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h0_truss height of the truss at the boundaries 
b0 cross section width 
L span 
Δh height reduction at the mid-span 
p pitch of the diagonal bars 
s thickness of the bottom plate 
duc upper bars diameter 
dwb web bars diameter 
c concrete cover 
J(x) variable moment of inertia 
J’ first order derivative of the moment of inertia 
J’’ second order derivative of the moment of inertia 
y vertical displacements 
y’ first order derivative of the vertical displacements 
y’’ second order derivative of the vertical displacements 
y’’’ third order derivative of the vertical displacements 
E Young modulus of the homogenized beam 
γ material weight of the homogenized beam 
q0 live load 

1. Introduction 

Composite steel trussed-concrete beams (CSTCBs) consist on a prefabricated steel truss embedded in a concrete 
matrix casted in situ.  

 

Fig. 1: The self-supported prefabricated steel truss 

The first CSTCBs was conceived by the Engineer Salvatore Leone in 1962. The idea was to minimize the production 
time of a stock of traditional composite beams. He realized that the core and the upper plate of the beams were 
exuberant. From these considerations, the first CSTCB (Trave REP®) was patented in 1967.  
CSTCBs represent a structural typology that lies between the Reinforced Concrete beams and the Composite Steel 
Concrete ones. The system allows to optimize the performance of the two materials, by simultaneously ensuring a 
high degree of prefabrication and reducing the instability problems typical of steel members (Mirza & Uy (2009)). 
Moreover, the steel elements have independent bear capacity and are able to support the own self-weight and the 
weight of the slabs without any provisional support, as in composite beams occurs. An important aspect that makes 
standard composite system underperforming is related to the cost of the connections (Lam & El-Lobody (2005)). This 
problem is overcome in the case of CSTCbs beams, where the connection between the two materials is assigned to 
the web bars acting as studs, without using other specific connectors. The steel truss represents the reinforcement of 
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the beam. Although, CSTCBs differ from the traditional RC beams because in the former the static behaviour varies 
with the construction phase. In particular, two phases are to be considered (Trentadue et al. (2011); Tecnostrutture 
s.r.l et al. (2011)): 

• Phase I - before the hardening of the concrete. Only the steel members are responsible for the mechanical 
resistance.  

• Phase II – after the hardening of the concrete. The concrete core and steel truss contribute together to the 
mechanical response of the composite beam. 

The main practical advantages are that they are partially prefabricated and easily applicable to long spans. This allows 
to speed the construction schedule, to reduce the cost of labor and, consequently, to lower the general costs. The 
performance of CSTCB can be advantageously used also in the retrofitting of existing buildings (Sassu et al. (2017)). 
The design of innovative and performing members and the simplicity of assembly, can have a crucial rule also in the 
field of static and seismic retrofitting of existing buildings with structural irregularity (Puppio et al. (2019)). 
Fig. 2 shows how the prefabrication simplify the management of the site: it is interesting to note that the construction 
site is free from provisional supports and no formworks are used for the beams because of the presence of the bottom 
steel plate. This represents an interesting aspect in case of rehabilitation of existing structures, particularly road bridge 
(Chandrasekaran & Banerjee (2016); Stochino et al. (2018)) 

 

Fig. 2: Pictures from construction sites: a) a residential building; b) a road bridge 

1.1. State of the art and scope of the article 

CSTCBs are frequently employed in Italy and their behaviour is widely studied in literature through experimental, 
analytical and numerical investigations. Previous authors have focused their research on several aspects concerning 
both the first and the second construction phases. In particular, the following issues have been investigated: the flexural 
and torsional instability of the truss during the first phase (Trentadue et al. (2011); Vincenzi and Savoia (2010)), the 
welded joint strength (Mendola et al. (2009); Colajanni et al. (2013)), the shear and bending capacity (Chisari and 
Amadio (2014); Colajanni et al. (2014); Frans and Tahya (2020); Tesser and Scotta (2013); Campione and Colajanni 
(2016)), the stress transfer mechanism between steel and concrete (Monaco (2014); Colajanni et al. (2014); Colajanni 
et al. (2015); Tullini and Minghini (2013); Aiello (2008)), the beam to column connection ((Ju et al. (2007); Colajanni 
et al. (2015); Amadio et al. (2012); Sorgon (2007); Huang et al. (2017)) and the seismic performance (Hsu et al 
(2004)). 

Non-prismatic elements are widely used in several fields, for instance in large span structures. Despite the 
advantages, like the possibility to optimize the geometry with respect to specific needs, the minimization of material 
use, the achievement of sustainability targets, the reduction on the self-weight as well as many architectural 
advantages, solving non-prismatic beams represents a non-trivial problem, and the difficulties in their modelling could 
lead to inaccurate design and consequently fade the advantages arisen from the optimization. Some authors’ research 
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dealt with the optimal shape of trusses and rectangular section beams (Fiore et al. (2016); Cazacu and Grama (2014); 
Miguel and Fadel Miguel (2012); Adamu and Karihaloo (1994); Coello and Christiansen (2000); Deb and Gulati 
(2001); Kaveh and Zolghadr (2014)) and with the solution of variable section beams (De Biagi et al. (2020). Although, 
any study has been found in literature concerning neither the shape optimization of CSTCBs nor the design of CSTCBs 
with variable section. Within this framework, the paper introduces a preliminary study of the structural optimization 
of CSTCBs.  

The manuscript will be organized as follow: paragraph 2 illustrates how the optimization algorithm operates to find 
the optimal geometry of a CSTCB; within the same section the analytical framework of both the first and the second 
constructive phases is summarized. Within paragraph 3, an example of the optimization code applied to a 
homogeneous beam is proposed. The results of the case study are then discussed in paragraph 4.  

2. Method 

A Matlab code for the optimization of a CSTCB is herein presented. The method consists on a main algorithm, 
which uses the ga solver in Matlab to find the minimum weight of the beam, and on a series of nested function, able 
to perform the calculation of the beam during the first and the second constructive phases. The flowchart in fig. 3 
summarizes the global operation of the code.  

Fig. 3: Algorithm of Optimization for CSTCBs 

The algorithm finds the minimum weight of the beam subjected to a series of constraint functions specific for the 
first and the second constructive phases (CFI and CFII). It starts with the definition of the input data, characterized by 
the geometric and mechanical characteristics of the beam and moves to the definition of the objective function (OF), 
the constraint functions (CFI and CFII), the design vector (X). A design vector with three design variables is defined. 
The first design variable is the height reduction at the midspan Δh which determines the shape of the intrados of the 
beam. The other two design variables are the web diagonals diameter, dwb, and the distance between the diagonals 
(pitch), p. Fig. 3 shows that by entering the genetic algorithm, a first generation of candidate solutions, expressed in 
form of design variable vectors, is defined (initial population). Accordingly, the nested functions gradually calculate 
the mechanical response of the beam during the first and second phase. The OF for that specific population is then 
evaluated, while the CFs require specific design criteria for phase I and phase II to be satisfied. Over successive 
generations, thanks to the selection, the crossover and the mutation operations, the population evolves improving the 
value of the fitness function to be minimized, until an optimal solution is obtained. The algorithm ends when a stopping 
criterion is reached. Within this code, a maximum number of generations is fixed as stopping criterion.  

The main differences between the first and second constructive phases described above concern the following three 
aspects: 
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• Cross – section  
• Loads conditions 
• Boundary conditions 

Details on these differences are illustrated within the next paragraphs. 

2.1. Phase I: Solution of a simply supported bare truss 

During the first phase, only the truss resists against the loads. In particular, the total load results from the sum of 
the self-weight of the steel truss, the load of the fresh concrete and the load of the slabs. The beam, made exclusively 
by the steel truss, behaves as a simply supported beam (Fig. 4).  

 
Fig. 4: Static scheme in Phase I 

A finite element approach is adopted to solve the steel truss with variable height. At this purpose, the CALFEM 
(Computer-Aided Learning of the Finite Element Method) is used. It is a Matlab toolbox for finite element applications 
that increases the versatility and improve the handling of the program. It is based on a series of functions (.m-files), 
each able to perform a specific operation: calculation of the element stiffness matrix Ke (bar2e) and of the global 
stiffness matrix K (assem), computation of the nodal displacements a (solve q). Finally, the elements forces result 
from the function bar2s, concerned specifically for bar elements. Once the beam is solved, the internal forces are 
verified through the constraint functions defined specifically for the first phase. The CF concern the buckling 
resistance under bending and compression of the upper and the web bars and the maximum deflection under the loads 
of the first phase.  

2.2. Phase II: Elastic line for beams with variable inertia and Boundary Value Problem 

The solution of the second phase is determined by solving the boundary value problem (BVP) deriving from the 
application of the Elastic-Line formula to the beam with variable height illustrated in Fig. 5.  
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Fig. 5: Static scheme of Phase II 

The load q(x) varies along the longitudinal axis x of the beam and the beam is fixed at both ends.  
The height of the section is expressed as follow:  

( ) ( )0h x h h x= −            (1) 

where ( )h x  is the emptying function defined by the following equation: 

( )
1

N
h x h sen i xi Li

  =   
 =

       (2) 

Where i is and odd number and Δhi is the amplitude. For the sake of simplicity, within this paper i=1.  
As the BVP is solved, the distribution of the bending moment, M(x), and of the shear forces, V(x), along the beam 

is calculated by the following equations: 

( ) ( ) ( )M x EJ x y x= −          (3) 

( ) ( )V x E J y Jy  = − +          (4) 

The internal forces are verified by the constraint functions written specifically for the phase II. In particular, the 
CF concern the bending resistance, the shear resistance and the maximum deflection at the midspan. The earlier, is 
calculated according to the Eurocode 4, considering that the steel reinforcement (the truss) is prestressed by the forces 
and the deformations deriving from the first phase. The shear resistance constraint function results from the multiple 
truss mechanism. 

3. Case study 

An example of the optimization code applied to a homogeneous beam is proposed. 
The shape optimization example is illustrated for the beam shown in fig. 6. 
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Fig. 6: Case study geometry 

The beam has variable height h(x) and constant width b0. The section height reduction at the midspan, Δh, is the 
only optimization parameter considered by this example. The load q(x) varies along longitudinal axis x of the beam, 
and it results from the sum of two contributes: the dead load, function of the material weight γ and the variable cross 
section A(x). Unlike the dead load, which is updated for each value of the optimization parameter Δh and varies along 
the longitudinal axis of the beam, the live load q0 does not depend on Δh and it is constant along the beam. 

The input parameters values are specified in the table: 

           Table 1. Case study: input parameter 

Input parameters    

L  Span 20  m 

h0 Cross-section Height (at the extremities) 2.7  m 

b0 Cross-section width 0.9 m 

E Young Modulus 36 · 106 kN/m2 

γ Material weight 25 kN/m3 

q0 Live Load 90 kN/m 

The optimization algorithm finds the minimum volume of the beam subjected to a set of constraint function 
concerning both the stresses and the vertical displacements:  

Min V subjected to    

2 2

2 2

3

3

2 250

max id

max id

L L

  

  




+ 

+ 






   




 

      (5) 

The objective function is the volume of the beam V and it is expressed by the formula: 

( ) 00

2L
V b h x dx b L h h


 =  =   − 
          (6) 
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The nested functions in this case study concern only the solution of the BVP and the calculation of the maximum 
stresses. Thus, once the BVP problem is solved, deformation and stresses are calculated for each population of Δh and 
the constraint function are evaluated. 

2
6 ( )

( )max
M x

bh x
 =            (7) 

3 ( )
2 ( )max

V x
bh x

 =            (8) 

4. Discussion of the results 

The following images show the results of the optimization algorithm applied to the homogeneous beam. 

 
Fig. 7: Optimal Shape of the intrados 

Fig. 7 shows the optimal shape of the beam. The volume at the optimal solution is Vopt = 25.37 m3 against 
Vbefore = 49.76 m3 calculated before the shape optimization. The optimal value of the optimization parameter was 
Δhopt  = 2.09 m. All the constraint functions were satisfied.  

Fig. 8 and Fig. 9 show respectively the distribution of the maximum stresses and of the vertical displacements along 
the longitudinal axis at the optimal configuration.  

 

Fig. 8: Distribution of the maximum stresses along the x-axis of the beam. 
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Fig. 9: Vertical displacements [mm] 

5. Conclusions 

CSTCBs represent very efficient solutions, especially in the case of large span structures. Their behaviour is widely 
studied in literature by many authors. Although, any previous research dealt neither with the design of CSTCBs with 
variable section, nor with the shape optimization of this innovative system of beams. Finding the optimal shape of 
CSTCBs with variable section results in the best possible performance, in the minimization of the materials used and, 
consequently, in the minimization of the costs. Thus, a preliminary study concerning the shape optimization of 
CSTCBs with variable height is herein proposed. The distinctive feature of the proposed method is that the algorithm 
follows the constructive phases of the beam, aiming to optimize simultaneously both the first and the second phase 
through the fulfilment of specific design criteria.  

The method is here applied to a simply supported homogenized beam with a variable cross-section. The results of 
the case study confirm that the proposed method works properly obtaining a reduction of the volume of about 50%.  

The method will be applied to a wide range of design solutions with CSTCBs and further developments are going 
to be introduced into the proposed code. 
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