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TRANSFER MATRICES OF RATIONAL SPIN CHAINS
VIA NOVEL BGG-TYPE RESOLUTIONS

ROUVEN FRASSEK, IVAN KARPOV, AND ALEXANDER TSYMBALIUK

ABSTRACT. We obtain BGG-type formulas for transfer matrices of irreducible finite-dimensional
representations of the classical Lie algebras g, whose highest weight is a multiple of a fundamental
one and which can be lifted to the representations over the Yangian Y (g). These transfer matrices
are expressed in terms of transfer matrices of certain infinite-dimensional highest weight represen-
tations (such as parabolic Verma modules and their generalizations) in the auxiliary space. We
further factorise the corresponding infinite-dimensional transfer matrices into the products of two
Baxter Q-operators, arising from our previous study [FPTLET] of the degenerate Lax matrices. Our
approach is crucially based on the new BGG-type resolutions of the finite-dimensional g-modules,
which naturally arise geometrically as the restricted duals of the Cousin complexes of relative local
cohomology groups of ample line bundles on the partial flag variety G/P stratified by B_-orbits.
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1. INTRODUCTION

1.1. Summary.
The main results of the present paper are:

e The construction of new BGG-type resolutions of finite-dimensional g-modules by infinite-
dimensional highest weight modules such as parabolic Verma and their “W-translations”.
These resolutions admit an elegant geometric interpretation via the Cousin complexes of
relative local cohomology, similar to the parabolic BGG resolutions of [L]. The crucial
difference from the latter setup, however, is that our modules are also defined when the
“dominant integral” condition is lifted, and become generically irreducible in this setting.

e The explicit expression of the finite-dimensional transfer matrices T; +(x) (with i as in (L22))
and t € N) via the infinite-dimensional transfer matrices. This allows to analytically con-
tinue T;+(z) from ¢t € N to the entire complex plane ¢t € C and study its t-symmetries.

e The extra symmetry of the rational ABC D-type R-matrices in the first fundamental rep-
resentations gives rise to explicit realizations of the aforementioned infinite-dimensional
irreducible highest weight g-representations in the Fock spaces of oscillator algebras. This
also immediately extends the action of g on these modules to that of the Yangian Y(g).

e The factorisation of the above infinite-dimensional transfer matrices into two commut-
ing Baxter Q-operators, which arise by realizing the corresponding non-degenerate Lax
matrices as fusion of two degenerate Lax matrices. While the latter can be recovered as
renormalized limits of the former, they also can be viewed as “W-translations” of the
single one arising from the antidominantly shifted Yangians Y_,, (g) following our earlier
work [FPTLET].

1.2. Overview of type A.
For gl -type rational spin chains, both T- and Q-operators can be built within the framework
of the quantum inverse scattering method [Fad| from appropriate solutions of the RTT relation

ng(z — w)L1 (Z)LQ(U)) = Lz(w)Ll (z)ng(z — w) (1.1)
involving the rational R-matrix
R(Z) =zI,+ P, I, = Z €ii ® €55, P= Z €ij & €55 , (12)
i,j=1 i,j=1
where (e5),, = 5f5§ is the standard basis of gl,,, satisfying the quantum Yang-Bazter equation:
R12(Z — ’U))ng(Z)Rgg(’w) = R23(U})R13(2)R12(2 — ’U)) . (13)

More precisely, the operators T(z), Q(z) € End(C")®" (with N being the length of the spin chain)
are then defined as traces in the auxiliary space of the monodromy matrices (followed by a twist)
)

M(z) =L(2) ®---® L(z) (14
N
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built from the Lax matrices L(z), i.e. solutions of (I.I]), with the product ® denoting the ten-
sor product in the quantum space and the usual multiplication in the auxiliary space. The key
difference between T(z) and Q(z), however, is that the former correspond to non-degenerate Lax
matrices (with a non-degenerate coefficient of the leading z-power) while the latter ones are built
from the degenerate Lax matrices.

Using the obvious invariance of the R-matrix (I2)) under the action of GL,:
[R(2),G® G| =0 VGeGL,, (1.5)

one can multiply the non-degenerate Lax matrix L(z) by a z-independent G € GL,, to bring the
coefficient of its leading z-power to the identity matrix I,,. Such Lax matrices are governed by the
RTT Yangian Y™ (gl,,) (the explicit identification of which with the Drinfeld Yangian Y (gl,,) was
carried out in [BK]). Here, Y™ (gl,,) is the associative algebra generated by {tz(;)}gg j<n Subject

to the defining relation (III), where L(z) has been replaced by T(z) € End(C™) ® Y™ (gl,)[[z~]]:

T(z)= Y e @ti(z)  with  t(z) =) + Y 112" (1.6)
ij=1 r>1

In particular, any Y**(gl, )-representation V gives rise to the gl,-type End(V')-valued Lax matrix.

The special feature of type A is the presence of the evaluation homomorphism to the universal
enveloping algebra of gl,:

ev: Y™®(gl,) — Ulgl,) given by ) v 61E;. (1.7)
In particular, given any gl,-module o: gl,, — End(V), the matrix L(2) = 21, + 327", e;jo(Eji),
with Ej; denoting the generators of gl,, is an End(V)-valued Lax matrix, i.e. satisfies (ILI]). Con-
versely any such Lax matrix endows V with a gl,,-action, since ev of (LT) admits a right inverse:

v: U(gly,) < Y™ (gl,) given by Ej; — tﬁ) . (1.8)

In contrast, the Q-operators are known to arise from degenerate Lax matrices. As has been re-
cently realized in [FPT] (cf. [CGY] for an interpretation via the 4d Chern-Simons theory), under
certain antidominance condition, the corresponding Lax matrices are governed by the antidomi-
nantly shifted RTT Yangians Y,rtlf(g[n). The identification of the latter with the shifted Drinfeld
Yangian Y_,(gl,) defined as in [BEN, Appendix B] goes through the Gauss decomposition of the
generating matrix 7'(z) as in the non-shifted case [BK], see [FPT), Theorem 2.54]. Using the GL,-
invariance (L5]) one can further obtain other degenerate Lax matrices which do not admit a Gauss
decomposition (and thus are no longer directly related to the shifted Drinfeld Yangians).

According to [BFLMS], see also [TSIJKLT], there is a whole family of 2" Q-operators Q;(z), labelled
by all subsets I C {1,2,...,n}. However, all of those can be expressed through n fundamental
ones {Q;(z)}, due to so-called QQ-relations:

Aji Qruing(2)Qr(2) = Quui(z — $)Qruj(z + 3) — Quuj(z — H)Quui(2 + 3) (1.9)
VTiTj
been suppressed for the one element sets. The two key components in the proof of (L9) are: the
fusion of the corresponding Lax matrices and the Desnanot-Jacobi-Dodgson-Sylvester theorem from
linear algebra. In particular, fusing all n fundamental (Q-operators, one obtains the transfer matrix
T;\r(z) associated with the non-degenerate linear Lax matrix corresponding to a gl,, Verma module:

Ap,ny TH(2) = Qulz + A1) Qa2+ A) -+ Qulz + X)), (1.10)
where A € C™ is the highest weight of the Verma module, \, are the components of the shifted
weight A = (X[, \,) = A p with p = (272,252, 152) and Ag_ny = [Tcicjen Dij-

where the scalar factor Aj;; = depends only on the twist parameters and the brackets have

Finally, for a dominant integral gl,,-weight A, the finite-dimensional transfer matrix T)(z) can be
expressed as an alternating sum of the infinite-dimensional T, (2), due to so-called BGG-relations:

Ta(z) = ; (=17 -, (2)- (1.11)
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Combining (LI1)) with (II0), one finally gets the determinant formula for type A transfer matrices:
Ag,ny - Talz) = det HQi(Z + )

‘mym . (1.12)

1.3. BGG resolutions.
Formula (LII)) follows directly from the famous Bernstein-Gelfand-Gelfand resolution [BGGI
of the finite-dimensional g-module L) by means of the infinite-dimensional Verma modules M,

I(w)=2 l(w)=1
0= Mygr == P My = @ My — My — Ly—0. (1.13)
weW weW

Here, W is the Weyl group of g, equipped with the length function [: W — Z>( as an abstract
Coxeter group. Furthermore, we use the dot action of W on the space of weights, defined via:

w-A=wA+p)—p YweW,\eb*, (1.14)

with the weight p € h* defined in the standard way:
p=3 > a, (1.15)

acAt

where AT denotes the set of positive roots of g. The resolution (LI3)) involves the total of |[WW|
Verma modules and has a length equal to |A™|, with the leftmost nontrivial term corresponding to

wp = the longest element of W . (1.16)

The BGG resolution (LI3]) can be thought of as a categorification of the Weyl character formula
(expressing the character of the finite-dimensional g-module Ly via those of Verma modules M,,):

chy, = Y (-1 — =Y (=)™ chyy, ,, (1.17)
* w%‘:/[/ Ha€A+(1 —€ a) w%‘:/[/ g
the character limit of (LI3]). For A = 0, the formula (II7]) recovers the Weyl denominator formula:

Z (=1)lw)ewl)=p — H (1—e ). (1.18)

weW acA+

ew(A‘i’p)*p

1.4. Generalization to other classical types.

Let us now consider the rational spin chains of types B, C;, D,. The corresponding rational
R-matrices R(z) were first discovered in [ZZ] and take the following form (we use the conventions
in mathematics literature, related to the original formulas of [ZZ] via similarity transformations):

R(z) =z2(z+ k)l + (2 + k)P — 2Q (1.19)
with k =7+ 1 for spy,., k =r—1 :%—1 for so09,, m:r—% = %—1 for s09,11, where K = 2r for
spo, and $09, while K = 2r 4 1 for 509,41, and the linear operators P, Q € End(CK) defined by:

K K
P = Z €ij & €4i , Q= Z €i€j €ij D €1y, (120)
ij=1 ij=1
where
i'=K+1—-7 for 1<i<K (1.21)
and € =--- =ex = 1 for sogx whilee; =---=¢, =1, €41 =+ = €2, = —1 for spy,.

Similarly to type A, the non-degenerate Lax matrices L(z) of types BC'D with the coefficient of
the leading z-power equal to Ik are governed by the corresponding extended RTT Yangians X**(g)
(whose explicit relation to the Drinfeld Yangian Y (g) was obtained quite recently in [JLMGRW]).

However, the key difference from type A is in the absence of the evaluation homomorphism (7).
In particular, the action of g on Ly in general cannot be extended to that of Y (g), cf. (LS.
Nonetheless, extending the earlier works [SW|Re], a certain family of linear and quadratic oscillator-
type non-degenerate Lax matrices £(z) is known [Frl[FTLKK]. These £(z) depend on a parameter
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t € C and give rise to an action of X**(g) on the parabolic Verma g-modules. That way we also
obtain an action of Y'(g) on Ly,, for the fundamental weights w; classified in (L22) and all ¢ € N.

Given a simple Lie algebra g of rank r, one may ask for which indices i € {1,...,r} do the finite-
dimensional irreducible g-modules Ly, (where w; denotes the i-th fundamental weight of g) admit
a compatible (through the embedding U(g) — Y (g), cf. (I8))) action of Y'(g) for all ¢ € N. In the
classical ABCD types, the answer to this question has been provided long ago in [KR) §2]:
i=1,...,r for A,
i=1 for B,

i=r for C,
i=1,r—1,r for D,

{1 <i<r ‘ g ™ Ly, extends to Y(g) ~ Ly, Vit € N} = (1.22)

Let us emphasize that the above Lax matrix approach provides a constructive existence proof
for all these cases. Furthermore, we note that the corresponding values of the index ¢ can be
characterized by either of the following two equivalent conditions:

e the label of the vertex ¢ in the Dynkin diagram of g is equal to 1
e the i-th fundamental coweight w)’ is minuscule (minuscule weight of the Langlands dual g¥)

It has been recently shown in [CGYl Appendix B] by cohomological arguments that these condi-
tions indeed guarantee the positive answer to the above question in all types. This also adds Lax
matrices in the exceptional types Fg, E7, but we presently do not have explicit formulas for those.

Yet another obstacle to generalize the results of Section[[.2to other types is that even if L) extends
to a module over Y (g), it may not be the case for the Verma modules M, . featuring in the BGG
resolution (LLI3]). However, as explained above, the Lax matrix approach does provide a natural
Y (g)-action on the corresponding parabolic Verma modules. We shall now discuss new BGG-type
resolutions of Ly which involve only those parabolic Verma modules and their “W-translations”.

1.5. New BGG-type resolutions.

To state the main results of this subsection, let us first introduce some more notation. Consider
the root decomposition g = b & Poen Cen. Let {a;}7_; C AT be the positive simple roots of g.
Given a subset S C {1,...,r}, one defines the standard parabolic Lie algebra pg C g via:

Pps=h @ Cey @ @ Ce_, with qur =A"TN @ Loy . (1.23)
aEAT agAg €S

Let us note that pgy . 1 = g, while py coincides with the Borel subalgebra b = h & @, ca+ Ceq.
It is well-known that all parabolic subalgebras p satisfying b C p C g are necessarily of that form.
Such pg further decomposes into the semidirect product:

ps=Ixu with [=he @ Cen @ @ Ce_q and u = @ Ceq, (1.24)

acA} acA} acAt\AY
of the semisimple part [ (the Levi subalgebra) and the nilpotent part u (the nilpotent radical). Then
Ar=AU(=AN) with Af=Af (1.25)

is the root system of [, and the subgroup W of W generated by the simple reflections {saj }ies is
the Weyl group of [. In analogy with (LIH]), we also define

p=3 > a. (1.26)

The finite-dimensional irreducible -modules are indexed by the dominant integral weights of [:
P ={Aeb"|A(ha,) €N Vj€ S} . (1.27)

For A\ € P[+, let L[A be the corresponding [F-module. One makes it into a pg-module by letting the
nilpotent radical u C pg act trivially. Then, the parabolic Verma module MApS is defined via:

MES =1Ind§ (LY) = U(g) ®ups) L - (1.28)
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Let Pg+ be the set of dominant integral weights of g (apply (L27) to S = {1,...,r}), and define
Pl ={Ae P | A(ha;) =0 Vi€ S}, (1.29)
that is, Pg 7y 1s the set of dominant integral weights A of g such that dim(L}) = 1.

Let us now state our key mathematical construction: for any parabolic p C g and A € P, o/l (T29),

the irreducible finite-dimensional g-module Ly admits the following truncated BGG resolution:

l(w)=2 l(w)=1
0= Moy, = — P M, - @ M, - M,—Ly—0 (1.30)
we'W we'W

with each term admitting further a resolution by the usual Verma modules:
I(v)=2 I(v)=1
0= Mywon — -+ — B My = P Muyvr = Myn — M, —0. (1.31)
veW, veW,
Here, "W is defined via:
W= {weW|w) AT}, (1.32)
According to [Kosl, §5.13], the set "W can be equivalently described as:
"W = {shortest representatives of the left cosets W/W}, (1.33)
and each element w € W admits a unique factorisation:
w="ww with w e Wy, 'we'w. (1.34)

In particular, the longest elements "Ow € "W and w;o € W, featuring in (L30) and (L3I) arise
from the decomposition (L34 applied to the longest element wy € W of (LI6):

wo ="Pwwg. (1.35)
The above modules {M/ ,},, ey are defined as explicit quotients of the Verma modules M, .:
o= My /M8 (1.36)

with Msz being the g-submodule of M,,.) generated by the singular vectors of weights

Sw(a) (U}()\ + p)) - P @€ A[Jr : (137)
Here, s,,(4) denotes a reflection in the positive root w(a), see (IL32]), while the existence (note that
uniqueness is standard) of such singular vectors is guaranteed by (w(A + p), w(a)) = (p, @) € Zsyp.

One can think of (30 [L31]) as a categorification of the following character equality expressing
the character of the finite-dimensional g-module Ly via those of the modules {M], }, cf. (LI7):
)l(w) w(A+p)—p

chp, = > = > (=)™ chyy . (1.38)

weW l_[OZEAJr\w(Aﬂ(1 —e ) weW

Main Theorem 1. For A € P;;[, the irreducible finite-dimensional g-module Ly has a finite length
resolution (L30), with each term admitting a finite length resolution (L31]) by Verma modules.

The resolutions (L300}, [L3T]) are reminiscent of the well-known Lepowsky’s parabolic BGG resolu-

tions [L] of any irreducible finite-dimensional g-module Ly by parabolic Verma modules { M E}ue pte
[
l(w)=1
C = @ P @ MM Ly—0 (1.39)
weWw! weW!

with each term admitting further a resolution by the usual Verma modules:
I(v)=2 l(v)=1
0= Mygwr = = B Mywar = @ Mywr = Myn— M, —0. (1.40)
veW, veW,
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Here, the indexing subset W' of W is defined as:
W'={we W|A} Cw(A")} = {shortest representatives of the right cosets W\W}. (1.41)
Note that W'= {w™! |w € "W} and each element w € W admits a unique factorisation:
w = ww' with w e Wy, w'ew. (1.42)

While the BGG resolution (LI3]) and consequently the Lepowsky-BGG resolution (IL39)) were orig-
inally constructed algebraically, we are presently not aware of the algebraic construction of (L30):
the key difficulty is that non-simple reflections are involved in the definition of M) . Instead,
we shall construct (IL30) by interpreting its restricted dual as a Cousin complez of relative local
cohomology groups of the corresponding line bundle on the partial flag variety X = G/P strati-
fied by B_-orbits. Here, B C P are the Borel and parabolic subgroups of the Lie group G with
Lie(B) = b, Lie(P) = p, Lie(G) = g, and B_ is the opposite Borel subgroup of G. A similar geo-
metric interpretation of (I.I3]) goes back to [Ke,Br], while the analogous treatment of the parabolic
BGG resolutions (IL39) was presented in [MR] by considering instead the complete flag variety
Y = G/B stratified by P-orbits. However, let us point out that [MR] was not self-contained as it
used some algebraic properties established in [[] (and also contained two substantial inaccuracies
which we fix in our Remark [2Z.60).

1.6. BGG-relations for transfer matrices of classical types.

Despite the aforementioned similarity between our resolution (L30) and the Lepowsky-BGG
resolution (IL39)), they have several major differences. First of all, the latter is constructed for any
choice of the parabolic subalgebra p C g independent of A\ € Pg+ and consists only of the parabolic
Verma modules {Mf}, P

is the fact that our modules M/ , admit an analytic continuation in A to the domain

(though dim(LL) > 1 in general). But an even more striking difference

Pyi={A€b7[Alha;) =0 Vi€ S} (1.43)

Indeed, one may apply the construction (L36] [L37) for any A € Py to define g-modules M,  of
the highest weight w - A, see (LI4]). Moreover, the resulting highest-weight g-modules {M, ,},ciw
are generically irreducible for A € Py, (in particular, they are irreducible for A € —PQJ;[ C Py) as

follows from the classical description [JI[S] of the weights of singular vectors in the Verma modules.

We note that the module M} = M/, , coincides with the parabolic Verma module M P and all other
modules {M] ,},ciy can be thought of as “W-translations” of M} = M}, as follows from (L38]).
In the particular case A = tw; with the label of vertex ¢ equal to 1 (equivalent to (L22]) in the
can be extended to the modules over Y (g), cf. [CGY], Appendix B], and so should all other My, -
Thus, our resolution (L30) can be actually regarded as a resolution of Y (g)-modules, giving rise to
the desired BGG-relation expressing the finite-dimensional transfer matrix 7; :(z) = T, (2) via:

Tis(z)= > (~1)'™Ty (), VYEeEN, (1.44)
we'w

cf. (LII)). The length N = 0 case of (L44)) recovers back the character formula (L38]).

To make this even more feasible in the classical types, let us recall that in each case of (L22]),
the resulting action of the Yangian Y (g) on the parabolic Verma module M, is given by
an explicit oscillator-type Lax matrix, as has been emphasized in Section [[.4l Utilizing further
the Weyl group symmetry of the rational R-matrices (.2, [L19) combined with the appropriate
particle-hole automorphisms of the corresponding oscillator algebra A (in order for our g-modules
to be in the category O of [BGG]) one obtains a family of Lax matrices parametrized by the same
set "W. This gives rise to Y (g)-modules {M,/,, } ey explicitly realized in the Fock representation
F of the algebras A. As g-modules, they have the same characters as {Mj, ;,,. }, ey and furthermore
the Fock vacuum |0) € F is a highest weight vector of the highest weight w - tw;. Thus, if M{U_twi is
irreducible, then M}, o~ M/

-t wtw; and the corresponding transfer matrices T;; tw;(2) = Ty (2)

w-tw;
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and Ty, (2) coincide. Combining this with the above observation that M, , . are generically

‘tw;
irreducible for ¢ € C and the fact that both transfer matrices depend continuously on the parameter

t € C, we obtain the uniform equality of the corresponding transfer matrices:

T () =Ty (2)  VteC,we'W, (1.45)
even though for w # id the g-modules MJ_twi and M), may be non-isomorphic at some t € N
(that are exactly the values featuring in (IL30])). The equality (I45]) allows us to recast (LLZ4]) as:

Main Theorem 2. For a classical rank r Lie algebra g, 1 <i <r as in ([L22), t € N, we have:

To(2) = Y (-1)'™IT 4, (2), (1.46)
we'Ww
expressing the finite-dimensional transfer matriz T;4(z) as an alternating sum of the infinite-

dimensional transfer matrices TJ; 1;(2) of the Y (g)-modules M}, explicitly realized in the Fock
A-module F.

We refer the reader to our Theorems [4.37] [5.4T] [6.46] [7.43] for a case-by-case treatment presented
in the way that highlights the combinatorial description of 'W (32} [L33)) in each case of (L.22)).

In type D, this establishes the key assumption from [FFK] (the joint work of the first-named author
with G. Ferrando and V. Kazakov) essential for the study of the entire QQ-system in loc.cit.

Let us note that the BGG-relation (L46]) allows to analytically continue the transfer matrices
T; +(z) of the finite-dimensional representations Ly,,, t € N, to the entire complex plane ¢ € C.
With this in mind, we establish the t-symmetries of the resulting family of endomorphisms T; ¢(2),
see Propositions [5.59] [6.52] [[.58] by crucially utilizing the Q@-factorisation which we discuss next.

1.7. Factorisations.

The infinite-dimensional transfer matrices T;; 1w, (2) factorise into products of Q-operators. This
factorisation can be traced back to the factorisation of oscillator-type Lax matrices used to
construct the transfer matrices. In the case of Uq(g[z), such factorisation formula was initially
proposed in [BLZ], see also [KT]. Here, the Lax matrix entering the definition of the infinite-
dimensional transfer matrix factorises into the product of two degenerate Lax matrices that are
used to construct Baxter Q-operators. The degenerate Lax matrices employed in the factorisa-
tion are solutions of (ILI]) with degenerate coefficients of the leading term, which are no longer
related to quantum groups. They have a long history, going back to [IKLKSS|. The relation to Q-
operators is discussed for U, (sly) and Y (sly) in [AFBLZIRWIKor/BLMS], and for higher rank cases
in [BHK|BT,BGKNRIBFLMSI[Ts3], while cases beyond A-type were first found in [Frl,[CGYLET].

By now, the role of the degenerate Lax matrices, arising from the shifted Yangians and viewed as
certain normalized limits of the non-degenerate ones (as some of the representation labels tend to
infinity), is well understood. However the actual factorisation that relates Lax matrices of different
kinds remains yet to be understood. For a discussion of A-type we refer the reader to [FP] (which
also indicates an intriguing relation to the cluster structures). For completeness of our exposition,
we also refer the reader to the slightly different approach [DMILDM2I[DM3] going back to [GP].

Let us summarize the third main result of this paper that factorises the infinite-dimensional transfer
matrices Tj)', tw; (2) from the previous subsection into the product of two commuting Q-operators
(in type D, this was first observed in [Et,[FFK], while an interpretation of this factorisation in
terms of the 4d Chern-Simons theory for general types has appeared very recently in [CGY], §16]):

Main Theorem 3. For a classical rank r Lie algebra g, an index 1 <i < r as in (L22)), a scalar
t € C, and the element w € 'W as in (138, [1.33) for the standard parabolic P{1,..rN\ (i}, we have:

le,twi (Z) = Ch’:lt,twi : ;,twi (Z)Q;u,twi (Z) ’ (147)

+ arising as a trace of the z-independent twist and the Q-operators

with the scalar factor chy 4.

Qi,twi(z) arising in a similar fashion to T, (z) but rather from the degenerate Lax matrices.
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We refer the reader to our formulas (829 B79] R.98] [0.24]) for a case-by-case treatment presented

in the way that highlights the aforementioned combinatorial description of the set 'W in each case.

Combining our Main Theorems 2] and Bl we thus obtain expressions for the finite-dimensional
transfer matrices 7; (z) (with the index ¢ from (L22)) and ¢ € N) in terms of the above Q-operators,

see Propositions B38| R.8T], B.100] @.26]

1.8. Transfer matrices from the universal R-matrix.

We conclude our Introduction with a more general, but less explicit, construction of the transfer
matrices of rational spin chains (trigonometric version of which is much better understood by now).
Let g be a semisimple Lie algebra with a non-degenerate invariant form (-, -) and Y;(g) denote the
Drinfeld Yangian, which is a Hopf C[h]-algebra deforming the current algebra Yn—o(g) ~ U(g[u]).
As the specializations Y;—,(g) ~ Ys—s(g) are canonically isomorphic for a,b € C*, we shall omit
h-dependence by rather considering Y (g) = Y;—=1(g). The latter is a Hopf algebra with a coproduct

A:Y(g) = Y(a)®Y(g), (1.48)

and admits a one-parameter group of Hopf algebra automorphisms {7, }.ec, quantizing the shift
automorphisms {7, }sec of U(g[u]) given by Xu”* — X (u 4 a)* for X € g and k € N, which may
be further viewed (upon replacing a € C with a formal variable z) as an algebra homomorphism

721 Y(g) = Y(g)[z]. (1.49)
Let Q4 € g ® g be the Casimir tensor corresponding to (-,-), and A°? be the opposite coproduct.

Theorem ( [D, Theorem 3]). There is a unique formal series

R(z)=1+ i Rez " € Y(g) @Y (g)[[z7"]] (1.50)
k=1

satisfying the following relations:
intertwining identity: (id ® 7,)A%(y) = R(2)"' - (id® 7.)A(y) - R(z) Yy € Y(g),
cabling identity: (id ® A)(R(z)) = Ri2(2)Ri3(z) .

It also satisfies the quantum Yang-Baxter equation (L3) and is called the universal R-matrix.
Moreover, R(z) also satisfies the following identities:

R(z) =1+ Q- 24 O(z_Q) , 72(2')_1 =Ro(—2), (a®@m)R(z)=R(z+b—a). (1.52)

(1.51)

For any two representations p" : Y (g) — End(V) and p"': Y (g) — End(W), consider the evalua-
tion of R(z2):

RW(2) = (pV @ p")(R(2)) € End(V) @ End(W)[[z}]]. (1.53)
For W =V, RVV(z) is thus a solution of the quantum Yang-Baxter equation (I3]). For irreducible
finite-dimensional V and W, RV (z) is actually a rational function in z, up to an overall (possibly
divergent) power series f(z), see [D, Theorem 4] (cf. [GRW], Theorem 3.10] for more details). This
way one recovers the rational R-matrices (I2) and (II9]). Indeed, for g = sl,, and V' = C", we have
RVV(2) = f(2)R(2) with R(2) as in (L.2), according to [D, Example 1]. Likewise, for g = sok, spx
and V = CK, we have RV" (2) = f(2)R(2) with R(z) as in (LI9), due to [GRW), Proposition 3.13].

For any Y (g)-module W and a group-like element x in an appropriate completion of Y (g), consider
Twz(z) = (id@triy) ((1 @ 2)R(2)) (1.54)

whenever the latter is well-defined. The above properties of the universal R-matrix R(z) imply:
TwioWs,z(2) = Tw, 2(2) + T, 2(2) TwreWs,z(2) = Tw, 2(2) - Twa,z(2) - (1.55)
For a Y (g)-module W and a € C, we set W (a) = 7;(W). If further 7,(x) = z, then (L52]) implies:
Tw(a),2(2) = Twa(z +a)  VaeC. (1.56)
Combining (L50], [L56]), we get the commutativity of the resulting universal transfer matrices:

Twie(z+a) Twyz(z+b) = Twyo(2+0) - Tw, (2 + a) Va,beC. (1.57)
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Thus, for every finite-dimensional representation p': Y (g) — End(V) we obtain a commuting
family of endomorphisms of V', defined by extracting the coefficients of the power series

Tw (2) = p" (Tw,(2)) € End(V)[[=~1], (1.58)
as we vary the auxiliary representation W (we suppress x in Ty (z) for simplicity of notation).
The explicit constructions of the present paper should arise as particular examples of this general
setup with V = (C™)®" for g = gl,, (resp. V = (CX)®N for g = sok, spk), the Y (g)-modules W
being isomorphic to the modules {M, ;,.} as g-modules with i from (L22]), and finally x = exp(h)
rk(g
i=1

1=

) €
T

for a general Cartan element h € h C g (equivalently, x = [] with € being a basis of h).
1.9. Outline of the paper.

The structure of the present paper is as follows. In Section 2] we construct (by using a geometric
approach) the novel BGG-type resolutions (L30) and (L3I)) on which the functional relations
presented in this article are based on. The reader interested only in the functional relations can
start in Section B where we recall the well studied case of A-type and the standard BGG resolution.
In Section M we apply the new BGG-type resolutions to type A recovering functional relations
that follow from the standard BGG resolution. Section [, Section [6] and Section [[ are dedicated to
the functional relations obtained from the BGG-type resolutions for type BC' D. The factorisation
of the corresponding infinite-dimensional transfer matrices is then discussed in Sections [§ and [
Finally, we mention some generalizations (to be presented elsewhere) of our work in Section [I0L
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2. TRUNCATED BGG RESOLUTIONS AS COUSIN COMPLEXES

In this section, we construct both resolutions (I30]) and (L31]) by interpreting their “restricted
dual” as Cousin complexes of relative local cohomology groups, in the spirit of [KelBrlMRIKu].

2.1. Cohomology with relative support and Cousin complexes.

Let X be a topological space and Z C X be a closed subset. Consider the functor I'z sending a
sheaf F of abelian groups on X to the module ker(I'(X, F) — I'(X — Z, F)). Let F — Hy(X,F)
denote the i-th right derived functor of I'z(X,—), the ¢-th cohomology group of F with
support on a closed subset Z. This construction admits the following relative version. Suppose
that A and B are two closed subsets of X such that B C A. Consider the functor I 4 ;g which sends a

sheaf F of abelian groups on X to the module coker(I'g (X, F) — T'a(X,F)). Let F — HQ/B(X, F)
denote the ¢-th right derived functod] of T A/ (X, —), the i-th cohomology group of F with
relative support (A, B). We note that H) (X, F) = H) (X, F) and Hy (X, F) = H'(X, F).

IThe issues with coker not being left exact are carefully resolved by Kempf in the beginning of [Kel §7].
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Lemma 2.1 ( [Ke]). The functor HA/B(X, —) satisfies the following properties:

(a) There is a long exact sequence

= Hp(X, F) = H4 (X, F) = Hy p(X, F) = Hf (X, F) — -+ (2.2)

(b) Every inclusion of closed subsets C' C B induces a natural morphism
Hiyye(XF) = Hy (X, F) (2:3)
functorial with respect to A and B, and a morphism of the corresponding exact sequences (2.2]).
(c) There is an “excision” isomorphism:
Hiyyp(X, F) = Hy\5(X \ B, F) (24)
functorial with respect to A and B (here, A\ B denotes the complement of B in A).

We will also need the following simple corollary of Lemma [Z1] and the above definitions:

Lemma 2.5. For any two disjoint closed subsets Z1 and Zo of X there exist isomorphisms:
Hy (X, F) = Hy (X \ Z3, Flx\z,) (2.6)
and ‘ ' '
HZZluZQ(X7‘F)—>lel(X7‘F)@HZZQ(X7‘F) (27)
functorial with respect to Z1 and Zs.

Let now X be a smooth algebraic variety. Let Ox be the structure sheaf and Dx be the sheaf of
algebraic differential operators of finite order on X. We also define D = I'(X, Dx), the algebra
of global differential operators on X. The crucial observation is that the above constructions
remain true in the D-module theoretic setting:

Lemma 2.8 ( [Br, §2]). For a coherent sheaf F of left Dx-modules, all cohomology groups
Hil/B (X, F) carry the natural D-action. Moreover, all maps in Lemmas[Z]], are D-equivariant.

Suppose now that X is a G-variety. Then, there is an evident Lie algebra homomorphism g — D
(the target endowed with the commutator bracket). It obviously induces a g-action on H§ /B (X,F).

However, whenever considering H / (X, F) as a g-module, we will be interested not literally in
this g-action, but in the one twisted by the Chevalley involution ¢ of g determined by:

¢: hwe —h, Ea > €_q, Vheh, aeA. (2.9)

Let us now recall the key tool of Cousin complexes (our exposition closely follows that of [MR], §3]).
Suppose that X is a topological space equipped with a (not necessarily exhaustive) filtration

ZnCZp1C---CZCX (2.10)

of closed subsets, and let £ be a sheaf of abelian groups on X. Picking a flabby resolution £°® of
& and considering the mapping cones C; = C(I'z,,(X,€%) — T'z,(X,&®)), whose cohomology
are naturally isomorphic to the relative cohomology H%j /Zj+1(X ,&), one can construct a double
complex C, o With exact rows and whose j-th column is C;[j], the j-th cone C; shifted by degree

7. Then, on the one hand, the exactness of rows implies that the cohomology of the total complex
Tot(C,.e) is isomorphic to the cohomology of I'z, (X, &%), i.e. to Hy (X,£). On the other hand,

the vertical cohomology of this double complex C, o is H Kt (X,€), as noted above, and the

Z; )71
horizontal differential in the k-th row gives rise to the so—cajlleé k-th Cousin complex:
k k+1 k42
Cr: Hy 7, (X, €) = sz/z2 (X,8) — sz% (X,8) — - (2.11)

Therefore, by applying the vertical spectral sequence of the double complex C, o, we obtainfi

2While the Cousin complexes were introduced by Grothendieck and were first applied in the above context in [Ke],
we choose to follow the exposition of [MR] for its simplicity.
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Theorem 2.12 ( [MR]). If all except the k-th Cousin complexes are zero, then we have:
H*(Cy) = Hy (X,E). (2.13)

2.2. The geometry of partial flag varieties.

In what follows, we shall freely use the notation of Subsection In particular, let G be a
connected algebraic group with Lie(G) = g and H C B C P be the Cartan torus, the Borel, and
parabolic subgroups of G with the corresponding Lie algebras Lie(H) = b, Lie(B) = b, Lie(P) = p.
Consider the corresponding partial flag variety

X =G/P. (2.14)
Let B_ C G be the opposite Borel subgroup of B containing H, and U_ C B_ be its unipotent
radical, so that Lie(U-) = @,ca+ Ce_qo and Lie(B_) = bt @ Lie(U_). Then, B_ naturally acts on
X, giving rise to the stratification of X by B_-orbits (see e.g. [Kul, §7.21]):
X = || Xo, Xo=B_wP/P=U_wP/P,  codimx(Xy)=1I(w). (2.15)
we'W

Here, the indexing set "W consists of the shortest length representatives of the left cosets W /W,
precisely as in (L33), and X, is an affine space of dimension equal to I(w), the length of w € '"W.
Following the setup of Subsection [[L3] let A € PJ[ be a dominant integral weight of g vanishing on
the coroot lattice of the Levi subalgebra [ C p. Let L_» be the one-dimensional P-representation

corresponding to the weight —A, and £y be the corresponding G-equivariant line bundle on X:
E)\:GXPE,)\. (216)

For any subset Y of a topological space X, we use Y and (Y) to denote its closure and boundary.
Since X,, is locally closed (as an orbit of an algebraic group), we have:

Xow=Xyu\0(Xy). (2.17)

All g-modules we consider in this paper do belong to the category O of [BGG]. In particular, every
such module V' has the weight space decomposition with all components being finite-dimensional:

V=@V, Vi ={veV|hw)=vhwvheb}. (2.18)
veh*
In this setup, one may define the restricted dual module V'V C V*: as a vector space
V=@ Vi, (2.19)
veh*

while the g-action is the restriction of the natural one on V* twisted by the Chevalley involution
¢ of ([Z9). This defines an involutive antiautoequivalence ® of the category O:

O: Vi VY. (2.20)
For the finite-dimensional g-modules, we have:

LY ~ Ly, Vie R, (2.21)

Theorem 2.22. There exists a finite length exact sequence of g-modules of the form:
l(v)=2 l(v)=1
l ~
0= Mywor— = P Muvr = P Muyr = My — HY(:)/B(XUJ)(X’ L))V = 0. (2.23)
veW, veW,

Proof. Using ® of (220)) it suffices to prove that there exists an exact sequence of g-modules of
the form:

l(v)=1 l(v)=2
l ~
0— Hy(:)/a(xw)(X, £3) = MYy = @ My — @ My == My, 2 — 0. (2.24)
veW veW,
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To this end, consider the complete flag variety

Y =G/B, (2.25)
and let 7: Y — X denote the natural projection:
m: G/B— G/P. (2.26)
Note that Y admits a natural Bruhat decomposition by B_-orbits, cf. (ZI5]):
V=] VY., Y, =B uB/B=U_uB/B,  codimy(Y,)=1(u). (2.27)
ueWw
For any w € 'W, define Q,, C Y via:
Qu =1 (B_wP), (2.28)
which is naturally stratified by B_-orbits:
Qu=1""(B_wP) = | | Yiu. (2.29)
veW,

Let us also note the following useful equality:

l(wv) =1l(w) +1(v)  forany we'W,veW,. (2.30)

Let L_) be the one-dimensional B-representation corresponding to the weight —\, and £y be the
corresponding G-equivariant line bundle on Y:

ﬁ)\:GXBL,)\. (231)

Similarly to [MR], for any w € "W consider

Up =Y \0(Qu) =Y \ 7 (0(Xy)) (2.32)
(the second equality is due to 7 being proper), so that @, is closed in U,,. Note that U,, is naturally
stratified by B_-orbits, which gives rise to the following filtration Z, of U,, by closed subsets:

Zi =QuwNZ;  with Z; = || VY. (2.33)
ueW
1(w)>1(w)+i
We note that Zy = Q., and according to (229 2:30]) we have:

Zi\ Ziy1 = L] Yy, Zi\Ziy1 = || Yo (2.34)
weW: l(u)=Il(w)+i veW: l(v)=i

We shall now apply the results of Subsection [ZIlto U,, equipped with the filtration (Z33]) and the
sheaf F = Ly|y,,- We claim that Theorem applies in this setting, and furthermore the corre-
sponding Cousin complex, which calculates Hy (U, F), provides the desired exact sequence (2.24)).

Indeed, according to [Ku, Proposition 9.3.7], for any u € W we have:

MY, if k= codimy(Y,) = l(u)
HE G/B,Ly) =4 vA . 2.35
Yu/0(Yu) ( / N {0 otherwise (2:35)
Combining this with ([2Z34]) and Lemma 25, we obtain:
i+l (w H I(w)
HZ—:_/(Zz-)H (Uw"F) = Z+\(Z 1(U \Z2+17£>\ @ wv A (2.36)
veW,
and
Hy y (Uw,F)=0  for  k#i+I(w). (2.37)

Remark 2.38. We note that Lemma does apply, due to:

(1) Zi \ Zit1 = L Yuw;
veW:l(v)=t
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(2) for every cell Y,, C Z; \ Z;11, we have 9(Y,) C 9(Qw) U Z;+1, so that

Uw \ Zig1 =Y \ (0(Qu) U Zi1) = Vu \ (Vu N O(Qu)) U (Vi N Zi11))
where V,, =Y\ 9(Y,), and V,, N9(Qw), Vi, N Z;11 are closed subsets of V,, disjoint from Y.

Thus, all Cousin complexes Cj, of (ZIT]) vanish for k& # I[(w), while the terms of Cy(,,) precisely
coincide with the terms of the exact sequence (Z24]). Applying Theorem [2Z12] we therefore get

H'(Cay) = Ho " (U, F).
Hence, it remains to prove that:

1) H(Cyu)) = HlZ(;U)(Uw,./T) coincides with the g-module

l(w 5
Ny(N) = Y(w)/a(xw)(x, L)) (2.39)

(L) H'(Cyy) = H?;l(w)(Uw,}") vanishes for ¢ # 0.
Both results follow immediately from a B-version of Theorem 2.5T1below, the excision isomorphism
H%yJ/a(Xw)(Xv E)\) = H?(w((G/P) \ 3(Xw), [’A) >
cf. (ZI7), and the following two lemmas:

Lemma 2.40 ( [GS, p. 286]). R7.(Ly) = Ly and R>°7, (L)) = 0.

Lemma 2.41 ( [GR] Exposé 5, Lemme 3.2]). Let f: X — X’ be an arbitrary morphism, S C X'
be a closed subset, and F be a sheaf of abelian groups on X. Then, there is a spectral sequence:

Hy (X', RILF) = H{H g (X, F).

Therefore, the I(w)-th Cousin complex Cy(,,) realizes the exact sequence (224) of g-modules,
which produces the exact sequence (223]) upon a further application of the antiautoequivalence ®

of ([2.20). O

Let us now recall the highest weight g-modules M/, , = Mw.A/Mzir_lf for w € "W, defined by the
formulas (.36 [L37)) in the Introduction. They admit the following geometric interpretation:

Lemma 2.42. For any w € 'W, we have the isomorphism of g-modules:

M/, \ ~ N,(\)V. (2.43)

Proof. This immediately follows from the following fragment of (2.23]) using the notation (Z39):
I(v)=1
P Muvr = My.x = Ny(N)Y = 0.
veW,

Combining Theorem and Lemma 2:42] we immediately obtain:
Corollary 2.44. All g-modules {M, \},coy admit resolutions (L3T)) by Verma modules.

As a direct corollary of (L3I), we obtain the character formula for the g-modules M/ ,, cf. (L38):

Lemma 2.45. For w € 'W, we have:
ew(A'i_p)_p

chyy (2.46)

wA HaEA‘*\w(A[JF) (1 _ e_a,) .
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Proof. The existence of the resolution (L3T]) implies the following equality of characters:

— 1)) gwv(At+p)—p
S (1)@ echy,, , = Zoew (“1) e

chy = —
Moo vew, ' [laea+ (1 —e™®)
1(v) ,w(v(p)— I(v) ,w(v(py)—
o) ZUEW[(_l)( ) ew(v(p)=p) _ (i) ZUEW[(_l)( ) ew(v(p)—=p1) (2.47)
[loea+(1—e™®) [loea+(1—e™?)
where p is defined in (IH), p; is defined in (I26]), and the last two equalities follow from:
v(A) = A, v(p) —p=v(p) — prs Voe W, Ae Pg';[. (2.48)

Applying the Weyl denominator formula (LIS]) for [:

Z (_1)1(1))6”(!)!)*!)! — H (1—e@) (2.49)

UEW[ Q’EA?_

and noting w(A[") € A, due to (L32), we get precisely the character formula (2.48]). O

Remark 2.50. The corresponding formula for chy, (») goes back to [Ke, Lemma 12.8].
The next result is the key point of the further discussion:

Theorem 2.51. For any w € "W, we have:

H;(w/a( )(X, L) =0 forany i#Il(w). (2.52)

Proof. Tt is an immediate consequence of the local purity theorems (see [ALL Proposition 4.1]). O

2.3. Derivation of the truncated BGG resolutions.
Let A € P, o/l be a dominant integral weight of g vanishing on the coroot lattice of [, see (I.29)).

Now we are ready to derive both resolutions (L30, [L3T]) of the Introduction, cf. Main Theorem [II

Theorem 2.53. For A € P;[, the irreducible finite-dimensional g-module Ly has a finite length
resolution (L30), with each term admitting a finite length resolution (L31]) by Verma modules.

Proof. We will prove the dualized version of the desired statement, just as in our proof of Theo-
rem 2.22] Let us consider the sheaf 7 = L) and the following filtration of X by closed subsets:
Z; = ] X (2.54)
weW:l(w)>i
We claim that Theorem 2.12] applies in this setup and gives rise to the following exact sequence of
g-modules:

l(w)=1 l(w)=2
0= LY = (M) = P (M) = @ (M, )" = = (M, )" = 0. (2.55)
we'Ww we'Ww

Indeed, all Cousin complexes Cy, of (ZII]) vanish for k # 0, due to Theorem 251 and Lemma

l(w)=

k+j k+j k+j
H /JZJH(X, F)=H, \]z +1(X \ Zj+1,F Q[} wa]/a ) (X,L£,)=0. (2.56)
we!'W

Therefore, Theorem applies, and we get:
H'(Cy) = HY(X,F) = H(X, F). (2.57)
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According to the parabolic version of the Borel-Weil-Bott theorem [Kos, Theorem 6.4], combined

with our conventions of all geometric g-actions being twisted by the Chevalley involution ¢ of (2.9))

that also enters our definition (ZI9] [Z20) of the restricted dual g-module, we have (cf. (Z21])):

LY ~Ly fori=0

0 fori #£0 "

On the other hand, the j-th term of Cy is computed using Lemmas 2.5l and similarly to (Z.56)):
(w)= (w)=j

H]ZJ/ZJ'H @ Xw/a(Xw (X,Ly) = @( o) - (2.59)
we'W weWw

Combining (257, 258 [2.59]), we see that the Cousin complex Cy realizes the exact sequence (2.55]).

Applying the antiautoequivalence ® of ([220) to (Z53]) produces the resolution (L30]), while the
resolutions ((L31]) were constructed in Corollary 244l This completes our proof of the theorem. [

H{(X,F)=H'(X,L)) ~ { (2.58)

Remark 2.60. Our argument above has been strongly influenced by [MR], where the Lepowsky
parabolic BGG resolution (I39) was interpreted via the Cousin complex on the complete flag
variety Y = G/B stratified by P-orbits. Nevertheless, there are two subtle points in [MR]:

(1) For u € W, let Z, denote the B-orbit BuB/B C Y. It is stated in [MR] after (3.2)] that:

MY, if k= codimy (Z,)

HE G/B,Ly) =4 " " 2.61
Zu/0(Zu) ( /B, L)) {0 otherwise (2.61)

This (as well as A # 0 case at [Brl, p. 55]) is wrong, as we rather have:

Lemma 2.62.
MY if k = codimy (Z,)

HE(N) == HE G/B,Ly) =< ~wwod v 2.63
(M) = Zu/0(Zu) ( /B, L5 {0 otherwise (2.63)

Proof. When u = wy, this statement is well-known (cf. [Be, Claim 2.4.2]). One can show
that the general case holds along the lines of [Br, Proposition 7]. Indeed, let wou™! =
Say "+ -+ Say_y, D€ a reduced decomposition, where N = [(wg) = |AT|. Then, similarly
to the argument in [Brl Lemma 4], it is easy to see that we still have a sequence of the
following g-module epimorphisms:

Hy,(A) = H W) = H (A) = - = HEWTL () — B (N,

SagSag San )" SagSan_y(uy San_iuy
where ¢(u) = codimy(Z,) = N —[l(u). Thus, the argument of [Br] still applies and we get:
HEW(N) = M, M),

(Say_ () Say) A T Tuawo A
On the other hand, the vanishing result in (2.63)) is just the B-case of Theorem 251l O

(2) The use of HY(—, L) ® K) in [MR] is wrong.
However, both of the above inaccuracies can be easily fixed by replacing £, ® K with £, and
considering the stratification of Y by P_-orbits, where P_ C G is the opposite parabolic subgroup.

Remark 2.64. (a) It is instructive to point out that the results of [MR] provide the answer to [Kul
Open Problem 9.3.19]. The only difference is that loc.cit. treats the case of an arbitrary Kac-Moody
algebra. Nonetheless, the results of [MRI, as well as ours, admit natural generalizations to such
infinite-dimensional setup through the usual stratification by Schubert varieties.

(b) We also note that the other possible way to generalize our results is by considering an arbitrary
dominant integral weight A\ € Png , not necessarily vanishing on the coroot lattice of [. In this case,

one obtains (exactly as above) the resolutions of the form (30, [L3T) with £, being replaced
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by R%7. (L)) (note that R>%m,(Ly) = 0, according to [GS]). However, the corresponding infinite-

dimensional g-modules (realized as H;—(:)/ o Xw)(X , ROm,(£y))") are not defined for A ¢ P in this

case, in contrast to such a key feature of our modules M,  of (L.36)) as discussed in Subsection

3. STANDARD BGG

In this section, we recall the standard relation between the transfer matrices of A-type spin
chains corresponding to finite-dimensional and infinite-dimensional (dual Verma) gl,,-modules pro-
vided via oscillator Lax matrices, as summarized in the Introduction. This exposition is mostly to
motivate the key constructions and results of the upcoming sections. We also provide an overview
of the factorisation and the determinant formulas in this setup, as mentioned in the Introduction.

3.1. Oscillator realization in type A (Verma).
For any n € Z>2, let A denote the oscillator algebra generated by @ pairs of oscillators

{(aj4,3; ;) }1<i<j<n subject to the standard defining relations:
[, 85 ] = 0705, [aj;,ap,] =0, [@;;,ak =0, (3.1)

so that

A= C<aj,i, 5l-7j>1§i<j§n/ (3.2)

Fix A = (\1,...,Ay) € C". Following [DMI1] §2] (going back to [GN]), let us consider the gl,-type
Alz]-valued Lax matrix (i.e. a solution of the RTT relation (LIl with the R-matrix of (L2)):

Ly(z) = U Ya + Dy)U (3.3)
defined through the matrices:
1 —a9 --- —a, A0 0
a Ay —1
U= . Dy=| P . (34)
0 1 —ap_1pn 0
0 0 1 an,1 Ann-1 An—n+1
with
n
j;=—aji + ) Ajpan (3.5)
k=j+1
Writing (83) in the form
n
E)\(x) =zxl, + Z el-jé’ji, (3.6)
ij=1
we note that the RTT relation (L) implies that {&;;}7,_; satisfy the gl,, commutation relations:
(i Exel = 05 Eie — 6}Ew; - (3.7)
Let us consider the standard Fock module F of A, generated by the Fock vacuum |0) € F satisfying
a;;|0) =0, 1<i<ji<n. (3.8)
Thus, F has a basis obtained by the action of the pairwise commuting creation operators on |0):
— —my — n(n=1)
m)y = I a5710),  Vi=(mijhcicjcn €N 2. (3.9)
1<i<j<n
We shall use (1] to denote the dual basis of F*, so that
(k|X|m) = (k](X]7)) (3.10)

denotes the (VZ>, |mi))-matrix coefficient of any linear operator X acting on the Fock space F.
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By straightforward computation, we find:

Ei =N+ Apa,— > apag;, 1<i<n, (3.11)
k<i k>i
Ej=—aj;+ Y apajp, 1<i<j<n. (3.12)
Hence, the Fock vacuum |0) is a highestkvflleight state of the resulting gl,,-action:
&ijl0) =0, 1<i<j<n, (3.13)
with the highest weight A, that is:
&ii|0) = X\;]0) 1<i<n. (3.14)

We can now identify the resulting gl,-modules F with those featuring in the Introduction:

Lemma 3.15. There is a gl,,-module isomorphism:
Fo~ MY, (3.16)
identifying F with the restricted dual [219) of the highest weight Verma module M.

Proof. Since the restricted dual F¥ has the same highest weight and the character as M), it suffices
to prove that it is also a highest weight gl, -module, i.e. generated by its highest weight vector (0|.
To this end, we note that the formula (3I2]) implies that (| is in fact a non-zero multiple of

(E1)™2 - (E1) ™ (E39)™ -+ (E3,)™ -+ (Ex_y) ™ (0]

n(n—1)
for any m = (m; j)1<i<j<n € N7 2 : , where & € End(F*) is the dual of the &;j-action on F. [

Combining this with the determinant formula of [J] and the isomorphism (Z2T]), we obtain:

Corollary 3.17. (a) The Fock space F is irreducible as a gl,,-module if and only if
AN—X¢i—j+Ts, V1<i<j<n. (3.18)
(b) The Fock vacuum |0) generates an irreducible finite-dimensional gl,,-module Ly if and only if

Ae Pt ={peC |y —piy1 €N ¥1<i<nj. (3.19)

3.2. Transfer matrices.
Recall the notion of transfer matrices {Tw () }weRepy (g1, )s s discussed in Subsection [L8 In
particular, we shall consider the following explicit infinite-dimensional transfer matrices:

n
T (z) = tr [ 75 La(z) @ -+ @ La(z) . (3.20)
i=1
N
Here, we use the N-fold tensor product and the trace is taken over the entire Fock space (8.9} B.I0):
tr(X) = (m|X|m) . (3.21)
m

Remark 3.22. The twist parameters 7; € C lift the degeneracies in the spectrum, i.e. break the sl,
invariance of the transfer matrix, and regularize the infinite-dimensional trace.

For a dominant integral A € P, see (3.19)), we also consider the finite-dimensional transfer matrices
T\ (x) corresponding to the modules Ly in the auxiliary space: those are defined similarly to (3:20),
but with the trace taken over the finite-dimensional submodule Ly of F, see Corollary B.IT(b).

Recall the dot action (LI4) of S,, on C”, cf. (LII):
o A=o(A+p)-p, p=(% 1R, 5 eCn (3.23)
Then, according to [BELMS,DM3]|, while for low ranks it goes back to [BLZBHK], we have:
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Theorem 3.24. For A € P*, we have:
Ta(z) = > (-1}, (). (3.25)

oESy

As recalled in Subsection [[3], the formula (3.250]) is a consequence of the BGG resolution of the
finite-dimensional gl,,-module Ly by means of the infinite-dimensional dual Verma gl,,-modules:

l(o)=1 l(o)=2
0= Ly = MY = @ My~ D M= = M} 1nr14+3-n.ntn—1) = 0, (3.26)
UGSn UGSn

cf. (Z19] [Z55]). We note that the character limit of ([3:25]), corresponding to its special case with
N =0 (zero length of the spin chain), recovers the classical Weyl character formula:

eU(A‘i’p)*p

chy, = > (-1 Moo =) Yo (=) chyyy (3.27)

o€Sh oc€Snh

where AT denotes the set of positive roots of g = sl,,. In particular, identifying simple roots with
a; = € — €41 in the standard way, we get AT = {e; — €;}1<icj<n and ([B:23)) agrees with (LI5).

Remark 3.28. For the physics’ reader, let us explain how ([B.27)) fits into the rest of our notation.
Consider a general Cartan element h = Y7 x;ef € h C gl,, (here, one can think of z; € C or as a

formal parameter), and let 7; = €®. Then, " and []™, 78 agree and the formula (3227) reads:

chr, (") =trp, [ =7 = > (-1)!@ = > (1)@ chyyv (€") (3.29)

(o +p)—p.h)

=
1<i<n o€Snh Hi<j(1 o Tiz) o€Snh
with 1
Eii i
ChM;\/(eh) = tI‘M;\/ H Ti R H Ti g H —_ 75 (330)
1<i<n 1<i<n  1<i<j<n Ti

where the left-hand sides denote the traces of ¢” (invertible diagonal element of GL,) on Ly, M N

3.3. Factorisation.

The factorisation formula for the transfer matrices T} (z) of the restricted dual of Verma mod-
ules, cf. (219) and Lemma 315 was proven in [BELMS]|. It was further combined with the BGG-
relation (B:25]) to derive the determinant expression for the finite-dimensional transfer matrices
T)\(z). We review these constructions in the present subsection.

Following [BFLMS| (1.16)], let us consider the following gl,,-type A[x]-valued Lax matrices:

1 a;
1 a;; 1
. — i—1 = n = = =
Li(z)=| aj; - ai_1; =+ D1 @i — D i1 &ijAgi Aigp1 ccr Aip (3.31)
—a;41, 1
—am- 1

with 1 < 4 < n and the oscillators {a;;,a;;} 2 subject to the standard commutation rela-
tions (3.1]).
The following factorisation formula has been shown in [BELMS) Appendix BJ:
Li(x+01)Lo(z + €o) -+ Lpy(z 4 £,) = SLA(x)GS™!, (3.32)
where £y (x) is the Lax matrix of (33]) and the shifted weights {¢;}" | are defined via:
Gi=N—i+l, 1<i<n. (3.33)
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Here, the similarity transformation S = S,,---Sq is defined via:

i—1 i—1
Si = exp |: (E_ijl' — Z ékiakj) aji] s (334)

j=1 k=j+1

while the matrix G reads:

1 —az; -+ —au;

a-| - - - : , (3.35)
0 T 1 _én,nfl
0 0 1

As explained below, the factorisation formula (8:32]) can be lifted to the level of transfer matrices.
To this end, let us first define single-index Q-operators {Q;(z)}; C End(C™)®V via:

Qi(x) =trp, (Li() @ -+ @ Li(x) ), (3.36)
N

where we use the normalized trace tr p, defined through:

fip, (X) = ")

cf. BZ1I). The twist D; in ([B36) acts only on the Fock space and is defined via:

N | (E)aﬁaij I <E>5”aﬁ_ (3.38)

1<j<i \TJ i<j<n \Ti

(3.37)

We note that the action of this twist on the Fock module is uniquely determined (up to a scalar
function) by the following condition:

DL;(z)D™' = D;'Li(x)D;, (3.39)
with
D = diag(71,..., 7). (3.40)

The relation (3.39) ensures the commutativity of Q;(z) defined via (B:30) and the transfer matrix
T(1,0,..0)(y) of the defining fundamental representation in the auxiliary space, see Remark B.67(b).

Next, we consider the N-fold tensor product on the matrix space of the factorisation formula (3.32]).
Taking the normalized traces of each of the resulting monodromies L;(z + ¢;) ® --- @ L;i(z + ;)
on the left-hand side of the corresponding relation yields a product of the Q-operators. On the
right-hand side, we recover the transfer matrix T; () multiplied by the inverse of the character

1

af=u [[ =T [ =1 I - (3.41)

1<i<n 1<i<n  1<i<j<n 1t T3 1<i<n 1<i<j<n i T Ti

Remark 3.42. The above computation requires a few steps. First, let us note the following relation
among the twists of the Q-operators and the transfer matrices:

n 7\ Tjidij
[Ip: = I & I (—J) : (3.43)
i=1 1<i<n 1<j<i<n ¢

Second, we note that apart from its diagonal the matrix G in (3.38]) only contains creation operators
which do not contribute to the trace. Finally, we need the commutativity (3.59)) established below.
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Thus, we finally obtain the factorisation formula for T} (), of (TI0):
T () = chi - Q1(x + €1)Q2(x + £a) - - Qulw + L) . (3.44)

Combining (344 with the BGG-relation (3.25) and evoking the Vandermonde determinant:
-1
[I (5'-7")=
1<i<j<n

we get the determinant formula for Ty (z) in type A, cf. (LI2):

‘J“H (3.45)

1<ij<n’

Theorem 3.46. For A € P*, we have:

7 Qi(z+ )|

]+1H

1<ij<n

T(z) = (3.47)

1<i,j<n

Remark 3.48. The partonic Lax matrices L;(z) of [BFLMS|, (1.16)] are related to ours (B3] via:

Li(z) = Li (= - 25%) (3.49)
upon the following identification of the oscillators {b},w b; j}i<izj<n of loc.cit. with ours:
S S A P L (3.50)
’ aj; for i>j a; ; for i > j

To continue this comparison, we note that the Q-operators {Q;(z)}?_; of [BELMS] slightly differ
from ours. Explicitly, to simplify the functional relations an extra factor 7 has been introduced
in [BELMS|, (4.23)], so that the Q-operators of [BELMS] are related to ours (8.36) via:

Qi(z) =77 Qi (z - 251 . (3.51)
Here, the exponential twist parameters of [BELMS| are related to our conventions simply through

To = €%, 1<a<n. (3.52)
Likewise, the T-operators T} () and Ty(z) of [BELMS], (4.15, 4.16)] are related to ours via:

= HTf‘Tf(x), Ta(z) = HTf‘TA($), (3.53)

thus differing by an overall factor [[;—; 7;*. However, we note that the constraint ) ,_, ®, = 0 was
imposed in [BFLMS| (4.4)], thus translatmg into [[i-; 7 = 1, see (B.52). Finally, our determinant
formula (347) is equivalent to the determinant formula of [BFLMS, (5.10)], see (LI2):

Aty Tale) = det Qi+ X)) (3.54)
where
non—1 S
A{ ]+1 N ]+1 o HT‘ 7 _ H i J (3.55)
ngzggn HlSZJSn i=1 ' 1<i<j<n \/ﬁ
and
-1 1—2i
e agis, (3.56)

f [BELMS! (3.19, 5.3)]. Indeed, identifying our twist parameters 7, with the ®, of [BELMS]
ia (B52), we get precisely the formulas of [BELMS], due to:

\/E — \/7 = 2isin ( CI)b) . (3.57)
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Remark 3.58. An essential step used in the derivation of (3.44]) is the following commutativity:
n
[s, II Dl} =0. (3.59)
=1

As the proof of this result was missing in [BEFLMS]|, we provide the corresponding argument below.
To this end, it is more convenient to switch to the oscillators (b; j, b;,z‘)i#j of [BELMS], related to
our (a;j,a;,)ix; via (3.50). With this choice of conventions, the twist D; of (B.38]) reads:

) b1~L~b'i
b, =TI(2)"". (3.60)

j#i N
so that the product of twists in (8:59) simplifies to:

n

n
[ID:=T]=. (3.61)
=1 =1

where N; are defined via:

N; =" (blbi; — blbji) . (3.62)
JFi
Likewise, the similarity transformation S; of ([B.34)) reads:

Si=exp | > bibl + > bl bybl|, (3.63)

1<j<i 1<j<k<i
which can be further simplified to:
Si= ][ e [bLbH I e [b;'rjbjkb]zi} ; (3.64)
1<5<i 1<j<k<i

since the oscillators b:. in [B.63]) always have one of e equal to 4, while the b, «’s never have.
Therefore, to prove (3.59) it suffices to verify that:

[N, bZzbEk] =0, [N, bizzbfmbjnk] =0 (3.65)

forany 1 <i<mnand1l</¢<m<k <n. These equalities follow immediately from the fact that
[N;, —] acts on a given state by counting the number of creation and annihilation operators via:

> [(#b}i — #by;) — (#b]; - #bji)} : (3.66)
J#i

Remark 3.67. Let us conclude with the commutativity of {7} (z)}xecr, {Tpu(2)}uep+, {Qi(@)}.
(a) The commutativity
T3 (2), T, (y)] =0,  ApeCt, (3.68)

is a direct consequence of their realization through the universal R-matrix as outlined in Section .8
To this end, we also would like to point out that an explicit form of the R-matrix intertwining the
monodromies of these infinite-dimensional transfer matrices was obtained in [DM2| (2.28)]. By a
direct application of Theorem (or, alternatively, the construction of Section [[.g]), we also get:

T (). Tuw)] =0, [L@),Tuu)] =0, AeC", pvePt. (3.69)

(b) The commutativity of the above transfer matrices with all single-index Q-operators:

follows from the R-matrix of [FLMS (2.15)] intertwining the monodromies of all non-degenerate
Lax matrices and the degenerate one of ([B.31]). Nonetheless, let us present a self-contained proof of

[Qi(z), T(10,..0(»)] =0, 1<i<mn, (3.71)
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in order to emphasize the role of the relation (3.39]), as promised after (8.40). To this end, combining
the RTT relation (LI)) for L;(x) of (B31) with the identity R(x)R(—z) = (1 — 2%)1,,, we obtain:

Li(z —y) @ Li(x)R(y) = R(y)Li(x) ® Li(z — y). (3.72)
Building further the monodromy matrices
Mi(x) = Li(x) @ - @ Li(z),  Ma(y) = Ra1(y) -+ Ran(y) , (3.73)
N

we end up with the following equation:
Li(z — y)Mi(x)Ma(y) = Ma(y)Mi(z)Li(x — y) , (3.74)

where L;(z—y) acts nontrivially on the auxiliary spaces of these two monodromies: the monodromy
M; built from the oscillators and the monodromy M, of the fundamental transfer matrix with an
n-dimensional auxiliary space denoted by a. Multiplying (8.74]) by the twists D; and D on the left
and taking the trace, we end up precisely with (B.71]) (we should note that to move both twists
past L;(x) in the left-hand side of ([B.74]), we use the commutativity [D;D, L;(z)] = 0 of (339)).

(c) Finally, to establish the commutativity among the Q-operators Q;(x), it is convenient to realize
them as the normalized limits of the transfer matrices Ty () in which some of the representation
labels tend to infinity. On the level of the corresponding Lax matrices, the relevant limit is:

lim < diag(t™,...,t 7, =1Ly, . 10)(2)diag(l,...,1,-1) p =
N——

t—00 ———— < ,
n—1 n—1 n—1
! [ |
Un—ll I 0 Un_1 : _An—l Infl I 0 .
_____ —_—_——————. S P _— | =
Apy ! —z+n—1 0 1 1 0 -1
| 1 =
In—l : Un 1An—1 1
———————— | =SL(z-n+1)s7",
A, 1Up : r—n+1+A, 1A,

where A,—1 = (an1,---s8nn-1), Ap—1 = (A1n,---,8n-1n)", U; denotes the upper-left i x i
block of the matrix U = U, from (B.4)), and L] (z) is the gl,-type Lax matrix obtained from
L, (x) of B31) by relabelling ay,, +— a,j and a, ; — ai, for 1 < k < n. Here, the similarity
transformation S is defined via:

k—1
S = Sn—l cee Sl s Sk = exXp lﬁkn Z am'E_ll'k‘| . (3.75)
i=1
This implies [Qn(x), @n(y)] = 0 and combining this with the action of the Weyl group, we obtain:
[Qi(2),Qi(y)] =0, 1<i<n. (3.76)
Finally, the proof of
[Qi(2),Qi(y)] =0,  1<i#Fj<n, (3.77)

follows immediately from the factorisation of the X-operators from [BELMS| §4-5], see (8.46]).

4. A-TYPE: RECTANGULAR

Let us now consider A-type Lax matrices corresponding to rectangular representations, i.e. those
whose highest weight is a multiple of a fundamental weight. These play a special role because their
transfer matrices are related by the Hirota equation [KNS|. But also, as we will see below, they
will be relevant to our approach to the study of transfer matrices in other classical types.
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4.1. Oscillator realization in type A (parabolic Verma).

For any n € Z>2 and 1 < a < n — 1, let A denote the oscillator algebra generated by a(n — a)

pairs of oscillators {(a;;,a; ;) ?ggj subject to the defining relations (B.1):

_ a<j<n
A= (C<aj7ia a27j>1§i§a /(E:D . (41)
Following [BFLMS], let us consider the gl,-type A[z]-valued Lax matrix (depending on ¢ € C):
o _
(x+ 1, — AA | —A(t+a— AA)
Lalw) = |~ n 22 A (1.2)
—-A ! (x —a)l,—o + AA

with the blocks A € Mat,y (n—q)(A) and A € Mat(,,_q)xq(A) encoding all the generators via:

ajgr1 0 A Au41,1 " Aatla
5~a,a-‘,—1 o 5~a,n an, 1 to An.q

Writing (£2)) in the form

Ea(x) =zxl, + Z eijgji R (4.4)
ig—1

we note that {&;;}7;_ satisfy the gl,, commutation relations (8.7]), as a consequence of RT'T (L))
As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F satisfying:
aj7l-|0>:0, 1<i1<a<j<n. (4.5)

Then, the Fock vacuum |0) is a highest weight state of the resulting gl,,-action:

5¢j’0>:0, 1<i<yi<n, (4.6)
with the highest weight A\ = tw, = (¢,...,t,0,...,0), that is:
——— ——
a n—a
Ekk|0) = tx<al0), 1<k<n. (4.7)

We can now identify the resulting gl,-modules F with those featuring in the Introduction:

Lemma 4.8. There is a gl,,-module isomorphism:

F ~ (Mp{l AAAAA n—l}\{a})\/’ (4.9)

twq

identifying F with the restricted dual (219) of the parabolic Verma module (L28)).

Proof. Since the restricted dual FY has the same highest weight and the character as Mtpj; """ n—ihde}

it suffices to prove that it is also a highest weight gl,,-module, i.e. generated by its highest weight
vector (0]. To this end, we note that (17| is in fact a non-zero multiple of the image of (0| under
the order-independent product H‘fgfg(é’;})mw for any 17 = (m;;)1<i<a<j<n € N9 cf. the
proof of Lemma O

Combining this with the determinant formula of [J] and the isomorphism (Z.21), we obtain:

Corollary 4.10. (a) Fort ¢ Z>9_, the gl,,-module F is irreducible (thus, is generated by |0)).

(b) Fort € N, the Fock vacuum |0) generates an irreducible finite-dimensional gl,,-module Ly, .
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4.2. More oscillator realizations in type A via underlying symmetries.

Since the R-matrix (L2) is invariant, cf. (L), with respect to the natural action of the symmetric
group S, (via the standard embedding S,, — GL,,), we can generate more solutions to the RTT
relation (L)) from the Lax matrix ([€2]) above by simultaneously permuting its rows and columns.
We shall further apply the (unique) particle-hole automorphism of A to insure that the Fock
vacuum |0) € F remains to be a gl,, highest weight state. To this end, consider the indexing set

Sa={IC{1,...,n}|#l=a}. (4.11)

Then, we construct the following explicit gl -type A[x]-valued Lax matrices:

=l + > el VIies,, (4.12)

Li(z) = Blﬁa(x)Bf_l‘ §i s

p. ey
1,j=1
with the similarity matrix Br and the particle-hole transformation (denoted p.h.) described below.

Let J = I denote the complement of the subset I:

J=T={1,...,n}\ I, (4.13)
and let us order the elements of I and J in the increasing order:
I:{i17i27"'7ia}7 1Sil<12<"'<2‘a§n7
o . o _ (4.14)
J={j1,J2- 1 Jn-at, 1<j1<ja<-<jna<n.
We consider the following permutation o of the set {1,...,n}:
j forl1<e<
or(cy =4 O i=e=a (4.15)
Je—qa fora<c<n

Remark 4.16. Consider the natural transitive action of the symmetric group S, on the set S, (4.11]).
Then, the stabilizer of {1,...,a} € S, is the subgroup S, x S,,_, C Sy, of those permutations that
map {1,...,a} = {1,...,a}and {a+1,...,n} = {a+1,...,n}. This gives rise to a set bijection

7:8,/(Se X Sn_a) — S, (4.17)
satisfying the property o7 € m~!(I) with o defined in (@&IH). Furthermore, o7 can be characterized

as the shortest representative of the corresponding left coset m~!(I), and its length is given by:

o) = #{(k,0) € I x Tk >t} . (4.18)
Then, we define By in ([I2)) as the permutation matrix corresponding to oy € Sp:
n
B[ = Z eal(iM . (419)
i=1

We note that its inverse coincides with its transpose: B;l =BF=%", €i01(i)-

To determine the particle-hole transformation used in (dI2]) so as to preserve the gl,, highest weight

state condition, let us check where the a. .-generators from the lower-left block of ([£2]) are moved

to under the conjugation by the matrix By of ([&I9). Explicitly, the oscillator —a;; (i < a < j) is

located above the main diagonal of B;L,(z)B; ! if and only if o7(j) < o7(), due to the equality
(BrLa@)Bi') = (La(@), 1<ij<n. (4.20)

o1(4),01()
Therefore, we consider the following particle-hole automorphism of A in (£12]):

a;j— —aj;, aj;—>ra;; for 1<i<a<j<n suchthat O’](j) < O’](i) . (4.21)

The resulting matrix elements {£/}7;_; C A of @IZ) still satisfy the gl,, commutation rela-
tions (3.7)), as follows from the RTT relation (I.I]). This makes the Fock module F into a gl,,-module,

denoted by M}ft. The Fock vacuum |0) € M}ft is easily seen to be a gl, highest weight state:
EL0)=0, 1<i<j<n. (4.22)
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To compute its highest weight, we note that

B, B! = t — a; ai;, 1<:<a,
L Z< 2% ==
as=n (4.23)
(B]ﬁa(m')Bl_l) ' =z —a + Z ajiﬁij =x + Z éijaji, a<j§n,
or(4),01(4) 15%a 15%a
which after implementing the particle-hole transformation (L21I]) gives:
L orl0) = (t+#{a<j<n|oi() <or(})0), 1<i<a,
(4.24)
80'1(] ),01(4) ‘O> ( #{1<Z<a’01()<01()})’0>7 a<j<n.
Evoking (£I5) and the particular ordering (4.I4)), we find:
#{a<j<n|01()<01()}:01(i)—i, 1<i<a,
(4.25)
—#{l<i<ao() <o) =0l =i, a<j<n,
so that:
gl )0y = (50;1(k)§at +h—or'(R)0), 1<k<n. (4.26)
Hence, the highest weight of the Fock vacuum |0) € let is precisely
o1 lwg,
see (LI4), or equivalently:
t ¢ 1|j<k})|0) forkel
ghjoy = (U #UELNI<EN[0) fork el (4.27)
(—#{iel|i>k})|0) fork ¢ 1

Thus, the highest weight of |0) € M t is the same as the highest weight of our key modules M

or-twa?
introduced in (36, with respect to the standard parabohc subalgebra pg C gl,, corresponding
to S = {1,...,n — 1} \ {a}. Furthermore, the module M}, ., has the same character as M;,

(according to Lemmam and is irreducible for ¢t ¢ 7Z (as follows from [J]). Therefore, we obtain:

Proposition 4.28. For any I € S, and t ¢ Z, we have gl,,-module isomorphisms:

My MY~ (M) (4.29)

or-twg —
Remark 4.30. Let us point out the key difference between Proposition and Lemma 4.8
(a) For I ={1,...,a} € S,, we actually have M1+t ~ (M )V for any t € C, due to Lemma A8

or - twa

) Likewise, for I ={n —a+1,...,n} € S,, we have Mth ~ M!

or -twa

(b for any t € C.
(c) For other I € S,, M” is not isomorphic to either of M/ ., or (M}, ,, )" at certain t € Z
(but is expected to be isomorphic to one of the twisted Verma modules in the sense of [AL]).

Remark 4.31. (a) The Weyl group W of the Levi subalgebra [ of pg is precisely S, X Sp—q C Sp.
(b) We indeed have o7 € 'W in the notation (32, [L33)), due to Remark

(c) For any other permutation o’ € 07(S, X Sp—a), conjugating L,(x) with B} = 331 egr(;),; and
applying the corresponding particle-hole transformation will produce an isomorphic gl,-module.

Evoking the above bijection S, 3 I <+ o7 € 'W, see (&I5) and Remarks 16, E3T(b), we define:
v
M}/,t = (Mz,n twa) ) vVteC. (432)

Then, Proposition can be recast as the isomorphism of the following gl,-modules:
M, ~ MY, Vie C\Z. (4.33)
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For I € §,, we also define its length [(I) as the length of the corresponding o € S,,, see (ELIS):
(1) =Uor) = #{(k,O) €I x I|k > 1} . (4.34)

4.3. Type A transfer matrices.
Recall the notion of transfer matrices {Tw () }weRrepy (g, ) @ discussed in Subsection [L8l In
particular, we shall consider the following explicit infinite-dimensional transfer matrices:
n I
T;ft(x):trHTf” Lr(z)®-- @ Lr(x), viesS,, teC, (4.35)
i=1

N

corresponding to M;Tt. For t € N, we also consider the finite-dimensional transfer matrices 75 ((x)
corresponding to the modules Ly, in the auxiliary space: those are defined similarly to (£35]), but
with the trace taken over the finite-dimensional submodule Ly, of M{'F1 a}p S€e Corollary LI0(b).

Using the notation (£32 [£.34]), let us recast the resolution (2.55)), dual to (L30), as follows:
1(1)=1 1(1)=2
0 — Ly, — M{vl,...,a},t - @ M- P M- M%/nfaJrl,...,n},t -0 (4.36)
I€Sa IeS,

for any ¢t € N. Combining this with (£33)) and the fact that the transfer matrices (£35) depend
continuously on t € C (as so do the Lax matrices £;(x)), we obtain the key result of this section:

Theorem 4.37. For 1 <a <n andt € N, we have:
To(z) = 3 (~1)D 1 (@) (4.38)

1€S,

The character limit of (£.38]) expresses the character of the gl,-modules {Ly,, iegli <n defined as

n
chay = choy(ry, ... 1) = trp,,, [[ 757, (4.39)
i=1

that is the length NV = 0 case of Tp, +(x), via:

t+4 {0 I|e<k —#{kel|k>L

het = o Hker 7 e }H&zﬂe et

Clap = Z( ) k>t 1 — ) Trk<t 1— 1t
1€8, Ilier egr ( - T_z) Myeregr ( B 5)

with the I’s summand in the right-hand side of ([£40]) equal to the character of Mth, up to a sign.

(4.40)

Let us note right away that formulas ([£38]) and (£40) allow to analytically continue the transfer
matrices Ty +(x) and their particular length N = 0 case chg of ([#39)) from the discrete set t € N
to the entire complex plane ¢t € C.

Remark 4.41. For the physics’ reader who skipped Section [2] let us present a concise proof of (Z.40).
We shall identify the set AT of positive roots of g = gl,, with AT = {¢; —¢;|1 < i < j < n}, so that
p= ("Tfl, "Tf?’, e 177”) in the basis {¢;}/_; and the Weyl group W gets identified with W ~ S,
(acting by permutations on the basis {€;}1* ;). According to the Weyl character formula, we have:

Cthma = Z (_1)1(0)

o) [l<icjen(l =€)

0 (twa+p)—p

(4.42)

Following Remark [4.3T], let us consider the parabolic subalgebra pgy . ,_11\(a} C ¢ with the Levi
subalgebra [ ~ gl, @ gl,_, and the Weyl group Wi ~ S, x S,,_, C S,,. We can rewrite (£42]) as:
0T (twa+p)—p

_ _1)\l(oT)
chr,, = > > (1) Mo e ) (4.43)

ceEW /W, TeEW|
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where 0 € W is a representative of & € W/W, (the inner sum is independent of the choice of o).
The key step is to simplify the inner sum of (£43]) using the Weyl denominator formula for [:

Z (1) emlP)=r1 = H (1—e®), (4.44)

TEW[ Q’EA?_

where A[Jr = {ei — € }1<icj<a U {€ — €jtacicj<n C AT denotes the set of positive roots of [ and

Pe= %ZaGAf" a= (%t e et ey A 7(p) — p=T(p1) — pi for T € Wy, we get:
Z (_1)l(7—) eT(twa—’—p)_pE'fe' = Ha< ’<n6twa . (445)
TeW) H1§Z<]§n(1 — e% 7.) 1§£§_a (1 — eEj—Ei)

Therefore, the inner sum of (£43)) corresponding to the trivial left coset Wy € W/W gives rise to
the I = {1,...,a}’s term of (@40). Likewise, we claim that any I’s term of (£40]) precisely arises
from the inner sum of ([@43)) corresponding to the left coset o;W; with o € S,, of (14] ETH),
which amounts to the proof of (47T below. To this end, let us apply o7 to both sides of ([&44):

i<j 1<J
Z (_1)1(017)6017(0)—0 - (_1)1(01)601(0)—0 H (1 —e9%) H (1 — eS¢, (4.46)
TEW, i,j€l i,jel

Combining this with the straightforward formula

oilp)—p=S B I|0 < kyer — S #{k e Ik > e,

kel 0¢1

we obtain the desired equality:
™ (c1ytern) eorrleato)r (1) Leer AR | T A (4.47)
reW; [Ticj(1 —e575%) Hllzé;,égzl(l — ) Hllzé;,égzl(l — et k)

This completes our direct proof of (£L40), due to the bijection 7 of ([@IT]), see Remark .10l
(cf. Remark B.28] for more details as for perceiving ch,; of (#39) as a specialization of chr,, ).

5. RESOLUTIONS FOR TRANSFER MATRICES OF C-TYPE

In this section, we generalize the key constructions and results of Section M to C-type.

5.1. Oscillator realization in type C (parabolic Verma).

Let A denote the oscillator algebra generated by w pairs of oscillators {(a;:;,a; j/) }i<i<j<r

with 7 € Z>1, cf. notation (I.2I]), subject to the standard defining relations:
874, 85,0] = 6705, [aj i,ap k] =0, [@; 0, are] =0, (5.1)
so that

A= (C<aj/,i , éi’j,>1§i§j§r/ (5.2)

Following [F'T, p. 593, see also [KK| §6.2], let us consider the C,-type A[x]-valued Lax matrix:

(z + 1), — AA i —A(2t+r+1—AA)
L(z)= |-~ , (5.3)

depending on t € C, with the blocks A, A € Mat,,(A) encoding all the generators via:

E_11,7” o E_11,2’ aj a1 o Ay’ p—1 a,

ag E_11,2/ : . ar_1 Ap’ p—1

>
I
>
I

(5.4)
a1, ap-1 - : asy 1 ag

a, ar_1, Ay a; agy) a
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where the anti-diagonal terms {a;,a;};_, are defined via:

a;, = 252‘72‘/ s a; =ay ;- (55)

Remark 5.6. The Lax matrix (0.3)) is the specialization of [F'T, (3.51)] at z1 =t¢, 2o = —t —7 — 1.

Writing (5.3)) in the form
2r
L(z) = zly + Z €ijFjis (5.7)
ij=1
we note that the RTT relation (ILT]) implies that {]:ij}?g-:l satisfy the sp,, commutation relations:
(Fijs Fiel = 61F e = 6{ Frj — €160k Fyre = 6 Frar) s Fij = —€i€j Fyrar (5.8)

with {€;}77, defined as in the Introduction:

€1 =--=¢ =1 and €rp1 =+ = €9 = —1. (5.9)

As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F satisfying:
a;j ;|0) =0, 1<i<ji<r. (5.10)
Then, the Fock vacuum |0) is a highest weight state of the resulting sp,,-action:
Fijl0) =0, 1<i<j<2r, (5.11)

with the highest weight A\ = tw, = (¢,...,t), that is:
——

Ful0) =t0), 1<i<r. (5.12)

The latter is a consequence of the following explicit formulas for any 1 < i < r:

r i—1
Fii =t —2apay; — » apay; — Y Arrdik,
k=1

k=i+1
i . (5.13)
Fop=—t—r—1+2ap@; + Y _ apkdpy + > apidiy = —Fii.

k=1 k=i+1
Similarly to Lemma .8 we can identify the resulting sp,,.-modules F as follows:
Lemma 5.14. There is an spq,-module isomorphism:

v
Fa (M) (5.15)

identifying F with the restricted dual ZI9) of the parabolic Verma module (L28]).
Combining this with the determinant formula of [J] and the isomorphism (Z21]), we obtain:

Corollary 5.16. (a) Fort & 3Z>s_s,, the spy,.-module F is irreducible (thus, is generated by |0)).

(b) Fort € N, the Fock vacuum |0) generates an irreducible finite-dimensional sp,,.-module Ly, .
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5.2. More oscillator realizations in type C via underlying symmetries.
Consider the following endomorphisms of C?:

j#i
Bi=eiy —epi+ Y (ejj+ejyjr) 1<i<r, (5.17)
1<5<r

along with their order-independent products:

Hj==—

1
Bi=II Bj, =, .)€ {£1}). (5.18)
1<j<r

. .f R 1 U .f ;. — 1
Remark 5.19. For 1 <i <r, we have: Bj(e;) = € 1 pi , Bii(ey) = i 1 Hi .
—ey if puy=—1 e; if u;=-1

Since the R-matrix (I.I9)) is invariant under such transformations, cf. (L5):
[R(z), By ® Bg) =0, Vi€ {*£1}", (5.20)

we can generate more solutions to the RTT relation (L)) from the Lax matrix (5.3) via:

2r
ﬁﬁ(%‘) = Bﬁﬁ(l‘)Bgl = xly + Z eijf"ﬁ, Vil € {il}r . (5.21)
ij=1

We shall further apply the following particle-hole automorphism of A (denoted p.h.):

a; = —ay, A ag for 1<i<j<r suchthat pu;=-1. (522)
Thus, we obtain the following explicit C,-type A[x]-valued Lax matrices:
2r
L(z) = ﬁﬁ(g;)\p_h. = BiL(0)B;!| | = aly+ Y eyFl. Vi {1} (5.23)
ij=1

The resulting matrix elements {.7-"5 225-:1 of A satisfy the sp,, commutation relations (5.8]), due to
the RTT relation (I.1)). This makes the Fock module F into an sp,,.-module, denoted by M 5, . We
furthermore note that the particular choice of the particle-hole transformation (5.:22)) is uniquely
made to insure that the Fock vacuum |0) € M 5 , Temains to be an sp,,. highest weight state:

FEO0y=0, 1<i<j<2r. (5.24)
To compute its highest weight, we note that:
diag (F7) = diag (BpFB;") = (nFun - firFors—pir Frrs -~ Fin) (5.25)
due to (5I3)), which after implementing the particle-hole transformation (5.22)) gives:
. i
Jﬁm%:m(ﬁ+ﬁ—i+1ﬁ;+§:%JUD7 1<i<r. (5.26)
k=1

Thus, the Fock vacuum |0) € M 5 , is an spo,. highest weight state whose weight is given by (5.20).

We shall now compare the above modules M ; ,'s with those from the Introduction. To this end, let

us consider the parabolic pg C sp,, corresponding to S = {1,...,r —1}, see Section The Weyl
group of sp,,. can be identified with W ~ (Z/27)" x S, ~ {£1}" x S,, so that elements of W are
indexed by pairs (ji,0) with i € {+1}" and o € S,. The Weyl group of the Levi subalgebra [ ~ gl,.
is Wi >~ S, consisting of the elements ((+1,...,+1),0),.q C W. Thus, we have a set bijection

7 W/W, = {£1}", (5.27)
cf. @I7). Given any /i € {£1}", we define the permutation o; € S, via:

L [#U<k<ilm=1) if =1

“ﬁ@:{wu—#ugkguM:—u i =1 (5:28)
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and further consider w; € W ~ {£1}" x S, defined via:
Wi = (,u, O’ﬁ) . (5.29)

It is clear that wz € 7 1(fi), see (B27). Furthermore, it can be characterized as follows:

Lemma 5.30. wy; is the shortest representative of the left coset 7= Y(i@), for any ji € {£1}".

Proof. This follows from the standard combinatorial description of the length function on the Weyl
group of any Lie algebra g:

l(w) = #{a € AT [w(a) € AT} (5.31)

for any w € W, where AT denotes the set of positive roots of g (cf. Remark B.45]). O

Corollary 5.32. 'W = {w;}ze(s1)-

Combining now the formula (5.26]) with the definition of w; € W, see (528, 5.29)), we conclude
that the highest weight of the Fock vacuum |0) € M 5 , coincides with the highest weight of our
introduced in (36, see Corollary £.321 Furthermore, M,

wg -ty has the same

key modules M

wg - twy
character as M ; . (according to Lemma [ZZ5]) and is irreducible for ¢ ¢ 17 (as follows from [J]).
Therefore, similarly to Proposition .28 we obtain:

Proposition 5.33. For any ji € {£1}" and t ¢ 17, we have spy,.-module isomorphisms:

v
My = Ml g, = (M, ) (5.34)
Remark 5.35. Let us point out the key difference between Proposition [£.33 and Lemma [5.14k

(a) For i = (4+1,...,41), we actually have M;{t o~ (M{uﬁ~tw,~)v for any ¢t € C, due to Lemma [5.14]

(b) Likewise, for i = (—1,...,—1), we have M;{t ~ M{Uﬁ _ for any t € C.

s tw

(c) For other i € {£1}", M;[t is not isomorphic to either of M{Uﬁ,twr
t € Z (but is expected to be isomorphic to one of the twisted Verma modules in the sense of [AL]).

or (M

o tw,) at certain
i

Evoking the above bijection {£1}" 3 i > wz € 'W of Corollary (.32, let us define:

v
Mﬂ\/,t = (Mz/uﬁ-twr) ) vteC. (536)

Then, Proposition [5.33] can be recast as the isomorphism of the following sp,,-modules:
Mi, ~Mi,, VteC\j;Z. (5.37)

For ji € {£1}", we also define its length I(ji) as the length of the corresponding element w; € W.
Using formula (5.31)) and the explicit description of the set A™ of positive roots of sp,,, we find:

T

() = l(wz) =Y (r—i+1)d,, . (5.38)

i=1

Our choice of notation is due to (i) # I(f), the latter being used for the length of (ii,id) € W.
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5.3. Type C transfer matrices.
Recall the notion of transfer matrices {Tw (%) }weRep v (sp,,)> @S discussed in Subsection [[8 In
particular, we shall consider the following explicit infinite-dimensional transfer matrices:

r fi
TH(@) = [[ 7" Lala) ® - @ La(x) (5.39)
i=1
N

corresponding to M;[t. For t € N, the finite-dimensional transfer matrices T, ;(x) corresponding to
the modules Ly, in the auxiliary space are defined similarly to (5.39), but with the trace taken
over the finite-dimensional submodule Ly,,. of M (——FH 1) S€€ Corollary B.I6(b).

Using the notation (£.36] (.38]), let us recast the resolution (Z53]), dual to (IL30), as follows:

I(7)=1 () =2
0= L, =My 1y, — P M- @ Mi,—--—>M, _,—0 (5.40)
e+ fe{=1}

for any ¢t € N. Combining this with (5.37)) and the fact that the transfer matrices (5.39]) depend
continuously on ¢ € C (as so do the Lax matrices L;(z)), we obtain the key result of this section:

Theorem 5.41. Fort € N, we have:

Toa(z) = Y (1) T (). (5.42)
pe{£1}r

The character limit of (5.42) expresses the character of the spy,-modules {Ly,, }ten defined as
s
chyy = chyy(ry, ..., 1) = trp,,, [[ 7, (5.43)
1=1

that is the length N = 0 case of T} 4(x), via:
o Tgi(t+(r7i+1)5;i+zfc:15gk)
= Y (yol=mn (5.44)
A=(p1 o) E{ELYT [Ti<i<j<r (1 - ﬁ)
ij

with the fi’s summand in the right-hand side of ([.44]) equal to the character of M;[,t, up to a sign.

Remark 5.45. For the physics’ reader who skipped Section 2, let us present a concise proof of (5.44]).
Let us identify the set AT of positive roots of g = sp,, with AT = {¢; —€;}1<icj<rU{ei+€; h<icj<r,
so that p = (r,r — 1,...,2,1) in the basis {¢;};_; and the Weyl group W gets identified with
W ~ (Z/2Z)" x Sy ~ {£1}" x S,. According to the Weyl character formula, we have:

(fi,0) (twr+p)—p

o e

chr,,, = (—1)Ho) P —.
t (ﬁ,o>e{§1}usr Micicj<r(1 =97 [icigjer (1 —e797)

(5.46)

Following §5.2] let us consider the parabolic subalgebra pg; .1} C g whose Levi subalgebra is
[ ~ gl and the Weyl group is Wy ~ S, = {((+1,...,41),0) }ses, C W. We can rewrite (5.46) as:

chr,, = Z Z(—l)l(ﬁ"’)

e (£1} 0€S, M<icjer(@ =97 hicigj<, (1 —e797%)

e(ﬁvo-) (th +p) -P

(5.47)

The key step is to simplify the inner sum of (5.47) using the Weyl denominator formula for [:
ST (-1)f@erteomr = TT (1-e7), (5.48)
o€Sy aeA]

where A" = {€; —€¢;h<icj<r C AT consists of positive roots of [, py = % ZaeAf a= (T;Ql, cel %)

Aso(p) — p=oc(p) — pr and o(w,) = w, for any o € S,., we get:

eo(twr+p)fp 7;21 etei

(—1)l) — — = —.
(,%;r H1§i<j§r(1 — €% e')ngz‘g]’gr(l —e 94) H1§i§j§r(1 —e )
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Thus, the inner sum of (5.47) indexed by fi = (+1,...,+1) gives rise to the corresponding sum-
mand of (B:44]). We claim that the same holds for any f € {£1}", which amounts to the proof
of (B:50) below. To this end, let us apply fi = (ji,1) € W to both sides of the equality (5.48):

Z (_1)1(;270)6(;2,0)(0)—0 - (_1)l(ﬁ)eﬁ(p)—p H (1 — etacimHici), (5.49)
ocESy 1<i<j<r
We note that
1—e%7% it u=1, pj=1
1—e 97 it p=1, pj=-1

1 — eMi€i—Hi€i _
—efiT (1 —e79) i py=-1, pj=-—1

—eite(l—e 97 %) if py=-1, pj=1

as well as
I8

i) —p=3 (- +1-i)e,  (-D)'D = (—1)Zizs itw,) = ().
=1

Thus, we obtain the desired equality:

e(ﬁ70)(tw7‘ +p)7p

Z (—1)0) B

o€Sr [heicjor( =979 [licicjer (1 —e797%)

T et (t+(7’*i+1)6;¢+2};:1 5;k)q
H1g¢§j§r (1 — e Hilj&i—¢i)

This completes our direct proof of the character formula (5.44) (see Remark 28] for more details
in regards to perceiving ch,; of (5.43)) as a specialization of chr,, ).

(_1)|(ﬁ)

(5.50)

We note that the formula (5.44]) allows to analytically continue the character ch,; of (5.43]) from
the discrete set ¢ € N to the entire complex plane t € C. With this convention in mind, we have:

r(r+1)

Lemma 5.51. (a)ch,; = (—-1)" 2 chy _,_1_¢ for any t € C.

(b) chpy =0 forte{ -2 -3 271 21

Proof. (a) For any i = (p1,...,ur) € {££1}" and t € C, define i € {£1}" and t € C via:
= (fi1,... ) = —fi, t=—-r—1—t. (5.52)
Then, the obvious equality >3i_ (r —i+1)(5,, +d5.) = w implies:
() +1(0) = "0, Ve {£1)". (5.53)
Let Ch;; , denote the /i-th summand in the right-hand side of (5.44]) without a sign, see (880):

. Wi (t+(r7i+1)5;i+22:1 5;k)

cht = ti=1Ti . (5.54)
)t — —Hily
g H1gz‘§j§r (1 - T lTj g MJ)
Then, we have the symmetry of (.54 with respect to (B.52):
ch, = ch:%{ (5.55)

as follows from the equality p; (t +(r—i+1)d,, + S 5;k) = 1 (t_—}— (r—i+1)og + S 5;;19)
This implies the desired equality:

— r(r+1) =
chy= 3 (1) Pehi, = (-1)TF 3 (-1 P ent, = (-1)
ge{£1}r fpe{£1}r

r(r+1)
2

ch, 7, (5.56)

by matching the fi-th summand in ch,; with the fi-th summand in ch, ; for every i € {+1}".
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(b) To prove (b), we shall rather use the Weyl character formula (5.46]), which implies that ch,; = 0
if and only if one can split elements of the Weyl group W ~ {£1}" x S, into pairs (w,w’) so that:
(=1)Hw) = —(—1)H") and w(tw, + p) = W' (tw, + p) (5.57)
with p = (r,...,1) and w, = (1,...,1). Let us indicate such splittings for the desired values of ¢:
e set w' :w((—i—l,...,—i—l,—l,—i—l...,—i—l),id) ift=—(r+1—Fk) withl1 <k <r;
—_———— —_———
k-1 r—k
o set w' = w((+1, oL =L+l L =1 41, (K m)) with (k m) € S, denoting
—_———
k-1 m—k—1 r—m
the transposition exchanging k and m, if t = —(r +1 — k+m) with 1 <k <m <.
By Remark [5.45], note that (5.44]) and (5.46]) provide the same analytic continuations of (B.43). O

Remark 5.58. Following the above proof, we get ch,; = 0 only for t € { — %, —%, cees —%, —%}

In a completely similar way, the formula (5.42]) allows to analytically continue the transfer matrices
T +(x) of the finite-dimensional representations Ly, ,t € N, to the entire complex plane ¢ € C. With
this convention in mind, we have the following generalization of Lemma [B.5Ta):

r(r+1)

Proposition 5.59. T, (z) = (—1)" 2 T, _,_1-¢(z) for any t € C.

Proof. This follows from the factorisation (8.79) of each infinite-dimensional transfer matrix TE ()
into the product of Q-operators that allows to recast Theorem [5.47T]in the form of Proposition R8Tt

Toa(x) = 30 (-1 ehf, Qe +)Qz(x +1), (5.60)

fie{+1}r
with /1,7 as in (5.52) and ch:zr , as in (5.54)), see (B.80). Similarly to our proof of Lemma [5.5T](a), we
claim that any ji-th summand in the right-hand side of (&80) for T} ;(z) coincides with the fi-th

summand in the corresponding expression for 7, z(z), up to an overall sign (—1) e,
() 3+ 7+t _
(=)' cht, - Qa(e + 1)Qz(z + 1) = (=1 2 chl - Qplr+D)Qu(z +1). (5.61)
The latter is a consequence of (5.53] [5.55]) combined with the essential property of the Q-operators:
[Qu(2), Qz(y)] =0, (5.62)

that follows from the natural commutativity of the transfer matrices, [TgL (x), T; (y)] = 0, combined
with the realization of the Q-operators as renormalized limits of the transfer matrices, cf. (859). O

We also expect the generalization of Lemmal[5.51Ib) to hold: T} +(z) = 0 for t € {— 2 -3...,-Z }

6. RESOLUTIONS FOR TRANSFER MATRICES OF D-TYPE: SPINORIAL REPRESENTATIONS
In this section, we present a natural counterpart of the results from Section B for D-type.

6.1. Oscillator realization in type D (parabolic Verma).

Let A denote the oscillator algebra generated by r(r D pairs of oscillators {(ajrs,a; ) h<icj<r

with 7 > 2, cf. notation (.2I]), subject to the defining relations EI):
A= (C<aj/,z‘ : 5z,j/>

Following [Fr, (5.4)] and similarly to (5.3)), let us consider the D,-type A[x]-valued Lax matrix:

1<i<j<r/ (6.1)

o) = _S”_t?%_‘fﬁ‘_l_:?S%iti:&:fii‘l_ , 62)
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depending on t € C, with the blocks A, A € Mat,,(A) encoding all the generators via:

ay o a o 0 - P T : PR | 0
_ 0 —aj o - 0 —, r—1
A — , . A= o (6.3)
a1, 0 - : ay | 0
0 =&y v Ay 0 -—ay; - —a 1
Writing (6.2)) in the form
2r
L(z) = zly + Z €ijFjis (6.4)
ij=1

we note that the RTT relation (L)) implies that {F;; 123:1 satisfy the sog, commutation relations:
\Fijs Frel = 6 Fie — 6iFj — 6 Fye + 6, Frr,  Fij = —Fjrir - (6.5)

As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F satisfying:

a; ;|0) =0, 1<i<j<r. (6.6)
Then, the Fock vacuum |0) is a highest weight state of the resulting so,-action:

Fij10) =0, 1<i<y<2r, (6.7)
with the highest weight \ = 2tw, = (¢,...,t), that is:

—
Fiil0) = t|0), 1<i<r. (6.8)

The latter is a consequence of the following explicit formulas for any 1 < i < r:

r i—1
Fi=t— Y apaw; — » apam,
k=i+1 k=1

o . (6.9)
Foy =—t—r+1+> amap + Y ap@p =—Fi.
k=1 k=i+1
Similarly to Lemmas .8 and 514l we can identify the resulting soo,.-modules F as follows:
Lemma 6.10. There is an 509.-module isomorphism.:
v
Fa (M) (6.11)

Combining this with the determinant formula of [J] and the isomorphism (Z.21]), we obtain:

Corollary 6.12. (a) Fort ¢ 374 ., the s0s,-module F is irreducible (thus, is generated by |0)).

(b) Fort € LN, the Fock vacuum |0) generates an irreducible finite-dimensional s09,-module Loy, .

6.2. More oscillator realizations in type D via underlying symmetries.
Similarly to the C-type case, let us consider the following endomorphisms of C?":
JF
B, =e; +ep; + Z (ejj + ej/j/) , 1<e<r, (6.13)
1<j<r
along with their order-independent products:
Hj=—

1
Bﬁ = H B;, fi = (M17---7M7") = {il}r' (6'14)
1<j<r
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€; if i = 1 e;r if MWy = 1

Remark 6.15. For 1 <4 <r, we have: B;(e;) = , Baley) = .
>0 > Wi V ,u( z) {ei’ if i = 1 ;L( ? ) {ei if i = 1

Since the R-matrix (I.I9)) is invariant under such transformations, cf. (L5):

[R(m), Bﬁ & Bﬁ] =0, Vﬁ S {il}r s (6.16)
we can generate more solutions to the RTT relation (II) from the Lax matrix (6.2]) via:
2r .
ﬁﬁ(%‘) = Bﬁﬁ(l‘)B‘gl o, = zly + Z eijfﬁ-, Vie {£1}". (6.17)
ij=1

Here, we apply the following particle-hole automorphism of A (denoted p.h.), cf. (5:22):
a;; — —aj;, ay;—a;y for 1<i<j<r suchthat p;= -1, (6.18)
uniquely chosen to insure that the Fock vacuum |0) remains to be an so9, highest weight state:
FEO)=0, 1<i<j<2r. (6.19)
The resulting matrix elements {]:5 225-:1 of A satisfy the sog, commutation relations (6.5]), due to

the RTT relation (LI]). This makes the Fock module F into an sos,-module, denoted by M 5 ;- The
corresponding highest weight of |0) is computed similarly to C-type, see (6.26]):

.7:5|0>:u¢ <t+(r—i_1)5m+z5uk> |0), 1<e<r. (6.20)
k=1

Let us note that for the particular choice i = (+1,...,+1,—1), the particle-hole transforma-
tion (6.I8]) is the identity, and the resulting so0s,-module Mgt can be read off the Lax matrix

L () =L, +1,-1(), (6.21)
—_———

r—1

which is obtained from the Lax matrix £4(z) = L(z) of (62) by permuting its r-th and (r 4 1)-st
rows and columns. We also have the following counterparts of Lemma [6.10] and Corollary

Lemma 6.22. There is an s09,.-module isomorphism:

+ - P12 Y
M(+1,...,+1,—1),t—(Mthr,l ) : (6.23)
——

r—1

Corollary 6.24. (a) Fort ¢ %224,2“ the $09,.-module M‘;

(1, — 1)t is irreducible.

(b) Fort € %N, the Fock vacuum |0) generates an irreducible finite-dimensional 502, -module Loy, .

For ji = (p1,. .., pr) € {£1}", we define its sign || € {£1} via:

il =1 (6.25)
We call ji € {£1}" even (resp. odd) if |fi| =1 (resp. |fi| = —1), and denote the sets of such by
(#1)] = {even jie (x1}7},  {#1}7 = {odd ji € {+1}"}. (6.26)
For t € %N , let Lti denote the following irreducible finite-dimensional s0o,-representations:
L} =Low,, Ly = Lo, ,, (6.27)
which can be uniformly written as Lfc = Loy,+ with the weights w® defined via:
wt =wy, W = wWp_1. (6.28)

Let us now generalize Lemmas [6.10] [6.22] by comparing the above modules { M 3‘7 +}iie{+1}r to those
from the Introduction. To this end, we shall consider two parabolic subalgebras pg+ C s09, with

St={1,...,r—2,r -1}, S™={1,...,7r—2,r}. (6.29)
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The Weyl group of s0s, can be identified with W ~ (Z/2Z) ! x S, ~ {£1}7, x S, cf. [62Z0), so
that elements of W are indexed by pairs (i, o) with o € S, and ji € {£1}" that are even (|ii| = 1).

The Weyl group of the Levi subalgebra [T ~ gl,. of pg+ is Wi+ ~ S,., which consists of the elements
((+1,...,+1),0),cs. € W. Equivalently, Wi+ is the stabilizer of (+1,...,+1) for the natural
transitive action of W on the set {1}, . Thus, we have a set bijection

T W/Wee — {£1}, (6.30)
cf. (B.27). For any /i € {£1},, we define w; € W ~ {£1}", x S, via:
wi = (7,07 (631)

with o; € S, as in (5.28). The element wy; € 7 (ji) can be characterized similarly to Lemma 530

Lemma 6.32. wj; is the shortest representative of the left coset w;l(ﬁ), for any fi € {£1}",.

Corollary 6.33. "W = {wﬁ}ﬁe{il}ﬁr-

Likewise, the Weyl group of the Levi subalgebra [T ~ gl. of pg- is W~ ~ S, which consists of the
elements ((+1,...,+1,—1,+1,...,4+1,-1),0),c5 C W with —1’s at the r-th and o(r)-th spots
(and there are no —1’s at all if » = o(r)). Equivalently, W|- is the stabilizer of (+1,...,+1,—1)
for the natural transitive action of W on the set {£1}" . Thus, we have a set bijection

T WWe = {£1)7 (6.34)
cf. 630). For any ji € {£1}", we define w; € W ~ {£1}, x S, via:
wg = (@', 05) (6.35)

with o5 € S, as in (5.28) and i’ € {£1}", obtained from i by replacing the first y; = —1 (with
minimal ¢) by +1. The above element wj; € 71 (jI) can be characterized similarly to Lemma [.32]

Lemma 6.36. wj; is the shortest representative of the left coset 7= Y([), for any i € {£1}" .

Corollary 6.37. " W = {w;}je(s1) -

Combining now the formula (6.20) with the definition of w; € W, see (6.31] [6.35]), we conclude
that the highest weight of the Fock vacuum |0) € M 3‘ , coincides with the highest weight of our key

modules M/ . . introduced in (IL3G), see Corollaries [6.33} B.37 (we set wtl = w*). Furthermore,
J7s
M’

wg - twl ]

(as follows from [J]). Therefore, similarly to Propositions and [£.33] we obtain:

has the same character as M ; ; (according to Lemma [2.45]) and is irreducible for ¢ ¢ %Z

Proposition 6.38. For any ji € {£1}" and t ¢ %Z, we have s09,-module isomorphisms:

V
M7, ~ M, twwmﬁ(M/ tw\m) : (6.39)

mt — Wg - Wi

Remark 6.40. Let us point out the key difference between Proposition [6.38 and Lemmas 610, [6.22]

(a) For fi = (+1,...,+1,+£1), we actually have M;[t ~ (M . +)" for any t € C, due to Lem-
) I
mas [6.10], [6.22]

(b) Likewise, for i = (—1,...,—1,F1), we have Mg‘t ~ M/ for any ¢t € C.

ﬁ.tw\u\

(c) For other g € {£1}", M;{t is not isomorphic to either of M’

. i
Wy tw!

,or (M!

v
wﬁ~tw\ﬁ\) at some

t € 37 (but we expect it to be isomorphic to a twisted Verma module in the sense of [AL]).
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Evoking the above bijections {£1}} 3 [i <> w; € W of Corollaries and [6.37), let us define:

v
Mﬂ\/,t = ( 111)ﬁ~tw‘ﬁ‘) ) vVteC. (641)

Then, Proposition can be recast as the isomorphism of the following s0,,-modules:
M}, ~Mi,, VteC\j3Z. (6.42)

For ji € {£1}", we also define its length I(ji) as the length of the corresponding element w; € W.
Using formula (5.31]) and the explicit description of the set A™ of positive roots of s09,, we find:
(i) = l(wz) =Y _(r — )6, , (6.43)
i=1
cf. (538). We note that I(f7) differs from the lengths of (i,id), (i’,id) € W denoted by (i), (7).

6.3. Type D transfer matrices.
Recall the notion of transfer matrices {Tw (%) }weRep v (s0s,)> @S discussed in Subsection [L8l In
particular, we shall consider the following explicit infinite-dimensional transfer matrices:

r o
FH
TH) =t [[ 77 La(z) @ - @ La(x), (6.44)
i=1
N
corresponding to M 5 ;- For t € %N, we also consider the finite-dimensional transfer matrices Tti(x)

corresponding to the modules L ([6.27) in the auxiliary space: those are defined similarly to (€.44),
but with the trace taken over the finite-dimensional submodules L of M, (':_ see Corol-

laries G.12(b), 624(b).
Using the notation (641 [6.43]), let us recast the resolution (Z53]), dual to (IL30), as follows:

Lo 41,4180

\(7)=1 \(7)=2
0— L — M(\{,__”Lﬂ)’t — @ My, — @ My, = - =0 (6.45)
pe{£1}y Ae{£1}L

for any ¢ € N. Combining this with (642)) and the fact that the transfer matrices (6.44) depend
continuously on ¢ € C (as so do the Lax matrices £;(z)), we obtain the key result of this section:

Theorem 6.46. Fort € %N, we have:

) = {Zﬂ} (-1 T (x). (6.47)
e i

The character limit of (B.47) expresses the character of the s05,-modules {L: }ie1y defined as
2
r (+1,...,4+1,£1)
+ + - Fii
chit = chy (1., 7p) =t 2 HlT : (6.48)
1=
that is the length N = 0 case of T{5(z), via:

R (t+(r—i=1)0,0,+ 31—, 01 )
chi = 3 (—1)\0A) =L % 1 (6.49)
A= (11, )E{ £} [li<icj<r <1 - TTTHJ)

v

with the fi’s summand in the right-hand side of (6.49)) equal to the character of M 3‘7 ;» up to a sign.

Remark 6.50. The character formula (6.49]) can be derived directly from the Weyl character and
Weyl denominator formulas, as in Remark [5.45F we leave details to the interested reader.

We note that the formula (6.49) allows to analytically continue the characters chi of (648) from
the discrete set t € %N to the entire complex plane t € C. With this convention in mind, we obtain:
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r(r—1) _
oD (-1

Lemma 6.51. (a) chf = (—1) c —r+1):t for any t € C.

(b) chif =0 forte { —§,—3,...,— 25t~ 23,

Proof. The proof is completely analogous to that of Lemma [E.5T] with the following two changes. In
part (a), we should rather use t = —r+1—t instead of (5.52)), and note that for i € {£1}", of (6.26))

we have i = —fi € {il};(,l)r- In part (b) for ch;", the splitting of elements of W into the pairs
satisfying (B.57) is performed following only the second rule in our proof of Lemma B5T(b). O

In a completely similar way, the formula (6.47]) allows to analytically continue the transfer matrices

Tti(x) of the finite-dimensional representations Lti, te %N , to the entire complex plane ¢t € C. With
this convention in mind, we have the following generalization of Lemma [6.5Ta):

o + . r(r—1) i(,l)r
Proposition 6.52. T; () = (-1)" 2 T, ;’,(x) for any t € C.

Proof. The proof is completely analogous to that of Proposition [(.59] and follows from the proof
of Lemma [6.5T[(a) combined with the factorisation (898]) of the transfer matrices T ; ,(x) into the
product of two commuting Q-operators, cf. Proposition R.I00 O

We expect the generalization of Lemma B51(b) to hold: 775 (x) = 0 for ¢ € { -i-2 .., —@}
This was first observed in [FFK] for small length and rank.

7. RESOLUTIONS FOR TRANSFER MATRICES OF BD-TYPES: FIRST FUNDAMENTAL
REPRESENTATIONS

In this section, we apply similar ideas to treat the remaining case of (L22]): i = 1 for BD-types.

7.1. Oscillator realization in types BD (parabolic Verma).
For K > 5, let A denote the oscillator algebra generated by K—2 pairs of oscillators {(a;, a;) }1<i<1/,
cf. notation (L21) so that 1’ = K, subject to the standard defining relations:

a;,a;] = &7, [a;,a;] =0, [a;,a;] =0, (7.1)

so that
A=C(a;, 5">1<i<1f /@) (7.2)

Following [Ex| (5.36, 5.38)] and [EF'T, (2.243), §4.3], let us consider the quadratic non-degenerate
Alz]-valued Lax matrices of sok-type (i.e. of types D, or B, with r = |K/2] for K even or odd,
respectively), depending on z1,z9 € C:

1 w | —iwIkow” 1| —w | —iwIkow”
Lore(@) = | 0|1y | —duow? “Deyas (@) - | o | 1y Tk_owT (7.3)
0] o 1 ol o 1

with J; denoting the anti-diagonal k£ x k-matrix and the middle factor explicitly given by:

(z—z1)(z—21 — K +2) 0 0
Dm,m(x) = —w(r — 71) (x —21) (2 — 22)Ik—2 0 ,
—%WTJK,QW WTJK,Q(QU — x9) (x — xo)(x — 29 — % +2)

while the row-vector w € Maty, (k_2) (A) and the column-vector w € Mat(K_Q)Xl(A) encode all
the generators via:

D,: w=(ay,...,a,,ay,...,ay), W=(as,...,a,ay,...,ay)", (7.4)
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. e (= - - - _ T
B,: w=(as,...,a,,8,41,a,...,8y), W= (a,...,8,,8,11,8,...,89)" . (7.5)

Following [F'T, Remark 4.37], we also consider
Lg,, (x) = 29617962 (x + C) = xQIK + Mz, + Gays (7'6)

with the shift ¢ of the spectral parameter given by:

-1
c = 7.%.1 * ;.2 s (77)

and x12 = 1 — x2 (note that the right-hand side of (7.6]) depends only on the difference of x1,x3).
It is straightforward to see that the linear term M,,, in (Z.6]) is given by:

—Iio — % +1—ww M19) 0
Mz, = —w ww — Jk oWl w! Jx_o — Ix_o Mia3 , (7.8)
0 WTJK,Q Tio + % —-1+ww
with
Mg = (5612 + 52+ Ww) W — iwlk oW wlJk 2, (7.9)
Mgz = — (:m +5-2+ WW) Jkaw' + Wl oW’ - w, (7.10)

while the free term G, in (T6]) is expressed via the linear term M,,, as follows:
Gy = M2, + (K = 2)M,, + 2(K— 3 —2%,)Ik. (7.11)

z12

As a direct consequence of the RTT relation (L), we can identify the generators of sok through:

Fi = (Ml—t—é)ji _ (7.12)
In particular, we have:
K—1
Fu=t—)Y apa,, Fy==aa —agay for 1<i<r. (7.13)
k=2
As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F satisfying:
a;|0) =0, 1<i<?. (7.14)
Then, the Fock vacuum |0) is obviously a highest weight state of the resulting sok-action:
Fijl0) =0, 1<i<j<K, (7.15)
with the highest weight A\ = tw; = (¢,0,...,0), that is:
——
r—1
Ful0) =510y, 1<i<r. (7.16)

Completely similarly to Lemmas 48] 5.14] [6.10] 6.22] we have:

Lemma 7.17. There is an sok-module isomorphism:

v
P (M) (7.18)
Completely similarly to Corollaries .10, 5.16] 6.12], [6.24] we thus get:

Corollary 7.19. (a) Fort ¢ 4 — K+ 3N, the sok-module F is irreducible.

(b) Fort € N, the Fock vacuum |0) generates an irreducible finite-dimensional sox-module Ly, .
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7.2. More oscillator realizations in types BD via underlying symmetries.
Consider the following 2r endomorphisms of CK:

2?21 €jj ' / for k=1

. €1k T €1 + e1p + eprr + Z{ﬁ?fy ej; forl<k<r
ek + ep + evp + e + 397 ey for 1 < k<1
2521 €jj’ for k=1

Since the R-matrix (I.I9)) is invariant under such transformations, cf. (L5):
[R@), By @B =0,  Vke{l,...,rpu{r,... .13, (7.21)
we can generate more solutions to the RTT relation (1) from the Lax matrix (7.6]) via:

Ly(z) = ByL x)B,;ljp.h_ . Yke{l,...rpu{r,... 1} (7.22)

:Blgzlftfg (

Here, we apply the following particle-hole automorphism of A (denoted p.h.):
aj— —a;, aj—a; for 1<j<k if 1<k<r,
aj——a;, a;j—a; for kK<j<l if r<k<1, (7.23)
uniquely chosen to insure that the Fock vacuum |0) remains to be an sok highest weight state.
The resulting sok generators are read off the linear term of (Z.22]) in the spectral parameter:
FE = (B"“M”%Bk_llp.h,)ji L ke{l...yufr. 1. (7.24)

This makes the Fock module F into an sox-module, denoted by M,jt. For 1 <i <r, we get:

(t+k—1)6F — 6;<1)|0) for 1<k <r
wo = {§ - da) , (7.25)
((—t —k+2)6F — 5i<k/) |0) forr’' <k<1
thus the corresponding highest weight of |0) € M,}, is:
(-1,...,-1,t+k—1,0,...,0) for 1<k<r,
k—1 r—k
7.26
(-1,...,—1,—t —k+2,0,...,0) for 7 <k<1. (7.26)
k'—1 r—k

We shall now compare the above modules M, ,j ;s with those from the Introduction. To this end, let
us consider the parabolic pg C sok corresponding to S = {2,...,r} with r = L%J, see §I.0l The
Weyl group of sok can be identified with W ~ {£1}" x S, for K= 2r +1 or W ~ {£1}"} x S, for
K = 2r, cf. (626). The Weyl group of the Levi subalgebra [ ~ sox_o @ gl is Wy ~ {£1}""1 % S,_;
for K = 2r +1 or W o~ {£1},7! x S,_; for K = 2r, consisting of those (ji,0) € W such that
1 = +1 and o(1) = 1. Equivalently, W is the stabilizer of 1 for the natural transitive action of
the Weyl group W on the set {1...,7}U{r’,...,1'}. Thus, we have a set bijection

T W/Wy = {1,...,r}u{r’,..., 1}, (7.27)
cf. (17 527, 630, 6.34). For any 1 < k <, we define the permutation oy € S, as o,y of (EI5):
opr(l) =k, op(2) =1, ..., ox(k)=k—1, op(k+1)=k+1, ..., op(r)=r, (7.28)

and further consider wy € W given by:
wk:((—i—l,...,—i—l),ak), 1<k<r. (7.29)

The element wy, € 7 (k) can be characterized similarly to Lemmas (.30, (.32} [6.36

Lemma 7.30. wy, is the shortest representative of the left coset m=1(k), for any 1 <k <r.



42 ROUVEN FRASSEK, IVAN KARPOV, AND ALEXANDER TSYMBALIUK

Likewise, for 1 < k < r, we also define wy € W via:
w = (pk),on),  1<k<r, (7.31)

with o € S, as in (T28) and p(k) € {£1}" having —1 components only at the:

(1) k-th spot, if K =2r + 1;
(2) k-th and r-th spots, if K= 2r and k < r;
(3) (r —1)-th and r-th spots, if K= 2r and k = r.

Then, similarly to Lemma [[.30] we have the following characterization of such elements:
Lemma 7.32. wy, is the shortest representative of the left coset =1 (k), for any r' <k < 1'.

Combining Lemmas and with the set bijection (7.27)) and (L33)), we get:
Corollary 7.33. 'W = {wk ’ kEe{l,...,r}u{r,.. .,1’}}.

Combining now the formula (.26]) with the definition of wy € W, see (.29} [[.31]), we conclude
that the highest weight of the Fock vacuum |0) € M,j , coincides with the highest weight of our

introduced in (L36]), see Corollafym, forany k€ {1,...,r}u{r, ..., '}
Furthermore, My, ., has the same character as M, ,: , (according to Lemma [Z45]) and is irreducible
for t ¢ Z (as follows from [J]). Therefore, similarly to Propositions [4.28] [(.33] [6.38] we obtain:

key modules M;, ,

w1

Proposition 7.34. Fork € {1,...,r}U{r',..., 1"} and t ¢ Z, we have sok-module isomorphisms:

\Y
M, ~ M, ~ (Ml ) - (7.35)

wy - twyr —

Remark 7.36. Let us point out the key difference between Proposition [[.34] and Lemma [Z.T7t

(a) For k = 1, we actually have M;t ~ (M

wy, - w1

)V for any t € C, due to Lemma [.T7]

(b) Likewise, for k = 1’, we have M;", ~ M

wy, - w1

for any t € C.

or (M,

k- twi wy, - tw1
t € Z (but is expected to be isomorphic to one of the twisted Verma modules in the sense of [AL]).

(¢) For other values of k, M, is not isomorphic to either of M, )V at certain

Evoking the above bijection {1,...,7} U{r',...,1'} 3 k <> wy € 'W of Corollary [.33, we define:

Vo !
Mk,t - (ka-twl

v
), vtec. (7.37)
Then, Proposition [[.34] can be recast as the isomorphism of the following sok-modules:

M,;L,t:M,Xt, VteC\Z. (7.38)
For the key results of the following subsection, let us record the lengths of the above elements:

(7.39)

) = k—1 forl1<k<r
Wh) = E—2 forr <k<1’

which follows from (5.31)) and the explicit description of the set AT of positive roots of sok.
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7.3. Type BD transfer matrices.
Recall the notion of transfer matrices {Tw (%) }weRep v (o), @S discussed in Subsection [L8 In
particular, we shall consider the following explicit infinite-dimensional transfer matrices:

TH(x) = tr HT u Ek - ® L), (7.40)
N

corresponding to M, lj' ;- For t € N, we also consider the finite-dimensional transfer matrices 77 ;(x)
corresponding to the modules Ly, in the auxiliary space: they are defined similarly to (Z.40]), but
with the trace taken over the finite-dimensional submodule Ly, of Mfr 4, see Corollary [T.I9(Db).

Using the notation (.37]) and the formula (7Z.39)), let us recast the resolution (Z355]), dual to (L30):
Dy 0= Ly — MYy = - = MLy y = My @ My — My _qy = - = My, — 0, (T.41)
Br: 0= Lywy — MYy — o= MLy — My — My, — My == My, — 0, (7.42)

for any ¢t € N. Combining them with (Z38]) and the fact that the transfer matrices (Z40) depend
continuously on ¢ € C (as so do the Lax matrices Li(z)), we obtain the key result of this section:

Theorem 7.43. (a) For t € N, we have the following equality of D,-type transfer matrices:

T

Ti(z) =Y ()" 'T(z) + Z DT (). (7.44)

k=1

(b) Fort € N, we have the following equality of B,-type transfer matrices:

T

Tia(z) =D (=)' () +Z DTS (2). (7.45)

k=1

The character limit of (7.44]) expresses the character of the s0g,-modules { Ly, }en defined as

s
chiy = chyy(ri,...,7) = trp,, [[ 77", (7.46)
i=1
that is the length NV = 0 case of T} 4(z), via:
r -1 th—1
- T T 1Tk
chy, =Y (—1)F! +
kz::l [li<e<k (1 - T—k) [Te<e<r ( - —l) [Tesr (1 - L)
= Te = Tk TkTe
r -1, -1 _k+1-2r—t (7.47)
Z(_l)k_l 71 Tr—1Tk
— -
k=1 [Ti<t< (1 - %) [Th<r<r (1 - %f) [Tz (1 - ﬁ)

Likewise, the character limit of (745]) expresses the character of the s09,1-modules { Ly, Hen
T
chiy = chyy(ri,...,7) = trp,, [[ 77", (7.48)

that is the length NV = 0 case of T} 4(z), via:

chy ¢ = zr:(_l)k—l 4 -1, o] 1T£+k 1 .
7 (1 : %) theea (1 B T_Z) i< ( ) [Tezn ( rklﬂ)
S e h—2r—t (7.49)

Ty Tl 1Tk

_1)k ‘
k;l( V (1 - %) Ih<e<k (1 - Tz) [Tr<r<r (1 - %’j) [Tesr (1 - ?17[)

Here, the k-th summand in the first (resp. second) sums in the right-hand side of (.47 [49) is
equal to the character of M,!, (resp. M‘tt), up to a sign.
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Remark 7.50. For the physics’ reader who skipped Section[Z], let us present a concise proof of (.49)
(the proof of (Z4T) is completely analogous). Let us identify the set AT of positive roots of
g = 509,41 with AT = {¢; £ ¢, }1<icj<r U {e}_;, so that p = (r — %,r — %, e %) and the Weyl
group Wis W ~ (Z/2Z)" x S, ~ {£1}" x S,. According to the Weyl character formula, we have:

Cthwl = Z (_1)“!270')

(o) e{E1}m xS, [icicjor(l—e97 )1 —e ) [[imy (1 —em)

e(ﬁvo-) (twi+p)—p

(7.51)

Following §7.2] let us consider the parabolic subalgebra py .1 C g whose Levi subalgebra is
[ ~ s09,_1 D gl; and the Weyl group is W ~ {+1}""! x S,_; consisting of (ji,0) € {1} xS, =W
such that g1 = 1 and o(1) = 1. The assignment W > (i, 0) — (u1,0(1)) € {£1} x{1,...,r} gives
rise to a set bijection 7w: W/W; "= {£1} x {1,...,r}, cf. (T27). For any (u, k) € {1} x{1,...,7},
we consider ((u, 1,...,1),01) € 7 (i, k) with oy € S, as in (TZ8)). We can rewrite (Z51) as:

(_1)1((Mvﬁ)70k7)6((“75)70167—)(&*}1 +p)_p

chr,, = (7.52)

(k)T (1} 7yew, igicjcr(1 =979 (1 —em979) [Ty (1 — e7)

where (p1, 7) € {£1}" is obtained by attaching p € {£1} on the left to ¥/ € {£1}"~!. The key step
is to simplify the inner sum of (Z52]) using the Weyl denominator formula for [:

Z (_1)1(1777)6(1777)(0[)—Pl — H (1—e9), (7.53)
(7,7)eW; aeA
where AFL = {€& % € }a<ici<r U{€&}_y C AT consists of positive roots of [, p; = %ZaeAf a =
0,r — %, R %) As (U, 1)(p) —p= (U, 7)(p1) — p1, (7, 7)(w1) = w; for any (7,7) € W C W, we get:
@) (twi+p)—p

> (pen B ,:
Micicyer(— e )= e 9 ) T (1 — e %)

(177T)€Wl

etEl

(= e ) (i — e (i —ea1)
Thus, the inner sum of (Z.52)) indexed by (u, k) = (1,1) gives rise to the £ = 1 summand of the
first sum in (C49). Likewise, we claim that the inner sum of (Z52]) indexed by (i, k) with p =1
(resp. u = —1) precisely recovers the k-th summand of the first (resp. second) sum in (749)), which

amounts to the proof of (Z56]) below (and its u = —1 counterpart). To prove this claim for u = 1,
let us apply ((4+1,...,+1),0,) € W to both sides of the equality (Z53):

(7.54)

Z (_1)1((1,17),om)e((l,ﬁ)ﬂw)(p)w —

(7,m)eWy
ik i,j#k
(—nHererell=r TT (1—e) [[ (1—e¥ ) (1—e97%). (7.55)
1<i<lr 1<i<y<r

Combining this with the formulas
op(p) —p=(k—1ex — (1 +- +e-1), log)=k—-1,  op(w1)=e,
we obtain the desired equality:

e((L7),07)(tw1+p)—p

Z (_1)1((1,5),Ukr) _

e, [h<icjor(I—e979) (1 —e 9 9) [y (1 —e™%)
—€1 ... p—€k—1p(t+Ek—1)eg
(_1)k_1 —€ k—1 eefe f - €r—e t#k —en—er)
(L—e ) [Tz (1 — e =) [Tpmpppn (1 — ee%) [ I35, (1 — e7r %)
The proof of the above claim for p = —1 is completely analogous with the only difference that:
((_L +1,... a+1)’ Uk)(p)_p = (k_2r)€k_(61+' ’ '+€k—1) ) ((_1’ +1,..., +1)’ O-k)(wl) = —€.

This completes our direct proof of the character formula (749) (see Remark 328 for more details
in regards to perceiving chy; of (Z48]) as a specialization of chp,, ).

(7.56)
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Let us note that the formulas (Z47)) and (Z49) allow to analytically continue the character chy,
of (7.46]) and (7.48]), from the discrete set ¢ € N to the entire complex plane ¢ € C. With these
conventions in mind and similarly to Lemmas [5.51], [6.51] we obtain:

Lemma 7.57. (a) ch;; = (DK chi o k—¢ for any t € C.
(b) ch1y =0 forte{-1,-2,...,3 - K}.
In a completely similar way, the formulas (.44l [45]) allow to analytically continue the transfer

matrices 77 () of the finite-dimensional representations Ly,,,t € N, to the entire complex plane
t € C. With this convention in mind, we have the following generalization of Lemma [.57)(a):

Proposition 7.58. T (z) = (=1)XT1 5_k_4(z) for any t € C.

Proof. The proof is completely analogous to that of Proposition and follows from the proof
of Lemma [[57)(a) combined with the factorisation (324 of the transfer matrices T}, (z), T;: ,(2)
into the product of two commuting @Q-operators, cf. Proposition [0.26] O

We also expect the generalization of Lemmal[Z.57(b) to hold: T} () =0 for t € {-1,-2,...,3—K}.
For D-type, this was first observed in [FFK] for small length and rank.

8. FACTORISATION FOR LINEAR ACD-TYPES

In this section, we demonstrate the factorisation of the infinite-dimensional transfer matrices
(435 5391 [6.44]) into the products of two Baxter Q-operators arising from degenerate Lax matrices
(which are renormalized limits of the former), linear in the spectral parameter. The factorisation
formula is universal for all three types AC' D, and we present it in full detail for the case of A-type.

8.1. General two-term linear factorisation.
Consider the following two n x n matrices written in the block form as:

Lo(w) = |22 Z 2000 21 ~|. L= [heem——— |, B

with a x (n — a) upper-right blocks A1, Ay and (n — a) x a lower-left blocks Aj, Ay. Then, their
product can be factorised as follows:

I
_ _ |
_ al, — A} H(y—erA’l ’1) 1 I, | A
Lo(x)Lo(y) = | oo e | | | (8.2)
—AL 1yl +AA] 0 11—
where
Al =A; — Ay, Aj=A,, (8.3)
Aé:Ag—l-Al, A/IZAl .

We note that the right-hand side of (82) is independent of Al.
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8.2. Two-term factorisation in A-type.

Let A denote the oscillator algebra generated by n(n — 1) pairs of oscillators {(a;;,a; ;) }1<izj<n
subject to [B.). For any subset I € S,, see our notation (LIT), recall the permutation o; of the
set {1,...,n} defined in (@I5]) and the corresponding permutation matrix By of (AI9]). We define:

Li(w) = Bilg, .o @B; | (84)
where
o - I |
xl, — AA : A I, : A zl, 1 0 I, 1 0
Lo, (@)= [-—————mqe— | = | —=q=—— | |~ | =7 (8.5)
—A | L_a 011,_a 0 | In-a -A L,
1 | ' '
with
Agt+1,1 7 Qgtle A1 0 Ay,
A= , A : (8.6)
an,l An.a 5a,a—|—1 e E_10L,n
as in ([43]), and the particle-hole transformation (denoted p.h.) in (84]) is chosen as follows:
8ij 7 Ay () or(i) s i —Bgy(i)or() i 01()) < or(i), 67

8ij 7 By (i)or () Rji T Aor()og(i) i o1(j) >or(d).
Let us note that the matrix Ly(z) of (84) depends only on the oscillators (a;;,a;;) € A with
ie€landjel=A{1,...,n}\ I, see [@I3), and can be further factorised similarly to (8X) as:

jer jel
Ll(x) = ( n+ Z al] i<j + a]z i>7 62]) (JTZGM + Zeﬂ]> (In + Z (éij5j<i - aji6j>i) eji) .

el iel jeI iel

Remark 8.8. We note that the particle-hole (8.7) differs from (A.2I]) in two aspects: (1) a different
sign change, (2) relabelling of the oscillator indices to indicate the row and column of their position.

Let us now apply the general factorisation from Subsection BJ] to the following choice of (8.1l):

La(x) = L{l,...,a}(x) > I_/a(y) = L{a—l—l,...,n}(y) : (89)
This fixes A; and A; of (8] as A and A of (86), while Ay and Ay are explicitly given by:

Ala+l " Agatl agt1,1 0 A

A, = S . Ag= TR (8.10)
ajn o Agn E_10L+1,a Tt E_111,a

We note that these two matrices Ly(z) and Ly(y) involve non-intersecting sets of oscillators from
the algebra 4, hence, they mutually commute, while the only nontrivial commutators are:
3,85 = 1. (8.11)
Thus, the transformation (83]) in this case is in fact induced by the similarity transformation:
A} =SA;S™', A, =SA,S',
AL =SA,S7!1, Al =SA;s7!, (8.12)

with

a<j<n
S =exp Z a;ja;j| , (8.13)

1<i<a
where we note that all the summands in (813]) pairwise commute.

Combining the factorisation formula (82]) with the similarity transformation (812)), we obtain:
Ly, oy (@ + ) Liayr, (@ — a) = SLe(x)GS™!, (8.14)
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where

G=|-—d4--Z- , (8.15)

S is given by (8I3]), and L,(x) is precisely the gl,,-type Lax matrix of ([Z2]).

Vice versa, the matrices Ly .1 (7) and Ly, (%) can be obtained from the Lax matrix L, (z)
of ([£2) via the renormalized limit procedures (which clearly preserve the property of being Lax):

L{l,...,a}(x) = lim {Ea(az —t)- diag(l, RO —%, el —%)} ,

t—o0
a n—a

(8.16)

Ligsr,. . ny(w) = tlggo {diag( %, e %; 1,..., 1) “Lo(z + a)}

a n—a

I—_lij'—>75]'i y i —ag;

Remark 8.17. This implies that all the matrices {L;(x)}ses, of (84) are in fact Lax, that is, they
satisfy the RTT relation (ILI]), which is crucial for the entire analysis of the present section.

Conjugating the factorisation formula (814]) by By of ([@I9]), thus utilizing the Weyl group action,
and further performing the particle-hole transformations in both sets of oscillators, we obtain:

Li(z +t)Li(x — a) = SiL(x)GrS;? (8.18)

with the similarity transformation S; and the matrix G specified in (823) and (822]) below,
and the gl,-type Lax matrix £’ (z) obtained from L;(x) of ([@IZ) through the sign change and
relabelling of the oscillator indices precisely as in Remark B8l The factorisation (8I8]) above follows
when performing the particle-hole transformation (8.7)) for the oscillators contained in Ly 1 (z+
t), see (B4), and further undoing the particle-hole transformation for the creation/annihilation
oscillators contained in L, 1, n) (x — a) that get mapped below/above the main diagonal:

aj; — —a5,() a;j = g, ()0 ) i 0r(j) <or(i),

Qi j = Ag;(i),07(5) it or(j) > o1(i),

e Se@era) (8.19)
i = 8 (j)0r(i) »

with the permutation oy of the set {1,...,n} as in (&I5]). More precisely, the latter particle-hole
(denoted p.h.) is chosen so that the following equality holds:

Li(@) = Brligst,..my@) By | . (8:20)
where we note the following natural compatibility between Br and Bj:
BrBat1,...ny = By, vies,. (8.21)
The remaining ingredients in (8I8]) can be written as:
jel
Gy = BIGB;ILW S ZEZI (éﬂéKj - al-jébj)eij : (8.22)

and S; is obtained from S of (8I3]) by performing both particle-hole transformations p.h., p.h.:
jel

S[ = exp Z (éijaij&q — ajiéji5i>j) . (8.23)
el

Following [BFLMS], let us now define the Q-operators {Q;(z)}ses, C End(C™)®V via:

Qi(x) = trp, (Lf(m) ® - ® Lf(x)) , (8.24)
N
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that is, as the normalized trace trp,, defined as in (37, of the N-fold tensor product of Lj(z)
from (84]). The twist Dy in (824]) acts only on the Fock space and is defined via:

i<j oia.  1>7] aj;ai;
7—] 17 g1 Ti

. .= 7 . .= j
iel, jel el jel
which can be further expressed via {£1}7; of [@IZ) as (cf. formulas (X223} E24)):

n I
Dy = HT;t : H Tf” . (8.26)
1€l i=1
We note that the action of this twist on the Fock module is uniquely determined (up to a scalar

function) by the same condition as in (3.39):
DL;(x)D™' = D;'L;(x)Dy, (8.27)

with D = diag(m,...,7,) of (8.40). This ensures the commutativity of @Q;(x) and the transfer ma-
trix T{y.,....0) (y) of the defining fundamental representation in the auxiliary space, cf. Remark B.671

Remark 8.28. For a = 1 and I = {i}, the Lax matrix (84]) coincides with L;(x) of (B31]) and the
twist (820 coincides with (B:38]), hence, the above Q-operator (8.24]) recovers @Q;(x) of (3.36]).

Building the monodromy matrices (by considering the N-fold tensor product on the matrix space)
from (BIX]), taking the normalized trace, and evoking the relation (826]), the factorisation for-
mula (8IX) implies the following factorisation formula for the transfer matrices T}, (z) of (E35):

Tfft(x) = Ch;it Qr(z+1t)Qf(x — a) (8.29)
with B
jel (_1)(5i>j7_i
T,

n
chf, =t [ =[] ===, (8.30)
1=1

iel  der T

cf. the factorisation formula (3.44)), the character formula (£40), and the details of Remark

Remark 8.31. Let us stress right away that the transfer matrices constructed from £7(z) and Ly (x)
via (£30) do coincide, as the sign change and the relabelling of oscillators (see Remark R.8) do
not affect the trace.

Remark 8.32. An essential step used in our derivation of (829 is the following commutativity:
[S;,DiD;] =0, (8.33)
cf. (359). Clearly, it suffices to verify (833]) for I = {1,...,a}. To this end, we note that:

a<jsn 7\ ijajitaijag N, N
Dy, ayDiat1,..ny = H (-J) = H T H 7 (8.34)
1<i<a Ti 1<i<a a<j<n
with
N, =— Z (a‘ll-jajl- + aijéjl-) R Nj = Z (éijaji + aijﬁji) , (835)
a<j<n 1<i<a
while the similarity transformation Sy is given by (8I13):
a<j<n
Sti.ay= | explagayl - (8.36)
1<i<a

Thus, the desired commutativity (833]) follows from the obvious equalities
[Ni, apan] =0, [Ny agag] =0, (8.37)
forany 1 <i<a<j<mnand1<k<a</{<n,cf (365 B.60).

Combining the factorisation formula (829) with Theorem 37 we get (see ([A34) and (830)):
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Proposition 8.38. For any 1 <a <n andt € N, we have:

Tor(z) = > (-1)'D chf,-Qr(z + 1)Qp(z — a). (8.39)

IeS,

Remark 8.40. (a) Such formula first appeared in [BHK| (5.12)] for the n = 3 trigonometric case,
while the general rational case goes back to [Ts1l[Ts2]. However, our derivation of (839]) from (4.38))
has a benefit of not using the determinant formula (3.47) that is absent in other types.

(b) Let us note that (839) is also a consequence of the determinant formula (3.47]) and its analogue
expressing any @-operator Q(x) of (824) in terms of the single-indexed Q-operators (3.36)):

7 Qi (w— 4+ 1)
s H
T 1<k (<a

where I = {i1,...,i,} (the right-hand side of (841]) is clearly independent of the ordering of i.’s).
To establish this formula, one has to consider a family of gl,-type Lax matrices {L(z)};c1,.. 0},
see [BELMS| (2.20)], generalizing L;(z) of (84]) by letting their matrix coefficients to take values
in the bigger algebra A ® U(gl|;)[z]. Explicitly, we set Ly 1(2) = L1, a) (%) + 327 21 €ij Eji
with {E};}{,_; being the generators of gl,, while all other L;(z) are again obtained through the
similarity and particle-hole transformations precisely as in (84]), thus resulting in:

L;(z) +§:E (oo ()€ - (8.42)

7_]6

Generalizing Qr(z) of (824), one defines the X-operators {X} (z, )15 C End(C™)®V via:

ngk,ﬁﬁa

Qr(x) = : (8.41)

Xf (2,0 = tray S [T 6p, (Li@) @ - @ Li(@) ) ¢ (8.43)
el

N

cf. [BFLMS, (4.13)]. Thus, X; (x,\) is the normalized trace trp, of [B31) in the Fock module F
of A followed by the standard trace in the dual Verma module M) of gl, of the N-fold tensor
product of L;(x) with the twist Dy defined in (825)). Likewise, for a dominant integral weight A
of gl,, one defines X(z, ) with the outer trace taken over the finite-dimensional gl,-submodule
Ly of M. The latter construction allows to recover back the Q-operators via:

Qr(r) = Xf(gc, ,... ,0)) . (8.44)

Then, evoking the BGG resolution of the finite-dimensional gl,-module Ly, we obtain the following
counterpart of Theorem (cf. [BFLMS|, (4.19)]):

Xi(@,A) = > (1) x}(z,0 - N). (8.45)

0€ES,

On the other hand, arguing precisely as in our proof of ([3.44]), we obtain the following counterpart
of the latter (cf. [BELMS, (5.7)]):

X[ (x,)) = H % H /\k Qi (M) Qi (x + Ao — 1)+ Qi (w + Ag —a + 1),
1<k<t<a Tie — Tig 1<k<a

(8.46)

where I = {i1,...,ia} € Sy and A = (A1,..., ;) € C* Combining (840) with (845]) and evoking

the Vandermonde determinant, we obtain the following analogue of Theorem [3.46]

QA= 0+ 1)

(8.47)
det

Ic

—0+1 H
1<k l<a

Specializing this formula at A = (0,...,0) and evoking (8.44]), we recover the desired formula (8ZT]).
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(c) Conversely, plugging the formula (841 into (839), we recover (by expanding the corresponding
n X n determinant with respect to the first a columns) the determinant formula (347) in the
particular case of A = tw,, the multiples of fundamental weights.

For completeness of our exposition, let us conclude with the QQQ-relations in the present conven-
tions:

Lemma 8.48. For any two disjoint subsets I and {i,j} of {1,...,n}, we have:

Qruin(z +3)Qr(x — 3) = P— Tinuz‘(ﬂﬂ —3)Qy(x+3) — . 72 TiQ[uj(w — 3)Qri(z+3).

75

Proof. Let I = {i1,...,i,} and set ig = j, ig+1 = i. Then, the QQ-relation stated above follows
immediately from the Desnanot-Jacobi-Dodgson-Sylvester theorem applied to the (a4 2) X (a+2)

_ o1 g\ 1<l<at2 .
matrix M = (Tik Qi (x — L+ 5))0<k< » with Q;(z) defined in (3.36]). O
SRSa

Remark 8.49. Generalizing our earlier Remarks .48 and 28], we note that the Q-operators Qr(x)
of BEFLMS, (4.13, 4.20)] are related to ours from (8.24)) via:

Q) =[] Qi (v - "51) (8.50)
el
where the twist parameters and the oscillators are identified via (.52]) and ([B.50), respectively.
n—|1]

Here, the shift of the spectral parameter 2 by == arises when identifying our Lax matrices (8.3)
with those of [BELMS, (2.20)], while the additional factor [[;c; 7" is due to the conventions
of [BELMSJ. Thus, our QQ-relations of Lemma 848 are equivalent to the QQ-relations of [BFLMS|
(5.12)] (though the latter need to be corrected by a sign as already seen from [BFLMS, (5.9)]),
see (L9):

T — T

- Qruiv; (#)Qr(z) = Quui(z — 3)Qruj(z + 3) — Qruj(z — 3)Quui(z + 1). (8.51)

TiTj

Remark 8.52. Let us also note that the commutativity of the single-index Q-operators {Q;(x)}" 4,
see Remark B.G7(c), is essential both to the derivation of the determinant formulas (347, R4T]) as
well as to the above proof of Lemma K48 Furthermore, combining Remark with the deter-
minant expression (841]), we conclude that all the Q-operators {Q(z)|I C {1,...,n}} commute
among themselves as well as with the transfer matrices TZr ,(x) and Tg ¢ (x) of Subsection A3l

8.3. Two-term factorisation in C-type.
Inspired by (5.3]), let us consider the particular example of the general factorisation (82 applied
in the case when n = 2r, a = r, and the r X r matrices A1, A1, Ag, Ao are explicitly given by:

arq o ar/ pr—1 ! 51,7"’ t E_11,2’ 22_11,1’
: U apiyy a1 Aol = : - 2azo  ary
Al = 3 Al = 3
ay 1 ayp - : a1, 28,1 (r 1y ' :
ajq ay; e a, | 2a, a,_1 4 cee Ay
ay o Ar 1,97 237",7"’ E_17"’,1 t E_12/,1 E_11/,1
2a, 1 (p—1y Ar—1, - ; ayo ay)
A2 - ) A2 = )
ary 2agy - : A/ -1 A1) -1
2a; 11 ayy e ay a,, a1 ceeag

)

(8.53)
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cf. (&), where the only nontrivial commutators of the above entries are:

ai,8i] =1,  1<ij<2r. (8.54)

In this setup, both matrices L,(z) and L,(y) of (&) are actually C,-type Lax matrices. In fact

Lis,... (@) = Lp(w) = [ =22 22220 22 - (8.55)

T

appeared in our recent work [T}, (3.50)]. On the other hand, the Lax matrix L,(y) can be obtained
from (B55]) via the Weyl group action followed by a particle-hole transformation:

L, oW =Ly) = SLypW)s™!|,, = |-—=—-=—F———=———-—— (8:56)
N—— o —JrAlJT | yL« — JrAlAlJr
|

T

P.H.
with the 2r x 2r similarity matrix S given by:

0 13
S = _:37»_:_6_ = B(-1,..,-1) (8.57)

cf. notation (5.I8]), and the total particle-hole transformation (denoted P.H.) given by:
éi,j/ = o—ay gy, ag ﬁj/ﬂ' forall 1<i< i<r. (858)

Let us stress right away that both L  1)(x) and L_  _)(x) can be obtained from the Lax
matrix L£(z) of (B.3]) via the renormalized limit procedures (preserving the property of being Lax):

Ly, +(2) = lim {ﬁ(m—t) -diag(l,...,l;—%,...,—%)}’

t—o0
r r

(8.59)

L(_v"-y_)(x) = tlg& {diag(%,...,%;l,...,l) L(x+t+r+ 1)}‘
T T

AH*AQ s AH*AQ ’

Remark 8.60. We note that the commutation relations (854 are invariant under the transforma-
tion a;; — —a;;, a;; — —a;;, and furthermore such transformations do not affect the trace.

Then, the transformation (3] is again induced by the similarity transformation (8I2]) with

S = exp Z (1 + 55) a;ag| (8.61)

1<i<j<r
where we note that all the summands in (86]]) pairwise commute.
Combining the factorisation formula ([8.2]) with the similarity transformation (8I2]), we obtain:
Ly p@+t)L . y(w—t—r—1)= SL(x)GS™', (8.62)

where

a_ |_rafe , (8.63)

S is given by (861]), and L(z) is precisely the C,-type Lax matrix of (5.3)).
Following (824)), let us now define the Q-operators Q. . 1)(7), Q... —)(z) € End(C?")®N via:

yooey™

Q4,...t)(@) =Trp, (L(+,...,+) (@) @+ ® L4,..+) (95)) (8.64)
N

and

,,,,,

—)(L(—v---v—)(ﬂf) ®"'®L(_,...7—)(ﬂ?)), (8.65)
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cf. B31), with the twists D, 4y and D(_  _y defined in analogy with (825)-(8.27) via:

D= ]I (ry;) 22" | (ry;) 232" (8.66)
1<i<j<r 1<i<j<r

We note that the twist Dy ) can be further expressed via {F;;}{_; of (5.1, BI3) as:

Di.oy=1I7"" (8.67)
=1

Let us stress right away that the actions of the twists D, ,yand D _y on the corresponding
Fock modules are uniquely determined (up to scalar functions) by the following conditions:

DL . 1) (z)D7! = D(f,...,+)L(+,...,+)(x)D(+,...,+) ;

DL, _y(x)D™'=D"

(8.68)
Coy B @)Dy s

with
D = diag (71,...,TT,T_1,...,Tf1), (8.69)

cf. (821). The relations (8.68]) ensure the commutativity of Q. . 4)(x) and Q_ . _y(z) defined
via (8.64] B.65)) with the transfer matrix T, 0)(y) of the defining fundamental representation in
the auxiliary space, see Remark B.67|(b).

Building the monodromy matrices (by considering the N-fold tensor product on the matrix space)
from (B62]), taking the normalized trace, and evoking the relation (867]), the factorisation for-
mula ([862]) implies the following factorisation for the transfer matrices T(TH,..., +1), ((z) of (B39):

T(il,...,+1),t(x) = Ch?r+17...,+1)7t Q.. +)Q, . Hx—t—r-1) (8.70)
with
T f T . 1
+ — i
Ch(+1,...,+1),t = tr H T = i H 1 (8.71)
i=1 =1 1<i<j<r i T

In analogy with Subsection B.2] the factorisation formula (8.2]) can be conjugated by Bj of (5.I8)
to provide an analogue of (8I8]) with the index I € S, being replaced by i € {£1}". To keep our
presentation short, we shall generate the remaining Q-operators directly from Q. . 4)(z) of (8.64)
using the action of the Weyl group via:

Q(z) = (Bi® -+ ® By) Qs..+)(x) (Ba® -+~ @ By) ™"

(8.72)

{Tﬂ—ﬂ'{l ‘,u,i:fl} ’

To this end, we should stress right away that the action of the Weyl group on the @Q-operator
Q(—,..,—(z) of (B3] generates the same Q-operators Q;(x). More precisely, we have:

Qi(x) = (Bz® - ® Bp) Q(...—)(z) (Bg® - ® By) ™" frosr et} (8.73)
where we use the notation of (5.52)):
L=—. (8.74)
The above claim, that is the operators (872]) satisfy (873]), follows from the equality:
BiL(-,.o(@)| __Bi' = BiLis,.)@)B; ooy, (8.75)

aij"_)uiujaij’

that relates the Lax matrices from our definition of Q4 . +)(z). Here, P.H. stands for undoing
the total particle-hole (8:58]). As mentioned in Remark [B:60] since only powers of aa contribute
to the trace, the resulting (Q-operators are invariant under the transformations a —» —a,a — —a,

and thus (875) indeed implies (873)). According to (856, the equality (875 is equivalent to:

—1
—1
(BiB(-1...-1)) Lit.ty@)(BaB(1... o)) = BiL+.+)(2)B;

?j’i'_}Miﬂje_‘j’i . (8'76)
aij’HMiMjaij’
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To prove the latter (and thus establish (873])), we note that the endomorphisms (B.I8]) satisfy:

Z/’LZ ell—"_ell 9

cf. Remark B.T9 Thus, conjugating Ly . 4)(z) by B( » )Bngﬁ
standard basis) and further applying the above change of oscﬂlators leaves L4 . 1)(z) invariant:

—1
L(+’ 7+) (Z 'uz €ii + el/l/)) L(+, 7-l—) <Z luz ey + ez’l/)>

=1 =1

B—l 1B-‘

= (8.77)

(which is diagonal in the

(8.78)
1Ay
"_HMNJ

Evoking the action of Bj; on the Lax matrices £;(x) and the behaviour of the twists, as discussed
in Subsection 5.2} we see that conjugating (8.62) with B; and subsequently interchanging the
twists, we obtain the following generalization of the factorisation (870) for any i € {+1}":

T (@) =ty - Qule + )Qp(x —t —r = 1) (8.79)
with |
r i roo M (t(r =it D)o, + 375 b1 )
Ch;t = tr H TZJ:“ = iz 7 R , (8.80)
i=1 Hlﬁiﬁjﬁr (1 - T Tj ¢ J)

cf. (5.286], 5.44] £.54]).
Combining the factorisation formula (8.79]) with Theorem B.41] we get (cf. (5.38) and (880)):

Proposition 8.81.
Trp(x) =

For any t € N, we have:
Yo (=D et Qulr + H)Qz(x —t—r — 1),

pe{£1}"

(8.82)

8.4. Two-term factorisation in D-type.

Let us now discuss the straightforward D-type version of the results from the previous subsection
(going back to [Fr, §5.1]). Consider the particular example of the general factorisation (82]) applied
in the case when n = 2r, a = r, and the 7 x r matrices A, Aq, Aa, Ay are explicitly given by:

ar aArlp—1 0 5~1,r’ E_11,2’ 0
0 —a,/ 1 - ; 0 —apy
A= > A= s
ag 0 57’—1,7’/ 0
0 —ag g —ap ] 0 _57"—1,7"’ _51,7”
ay ar_1,/ 0 E_17"’,1 52’,1 0
0 —Qr_1,/ " 0 _52’,1
A2 = ) A2 = )
apy 0 a, -1 0
0 —apy —ay 0 —&,/ p_1 —a,/ 1

(8.83)

cf. (6.3), where the only nontrivial commutators of the above entries are given by (854]).

In this setup, both matrices L,(z) and L,(y) of (&I are actually D,-type Lax matrices. In fact,
the Lax matrix Ly . .)(z) = L,(z), see (8.53]), appeared first in [Fr, §4.1], cf. [F'T} (2.231)]. On
the other hand, the Lax matrix L_ __y(y) = L,(y) can be obtained from (B5H]) via the Weyl
group action ([857)) followed by the total particle-hole transformation (858]), exactly as in (8.50]).
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Similarly to (853), we note that both L, y(z) and L_  _y(z) can be obtained from the Lax
matrix L£(z) of (6.2]) via the renormalized limit procedures (preserving the property of being Lax):

Ly, . . +(z)= tlggo {E(x —t) -diag(l, R & —2%, ey —2%)} ,
" r (8.84)
L, (@) = lim {diag( g, 9L 1) Llx+t+r- 1)}]1%_[&271%}_‘6‘2 .

r r
Then, the transformation (8.3]) is again induced by the similarity transformation (8I2]) with

= exp [ Z azj/aU] , (8.85)

1<i<j<r

where we note that all the summands in (885]) pairwise commute.

Combining the factorisation formula ([8.2]) with the similarity transformation (8I2]), we obtain:
L@+ 8LC . y(x—t—r+1)= SL()GS™", (8.86)

where

a_ |_rafe , (8.87)

S is given by (BRH]), and L(x) is precisely the D,-type Lax matrix of (6.2]).
Following (824, B.64l B.67]), we define the Q-operators Q4 . +)(2), Q- . —)(z) € End(C?")®¥ via;

Qi@ =10 (L@ © - @ Lig (@) ) (8.88)
N
and
Q@ =tp (L H@e-eL_ @), (8.89)
N
cf. (831), with the twists D, 4y and D_  _y defined in analogy with (825)-(8.2T) via:
Dy.y= [] @), D_..y= [ (@mm) @, (8.90)
1<i<j<r 1<i<j<r

cf. (860). Similarly to C-type considered in the previous subsection, we note that the actions
of these twists on the Fock modules are uniquely determined (up to scalar functions) by the
condition (B.68). Crucially, the twist D,y can be further expressed via {F;; };_; of (6.4} [69) as:

T
Fii—
Dty = [T 77" (8.91)
i=1

Building the monodromy matrices (by considering the N-fold tensor product on the matrix space)
from (B.86]), taking the normalized trace, and evoking the relation (89T]), the factorisation for-
mula (8386]) implies the following factorisation for the transfer matrices T(TH ) (@) of 6.29):

T @) =chly Q@+ Q@ —t—r+1) (8.92)
with
- 1
+ i t
D = trHT HTz H ﬁ (8.93)
=1 1<i<j<r J

Similarly to our treatment of C-type in the previous subsection, we shall generate the remaining
Q-operators directly from Q4 . 1y(x) of (B88) via:

Qi(z) = (Bp ® - ® B) Qs ) (z) (B @+ @ Bp) ™

{Tﬁn_l m:_l} : (8.94)
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As in type C, let us note the following key compatibility of this construction:

-1
Qﬁ(%‘) = (Bﬁ@"' ®Bﬁ) Q(_7___’_)(.%') (Bﬁ@"' ®Bﬁ) {7—,._”—*1“,:71} . (8.95)
The latter is a consequence of the following analogue of (875):
BﬁL(_W,_)(:U)PHBﬂ = B:L(4,..+)(x) B3 (8.96)

(where P.H. stands for undoing the total particle-hole (858])), which follows from the natural
compatibility among the endomorphisms (6.14]), cf. (877):

Thus, similarly to C-type, the factorisation (892) admits the generalization for any i € {£1}":
Th(x) = ch} - Qu(e + )Qz(x —t —r +1) (8.98)

with
T ]__,1 7" T (t+(7‘ i 1 6“1 +Zk 1 /Lk)
chlt, =t [[r " = == (8.99)
Bt v 1 —1_—Hilj ’
j= H1§i<j§r ( — T Ty )

cf. (620) and (6.49).
Combining the factorisation formula (898]) with Theorem [6.46] we get (cf. (6.26] [6.43]) and (899))):

Proposition 8.100. For anyt € %N, we have:

TF) = Y (D)W et Qule+)Qzx —t —r+1). (8.101)
fe{+1}y

9. FACTORISATION FOR QUADRATIC BD-TYPES

In this section, we factorise the infinite-dimensional quadratic BD-type transfer matrices (7.40])
into the products of two Baxter (Q-operators arising from degenerate Lax matrices, alike Section [8

Consider the following two K x K matrices written in the block form as:

?+a(2-5—wiwi) + 1w W] widwy | awy — 3w Iwiwid | —iwJw]
Li(x) = —zwy + $Jw] wi Jwy ol — Jwiwl] —JwT (9.1)
— vv1 Tyw, WlTJ 1
and
1 W2 A LA
Ly (y) = Wo yl + wowy —yJwl — %WQV_VQJV_VQT (9.2)
—Iwlwy | —ywiJ — twldwows | ° +y (2 & + wiwl) + twl JwowoJw]

with I = Ix_o, J = Jk_o, while the length K — 2 rows w1, wo and columns w1, wo are given by:
w1 = (az1,. .. ,aK—1,1)T, wi = (ar2,...,a1,Kk-1), (9.3)
wo = (a2, ... ,31,K—1)T, Wy = (A2,1,...,aK-1,1) .

cf. (T4, [ZH]), where the only nontrivial commutators of the above entries are given by (8.54)).

Then, their product can be factorised as follows:

Li(z-1+5+%) I (2= 5 - %) = Li2)C (9.4)
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where
L | Wy [ —3whJ(wy)"
G/ = 0 I _J(V—VIZ)T (9.5)
0] 0 1

and £ (z) is the sok-type Lax matrix obtained from £;(z) of (7.22)) by replacing w — W}, w — w1,
with the following transformation in place:
/ /
W) = W1 — W2, Wo = W2,
nomeT s e (9.6)
WQ—W2+W17 W) =Wy,
cf. (83). We note that the right-hand side of (@.4)) is independent of w.

Actually, both Li(x), Lk (y) of (@1} @.2) are sok-type Lax matrices. In fact, the Lax matrix L;(x)
appeared first in [Fr, §4.2], cf. [ET) (2.237) and §4.3]. On the other hand, the Lax matrix Lk (y)
can be obtained from (@.J]) via the Weyl group action followed by a particle-hole transformation:

LK(.%') = Bl/Ll(.%')Bl_,l

(9.7)

with the similarity matrix By = Jk, cf. (T20), and the following particle-hole transformation P.H.:

Wi — —Wg, Wi = V_Vg . (9.8)
We also note that the transformation (9.6) is in fact induced by the similarity transformation:
(9.9)
with
K—1
S =exp [ Z élgalg] , (9.10)

where all the summands in the right-hand side of ([@.I0]) pairwise commute, cf. (8121 RI3]).
Thus, combining the factorisation formula ([@.4]) with the similarity transformation (@9)), we get:
Li(z 145+ %) Le (2= 5= %) =SLi(@)Gs™, (9.11)

where L£;(x) is precisely the sok-type Lax matrix of (.22]), the matrix G is obtained from (9.5))
by replacing wh, w), with w9, wo, and S is given by (Q.10).

Remark 9.12. In type D, the factorisation formula (@.I1]) first appeared in [Ex) (5.30)].

Let us stress right away that both L;(z) and Lk(z) can be obtained from the Lax matrix £;(z)
of ([T22)) via the renormalized limit procedures (which clearly preserve the property of being Lax):

1 _t _ KY . g; .1 _1.1
Ll(x)_tgr& {ﬁl (.%'—i—l 2 4) dlag(L‘ trrt ) 252)}‘\;11»—“7\/1,w»—>w17
K—-2
(9.13)
I o1l 1.4). tL K
LK('I) - tli}go {dlag(t2a PEERRR tal) El (,I + P + 4) }‘v_s/b—)—W27w»—>—w2 .
K—2
Following (8.24] B.64, [B.65] B.8S, [88J), we define the Q-operators Q1 (), Qk(z) € End(CK)®N via:
Q@) =fip, (Li@) @ ® Li(2)) (9.14)
N
and
Q(@) = frp ( Lx(@) ®-- © Lx(x) ), (9.15)

N
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cf. B31), with the twists D1 and Dk defined in analogy with (825)—(827) via:

ZK_lﬁ a0 11 a a ZK_lﬁz ay 11 a a
- _ 1 1 ajljail—aqsa;, - _ 141 a;lal;—a;/paq,;/
Dy =1 (=2 H 7! BT R AL Dk =, (=2 H 7! 18181 8yl (9.16)

=2 =2

We note that the twist D; can be further expressed via {F;;}i_; of ({I2] [[.I3) as:
T
Dy =1t H 7'2]:“ . (9.17)
i=1

Similarly to (827) and (8.68]), we should stress right away that the actions of the twists D; and
Dy on the corresponding Fock modules are uniquely determined (up to scalars) by the conditions:
DLy(z)D™' = Dy'Ly(z)Dy,  DLk(z)D™' = D' Lx(z) Dk, (9.18)

with D given by:
D,.—type: D =diag (7'1, e T T ,Tfl) ,

(9.19)
Br_type: D:diag(T17"-7T7’717T7»_17-'-7T1_1)'

Building the monodromy matrices (by considering the N-fold tensor product on the matrix space)
from (Q.II)), taking the normalized trace, and evoking the relation (@.I7]), the factorisation for-
mula (@TIT]) implies the following factorisation formula for the transfer matrices Tfft(x) of (40):

Tft(x) = chft -@1 (3: —1+i+ %) Qx (x -1 %) (9.20)

with the character Chit =tr[[i—; TZ-]: “ given explicitly by:

1
D,—type: chft = Tf 1<]:[£Sr (1 ﬁn) (1 - %) )
(9.21)
J— . + pr T:lf 1 *
B, —type: Chl,t (1_7_11) 1<1_[€ST (1_%) (1_%)

Following Section [8, we define 2r Q-operators using the action of the operators By in [20) as:

(Bk®---®f3k)621(:v)(B,j@---@é,j) for 1<k <r

T1$> Tk

(E’k Q- ® f}k) Ql(m)’nHTﬂ (319—1 D@ Bk_l) (9.22)

Qr(x) =

forr/gkgl’.

T1$>Tk

The compatibility condition for the Qk(x) defined as in (@.I5]) and the above Q-operators follows
by employing the natural relation satisfied by the endomorphisms of (Z20)) (cf. (897])):

By=BuBy, ke{l,...,r}u{r,... 1}. (9.23)

Acting with the endomorphisms By’s on (OII) and subsequently interchanging the twists, we get:
TI:,_t(x) :Ch]-:t'Qk ($—1+%+%)Qk/ (m—%—%) ,
T/;t,t(x) :ChZ/ﬂf‘Qk/ (m— 1+%+%) Qk (x— % - %) ,

for any 1 < k < r. Here, the characters read

(9.24)

T T /
k k
ChM = tr H T ", Chk,7t = tr H T,
i=1 i=1
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see and are explici iven by:
(T24], [C.25), and plicitly gi by

—1 —1 _tt+k—1
T T Tk

[Ti<ock (1 - Z—’;) k<e<r (1 - Z_ﬁ) [Te (1 - ﬁ)

1 1 _kt1-2r—t
T T Tk

[li<ecr (1 - :_'Z) k<e<r (1 - :Ti) [esn (1 B #ﬁ)

—1 -1 _t+k—1
T T Ty

(1 - %) [li<e<k (1 - %ﬁ) [k<e<r (1 - %’j) etk (1 - ?lﬁ)
ol gt ke

(1 - %) [li<e<k (1 - :—Z) [r<i<r (1 - :—ﬁ) | 2 (1 - %)

cf. (20 [7.26]) and (747, [[.29).

Combining the factorisation formula ([@.24]) with Theorem [.43] we arrive at the following result:

D, —type: Ch]—l_t =

)

+
Chkgt =

)

(9.25)

)

B,—type: ch;rt =

+ _
Chk/,t =

)

Proposition 9.26. (a) In type D,., for t € N we have:

Tio(e) =3 (-1 tehf, - Qu (e -1+ 5+ ) Qu (v -5 - %)+
= (9.27)

Z(—l)k_l Ctht‘Qk’ (33 —14+i+ %) Qr (az —i- %) )

k=1

(b) In type B, for t € N we have:

T

Tipw) =3 (-0 el Qi (v =1+ 5+ ) Qu (a5 - )+
o (9.28)

S, Qu(r-1+4+8)Qu (2 -4 - ).

k=1

In the case of B-type, these results are in agreement with the functional relations found by Tsuboi
in [Ts2l[Ts4]. In the case of D-type, they appeared in [FFK]; see also [ESV] where similar relations
were derived from the ODE/IM correspondence [DDT].

10. FURTHER GENERALIZATIONS

One may wonder to which extent our key resolution (L30) may be further utilized to study spin
chains.

Ezceptional types
While the present paper covers all examples of g-resolutions (I30) with A = tw; which can be
further viewed as resolutions of Y (g)-modules for g of classical types, there are also three more
examples for the case of exceptional g as follows from [CGY] (corresponding to the vertices i of
the Dynkin diagram of g with the label 1, see our Subsection [I4]):

e Fg-type: vertices i = 1,5

e [r-type: vertices i = 1

Type Eg: According to (L44), the transfer matrices Tj4(z) and T5.(z) of the corresponding
finite-dimensional representations of the highest weights tw; and tws, respectively, may be written
as alternating sums of 27 transfer matrices associated to infinite-dimensional representations M.
Their highest weights are of the form tw + w,(p) — p, where w runs through the set of weights
of L, or L,,, respectively, and w,, € Wg, are the shortest elements in the Weyl group of Eg
such that w,(w;) = w or w,(ws) = w, respectively (note that the actions of Wg, on the sets of
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weights of L, and L, are transitive, as both representations are minuscule, and furthermore the
stabilizers of each weight are isomorphic to Wp, = (Z/2Z)* x S5, the Weyl group of Ds).

Type E7: According to (L44)), the transfer matrices Tj ;(z) of the corresponding finite-dimensional
representations of the highest weight tw; may be written as alternating sums of 56 transfer matrices
associated to infinite-dimensional representations M. The highest weights of these modules are of
the form tw + w,(p) — p, where w runs through the set of weights of L, and w, € Wg, are the
shortest elements in the Weyl group of E; such that w,(w;) = w (note that Wg, acts transitively
on the set of the weights of L, , with a stabilizer of each weight isomorphic to Wg,).

It is an interesting problem to realize the aforementioned Y (g)-representations M, through the
corresponding explicit Lax matrices at generic values of t € C. To this end, one should construct:

e two polynomial oscillator-type Lax matrices £(x), L5(z) of size 27 x 27 in type Es
e one polynomial oscillator-type Lax matrix of size 56 x 56 in type FEx

Not only those Lax matrices are presently unknown (see [CGY], §7.7] for their semiclassical limit),
but also explicit formulas for the corresponding R-matrices seem to be missing in the literature.

More general weights

While in the present paper we only treated the examples with A being a multiple of a fundamental
weight from (L22)), thus being exactly in the framework of the weights considered in [CGY], we
should stress that there do exist other cases when the g-module resolution (IL30) does become a
resolution of Y'(g)-modules. In particular, the oscillator-type Lax matrices of [Fr, (5.24)] give rise
to the explicit action of Y (s09,) on the sog,-modules Ly, ) +tow, and Lty w, +tow, , for any t1,te € N.

Trigonometric version

The most interesting continuation of the current work, which shall be discussed elsewhere, is the
generalization of the present results to the trigonometric spin chains. To this end, let us recall that
the representation theory of the finite quantum group U,(g), over the field C(g), is equivalent to
that of the underlying Lie algebra g. In particular, the description of the weights of singular vectors
in the Verma modules over U,(g) is precisely the same as for the Verma modules over g. Thus, the
modules M), , of (L36) and our key resolutions (L30]) admit g-analogues. It would be interesting
to construct those in a self-contained way. For (g,7) as in (I.22]), we therefore get resolutions over
the quantum loop algebra U,(Lg), giving rise to the trigonometric version of (.44 that provides
a BGG-type formula for the transfer matrices of finite-dimensional U,(Lg)-representations Ly,
(the length N = 0 case of which recovers an interesting identity on the corresponding g-characters).

Supersymmetric version

In view of the increasing interest in the integrable structures of supersymmetric gauge theories as
well as recent studies of quantum affine superalgebras and Yangians associated to Lie superalgebras,
it is desirable to generalize the results of the present paper to the rational (as well as trigonometric)
spin chains of super-type. We plan to return to this question in the follow-up work.
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