ref. 27, where the rim displacement is assumed to
occur only along the radial direction, and in Ref. 16, where the dis-
placements of the two surface in contact is taken along the loading di-
rection. An accurate derivation of condition (2.2)2 together with the un-
derlying hypothesis can be found in the Appendix, where the exact non-
conformal contact condition is also derived.

The stress and displacement fields are taken as suggested by the
Michell solution of the biharmonic equation in polar coordinates for a
disc12,30 under symmetric loading condition with respect to the axes
θ = 0 and θ = π/2, namely

(2.3)

(2.4)

where A0, An, and Bn are arbitrary constants to be determined from
the boundary conditions (2.2), μ is the elastic shear modulus of the disc
and κ > 1 is the Kolosov constant,30 namely

(2.5)

being ν the Poisson's ratio of the material.
The boundary condition (2.1) on the vanishing of the shear tractions

along the full disc rim then yields the following relation between con-
stants An and Bn,

An = Bn, for n = 1, 2, … (2.6)

The mixed boundary conditions on the radial tractions and displace-
ment (2.2) then provide a set of dual series equations for the unknown
constants An (n = 0, 1, 2, …)

(2.7)

(2.8)

where ρ = R/R0 = 2/3 for the ISRM standardized Brazil disc test
and the angular contact extent α is unknown.

3. Solution of the dual series equations

As proposed in Ref. 31, the integrodifferential operator (D + D−1) is
applied on equation (2.8) to remove the unknown rigid body displace-
ment δ, where

(3.1)

Then, it follows

(3.2)

By substituting t = 2θ in eqns (2.7) and (3).2), and multiplying the
latter by 2/(1−κ), one obtains the following dual trigonometric series

(3.3)

(3.4)

where

(3.5)

so that hn → 0 as n → ∞

As proposed in Ref. 32, later adopted in Ref. 25, and recently in Ref.
24 to solve dual trigonometric series similar to eqns (3.3) and (3).4), an
auxiliary stress function φ is introduced such that

(3.6)

where H denotes the Heavyside function. Then, as illustrated in
Refs. 24,25, the coefficients An, for n ≥ 0 of the Fourier cosine series ex-
pansion (3.6) are:

(3.7)

(3.8)

where Pn denotes the Legendre polynomials of order n. The intro-
duction of (3.8) in eqn (3.4), using eqn (2.6).31 in Ref. 33, namely

(3.9)

then yields the following integral equation of the Abel type for the
auxiliary stress function φ(s)

(3.10)

which can be solved for φ(s):

(3.11)

Using the results

(3.12)

provided in the appendix of26 and in Ref. 33, respectively, the inte-
grals in eqn (3.11) can be calculated in closed form, thus obtaining

3
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(3.13)

The introduction of eqn (3.13) in (3.7) and (3.8), choosing a finite
number of terms N in the sum, then gives the following linear system of
algebraic equations for the unknown coefficients An, for n = 0, 1, …, N:

(3.14)

(3.15)

where

(3.16)

(3.17)

and denotes the Jacobi polynomials of order n and Hn → 0 as
n → ∞. A detailed derivation of the results (3.16) and (3.17) can be
found in Ref. 24, where the coefficient Knm for n = m is also calculated
as a limit.

Once the first N+1 coefficients of the series expansions of the stress
and displacement fields (2.3) and (2.4) are calculated from the solution
of the linear system (3.14) and (3.15), for every assigned value of the
contact half-angle α, then, the contact pressure between jaws and disc is
given by

(3.18)

and the resultant of the contact pressure distribution along the
loaded rim provides the total load P acting on the disc

(3.19)

where b is the disc thickness. The introduction of eqn (3.18) in
(3.19) then yields

(3.20)

The rigid body displacement δ = − ur(R, 0) follows from eqn (2.8)
calculated at θ = 0 as

(3.21)

By using eqn (2.6), the normal tractions along the loaded diameter
of the disc follow from eqn (2.3) calculated at θ = 0 as

(3.22)

The pressure distributions along the contact zone is well approxi-
mated by the Hertzian pressure distribution given by

(3.23)

where the constant C is determined from condition (3.19) for
p = pH as

(3.24)

being J1 the Bessel function of the first kind of order 1.

4. Results

The results presented in the next Section are obtained by consider-
ing a number of terms N = 40 in the linear algebraic system (3.14)–
(3.15). Preliminary tests proved that this number of terms is suitable for
obtaining sufficiently accurate results. The following results refer to the
ratio ρ = 2/3 between the disc and jaw radii adopted by ISRM and to
the Poisson ratio ν = 0.26 considered in Ref. 15 for Dionysos marble.

The normalized distributions of the contact pressure p along the
contact rim calculated in (3.18) with the angular coordinate θ are plot-
ted in Fig. 2a (solid lines), for various angular contact extents. The
Hertzian pressure distributions (3.23)–(3.24) for the same applied load
and contact angular extent are also plotted in this figure (dashed lines).
It can be observed that the contact pressure distributions provided by
the present analysis is almost of Hertzian type, also for large values of
the applied load, in agreement with the finding of.16 A small difference
from the Hertzian distribution is however observed near the ends of the
contact region.

The normalized variation of the applied total load P with the total
displacement between the two jaws 2δ plotted in Fig. 2b clearly shows
that the applied load increases more than linearly with the jaw dis-
placement, due to the advance of the contact length.

The nonlinear variations of the contact angular extent α between
jaws and disc with the jaw displacement δ and with the total load P ap-
plied to the jaws are then reported in Fig. 3a and 3b, respectively.

4.1. Stress field within the disc

The tensile tractions and the compressive radial stress along the di-
ameter of the disc laying in the direction of load (θ = 0) are plotted in
Fig. 4a and 4b, respectively, for various angular contact extents. These
plots clearly show that the stress field along this diameter is almost uni-
form only if the contact length is small enough. As the applied load P is
increased the contact length increases and the tensile tractions display a
clear maximum at the disc centre, where the magnitude of the compres-
sive radial stress attains a minimum. Obviously, the magnitude of both
stress components increases with increasing applied load. In particular,
the variation of the maximum tensile stress at the disc centre with the
applied load or jaw displacement is illustrated in Fig. 5. Interestingly,
these results show that the relation between the maximum tensile stress
at the disc centre and the jaw displacement is almost linear, and thus a
simple approximate relation is proposed, namely

(4.1)

The following equation that relates the applied load P and half con-
tact angle α with the maximum tensile stress at the centre of the disc is
derived in Ref. 4 by assuming uniform contact pressure

4
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Fig. 2. Normalized distributions of the contact pressure p along the contact rim (solid lines) and of the Hertzian pressure pH (dashed lines) with the angular coordi-
nate θ for five contact angular extents (a). Normalized variation of the total load P applied to the jaws with the jaw displacement δ (b).

Fig. 3. Normalized variations of the contact angular extent α with the jaw displacement δ (a) and with the total load P applied to the jaws (b).

Fig. 4. Normalized variation of the principal stresses along the diameter of the disc laying in the direction of loading (θ = 0). Positive values indicate tension, while
negative values represent compression.
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Fig. 5. Normalized variations of the maximum tensile stress at the disc centre with the jaw displacement δ (a) and with the total load P applied to the jaws (b). The
red dashed curve corresponds to the predictions in Ref. 4 under a uniform contact pressure. (For interpretation of the references to colour in this figure legend, the
reader is referred to the Web version of this article.)

(4.2)

Although its validity is questioned,34 eqn (4.2) is largely employed
for calculating the tensile strength of materials from the results of the
Brazilian disc test, often by introducing the simplifying assumption α →
0, due to the difficulty of determining the contact angular extent at the
onset of cracking at the disc centre. The trend of eqn (4.2) is plotted in
Fig. 5b and compared with the predictions of the present analysis. As
the contact length increases, one can see that the tensile stress predicted
by eqn (4.2) (dashed red curve) is significantly lower than that pro-
vided by the present approach (solid blue curve). This discrepancy may
be due to the uniform distribution of the contact pressure assumed in
Ref. 4, or to the assumption of rigid jaws and simplified contact condi-
tion (2.2)2 assumed here. The latter condition follows from the exact
contact condition (A.5) under the assumption of almost conformal con-
tact, namely for R0/R approaching 1. Since the ratio R0/R for the ISMR
standard test is 1.5, then the assumption (2.2)2 may result rather inac-
curate.

A suitable approximation of the principal tensile stress at the disc
centre provided by the present analysis is given by the following rela-
tion

(4.3)

which is also plotted in Fig. 5b (dash-dotted green curve) and turns
out to be very close to the analytical results within the range considered
in the plot. It must be observed that the tensile stress at the disc centre
necessarily depends on the elastic constitutive parameters μ and ν of the
disc. Therefore, the Brazilian disc test can efficiently provide the tensile
strength of the material, but only if these constitutive parameters are
known in advance.

The variation of the ratio between the compressive and tensile prin-
cipal stresses at the disc centre with the jaw displacement and with the
total load applied to the jaws are plotted in Fig. 6a and b, respectively.
This ratio is equal to 3 for very small length of the loaded rim and it in-
creases with increasing contact length and thus with increasing applied
load or jaw displacement.

4.2. Griffith failure criterion for brittle materials

Generally, the disc failure occurs along the loaded diameter under
biaxial stress conditions, namely under compressive radial stress σrr(r,0) and tensile stress σ

θθ
(r, 0). Therefore, a failure criterion must be

adopted for extrapolating the uniaxial tensile strength from a Brazilian

Fig. 6. Variations of the biaxial stress ratio at the disc centre with the jaw displacement δ (a) and with the total load P applied to the jaws (b).
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disc test. Usually, the Griffith failure criterion is applied for brittle ma-
terials,34 whereas the von Mises failure criterion is more suitable for
ductile material. According to the Griffith failure criterion,35 crack initi-
ation in rocks occurs when the Griffith equivalent stress

(4.4)

is greater than or equal to the tensile strength σT of the brittle mater-
ial. For measuring the uniaxial tensile strength of brittle material by
means of the Brazilian disc test reliably, it is particularly important that
the maximum Griffith equivalent stress be located at the disc centre.
The Griffith equivalent stress σG at the disc centre also displays an al-
most linear variation with the jaw displacement δ (see Fig. 7a), which
can be approximated by the simple relation

(4.5)

whereas its variation with the applied load P, plotted in Fig. 7b, is
actually nonlinear. The contour plots of the Griffith equivalent stress in
Fig. 8 show that its maximum is located there for the two loading levels
considered in Fig. 8a and b, so that the crack will begin there and then
propagate towards the edges of the contact rim, as noted also in Refs.
8,36, specially for stiff rocks. Fig. 9 shows that the largest equivalent
von Mises stress is attained near the loaded rim when the contact length

is small, namely for α/π = 0.1, and it moves towards the disc centre for
large contact length, here for α/π = 0.2.

5. Validation by comparison with numerical and experimental
results

A comparison with the numerical results of the FEM analysis per-
formed in Ref. 37 is then performed for validating the present analytical
study. To this aim, the load versus displacement relations predicted by
both approaches are plotted in Fig. 10, for a granite disc of radius
R = 25 mm, thickness b = 25 mm, shear modulus μ = 17.5 GPa and
Poisson coefficient ν = 0.23, loaded by curved steel jaws denoted by
Type III loading configuration in Ref. 37. A reasonably good agreement
can be observed in Fig. 10, although the present study (dashed blue
line) predicts a slightly larger displacement between the jaws, with re-
spect to the FEM results (orange solid line) under the same applied
load. The discrepancy may be due to the assumption of rigid behavior
of the jaws made in the present study, whereas in the FEM analysis per-
formed in Ref. 37 the steel jaws display linear elastic behavior, with an
elastic Young modulus about five times greater than that of the disc. It
follows that, as the applied load increases, the contact length increases
faster with respect to the present study due to the jaw elastic deforma-
bility and correspondingly the displacement between jaws is smaller. Of
course, the present elastic analysis is valid up to the occurring of crack
initiation for P = 24.1 kN.

A good agreement between analytical and FEM results is also ob-
served for the tensile stress along the loaded diameter of the disc under

Fig. 7. Normalized variations of the Griffith equivalent stress at the disc centre with the jaw displacement δ (a) and with the total load P applied to the jaws (b).

Fig. 8. Contour plots of the normalized Griffith equivalent stress σG within a disc quarter for two different loading levels corresponding to the contact angular extents
α/π = 0.1 (a) and α/π = 0.2 (b).

7
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Fig. 9. Contour plots of the normalized von Mises equivalent stress σeq within a disc quarter for two different loading levels corresponding to the contact angular ex-
tents α/π = 0.1 (a) and α/π = 0.2 (b).

Fig. 10. Comparison between the variations of the applied load P with the total
displacement 2δ of a granite disc predicted by the present analysis (dashed line)
and by the FEM analysis performed in Ref. 37 (solid line).

the load P = 10 kN, plotted in Fig. 11. In this case indeed, the tensile
stress is almost constant along the loaded diameter and is equal to
4.96 MPa according to the FEM analysis, whereas the present analytical
approach provides 5.35 MPa.

The variation of the half-contact angular extent α with the applied
load P predicted by the present study (dashed lines) is compared in Fig.
12 with the numerical results of the FEM analysis performed in Ref. 18
(solid lines) and with the analytical results derived in Ref. 16 (dot-
dashed line), for ν = 0.38, R/R0 = 2/3, and for three different elastic
moduli of the disc. As expected, the present approach yields a bit
smaller contact length due to the simplifying assumption of rigid behav-
ior of the jaws made here, as well as to the approximated boundary con-
dition (2.2)2, which strictly holds for almost conformal contact prob-
lems. The contact angle found by the present analysis is a bit underesti-
mated also with respect to the theoretical and experimental results pre-
sented in Ref. 16 for a PMMA disc with Young modulus Ε = 3.2 GPa
and ν = 0.38, as it may be observed in Fig. 13, where the red dashed
line denotes the results of the present approach and the black solid line
and the symbols denote the theoretical and experimental results ob-
tained in Ref. 16, respectively.

A comparison between the analytical results obtained here for the
strains along the loaded diameter and the experimental and theoretical

results provided in Ref. 15 is given in Fig. 14 for a PMMA disc with
μ = 1.17 GPa and ν = 0.36. The results plotted in Fig. 14 show that the
radial and transverse strains along the loaded diameter predicted by the
present approach are a bit smaller in the central part of the disk and
larger near the loaded rim with respect to the experimental and theoret-
ical strains provided in Ref. 15.

6. Conclusions

The advancing contact problem occurring in the Brazilian disc test is
revisited here by employing a new analytical approach for the determi-
nation of the contact pressure and contact angular extent varying the
applied load, based on the solution of a dual trigonometric series and
validated by comparison with both numerical and experimental results.

For the sake of simplicity, the disc is modelled as a linear elastic ma-
terial and the jaws are considered as rigid bodies, since the deformation
of the metallic jaws is much smaller than that of the rock or concrete
disc. The stress and displacement fields in the disc are assumed in the
form of a Mitchel series solution, whose coefficients are determined by
imposing the frictionless contact boundary conditions. The increase in
the contact angular extent with the applied load is then calculated by it-
erative procedure.

The most important features of the present study are.

• The approach provides explicit closed-form solutions for the full-
field stresses in the disc, contact pressure and jaw displacement by
considering an advancing contact problem.

• The analytical solution to a mixed boundary value problem is
obtained making use of dual trigonometric series.

• The contact conditions for closely conformal contact problem are
fulfilled at the lowest order.

• The parametric nature of the study allows for considering any jaw
radius and arbitrary elastic constitutive parameters of the disc.

• The contact pressure distribution is found to be almost Hertzian.
• An approximated expression is suggested for the tensile strength

under the applied load.

The present analytical investigation confirmed that accounting for
advancing contact between disc and jaws yields a nonlinear increase of
the applied load with the jaw displacement.

Moreover, the results provided here agree enough well with the pre-
dictions of FEM analyses, although a larger displacement between the
jaws is found with respect to the FEM results under the same applied
load. We must also recognize that the maximum tensile stress origi-

8
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Fig. 11. Comparison between the tensile stress along the loaded diameter of a granite disc under the load P = 10 kN predicted by the present analysis (dashed line)
and by the FEM analysis performed in Ref. 37 (solid line).

Fig. 12. Relations between the half contact angle α and the total applied load
P for an elastic disc predicted by the present analysis (dashed lines), by the
FEM analysis performed in Ref. 18 (solid lines) and by the analytical study per-
formed in Ref. 16 (dot-dashed line), for ν = 0.38 and R/R0 = 2/3.

nated by the applied load P is a bit larger, and the contact angle extent
is a bit smaller than that observed in previous numerical and experi-
mental investigations, most probably due to the simplified contact con-
dition here considered. An enhancement of the present investigation ac-
cording to the exact formulation of the contact condition developed in
the Appendix is a work in progress of the author.

Fig. 13. Variation of the contact angle versus the applied load as determined
experimentally following four different approaches in Ref. 16, as calculated
analytically in Ref. 16 (black solid line), and as predicted by the present
analysis (red dashed line). (For interpretation of the references to colour in
this figure legend, the reader is referred to the Web version of this article.)
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Fig. 14. Experimental measured and theoretical calculated radial and trans-
verse strains along the compressive radius of a PMMA disc subject to the Brazil-
ian disc test according to the ISRM standard, with μ = 1.17 GPa and ν = 0.36.
The analytical predictions of the present analysis are denoted by red and blue
solid lines, those reported in Ref. 15 by black solid and dashed lines, the experi-
mental results provided in Ref. 15 are marked with squares and triangles. (For
interpretation of the references to colour in this figure legend, the reader is re-
ferred to the Web version of this article.)
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Appendix. Derivation of the contact condition on the displacements

With reference to Fig. A1, where the dotted arc represents the elastic disc rim before the interaction with the jaw and the solid arc denotes the de-
formed boundary of the disc in contact with the rigid jaw, the displacement vector of a material point along the rim of the disc in contact with the
jaw has the following component in the Cartesian coordinate system (0, x, y):

(A.1)

where the angular coordinates θ and ψ are illustrated in Fig. A1, and the following relations hold between the Cartesian and polar components of
the displacement vector

(A.2)

being ur and u
θ

the displacement components in the polar coordinate system (0, r, θ). By comparing eqns (A.1) and (A.2) one obtains

(A.3)

and, thus, squaring both eqns and then summing, one has

(A.4)

Under the hypothesis of infinitesimal displacement, one can assume that ur, u
θ
and δ are much smaller than R and R0. Therefore, by neglecting the

quadratic terms in these small quantities, from eqn (A.4) one gets

(A.5)

If the terms ur/R, u
θ
/R, and δ/R are neglected with respect to 1−cosθ, then eqn (A.5) reduces to eqn (2.2)2, namely

10
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(A.6)

Eqn (A.6) was derived in Ref. 20 and later in Refs. 28,29 for almost conformal contact problems, namely for R0/R = 1 + ε, where 0 < ε ≪ 1. For
low conformal contact problems, eqn (A.6) is just approximated and the exact contact condition is given by eqn (A.5) instead.

For straight jaws like those adopted by the ASTM the radius R0 tends to infinity and thus from eqn (A.5) the following contact condition is ob-
tained

(A.7)

Fig. A1. Displacement of a material point along the rim of the disc in contact with the upper jaw.
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