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A B S T R A C T   

Judder is a friction-induced torsional vibration generated during clutch engagement in automo
tive drivelines. To the best of the authors’ knowledge, three are the causes attributed by the 
scientific community to the onset of the clutch judder: stick-slip phenomena, negative gradient of 
the coefficient of friction and geometric disturbances. 

With the help of a methodological approach that integrates the analysis of a mathematical 
model with the experimental data obtained on a specially designed test bench, this paper shows 
that, in some cases, the clutch judder may also be due to the presence of parametric excitation. 

This new understanding overcomes the limits of the existing explanations because it does not 
preclude the occurrence of clutch judder at high slip speeds, with positive gradients of the friction 
coefficient and at excitation frequencies different from the eigenfrequencies of the system. 

The four degrees of freedom model developed for the study of the transmission provides maps 
that allow to identify the instability conditions of the system. The analysis described in this paper 
has been aimed at solving a judder problem in a transmission already in production, but the same 
approach can be used to avoid the conditions that cause the onset of clutch judder on other 
transmissions in the design phase.   

1. Introduction 

Nowadays, both the manufacturer and the consumer consider ride comfort an essential aspect of a vehicle’s performance. Among 
several sources of discomfort, problems related to noise and vibrations induced by the driveline occupy a prominent place. In 
particular, the so-called clutch judder plays an important role since it can manifest itself as both noise and vibration transmitted to the 
driver. 

Although clutch judder is commonly identified by a vibration with frequencies between 5 and 20 Hz [1], several studies have 
investigated the phenomenon in a frequency range between 200 and 1000 Hz [2], including the analysis of ‘eek’ and ‘squeal’ noise in 
dry automotive clutches [3,4], as well as wobbling instability in friction discs [5]. In this second frequency range clutch judder is 
mainly perceived as a noise and takes the name of ‘squawk’, ‘squeal’ or ‘eek’ depending on the frequency at which it occurs. Further 
studies [6] have investigated other frequency ranges at which judder can occur by including the influence of the clutch surface 
temperature and have shown that the spectrum of the vibration can change according to the temperature level. 

The scientific community commonly classifies the clutch judder into Self-Induced Judder (SIJ) and Pressure-Induced Judder (PIJ). 
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Nomenclature 

J1 Moment of inertia of body on the engine side 
J2 Moment of inertia of clutch damper 
J3 Moment of inertia of body on the gearbox side 
J4 Moment of inertia of body between clutch damper and clutch discs 
θ1 Angular displacement of body on the engine side 
θ2 Angular displacement the clutch damper 
θ3 Angular displacement of body on the gearbox side 
θ4 Angular displacement of body between clutch damper and clutch discs 
t Time 
kij Torsional stiffnesses 
ci External damping coefficients 
cij Internal damping coefficients 
ζij Damping factor related to coefficient cij, to kij and to Jj 
Te Engine torque 
Tc Friction torque 
Tr Resistant torque 
Nc Number of pairs of clutch plates 
Rm Mean radius of the clutch friction surfaces 
S Area of action of the clutch actuation pressure 
μ0 Clutch friction coefficient, constant component with respect to time 
μg Clutch friction coefficient, gradient with respect to relative angular velocity 
pm Amplitude of the constant component of the clutch actuation pressure 
pf Amplitude of the fluctuating component of the clutch actuation pressure 
ωp Angular frequency of the fluctuating component of the clutch actuation pressure  

Fig. 1. Time histories for two engagements with judder, with different dither frequencies (23 Hz and 105 Hz). In both cases, judder occurs at the 
same frequency as dither. 
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Several researchers have associated the SIJ with a negative gradient of the friction coefficient with respect to the slip speed [1,7]. 
This basic mechanism can explain the onset of self-excited vibrations during engagements of dry friction clutches [8,9], wet friction 

clutches [10], in both manual [11] and automatic transmissions [12], as well as in dual clutch transmissions [13]. This analysis was 
also extended to consider nonlinear effects [14,15]. However, in [16] it was concluded that a negative value of the gradient of the 
friction coefficient is a sufficient condition only for causing judder. Other studies have correlated SIJ to the stick-slip phenomenon 
[6,14], with reference to dry friction contacts [17], frequency locking phenomena [18], and clutch ageing [19]. Nevertheless, this 
explanation cannot justify the cases when judder occurs at the beginning of the clutch engagement, because stick-slip only occurs at 
near-zero slip speeds. 

On the other hand, the PIJ can have two trigger mechanisms. Firstly, the presence of hot spots due to the inevitable irregularities of 
the sliding surfaces of the plates can induce thermoelastic instability [20,21]. Secondly, misalignments of the transmission components 
can lead to cyclic variations of the clamp load and consequently to torque fluctuations [14,22]. When the angular velocity of the clutch 
discs equals a frequency of vibration of the driveline, a resonance occurs, and torsional oscillations are amplified [23]. 

The anomalous vibration investigated in the present study occurs on the CNH tractor dual-clutch transmission called 24×24 
Dynamic Command transmission, equipped with wet clutches and electro-hydraulic actuation (transmission specifications in Section 
2.1). This phenomenon is not comparable to any of the types of clutch judder cited in the specialist literature. It manifests itself during 
slip operation mode as both vibration and ‘squawk’ noise and has the same frequency as the oscillating component of the actuation 
pressure signal (called dither). 

The clutches, in which the judder has occurred, are implemented by fluctuating the oil pressure to improve valve response [24] and 
reduce the control errors due to stiction and hysteresis. The fluctuation is obtained by applying a sinusoidal signal (dither) to the 
solenoid current. Although some studies have shown that oil pressure fluctuation can worsen stick-slip [25] or, in some cases, it can 
amplify clutch judder if its frequency equals a vibration frequency of the system [23], the mechanisms of onset of the phenomenon 
remain the same and are not enough to explain the ‘squawk’ noise observed. In fact, negative gradients of the friction coefficient or 
geometric disturbances would produce unstable oscillations at a frequency depending on the system parameters only, while stick-slip 
would occur at small relative angular speeds of the discs. On the contrary, the vibration examined in this paper occurs at the dither 
frequency and at high slip speeds. Fig. 1 shows two different time histories for engagements with judder, with different dither fre
quencies (23 Hz and 105 Hz): in both cases, judder occurs at the same frequency as dither, on the engine side clutch discs and at high 
relative angular speed between discs. 

Therefore, in their previous work [26], the authors of this study proposed a minimal model of the transmission, able to explain the 
occurrence of judder as a parametrically excited vibration due to hydraulic actuation of the clutch. 

In the present research, developed in partnership with CNH Industrial Italia, this kind of judder is investigated by processing 
experimental data (time histories) acquired on a specifically designed test bench [27]. The processed data are collected in diagrams 
drawn as functions of the two excitation parameters, i.e., frequency and amplitude of dither, at different values of lubricating oil 
temperature and engine angular speed. 

A minimal model with 4 degrees of freedom (dofs) is then proposed. This model is able to fit the experimental data and to explain 
the onset of the parametrically excited vibration by identifying which parameters have a major role in controlling the phenomenon. In 
this way, it is possible to draw maps that allow to predict instability conditions and to avoid them already in the design phase. 

2. Dual clutch transmission and test bench 

2.1. Description of the dual clutch transmission under analysis 

The transmission under study is called 24×24 Dynamic Command transmission, it is equipped with four multi-plate wet clutches 
with electro-hydraulic actuation and offers 24 different forward speed ratios due to the combination of eight ratios and three speed 
ranges. Compared to classic dual-clutch architectures, this transmission is equipped with two additional clutches that reverse the 

Fig. 2. The 24×24 Dynamic Command transmission (source: CNH Industrial).  
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direction of travel (Fig. 2). 
The ODD and EVEN clutches manage the gear change and engage the odd and even gears respectively, according to the logic of 

standard dual clutches. On the other hand, the FWD and REV clutches are used to reverse the direction of travel and have a couple of 
discs more than the ODD and EVEN because they must stand higher torques during the engagement. A torsional damper is placed 
between the engine output and the clutch housings. 

The FWD-EVEN and REV-ODD clutch pairs are coupled in twin housings. The even and odd gears downstream of the clutches are 
identical as well. The different speed ratio between even and odd gears is obtained by a two-stage gear with four gears placed upstream 
of the clutches. On the other hand, the reversal of the direction of travel is obtained by a two-stage gear with three gears upstream of 
the REV clutch (Fig. 3). 

A vibration is superimposed on the opening and closing movement of the hydraulic valves that control the actuation of the clutches. 
This expedient is implemented by energizing the valve solenoid with a square wave signal, called dither, and has the purpose of 
reducing control errors due to stiction and hysteresis. In this way, the pressure signal that engages the clutches consists of two 
components: a constant component, plus a small amplitude oscillating term. 

2.2. Description of the test bench 

To reproduce the judder occurring in the transmission, and to study the effects of those parameters characterizing different 
operational conditions on its onset and development, a test bench was set up using a slightly modified gearbox (Fig. 4). These 
modifications were introduced to reproduce the real operating conditions, while allowing simplified test procedures. The test bench 
allowed to standardize the tests, focusing on the behaviour of the clutches. 

The gearbox was modified as follows: 

Fig. 3. Schematic of the 24×24 Dynamic Command transmission.  

Fig. 4. Test bench.  
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• the connection between the shafts of the even and odd gears was removed;  
• the gear wheel connected to the REV clutch was decoupled from the input shaft and fixed to the frame;  
• the moment of inertia between damper and clutch pack was increased. 

The first modification allows to always keep both the FWD and ODD clutches engaged, and to study the engagement by operating 
only the EVEN clutch. The second modification makes it possible to use the REV clutch as a resistant load. The third modification 
allows to consider the inertia of the removed connection to the ODD shaft. 

The test bench is driven by an 81 kW DC electric motor. At low speed this engine delivers 680 Nm, which is enough to simulate a 
gear change. A schematic of the modified transmission is shown in Fig. 5. 

The tests were carried out with the following input parameters:  

• the angular speed of the electric motor which simulates the engine of the tractor;  
• the main actuation pressure, the dither (fluctuating) pressure and the dither frequency for each of the four clutches. 

The main and fluctuating components of the actuation pressure of the clutches were set on the test bench in terms of the current 
intensity that drives the control solenoid valve. 

The quantities acquired during the tests were:  

• the angular speed of the clutch plates on the engine side;  
• the angular speed of the clutch plates on the gearbox side;  
• the temperature of the lubricating oil near the EVEN clutch;  
• the gearbox oil temperature;  
• the pressures on the lines of actuation of all clutches. 

The tests were carried out by operating only the EVEN clutch and keeping the FWD, ODD and REV clutches engaged. The main 
actuation pressures were kept constant at the following values of current intensity:  

• 1000 mA for the FWD and ODD, corresponding to a pressure of about 21.5 bar (2.15 MPa);  
• 670 mA for the REV, corresponding to a pressure of about 9.8 bar (0.98 MPa);  
• 685 mA for the EVEN, corresponding to a pressure of about 10 bar (1 MPa). 

With this setting, the FWD and ODD clutches do not slip, while the REV clutch slips, acting as a resistant load when the EVEN clutch 
is engaged. 

The most important parameters for the identification of the clutch judder are certainly the angular speeds of the transmission shafts. 
The angular speeds were measured with two magnetic pick-ups: one installed upstream of the clutch housing, the other positioned 
downstream. 

The sampling rates of magnetic pick-ups depend on the number of teeth of the gear wheel. In particular, the pick-up upstream of the 
clutches detects the speed of a wheel with 41 teeth, therefore at 1000 rpm it is capable of 684 acquisitions per second. This sampling 
rate is sufficient to cover the frequency range of interest for the experimental investigation. 

As for the hydraulic circuit, the test bench is equipped with a high-pressure line, for the engagement of the clutches, and a low- 
pressure line, for lubrication and cooling (Fig. 6a). 

Fig. 5. Schematic of: original transmission (a) and modified transmission on the test bench (b).  
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The low-pressure line includes a water heat exchanger, aimed at keeping the oil temperature as constant as possible during the tests 
(Fig. 6b). 

3. Experimental data 

3.1. Measured signals 

An experimental campaign was carried out to identify the operating conditions that cause an anomalous growth of torsional os
cillations in the driveline. The two operating parameters that were varied during the tests are the frequency and the amplitude of the 
dither signal, yielding a frequency ωp and an amplitude pf of vibration of the actuation pressure. All tests were carried out by keeping as 
constant as possible the temperature near the actuated clutch (EVEN) as well as the temperature in the gearbox. 

The angular speed upstream of the EVEN clutch was found to be the most sensitive quantity to the observed phenomenon, therefore 
it was taken as an indicator for the onset of the clutch judder (Fig. 7). 

When judder occurs, the time histories of the angular speed upstream of the clutch show an anomalous vibration that arises at the 
beginning of the engagement (Fig. 7b), which excludes the hypothesis of stick-slip as the cause of the phenomenon. 

Furthermore, Fourier analysis of the pressure and angular speed signals confirm that the frequency of the observed judder is always 
coincident with the frequency of dither, in all the different operating conditions that were tested, as those reported as an example in 
Fig. 8. This second evidence also excludes the classical case of direct excitation of an eigenmode of the transmission, possibly leading to 

Fig. 6. Test bench hydraulic circuit. (a) High- and low-pressure lines and (b) heat exchanger.  

Fig. 7. Comparison between a correct engagement (a) and an engagement with instability (b).  
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Fig. 8. Judder frequency coincides with dither frequency and varies with it.  

Fig. 9. Experimental graphs of the friction coefficient for the clutch under analysis. The reduction in the friction coefficient during clutch 
engagement is equivalent to a positive gradient in the friction coefficient with respect to the slip speed (the values on the axes have been deleted for 
confidentiality). 
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an external resonance, depending on the transmission characteristics only. 
In addition, instability due to a negative gradient of the friction coefficient can be excluded as well for two reasons:  

• the experimental data available on the friction surfaces show a positive gradient of the friction coefficient (Fig. 9);  
• if the gradient of the friction coefficient had been negative, the system would have been unstable in all the operating conditions 

below certain damping values (for more details see Fig. 19 in paragraph 4.3). 

In conclusion, the features of the observed vibration led to the hypothesis of parametric excitation due to dither in the actuation 
pressure. 

Fig. 10. Experimental stability chart.  

Fig. 11. Experimental stability charts, at different values of oil temperatures.  
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3.2. Experimentally estimated stability charts 

The time histories recorded in terms of angular speed upstream of the EVEN clutch were transformed into the frequency domain 
and collected in diagrams drawn as functions of the two excitation parameters, i.e., frequency (ωp) and amplitude (pf) of dither, ac
cording to the following steps:  

• a time history (angular speed) was acquired for each operating condition given by a (ωp, pf) pair;  
• each time history was Fourier transformed into the frequency domain, identifying its peak amplitude;  
• the identified peak amplitudes were reported on a (ωp, pf) cartesian contour plot. 

This procedure was repeated at several different values of oil temperature, and at different values of engine angular speed. 
The contour plots obtained according to this procedure, as the one displayed in Fig. 10, discriminate the regions of a (ωp, pf) 

cartesian diagram by comparing the oscillation amplitudes arising during clutch engagement. From this point of view, therefore, they 
potentially represent experimentally estimated stability charts. Whether these charts can truly be interpreted as stability maps or not, it 
should be assessed relying on the analysis of appropriate models, as discussed in the following (see Section 4). 

The experimental stability chart displayed in Fig. 10 shows a tongue-shaped region in which judder clearly occurs, featuring a 
lower tip at about 105 Hz (the dark area). It can be noted that such region closely resembles a so-called Arnold instability tongue, a 
typical feature of stability maps drawn for parametrically excited systems [28]. This observation also contributes to identify parametric 
excitation as the source of this particular kind of judder. In all operating conditions contained in the experimental tongue-shaped 
region, the period of the system response is equal to that of the parametric excitation, i.e., the dither period: this may be inter
preted as a single-period Arnold tongue on a stability map. 

Diagrams of the same kind of that displayed in Fig. 10 were then obtained by varying the temperature Teven of the oil measured near 
the actuated clutch (EVEN). Four temperature ranges were investigated (covering the operating range of the actual gearbox): 55–60 ◦C, 
65–70 ◦C, 75–80 ◦C and 85–90 ◦C. Temperature has been found to significantly affect the length of the unstable tongue-shaped region. 
In particular, the worst conditions for stability were found in the temperature range between 65 ◦C and 70 ◦C. By increasing or 
decreasing the temperature with respect to those values, the unstable tongue shortens slightly, and the system stabilizes, as shown in 
Fig. 11. 

During the tests, the temperature Tgearbox of the gearbox oil was kept as constant as possible. To ensure these temperature con
ditions, the execution of each test was started only after the time interval necessary to dissipate the heat generated during the previous 
engagement and to return to the nominal conditions. By decreasing Tgearbox, it was observed that the unstable tongue shortens slightly, 
and the system stabilizes. This may be due to the fact that, as the temperature decreases, the increase in oil viscosity dampens the 
system. 

The charts displayed in Figs. 10 and 11 were obtained at an engine angular speed of 1000 rpm. Tests carried out at 1500 rpm 
showed a significant contraction of the unstable region (greater than 100%), although its position on the frequency axis remained 
unchanged. This preliminary result suggests that increasing the input angular speed has a stabilizing effect, which is of great practical 
importance. 

4. Analysis of the experimental results through a minimal model 

4.1. Transmission model 

The transmission under analysis actually represents a mechanical system with a high level of complexity. From experimental data, 

Fig. 12. Schematic of the essential 3 dofs model of the transmission, and its stability map.  
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however, a dominant feature strongly emerges (among traces of other possible secondary effects), characterizing the anomalous vi
bration affecting clutch engagement. In fact, this type of judder primarily manifests itself in a form which is typical of a single-period 
parametric resonance, in this case excited by dither signal. The oscillations detected on the angular velocity make this fact evident, 
even if the acquisitions refer to transients (clutch engagements). 

Consequently, the first idea for explaining and reproducing such experimentally found behaviour (at least in its dominant feature) 
was looking for a model as simple as possible, characterized by a reduced number of governing parameters. This choice can also be 
justified by considering the uncertainties in the estimation of several of the transmission parameters (e.g., friction and damping co
efficients, meshing stiffnesses, …), and thus observing that larger models would be affected by the uncertainties related to a larger 
number of governing parameters, making the analysis more difficult than necessary. 

As a first attempt, a minimal 3 dofs model of the transmission was proposed by the authors in a previous work [26] to prove that 
clutch judder can occur under conditions not contemplated by the current scientific literature. A schematic of this model is shown in 
Fig. 12, where ‘1′ represents the body on the engine side (with moment of inertia J1), ‘3′ the body on the gearbox side (with moment of 
inertia J3) and ‘2-4′ the body including the clutch damper as well as all the elements placed between the clutch damper and the FWD- 
EVEN clutch pack (with moment of inertia J24), restrained to ‘1′ by a torsional spring (k) and a torsional damper (c). In the model, the 
engine torque is Te, while the transmitted torque by the clutch is Tc and the resistant torque is Tr. 

Specifically, it was shown that the presence of a small fluctuating component in the actuation pressure signal can generate 
instability due to parametric excitation. This 3 dofs model, however, is not able to fit the experimental data collected in Figs. 10 and 11. 

The stability map drawn for the 3 dofs model (adopting the parameter values reported in Appendix) shows two main unstable, 
tongue-shaped, regions: one of the single-period type (in which the system oscillates with a period equal to that of the parametric 
excitation) and the other of the double-period type (in which the system oscillates with a double period with respect to the parametric 
excitation). The single-period region is located at a lower frequency, and it is identified by the only non-zero frequency of vibration of 

Fig. 13. Schematic of the minimal 4 dofs model of the transmission.  
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this model, which refers to the eigenmode characterized by relative oscillations of body ‘2-4′ (essentially, the clutch damper) [26]. 
Considering that the experimentally found unstable region is located around 105 Hz and that the frequency of vibration of the 

damper actually is close to 20 Hz, it is evident that this 3 dofs minimal model is unable to quantitatively predict the phenomenon under 
investigation. Hence it is necessary to increase the complexity of the model. 

It was then found that an excellent compromise between accuracy and complexity is given by a specific 4 dofs model (Fig. 13), in 
which:  

• all the components placed between the clutch damper (J2) and the FWD-EVEN clutch pack have been reduced into a single rotating 
mass (J4) and a single torsional stiffness (k24),  

• all the components downstream of the FWD-EVEN clutch pack have been reduced into a single rotating mass (J3). 

The equations of motion of the 4 dofs minimal model shown in Fig. 13 read: 

M θ̈(t)+C(t) θ̇(t)+K θ(t) = g(t) (1)  

with: 

M =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

J1 0 0 0

0 J2 0 0

0 0 J4 0

0 0 0 J3

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, C(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

c1 + c12 − c12 0 0

− c12 c2 + c12 + c24 − c24 0

0 − c24 c4 + c24 + μgf (t) − μgf (t)

0 0 − μgf (t) c3 + μgf (t)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

K =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

k12 − k12 0 0

− k12 k12 + k24 − k24 0

0 − k24 k24 0

0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, θ(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

θ1(t)

θ2(t)

θ4(t)

θ3(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, g(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Te

0

− μ0f (t)

μ0f (t) − Tr

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(2)  

and: 

f (t) = NcRmS p(t), Tc = μ(t)NcRmS p(t) (3)  

where θi is the angular displacement of the rotating element i with inertia Ji and external viscous damping coefficient ci, cij and kij are 
relative torsional damping and stiffness coefficients between elements i and j, Nc is the number of pairs of clutch plates, Rm is the mean 
radius of the clutch friction surfaces, p(t) is the actuation pressure, S is the area of action of p(t), Tc is the friction torque and µ is the 
friction coefficient. The actuation pressure p(t) is composed by a constant (pm) and an oscillating component (pf) with angular fre
quency ωp (dither): 

p(t) = pm + pf cos(ωpt) (4) 

As a first approximation, the friction coefficient is considered linearly dependent on the relative speed of the clutch plates, ac
cording to: 

μ(t) = μ0 + μg(θ̇4 − θ̇3) (5) 

Eq. (1) consists of a non-homogeneous system of second order differential equations with periodic coefficients. The parametric 
excitation affects the damping matrix; therefore, Eq. (1) does not represent a system of Mathieu equations. From Eq. (2) can also be 
noted the presence of a non-homogeneous term, oscillating with f(t), i.e., with the parametric excitation. By assigning suitable state 
variables, the system in Eq. (1) can be expressed in the following state-space form: 

ẋ(t) =
[

04×4 I4
− M− 1K − M− 1C(t)

]

x(t)+
[

04×1
− M− 1g(t)

]

,

[
x1 = θ1, x2 = θ2, x3 = θ4, x4 = θ3
x5 = θ̇1, x6 = θ̇2, x7 = θ̇4, x8 = θ̇3

]

(6) 

Floquet theory can be used to study the stability of differential equations with T-periodic coefficients, but it applies to homogeneous 
systems [28], in the form: 

ẋ(t) = A(t)x(t), A(t) = A(t+T) (7) 

The system in Eq. (6) has a non-homogeneous term including both constant and periodic coefficients. For this stability analysis the 
constant terms can be neglected. On the other hand, the effects on stability of the non-homogeneous periodic terms are unknown a 
priori. Therefore, to include non-homogeneous periodic terms in the analysis, two additional state-variables are introduced [29]: 

x9(t) = cos(ωpt), x10(t) = ẋ9(t) = − ωpsin(ωpt) (8) 

With the addition of two differential equations, the system in Eq. (6) can be represented in the following homogeneous form: 
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ẋ(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

04×4 I4 04×1 04×1

− M− 1K − M− 1C(t) D 04×1

01×4 01×4 0 1
01×4 01×4 − ω2

p 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

x(t), D =

⎡

⎢
⎢
⎣

0
0

− (μ0NcRmS pf )/J4
(μ0NcRmS pf )/J3

⎤

⎥
⎥
⎦ (9)  

which can be studied applying Floquet analysis [29]. 
According to the Floquet-Lyapunov theorem, given a system of n differential equations in the form: 

ẋ(t) = A(t)x(t), A(t) = A(t+ T) (10)  

its matrizant, or principal fundamental matrix, is expressed by: 

X(t) = F(t) eB t (11)  

where B is a constant n × n matrix and F(t) is a continuous T-periodic n × n matrix, non-singular for all t and such that F(0) = In 
(identity matrix of dimension n). Therefore, the asymptotic behaviour of the system entirely depends on the matrix B, and its stability 
can be assessed by considering the eigenvalues of B, called characteristic exponents or Floquet exponents. 

Moreover, let X(T) be the matrizant of the system in Eq. (10) evaluated at t = T, and let λ1, …, λn be its eigenvalues. Then, X(T) is 
called monodromy matrix or Floquet Transition Matrix (FTM) and λi is called Floquet multiplier. The i-th Floquet multiplier and the i-th 
characteristic exponent αi are linked by: 

λi = eαiT (12) 

Unlike Floquet multipliers, each characteristic exponent is not unique, since an infinite number of other characteristic exponents 
can be obtained from the same αi: 

λi = e

(

αi+i 2πm
T

)

T
, m ∈ N (13)  

where i denotes the imaginary unit. 
In summary, the stability of a parametrically excited system can be assessed by evaluating either the eigenvalues of the monodromy 

matrix (Floquet multipliers) or the eigenvalues of matrix B (characteristic exponents). 
Note that the presence of the non-homogeneous term in Eq. (1) does not modify the stability threshold of the problem, however it 

can determine resonance conditions within the stable regions. 

Fig. 14. Stability map obtained with the parameters of the real transmission, as reported in Appendix.  
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4.2. Fitting experimental data 

The values adopted for the parameters in the 4 dofs model, reported in Appendix B, are those obtained from the actual transmission 
and test bench. The only parameters that could not be estimated are the damping coefficients, for which first attempt values, but not 
actual values were used. The computation of the Floquet multipliers [28] of the system given in Eq. (9) yields the stability map 
displayed in Fig. 14. 

Considering the homogeneous system without damping matrix: 

Mθ̈(t) +Kθ(t) = 0 (14)  

it is possible to determine the only two non-zero eigenfrequencies of the system: 

(ω1,2)
2
=

J4k12(J1 + J2) + J1k24(J2 + J4) ±
̅̅̅̅
Δ

√

2J1J2J4

Δ = [J4k12(J1 + J2)]
2
+ [J1k24(J2 + J4)]

2
+ 2J1J4k12k24[J4(J1 − J2) − J2(J1 + J2)]

(15) 

The remaining two eigenfrequencies of the system are zero as they are associated with rigid body motions. 
The instability regions associated to the tongues 1 and 2 displayed in Fig. 14 have their tips positioned on the two non-zero 

eigenfrequencies of the system (18.9 Hz and 102.9 Hz from Eq. (15)) and give rise to a single-period instability, therefore the 
period of the angular response is equal to the period of the parametric excitation (dither). In this case, the Floquet multiplier that makes 
the system unstable leaves the unit circle of the Argand plane on the real positive semi-axis, as shown in Fig. 15a. 

The instability regions associated to the tongues 3 and 4 are of double-period type, and this is due to a Floquet multiplier that comes 
out of the unit circle on the real negative semi-axis, as shown in Fig. 15b. 

Finally, the instability regions associated to the tongues 5 and 6 are generated by pairs of complex conjugate multipliers crossing 
the unit circle in the complex plane, as shown in Fig. 15c, and they are called combination instability regions. If the period of the 

Fig. 15. Position of the Floquet multipliers on the complex plane (for clarity the graphs are not to scale). (a) Single-period instability; (b) double- 
period instability; (c) combination-type instability. 

Fig. 16. The dotted line is due to stability analysis of the 4 dofs model with the parameters in Appendix, while the solid line is obtained by varying 
some parameters of difficult estimation (c12, µp and k24). 
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solution corresponding to such critical multipliers is not an integer multiple of the dither period, the system response is non-periodic 
[28,30,31,32]. In Fig. 14, the single-period tongue 2 and the combination tongues 5 and 6 form a sort of large unstable tricuspid 
tongue. 

The morphology of the stability map obtained for the 4 dofs model can be explained relying on the analysis of the minimal 3 dofs 
model presented by the authors in a previous work [26]. In fact, as expected, the fourth degree of freedom adds a single-period and the 
corresponding double-period tongue. Furthermore, the 4 dofs model shows a different feature: the two unstable regions 5 and 6 in 
Fig. 14. These regions arise from the fact that there is more than one pair of complex conjugate multipliers able to cross the unit circle 
in the complex plane. 

The comparison between the experimental chart displayed in Fig. 10, and the stability map obtained from the 4 dofs model in 
Fig. 14 shows a good overlap already with first attempt parameters, as can be seen in Fig. 16a. The unstable single-period region 
detected on the test bench is predicted with good accuracy by the minimal model. The dotted line is the first attempt boundary, 
obtained using the damping coefficient for the clutch damper as reported in Appendix (selected on purpose as a very low first attempt 
value). 

To compare the damping levels in the clutch damper, it is useful to consider damping factors, rather than damping coefficients. By 
considering the clutch damper as an isolated single-degree-of-freedom system, its damping factor can be defined as: 

ζ12(%) = 100
c12

2
̅̅̅̅̅̅̅̅̅̅
k12J2

√ (16)  

yielding 0.9% using the first attempt damping coefficient reported in Appendix. 
The solid line in Fig. 16 was obtained by modifying some parameters that are difficult to estimate. In the specific case, the damping 

factor was increased from 0.9% (0.5 Nms/rad) to 17% (10 Nms/rad), the gradient of the friction coefficient from 0.017 to 0.022 and 
the equivalent stiffness k24 was increased by about 6%. The dotted line in Fig. 16 is composed by a central single-period tongue and two 
symmetrical unstable combination regions: the latter were not detected during the tests, which may be due to higher damping values of 
the actual clutch damper. In fact, as the damping factor associated to the clutch damper is increased (solid line), the two combination 
tongues shorten and disappear from the operating range of the dither. 

The influence on the stability threshold of the damping factor of the clutch damper may also explain the fact that the experimental 
tests did not show other unstable tongues in the small range of dither amplitudes. This is highlighted in Fig. 16b which shows a clear 
difference in the contraction of the various instability tongues. In particular:  

• tongue 3 (double-period type) disappears completely and symmetrical tongues 5 (combination type) also contract until they almost 
vanish;  

• the single-period tongue 1 and the double-period tongue 4 undergo a very marked contraction that could take them out of the 
operating range of dither;  

• the single-period tongue 2, that is the one observed experimentally, remains almost unchanged. 

In addition to assuming a very low damping factor for the clutch damper (as in Appendix), the presence on the theoretical map of 
unstable tongues not detected experimentally can also have other explanations. 

First, the transients of the engagement may not last long enough to appreciate the instability. Indeed, unstable solutions can have 
different growth rates, depending on their position on the stability map. Secondly, the adopted model does not consider several aspects 
of the complexity of the real transmission, such as nonlinear effects and asymmetries, able to produce relevant modifications in the 
stability thresholds (among them, also ‘merging’ effects between adjacent instability tongues [32,33]). 

The experimental stability map was obtained in the operating range of dither (60 – 200 Hz), and not extended to lower frequency 
values, as valve control deteriorates by decreasing too much the dither frequency. Although it was not possible to verify the presence of 
the low frequency single-period region (tongue 1 in Fig. 14), it is interesting to note that some tests prior to the experimental campaign 
of this study (Introduction, Fig. 1) clearly show an anomalous vibration around 20 Hz. This evidence further contributes to high
lighting the validity of the developed model. 

In summary, the proposed model is able to identify the principal single-period unstable region with very good accuracy with respect 
to experimental data. Therefore, it can be adopted as a predictive tool to design the transmission and set its operating parameters in 
order to avoid, already in the design phase, the possibility of having this kind of clutch judder. To this purpose, the predicted unstable 
region may be identified as the broadest region obtained by considering all the variation ranges of parameters due to uncertainties in 
their estimation. 

4.3. Sensitivity analysis of the 4 dofs model 

A sensitivity analysis of the model was carried out to observe the effects of each of its governing parameters on the stability maps. 
Each of the following figures compares the nominal stability boundary (obtained with the parameters reported in Appendix) with the 
two stability boundaries obtained by doubling and halving the nominal value of each parameter. 

The most evident effect of torsional stiffnesses and moments of inertia is the translation of Arnold’s tongues on the frequency axis 
(Fig. 17). Together with this effect, due to the variation of the eigenfrequencies of the system, there is also a shift of the stability 
boundary on the y axis, appreciable at high amplitudes of parametric excitation. 
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Parameter k12 is the torsional stiffness of the clutch damper and especially affects low-frequency unstable tongues, as shown in 
Fig. 17a. This result is quite intuitive as the characteristics of the damper mainly modify the frequency of the first eigenmode of the 
system, as emerges from Eq. (15). 

Parameter k24 is the equivalent stiffness of the components located between the damper and the clutch. Essentially k24 can be 
approximated with the stiffness of the transmission shaft that connects the clutch damper to the first gear wheel, since the other 
stiffnesses involved are of some order of magnitude greater. 

Parameter k24 mainly modifies the second frequency of vibration of the system, so its effects are evident on the high frequency 
single-period tongue and cause its translation on the frequency axis (Fig. 17b). 

The moments of inertia of rotating bodies have effects similar to those of stiffness, but antithetical. In fact, while the increase in 

Fig. 17. Effects on the stability boundary of: (a) k12; (b) k24; (c) J1; (d) J2; (e) J3; (f) J4.  
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stiffness moves the unstable regions to higher frequencies, the increase in the moments of inertia moves them to lower frequencies. 
Parameters J2 and J4 have the greatest effects on the stability map (Fig. 17d and f), while J1 has little influence (Fig. 17c) and J3 has 

negligible effects (Fig. 17e). In particular, the single-period tongue experimentally detected with its tip close to 100 Hz is not affected at 
all by the moment of inertia J1 upstream of the clutch damper, nor by the moment of inertia J3 downstream of the clutches. 

In the equations of motion of the 4 dofs model, the coefficient of friction between the clutch plates appears only between the non- 
homogeneous terms. In particular, for the specific case, stability analysis showed that the non-homogeneous terms do not modify the 
stability threshold, therefore from this point of view the model is insensitive to variations in the friction coefficient. On the other hand, 
the effect of the gradient of the friction coefficient on the stability maps is of practical interest as it multiplies some time-varying 
coefficients of the damping matrix. 

As the gradient of the friction coefficient decreases, the instability tongues progressively taper off (Fig. 18a) until they reach a 
threshold of mere stability. Parallel to this effect, a shortening of the unstable tongues is also observed. 

Considering the system described in Eqs. (1) to (5) without parametric excitation (pf = 0), and varying the gradient of the friction 
coefficient, it is possible to verify its stability through the values of the real parts of its eigenvalues. Fig. 19a shows the trend of the value 
of the greatest real part among the eigenvalues as a function of the gradient of the coefficient of friction. The points of the curve above 
the x-axis correspond to conditions of instability. So, the point of intersection of the curve with the x-axis represents the stability 
threshold, in which conditions the solution is merely (or simply) stable. Once this threshold is exceeded, the solution becomes unstable 
in all conditions, regardless of whether the system is parametrically excited or not, as the cause of the instability is no longer parametric 
excitation. 

The threshold of mere stability is affected by external damping coefficients ci. By increasing the external damping, the threshold 
shifts towards negative values of the gradient of the coefficient of friction. A stability map in the ci – µg plane is displayed in Fig. 19b, 
where in region A there is instability in all conditions, while in region B the solutions of the non-parametrically excited system are 
stable, and instability can occur due to parametric excitation. 

The analyzed 4 dofs model features both external and internal damping elements, to consider the damping of the components 
connecting the rotating bodies each other, as well as the damping exerted by the lubricating oil and by the bearings. 

Fig. 18. Effects on the stability boundary of μg (a) and c12 (b).  

Fig. 19. Non-parametrically excited 4 dofs model. (a) Transition from the stable zone (lower half-plane) to the unstable one (upper half-plane) by 
reducing the gradient of the friction coefficient. (b) Stability threshold in the ci – µg plane. 
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For high excitation amplitudes and in the case of internal damping, it has been shown in [26] that an increase in damping can have 
a destabilizing effect as the unstable region widens, albeit slightly. Despite this, in general, the increase in the damping coefficients 
causes a contraction of the tips of Arnold’s tongues. Therefore, in the operating range of dither, i.e., for low values of the parametric 
excitation amplitude, the effect of internal damping is stabilizing. 

Here it can also be noted that in parametrically excited systems with multiple degrees of freedom, the stabilizing effect of damping 
is more effective on higher order modes (or more precisely, on those Floquet multipliers related to higher frequency modes of the non- 
parametrically excited system). Therefore, the stability thresholds in this kind of problems are usually determined by the contribution 
of the lower modes only (since the effect of the higher spectrum of natural frequencies is cleared by damping [32,34]). This is 
particularly important in the case under analysis, and for the effectiveness of a minimal model like the one described in Section 4.1. 

In the case under study, it is relevant to observe the particular effect of the damping coefficient of the clutch damper (c12), as it 
affects double-period and combination resonances tongues much more than single-period tongues, as already noticed in Section 4.2. 
This could help to explain why some unstable areas in the model were not detected in the tests. In fact, the torsional damping coef
ficient of a clutch damper can have a very wide range of variability (from about 10 to over 1000 Nms rad− 1, according to data reported 
in the literature [35,36]), so a value of the damping coefficient c12 higher than that reported in Appendix (i.e. a damping factor greater 
than 20%) is more realistic and could bring non-single-period tongues above the operating range of dither. 

By plotting the stability maps with higher c12 values (Fig. 18b), the two combination tongues (near 80 and 120 Hz) and the double- 
period tongue (near 40 Hz) contract until they disappear. The single-period tongue near 20 Hz and the double-period one near 210 Hz 
significantly contract and, even if they do not disappear, they can still come out of the dither operating area leaving only the unstable 
region around 105 Hz, which remains almost unchanged. Recalling Eq. (16), the model shows that with ζ12 greater than 17% the 
unstable regions 5 and 6 displayed in Fig. 14 are found at fluctuating pressure values greater than 0.7 bar, therefore reasonably outside 
the dither operating range. 

On the other hand, the effects of the internal damping coefficient c24 and the external damping coefficients ci are not noticeable 
with relatively small variations of the values reported in Appendix. For much higher values, as already mentioned, they are able to 
produce widespread contractions of unstable regions. 

5. Conclusions 

This work shows that clutch judder can also be caused by a parametric excitation due to actuation pressure, thus it can occur in a 
wider spectrum of conditions than reported in the scientific literature. 

This kind of judder was investigated by processing experimental data (time histories) acquired on a specifically designed test bench. 
A minimal model with 4 degrees of freedom was then proposed, able to fit the experimental data, to explain the onset of the para
metrically excited vibration, and to identify which parameters have a major role in controlling the phenomenon (dither frequency and 
amplitude). 

Based on the sensitivity analysis carried out on the model, it was possible to identify, in order of priority, the transmission pa
rameters to be modified to bring the unstable region out of the dither operating range and thereby stabilize the system. In particular, 
the equivalent stiffness and moments of inertia of the components between the damper and the clutches are the parameters that were 
found to have the greatest influence on the unstable region experimentally detected. 

Although not experimentally verified, the damping factor of the clutch damper is expected to play a key role: below a certain value, 
it could generate other areas of parametric instability. Furthermore, the external damping coefficients, despite their non-striking effect 
on the stability maps, move the threshold of the gradient of the friction coefficient. Below this threshold the system becomes unstable 
in all conditions, even if not parametrically excited. 

In summary, the proposed analysis provides tools that allow to predict instability conditions and to avoid them already in the 
design phase. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Data availability 

The data that has been used is confidential. 

M. Tentarelli et al.                                                                                                                                                                                                     



Mechanical Systems and Signal Processing 193 (2023) 110256

18

Appendix A 

Values adopted for the parameters 

3 DOFS MODEL  

Model parameter Model parameter Model parameter 

J1 1.12 kg m2 k 3451 N m rad− 1 µg  0.017 
J24 0.353 kg m2 c 0.5 N m s rad− 1 µ0  0.09 
J3 4.07 kg m2       

4 DOFS MODEL  

Model parameter Model parameter Model parameter 

J1 1.12 kg m2 k12 3856 N m rad− 1 µ0  0.09 
J2 0.231 kg m2 k24 32885 N m rad− 1 µg  0.017 
J3 4.07 kg m2 c12 0.5 N m s rad− 1 ci  0.1 N m s rad− 1 

J4 0.122 kg m2 c24 0.1 N m s rad− 1    

The parameter values of the models have been obtained from the technical documentation provided by CNH Industrial. The moments 
of inertia of the transmission components have been calculated by the CAD software: in the model they have been merged into 
equivalent moments of inertia taking into account the reduction ratios of the gears. The stiffness coefficients have been calculated from 
the dimensional drawings and technical specifications. In particular, the stiffness coefficient k12 is a technical specification of the 
torsional damper, while k24 is an equivalent stiffness coefficient resulting from two stiffnesses in series: the torsional stiffness of the 
shaft L in Fig. 20a and the mesh stiffness between the gear wheels highlighted in Fig. 20b. The damping coefficients have been 
assumed, while the friction coefficient and its gradient have been estimated from the experimental graphs of Fig. 9. 
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