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Gaussian lower bounds for non-homogeneous Kolmogorov
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Abstract

We prove Gaussian upper and lower bounds for the fundamental solutions of a class of degenerate
parabolic equations satisfying a weak Hoérmander condition. The bound is independent of the

smoothness of the coefficients and generalizes classical results for uniformly parabolic equations.
Keywords: Kolmogorov equations, fundamental solution, linear stochastic equations, Harnack inequal-
ities.
1 Introduction

We consider the Kolmogorov backward equation

d
Lu = Z Oz, (0, ) +Z J(a;u) + b;0,,u) + cu + Z bijx;0p,u + O = 0, (1.1)
1,j=1 1,j=1

where (t,2) € R x R%, mg < d and £ verifies the following two standing assumptions:

Assumption 1.1. The coefficients a;; = aji,a;,b;,¢, for 1 < 4,5 < mg, are bounded, measurable
functions of (t,z) € R x R% and

mo

,LL71|€|2 S Z aij(t>x)£i£j S ,u‘dza E € ng, (t,.’ﬂ) S RdJrl, (12)

i,j=1
for some positive constant .

Assumption 1.2. The matriz B := (by;), ., i<d has constant real entries and takes the block-form

* * * %
B;  x x ok

B=1|0 By x % (1.3)
0 0 B, =
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where each B; is a (m; X m;_1)-matriz of rank m; with

14
mo > mp > 2>my, > 1, Zmz:d,
1=0

and the blocks denoted by “x” are arbitrary.

Our main result extends the bounds for the fundamental solution proved in [4] and [28] 29] for
uniformly parabolic operators with measurable coefficients: we refer to [15] for a description of the deve-
lopment of this theory for non-degenerate parabolic operators, which includes the relevant contributions
in [30] and [9]. In the following statement, I' denotes the fundamental solution of the operator £, as
given in Definition the existence of I' is briefly discussed in Remark

Theorem 1.3. Let £ be an operator in the form (L.1)), satisfying Assumptions and , Assume in

addition that n = mg < d = 2n and
0n  On
B = (1.4)
I, 0,

where I, and 0, denote the (n X n)-identity matriz and the (n x n)-zero matriz, respectively. Let
I =Ty, T1[ be a bounded interval. Then, there exist four positive constants A\t A=, CT,C~ such that

CyT (t,23T,y) < T(t,; T,y) < OF TN (4T, y) (1.5)

for every (t,x),(T,y) € R with Ty < t < T < Ty. The constants \~, A\t depend only on d and L,
while C~,C* also depend on Ty — Ty. In (T.5) T* and T*" denote the fundamental solutions of £*

and L)‘+, respectively, where

mo d
=1 7,7=1

The explicit expression of Y s given in (2.8) below.

Remark 1.4. Our proof of the lower bound in is based on a local Harnack inequality for the
operator L. This inequality was recently proved by Golse, Imbert, Mouhot and Vasseur in [17] for the
case where the matrixz B is of the form . This motivates the presence of that additional assumption
in Theorem [I.3. However, since our method is not restricted to that particular case, we preferred to
derive the bounds in for those operators satisfying only Assumptions and . This approach
has the advantage of highlighting the geometric structure of the operator which is a cornerstone of
our techniques. Moreover, the validity of Theorem will be automatically extended to the family of
operators L satisfying only Assumptions [1.1] and [I.4 once the corresponding local Harnack inequality

will be proved.

Degenerate equations of the form (|1.1]) naturally arise in the theory of stochastic processes, in physics
and in mathematical finance. For instance, if W denotes a real Brownian motion, then the simplest

non-trivial Kolmogorov operator
%Ow—&—v@x—kﬁt, t>0, (v,z) € R?,
is the backward Fokker-Planck operator of the classical Langevin stochastic equation

th = tha
dX; = Vidt,



that describes the position X and velocity V of a particle in the phase space (cf. [25]). Notice that in
this case we have 1 = mg < d = 2.

Linear Fokker-Planck equations (cf. [T1] and [37]), non-linear Boltzmann-Landau equations (cf. [20]
and [7]) and non-linear equations for Lagrangian stochastic models commonly used in the simulation of

turbulent flows (cf. [6]) can be written in the form

3" 0 (aij0u, )+ 000, f =0, t20,vER", xR, (1.7)
ij=1 j=1
with the coefficients a;; = a;;(t,v,z, f) that may depend on the solution f through some integral

expressions. Clearly the operator in (|1.7)) is the forward expression of a particular case of ([1.1]), namely,

07l On
B =
(In On )

where I, and 0,, denote the (n x n)-identity matrix and the (n x n)-zero matrix, respectively. Of course,

the one with n = mg < d = 2n and

our main result does apply to forward degenerate parabolic equations, as the adjoint £* of £ writes in
this form (see equation and Definition [2.2] below).

In mathematical finance, equations of the form appear in various models for the pricing of path-
dependent derivatives such as Asian options (cf., for instance, [31], [5]), stochastic volatility models (cf.
[18], [34]) and in the theory of stochastic utility (cf. [2], [3]).

Besides its applicative interest, the operator £ in has been studied by several authors because
of its challenging theoretical features. As in the study of uniformly parabolic operators, the theoretical
results mainly depend on the assumptions on the coefficients. We summarize here the main results
available in the literature and we focus in particular on those that are useful for the purpose of this

work:

- Constant coefficients. If the a;;’s, the a;’s and the b;’s are constant and ¢ = 0, the operator
L appears as the prototype of hypoelliptic operators in the seminal Hérmander’s work [I9]. In
particular, Hérmander proves that a smooth fundamental solution for £ exists if, and only if,
Assumptions [I.I] and [[.2) are satisfied. We emphasize that this regularity property is not obvious
for strongly degenerate operators of the form . Based on the explicit expression of the
fundamental solution, mean value formulas and Harnack inequalities for the non-negative solutions
of Lu = 0 have been proved in [21], 22] 16, 24]. In particular, [24] studies the invariance of the
solutions of Lu = 0 with respect to suitable non-Euclidean translations and non-homogeneous
dilations: it is then proved a Harnack inequality which is translation- and dilation-invariant. In

Section [2| we give the precise statement of the above assertions.

- Holder continuous coefficients. The existence of a fundamental solution for operators £ with
Holder continuous coefficients has been proved by several authors using the parametrix method.
We refer to the papers [40, 20, [38] where a restricted class of operators £ are considered and
[35, 12 [10] where the general family of operators satisfying Assumptions and is considered.
In [35] it is also assumed that all the #-blocks of B in are null. As we will see in Remark
this condition is related to an invariance property of the operator £ with respect to the anisotropic
dilation (2.7). An invariant Harnack inequality has been proved in [35, [14] and a lower bound
for the fundamental solution of £ is obtained in [36] [14]. Also in [36] it is assumed that all the
x-blocks of B in are null.



- Measurable coefficients. An upper bound for the fundamental solution of £ is obtained in [32} 23]
by adapting the Aronson’s method [4]: the latter is based on a local L*>-estimate of the solutions
proved by a Moser’s iterative procedure which in turn relies on the combination of a Caccioppoli
inequality with a Sobolev estimate (see [33, [8 23]). The authors of [39] prove a weak form
of the Poincaré inequality which yields the C'*-regularity of the solutions of Lu = 0. More
recently, an invariant Harnack inequality for the positive solutions of is proved in [I7]: this
is a remarkable result which comes more that 60 years after the analogous results for uniformly
parabolic equations; in fact the classical techniques do not apply to degenerate equation like
(1.1) and the authors of [I7] use a different approach based on the so-called “velocity averaging
method”. It is worth noting that the main Lemma in [39] is a strictly positive lower bound,
which is a step in the proof of the Harnack inequality, in accordance with the axiomatic approach
described in [27].

The starting point of this paper is the Harnack inequality proved in [I7] for the prototype equation
. Actually, since our techniques apply without substantial changes, we consider the general equation
. Our main result is a lower bound for the fundamental solution I" of £ under the mere assumption
of measurability and boundedness of its coefficients, in the spirit of the works [4] and [28] 29]. Its proof
is based on the repeated application of the Harnack inequality on suitable sequences of points that are

usually called Harnack chains.

2 Preliminaries
Hereafter the operator £ in (1.1}) will be written in the compact form

Lu=div(ADu + au) + (b, Du) + cu + Yu = 0,

where D = (y,,...,0;,) denotes the gradient in R, A := (ai);<; ;< @ = (@i)1<i205 0= (bi) 144

with a;; = a; = b; = 0 for ¢ > mg or j > myg, and

Y := (Bx,D) + 0.

The constant-coefficient Kolmogorov operator

mo

Lh=1 Zami +Y
i=1
will be referred to as the principal part of £. It will be clear in the sequel that £' plays in this setting
the role played by the heat operator in the uniformly parabolic case. We focus here, in particular, on the
regularity properties of £! and on its invariance with respect to a family of non-Euclidean translations
and non-homogeneous dilations. It is known that Assumption [1.2]is equivalent to the hypoellipticity of
£1: in fact, Assumption is also equivalent to the well-known Hérmander’s condition, which in our

setting reads:

rank Lie (0,,...,0 Y)(t,z) =d+1, for all (t,z) € R¥ (2.1)

) CEmU b

where Lie(@w1 sy Oz Y) denotes the Lie algebra generated by the vector fields 0, , ..., 0z, and Y
(see Proposition 2.1 in [24]). Thus operator £ can be regarded as a perturbation of its principal part
L1 roughly speaking, Assumption ensures that the sub-elliptic structure of L' is preserved under

perturbation.



Constant-coefficient Kolmogorov operators are naturally associated with linear stochastic differential

equations: indeed, £! is the backward Fokker-Planck operator of the d-dimensional SDE
dXt = BXtdt + O'th, (22)

where W is a standard mo-dimensional Brownian motion and o is the (d x mg)-matrix

I,
o= ( 0 ) . (2.3)

The solution X of (2.2)) is a Gaussian process with transition density

! exp <—;(C(T —t)7! (y — e(T_t)Bx)), (y — e(T_t)Bx))) (2.4)

(2 Ty) = V(@r)ddetC(T —t)

for t < T and z,y € R, where
t
clt) = / (¢*Bo) (o) ds (2.5)
0

is the covariance matrix of X;. Assumption ensures (actually, is equivalent to the fact) that C(?)
is positive definite for any positive t. Moreover I'! in (2.4) is the fundamental solution of £! and the

function

ult,z) = Elp (Xr) | X, = 2] :/

Ttz Ty)e(y)dy, t<T, xR
]Rd

solves the backward Cauchy problem

Llu(t,x) =0, t<T, zeR?,
WTz)=pz)  weR,

for any bounded and continuous function ¢.
Operator £! has some remarkable invariance properties that were first studied in [24]. Denote by
Uirg), for (1,€) € R the left-translations in R?™! defined as

Uiy (t,2) = (1,8) 0 (t,2) == (t+ 7,2+ e'PE) (2.6)
Then, £' is invariant with respect to £ in the sense that
Lh(uole) = (L'u)ole,  (€RML
Moreover, let D(r) be defined as
D(r) := diag(rlmg, "> Iy, - -, 72 ), r >0, (2.7)

where I,,,, denotes the (m; x m;)-identity matrix. Then, £ is homogeneous with respect to the dilations
in Rt defined as

0r(t, ) == (r2t7D(r)x) ,
if and only if all the x-blocks of B in (1.3) are null ([24], Proposition 2.2). In this case, we have

LYwod,) =ri(L)od,.



The natural number

Q:=mo+3my+- -+ (2v+1)m,.

is usually called the homogeneous dimension of R? with respect to (D(r)),~0, because the Jacobian of
D(r) is equal to r?. We also note that (/2 is the rate of the diagonal decay of the fundamental solution
of L1 (see inequalities in Remark below).
In accordance with 7 the fundamental solution of the operator £* defined in is
1

FthmTy) = Ve b ¥ <_21A<C(T —07 =), (v - e(T_t)B$>> (28)

for t < T and z,y € R%.

We end this section with the definitions of weak and fundamental solutions utilized in the sequel.

Definition 2.1. A weak solution of (1.1)) in a domain Q of Rt is a function u such that

U, Oy Uy - . ., O, u,Yu € L, (Q)

s YT loc
0

and
| ~(ADu, DY)~ ula, DY) + 6{b, D) + wd + $Yu=0
Q

for any ¢ € C5°(0).

We recall that the formal adjoint operator of £ is defined as

mo mo d
L= 0y, (ai0y,v) = (a:0y,v + 0y, (bv)) + (¢ — tr(B)) v — Y bijy;Oy,v — Opv.  (2.9)
i,j=1 i=1 i,j=1

Definition 2.2. A fundamental solution for L is a continuous and positive function T' = T'(¢t,z;T,y),
defined for t < T and x,y € R?, such that:

i) D(-,+T,y) is a weak solution of Lu = 0 in | — oo, T[xR? and T'(t,x;-,-) is a weak solution of
L*u =0 in Jt, +oo[xR%;

ii) for any bounded function ¢ € C(R?) and z,y € RY, we have

Lu(t,r) =0, (t,xz) €] — 0o, T[xRY,
i = d

PR u(t,z) = p(y), yeR?
t<T

Lo(T,y) =0, (T, y) €]t, +00[xRY,
i = d

(T,yl)lir}f,,m) 'U(T, y) - QO(:C), zeR s

T>t

where
uta) = [ TenTedy o) [ TenTyeds
R R

Remark 2.3. A Harnack inequality and the existence of a fundamental solution for £ were proven under
the additional assumption that the coefficients are Hélder continuous and a; =0 for i =1,...,mq (see
[14] and [12]). To our knowledge, the existence of a fundamental solution for L with discontinuous
coefficients has not been proven yet. Actually, the a priori bounds for I' provided in this note and the

Hélder continuity of the weak solutions seem can be used to prove its existence.



Remark 2.4. Let u be a weak solution of (1.1)) and r > 0. Then v := u o J, solves Ly =0 where
£y = div(A™ Do) + div(a"v) 4+ (b, Dv) + v + (BT, Du) + dyo, (2.10)

with A" = Ao 6., a™ =r(acd,), b =r(bod,), " =r*(cod,) and B") = r*D,BD., that is

Biy rBia -+ B, "By,
By 7?Bag -+ 17 2By,  1?Ba,i1
2—4 20—2
B(r) = 0 By R B3,u rev B3’V+1 ,
2
0 0 e B,, T Bl,+17,/+1

where B; j denotes the x-block in the (i,7)-th position in (1.3).

Notation 2.5. Let M > 0 and B := (b)), j<a @ matriz that satisfies Assumption . We denote by
KB the class of Kolmogorov operators of the form (2.10) with r € [0, 1] and the coefficients a;j, a;, b;, c,
for1 <1,7 < mg, that satisfy Assumptz'on with the non-degeneracy constant p in (1.2)) and the norms

llailloos ||billoos |I€]lco smaller than M.

Remark 2.6. Let £ € Kyrp. If u is a solution of Lu = 0 then, for any ( € R v :=u o ¢ solves
(Lole)v =0 where (Lole) is the operator obtained from L by L¢-translating its coefficients. Moreover,
operator (L o L) still belongs to K, p.

3 Harnack inequalities

Let B be a matrix that satisfies Assumption We associate to B the cylinders
Qf = {(t,x) eRxR|0<t <1, |z] <1},

and

Q:_(ZO) = 2000y (Qf) = {Z € RH! | 2=2006-(¢), ¢ € Qf}a

for zg € R4t and r > 0. The first step in deriving the lower bound in (1.5) is based on the following

remarkable result proven in [I7].

Theorem 3.1 (Local Harnack inequality). Let £ € Ky g and assume B to be of the form (L.4)).
If u is a non-negative weak solution of (L)) in Qf then

sup u<C inf w, (3.1)
Qi (8.0) Q:(0,0)

where the constants C > 1 and B,r €]0, 1] depend only on M and B.
Remark 3.2. It seems that the method introduced in [T7] can be readily extended to the entire class of

operators satisfying Assumptions[I1] and[I-3, in order to guarantee the validity of Theorem[3]] in this

general setting.

Remark 3.3. The constants 3,7 in Theorem [3.1| are small so that the cylinders Q;7(0,0) and Q;f(3,0)
are disjoint subsets of Qf, as in the usual statement of the parabolic Harnack inequality. The article [1)]

contains a geometric statement of the Harnack inequality that explains how to choose those constants.



Remark 3.4. By Remark the Harnack inequality (3.1)) is valid for cylinders centered at an arbitrary
point zy € R with the same constants C, B, r, dependent only on M and B.

Next we prove a global version of the Harnack inequality based on a classical argument which makes
use of the so-called Harnack chains. We first prove a preliminary result. For 8,7, R > 0 and z, € R%+!,

we define the cones

Pgrr={z€R™ [ 2=0,(8,¢), ¢l <r, 0< o< R},

and Pg . p(20) := 20 © Pg, r. Here |¢| denotes the Euclidean norm of the vector ¢ € R%. Theorem
combined with Remark [2:4] gives the following

Lemma 3.5. Let z € R R €10,1] and assume B to be of the form (1.4)). Let u be a continuous and
non-negative weak solution of (I1)) in Q% (z). Then we have

sup  u < Cu(z),
Pg,r,r(2)

where the constants C, 3 and r are the same as in Theorem[3.1] and depend only on M and B.

Proof. Let u be a continuous and non-negative weak solution of (I.1]) in @} (2) and let w € Pg . r(2).
Then w = z 0 §,(5,€) for some ¢ €10, R] and || < r. By using the notation introduced in (2.6, we
obtain from Remark [24] that the function u. , := u o £, 0, is a continuous and non-negative weak
solution in Q% (0,0) 2 Q7 (0,0) of £@u, = 0, where £(¢) is the operator defined in (2.10). Since
L) e Kar, B, by the Harnack inequality (3.1) for £(9) we have
w(w) =uz,0(8,8) < sup Uz, <C inf wu,, < Cu,,e(0,0) = Cu(z).
QF(8.0) Q0,0

O

Theorem 3.6 (Global Harnack inequality). Let £L € Ky p, T € R, 7 €]0,1] and assume B to be

of the form (T.4). If u is a continuous and non-negative weak solution of (L) in |T — 7,T + 7[xR?,

then we have
u(T,y) < coeC°<C71(Tft)(yfe(waBx)’yfe(Tft)B@u(t,x), te|T —7,T], z,y € RY,
where C is the covariance matriz in (2.5) and ¢y is a positive constant that depends only on M and B.

Before proving Theorem we recall (see, for instance, Sect.9.5 in [3I]) that the Hormander
condition is equivalent to the fact that the pair of matrices (B, o), with o as in 7 is controllable
in the following sense: for any (¢, ), (T,y) € R4t with ¢ < T, there exists v € L2([t, T]; R™0) such that
the system

v (s) = Bv(sz +ou(s), (32

V() =z, A(T) =y,
has solution. The function v is called a control for (B, o) on [t,T]. In the proof of Theorem we will

use the following
Lemma 3.7. Let v be the solution of the linear problem

~'(s) = By(s) + ov(s), s€t,T],

v(t) = =,



with T —t < 1, initial datum x € R% and control function v € L2([t,T];R™). Then we have

(577(5)) € P17m||v\|L2([t)T]),\/T—t(tvx)a s € [ta T]a
where Kk s a positive constant which depends only on B.

Proof. The explicit solution of (3.3)) is

v(s) = eI By +/ e Bgy(r)dr, set, T
¢
Thus, setting ¢ = /s — ¢, we have that (s,v(s)) € P, 7—(t =) if and only if

+0°
/ et Boy(r)dr =D (0) ¢ with || <. (3.4)
t

To check this, we first notice that, according to (2.7)), the space R admits a natural decomposition as

a direct sum

R'=EPV;, dimV; =m,.
§=0

Then, for z € R?, with obvious notation we have z = (O @ ... ® 2(*) where
D(r)z) = p2i+1g), j=0,...,v.

We also write a (d x d)-matrix E in block form as in (L.3)), that is E = (E()) where E(9) is a

1,7=0...,v
block of dimension m; x m;. In particular, given the definition of exponential E(t) := e!B as the sum

of a power series, a direct computation shows that

EO(t) = I,,,, +tO(t),
(09) t ; (3:3)
BOD(t) = = (In, +10(0) By Br, j=1.ow,

as t — 0, where I,,,; denotes the (m; x m;)-identity matrix. Now, ov € V, and therefore, by (3.5), we

have
(4)

(6(”92’T)BJU(T)> <k(t+o* —7Vo(r)],  Te[T]

with the constant x dependent only on B. Thus we have

t+0° i
/ " (e Pau(r)
t

(by Holder’s inequality)

t+0? ‘
dr < n/ (t+ I ) o(r)ldr <
t

< kvl Lo,
and recalling the properties of the dilation operators, see again (2.7)), this proves (3.4). O

Let us consider the control problem (3.2]) one more time. Among the paths v satisfying (3.2), one

is often interested in one minimizing the total cost
T
2 2
ol = [ Io(s) P
t

Classical control theory provides the explicit expression of an optimal control and of its cost (see, for
instance, [3I], Theor. 9.55).



Lemma 3.8. The optimal control for problem is given by
v(s) = (e(Tfs)Ba)* CHT —1t) (y - e(Tft)Bx) , set,T].
The corresponding minimal cost will be denoted by
V(t,2;T,y) = [[0] 22

and is equal to
V(t,z;T,y) = (CHT — t)(y — eT DBz, y — T-0Bg),

Proof of Theorem[3.6 In order to use the previous versions of the Harnack inequality, we first notice
that by assumption, for every z €]T — 7, T[xR%, u is a continuous and non-negative weak solution of
(1.1) in Q'j‘ﬁ(z) Next we fix 2,y € R?, t €]T — 7, T[ and consider the solution 7 of the control problem

r

(3-2) corresponding to the optimal control o given in Lemma Moreover, we set co = (;)2 where r
and k are the constants in Theorem [3.1] and Lemma [3.7] respectively.
Now, if T <t + 70 and [0 1) < c2, then by Lemmaﬁwe have

(T,y) € P, sz(t,x) N (Jt,t + 78] x RY) C Py, s(t, )

and therefore by Lemma [3.5] we get
u(T,y) < Cu(t,x)

where C is the constant in Theorem which depends only on M and B.

Viceversa, setting to =t and
ti1 = (t; +78) Ainf{s € [t;, T] | [0ll72(, .0 > 2},

=112
1, 192
3 + — and

we have that t; =T for j >
(tj41,7(t41)) € Py (ty,7(t5)) 0 (5,5 + 78] x RY) C Py, sz (t5,7(t5))
if t; < T. By Lemma [3.5] we have

which yields
w(T,y) < CFH VT 5),

The thesis follows by using the expression of the optimal cost given in Lemma |3.8 O

4 Lower bounds for fundamental solutions

In the proof of the lower bound for the fundamental solution we will make use of the following upper
bound.

Theorem 4.1 (Gaussian upper bound). Let £ € Ky p. There exists a positive constant ¢z, only
dependent on M and B, such that

Dtz T,y) < (Tiist)% exp <—013 ‘D ((T - t)_%) (y - e(T*t)Bx) ‘2) ) (4.1)

for0<T —t<1 andz,yc R

10



Proof. The Gaussian upper bound has been proven by the first two authors in [23] under the
assumption that the low order terms b,...,by,,, are null. The general case where by,...,b,, are
bounded measurable functions can be treated in a very similar way: here we limit ourselves to sketch
the few adjustments needed in the proof given in [23].

The first modification is in the proof of the Caccioppoli inequality [23] Theorem 2.3]. We set
Qi ={(t,x) eRxRY||t| <1, |z| <1}
and, for any zo € R and r > 0,
Qr(20) =20 0 6, (Q1) = {z € R | 2 = 2 00,((), ¢ € Qu}
With this notation, we consider a weak sub-solution u of in Q,(20), that is u such that
/Q - —(ADu, D) — (a, Do)u + (b, Du)p + pcu + oY u > 0, (4.2)
r{Z0

and we use ¢ := 2qu??~19? as a test function in ([4.2]), where 1 € C§°(Q,(20)). Focusing on the new
term (b, Du)p = 2(b, Du?)ud1)?, we find that the following inequality holds for every positive §:

1/2 1/2
/ (b, Du)g| < 2 ( / |Dm0uq|2w2) ( / |b|2u2qw2>
QT(ZO) QT(ZO) QT(ZO)

161 o (@ (20))
<6(29 — 1)/ | D u?|*00% + 70/ u?iy?.
Qo) 6(2¢=1)  Jg.(z0)

From this point we get the Caccioppoli inequality by following the proof of [23] Theorem 2.3].
The second modification is in the proof of the Sobolev inequality. Referring to the proof of [23]
Theorem 2.5], we find an extra term in the representation formula of the sub-solution u: according to

the notations in [23] Theorem 2.5], we denote it by
()= [ o). Dujw) (O,
Qr(20)

for which the following estimate holds:

151l 22%(Q, (20)) < C3l10ll 20 (@ (20)) 1 Pmo il L2(Q (20)) -

Again, we infer the Sobolev inequality by following the rest of the proof of [23, Theorem 2.5].
The last adjustment is in the proof of the inequality (3.2) in [23] Theorem 3.3]. In the identity (A.1)
in Appendix A of [23] we have to add the term

I; := // uy%e? (b, Du),
[rn] xR<

where vz € C5°(R%, [0, 1]) is such that yz(x) = 1 whenever |z| < R, and |Dyg| bounded by a constant

independent of R. We easily see that, for every positive J, we have

) 1
<5 [[ DmuPrie + 55 [[ Pupe
[

[T,n] xR 7] x R4

The rest of the proof follows the same lines of the proof of [23] Theorem 3.3]. O
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Lemma 4.2. Let L € Ky,p. There exist two positive constants R and c4, which depend only on M
and B, such that

/ D(t,z; T, y)dx > cq, 0<T—t<1, yeR? (4.3)
‘D(m)(y—e(T*t)BxﬂﬁR

Proof. First notice that, for a suitably large constant c; dependent only on M and B, the function
v(T,y) = /d D(t,z; T, y)dx — eos(T—t) T >t yeR?,
R
is a weak super-solution of the forward Cauchy problem
Lv(T,y) = —e~ T (c —tr(B) +¢5) <0, T >t, yeR?,
u(t,y) =0 y € RY,

for the adjoint operator £* in . In order to apply the maximum principle as in [I3] (cf. Proposition
3.4), we note that, for any positive ¢, the super-level set {(T,y) | T'(¢,z; T,y) > c} is a (possibly empty)
compact subset of Jt,t + 1] x R? as a consequence of the upper bound . Thus we have v > 0, that
is
/d D(t,z;T,y)dz > eos(T=t), T>t yeR?,
R

and (|4.3]) follows from the following estimate:

/ D(t,z; T, y)dx <
|'D(m) (yfe(T*t)Bz”ZR

(by the upper bound (4.1)))

. 1 T 2
Scis@/ exp (—‘D ((T—t) ;) (y—e(Tft)B:cﬂ >dm:
(T —t)2 JIp(vT=0)(y—eT-DEz)|>R 3

(by the change of variable z = D ((T - t)fé) (y — eT=9Byg))

1
= 03/ exp (— |22> dz
|z2|>R €3

which gives the thesis. O

We are now ready to state and prove the main result of the present paper.

Theorem 4.3 (Gaussian lower bound). Let £ € Ky p and assume B to be of the form (L.4). There

ezists a positive constant C, dependent only on M and B, such that

Ltz T,y) > (C)e_é<c1(T_t)(y_e(Tt)x)’y_e(Tt)”’>, 0<T—t<1, z,y e RL (4.4)
T—t

O

Remark 4.4. In general, estimate (4.4) is valid for any T —t > 0, with C' dependent also on 1V (T —t).

Proof. We prove a preliminary diagonal estimate. Let 7 = %: by the global Harnack inequality stated
in Theorem for any £,y € R? we have

Tty Toy) > coe o€ MEPDE~ NP4 L7 6T ). (4.5)
For any y € R? we set

Dr={(eR||D(VT) (y— e7P¢)| < R}, R >0,

12



and notice that, up to a constant dependent only on M and B, the Lebesgue measure of Dy equals 7%.
We also note that, by Lemma 3.3 in [24], (C~1(7)(¢ — e™Py), & — e7Py) is bounded on Dp. Therefore,

integrating (4.5) over Dp, we get

%
(T —)%

c8

L(t,y: T,y) > = Lt+ 76T, y)dE > ; (4.6)

/D(ﬁ)(ye735>|<R

where the last inequality follows from Lemma[£.2]and the constant ¢y depends only on M and B. Hence,

by applying again the global Harnack inequality we get
D(t,0;T,y) > coe €T WD (t 4 7,y T, y) >

(by (&.6))

> €10 e—co<C71(7')y,y) > 1 5 e—Cll(Cfl(T—t)yJ/),
(T —1t)= (T—-1t)=

s}

where the last inequality is a consequence of (4.8]) from Remark |4.5| below. This proves (4.4) for x = 0;

the general statement follows by the translation-invariance property of the operator £. O

Remark 4.5. If we denote by Cy the covariance matriz appearing in the fundamental solution of the
homogeneous principal part of L, then there exist oy, ..., aq, B1, ..., B4 > 0 such that for any T €]0,1] and
zeR?

172 < agdet(Co(7)) < det(C(7)) < azdet(Co(T)) < agme (4.7

and

1 2 1 2
BilD ((178) 2] <BCi ()22 < (CTH (D22 < BlG (D= < AP ((07F) 2 (@)
In fact, we recall (see Proposition 2.3 in [24]) that for any T > 0 one has

Co(r) = D(V7)C(L)D (VT)

and

These identities imply that

det CO (T)

det (D (ﬁ) Co(1)D (ﬁ))
(T)Qdetco(l);

moreover, if k1 and ko denote, respectively, the least and the greatest eigenvalue of Co_l(l), we have that
k1 > 0 and that

2

‘2 <G A <k D (7]

k1 ‘D ((T)_%> z
for all z € R and 7 > 0. This proves the first and last inequalities in (£.7) and {.8). To prove the
equivalence between the matrices CO_1 and C™1, we recall that, according to formula (3.14) in [2])], we
have

det C()

— 1 1 *.
det Co(7) +70(1), asT—0

13



Hence, if we set ;;tcco((oo)) := 1, then % s a strictly positive continuous function of T > 0. In

particular, there exist two positive constants ks and k4 such that
k3 det Co(7) < det C(7) < kydet Co(7), for all T €]0,1].
By the same argument we can prove that there exist two positive constant ks and kg such that
k5<C0_1(7')z,z> <{C7H1)z,2) < kg(Co_l(T)z,z>

for every z € R and 7 €]0,1] (see inequality (2.12) in [14]). To this aim we recall that, for every
z € R?,

(C Y1)z, 2) = (CH(7)2,2) =14+70(1), asT—0".

(see Lemma 3.3 in [24)].) Then, the function (z,7T) — % extends to a strictly positive continuous

function defined in the compact set
{(2,7) e R™ | |z =1,0< 7 < 1}.

Then, we conclude as above.
The following corollary is a straightforward consequence of Theorem [4.1] and Remark

Corollary 4.6. Let £ € Ky,p. There exists a positive constant ci2, only dependent on M and B, such
that

C12 L (T—-t)B (T—-t)B
. [ - — — — )
Ttz T,y) < T 1) exp ( o (T -1) (y e m) , (y e x))

for0<T —t<1 andz,y € R
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