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Abstract: Integrals of the Calculus of Variations with p, g-growth may have not smooth minimizers, not even
bounded, for general p, g exponents. In this paper we consider the scalar case, which contrary to the vector-
valued one allows us not to impose structure conditions on the integrand f(x, &) with dependence on the
modulus of the gradient, i.e. f(x, &) = g(x, |¢]). Without imposing structure conditions, we prove that if 1% is
sufficiently close to 1, then every minimizer is locally Lipschitz-continuous.
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1 Introduction

The fundamental classical problem of the Calculus of Variations in the scalar case usually is formulated as
finding a function u assuming a given value ug at the boundary 0Q of an open bounded set Q ¢ R" which
minimizes the integral
Jf(x, Dv) dx (1.1)
0
among all functions v : Q — R, assuming the same boundary value ug as u. The precise functional space
where to look for solutions depends on the growth conditions of f = f(x, &) as ¢ € R" grows in modulus to +co.
Usually this growth is stated in terms of an inequality of the type

ftx, §) = My |§P (1.2)

fora.e. x € Q, & € R™ and for some positive constant M. Here p = 1 is associated to the BV(Q) space of func-
tions with bounded variation, while p > 1 isrelated to the Sobolev space W1-P(Q). Usually the conditionp > 1
and the strict convexity of f(x, &) with respect to ¢ are sufficient conditions for the existence and uniqueness
of minimizers.

A different problem is the regularity of minimizers. A large literature is known about regularity (see
for instance [26, 28, 30]) partly based on the nowadays classical well-known Hoélder continuity result by
De Giorgi [16]. To this aim it seems necessary to impose also a growth condition from above, to be associated
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to the growth condition from below in (1.2), of the type
flx, &) < My(1 + 1419 (1.3)

fora.e.x € Q, ¢ € R", for ¢ > p and for some positive constant M;. The so-called “natural growth conditions”
appear if g = p, while the more general assumption g > p allows us to consider a much larger class of integrals
of the Calculus of Variations, such as for example

f(&) = 1817 log(1 + 1£1) (1.4)
or
)
fo, O =8P or fix, & =(1+1%) 7. (1.5)
We recall also the integrands recently considered in [11, 12, 19, 20], see also [2-4],
fx, §) = a)l§” + b(01817, (1.6)

where a(x), b(x) > 0 and possibly zero on some part of Q, being at least one of the two coefficients positive at
almost every x € Q. The above examples (1.4), (1.5), (1.6) enter in the theory presented in this paper. How-
ever, here we study the more general case with f = f(x, &) without a structure, i.e. not necessarily depending
on the modulus of ¢ of the type f(x, &) = g(x, |&]).

We assume that f: Q x R" — [0, +00) is a convex function with respect to the gradient variable and it is
strictly convex only at infinity. More precisely, there exists My > O such that f, fi, are Carathéodory functions
satisfying

MaEP2IAP <) fee 06 Oy,
i,j

Ifee (x, )| < M, 1§72, (1.7)
fee(x, &)] < h(018™F

for a.e. x € Q and for all A, & € R", with |¢] > My and for positive constants M;, M,. Here 1 < p < g and
h e L"(Q) for some r > n.
Model integrands satisfying condition (1.7) are, for instance, the function f(x, &) in (1.6) and also

fx, &) = 1€ + c(0)IE° + 1&al7, (1.8)
&y, being the last component (or any other component) of the vector & = (¢1, &5, ..., &), when
p+q
s < >

Forinstance, when s = pand q > p, we are considering energy integrals with integrand of the type (we denote
here a(x) = 1 + c(x) a generic positive coefficient)

flx, &) = a(x)|&P + &nl9. (1.9)

Note that the cases (1.8) and (1.9) can be handled with Theorem 1.1. On the other hand example (1.10) below
enters in Theorem 1.2:

fx, §) = 1§17 + b(0)1§]7. (1.10)

The main regularity result that we prove here is the following a-priori estimate.

Theorem 1.1 (A-priori estimate). Let u € WHP(Q) be a smooth local minimizer of the integral functional (1.1)

with exponents p, q fulfilling
1 1

g<1+2(———). (1.11)
p n r

Under the growth assumption (1.7), there exist positive constants C, 8, y depending on n, r, p, q, Mo, M1, M>
such that, forevery0 <p <R<p+1,

Y

11+ Rl \PY b

1Dl gs, ) < c(?;“”) j{1 +DuPydx) . (1.12)
Br

Note that to get regularity of solutions it is natural, and also necessary, to assume that the gap g — p is small

or that g is close to 1, because of the known counterexamples [27, 31, 33].
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The L®-bound of the gradient is obtained through several steps. The first step of the a-priori estimate is
Lemma 2.3 below, where on the right-hand side of the a-priori estimate there is the norm of the minimizer u
in Wham(Q) (m = -55), and the exponents p, g are related by the condition

9 gy 2" (1-1) (1.13)
p n-2\n r
with n > 3. Note thatif r = +coin (1.11) and (1.13), we recover the bounds in [33, Theorems 2.1 and 3.1]. An
interpolation method allows us to obtain (1.12).

The mathematical literature on the regularity under p, g-growth is now very large; we refer to [32-35]
and to [36] for a complete survey on the subject. A new impulse to the subject has been given by the recent
articles already cited [11, 12, 15, 20] for the case of elliptic equations and by [6—8] for the case of parabolic
equations and systems under p, g-growth. We observe that here the ellipticity and growth assumptions hold
only for large values of the gradient variable, i.e. we consider functionals which are uniformly convex only at
infinity. In this context see [10, 14, 25] and recently [13, 19, 20]. The Sobolev dependence on x has recently
been considered in [1, 37] and for obstacle problems in [21].

The previous a-priori estimate, more precisely Theorem 2.6, under assumptions (1.7) where the last con-
dition is replaced by

[fex (x, O] < h(x)|&1971 (1.14)

for a.e. x € Q, with [£] > My, allows us to obtain the following existence and regularity result.

Theorem 1.2 (Existence and regularity). Assume that f satisfies (1.7) and (1.14) with 1 < p < q and
q 1 1

—<1l+—-=-—.
p n r

The Dirichlet problem min{F(u) : u € Wé’p(Q) + Uo}, with F defined in (1.15) below and uy € W4(Q), has at
least one locally Lipschitz continuous solution.

Here we emphasize the definition (i.e. the precise meaning) of the integral F(u) to be minimized; in fact,
the integral in (1.1) is well defined if u € Wllo’cq (Q), due to the growth assumption in (1.3), but a-priori it is
not uniquely defined if u € WHP(Q) \ Wllo’cq (Q). In this context of x-dependence, we cannot a-priori exclude
the Lavrentiev phenomenon; however, note that in Section 5 we assume a special form of f to rule out this
possibility.

For the gap in the Lavrentiev phenomenon we refer to [9, 39] and recently [22-24] for related results.

For the functional F we adopt the classical definition which refers to the pioneering research by Serrin [38]
(see also [29]), which is related to the T-convergence theory by De Giorgi [17]. Precisely, for all u € WHP(Q),

F(u) = inf{limkinf Jf(x, Duy) dx : ux € Wy (Q) + uo, ux — uin Wl’p(Q)}. (1.15)
Q
We discuss more in details in Section 3 the definition of F in (1.15), while in Section 2 we give the proof of
the a-priori estimate. Finally, in Section 4 we give the proof of Theorem 1.2.

2 A-priori estimates

Let us start with two technical lemmas.

Lemma 2.1. The inequality
t

1+tP< Cﬂ<1+J(1+S)ﬁ_25dS> (2.1)

0

holds for every t € [0, +c0) and every B € (0, +c0), where
cp = ﬂ (2.2)

1-(1+BB-1)T7
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if B # 1, while (by continuity)

c1=limcg = (2.3)

B—1 e-1’
Proof. In order to prove inequality (2.1) we first consider the case § = 1.

Step 1 (8 = 1). We compute the integral on the right-hand side of (2.1):
t t
J(l +s) lsds = j(l —1+s) Hds=t- log(1 +t)
0 0

and inequality (2.1) becomes
1+t<ci(1+t-log(l+1t)),

which is equivalent to
log(1 +t) - c1-1

1+t ~—
A computation shows that g(t) =: % is positive for t € (0, +00) and has a maximum at t = e — 1, thus
log(1 +t) 1
t)=: ————=<gle-1)=—;
8(t) T, 8( ) .

with the position % =: 1 we find (2.3).

Step 2 (B # 1). We compute the integral on the right-hand side of (2.1) under the condition 8 # 1 and with
the notationr =: 1 + s:

t t+1

j(l +5)P2sds = J B2(r-1)dr

0 1

t+1 t+1
= J =1 dr - J -2 dr

1 1

B yr=t+1 pB-1 qr=t+1
15 L=l
C(t+ 1P (t+ 1) 1

B -1 "BB-1
Inequality (2.1) takes then the form
(t+1)F (t+ 1)A-1 L1
B B-1  BB-1)

1
—(1+tf <1+
cp

We can write it equivalently

1
g)<s1+ BE-1) (2.4)
where .
_ s o1 1 B
g0 =g (ﬁ Cﬁ)(t+1).

We can compute the maximum of g(t) when t ¢ [0, +co). We find that the derivative g’ (t) is equal to zero if

t= Cﬁi_ﬁ and, since cg > 8, we obtain

1
BB-1)

max{g(t) : t € [0, +00)} = g ( c,;ﬁ_ B> ) (c,;cf B )ﬁ_l

Therefore inequality (2.4) holds if we choose cy to satisfy the condition

cp B-1 1 B 1
<%—ﬁ) BE-D TBBE-D

A further computation gives for cg the explicit expression in (2.2). Note that cg — c1 as § — 1. O



DE GRUYTER M. Eleuteri et al., Regularity for scalar integrals without structure conditions =— 283

In the sequel we apply the previous lemma to get the a-priori estimates in particular to deal with the
left-hand side of (2.26), with f = %+§, fory > 0; thusf§ > ’%. In the next result in fact we consider 8 € [Bo, +00)
for some fixed S > 0.

Lemma 2.2. Let B > 0. There exist constants ¢’ and c"', depending on Bo but independent of B > Bo and of
t > 0, such that

(1+6)f <<:’L 1+jt(1+s)ﬁzsds (2.5)
~ 7 log(1+pB) ) ’ ’
¢
1+t)P< c",82<1 + J(l +5)P2s ds) (2.6)
0

forevery B € [Bo, +00) and every t € [0, +00).
Proof. First we show that the constant cg is bounded independently of 8 < 1 if § € [Bo, 1] (here we assume

that By € (0, 1), otherwise nothing to be proved at this step). Precisely, we show that

cg < forall B € [Bo, 1]. 2.7)

1-eho
In fact, by the inequality log ¢ < t — 1, valid for all ¢ > 0, by posing t = 1 + S(8 — 1) if § < 1, we obtain

log(1+B(B-1)) BB-1)

(:l-"ﬁ(ﬁ_l))ﬁ —e 1F <eiB —eB
and (2.7) follows if B € [Bo, 1), since
B B B

Ccp = — < — < — -
1-(1+pp-1yr  L-efd-eh

Finally, if § = 1, then ¢; = e%l < 1—e+/30 holds, since it is equivalent to 1 < e1=Fo,

We now consider the case > 1. By Taylor’s formula we get

(1+B(B-1)77 = g log(1+B(B - 1) +0<10g(1 + BB - 1)))

1-B 1-B
and thus the quantity
cplog(1+p) log(1 + B)
2 © o[ log(1+B(B-1) log(1+B(B-1))
p Bl + o REESY )|

has a finite limit as 8 — +co (equal to %) and it is a bounded function for § € [1, +00), let us say bounded
by ¢'. This proves (2.5). The other inequality (2.6) is a direct consequence of (2.5). O

Let now Q be an open bounded subset of R" for n > 2 and assume that f satisfies (1.7). We observe that we
can transform f(x, &) into f(x, Mo &), which satisfies the same assumptions for |¢] > 1 (with different constants
depending on My). Then it is sufficient to obtain the a-priori bound and the regularity results for v = Miou.
Therefore, for clarity of exposition and without loss of generality, we assume My = 1. Throughout the paper
we will denote by B, and B, balls of radii, respectively, p and R (with p < R) compactly contained in Q and
with the same center, let us say, xo € Q.

In this section we assume the following supplementary assumptions on f. Assume that f € €2(Q x R")

and there exist two positive constants k and K such that for all ¢ e R" and all x € Q,

KL+ 189 TP < Y frg (6, O,
i,j

e, O] < K(1+ 185, (2.8)

fee(x, &) < K(1+182)7 .
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In the next lemma, we obtain an a-priori estimate for the L>-norm of the gradient of u which is independent
of kand K.

Lemma 2.3. Let u be a local minimizer of the integral functional (1.1) with f satisfying (1.7) and (2.8) with

g<1+

p n-2

witha =1 - g (2.9)

ifn > 3andp < qifn = 2. Then there exists a positive constants C depending onlyonn, r, p, q, M1, M, (depend-
ing also on |Q| when n = 2) such that

6
m

11+ hllr) 1% ‘
IDUll Lo s, m) < c[(R—_p)] j{1 +|DulT™} dx (2.10)
R
foreveryO0 < p <R <p+1,where
. 2* m(2 -1
Bi=———, 0:= %, mi=——. (2.11)
pT —qm P —qm r-2
Remark 2.4. We observe that
2*
ISm:=L< n —, sincer > n; (2.12)

r—-2 " n-2 2

the last inequality holds for n > 2, while we set 2* equal to any fixed real number greater than 2 if n = 2.
Moreover, we also have

1 1 r-2 n-2 n(r-2)-r(n-2 r-n 1 1 a
2m 2 2r  2n : )2nr( - nr n or n (2.13)
therefore (2.9) can be equivalently expressed as
g = (2.14)
because 2a 2%a (2.13) 1 1 2"
1+n—2:1+ n 1+2*<m_2_*>:2m'

Therefore, due to (2.14), in (2.11) we have § > 0 and 6 > 1.

Remark 2.5. The result obtained is sharp in the sense that if m = 1 (r = +co), then the relation between p

and g reduces to the analogous one in [33, Theorem 2.1], i.e. g <.

Proof. Let u € W%49(Q) be a local minimizer of (1.1). Then u satisfies the Euler first variation

n
j Y f06, DU (0 dx =0 forall g € WE(Q).
) i=1

By (2.8), the technique of the difference quotients (see [18, 30], in particular [28, Chapter 8, Sections 8.1
and 8.2]) gives

ue Whe@nwrm™ Q) and (1 +|Du)T ID2ul® € L (Q). (2.15)

loc loc

Letn € C(l)(Q) and for any fixed s € {1, ..., n} define
@ =N ux, ©((IDul - 1),)

for @ : [0, +00) — [0, +co) increasing, locally Lipschitz continuous function, with ® and ®' bounded on
[0, +00), such that ®(0) = ®'(0) = 0 and
D'(s)s < coD(s) (2.16)
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for a suitable constant ce > 1. Here (a), denotes the positive part of a € R; in the following we denote
O((|Dul - 1)+) = @(|Dul - 1)..
We have then
Px = 201 U, @(1DU| = 1) + NP Uy, @(DU| = 1) + 71, D' (IDu| - 1), [(1Dul - 1)1, (2.17)

Let ¢ > 2. By (2.15) we have that |[D?u|? € L{, (Q) . Otherwise if 1 < g < 2, we use the fact that u € Wlt’c(’o(Q)
to infer that there exists M = M(supp ¢) such that

|Du(x)| < M for a.e. x € supp ¢.
Now since g — 2 < 0, we have
(1+M?) T |D%ul? < (1 + |Dul?) = |D?ul?,

and by (2.15) we again get |[D?u|? € L(supp ¢). Therefore we can insert ¢, in the following second variation,

n n
j{ Y feg (X, DUy, @x; + Y fen, (X, Du)(pxi} dx=0 foralls=1,...,n,
o L1 i=1

and we obtain

0= Z“ 2n®(|Du| - 1), ngigj(x, Du) 1, U, Uy, dX
sly ij
2
+ [ ODUI - 1 Y fig (6 Dbt dx
i’]‘

+ | @' (1Dul - 1), Y feg (X, Du)uy Uy, [(1DU - 1), ], dx

i,j

+ [ 2n@(1Dul - 1), Y fex, (X, D)y Uy, dx
i

+

N> ®(Dul - 1); Y fex, (06 DUUy,y, dx

+ | @' (1Dul - 1), Y fex, (X, Du)uy [(1Dul - 1), ], dx

O, B e, D, D, ©

= Y+ 5+ 5+ + I+ T3). (2.18)
N

In the following, constants will be denoted by C, regardless of their actual value.
Let us start with the estimate of the first integral in (2.18). By the Cauchy—Schwarz inequality, the Young
inequality and (1.7), we have

24
S

= I J 2n®(|Du| - 1)+ Z f;,.gj(x, Du)ny, iy, Uxx; dx
Q

i,],s

1

; }
< jZn(D(IDuI - 1)+{ Z fe (X, Du)nxiuxsnxiuxs} { Z fee (X, Du)uxsxiuxsxj} dx
)
<C

i,j,s i,j,s
1
[ 1DnP (DU - 1. 1Dul? dx + 5 [ 2 ®DUI - 1. Y feg (6 Dt
0 0 Ljs

Let us consider the third integral in (2.18). First of all we observe that

[(IDul = 1)+1x; ) Ux,Unex; = [(1Du] = 1) ]y, [Dul[(|1Du] = 1), ],
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This entails using (1.7)

Y1 = [ 020 Dul - 1. Y fig 0 Dt (1D = 1)y, dx
s Q

i,j,s

> M J 2®'(|Du| - 1), |DulP~YD(|Du| - 1),|* dx = O.

We now deal with the fourth integral in (2.18). We have

25
S

- l j 2n®(IDul - 1); Y frix, (X, DUy Uy, dx
Q i,s

B
2 Z [Mx; x| dx

i,s

(1.7)
< [ 2noqpu - 1),
Q

<C J(nz + 1D h()D(Dul - 1), |Dul? dx.
Q

Consider now the fifth integral in (2.18). We have

HE ’ j n*@(1Dul - 1); Y fe, (X, Du)iy,y; dx
Q i,s

1.7) .
< jqzqn(wm —1),h(x)|Du| "% |D?u| dx
Q

< j[n2d><|Du| ~ 1),1DulP2D?ul) (n?@(|Dul - 1), |h(x)?|Dul?]* dx
Q

<e J P2®(Dul - 1), |DulP2|D%ul? dx + C J P2®(Dul - 1), h()121Dulf dx,
Q Q

where in the last line we used the Young inequality. Finally, forany 0 < § < 1,

hxx
S

= ’ J n’ foixs(x, Du)uy, @' (I1Dul - 1), [(1Dul - 1), ]y, dx

1.7)
< jn2q>’(|Du|—1)+ 1), dx
Q

n>®'(IDul - 1), h(x)|Du| %' |D?u| dx

Q
jrﬁcb (IDul - 1) h()[(Dul - 1), + 81[(IDul - 1), + 817" Dul| %" |D?u| dx
Q
an —@'(IDul - 1), [(1Dul - 1), + 61|Du|P*2|D2u|2}§

Q

x {eco®'(1Dul - 1), (RO IDUT?[(IDul - 1), + 5]—1}% dx

< Ceco [ 1@/(1Dul - 1), 1hCOPIDul*2((Dul - 1), + 61! dx
Q
+ = [ n20/(Dul - 1), 1(Dul - 1). + 811DuP2|D%ul? dx.
D

Since Q = {x : |Du(x)| = 2} U {x : |Du(x)| < 2} and (|Du| - 1), > 1in {x : |Du(x)| = 2}, we also have

(IDul—1); + 6 < 2(|Dul| - 1)+ (2.19)
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as long as we have chosen § < 1. Therefore, using (2.16), we can estimate the last integral as

j n*®'(1Du| - 1), [(1Dul - 1), + 6]|DulP~*|D*ul? dx

Q
= j n*®'(IDul - 1),[(IDu| - 1), + &]|DulP~*|D*u|* dx
|Du|>2
25/ pP-2112,,12
+ J n°® (|Du| - 1)+ [(|Du| — 1); + 6]|DulP~*|D“ul|” dx
1<|Du|<2
2.19) 2! P-21n2,,12
< 2 n-@'(IDul - 1)+(IDu| - 1)+|DulP~*|D~ul" dx
|Du|>2
¢ | n20(Dul- 1).0Dul - 1. |DuP Dl dx
1<|Du|<2
+6 j n2®'(|Du| - 1), |DulP~2|D%ul? dx
1<|Du|<2
(2.16)
< chpanqD(IDuI—1)+|Du|p‘2|D2u|2dx+5 J n?®'(|Du| - 1), |DulP~2|D%u|? dx.
Q 1<|Du|<2

Therefore we finally have

ZIZ| < CeCo J n?®'(1Dul - 1), |h()|?[Dul?*?[(|Dul - 1), + 617" dx
s Q
+2¢e I n?®(|Du| - 1), |DulP~2|D?u|? dx + 6¢ J n>®'(|Du| - 1), |DulP~2|D?u|? dx.
Q 1<|Du|<2

Now, for € sufficiently small and putting together all the previous estimates, we deduce that there exists a con-
stant C depending on n, 1, p, g, M1 such that

j n*®(|1Du| - 1), |DulP~2|D?ul? dx
Q
< Ceo J(n2 +1Dn|*)(1 + h(x))?[Du|?[D(|Dul - 1), + ®'(|Du| - 1), |Dul*[(|Du| - 1), + 6] '] dx
Q
+6 j n>®'(|Du| - 1), |DulP~2|D?u|? dx. (2.20)
1<|Du|<2

Let us now set
D(s) := (1L +5s)2s%, y=0,
with
@'(s) = (ys +2)s(1 + )’ 3.

It is easy to check that @ satisfies (2.16) with cp = 2(1 + y).

We now approximate this function ®@ by a sequence of functions @y, each of them being equal to @ in
the interval [0, h], and then extended to [h, +00) with the constant value ®(h). Since ®; and d);[ converge
monotonically to ® and @', by inserting @, in (2.20), it is possible to pass to the limit as h — +co by the
Monotone Convergence Theorem.

Therefore, for every 0 < 6 < 1, since

%sl forall 6 >0
— L)+
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and @'(t - 1), < C(y) when 1 < t < 2, we obtain

J n*(1+ (|Dul - 1),)Y~2(|Dul - 1)|Dul’~?|D*u|? dx
Q
<C1+y)? j(nz +1Dn1?)(1 + h(x)*(1 + (|Du| - 1)) dx + 6C(y) J n?|DulP~?|D%ul? dx. (2.21)
Q 1<|Du|<2

Using [20, formula (3.51) of Lemma 3.3], namely the fact that [DulP~2 < C(p)(1 + |Du|?)’s when |Du| > 1,
we have
n2DulP2|D%ul? dx < C J n2(1 + [Du?)’= |D*ul? dx < +co
1<|Du|<2 1<|Du|<2
by (2.15), and for § — 0 and the last term in the previous inequality vanishes.
Since h € L"(Q), by the Holder inequality, since % + % =1, by (2.21) we have

j n?(1 + (\Dul - 1))V ~2(IDul - 1)2|DulP~?|D((|Dul - 1),)|? dx

Q
i
<C(L+y)’IL+ hll%r(o)[ j(nz +[D*)™(1 + (IDul - 1)) ™ dx | . (2.22)
Q

Let us introduce .
G(t)=1+ J(1 +5)1" 2 25 ds. (2.23)

0

We obtain

[G(D)]? < 4(1 + )P < 4(1 + t)V19, (2.24)

where we used the fact that p < g. On the other hand
G'(t)=(1+1t)7+572t, (2.25)

which in turn allows us to give the following estimate for the gradient of the function w = nG((|Du| — 1)4):

j ID(G((IDul - 1),))P dx
Q
<2 j IDRIG((1Dul - 1),)2 dx + 2 j 2(G((IDul - 1),)12[D((1Dul - 1),)]? dx

Q Q
1

<C(1+ y)2||1 + h”%r(g)[ J(rlz + |Dl’l|2)m[1 +(|Dul - 1)+](y+q)m dx
Q

the second inequality by (2.22), (2.24), (2.25). By Sobolev’s inequality there exists a constant C (depending
also on |Q| when n = 2) such that

{ ij((|Du| “) dx} < c[ ID(G((1Dul - 1),))1? dx
Q Q

and by the previous inequality we get (for a different constant)

H[nG((|Du|—1)+)12" dx} sC<1+y)2||1+h||i,(m[[(nz+|Dn|2>’"[1+<|Du|—1>+1<V“1>'"dx " (2.26)
Q Q

We take into account the definition of G(t) in (2.23) and we use Lemma 2.2, and in particular formula (2.6)
with B = 52, Being y > 0, we have B > o := & > Oand

t
+ 2 +
1+0)7 < c”(#) (1 + j(l +5) 72 ds)
0
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forevery y > 0 and every t € [0, +00). In terms of G(¢) = 1 + fot(l +5)2%27“s ds equivalently

(1+t)¥ (y p) G(t) forally >0Oandallt>0.

Therefore, if t := (|[Du| - 1),,

4D 5% 2:2° *
1+ (1Dul - 1)) 32" < (") (y ;p) [G((1Dul - 1),)]* forally >0,

and by (2.26) we finally get

{Jn”u+ﬂDm—1h]22dx} s(wf(y;p){jMGmnm—lnnzdx}
Q

Bl

)
<Cly+1)°I1+ hllir(m[ J(n2 + D)™ [1 + (|Du| - 1),]¥*P™ dx
Q
with a new constant C and for every y > 0.
As usual we consider a test function n equal to 1 ina ball By, with supp n ¢ Bg and such that |Dn| < =5 R_ Ik
We get
Lm 6m
[ J[l +(|Du| - 1), ][(Y+P)m] m dx < Col1 + h||%7('0)% J[l + (|Du| - 1)+](Y+Q)m dx, (2.27)
o P Bg
where the constant Cy only depends on n, 1, p, g, M1, M, but is independent of y
Fixed 0 < pg < Rp < po + 1, we define the following decreasing sequence of radii {px}x>1
Pk =pPo + 0 —po forall k > 1.
2k
We define recursively a sequence ay in the following way
(2.28)

—gqm.

a; :=0, agy1 = (ag +pm)2m

Then we have the following representation formula for ay which can easily be proved by induction
)k 1_
] (2.29)

Ay = <p2* qm)[(
Py )T
2m

We rewrite (2.27) with R = px, p = prs1, & and observe that

Ro - po
R—-p:=pi—prs1 = 2k—+f

Set, forall k > 1,

Ap = ( J [1+ (IDu| - 1),]2+4m dx)awm,

B,

(ak+qm)32k+1 2m

Q—CM+M,(——————);
0 @\ Ry - po

ap+qm
(2.30)

ay+pm

ap+pm
Apiq < Ckk k

1

we obtain for every k > 1,

(2.31)

Let 6 be defined by
(o8} .
0. 1—[ @ +qm
1
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We show that 6 is finite and is given by

o- qm(%—l).
p3 —qm

Indeed by (2.31), the recursive definition of ay, i.e. (2.28) and the representation formula for ay, namely
(2.29), we have

_ 15[ aj+qm (228) qm ( 2* )"‘1 (2.29) gm(z)**
) i1 @i +pm ax +pm\2m (p%—qn;)*[(ﬁl,’;)k 1] +pm

_ gm(Z)FH(E - 1)
pm(5; -1+ (5 - qm)[(5;) 1 - 1]

>

which yields (2.31) once we pass to the limit as k — oo as long as 22_m > 1 in view of (2.12). Note that 6 makes
sense due to (2.12) and the bound (2.14) in Remark 2.4.
Iterating (2.30), we deduce

LTI+ Rllron 1B\
Ak+1SC([M] Al) . k=1, (2.32)
(Ro - po)

where
log (az + qm)6m22m(1+1)]

a; + pm

C:= Coﬁee p[ez

]<+oo,
i=1

which is finite because the series is convergent (a; from the representation formula (2.29) grows exponen-
tially) and

Smon§  m 5 m

i @it pm 5 27_61 )[(%%{-_11—1] m & (pzj*—qm)(giz)j_l
MG Gamy b 12,
Copy-am 5\2°) piogm 1-3 pL-gm

where in the first inequality we used the fact that

2% 2% Ni-1 _ 1 2% i-1 AR m
<p?—qm>%+pm>(p——qm>(zm) <:>—pzz*—q+pm20<=>q2p.
Im 1 5m — 1 om 1
By letting k — +oc0 in (2.32), we have (2.10). Therefore, the proof of Lemma 2.3 is complete. O

The a-priori estimate (1.12) in Theorem 1.1 follows by the classical interpolation inequality

4 1-2
"V”LS(Bp) < "V”LP(BP)"V"L‘X’(BP) (233)

for any s > p, which permits to estimate the essential supremum of the gradient of the local minimizer in
terms of its L” -norm.

Proof of Theorem 1.1. Let us set
V(x) := 1+ (IDul(x) - 1)+

then estimate (2.10) becomes

11+ Rl 6
sup V()| < C<[R—’] ||V||Lqm<BR>> (2.34)
xeBp —P

for every p, Rsuch that 0 < p < R < p + 1 and where C = C(n, 1, p, g, M1, M>).
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In the following we denote

s = gm.
At this point, (2.34) and (2.33) give
i 6(1-£
o 11+ Rl 1P am
Wioiny = €AV ([ P22 W ) (2:35)
We observe that
T:= 6(1—q£m><1, (2.36)
because
L gm-5=+ 2 1 2
9(1—£><1<:>q2 Z Zm p<1<:>q<p<1——+—>(2£)p<1+—a).
qm p5 —gqm 2* m n

For0 < p < Rand forevery k > 0,letus definepy := R — (R — p)2~%. By inserting in (2.35) p = pxand R = py,1,
(so that R — p = (R — p)2~%+D) we have, for every k > 0,

P T
- Blks1) [ 11+ Rl ]5
IVlie,,) < €8I vuLp(Bpk)(z T Wi, ) ) - (2:37)

By iteration of (2.37), we deduce for k > 0,
~ z); i
o[ I1+ Rl 1P, 2 0T Akl I
IVlLs,,) < (Cl 5[?;,)()] IVlzr,,) P (\Vgsqs,, )7 (2.38)

By (2.36), the series appearing in (2.38) are convergent. Since

IVlizsB,,) < IVLsBr)>

we can pass to the limitas k — +o0o and we obtain forevery O < p < Rwithaconstant C = C(n, r, p, g, M1, M>)
independent of k,

1+ h r BT L ﬁ
IVlsee,) < C([W] || Vu,jp(BR)) : (2.39)

Combining (2.34) and (2.39), by setting p’ = @ we have

R 0
11+ Al P
IVilzoes,) < C([—”] IVilzscs, )

(" -p)
- - 6
1+h|gr B-1)rq hllLr Br 12 b
<C 11+ Al + Al @) i, :
(' -p) (R-p") Lr(Br)
now, since
R -
(' -p)=R-p" =2,
we get
1
||1+h"L’(Q)]ﬂ » 7\
I DulLeo (B, ;mm) < C([W J{l +|DulP} dx )
R
where .
5 _ﬁ@_ Tqm v Op - gm(3. - 1)
P pL-gm’ 7 gm-61-Lk)" " pL-gm’
so (1.12) follows. O

Let now f satisfy (1.7) and (1.14). Under these assumptions on f, we obtain the following result.
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Theorem 2.6. Let u € WHP(Q) be a local minimizer of the integral functional (1.1). Assume that f = f(x, &)
in (1.1) satisfies (1.7), (1.14) and (2.8), with

—<l4+==-=. (2.40)
p n r

Then there exist positive constants C, B, y dependingonn,r, p, q, M1, M3, p, R such that
3
PN p
[Dull (B, ;rmy < C[II1 + h"L’(Q)]ﬁy< J{l + f(x, Du)} dX) (2.41)
Bg
foreveryO<p<R<p+1.
Proof. Lett := 2q — p. Then (1.14) can be written explicitly in the form

t+p-2

[fex(6, O < h(0)IE 7, 1€ > 1.

Moreover, (2.40) in terms of p and t is equivalent to

£<1+2—a withazl—z.

p n r

Thus all the assumptions of Theorem 1.1 are satisfied with g replaced by ¢. In particular, the second inequality
in (1.7) holds with g replaced by t since t > q. Then the conclusion of Theorem 1.1 holds with g = t which

corresponds to (2.41) with

R 2(2q-pm X Op
=— = ,
p5 -Qq-pm (2g-p)m(1-6) +po
since f(x, &) > C|¢|P for every |&] > 1. O

3 Extension of the integral energy

Letf: Q x R" — [0, +00) be a continuous function, convex in & such that
1&P < f(x, & < C(1 + &%) fora.e.x € Qandall £ € R". (3.1)

For ug € W4(Q), we define the extension to WP (Q) of the integral functional fQ f(x, Du) dx, i.e.

F(u) = inf { lim]ianf(x,Duk) dx : ux € Wr(Q) +uo, ux = uin W“’(Q)} (3.2)
K
Q

with
Jf(x, Duy) dx < +oo.
Q

It is easy to check that
Fu) = Jf(x,Du) dx forue Wé’q(Q) + Up.
)
In fact, for uy = u for all k,
F(u) < Jf(x, Du) dx.
Q
On the other hand, by the semicontinuity of fQ f(x, Du) dx with respect to the weak topology of W7, the
inverse inequality also holds.

Lemma 3.1. For each v € Wé’p(Q) + Ug, there exists a sequence vy € Wé’q(Q) + ug such that vy — v weakly
in WHP(Q) and
F(v) = lim Jf(x, Dvy) dx.
k—+00
Q
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Proof. The proof follows similarly as in [5]. We give the sketch of the proof.
Let v € WP (Q) + uo such that F(v) < co. Then, for all k, there exists vﬁlk) € Wr9(Q) + uo such that
vglk) X v, ash - +o0, weakly in WHP(Q) and

Fo) < lim J foe, V) dx < Fv) + ©
h—+00 k
Q

Moreover, by the weak convergence of vglk) in WHP(Q) we get
lim V% —v =0
Jim vy, e (@)

and for h sufficiently large,
J IDVPIP dx < Jf(x, DV{¥)dx < F(v) + 1.
Q Q
Then for all k there exists hy such that for all h > hy,
1
||V§,k) = V() < T

and for h = hy, by denoting wy = v;’?, we have

Wi = Ve () < and J [DwilP dx < C;

Q

==

then wy Y vask — +oo in the weak topology of WP(Q) and

F(v) < Jf(x, Dwy)dx < F(v) + %,
Q

ie.
klim Jf(x, Dwy) dx = F(v). O
—+00
Q

4 Existence and regularity

First of all we prove an approximation theorem for f through a suitable sequence of regular functions.

Proposition 4.1. Let f be satisfying the growth conditions (3.1), fzr and fg Carathéodory functions, satisfy-
ing (1.7) and (1.14) with Mo = 1 and f strictly convex at infinity. Then there exists a sequence of C2-functions
QxR - [0, +00), f¢k convex in the last variable and strictly convex at infinity, such that ft* converges
tof ast — coand k — oo for a.e. x € Q, for all ¢ € R" and uniformly in Qg x K, where Qo cc Q and K being
a compact set of R". Moreover:

« there exists C, independently of k, ¢, such that

18P < f*(x, &) < C(1 +1£19) fora.e.x € Qandall ¢ € R, (4.1)
o there exists My > O such that for [é] > 2 and a.e. x € Q,

MEP2IAR < ) fEE (G OAdy, A eRY, (4.2)
i.j

o there exists c(k) > O such that for all (x,é) e Q x R" and A € R",

c(o(1+ )TN < Y FE% 0 DA, (4.3)
i,j
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«  there exists M, > O such that for || > 2 and a.e. x € Q,
IFEECx, )1 < MIgT2, (4.4)
o there exists C(k) such that for a.e.x € Qand ¢ € R",
IFEE O, O < ClA + 18D, (4.5)
o there exists a constant C > O such that for a.e. x € Q and |é| > 2,
IFEE G, )l < Che()1817 7, (4.6)

where hp € C®(Q) is the regularized function of h which converges to hin L'(Q),
o for Qo cc Q, there exists a constant C such that for x € Qg and & € R",

IF%(x, )] < Clk, €, Qo)1 + |82 7. (4.7)

Proof. We argue as in the proof of [25, Theorem 2.7 (Step 3)] and [20, Lemma 4.3]. For the sake of complete-
ness, we give a sketch of the arguments of the proof.

Let B be the unit ball of R" centered in the origin and consider a positive decreasing sequence &, — 0.
We introduce

£ 8 = j POIPMFOx + £0y, & + een) dn dy,
BxB

where p is a positive symmetric mollifier, and
1
069 = f106 9 + A+ 181, (4.8)

It is easy to check that the sequence f¢* satisfies conditions (4.1), (4.2), (4.3), (4.4), (4.5), (4.7). Let us ver-
ify (4.6). For |¢] > 2 we have

K0 9l < | PIIPIE +eent®™ hx + eey) dy dn < Che0I9,
BxB

where
he(x) = Jp(y)h(x +&ey) dy,
B
h, is a smooth function and it converges to h in L"(Q). Moreover,

-1
IFE 0 O < C(k, Qo)IL + hellzoqa (1 +1812) 7 .
This concludes the proof. O
Proof of Theorem 1.2. For ug € W4(Q), let us consider the variational problems
inf { Jf”‘(x, Dv)dx:ve Wri(Q)+ uo}, (4.9)
Q

where ff* are defined in (4.8). By semicontinuity arguments, there exists vEk e ug + Wé’q(Q), a solution
to (4.9). By the growth conditions and the minimality of v¢X, we get

J- IDVEK|P dx < Jf”‘(x, Dv?*) dx
Q

£ (x, Duo) dx

s bu e [ 100 .
Q

g
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Moreover, the properties of the convolutions imply that
ff(x, Duo) foo, f(x, Dug) a.e.in Q,

and since
jff(x, Dug)dx < C J(l + Do ?)? dx,
Q o)

by the Lebesgue Dominated Convergence Theorem we deduce therefore

Jim J IDVHP dx < lim Jff(x, Duo) dx + % j(1 + IDuol?)? dx
Q Q Q
= If(x, Duo) dx + % J(1 +|Duol?)? dx.
Q Q

By Proposition 4.1, the functions f¢* satisfy (1.7), (1.14) and (2.8), so we can apply the a-priori estimate
(2.41) to v?* and obtain, by standard covering arguments for all Q' cc Q,

<

ek ! By ek ekyy 4 g
DV Lo (qrsrry < CAQD)IT + hellzr )] 1+ (x, Dv*%)) dx
Q

Since "1 + hg"Lr(Q) = "(1 + h)e”Lr(Q) < "1 + h"Lr(Q), we obtain

¥
P p
IDVE |l Loo(arsmmy < CQNIT + h||Lr<Q>1ﬂY[ j(l + f(x, Dv¥k)) dx]
Q

)
p

< c@Hn + h"L'(Q)]By[ j 1+ f4(x, Duog) + %(1 +|Dul?)? dX] ,
Q

where C, y, B depend on n, r, p, q, M1, M3, p, R but are independent of ¢, k. Therefore we conclude that

£—00 . 1
vek 22, vk weakly in W,P(Q) + uo,

£—00 .
vek =2, vk weakly star in Wlloc00 (Q),

and by the previous estimates
IDV¥llrosrey < liminf DVl osmy

< jf(x, Dug) dx + J(l +[Duol?)? dx
Q Q

and

k . .
DV || oo (qrymrey < llﬁ})l(’)lf 1DV Lo (7
¥
P

< CQNII1 + h”LY(Q)]Bi/[ J 1 + f(x, Dug) dx + J(l + |Du0|2)g dx]
Q Q

Thus we can deduce that there exists, up to subsequences, it € ug + Wé "P(Q) such that

vk - @ weakly in Wé’p(Q) + Uo,

vk - &t weakly star in W110C°0 Q).

Now, for any fixed k € N, using the uniform convergence of f* to f in Q¢ x K (for any K compact subset of R")
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and the minimality of v¢X, we get for all v € Wl’q(Q) + Ug,

jf(x, DvK) dx < lié;n inf | fix, Dv®%) dx

Qo

= li;n inf | f¢(x, Dv®%) dx

< liminf

£—00

FEo, DV dx + = | (1 + IDVvER?)? dx

ol
—

D, D, 9— 9— 9—
Ote— p

sli;nm fé(x, Dv®F) dx + % (1 + DV )% dx
<timinf [ f(x, Dv) dx + H(u IDV2)? dx.
Q

Then, for Qg — Q,
Jf(x, DvKydx < Jf(x, Dv)dx + — I(l +|Dv|? ) dx.
Q Q Q

By definition (3.2), we have

F(@) < lilgninf jf(x, DvKydx < Jf(x, Dv)dx forallv e Wy9(Q) + uo. (4.10)
Q Q

Letw € WP (Q) + uo. By Lemma 3.1, there exists v € Wy ?(Q) + uo such that v; — wweakly in W?(Q) and

lim j F(x, Dvi) dx = F(w).
k—o0
Q
By (4.10),

F(u) < Jf(x, Dvy) dx,
Q
and we can conclude that

F(u) < klim If(x, Dvy)dx = F(w) forallw e Wé’p(Q) + Ug.
—00
Q

Then u € Wll()’é’o(Q) is a solution to the problem min{F(u) : u € Wé’p(Q) + Up}. O

5 Regularity of local minimizers in a special case

Let us consider now the case of a special form of integrand

N
f6, 8 =) ai(0)gi(é) (5.1)

i=1
with a;(x) > Oa.e.in Q, a; € WH'(Q), r > n, g; : R" — [0, +00) convex in £ and strictly convex for ¢ such that
|€] = M. The following regularity result holds.

Theorem 5.1. Assume that f = f(x, &) as in (5.1) satisfies the assumptions of Theorem 2.6. Then every local
minimizer u € WHP(Q) of the integral functional

N
jf(x, Dv)dx = J Z a;i(x)gi(Du) dx (5.2)
Q q =t

is locally Lipschitz continuous in Q.
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Proof. Letu € WHP(Q) be a local minimizer of the integral functional (5.2). For a suitable ¢, mollifier, con-

sider ug = u * Qg € Wllo’cq (Q). Consider the following sequence of problems in Bg cc Q:

inf{ er"(x, Dv)dx:ve Wyl (Bg) + ug}, (5.3)
Br

where £k are defined in Proposition 4.1.
For fixed o, ¢, k, problem (5.3) has a unique solution vf}" € Wé “U(BR) + Ug- By proceeding as in the previ-
ous theorem, we have that for each fixed o, by the minimality of vﬁ" s

ok £o : 1,p
o —— Vg weaklyin Wy (Bg) + ug,

£—00 .
vk 2, vk weakly star in Wllo’? (BR).
We also have

k—o00 . 1
vk ==, v, weakly in W, (Bg) + ug,

k k—oo

vk —= v, weakly star in W, (Bg)

and

¥
p

IDVgllzeo(B,:mr) < Clilzninf [1 + Jf(x, Duy) dx + % J(l + [Dugl?)? dx]
—00
BR BR

Y
= Clilgninf [1 + If(x, Dug)dx]p (5.4)
—00
Bg

for any O < p < R and where C is independent of k, 0. For fixed k, by proceeding as in the previous theorem
we have

Jf(x, Dv’g) dx < If(x, Dug) dx + Il J(l + IDuglz)% dx.

Bg Bg ‘ B

Then, by semicontinuity,
Jf(x, Dv,) dx < li]m inf jf(x, Duyg) dx + % J(l + |Dugl?)? dx
5y k— 00 5y 5y

< Jf(x, Duy,) dx. (5.5)
Br

Now we claim that, by the particular form of f, we may deduce
lim iélf If(x, Dugy) dx < Jf(x,Du) dx. (5.6)
g—
Br Bg

Since g; is convex, fori = 1, ..., N, Jensen’s inequality (applied to each g;) yields

j a;(x)gi(Duy) dx = j m(x)gi( j Du(y)@o(x - ) dy) dx

BR BR B(T
< j ai(x) J gi(Du(y))ps(x —y)dy dx
By By
- j j (09, (x - y) dy gi(Du(y)) dx
Bg By

< j (@)o()g:(Du(y)) dy.

BR+(7
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Then
N

N
Y [aisioudxs Y | @otosiou dx

Br l:1BR+D'

so that passing to the limit as ¢ — 0,

N N
lignjélf.z; J ai(x)gi(Dug) dx < z; J ai(x)gi(Du) dx
i= B i= B

because (a;)y — a; in L*°(Bg), gi(Du) € L'(Bg), the Dominated Convergence Theorem may be applied,
and (5.6) holds.
By collecting (5.5) and (5.6),

lim i(l)‘lf Jf(x, Dvy)dx < Jf(x, Du) dx. (5.7)
BR BR

On the other hand, the growth assumption on f yields, since u is a local minimizer of (5.2),

(5.7)
lim inf j DV, dx < liminf j F0, Dvg) dx % j f0x, Du) dx < +oco.
o— o—

B By B
Thus there exists V € u + Wé *P(Bg) such that, up to a subsequence,
Ve — v weakly in WP (Bg).
By the semicontinuity of the functional, using (5.5) and (5.7),

Jf(x, Dv) dx < lim i(l)‘lf If(x, Dvg)dx < Jf(x, Du) dx. (5.8)
g—
B B Br
Moreover, since (5.4) holds, Dv, converges to Dv as ¢ — 0 in the weak star topology of L® and there exists
a constant C such that, forany 0 < p < R,
7
p
DVl Leo (B, ;) < C[l + Jf(x, Du) dx]

Bg

Consider the following problem in Bg cc Q:

inf{ If(x, Dv)dx:ve WP (Bg) + u}. (5.9)
Br
Then (5.8) implies that ¥ and u are solutions to (5.9) and v € Wllo’COO(B R)-
In the present case the functional is not strictly convex; we proceed as in [20, Theorem 2.1] (see also [25])

and we have that u € Wllo’fo (BR). Indeed, set

Eo = {x €Bp: lwl > Mo, Du(x) # DV(X)} and wi= 2 ; v
If Eo has positive measure, then from the convexity of f(x, - ) we have
I fix, Dw) dx < % J f(x, Du) dx + % I f(x, Dv) dx. (5.10)

Br\Eo BRr\Eo Br\Eo

Now, by the strict convexity of f(x, &) for & such that |£] > My and applying two times the inequality

o, n) > f(x, &) + (fe(x, &), n - & for & such that |¢] > Mo
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first with & = Dwand np = Du, then for £ = Dw and p = D¥, finally by adding up the two inequalities obtained,
we have 1 1
I f(x, Dw) dx < 5 J f(x, Du) dx + 3 J f(x, Dv) dx. (5.11)
BrNE, BrnE, BrNEy

Adding (5.10) and (5.11), we get a contradiction with the minimality of u and v. Therefore the set Eq has zero
measure, which implies that

sup |Du(x)| < sup |Du(x) + Dv(x)| + sup |DV(x)| < 2Mg + sup |[Dv(x)|
B, B, B, B,

and this yields the thesis. O
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