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ABSTRACT. We prove a representation theorem for Palais-Smale sequences in-
volving the p-Laplacian and critical nonlinearities. Applications are given to a
critical problem.

1. Imtroduction. The following global compactness result was proved by M. Struwe
in 1984 (see [25]). We assume that €2 is a smooth bounded domain of RV, N >
3, >0 and a € LN/2(Q) is such that

inf / |Vu|? + alul*dz > 0.
weW,2(Q) JQ
[Vullp2=1

We define the following functionals

Vu?
= —+ta
a 2 2

ul? _ u*

ba(u) ,u2—*d:c, ue Wy (Q),

2 2%
wt) = [ LM an wepra@y),
RN 2 2%

where 2* := 2N/(N — 2) and DV2(RY) := {u € L¥ (RY) : Vu € L*(RM)} with
the norm
[ull == IVull L2 @)

Theorem A Under the above assumptions, let {un}, C Wy>() be such that
Ga(un) —c  Bhy(up) — 0 in W HH(Q).
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o . ) 1,2
Then, passing if necessary to a subsequence, there exists a solution vo € Wy~ (Q) of

—Au+ au = plu)® 2,
a finite sequence {v1,...,vx} C DV2(RY) of solutions of
—Au=plul* "2u onRY

and k sequences {yi}, C Q and {\.}, C Ry, satisfying

1 ,
)\—idist(y;,aﬂ) — 00, N — 00,

n

k

= vo — D (AN 20, (- — ) AN — 0, 1 — oo,
=1

k
lunll* =3 lloil®, n— oo,
i=0

k

¢2(vo) + sz(vi) =c.

i=1

Motivated by a problem with lack of compactness, C.O. Alves proved, in 2002,
an extension to the p-Laplacian when p > 2 and = R". However the convergence
a.e. of the gradients in the proof of Theorem 2 in [1] needs a justification. The case
of a smooth Riemannian manifold without boundary was considered by N. Saintier
[23] in 2006, mainly for a sequence of positive critical points.

In this paper we consider the case of a smooth bounded domain € in RY. New
difficulties arise from the fact that 9Q # 0.

We are motivated by an extension to the p-Laplacian of the existence result of
[7]. This extension is contained in Section 6.

We use the following notation:

Apu = div(|VulP~2Vu), 1<p< o0,
p*:=Np/(N—p), 1<p<N,

DYP(RN) = {u e LP"(RN) : Vu € LP(RV;RN)}
[lull = [Vul| L @)

uy = max(u,0),u_ = max(—u,0)

RY ={z e RY : zy > 0}.

We denote by Dy (Q) the closure of D(€) in D2 (RN).
We need the following nonexistence result.

Theorem 1.1. Let 1 < p < N and let u € Dé’p(Rf) be a nonnegative solution of
the equation

— — quP N
Apu = pu in RY.
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Then v = 0.

Our main result is the following theorem. We assume that

(A) Q is a smooth bounded domain of RN, 1 < p < N, a € LY/?(Q) and
>0,

(B) inf / |Vu|P4alu|Pdx > 0.
wEW,P(Q) Jo
[Vullzr=1

We define on W, *(£2)
Yul|P P P
d(u) = / [Vul” + aﬂ _ N%dgm
Q P p p

and on DYP(RY)

P P
o) = [ Tyt
RN P p

Let us recall that

< ¢'(u),h >= / [[Vu[P~2Vu - VA + aluP~2uh — plu|P” ~2u h)dz,
Q

< ¢l (u),h >= / [|[VulP~2Vu - Vh — ,uuzj:fl hldz.
RN

Theorem 1.2. Let 1 < p < N. Under assumptions (A) and (B), let {un}n C

WyP(Q) such that

P(un) — ¢ ¢/(un) —0 n W Q)

and
[(un)-llLr= (@) = 0, 1 — oc.

Then, passing if necessary to a subsequence, there exists a solution vy € Wol’p(Q) of
—Apu+auP™t = g Tt i Q,
u>0 in Q,
a finite sequence {v1, ...,vx} C DYP(RYN) of solutions of
—Apu = puP " in RY,
u>0 in RN

and k sequences {y!}n C Q and {\L}, C Ry, satisfying

1 .
A dist (y,,, 0Q) — 00, n — 0,

k
ltn — v — D (AL PN Py (- — i) AL = 0, n— o0,

=1

k
lunl? = > oillP,  n— oo,
=0



472 CARLO MERCURI AND MICHEL WILLEM

k
B(v0) + Y doo(vi) = c.
i=1
If k > 1, then v; > 0, for i =1,...,k, by the strong mazimum principle.
The organization of the paper is the following:

Introduction

Proof of Theorem 1.1
Preliminary results
Proof of Theorem 1.2

Variants and open problems

S TRk W =

A critical problem for the p-Laplacian

2. Proof of Theorem 1.1. We need the following version of the divergence the-
orem.

Lemma 2.1. Let Q be a bounded Lipschitz domain in RN with outer normal unit
vector n(-) and v € C(RN ,RYN) be such that divv € Li, (RN). Then

loc

/Q divvds = /m (o) - n(o)do.

Proof. Let p, be a sequence of mollifiers and let us define v,, := (pn * 01, ..., pn *VN).
By the classical divergence theorem we have

/ div v, dx = / vp(o) - n(o)do.
Q a0

Since v, — v uniformly on compact sets of R and since div v, — divv in L}, (RY),

the proof is complete. O

Remark 2.2. When v € C(Q,R"Y) and dive € L!(Q), the divergence theorem
holds for C?-domains, see [[9] , p. 742].

Hereafter we define H := RY. The following lemma is in the spirit of [21].

Lemma 2.3. Let 1 <p < N andu € Dé’p(H) be a weak solution of the equation
Apu A |uP" 20 = 0. (1)
For p > 2 we assume in addition u > 0. Then Oyu = 0 everywhere on OH .

Proof. Let u € Dy?(H) be a solution of (1). By anti-reflection with respect to dH
we can extend u in RY \ H obtaining a function @, which satisfies

A+ |aP 2a=0 in RY
weakly in DLP(RY), see [[8] p. 446]. From [Theorem 2.2 in [22]] and [Corollary, p.
830 in [12]] we have

ue Co%RY)

loc

and by [Theorem 2.5 in [22]], (see also [28] and [24]) we have
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we W2P(RN), p<2.

loc

Moreover
aeWRl®RN), 2<p<3 (2)
and
_ 2,q N p— 1
ue WoI(RY), q<—27 p > 3. (3)
p—

For (2) and (3) we argue as follows. Since p > 2, the nonlinearity f(s) := |s|P"~2s is
locally lipschitz and f(s) > 0 for s > 0. We observe that H = J; O;, where O; C H
are smooth bounded domains, possibly such that 00; NOH # (). By Vdzquez strong
maximum principle [30], both Q‘Hﬂoi and —ﬂ|_( HNo;) ATe positive solutions in
H N O; and (respectively) in —(H N O;) of the equation

—Apu = f(u).
Statements (2) and (3) follow then by [[10], Proposition 2.2].
Observe, by regularization of |Vi|P~2Vu, that

div [Ona|ValP~2Va] = oyaldiv |ValP~2Va] + |ValP~?Va - Voxa € L, (RY).
Using Lemma 2.1, we have
/ Onuldiv |Vu|P~2Vu)dx
HNBgr

= / Onu|VulP~2Vu - n(o)do — / |VulP~2Vu - Voyu dx
8(HI’-WBR)

HNBgr

—2 |V’U,|p
= Onu|VulP~*Vu - n(o)do — —nn(o)do
d(HNBR) d(HNBr) P

and

. p* p*
/ OnululP” ~u dm:/ |u|* nN(o)dU:/ |u|* ny(o)do.
HNBgr d(HNBRr) P HNOBr P

It follows from (1) that

(1—1)/ OnulPdo
p BrNOH
|Vul?

= / [Onu |Vu|P2Vu -n(o) —
HNOBR p

The right hand side number is bounded by

1 Juf?”
M(R) = 1+ - ) [Vul? + ——do.
HNOBR p p

Since Vu € LP(H) and u € LP" (H), there exists a sequence R,, — oo such that
M(R,) — 0. The monotone convergence theorem implies that fOH |OnulPdo =
0. O

ny(o)]do + / jul”

—ny(o)do.
HNOBr P
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Remark 2.4. Arguing as in [10], it is possible to prove statement (2), removing
the assumption u > 0, for 2 < p < 3.

Proof of Theorem 1.1. Assume that u is nontrivial. Since u > 0, we have A,u < 0.
By Lemma 2.3 we have Oyu(zg) = 0 for every 29 € 9H. On the other hand, by the
Cllo’?(fl ) regularity we can apply the strong maximum principle by Vazquez [30],
obtaining dyu(z¢) > 0. This yields a contradiction and the theorem follows. O

Remark 2.5. We extend to the p-Laplacian Proposition 1.2 in [13].

3. Preliminary results. In sections 3 and 4, we follow the scheme of the proof
for the case p = 2 of Theorem A given in [31]. This proof is in the spirit of [4]. We
need some preliminary lemmas.

Lemma 3.1. Let 1 < p < 2. Then

. ‘|x+h|p_2(x+h)— |:17|p_2:17’ -
c:= su 0.
0 BT
zERN
Proof. Define
F(z,h) = } |2 + h[P2 (@ + ) — |2[P 2 ’

|hfp=t
and notice that, by homogeneity,

F(x,th) = F(%, h).
Hence
¢ = sup F(x,h).
|h|=1
zeRN
Since, by continuity,

c1:= sup F(z,h) < oo,
|h|=1
|z|<2

it suffices to prove that

co:= sup F(z,h) < oc. (4)
|h|=1
|z|>2

Assume that |h| =1, |x| > 2 and ¢ € [0,1]. Then
|z 4+ th| > || —|h| > 1,

so we have, for any k =1,..., N
||z + hlP~2(x) + hi) — |2|P 22| =
1
= ‘ / |z + th|P~2hy + (p — 2)(xk + thy)|x + th|P~*(z + th) - hdt
0
1 1
< / |z + th|P~2|h|dt + (2 —p)/ |z + th|P~2|h| dt
0 0

< 3-p
This yields (4) and the lemma follows. O



A GLOBAL COMPACTNESS RESULT 475

The following result is a variant of the Brezis-Lieb Lemma [5]. The case p > 2 is
due to Alves [1].

Lemma 3.2. Let p > 1 and define A : RY — RN by A(y) := |y|P~2y. Let {uy}n €
LP(Q, 1, RY) be such that u, — u p—a.e. on Q and sup,, |[u,||, < oo. Then,

lim [ [A(up) — A(upn — u) — A(u)|7Tdp =0
Proof. The case p > 2 is treated in [1]. We assume that 1 < p < 2. Since
‘ |z + h[P2(z + h) — [zP

¢:= sup — < 00
he£0 |h|P—1
zeRN
by the previous lemma, the statement follows from the dominated convergence
theorem. O
Define
s if]s| <1
T'—{ B ]| > 1.

Theorem 3.3. Let (Q) be a sequence of open subsets of Q such that Qi C Qg1

and UQk =Q. Letp > 1, {v,}n C WHP(Q) be such that v, — v in WHP(Q) and,

k=1
for every k,
lim (Vo P2V, — |Vo|P~2Vv) - VT (v, — v)dz = 0.
n—oo Qs
Then

Vv, — Vv a.e. on () passing if necessary to a subsequence,
Tim (V015 = IV (00 = 0)[5) = Vo],

(¢)  |Vun|P"2Vu, — |V(vn — 0)[P"2V (v, — v) — |Vu|P 2V in LP/P=D(Q).
If Q = RN, the statements continue to hold replacing WP(Q) by DLP(RYN).

Proof. By [11], Vv, — Vv a.e. on  passing to a subsequence. It suffices then
to use the Cantor diagonal argument. This proves (a). Statement (b) follows from
the Brezis-Lieb Lemma ([5]). Statement (c) follows from Lemma 3.2 with u, :=
Vu,. O

We need the following lemma, which is a remark on the Brezis-Lieb Lemma.
Lemma 3.4. Let p > 0 and {un}, C LP(Q, 1) be such that

(o) lim w, »u p—ae onf,
n—oo

® [ )P —0. n— o,
Q

(¢) sup/|un|pd,u<oo.
n Jo
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Then u > 0,

and

tim  fualds = [ Jo =) P) = [ (e (7)

n—oo

Proof. Fatou’s Lemma yields (5), while (7) follows by (6), (a) and (c¢) using the
Brezis-Lieb Lemma. To prove (6) observe that, by (b) there exists a function g €
LP(Q, 1) such that, passing if necessary to a subsequence,

|(un)—(2)] < g(x), p—ae. on.
We have
[(un = u)— = (un) -] < ful.
It follows that

0<(up—u)-<u+g p—ae onf
Hence (6) follows from the dominated convergence Theorem, using (a) and (5).
Since the subsequence is arbitrary, the proof is complete. |

Lemma 3.5. Let us assume (A), (B) and
Up —u in Wy P (Q),
Uy — U a.e. on 2,
[ (wn) =l L= (@) = 0
P(un) — ¢
¢ (up) — 0 in WH(Q).

Then, passing if necessary to a subsequence, Vu, — Vu a.e. on Q and ¢'(u) = 0.
Moreover v, := u, — u is such that

i) T ([un||” = [fon[[") = [|ul[?,
”) ¢oo (vn) — = d)(u),
i) ¢l (vp) — 0 in WL (Q).
Proof. Since T is bounded, [, |7 (un —u)|?dz — 0, for all ¢ > 1. Moreover T (u, —

u) — 0 in W, P(Q). Hence we have

/(|Vun|p72Vun — |VulP~2Vu) - VT (u,, — u)dz
Q

=< ¢ (un), T(un —u) > —/ \VulP~2Vu - VT (u, — u)dz
Q

s

P =2y, )T (up, — u)dz — 0.

- / (@) un ]t — il
Q

Statement ¢) follows from Theorem 3.2 (b) and, passing if necessary to a subse-
quence, Vu,, — Vu a.e. on . Now notice that a(-) € (LN/N=P)(Q)), {|va|P},, is
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bounded in LY/N=P)(Q) and v,, — 0 a.e. on . It follows from Proposition 20.6 in
[32] that

[ a@lenp = o)
Q
Therefore, by Lemma 3.4 we have 1) :

¢oo ('Un)

¢(vn) +o(1)
(un) = ¢(u) + o(1)
c—¢(u) + o(1).
Since u, — u in Wy P(Q) and ¢/ (u,) — 0 in W17 (Q), it is easy to verify that
¢'(u) = 0. Finally, Lemma 3.2 yields i) :

(bgo (vn)

= ¢'(vn) +o(1)
— () — & (1) + 0(1)
—o(1).
O
Lemma 3.6. Under assumptions (A) and (B), let {yn}n C Q and {\,}n CJ0, 0|
be such that 1
)\—dist (Yn, 00) — 0. (8)

Assume that the sequence {u,}, C DVP(RY) and the sequence
O (@) == AV PPy (N + )
are such that
v, = v in DYP(RY),
Up — v ae onRY,
[ (wn) -l @) = 0,
Poo (un) — ¢,
Boun) =0 in WP (Q).

Then, passing to a subsequence, Vv, — Vv a.e. on RN and ¢'_(v) = 0. Moreover,
the sequence
Wy (2) 1= un(2) — (An)(p_N)/pv((z = Yn)/An)

satisfies

i) dim ([funl” = [fwal[") = [o][",

”) (boo (wn) — = ¢oo (’U),

i) ¢l (wn) =0 in WP (Q).
Proof. 1) We first prove the existence of a subsequence on Vv, converging a.e. on
RV,

For h € D(RY), we define

hn(z) = )‘gzp_N)/ph((Z — Yn)/An).
Let us also define By := B(0, k). For every n large enough, if h € D(By,) then, by
assumption (8), h, € D(Q2) and

(0o (), P)| = (S (), )| < (1@ (un)I] [ Bnl| = 1@ (un)I] [[P]-
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Hence ¢’ (v,) — 0 in W12 (By). Let p € D(RN) be such that 0 < p < 1 and

plr) =1, |z| <k,
=0, |z|>k+1.
Consider the vector field
fn = |Vop P2V, — |Vv|P2V.
We have

[ fa VT (0, — )z < | / fu - VT (0 — 0| + | / (v — ) fu - Vp da|.
By RN RN

Since T' is bounded, it is clear that

/ T(vy, —0)fn-Vpdr —0, n— oco.
RN

Moreover
- fn - VIpT (v, —v)]dx = <¢:>o (vn), pT (Vi — v))
+ u/ [on [P 20, pT (v, — v)da:
RN
+ / |Vol|P~2Vv - V[pT (v, — v)]dx
RN
so that
/ fn - VIpT (vy, — v)|dz — 0, n — oc.
RN
Finally,

fn VT (v, —v)dx — 0, n— oo
By
and it suffices to use Theorem 3.2.
2) Using also Theorem 3.2, we obtain

Jim ([fenl” = flon = o1?) = Jo]l”
or
Jim (lunll” = llwn]17) = Jlelf”

It follows then from the Brezis-Lieb Lemma that

doc(Wn) = ¢oo(vn —v)
= ¢oo(n) — P (v) +0(1)
= ¢oo(tn) — Poc(v) +0(1)
= = doo(v) +0(1).
3) Since, for every h € D(RY),

(@ (0n), 1) = 0, (@ (), 1) — (¢ (v), D),
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it is clear that ¢/ (v) = 0.
4) For g € D(Q), we define

gn(x) = XN=P/Pg( N2 + y,).
By combining Lemma 3.1 and Theorem 3.2, we obtain, uniformly for g € D(Q),
gl =1,

<¢Z>o(wn)vg> = <¢Z>o(vn_v)agn>
<¢éo(un)7g>+ (1)=0( )

O

4. Proof of Theorem 1.2. For sake of clarity we divide the proof in 5 steps.

1) The sequence {uy,}, is bounded in W, *(Q) (see [31] p. 15). Hence, passing if
necessary to a subsequence, we can assume that u,, — vy in VVO1 P(Q) and u, — v
a.e. on §2. By Lemma 3.5, it follows that ¢'(vg) = 0 and ), := u,, — vg is such that

nll? = llunll? = [lvol|” + o(1),
i) Goo(uy) — c— p(vo),
i) ¢l (ul) — 0 in WL (Q).

o0 n

i) u

2) If ul — 0 in LP"(Q), since ¢ _(ul) — 0 in W, *(Q2), we have that u} — 0 in
WO1 P(Q) and the proof is complete. Otherwise we can assume that

/ [ul|P dz > 6
Q

for some 0 < § < (S,/2p)V/?. Introducing the Levy concentration function

Qn(r) ;== sup / |u,11|p*d:c,
(y,m)

yeRN J B

since Q,(0) = 0 and Q,(c0) > 4, there exists a sequence {A\.},, C]0,00[ and a
sequence {y.}, C Q such that

1p” 1p”
d = sup / |, P dx:/ |u, [P da.
yERN JB(y,A}) B(y:A%)

We define on
Qn = )\1 (Q yn)
the sequence vl (z) := (AL)N=P/Pyl (AL x4 y!). We can assume that v} — v; in
DLP(RYN) and v} — v1 a.e. on RY. Observe also that
4 = sup / [l [P da = / [l [P da. (9)
y€eRN J B(y,1) B(0,1)

3) We claim that vy # 0. Indeed let f,, := (f}
representation

1Ny e (1P ()N defined by the

N
(@ (b)) =3 /Q fiohds,  Whe WiP(Q),
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Define gy, := (AL)NV=PV/Pf,,(ALx +yl). Tt is clear that

N
(¢ (oh).h) = 3 / Gidhdr,  Yhe W)
=1 n

and, since ¢ (u}) — 0,

N . N )
Z/ gi P d:c:Z/ i dz = of1).
i=1Yn i=1 /9

p*)(N—p)/N

Suppose, by contradiction, that v; = 0. Then we can assume that v. — 0 in
LY (RN). Take h € D(RY) such that supph C B(y, 1) for some y € RV. From the
Holder inequality, it follows that
Jwer <spt ([
supp h
« «\P/N
Jmeear < s ([ )™ [
supp h
Hence, since v} — 0 in LI (RY), we have

loc
N\ P/N
)
and from the Sobolev inequality
loc
| 1ap
Q’Vl

/ (B[P [VoL P + of1)

/ Vol P2Vl V(RPOL) + of1)

N

_— / NSy / g 0:(1hPul) + of1)
=1 Qn

< us;lsp/N/|V(hv;)|P+o(1)

< 5 [ 1@+ o)

As a consequence we have that Vo} — 0in L? (R™) and by the Sobolev inequality
"

P (RY). Because of (9), this is a contradiction. Hence

we have that v. — 0 in L

’U1750.

4) Since Q is bounded we may assume y. — yi € Q and A\, — A} > 0. If \j > 0
then, as a consequence of the fact that ul — 0 in Wol’p(Q), we have vl — 0 in
DLP(RYN) and this is impossible. If AL — 0 and

n—oo

1
lim inf —-dist (y,,, 9Q) < oo,
)\n
then we also get a contradiction. Indeed, we have necessarily y§ € 9. As in Lemma
3.6 it is easy to see that vy, which is nonnegative, satisfies

—Apu:uup*71 in H,
u=0 on OH,
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where H is a halfspace. By Theorem 1.1 we have that v; = 0.
It follows that, for some subsequence,
1

A—ldist (yL,00) — 00, A —0.

By Step 1 and Lemma 3.6 we have that ¢/_(v;) = 0 and by the strong maximum
principle v; > 0. The sequence
up (@) = g () — (A) PV Puy (@ — y) /AL)
satisfies
[upll? = llunll” = flool[® = [lor[[? + o(1),
(ZSOO(Ui) — = ¢(v0) = doo(v1),
¢ (u2) =0 in WP (Q).

o0 n

5) Since for any nontrivial critical point u of ¢, we have

Sollull - oy < Il = e v
we get
oo (1) > * 1= %(%)N/P'
As a consequence the above procedure iterates constructing sequences {v'} {\!}
{v},}. But, since ¢oo(v;) > ¢*, only a finite number of iterations is allowed and this
concludes the proof.

5. Variants and open problems. The result obtained in the previous sections
is an extension to the p-Laplacian operator of the Struwe result, for PS sequences
with negative part such that |[(us)—||p e+ (o) — 0. This hypothesis is satisfied for a
large class of problems

~Apu+auPt = puP "t in Q,
u>0 in Q,
u=0 on9dN.

Indeed, one can construct PS sequences which are nearby the positive cone P in
WP (€2). More precisely, define

P:={ueW,;*(Q) : u>0}
and let
P, :={uec WyP(Q) : dist(u, P) < 1/n}
be a 1/n— neighbourhood of P in Wy (). By Lemma 2.3 in [31], under suitable

assumptions on a, it is possible to select a PS sequence for ¢ such that {u,}, C P,.
As a consequence there exists a sequence {y,}, C P such that

lyn = unll — 0
and, by the Sobolev inequality
yn — unll Lo+ (@) — O
Hence,

(un)— = (yn)~lLe* ()

H(un)f”m*(sz) =
< ||un_yn||LP*(Q)_’07 n — o0.
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For the study of sign changing solutions for the problem
—Apu+alulP2u = plulP 2w in Q,
u=0 on 09,

the above argument is not suitable anymore. The main problem is to generalize
Theorem 1.1 to sign changing solutions. Let 1 < p < N. The existence of a
non-zero solution of

—Apu=plulP" "2u  in RY
{ueI%%R%,

seems an open problem when p # 2. When p = 2, 0 is the only solution because of

the unique continuation principle and Lemma 2.3.

Similarly, the existence of a non-radial solution of

—Apu = plulP""2u  in B(0,1) C RY,
{uemmem»

seems also an open problem when p # 2. For p = 2, 0 is the only solution by the

unique continuation principle. When ]\2,—12 < p < 2, 0 is the only radial solution.

Indeed, define u(z) := v(|x|), where v satisfies on |0, 1],

—(TN_1|’UI|p_2U/)I _ /J,T‘N_1|’U|p*_2v.
Let us define
w =N [P
so that we obtain the system

/

w = —purN P 2

P — r(l—N)/(p/—l)|w|p'—2w,
where p’ is the usual conjugate exponent of p. Since v(1) = 0 and, by the Pohozaev
identity [[14], Theorem 1.1],
w(l) = ' (P2 (1) =0,
we obtain v = 0. We use the fact that
p > 2, since p<2

: 2N
p* > 2, since P2 Nis

The above argument was suggested to us by J. Mawhin [17].

5.1. The radial case. We assume now that
(C) Qs the unit ball in RY and a is a radial function.

We denote by W&’fad(Q) (resp. DLR(RN)) the space of radial functions in
WyP(Q) (resp. DVP(RN)).
We define on DHP(RY)

- Yul|?P ul?”
boo(u) = / [VuPP u—' |* dx.
RN P p
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Theorem 5.1. Under assumptions (A), (B) and (C), let {u,}n be a sequence in
Wol)’f;d(Q) such that

Sun) — ¢ ¢(up) =0 in (WyP ,(Q).

Then, passing if necessary to a subsequence, there exists a solution vy € Wolf;d(Q)

of

—Ayu+ aul’?u = a2,

a finite sequence {v1,...,v;} C DEAE(RN) of solutions of

—Aju=plulP "2u  on RN

and k sequences {\!}, C Ry, satisfying A, — 0, n — oo, and

k
tn —vo — > (NL) PN/ Py, (/XL — 0,

i=1

k
lunll? — D lloil”,
i=0

k
d(vo) + Zém@a =c.

Proof. Dropping the hypothesis ||(un)— || (@) — 0, and the subscript + to ¢oo,
Lemma 3.5 and Lemma 3.6 continue to hold. The proof is the same, simply replacing
Lemma 3.4 by the Brezis-Lieb Lemma.

We follow step 1) of the proof of Theorem 1.2 and we assume that

/ [ul|P"dz > 4.
Q

There exists a sequence {\}},, C]0, co[ such that

5= / i,
B(0,\})

We assume that v} () := (AL)V=P)/PyL (AL z) converges weakly to vy in D7 (RN)

and a.e. on RY. Using the fact that v} — v; in LY (RM\{0}) (see e.g. [16]), it is

loc

easy to verify, as in step 3) of the proof of Theorem 1.2, that v; # 0. It is then easy
to adapt the end of the proof of Theorem 1.2. O

P dg.

5.2. The case Q = RY. We assume that

(D) 1<p<N,pu>0andae LY/P(RYN) is such that

weDbP(RV)
[IVullpp=1

We define on DMP(RY)

VulP ulP ul?P”
o) = [ MM
RN P p p

inf / [Vul? + aluPdz > 0.
RN
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and

- YulP wlP”
%(u):/ Vb
RN P p

The next result is due to Benci and Cerami [3] when p = 2 and to Alves [1] when
p> 2.

Theorem 5.2. Under assumption (D), let {u,}n, be a sequence in DVP(RYN) such
that

P(un) — ¢ ¢'(un) — 0 in (’Dlyp(RN))/'
Then, passing if necessary to a subsequence, there exists a solution vy € D*P(RYN)

of

—Ayu+ alulP72u = plulP 2w

and a finite sequence {vy,...,vx} C DYP(RY) of nontrivial solutions of

—Ayu = plul” "2u on RN

and k sequences {y}, C RN and {\!}, C Ry, satisfying

k

lt —vo — > (NP~ Py (- —yi) ALY = 0, 1 — oo,
=1

k
lunll? =~ lloil”, n— oo,
i=0

k
d(vo) + Zém@a =c.

If yi — 4y then A\, — 0 or \!, — o0, asn — oo.
The proof is an easy adaptation of the proof of Theorem 1.2.

Remark 5.3. If k > 1 and (u,)- — 0 a.e., by the strong maximum principle
v; >0 on RN, for 1 < i < k. This is the case when {u,}, is nearby the positive
cone in DP(RN).

Now we assume that

(E) 1<p<N,pu>0andac LN?(RY) radial is such that

inf / [Vul? + aluPdz > 0.
ueDl P ®N) JRN
lVullgp=1

Let us define ¢ and ¢oo on D2P(RN) as in Theorem 5.2.

rad

Theorem 5.4. Under assumption (E), let {u,}n be a sequence in Dil’f:i(RN) such
that

d(un) — ¢ ¢ (un) — 0 in (D22 (RN)Y.

rad
Then, passing if necessary to a subsequence, there exists a solution vy € ’Difd(RN)
of

—Ayu+ alulP~2u = plulP” "2u

1,p

and a finite sequence {vy,...,vy} C D,

(RN) of nontrivial solutions of
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—Apu = plul” "2u on RN
and k sequences {\. },, C Ry, such that N\, — 0 or A\, — oo satisfying
k

= vo — D (X PN Py (/AN =0, 1 — oo,
=1

k
lunll” = > lloil?, 0 — oo,
=0

k
d(vo) + Zém@a =c.

The proof is an easy adaptation of the proof of Theorem 5.1.

5.3. Exterior domains. In this section we extend to the p-Laplacian a result
obtained in 1987 by Benci and Cerami in the case of the Laplacian (see [2]).
We assume that

(F) Qs a smooth domain of RY with bounded complement, u > 0,1 < p < N,
p<q<p* aGC(Q),Illim a(x):l,igfa>0.

The norm on W,?(Q) is given by

llullwro = (llull, + [[VulF,)?.
We define 4 on W, (Q) by
VulP P q
W(u) = [Vul? + aﬂ _ Mﬂdg&

Q P p q
We define also 1o, on WHP(RY) by

p P a
RN P p q
Theorem 5.5. Under assumption (F), let {u,}n, C Wy P(Q) such that
blun) = W (un) =0 in WTH(Q).

Then, passing if necessary to a subsequence, there exists a solution vy € Wol’p(Q) of

—Apu+alulP"?u = plul”*u in Q,
a finite sequence {v1,...,vx} C WEP(RY) of solutions of
—Apu+ |[uP"2u = plu|T%u i RY,

and k sequences {yt }n satisfying
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; ; ;! . .
lyn| — 00, |y, —w,| = o0, Vi#i', n— oo,

k

lun = v0 = > vi(- = gi)llwrr — 0, 7 — oo,
=1

k
lunlfyie = D villfynns  n— oo,
=0

k
P(vo) + Zd}m(vi) =c.

The proof is an adaptation using Lemma 3.1 and Theorem 3.2 of the proof given
in [[31], p. 120] for the case p = 2.

Remark 5.6. As observed before, if k > 1 and (u,)_ — 0 a.e., then v; > 0 on RV,
for 1 <i < k. This is the case when {u,}, is nearby the positive cone in WP ().

6. A critical problem for the p-Laplacian. In this section we extend to the
p-Laplacian operator the existence results of [7], where the case p = 2 has been
treated. More precisely, we consider the problem

—Apu+ WMP*QU = |u[P""%u in B
u>0 in B (10)
u=0 on 0B

where B is the unit ball in RN and 1 < p < N.
We assume, similarly as in [7], that

f:[0,00) — [0,00) is such that

f#0 on aset of positive measure, f € LN/p([O7 0), sV " tds) (11)

loc

and
1/A

: N—p N—-1 _

1)}11%1)\ ; (s)s™ " ds = 0. (12)
Our main result is
Theorem 6.1. Assume [ satisfies (11),(12). Then there exists Ao such that the
problem (10) admits a nontrivial radial solution in Wy (B), for 0 < A < Ao.

The problem

—Au— = |ul* %u in B
u>0 in B
u=0 on OB

was solved in the classical paper [6] by H. Brezis and L. Nirenberg. When p =
2, Theorem 6.1 is due to H. Brezis and the second author. When p = 2 and
f € LN/2([0,00), sV 1ds), the existence of a positive solution was proved by D.
Passaseo in [19].

We define the manifolds

V(B) = {u e Wy*(B) : uradial, ||ull,- =1}
V(RY) = {u e D"?(RY) : w radial, |ull,- =1},
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and for any A > 0, the functionals

||

S (l/ ) :
- Py LN 0 Pd = P dax.
o (u) /RN [VulP + v |u|Pdz, P (u) AN |ulP dx
It is worth pointing out that ¢, can be unbounded although it is defined on

DLP(RN).
We also define the levels
c(N) = inf{px(u) : u € V(B),x(u) > 1/2},
d(\) = inf{px(u) : uw € V(B),x(u) = 1/2},
and
d = inf{p;(u) :u € V(RY), ¢y (u) = 1/2}.
As in [7] we shall prove ¢(\) to be a critical value for @A}V(B)’ by estimating d(\)

and d.
The following lemmas extend Lemma 4.1 and Lemma 4.2 in [7] to the p-Laplacian
operator. We define S, to be the best Sobolev constant (see e.g. [26]):

S5 iy IV

Lemma 6.2. Under the assumptions (11), for every A > 0, we have S, < d < d(\.)

Proof. Observe that S, < d. Suppose by contradiction that S, = d. Then there
exists a sequence {u,}, C V(RY) such that

||
Vu,|P n|Pd S, nl|P dr = =, nllp = 1.

Ll s =5, [ s Juall
Since f is nonnegative we have

[Tl =8 el =1

RN
Define

S(u) ::/ [Vuy,|Pdx
RN

and

oy i= [ (ot B yas

p P
By the Ekeland variational principle there exists a Palais-Smale sequence for

S|V(RN) at the level Sy, namely there exist {8,}, C Ry and {u,}, € D'P(RY)
such that

l|un — ﬂn”DLP(RN) —0
and

S(in) — Sy — Apiiy — Bultin|P "2tn — 0 in (D2(RY)Y,

rad

Put v, == B2/ P, so we have

ﬁn — Sp
and
SN/P
d(vp) — pT’ ¢ (vn) — 0.
We can assume, passing to a subsequence, that v, — vy in Di(’ﬁi(RN ). By Theo-

rem 5.4 (for a = 0) there exist k functions vy, ..., v, € DLP(RN) such that

rad
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—Apv; = |u|? 2y, inRYN
fort=0,1,...,k and
k

k
0(0) = () + Y o0) +o() = 530 [ o w0 (13)
i=1

i=1
Multiplying the equation by (v;)+ and (v;)_, and using the Sobolev inequality, for
each i = 0,1, ...,k one of the following cases hold:

/ |v;|P" dx = 0,
RN

/ |vg|P” daz > Sév/p,
RN

/ v [P da > QS’ZJ)V/p,

RN

according to the cases v; is (respectively) zero, has constant sign or changes sign.
If vg # 0, from (13) we have

SéV/P SZJ)V/:D
>(k+1

hence k = 0. This implies that {v,}, is relatively compact in Di(’ﬁi(RN ) and w :=
Sp/ @)y is optimal for S,. This occurs only if u is a Talenti function u(z) =
[a + blz|P/(P=D1=N/P (see [26],[6]). By using the Fatou lemma together with the

weakly lower semicontinuity of S(-) we get a contradiction:
Sp< [ IVul? + (el fuPde < 5,.
RN

If vy = 0, the above argument yields

SZJ)V/P S;éV/P
S e
N — N
hence k=0, 1.
If £ = 0, we have u,, — 0 strongly in Dig;(RN ) and this is impossible, since
H’Lbn p* = 1.

If k = 1 we distinguish the cases AL — 0, co. Define
Wy, 1= )\%pr)/pvl(-/)\n).

If Al — 0 we have

1 ol
N/p(— 1 — Py
G o) = [ s

:/ 217 d 4 o(1)
R

N1—|—|ZE|

X *

where, in the last step the following invariance property has been used:

1 (vn) = ¥a(u), where vy (z) = )\¥u()\x). (14)



A GLOBAL COMPACTNESS RESULT 489

Hence we get a contradiction.
In the case AL — oo, we have

BNIP(5 + o(1)

/ . _|:C|| | lun|P"dz (by the Ekeland variational principle)
RN X

B /RN 1 _|:C||3;| |w"|p*dx +0(1) (by Theorem 5.4)

€T *
_ /Rwﬁwp dr +o(1) (by (14))

/ |v1|P"da 4 o(1)  (by the dominated convergence theorem)
RN

/ lwn|P” dz 4+ o(1)  (by invariance)
RN

/ lun|P" dz + o(1)  (by Theorem 5.4)
RN

= BN/P(140(1)) (by the Ekeland variational principle).

Since this is also a contradiction, this proves that S, < d.

Finally, take u € V(B) such that ¢ (u) = 1/2 and define vy(z) = A77 u(Az) if
|z] < 1/X and vy (x) = 0 otherwise. Since

Yi(oa) = Pa(u) =1/2,  p1(on) = pa(u), oallp- = |
we get d < d(N). O

Lemma 6.3. Under the assumptions (11),(12), for every X\ > 0, we have S, < c(\)
and

1,\1?8 c(A) = 5p.

Proof. In order to prove S, < ¢(\) we argue as in Lemma 6.2. Indeed, assume by
contradiction that S, = ¢()), then there exist a sequence {un}n C V(B) such that

/ [V, | + f(lz |/ )|u [Pdz — S, / )\+| ||un|P dgc> = lunllp- = 1.

Arguing as in the previous lemma we can consider Palais-Smale sequences. We
repeat the above argument, by using Theorem 5.1. In the case v9 = 0 and k = 1,
only the case A, — 0 can occur. In this case we have

B/P(5 + o(1))

/ |I| |vn|p*d17
B 1+|z|

|z] o ) .
/mgn T+ 7] [vn|P dx + o(1) (since v, — 0 in LlOC(R \ {0}))

< O\, +0(1) — 0,

for some positive constant C. This is a contradiction.
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On the other hand, if vy # 0, then u := S/ """ )y € W) P(B) is optimal for S,.
This is again a contradiction, hence S, < ¢(\).

The rest of the proof is the same as in Lemma 4.2 in [7] and requires condition
(12). O

Remark 6.4. Lemma 6.2 and Lemma 6.3 can be proved, as in [7], without passing
to Palais-Smale sequences, by using a decomposition lemma instead of Theorem
5.4.

Proof of Theorem 6.1. By Lemma 6.2 and Lemma 6.3, there exists ¢ such that, for
0< A<,

S, < ¢(\) < min{d,2°/VS,} < d()). (15)
In particular, since ¢(A) < d()), by the Ekeland variational principle there exists a
Palais-Smale sequence for ¢ A‘V (B) at the level ¢(\). Namely, there exist a sequence

{tun}n C V(B) and a sequence {a, }, C R such that
A .
o (un) — ¢(N) —Apun+%|un|p_2un—an|un|p 2, — Oln(Wol’fad(B))’.

Notice that, since u,, € V(B), then ¢y (un) — ap — 0 and «,, — ¢(A).

al/®" P

Now define v,, = Uun,, and notice that

(v / [Vonl? III/A) o

p p*

5

c(N)N/P
— =y (16)

— Apvp + va’—%n — [vnl” 20, — 0 in (W R (B)).  (17)

AP
By (15) we have
S;)V/p C()\)N/p Sé\f/p
N <~ < 2 N (18)
Theorem 5.1 yields the following decomposition:

D(v,) = Z/ lw;|P" dx + o(1),

k

lon —v = (NN Pui (/X)) — 0, (19)

i=1
;. € D2 (RN) being solutions of

rad
—Apu = lul""2u  inRN (20)
and v € VVO P (B) satisfying
f(lz[/N) p—2,. _ |, p =2

—Apv+ T|v| v =|v| v. (21)

Hence i

1 . c(N)N/P

— Prdy = . 22
TN ;/RN * N (22)

We can use the argument in [[7] p. 12-13]. Multiplying (20) by w; and w; , for

each i, one of the following cases hold:

7 7

/ il dee = 0, (23)
RN
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/ |wi|p*d:c > Sév/p,
]RN

/ Jw; [P da > QS’ZJ)V/p,
RN

according to the cases w; is (respectively) zero, has constant sign or changes sign.
Similarly, we can have only one of the following possibilities:

v=0 = d(v)=0,

SN/P
o) > (21)
SN/ZD
>92ZP
D(v) > 2 N

Finally, as a consequence of (18) and (22), the only possible case is (23) together
with (24).
Hence, by (19), v, — v in Wy P(B) and we can choose v > 0. From (16) and (17),

v is a solution of (21) and ®(v) = c(’\])VN/p, and this concludes the proof of Theorem

6.1. O

Theorem 6.5. Let u be the solution found in Theorem 6.1 and f € LS (B), then

u is positive. Furthermore, if f € LN/P=2)(B), for some ¢ € (0,1], then u > 0 in
B and u € WyP(B) N L>®(B).

In order to prove the positivity of the solution we use the strong maximum
principle (see e.g. [18],[30]). Indeed, since we have

f(=l/A)
P

—Apu+ =P >0

and f € Ly° (B), we can apply Theorem 2, p. 434 in [18].
In order to prove the L regularity for u, we argue as in [20], Appendix E. By a
slight modification of the method in [29] p. 272273, it is possible to prove that
ue LY (B),
for some [ > 1. Writing the equation (21) as
~Apu = a(x)uP

where a(z) := uP P — mi#, since f € LN/(P=2)(B), the conclusion follows from
the lemma below, which can be proved adapting, to the p-Laplacian operator,

Lemma p. 268 in [29]). We refer to [20], Appendix E.

Lemma 6.6. Let u € W,P(B) be a weak solution of the equation
~Apu = a(z)|ulP?u in B,
where a € L"(B), for some r > N/p. Then u is bounded.

Remark 6.7. We point out that, under suitable assumptions on f, it is possible
to check the C* regularity up to the boundary. See [12], [15], [24],[27] and [28] .

loc
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