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Abstract

Let H and G be graphs. An H-colouring of G is a proper edge-colouring f : E(G) →
E(H) such that for any vertex u ∈ V (G) there exists a vertex v ∈ V (H) with f (∂Gu) =
∂Hv, where ∂Gu and ∂Hv respectively denote the sets of edges in G and H incident to
the vertices u and v. If G admits an H-colouring we say that H colours G. The question
whether there exists a graph H that colours every bridgeless cubic graph is addressed di-
rectly by the Petersen Colouring Conjecture, which states that the Petersen graph colours
every bridgeless cubic graph. In 2012, Mkrtchyan showed that if this conjecture is true,
the Petersen graph is the unique connected bridgeless cubic graph H which can colour all
bridgeless cubic graphs. In this paper we extend this and show that if we were to remove
all degree conditions on H , every bridgeless cubic graph G can be coloured substantially
only by a unique other graph: the subcubic multigraph S4 on four vertices. A few similar
results are provided also under weaker assumptions on the graph G. In the second part of
the paper, we also consider H-colourings of regular graphs having degree strictly greater
than 3 and show that: (i) for any r > 3, there does not exist a connected graph H (possibly
containing parallel edges) that colours every r-regular multigraph, and (ii) for every r > 1,
there does not exist a connected graph H (possibly containing parallel edges) that colours
every 2r-regular simple graph.
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1 Introduction
Graphs considered in this paper are finite, undirected and do not contain any loops. Note
that graphs may contain parallel edges, and when we want to emphasise that a graph does
or does not admit some parallel edges, we refer to it as a multigraph or a simple graph,
respectively. The vertex set and the edge set of a graph G are respectively denoted by
V (G) and E(G). Let U ⊆ V (G). The set consisting of all the edges having exactly one
endvertex in U is denoted by ∂GU , and when it is obvious which graph G we are referring
to we just write ∂U . When U consists of only one vertex, say u, we write ∂u, instead of
∂{u}, for simplicity. Let H be an arbitrary graph: an H-colouring of G is a proper edge-
colouring f : E(G) → E(H) of G with edges of H , such that for each vertex u ∈ V (G),
there exists a vertex v ∈ V (H) with f(∂Gu) = ∂Hv. If there is no pair of distinct vertices
v and w of H such that ∂Hw = ∂Hv, then an H-colouring f (of G) naturally induces the
map fV : V (G) → V (H) defined for every vertex u of V (G) as fV (u) = v, where v
is the unique vertex of H such that f(∂Gu) = ∂Hv. If G admits an H-colouring, then
we write H ≺ G and we say that the graph H colours the graph G. Let P denote the
well-known Petersen graph. One of the most important conjectures in graph theory is the
Petersen Colouring Conjecture by Jaeger.

Conjecture 1.1 (Petersen Colouring Conjecture—Jaeger, 1988 [6]). For any bridgeless
cubic graph G, P ≺ G.

Conjecture 1.1 implies several other relevant conjectures in the field of graph theory
such as the Berge–Fulkerson Conjecture [3] (see also [9]). Weaker conjectures on bridge-
less cubic graphs implied by the Berge–Fulkerson Conjecture are the Fan–Raspaud Con-
jecture [2] (see also [8]), and the S4-Conjecture [11] which states the following‡.

Conjecture 1.2 (S4-Conjecture—Mazzuoccolo, 2013 [11]). For every bridgeless cubic
graph G, there exist two perfect matchings such that the deletion of their union leaves a
bipartite subgraph of G.

We remark that in [13], the first and last author showed that Conjecture 1.2 is equivalent
to saying that for every bridgeless cubic graph G, S4 ≺ G, where S4 is the subcubic
multigraph portrayed in Figure 1a.

Proving the Petersen Colouring Conjecture would also confirm the Cycle Double Cover
Conjecture [16–18] which is a conjecture stated for general graphs and not only for cubic
graphs. It is due to these huge consequences that the Petersen Colouring Conjecture is,
arguably, one of the most trying and arduous conjectures in graph theory. In the same
spirit of Jaeger’s Conjecture, Mkrtchyan also proposed the following two conjectures for
cubic graphs, for which connectivity conditions are relaxed—in fact, the following two
conjectures are stated for cubic graphs which are not necessarily bridgeless.

Conjecture 1.3 (S12-Conjecture—Mkrtchyan, 2012 [14]). For each cubic graph G admit-
ting a perfect matching, S12 ≺ G.

E-mail addresses: giuseppe.mazzuoccolo@univr.it (Giuseppe Mazzuoccolo), gloria.tabarelli@unitn.it
(Gloria Tabarelli), zerafa.jp@gmail.com (Jean Paul Zerafa)

‡During the revision process of this paper, Conjecture 1.2 was proved to be true by Kardoš, Máčajová and
the last author (see [7]).
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(a) The multigraph S4 (b) The Sylvester graph S10 (c) The multigraph S12

Figure 1

Conjecture 1.4 (S10-Conjecture—Mkrtchyan, 2012 [14]). For each cubic graph G, S10 ≺
G.

The multigraph S10 is also referred to as the Sylvester graph and is depicted together
with the multigraph S12 in Figure 1 (see also [4]).

Mkrtchyan proved the following theorem (Theorem 2.4 in [14]).

Theorem 1.5 (Mkrtchyan, 2012 [14]). If H is a connected bridgeless cubic graph with
H ≺ P , then H ≃ P .

Consequently, the following holds.

Corollary 1.6 (Mkrtchyan, 2012 [14]). If H is a connected bridgeless cubic graph such
that H ≺ G for every bridgeless cubic graph G, then H ≃ P .

In other words, the previous result says that we cannot replace the Petersen graph in
Conjecture 1.1 with any other connected bridgeless cubic graph. Nevertheless, if we choose
H from the larger class of connected cubic graphs (not necessarily bridgeless), there are
other possible candidates. In particular, if we minimise the assumptions on the graph H by
considering the class of connected graphs (not even cubic), then another candidate is given
by the graph S4.

Theorem 3.3 is one of the main results of this paper, and it is a generalisation of Theo-
rem 1.5: it is obtained by removing any restriction on the degree of the vertices of the graph
H in an H-colouring of the Petersen graph. Analogously, Corollary 3.4 is the natural gen-
eralisation of Corollary 1.6, but, in order to explain its statement, we need to introduce the
following terminology. Let G be a multigraph having three degree 3 vertices and a further
vertex of arbitrary degree. Denote this set of four vertices by X . If the induced multi-
subgraph G[X] is isomorphic to S4, then we say that G exposes S4 and that G[X] is an
exposed copy of S4 in G. Observe that both S10 and S12 expose (three times) S4.

Indeed, as a consequence of Theorem 3.3 we prove that the unique graphs that can
colour every bridgeless cubic graph are exactly P and all graphs which expose S4 (see
Corollary 3.4). In a similar way, Corollary 3.7 and Corollary 3.8 in Section 3 would follow
if Conjecture 1.4 and Conjecture 1.3 are respectively true.

All the above mentioned conjectures deal with the question asking whether there exists
a connected graph H such that H ≺ G for any G in a given class of cubic graphs. Ta-
ble 1 shows the possibilities for the eventual existence of such a graph H , and is divided
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according to the cases when H is assumed to be a simple graph or a graph with parallel
edges. In this table, we consider three classes of graphs (that may admit parallel edges)
to be coloured by some connected graph H: (i) bridgeless cubic graphs, (ii) cubic graphs
admitting a perfect matching, and (iii) cubic graphs. By Corollary 3.4, Corollary 3.9 and
Corollary 3.10, if the graph H that colours all the graphs in each of the corresponding
classes exists, then the only possibilities are the ones presented in the table.

Remark 1.7. Theorem 3.3, together with the fact that it is possible to construct cubic
graphs with a perfect matching having a subgraph as in Figure 2, implies that a connected
simple graph H that colours any cubic graph G with a perfect matching does not exist
(see [12] for details). Even more so, there is no connected simple graph that colours any
cubic graph.

Figure 2: The subgraph mentioned in Remark 1.7

Cubic graphs H simple graph H with parallel edges

bridgeless H ≃ P (Theorem 3.3) Hf ≃ S4 (Theorem 3.3)

with a perfect matching ∄ (Remark 1.7) H ≃ S10 or H ≃ S12 (Corollary 3.10)

any ∄ (Remark 1.7) H ≃ S10 (Corollary 3.9)

Table 1: Possibilities for the eventual existence of an H-colouring for different classes of
cubic graphs

In the second part of the paper we partially answer the question dealing with whether
there exists a graph H such that H ≺ G for any r-regular graph G, for r > 3, in a given
class. The results obtained are summarised in Table 2.

r-regular graphs, r > 3 H (multi)graph

simple graphs ∄ for r even (Theorem 4.6)

multigraphs ∄ for any r (Theorem 4.3)

Table 2: Non existence of an H-colouring for r-regular simple graphs and multigraphs
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2 Notation and technical lemmas
Before continuing, we need some further definitions and notation which we introduce in
order to focus our study only on the relevant part of H in a given H-colouring f of some
graph G. In what follows, the irrelevant part of H shall arise due to the vertices v ∈ V (H)
for which v ̸∈ Im(fV ). Such vertices may occur in H , and in the sequel they shall be
referred to as unused.

Lemma 2.1. Let G be a connected graph and let f : E(G) → E(H) be an H-colouring
of G. Then, the induced subgraph H[Im(f)] of H is connected.

Proof. Observe that by definition of H-colouring, if e1 and e2 are two adjacent edges of
G, then f(e1) is adjacent to f(e2) in H[Im(f)]. The result follows immediately by the
connectivity assumption on G.

By the previous lemma, from now on we can assume that H is connected, since only the
edges of one connected component belong to the image of any H-colouring of a connected
graph G. Note that if H is connected then the map fV is well defined for any given H-
colouring f , except if H is the graph tK2 on two vertices and with t parallel edges between
them. Moreover, it is straightforward that a graph G admits a tK2-colouring if and only
if G is t-regular and t-edge-colourable and consequently, if and only if it admits a K1,t-
colouring, where K1,t is the star on t + 1 vertices. Hence, it is not restrictive assuming
|V (H)| > 2 in what follows.

Let H and G be connected graphs such that H ≺ G and |V (H)| > 2. Let f be an
H-colouring of G and consider the map fV . We denote by Hf , the edge-induced subgraph
H[Im(f)] and with a slight abuse of terminology we shall refer to the graph Hf as the
image of the H-colouring f . Note that in general Im(fV ) ⊆ V (Hf ), since an edge uv of
Hf must have at least one of its endvertices u and v in Im(fV ), but not necessarily both of
them. Every vertex of Hf which does not belong to Im(fV ) is said to be unused.

Starting from the graph Hf , we can obtain a large variety of connected graphs, say H ′,
such that G admits an H ′-colouring. A first easy procedure is obtained by considering an
arbitrary connected graph H ′ having Hf as an induced subgraph with the further property
that dH′(v) = dHf

(v) for every v ∈ Im(fV ). A more general way is obtained by eventually
splitting in advance unused vertices of Hf in arbitrary graphs (see Figure 3 for a possible
example, where splitting of vertices is also portrayed). Finally, we remark that if Hf has
no unused vertex (that is, Hf = H), then no connected graph H ′ different from H can be
obtained as a combination of previous operations.

Definition 2.2. Let G and H be connected graphs such that |V (H)| > 2 and H ≺ G. Let
f be an H-colouring of G and let fV be the induced map on the vertices of G. We define
the graph H̃f as the graph obtained from Hf by splitting every unused vertex u of Hf into
dHf

(u) vertices of degree 1. We refer to the graph H̃f as the splitted image of f .

In what follows, with a slight abuse of notation, we shall always refer in the same way
to a vertex u in Im(fV ) independently to whether we are considering it in H , Hf or H̃f .
For simplicity, the functions corresponding to an Hf -colouring and an H̃f -colouring of
some graph G are both denoted by f as well. An unused vertex v is referred to in the same
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Figure 3: H , Hf , H̃f and a possible example for H ′

way both in H and in Hf , whilst the vertices of H̃f obtained by splitting v are referred to as
the vertices arising from v. Finally, we remark that since G is connected, every two distinct
vertices in Hf are the endvertices of a path whose inner vertices all belong to Im(fV ).
Consequently, H̃f is connected by Lemma 2.1.

In what follows we make use of some results contained in Lemma 2.2 in [5]. We
reproduce only the part of the lemma that we shall need in the sequel, even if in a slightly
more general form. Moreover, we add and prove statement (d).

Lemma 2.3. Let G and H be graphs with H ≺ G, and let f be an H-colouring of G.

(a) If M is any matching of H , then f−1(M) is a matching of G.

(b) χ′(G) ≤ χ′(H) (where χ′ denotes the chromatic index of a graph).

(c) If M is a perfect matching of H , then f−1(M) is a perfect matching of G.

(d) If G is connected, let X be an edge-cut of Hf such that Hf −X does not contain any
isolated vertex. Then f−1(X) is an edge-cut of G.

Proof. Statements (a), (b), (c) follow from [5], so it suffices to prove statement (d).
(d) Let G = G − f−1(X) and H = Hf − X . Consider f : E(G) → E(H), the

restriction of f to G. Since X = f(f−1(X)), the function f is an H-colouring of G,
and since Hf − X does not contain any isolated vertex, it holds that Hf = H . Suppose
that f−1(X) is not an edge-cut of G, for contradiction. This means that G is connected.
However, by Lemma 2.1, Hf = H is connected, contradicting X being an edge-cut of
Hf .
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Before we continue, we prove the following lemma which gives statement (c) of Lemma
2.3 as a corollary. This lemma shall also be used in Section 4.2.

Lemma 2.4. Let G and H be graphs with |V (H)| > 2. Let f be an H-colouring of G and
let fV be the induced map on the vertices of G. If M is a matching of H such that every
vertex v ∈ Im(fV ) is matched in M , then f−1(M) is a perfect matching of G.

Proof. Since M is a matching of H , by Lemma 2.3, f−1(M) is a matching of G, so it
suffices to show that f−1(M) covers all the vertices of G. For each u ∈ V (G), fV (u) ∈
Im(fV ), and so there exists a unique edge e ∈ M such that e is incident to the vertex fV (u)
in H . This means that for every vertex u ∈ V (G), there exists exactly one edge in ∂Gu
which is coloured by an edge in M , implying that f−1(M) is a perfect matching of G, as
required.

3 H-colourings of cubic graphs
Before proving the main result of this section (Theorem 3.3) we need some further technical
results for the case when G is cubic.

Remark 3.1. Consider an H-colouring f of a connected cubic graph G. For every vertex
u ∈ V (H̃f ) exactly one of the following holds:

• u has degree 1 in H̃f and either it is itself an unused vertex in Hf or it arises from
an unused vertex of Hf ; or

• u has degree 3 in H̃f and it is a vertex of H which belongs to Im(fV ).

Lemma 3.2. Let H be a connected graph. Let f be an H-colouring of the Petersen graph
P . If e = uv is a bridge in H̃f , then exactly one of u and v has degree 1 in H̃f .

Proof. Let fV be the map induced by f on the vertices of P and, for contradiction, suppose
that both u and v belong to Im(fV ), which results in both vertices having degree 3 in H̃f ,
by Remark 3.1. Hence, all edges in ∂Hu (and ∂Hv) belong to Im(f), that is they belong
to the edge-set of H̃f . In particular, the edge e = uv belongs to Im(f). Let l1 and l2 be
the two edges incident to u in H̃f other than uv, and let r1 and r2 be the other two edges
incident to v in H̃f . Since e is an edge-cut and a matching of H̃f , by Lemma 2.3, f−1(e)
is an edge-cut and a matching of P . The only matchings of the Petersen graph which are
also edge-cuts are perfect matchings of P . Consequently, f−1(e) is a perfect matching
of P , say M , which can be chosen arbitrarily due to the symmetry of the Petersen graph
(in a more precise terminology we remark that the Petersen graph is 3-arc-transitive, see
for example [1]). The complement of M in the Petersen graph consists of two disjoint
5-cycles. Without loss of generality, by following the notation used in Figure 4, we can
assume that:

(i) each edge uivi has colour e;

(ii) fV (ui) = u, for every vertex ui of the outer 5-cycle; and

(iii) fV (vi) = v, for every vertex vi of the inner 5-cycle.
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It follows that all the edges in the outer 5-cycle (similarly, inner 5-cycle) should be
alternately mapped to l1 and l2 (respectively, r1 and r2) by f . However, this is not possible
since these two cycles have odd length. Hence, since e ∈ Im(f) implies that at least one of
u and v belongs to Im(fV ), by Remark 3.1 we conclude that exactly one of the vertices u
and v belongs to Im(fV ) and, the one which does not, has degree 1.

u2

e

u1

u3u4

u5
v1

v2

v3v4

v5

e e

l1

l2

eu v

e e r1

r2

Figure 4: Steps from Lemma 3.2

Theorem 3.3. Let H be a connected graph such that H ≺ P and let f be an H-colouring
of P . Then, either H = Hf ≃ P or Hf ≃ S4.

Proof. First, assume that H̃f is cubic. By Remark 3.1, H̃f = Hf , and by Lemma 3.2,
it follows that it is bridgeless, and so, by Theorem 1.5, H = Hf ≃ P . Hence, we can
assume that H̃f is not cubic, and so, by Remark 3.1, it admits a vertex v whose degree
is 1 and is adjacent to a vertex u whose degree is 3. Let e = uv, and let the other two
edges in H̃f incident to u be denoted by a and b. By Lemma 3.2, the edges a and b cannot
share a further endvertex other than u, otherwise H̃f is isomorphic to the connected 3-edge-
colourable graph on four vertices with two degree 1 vertices and two degree 3 vertices, thus
implying that the Petersen graph P is 3-edge-colourable by Lemma 2.3, a contradiction.
Therefore, a and b share exactly one endvertex (u), and we let w and z be the two distinct
vertices in V (H̃f ) \ {v} such that a = uw and b = uz.

Without loss of generality, assume that the spoke u1v1 of P is coloured by e = uv.
Since v does not belong to Im(fV ), fV (u1) = fV (v1) = u, and so we can assume further
that f(u1u5) = f(v1v4) = a and f(u1u2) = f(v1v3) = b, as in Figure 5. The case when
f(u1u5) = f(v1v3) = a and f(u1u2) = f(v1v4) = b is equivalent by the symmetry of P .
Since P is not 3-edge-colourable, u cannot be the only vertex in Im(fV ). Hence, at least
one of w and z must also have degree equal to 3 in H̃f . By Lemma 3.2, since H̃f cannot
admit a bridge with both of its endvertices having degree 3, the vertices w and z must both
have degree 3 in H̃f .

Claim A. u1v1 is the unique edge with colour e.
Proof of Claim A. Suppose there is another edge m in P which is coloured by e. Either
m is at distance 1 from u1v1 or it is at distance 2. Then, there exists C, a 5-cycle or a
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u2

e

u1

u3u4

u5
v1

v2

v3v4

v5

ba

a b

b2

a1

a2

b1

a1

a

b

eu v

z

w

b1

b2

a2

Figure 5: The edges coloured a1, a2, b1, b2 in P

6-cycle, respectively, of P passing through both u1v1 and m. Hence, the other edges in C
are coloured by a or b, since they are all incident with some edge which is coloured by e.

If C is a 6-cycle, the vertices of C that are not incident with u1v1 or m, have two of
their incident edges coloured by a and b, implying that they are mapped by fV into u, and
thus their third incident edges, say l1 and l2 respectively, are also coloured by e. This is a
contradiction, since l1 and l2 are edges of P incident to a common vertex. If C is a 5-cycle,
there exists a vertex of C having two of its incident edges coloured by a and b, implying
that it is mapped by fV into u and thus its third incident edge is also coloured by e. But in
this case, there exists a 5-cycle C ′ of P whose edges are incident to some edge coloured by
e, implying that all edges of C ′ must be coloured by a and b. This is a contradiction since
C ′ is an odd cycle. ■

Let a1 and a2 be the two edges in H̃f − a which are incident to the vertex w, and let
b1 and b2 be the two edges in H̃f − b which are incident to the vertex z. Since no edge
but u1v1 has colour e in P , all the edges incident to an edge with colour a (similarly, b)
receive colours a1 and a2 (respectively, b1 and b2). Hence, without loss of generality we
can assume:

(i) f(u4v4) = a1 and f(u4u5) = a2; and

(ii) f(u3v3) = b1 and f(u2u3) = b2,

as in Figure 5.

Claim B. a1 = b1 and a2 = b2.
Proof of Claim B. Due to the edge u3u4 in P , there exists an edge g in H̃f such that a1, a2, g
are incident with a common vertex, and b1, b2, g are incident with a common vertex. More-
over, since f(v1v4) = f(u1u5) = a, we have f(v2v4) = a2 and f(u5v5) = a1. Similarly,
f(v3v5) = b2 and f(u2v2) = b1. This means that a1 and b2 share a common vertex in
H̃f , and similarly, a2 and b1 share a common vertex in H̃f . Since the vertices of H̃f can
have degree 1 and 3, the only way how the above statements can be satisfied is by having
{a1, a2} = {b1, b2}. In particular, since f(u5v5) = a1 and f(v3v5) = b2, b2 must be equal
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to a2, proving our claim. ■

By Claim B, H̃f ≃ S4, and since H̃f has a unique vertex of degree 1, it cannot be
obtained by splitting unused vertices of some other graph, and so, H̃f = Hf , as required
(in Figure 6 an S4-colouring of P is represented).

u2

e

u1

u3u4

u5
v1

v2

v3v4

v5

c

a

b

eu v

c c

dc

wa

ba

a

wbc

d d

a b

a

d d

Figure 6: An S4-colouring of P

As before, since the Petersen graph is bridgeless and cubic, the following holds.

Corollary 3.4. If there exists a connected graph H colouring all bridgeless cubic graphs,
then either H ≃ P or H exposes S4.

To conclude this section we provide a generalisation of the following two theorems,
proved in [14] and [5].

Theorem 3.5 (Mkrtchyan, 2013 [14]). Let H be a connected cubic graph with H ≺ S10.
Then H ≃ S10.

Theorem 3.6 (Hakobyan & Mkrtchyan, 2019 [5]). Let H be a connected cubic graph with
H ≺ S12. Then, either H ≃ S10 or H ≃ S12.

More specifically, in the same way as Theorem 3.3 generalises Theorem 1.5, the next
corollaries generalise previous results by removing the regularity assumption on the graph
H .

Corollary 3.7. Let H be a connected graph with H ≺ S10. Then, H ≃ S10.

Corollary 3.8. Let H be a connected graph with H ≺ S12. Then, either H ≃ S10 or
H ≃ S12.

Both these corollaries are a direct consequence of Theorem 3.5 and Theorem 3.6. In-
deed, let H a connected graph and let f be an H-colouring of S10 (similarly, S12). Suppose
H̃f is not cubic: then H̃f can be extended to infinitely many connected cubic graphs by the
procedure described just above Definition 2.2. All of them colour S10 (respectively, S12),
a contradiction to Theorem 3.5 (respectively, Theorem 3.6). Hence, H̃f is cubic and the
statements respectively follow by Theorem 3.5 and Theorem 3.6, once again.
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As before, once we recall that S12 has a perfect matching, two other corollaries follow
from Corollary 3.7 and Corollary 3.8.

Corollary 3.9. If there exists a connected graph H colouring all cubic graphs, then H ≃
S10.

Corollary 3.10. If there exists a connected graph H colouring all cubic graphs with a
perfect matching, then either H ≃ S10 or H ≃ S12.

4 H-colourings in r-regular graphs, for r>3
In this section we analyse whether there exists a connected graph H such that every r-
regular graph G admits an H-colouring, for each r > 3. Clearly, the answer could depend
on the class of graphs from where we choose the graph G: the bigger the class, the more
unlikely it is that the same graph H would colour all of them.

In Section 4.1 we consider the case of G admitting parallel edges. On the other hand, in
Section 4.2 we restrict our attention to the subclass of simple regular graphs. In the former
case, we are able to give a complete negative answer, whilst in the latter one we give a
negative answer for G having even degree, and we leave the odd case as an open problem
(see Problem 4.7).

4.1 H-colourings in r-regular multigraphs, for r>3

In this section we show that, for every even r > 3, there is no connected graph H such that
H ≺ G for every r-regular multigraph G. We note that H is not necessarily simple and
can contain parallel edges, that is, H is a graph in the general sense as explained in Section
1.

In each of the multigraphs S4, S6 and S12, portrayed in Figure 7, there is a unique way
how one can pair all the vertices of each multigraph such that the vertices in each pair are
adjacent. Consequently, these three multigraphs each admit a unique perfect matching up
to which parallel edges are chosen, shown in bold in Figure 7. Notwithstanding whether
we are referring to S4, S6 or S12, in Section 4.1, we shall refer to this perfect matching in
each of these multigraphs by M . For every k ≥ 0, let S4 + kM (similarly, S6 + kM or
S12 + kM ) be the (k + 3)-regular multigraph obtained from S4 (respectively, S6 or S12)
after adding k edges parallel to every edge in M . When k = 0, S4 + 0M , S6 + 0M and
S12 + 0M are assumed to be S4, S6 and S12, respectively.

S4 S6

S12

Figure 7: The chosen perfect matching M for the multigraphs S4, S6 and S12
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In analogy with the already introduced definition of an exposed copy of S4 we define in
detail what an exposed copy of S4 + kM is, for some k ≥ 0. Let G be a multigraph having
three vertices of degree k + 3 and a further vertex of arbitrary degree. Denote this set of
vertices by X . If the induced multisubgraph G[X] is isomorphic to S4 + kM , then we say
that G exposes S4 + kM and that G[X] is an exposed copy of S4 + kM in G.

In the next proposition we show that for any r > 3 there exists an r-regular multigraph
G that admits only G-colourings.

Proposition 4.1. Let H be a connected graph with H ≺ S12+kM , for some k ≥ 1. Then,
H ≃ S12 + kM .

v

u

w

r2

rk+1

ℓ1ℓ2ℓk+2

m2

m1

r1 z

Figure 8: General labelling of an exposed copy of S4 + kM in G

Proof. Let f be an H-colouring of G, where G = S12 + kM . Let z1, z2, z3 be the three
vertices of G which induce a 3-cycle (without parallel edges). Let Z1, Z2, Z3 be the three
disjoint exposed copies of S4 + kM in G, such that zi ∈ Zi, for each i ∈ {1, 2, 3}.
Additionally, for each i ∈ {1, 2, 3}, we label the remaining vertices of Zi by ui, vi and wi,
where ui is the unique vertex adjacent to zi in Zi. The k + 2 edges with endvertices vi

and wi are labeled by ℓi1, ..., ℓ
i
k+2, whilst the k + 1 edges with endvertices ui and zi by

ri1, ..., r
i
k+1. Finally, the two edges uivi and uiwi are denoted by mi

1 and mi
2, respectively.

In what follows, when we refer to a generic exposed copy of S4+kM in G we will omit the
superscripts in the labelling of vertices and edges of G (see Figure 8), and in their images
under the action of fV .

We first show that for each exposed copy of S4 + kM in G, the following holds. By
the definition of H-colouring, f(ℓ1), f(ℓ2), . . . , f(ℓk+2), f(m1), f(m2) are k + 4 distinct
edges in H since the edges ℓ1, ℓ2, . . . , ℓk+2,m1,m2 are distinct and pairwise adjacent in
G. Hence, fV (v) ̸= fV (w). Indeed, if by contradiction fV (v) and fV (w) are equal, say
to x ∈ V (H), then all the edges f(ℓ1), f(ℓ2), . . . , f(ℓk+2), f(m1), f(m2) are incident to
x since ℓ1, ℓ2, . . . , ℓk+2,m1,m2 are exactly all the edges incident to v and w in G. These
add up to k + 4 edges, meaning that dH(x) = k + 4. However, dG(v) = k + 3, that is,
dH(fV (v)) ̸= dG(v), a contradiction. It follows that f(ℓ1), f(ℓ2), . . . , f(ℓk+2) are parallel
edges in H with endvertices fV (v) = v′ and fV (w) = w′. In particular, f(m1) must be
incident to v′ and f(m2) must be incident to w′. Moreover, since m1 and m2 are adjacent
edges in G, f(m1) and f(m2) are adjacent edges in H . Denote by u′ ∈ V (H)− {v′, w′}
their common endvertex. Consequently, fV (u) = u′, and the edges f(r1), . . . , f(rk+1)
are incident to u′ in H but not to v′ and w′.
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We now prove that fV (zi) ̸= fV (u
i) for each i ∈ {1, 2, 3}. Without loss of generality,

suppose that fV (z1) = fV (u
1) = u′1, for contradiction. Since r11, ...r

1
k+1 are all incident

with both m1
1 and m1

2, it must be that {f(z1z2), f(z1z3)} = {f(m1
1), f(m

1
2)}, imply-

ing that f(z2z3) ∈ {f(ℓ11), . . . , f(ℓ1k+2)}. Let e be an edge in {f(ℓ11), . . . , f(ℓ1k+2)} \
{f(z2z3)}. Then, {e, f(m1

1), f(m
1
2)} induces a cycle in H . Hence, the preimage of such a

set induces a 2-regular subgraph in G that contains z1z2, z1z3 but not z2z3, a contradiction.
This follows because if f ′ is an H ′-colouring of a graph G and F is a k-regular subgraph
of H ′ containing at least one vertex of Im(f ′

V ), then f ′−1(E(F )) induces a k-regular sub-
graph of G. Consequently, fV (z1) ̸= fV (u

1), as required.

Hence, up to now we have proved that the induced multisubgraph H[fV (V (Zi))] is an
exposed copy of S4 + kM in H . From now on, we denote H[fV (V (Zi))] by Z ′

i, for each
i ∈ {1, 2, 3}.

Claim A. Z ′
1, Z

′
2, Z

′
3 are pairwise edge-disjoint.

Proof of Claim A. Without loss of generality, suppose that E(Z ′
1)∩E(Z ′

2) ̸= ∅, for contra-
diction. Since fV maps the vertices of Zi having degree k+3 into vertices of degree k+3
in H , either Z ′

1 = Z ′
2, or H [(E(Z ′

1) ∪ E(Z ′
2)] ≃ S6+kM . First, assume that Z ′

1 = Z ′
2. In

this case, fV (z1) = fV (z
2), and, without loss of generality, we assume that f(r1j ) = f(r2j )

for every j ∈ {1, 2, . . . , k + 1}. Moreover, all the edges f(z1z2), f(z2z3) and f(z1z3)
must be pairwise distinct in H , and each of them must be incident to fV (z

1) (which is equal
to fV (z

2)). None of the edges f(z1z2), f(z2z3) and f(z1z3) coincide with f(r1j ) (which
is equal to f(r2j )) for any j ∈ {1, 2, . . . , k + 1}, since z1z2, z1z3 and z2z3 are all incident
to at least one of r1j and r2j in G. However, this means that dH(fV (z

1)) > k + 3, a contra-
diction. Therefore, we must have the other case, that is, H [E(Z1) ∪ E(Z2)] ≃ S6 + kM .
However, since H is connected, if H [E(Z1) ∪ E(Z2)] ≃ S6 + kM , then H ≃ S6 + kM ,
meaning that either Z ′

1 = Z ′
3 or Z ′

2 = Z ′
3, a contradiction once again. ■

Hence, H contains three edge-disjoint exposed copies of S4 + kM . Let W = {z1z2,
z2z3, z1z3}. Observe that f(z1z2), f(z2z3) and f(z1z3) are pairwise distinct and pair-
wise adjacent in H , so that the possibilities for the edge-induced subgraph H[f(W )] by
the edges of W in H are: a 3-cycle (H[f(W )] ≃ C3), a single vertex of degree 3, say
z′, which is adjacent to three distinct neighbours (H[f(W )] ≃ K1,3), or a single vertex of
degree 3, say z′, having two distinct neighbours.

Claim B. The only possibility for H[f(W )] is a 3-cycle, that is, H[f(W )] ≃ C3.
Proof of Claim B. Indeed, in both the other cases there are at least two pairs of edges, say,
the pair {f(z1z2), f(z2z3)} and the pair {f(z1z2), f(z1z3)}, such that the unique endver-
tex of the edges in each pair is the vertex z′ in H . This means that z1 and z2 are mapped
into z′. Since Z ′

1 and Z ′
2 are edge-disjoint in H and the edge f(z1z2) must be incident to

all the edges {f(ri1), . . . , f(rik+1) : i = 1, 2} of Z ′
1 and Z ′

2 , the vertex z′, which belongs
to Im(fV ), has degree at least 2(k+1)+ 1, a contradiction, since G is (k+3)-regular and
2k + 3 > k + 3 for k ≥ 1. ■



14

Moreover, for any j ∈ {1, 2, . . . , k + 1}, f(r1j ) must be incident to f(z1z2) and
f(z1z3), f(r2j ) with f(z1z2) and f(z2z3), and, f(r3j ) with f(z2z3) and f(z1z3). Com-
bining Claim A and Claim B with these last necessary properties we deduce that H is
isomorphic to G.

We are now in a position to prove the main result of this section.

Theorem 4.2. For each r > 3, there is no connected graph H colouring all r-regular
multigraphs admitting a perfect matching.

Proof. Suppose such a graph H exists. For each fixed r > 3, choose G = S12+(r−3)M ,
where M is the perfect matching in S12 as in Figure 7. Since S12+(r−3)M is r-regular and
H ≺ S12+(r−3)M , by Proposition 4.1 we have that H must be S12+(r−3)M . Now, let
Gr be an r-regular multigraph admitting an (S12 + (r − 3)M)-colouring f . Since r > 3,
S12 + (r − 3)M contains (at least) two disjoint perfect matchings, say M1 and M2, and
consequently, f−1(M1) and f−1(M2) are two disjoint perfect matchings of Gr, by Lemma
2.3. Hence, in order to find an r-regular multigraph with a perfect matching and without
an (S12 + (r − 3)M)-colouring, it suffices to exhibit an r-regular multigraph admitting a
perfect matching but without two disjoint perfect matchings, for every r > 3. Examples of
such multigraphs are constructed in [15] and called poorly matchable (see also [10]). The
assertion follows.

In the previous theorem, we consider G as an r-regular multigraph admitting a perfect
matching. Clearly, the result holds in the larger class of r-regular multigraphs.

Theorem 4.3. For each r > 3, there is no connected graph H colouring all r-regular
multigraphs.

4.2 H-colourings in r-regular simple graphs, for r>3

In this section our aim is to show that, for every even r > 3, there is no connected graph H
such that H ≺ G for every simple r-regular graph G. We remark that H is not necessarily
simple and can contain parallel edges, as in the previous section.

Before proceeding, let Kr
t denote the family of r-regular multigraphs of order t, whose

vertices are pairwise adjacent. Note that a graph G in Kr
t admits a t-clique as a spanning

(simple) subgraph of G.

Lemma 4.4. Let H be a connected graph. For every r ≥ 1, if the complete graph K2r+1

admits an H-colouring, then H ∈ K2r
t , where t is an odd integer and no vertex of H is

unused.

Proof. Let f : E(K2r+1) → E(H) be an H-colouring of K2r+1, and let fV be the induced
map on the vertices of K2r+1. Let v1 and v2 be two distinct vertices in Im(fV ). Note that
these two vertices exist since |Im(fV )| = 1 would imply that K2r+1 is 2r-edge-colourable.
We claim that v1v2 ∈ E(H). Let u1 and u2 be two (distinct) vertices in V (K2r+1) such
that fV (ui) = vi, for each i ∈ {1, 2}. Since u1 is adjacent to u2, f(u1u2) is incident to
both v1 and v2, implying that v1v2 ∈ E(H). This proves our claim.
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Consequently, there exists an integer t ∈ {2, 3, , . . . , 2r + 1} such that H contains a
complete graph Kt as a subgraph and whose vertex set is Im(fV ) ⊆ V (H). For simplicity,
we shall refer to this subgraph as Kt. Next, we claim that t must be odd. For, suppose not,
and assume that t is even. Let M be a matching of H that is also a perfect matching of Kt.
Consequently, M covers all the vertices of Im(fV ), since V (Kt) = Im(fV ). However, by
Lemma 2.4, f−1(M) is a perfect matching of K2r+1, a contradiction, since K2r+1 does
not admit a perfect matching. Therefore, t must be odd.

We next claim that H contains a simple spanning subgraph isomorphic to a t-clique,
that is, Im(fV ) = V (H). For, suppose not. Then, there exists an edge xy ∈ E(H), such
that x ∈ Im(fV ) and y ̸∈ Im(fV ). Let M ′ be a matching of H with |M ′| = t−1

2 such
that M ′ covers all the vertices of Im(fV ) except x. Let N = M ′ ∪ {xy}. The set of
edges N is a matching of H which covers all the vertices in Im(fV ). However, by Lemma
2.4, this implies that f−1(N) is a perfect matching of K2r+1, a contradiction once again.
Therefore, H contains a complete graph of odd order as a simple spanning subgraph.

Let r > 1 and let K ′
2r+1 be the complete graph on 2r + 1 vertices minus an edge. Let

J2r be the graph obtained by considering r copies of K ′
2r+1 such that all the vertices of

degree 2r−1 in these copies are adjacent to a new vertex u, resulting in a 2r-regular simple
graph. We refer to the vertex u as the central vertex of J2r, and the r copies of K ′

2r+1 are
denoted by R1, . . . , Rr.

Lemma 4.5. Let r > 1 and let H be a graph such that H ≺ J2r. Then, H ̸∈ K2r
t , for all

possible t.

Proof. Suppose that there exists a graph H ∈ K2r
t such that H ≺ J2r, for contradiction.

Let f be an H-colouring of J2r and let fV be the induced map on the vertices of J2r.
Let u1, u2 be two vertices of J2r adjacent to u and belonging to R1 and R2, respectively.

Consider a cycle C of H (possibly of length 2) which contains the two edges f(uu1) and
f(uu2) incident to fV (u). The preimage f−1(E(C)) is a 2-regular subgraph of J2r (as in
the proof of Proposition 4.1). Moreover, one of the connected components of f−1(E(C))
is a cycle passing through u and containing the two edges uu1 and uu2, a contradiction
since J2r does not have such a cycle.

By the previous two lemmas, there exist no graph which colours both K2r+1 and J2r,
implying our last result.

Theorem 4.6. For every r > 1, there is no connected graph H colouring all 2r-regular
simple graphs.

Finally, as we have already remarked, we suggest the following open problem in order
to have a complete answer to the general question asked in Section 4, that is, whether
there exists a connected graph H such that for every r-regular graph G, G admits an H-
colouring, for each r > 3. In order to fully answer this question, by Theorem 4.3 and
Theorem 4.6, it suffices to consider the following.

Problem 4.7. Let r > 1 be odd. Determine whether there exists a connected graph H
colouring all r-regular simple graphs.
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The question whether there exists a graph H in some class that colours any graph G in
some other class has been addressed in the cubic case considering various classes for both
H and G, for example, the class of bridgeless cubic graphs or the class of cubic graphs
having a perfect matching. The same could be done in the case when G is assumed to be
an r-graph. Let us recall that an r-graph is a connected r-regular graph such that |∂X| ≥ r
for every odd subset X of the vertex set. We thus suggest the following.

Problem 4.8. Let r > 3. Determine whether there exists an r-graph H colouring all
(simple) r-graphs.

5 Acknowledgments
The authors sincerely thank the anonymous referee for the precious and detailed sugges-
tions, which led to significant improvements in the paper.

The first two authors were partially supported by the group GNSAGA of INdAM.

References
[1] L. Babai, Automorphism groups, isomorphism, reconstruction, in: R.L. Graham, M. Grötschel,

L. Lovász, (eds.), Handbook of Combinatorics I, North-Holland, 1995, 1447–1540.

[2] G. Fan and A. Raspaud, Fulkerson’s Conjecture and circuit covers, J. Combin. Theory Ser. B
61(1) (1994), 133–138.

[3] D.R. Fulkerson, Blocking and anti-blocking pairs of polyhedra, Math. Program. 1(1) (1971),
168–194.

[4] A. Hakobyan and V. Mkrtchyan, On Sylvester colorings of cubic graphs, Australas. J. Combin.
72(3) (2018), 472–491.

[5] A. Hakobyan and V. Mkrtchyan, S12 and P12-colorings of cubic graphs, Ars Math. Contemp.
17 (2019), 431–445.

[6] F. Jaeger, Nowhere-zero flow problems, in: L.W. Beineke, R.J. Wilson (eds.), Selected Topics
in Graph Theory 3, San Diego, CA, 1988, 71–95.
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